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Abstract

We revisit a quantum quench scenario in which either a scarring or thermalizing initial
state evolves under the PXP Hamiltonian. Within this framework, we study the time evo-
lution of spread complexity and related quantities in the Krylov basis. We find that the
Lanczos coefficients b,,, as functions of the iteration number n, exhibit a characteristic
arched growth and decay, followed by erratic oscillations which we refer to as buttress.
The arched profile predominantly arises from contributions within the quantum many-
body scar subspace, while the buttress is linked to thermalization dynamics. To explain
this behavior, we utilize the representation theory of sl3(C), allowing us to decompose
the PXP Hamiltonian into a linear component and a residual part. The linear term gov-
erns the formation and width of the arch, and we observe that there exists a threshold of
arch width which determines whether a given initial state exhibits scarring. Meanwhile,
the residual term accounts qualitatively for the emergence of the buttress. We estimate
an upper bound for the extent of the buttress using Lucas numbers. Finally, we demon-
strate that spread complexity oscillates periodically over time for scarred initial states,
whereas such oscillations are suppressed in thermalizing cases.
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1 Introduction and summary

The notion of complexity is closely tied to emergence, where intricate behavior at large scales
arises from interactions among simple microscopic constituents. A wide range of physical phe-
nomena, including turbulence [1], topological order [2], and spacetime geometry in hologra-
phy [3], are understood as emergent. Despite its importance, a precise and general definition
of complexity in physics remains elusive, and substantial efforts are focused on formulating a

universal and physically motivated framework [4].
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Recent works have proposed a promising approach to quantifying the complexity of growth
of quantum operators [5] and spread of states [6] using the Krylov basis [ 7] and the recursion
method [8]. Studies in many-body systems, quantum field theories, and holographic models
indicate that this definition is sensitive to topological phases [9, 10], signatures of quantum
chaos [11-14], and the late-time behavior of dynamical systems (see review [15]). Inter-
estingly, fulfilling expectations from black hole physics [16, 17], spread complexity has been
shown to match the volume of the Einstein Rosen bridge in JT gravity [ 18-24], and its growth
rate agrees with the proper momentum of probes falling into anti-de Sitter spacetimes [25-27].
These results suggest that Krylov-based complexity measures offer valuable insight into quan-
tum dynamics across physics. Nevertheless, their full range of applicability and fundamental
limitations remain to be understood. Therefore, testing their sensitivity is extremely important
and valuable at this current, development stage.

One of the most intriguing nonequilibrium problems for testing complexity measures is
thermalization, a phenomenon that draws the attention of many areas in physics, from quan-
tum many-body systems to quantum gravity. For decades, it has been widely believed that the
Eigenstate Thermalization Hypothesis (ETH) [28,29] is sufficient to predict the evolution of
generic, non-integrable, isolated quantum many body systems when driven out of equilibrium.
According to ETH, evolution of an initial state in such a systems, regardless of its specific fea-
tures, will relax to thermal equilibrium with a well-defined effective temperature. However, as
our understanding of nonequilibrium dynamics deepens, the universal validity of ETH across
the entire Hilbert space has come under scrutiny. A major breakthrough in this area came
from experiments in 2018. Using a new class of Rydberg atom quantum simulators [30], they
observed both periodic revivals and quantum thermalization, depending on the choice of ini-
tial states. This striking behavior, which departs significantly from ETH predictions, has been
identified as quantum many-body scars (QMBS) [31]. These phenomena cannot be accounted
for by integrability [32] or by disorder [33], and are now regarded as manifestations of a weak
form of ETH, sparking significant interest among theoretical physicists.

Recent studies of non-integrable quantum models [34-36] have led to the conjecture that
Hamiltonians hosting quantum many-body scars can be effectively decomposed into a direct
sum of a scarred and a thermal sector: H ~ Hy,; ® Hypermal [37]. In such systems, a subspace
of the Hilbert space is spanned by scarred eigenstates that remain dynamically decoupled from
the thermalizing sector. How can this decoupled scarred subspace be identified or constructed
in practice? Broadly, two distinct mechanisms have been proposed to generate or identify the
scarred subspace!: the spectrum-generating algebra (SGA) [39] and Krylov-restricted ther-
malization (KRT) [40]. These approaches are to some extent complementary. The SGA mech-
anism seeks an operator Q', whose commutation relation with the Hamiltonian is proportional
to itself within the Hilbert subspace of scars, so that the scarred subspace can be generated
by acting Q" on some eigenstate of the Hamiltonian. Clearly, Q', interpreted as creation op-
erator of quasi-particle excitations, and its conjugate transpose Q play the role of a pair of
ladder operators. However, finding such an operators is generally model-dependent and often
analytically intractable, limiting the method’s applicability. In contrast, the KRT framework
takes a more general and operational perspective. Starting from an initial state, it constructs
the Krylov subspace generated by repeated action of the Hamiltonian, effectively capturing
the dynamics of that state. This approach is universally applicable to any model, regardless
of whether an algebraic structure like the SGA exists. However, its generality comes with a
trade-off: the Krylov subspace reflects the nature of the chosen initial state. Without prior
knowledge of whether the initial state is scarred or thermal, the resulting subspace may not
isolate the scarred sector.

We do not consider here the third mechanism of projector embedding [38], which addresses how to embed a
given scarred subspace into a thermal spectrum, rather than how to construct or identify it from first principles.
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Arguably, to understand quantum scars, we need a strategy for obtaining scarred subspaces
that can combine the advantages of the both approaches above. Given the requirement on the
structure of the models of SGA, it is more natural to achieve this goal by improving KRT. In
particular, we can distinguish scarred from thermal subspaces by studying the by-products
of KRT that behave significantly differently when generating Krylov subspaces from scarred
or thermal initial states. This leads to two natural questions: What are the characteristic by-
products of KRT, and how do they evolve when an initial state, scarred or thermal, is driven out
of equilibrium by the dynamics of the Hamiltonian?

Fortunately, the first question can be naturally connected with the framework of the spread
complexity [6], since it is closely related to the Krylov methods mentioned above. Indeed, the
evaluation of the spread complexity consists of three steps: first we generate the Krylov basis
applying Lanczos algorithm [41] to the Krylov subspace that contains the initial state and all the
powers of the Hamiltonian acting on it (see next section). In the Krylov basis the Hamiltonian
is a tri-diagonal, with Lanczos coefficients a,s (on the diagonal) and b,s (sub-/supra-diagonal)
— this the first by-product. Then we project the time evolution of the initial state onto each
Krylov basis vector to obtain probability amplitudes — the second by-product. These amplitudes
satisfy a discrete Schodinger equation with Lanczos coefficients and completely characterize
the dynamics by mapping it to a particle hopping on a 1D chain. Last but not least, spread
complexity is computed as average position of this particle on the chain — the third by-product.
In addition, since there is more information about the dynamics in the probability than in the
average position on the chain, we can compute additional information-theoretic quantities
such as e.g. the Shannon entropy of this probability distribution, called Krylov entropy (or
K-entropy for short) [42].

In this work, we will employ these Krylov basis tools in the PXP model [43]; the idealized
model of atoms in the Rydberg blockade. This famous setup and its quantum scars have already
been analyzed from various perspectives, including methods and tools of quantum information
such as fidelity for a class of initial, product states of the form

1Z)=1...10...01...), k—1lezt. (22)
k—1

Moreover, [44] and [45], already applied the Krylov basis analysis and computed spread com-
plexity in this model for the evolution of scar states with PXP Hamiltonian. Both found that
a typical distribution of b, for a scarred state contains L Lanczos coefficients (L being the
size of the lattice) lying on an arch, which is similar to the plots of Hamiltonian or Liouvil-
lian belonging to su(2) algebra [46]. However, unlike for su(2), b,,s do NOT stop at n = L,
and start increasing afterward. In [44] this behavior was modelled by an ad-hoc g-deformed
su(2) algebra. On the other hand, in [45] the forward scattering approximation (FSA) was
used instead of the original Lanczos algorithm to limit the number of coefficients to the su(2)
form. As such, we find both works, to some extent, unsatisfactory, and, since understanding
the precise definition and characteristic features of quantum scars is so important, we decided
to reconsider this problem. In particular, in a more systematic way, we carefully analyze the
spread complexity in the PXP setup exploring the intrinsic symmetry (and algebraic structure)
of the model.

Let us summarize our general strategy for the following: we consider some typical product
initial states, scarring or not, unitarily evolved with the PXP Hamiltonian. By applying the
Lanczos algorithm, we construct the Krylov basis, find Lanczos coefficients b, and calculate
the amplitudes and the spread complexity. We then carefully examine their properties and
identify features that can distinguish between the initial state being the scar or not.

With these in mind, the paper is organized as follows: section 2 provides a brief review of
spread complexity and related concepts such as the Krylov basis, and the Lanczos coefficients.



138

139

140

141

142

143

144

145

146

147

148

149

150

151

152

153

154

155

156

157

158

159

160

161

162

163

164

165

166

167

168

169

170

171

172

173

174

175

176

177

178

SciPost Physics Submission

section 3 reviews quantum many-body scars (QMBS) and two possible mechanisms, Krylov re-
stricted thermalization (KRT) and spectrum-generating algebra (SGA), behind QMBS. A brief
introduction of ETH, its range of validity and the resulting Hilbert space decomposition, follows
in section 3.1. The logic of section 3 benefits heavily from [47,48]. Starting from section 4,
we concentrate on the PXP model. The early and late-time behaviors of the fidelity, showing
quantum revivals for specific initial states, are reviewed in section 4.1. Section 5 investigates
the properties and their causes of the Lanczos coefficients resulting from the PXP Hamiltonian
acting on specific initial states. More specifically, section 5.1 exhibits the typical shapes of the
growth of the Lanczos coefficients, which can be divided into two parts, an arch and a but-
tress. In section 5.2 we review the representation theory of sl5(C) and determine the physical
meaning and the origin of the arch and the buttress. Section 5.3 provides supporting numer-
ical results. In section 6, we present plots of evolution of the spread complexity and Krylov
entropy, and analyze the time evolution of the components of the target state in the Krylov
basis (probabilities) used for the calculations of these two quantities. Finally, in section 7 we
conclude and include some mathematical background and details of calculations related to
section 5 in appendices.

2 Basics of Spread Complexity

In this section, we briefly summarize the Krylov basis approach to quantifying quantum com-
plexity, and the definition of the spread complexity of quantum states [6]. We closely fol-
low [9, 10, 46] but readers can find more pedagogical introduction and recent review of this
technology in [15].
Consider a quantum state |¥(s)) evolved from an initial state |¥,) by a time-independent
Hamiltonian H
U (s)) = e[ Wp) . )

We may interpret (1) as a computational task represented by a unitary circuit e * from a
“reference state" |¥,) to a “target state" |¥(s)). The circuit is parametrized by the circuit time
s, that typically varies from O to 1, corresponding to the reference and the target state, re-
spectively. Intuitively, the evolution of a “simple" initial state with generic Hamiltonian will
spread the state over the system’s Hilbert space, and the state at time s > 0 will become more
“complex".

This can be made precise by following the spread of the state |¥(s)) over the basis in
Hilbert space. Namely, we first pick a numbered basis B = {|B,),n = 0,1,2,---}, with the
initial state coinciding with our starting state |By) = |¥,). Projection of |¥(s)) on the basis
elements will provide the probability amplitudes for the support of the state on each vector.
Then, using the jargon of complexity/computation, we define the cost function associated with
these probabilities

@s(s) = > nl(B(s)[B) )

n
where each contribution is weighted by the non-decreasing index (here taken to be simply n).
Finally, we define spread complexity as a minimum of this cost function over all choices of basis

%ic(s) = min%(s). (3)

In general, such an abstract definition can be hard to compute in physical settings, especially
with infinite-dimensional Hilbert spaces. Fortunately, [6] proved (for general discrete time
settings as well as for continuous, but finite times) that the above minimization is achieved by
the so-called Krylov basis that we now define.
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The Krylov basis |K,,) is obtained by first forming the Krylov subspace [7] by successively
applying to the initial state |¥,) all the powers of the Hamiltonian that drives the evolution
H = span{|¥,), H|¥,), H?|¥,),-- }. Next, we can iteratively construct an orthonormal basis
in this subspace using the Gram-Schmidt procedure, referred to as the Lanczos algorithm [41]
in this context:

|An+1> =(H- an)IKn> - bn|Kn—1> > |Kn> = b;1 |An> > 4

starting from n = 0 and |K,) = |[¥,), by = 0. The two sets of coefficients a,s and b,s, are the
so-called Lanczos coefficients and are given by

a, = (K,JHIK,),  b>={(A,lA,). (5)

The procedure should be continued until n = n* for which b,. = 0 (sometimes n* can be
infinite), and the dimension of the Krylov basis, in general bounded by the total dimension of
the Hilbert space, is n* + 1.

In practice, the Lanczos coefficients can be extracted from the moments of the return-
amplitude (also known as auto-correlator, survival amplitude or Loschmidt amplitude)

o0

S(s) = (W()|Wo) = (Fple ™| Fy) = Z

k=0

%)
=

(Wol(iH)* o) | (6)

~

and the relation between Lanczos coefficients and moments follows from the representations
of Laplace transform of S(s) as a continued fraction (see [6,8]). In particular, for return
amplitudes with time reflection symmetry s — —s, that we will also encounter in this work,
we only get even moments implying a, = 0.
Clearly, the Lanczos algorithm (4) is equivalent to a tri-diagonal action of the Hamiltonian
on the Krylov basis
H|Kn> = bn|Kn—1) + an|Kn) + bn+1|Kn+1> ’ (7)

and this allows us to extract the probability amplitudes that we need for the spread complexity
(2), i.e., the coefficients of the expansion of |[¥(s)) in the Krylov basis

W) =D ea)K) ,  uls) = (KalT(s), ®)

with the 0-th amplitude related to the return amplitude S(s) = ¢;(s). Indeed, the amplitudes
satisfy the following discrete Schrodinger equation

ias(pn(s) = Clnt,On(S) + bn(pn—l(s) + bn+1 (pn+1(s) 5 (9)

with initial condition ¢,(0) = &,, 5. These way, we map the evolution to a particle hopping on
a 1D chain with sites corresponding to the Krylov basis vectors labelled by n. Moreover, the
amplitudes provide a probability distribution on this chain

P =lea Do =1. (10)

This way, we can intuitively understand the spread complexity as the average position of this
particle on the 1D chain

Ce(s) = (n) = D nla (), (11

n

and this definition naturally generalizes operator size [49-51] and Krylov complexity for the
Heisenberg evolution of quantum operators [5].

6
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Even though conceptually elegant, in many practical applications we can only evaluate
Krylov and spread complexities numerically. Nevertheless, there is a handful of analytical
examples that will also play an important roles in the PXP model. Such analytical progress is
possible by noticing that, for some return amplitudes, and their Lanczos coefficients, effective
dynamics on the Krylov chain can be represented in terms of a dynamical algebra [46]. Namely,
in these examples, we can represent the Hamiltonian in the Krylov basis as

H=yLy+a(lL,+L_), (12)

where L, L. are the generators (ladder operators) of some specific Lie algebra. Then, if the
Krylov basis is identified with the Lie algebra basis, the Lanczos coefficients naturally follow
the algebraic data

YLolKn> = an|Kn> > aL—lKn> = bann—1> > aL+|Kn> = bn+1|Kn+l) . (13)

We will come back to this story for the su(2) algebra in later sections.

3 General Profiling of Quantum Many-Body Scars

3.1 Weak ETH and Hilbert Space Decomposition

One of the most common protocols for studying thermalization in quantum systems (in both
experiment and theory) is quantum quench. In this scenario, we usually start (at t = 0) with
a ground state |¥,) of a quantum system governed by a time-independent Hamiltonian H,
(initial Hamiltonian). Then, we perform a unitary time evolution with a different Hamiltonian
H (evolving Hamiltonian) for t > 0. This defines a non-equilibrium state

[(6)) = e ), (14)

identical to (1), if we identify the circuit time s with physical time t.

Usually we choose the initial Hamiltonian H, from some free theory, such that the initial
state |¥,) is a product state, and the evolving Hamiltonian H can be a deformation of H,
some operator. The fortune of |¥,) during the quench can be observed by measuring physical
quantities such as 2-point correlators of some local observables, entanglement entropy [52],
quantum complexity [53], etc. It is expected that during quantum quenches in generic, non-
integrable systems, those probes asymptotically approach their values predicted by the micro-
canonical ensemble, which is called quantum thermalization. A rigorous statement of this
hypothesis is the ETH [28,29]. The mathematical form of this conjecture [54] can be stated
as follows

(EnlAIE,) = A(E) 8y n + Ry nQ (E) V2 f4 (B, ) , (15)

where A is some local observable/operator, and |E,) labels the eigenstates of the Hamilto-
nian H with energy E,. Hence, the LHS of (15) represents the matrix elements of A in the
basis of eigenstates. Denoting the mean energy by E = (E,, + E,)/2 and energy differences
by w = E,, — E,, on the RHS, we have a smooth function A(E) that represents the thermal
expectation value of A at energy E, and another smooth, (intensive) function f4(E, w). The
R, » stands for a pseudo-random variable with zero mean and unit variance, and the density
of states is denoted by Q(E). The case where m = n in (15) is called the diagonal ETH in the
literature [55]. One may have realized that the initial state is absent in the diagonal ETH,
which implies that information about any initial condition will be scrambled and “forgotten"
as the quantum system evolves.
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The “strong diagonal ETH" hypothesis provides a scenario where the entire set of eigen-
states {|E,)} spanning the Hilbert space obeys (15). On the other hand, we might “settle for
the next best thing" and require that only a (large) subset of eigenstates obeys the diagonal
ETH. This is the weak diagonal ETH hypothesis that permits the existence of different time
evolution depending on the initial states, i.e., we can effectively decompose the Hilbert space
into subspaces

H jﬁhermal ® <%?wn-thermal . (1 6)

When the dimension of the non-thermal subspace 72, thermal 1S DOt exponentially small,
relatively to the dimension of the thermal subspace .#},ermal, it is possible to observe the non-
thermal phenomena in experiments. According to the structure of 72, hermal, We can roughly
divide the quantum systems that break the strong ETH while obey the weak ETH into two
types: One is called quantum many-body scars (QMBS) [31] if 7 y-thermal 1S Spanned by a few
highly excited eigenstates of the Hamiltonian H. Usually, the number of these highly excited
eigenstates grows exponentially slower than the size of the entire Hilbert space. The other
is called Hilbert space fragmentation [56], where the Hilbert space splits into exponentially
many dynamically disconnected parts, of which some are non-integrable and expected to show
quantum thermalization, while others are not. Hence the Hilbert space is further decomposed

into
Kihermal Knon-thermal
K~ ( @ %hermal, j ) ® ( @ %ion-thermal, j’ ) >
J i
where Kiermal + Knon-thermal ~ €~ for system size L. One can further divide Hilbert space
fragmentation into weakly fragmented and strongly fragmented, depending on whether there
is a dominant? non-integrable Hilbert subspace [56].

This short review should be sufficient for setting up the terminology regarding the structure
of Hilbert spaces and ETH. Clearly, ETH is a relatively restrictive scenario and it is hard to verify
it in generic quantum systems, except a handful of setups [57,58]°. Before we move on, we
should also mention that there are certainly quantum systems that break weak diagonal ETH,
of which one class is the well-known integrable systems and the other class is called many-body
localized (MBL) systems (see e.g. [60]).

3.2 Krylov Restricted Thermalization and Spectrum-Generating Algebra

Let us now focus on the structure of the Hilbert space. Suppose we perform the Lanczos algo-
rithm mentioned in section 2 starting from a known, thermal or non-thermal, initial quantum
state*. Because the two Hilbert subspaces #,erma and %o thermal are disconnected, the
Lanczos algorithm only generates a basis within one of the two Hilbert subspaces. Whether a
thermal or non-thermal basis is generated depends on the Hilbert subspace where |¥,) belongs
to. A direct corollary from this is that the time evolution of |¥,) under system’s Hamiltonian
H, |¥(t)) remains within the same subspace, since the Krylov basis is exact. This mechanism
for producing exactly embedded subspaces of the Hilbert space is named Krylov restricted ther-
malization (KRT) [40]. However, despite its power in searching exactly embedded subspaces,
KRT does not guarantee a specific dynamics of |¥(t)). As we reviewed before, there are still

2By dominant we mean that the growth of the subspace dimension is comparable with that of the entire Hilbert
space.

3Although it is believed to be an important feature of holographic CFTs. See e.g. recent discussion in [59].

“Here “a known thermal or non-thermal quantum state" means the state lies entirely in one of the two Hilbert
subspaces erma and 0 thermal, Sice arbitrary thermal or non-thermal |¥,) may contain components from
both subspaces, leading to the Krylov basis generated spanning entire Hilbert space. In conclusion, due to the
arbitrariness of the initial state, it remains unclear whether the Krylov subspace generated is a thermal one or a
non-thermal one unless we already know whether the initial state is thermal or non-thermal. This is a shortcoming
of KRT, as we mentioned in section 1.
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not-trivial steps from the Krylov basis to |¥(t)) that require the amplitudes ¢, (t) solving the
discrete Shrodinger equation (9), hence a good understanding of the Lanczos coefficients.

Instead, assume that we start from an eigenstate of the Hamiltonian H with energy E, |£),
rather than some arbitrary quantum state |¥,). If we are able to define a local operator Q'
that satisfies the following commutation relation with the Hamiltonian

[H,Q"]1=wqT, (17)

then, within the subspace |£), we can generate a tower of eigenstates with energy
{E4nw,n=0,1,2,---} by repeated action of Q" on |£), i.e., {(QT)H E),n=0,1,2,--- } These
states also span the Hilbert subspace. Moreover, the presence of such tower has implications
on the dynamics of |¥(t)) in the same subspace. This is usually studied using fidelity i.e., the
norm square of the return-amplitude S(t) (6)

ISP = [eacyy |2 EnEn) (18)
m,n
Indeed, it is not difficult to see that |S(t)|> shows revivals [61] with period T = %“, signifi-

cantly differing from quantum thermalization. Such a mechanism that constructs a family of
highly excited non-thermal eigenstates is called spectrum-generating algebra (SGA) [39]. The
advantage of SGA is exactly the disadvantage of KRT — the former unveils the non-thermal
behaviors well. However, there is always a trade-off — it is not always possible to find Q' in
practice®.

The contrast between the two mechanisms illustrated in this section helps us to sketch a
feasible strategy for generating non-thermalizing Hilbert subspaces, or to be more concrete,
quantum many-body scars. That is, we first produce the embedded subspaces of the Hilbert
space by KRT. This, of course, leads to complicated discrete Schrédinger equations for ¢, (t).
However, as pointed out in section 2, the Lanczos coefficients a,s and b,s play a crucial rule
in determining the dynamics of ¢,,(t)s. Thus, for dynamics of ¢,(t)s to result in the quantum
revival of |¥(t)), Lanczos coefficients must exhibit some characteristic features that we should
determine. To achieve this, we will need a specific model that we discuss next.

4 Quantum Many-Body Scarring from Experiment: the PXP Model

The PXP model [43] has attracted significant attention in quantum simulations, particularly
with experimental realizations in Rydberg quantum simulators using rubidium and strontium
atoms [30]. In the limit where the nearest neighbour interaction is much larger than the de-
tuning and the Rabi frequency, the system can be effectively described by a spin-% Hamiltonian
on a chain of size L

L

Hpyp = Zpi—lxipi+1 . (19)

i=1

where P; = |0)(0| is the Projector to |0) state, and X; = |0)(1]| + |1)(0| is the Pauli X op-
erator, with the subscript i indicating that the operator acts on the i site. The presence
of the projector P arises from a mechanism called Rydberg Blockade, subject to which adja-
cent atoms cannot simultaneously occupy |1) states, leading to a non-trivial local constraint.
The most striking experimental observation is the non-thermalizing behavior associated with
quantum many-body scars. When initialized in specific states (such as e.g. the Néel state

>Sometimes the degree of difficulty in applying spectrum-generating algebra to a model is up to whether the
Hamiltonian contains a certain symmetry. Successful cases include the Hubbard model [62, 63], the Spin-1 XY
magnets [64], and the AKLT model [65].
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|Z5) =11010...)), the system exhibits persistent oscillations with amplitudes that decay slowly
over time [30].

The PXP model has the spatial inversion symmetry Z : i — L —i + 1 that commutes
with the Hamiltonian [Z, Hpxp] = 0. Its two eigenvalues are +1 (for symmetric eigenstates,
Z|y) = +1|y)) and —1 (for antisymmetric eigenstates, Z|y) = —1|y)) [66]:

Ilo-lyo-25 seey O-L> = |O-L3 -, 09, U]) 5 (20)

where |o;) stands for |0) or |1). The model also shows a time-reversal symmetry C =[], Z;,
with Z; the Pauli Z operator acting on the i site. C anti-commutes with the PXP Hamiltonian
{C,Hpxp} = 0, making the spectrum of Hpyp symmetric about 0, that is, for every eigenstate
|E) with energy E, there exists another state C|E) with energy —E. Furthermore, if the periodic
boundary condition (PBC) i — i mod L has been applied, which will be the case in the rest
of our paper, the PXP model acquires an additional translation symmetry 7 : i — i + 1 with
eigenvalue e'?, where p represents the momentum of the eigenstates. When considering the
PBC, the PXP Hamiltonian (19) becomes

L
Hpyp = Zp(i—l) mod LXiP(i+1) mod L » (21)
i=1

and this will be the form that we restrict to in all of our work.

Despite these symmetries, the results of [31] indicate that for relatively small lattices, the
energy level spacing of the PXP model closely follows a semi-Poisson distribution. However,
as the lattice size increases, the level statistics gradually converges towards a Wigner-Dyson
distribution. In both cases, the behavior deviates from the Poisson level statistics typically as-
sociated with integrable systems, suggesting that the PXP model exhibits more non-integrable
features.

4.1 Quantum Revivals in the PXP Model

In the Hilbert space of the PXP model, one can single out a class of special states |Z;) that
exhibit intriguing dynamical behavior under Hamiltonian evolution. Formally, these states
can be written as

|zk)=|...1w1...), k—1lezt. (22)

k—1

Particularly noteworthy is the Néel state |Z,), which is prominently associated with the phe-
nomenon of quantum many-body scars, demonstrating persistent coherent oscillations and
revivals. In contrast, states with higher periodicity (such as |Z,), etc.) show weaker and
faster-decaying revivals, indicating significantly reduced dynamical stability.

In Figure 1 we plot early time evolution of fidelity F = |{(3(t = 0)|v(t))|? for different
|Z,) states, as well as the state |0) = |0)®* (also denoted as |Z.) in the rest of our paper),
where a definition of |4(t)) is given in (14).

It can be clearly seen that the |Z,) and |Z3) exhibit more pronounced oscillatory evolu-
tion with higher overlaps with the initial state compared to other |Z,) states, and this feature
becomes even more prominent at larger lattice sizes.

For completeness, in Figure 2 we also show the long-time evolution of fidelity for the initial
states |Z,) and |Z,). It can be clearly seen that, the fidelity for | Z,) still shows a strong revivals,
while the one for |Z,) rapidly losses the overlap with its initial form.

10
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Figure 1: Fidelity of the time evolution of different initial states |Z.), in particular, |O)
(1a), |Z,) (1b), |Z3) (1c) and |Z4) (1d), at early times, subject to the PXP Hamiltonian
in (21) with lattice size L = 12. Note that |Z,) and |Z3) show strong revivals.
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5 Investigations of the PXP Model Conducted by Lanczos Algo-
rithm

5.1 Clues

Given that our setup involves an abrupt quantum quench, as shown in (14), where the system
transitions from a free theory with a product ground state (e.g. |Z;), with k € Z* or |0)) to
the PXP model, this scenario can be interpreted within the spread complexity framework [6].
Specifically, if we identify the physical time t with the circuit time s in (1), we can systemati-
cally analyze the time evolution of the system using the Krylov basis approach. This allows us
to explore the dynamical properties of the system within the Krylov subspace and assess how
thermalization is constrained within this restricted framework.

Following the logic of the Lanczos algorithm, we first consider the two sets of the Lanczos
coefficients a,s and b,s. Fortunately for the PXP Hamiltonian acting on a product state as the
initial state, only b,s survive. In this setup, this happens because any state generated from a
product state by the PXP Hamiltonian (say Hpyp[1))) consists of product states that can only
be transformed into each other by executing the PXP Hamiltonian an even number of times.
As a result, acting the PXP Hamiltonian on Hp|1)¢) once does not keep any of its contained
parts invariant. This observation contradicts (7) unless a,s are all zero.

We computed the Lanczos coefficients b, s for the initial states |Z,), |Z3) and |Z). It should
be pointed out that, to reduce numerical errors, the algorithm that we used was not the original

T
--L=12

7L L =14

L =16
o N T
Yy SONN N / \
20 =4 ~ N\ % \ g
37{4/ \_\J\y. :, § /\ \1 7

\ A . \ \ \

20 WAL \<\ / \ \ N

\l \?\ \ \!
o ol ‘ ‘ ‘ ‘
500 1000 1500 2000 2500 5 T R R
n n

(a) Lanczos coefficients b, for |Z,) state (b) The arch structure of b, for |Z,)
with enlarged arch structure and L = 16 with L =12, 14, 16, 18, 20
8 — . ' [ ' ' -1 8 ' — ,‘7 . ' ' T L1
7L “‘ ) feL =18 7L e ~_ ) L =16

\ AL =24 / ~. —-L=24
6 o 6f / ) ’ N
5 e AR 5 — .
st /s R 1 A N _
- / | \_3\ N\ , B / — N
st/ ' f 3t % I / \ \ TN\ Vo
2 r}// a ‘ \ \ 2 “““ \-\-/. N ./\'\'\- 8 .

. N \/ / — A
17/ Y \/\/ 1l i
0 . . 0 . . . . .

0 5 10 15 20 25 3() 35 40 0 5 10 15 20 25 30

n n
(¢) The arch structure of b, for |Z;) (d) The arch structure of b, for |Z,)
with L =12, 18, 24 with L =12, 16, 24

Figure 3: Lanczos coefficients b, generated by applying the revised Lanczos algo-
rithm, Full Orthogonalization (FO) [67,68], to the PXP Hamiltonian in (21) based
on initial states 3a, 3b) |Z,), 3¢) |Z3), and 3d) |Z,). Various lattice sizes L are con-
sidered.
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Lanczos algorithm but the Full Orthogonalization (FO) [67,68]. A comparison between these
two algorithms and a third algorithm, Partial Re-Orthogonalization (PRO) [68,69], is given in
Appendix A.

It can be clearly seen from Figure 3 that the behavior of b, as functions of n, is divided
into two regimes, the arch-like growth and decrease (that we simply refer to as the arch in the
rest of this paper) followed by the peak and oscillations (that, using architecture analogy, we
refer to as the buttress), by some n of the order of the lattice size L.

We will first try to elucidate the origin of the arch and its meaning. However, before a more
careful analysis of the PXP Hamiltonian (21), we first consider an analytic, intuitive example
based on the Lie algebra symmetry [6] that we discussed in section 2. Namely, consider the
s5u(2) Lie algebra (or more exactly, the standard basis of sl,(C)), J. and J, with commutation
relations

[Jz>‘]:i:]::l:‘]:|:) [‘]+)J—]:2Jz1 (23)

and the Hamiltonian of the form
H=a(J, ,+J_)+yJ,+61. (24)

If we now select our initial state |1,) as the lowest weight state |j,—j) with eigenvalue —j of
the J, operator (or j of the Casimir), the m™ Krylov basis vector coincides with the natural
basis of the algebra obtained by acting m times with the rasing operator J, on |j,—j) (and
normalizing), i.e., it is exactly the eigenstate of J, with eigenvalue —j+ m and the Krylov basis
dimension is 2j + 1: |K,,,) = |j,—j +m), m = 0,1,2,---,2j. Moreover, Lanczos coefficients
can be easily extracted from the algebra by using (7) and (13)

a,=y(—j+n)+9, b,=ay/n(2j—n+1). (25)

Notice that Lanczos coefficients b,, above show perfect arched structure. This connection to
the PXP model has also been the main observation of [44,45].

Observe that (24) can also be written as H = 2aJ, + yJ, + 6 1 which is understood as an
analogous spin pointing along a direction in the xz-plane. By rotating this spin around the
y-axis by an angle 0 = arctan 270‘, the Hamiltonian becomes

H=EyJ,+61, Ey = +/4a2+y2. (26)

This Hamiltonian is diagonal in the new rotated basis, and its spectrum
{E,=(—j+m)Ey+56, m=0,1,2,---,2j} has equal energy spacing E,. Furthermore, we can
construct new ladder operators

24 1(y+E 1(y—E
L, = aJ+—(Y 0)J++—(Y O)J_,

CE " 2\ E 2\ E
0 0 0 27)
2a 1(y—E 1(y+E
Lo=—"J+ - [ =+ =2 )0,
E, * 2\ E, 2\ E,
and verify their commutation relations with the Hamiltonian (24)
[H,L,1=E,L,, [H,L_1=—EyL_. (28)

Comparing with (17), we find that the ladder operator L, plays the role of the local operator
Q" in the SGA scenario, implying the existence of a QMBS tower {E + mEy,m = 0,1,2,---},
where we already know E = —jE; + 6 according to the spectrum of the Hamiltonian.

In conclusion, the Hamiltonian (24) has an equally-gapped spectrum and, the fidelity of
any initial state will show revivals. At the same time, we observe a perfect arched structure

13
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for the growth of the Lanczos coefficients b, versus n. A lesson we can learn from this toy
example is that the appearance of the arched structure for Lanczos coefficients may reveal
the presence of the QMBS tower and the scarring behavior. However, we still need more
supporting evidence for this. Indeed, this analytic example is too simple to explain the buttress
and oscillations in the PXP model. Hence we now move directly to the PXP Hamiltonian.

5.2 Inferences

Next, we try to understand the behavior of the Lanczos coefficients in the PXP model shown
in Figure 3. For that we go back to the PXP Hamiltonian of L. = 2¢,{ € N sites in (21), which
consists of the cubic terms P;,_;X;P;,; that are usually not easy to study. We note that the
situation can be improved by combining two consecutive qubits into one qugit. In particular,
we introduce

|20 + L) = [t1ts), t=0,1, (29)

where in the RHS there is a qubit spanned by the basis {|0), |1),]2),|3)}. Here we have under-
lined the quqit states to distinguish them from the original qubit states. But actually the initial
states we are interested® in and the states generated from them by the PXP Hamiltonian should
not contain any |3) = |11) — as mentioned in the previous section, simultaneous occupation
of |1) states on two adjacent sites is not allowed — hence in practice we only need ¢ qutrits to
represent a 2{-qubit lattice subject to the PXP Hamiltonian’.

As aresult, each term in the PXP Hamiltonian acting on three consecutive qubits, P;_;X;P;,1,

now operates on two consecutive qutrits in the following way:

* for odd i, we have the qubit-qutrit correspondence |t;_5 t;_1titic1) = |0 M) :

[timg ticg (T =1;) tiy1)s Limg =iy =0
lbizg ticglitizr) =

0, others
12—mn)), 1=0,2
n)® —— , N =0,2
= nn) - {— 0, n=1 , (30)
O, T)L = 1

* for even i, we have the qubit-qutrit correspondence |¢;_1titit1 Lisa) = |0 NR) :

ltimg (1 =)t tiva)s ticg =tiy1 =0
0, others

[1—n)), n=0,1
= [nng) = 0, n=2

[tim1titiza tia)

® , =0,1
|7)_R) MR (31)

0) T)RZZ

Similarly to the spin-1/2 operators P and X expressed by Pauli matrices 1219 and o1, respec-

tively, we can introduce the matrix representations of the operations in (30) to be (A%) I A

SWe are not interested in any initial state with a |11) occupation, since it results in the breakdown of the
periodic boundary condition of the PXP Hamiltonian. In particular, an initial state with occupation |1);]|1);,; is
always annihilated by the terms P,_;X;P;,; + P,X;,,P;,, of the PXP Hamiltonian. As a result, we effectively have a
PXP Hamiltonian with open boundary conditions where these two terms are removed.

"Even though we have developed this independently, we would like to note that it is somewhat similar to the
idea of embedding the constrained Hilbert space of the PXP model into a subset of the full Hilbert space of the
AKLT model. Readers can refer to [70] for the latter.

14
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430 and the operations in (31) to be A¢ (Aé)R, where

010 0 0O
A=[1 0 0|, and 24=|0 0 1], (32)
0 0O 010
431 are the two of the eight Gell-Mann matrices {A,,a = 1,2,---,8}, and we have let the vector
432 space be
a
al2) +b|0)+c|l)=1| b (33)
c

433 In conclusion, by utilizing the equivalence between two consecutive qubits and one qutrit in
432 the initial states of interest, the PXP Hamiltonian can be written as

{
Hpxp = Z [(A%)(i—l) mod(()tl )i + (7%)1'(7%)(1‘4_1) mod Z] . (34)

435 It is an operator constructed from Gell-Mann matrices, with periodic boundary condition
3 £E£1=({=x1) mod/.

437 Notice that the Gell-Mann matrices span the Lie algebra of the SU(3) group in the defining
438 representation, but we can equivalently express the PXP Hamiltonian in the standard basis
430 of the SU(3) group (actually the Cartan-Weyl basis of sl3(C) algebra in the fundamental rep-
420 resentation D(1,0)), the necessary background of which is summarized in Appendix B.1. By
421 doing this, we arrive at the ultimate form of the PXP Hamiltonian that we will work with in
442 this paper, namely

¢
1
Hpyp = Z 3 [(215+Hpp + 2H33)(i-1) mod ¢ (Ea + E_4);

...
Il
—_

+ (Eg+E_p), (213 —2H 1, —Hy3)(is1) mod (] » (35)
413 where we denoted the sl5(C) generators as

1 0
Hypy = -1 , Hjys = 1 ,

E,=| 0 |=E Eg=| 0 1|=E' (36)

L as 1
0 0
424 and, in order to close the algebra, we also need the remaining two generators

0 1
E, = 0 = E‘_’Y ) (37)
0

a5 This way, the operators forming the PXP Hamiltonian (35) obey the following commutation
as6  relations of sl5(C)

(Eq,E_q]=Hiy, [Ep,E_gl=Hy, [E,E_ ,]=Hjy+Hy3=H3, (38)
[Ea’E[j] = Ey > [Eﬂ’E—y] = E—a ’ [Ea’ E—y] = E—[} .
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Most importantly, Hamiltonian (35) can be reorganized into two, non-commuting parts:
the linear part

¢
Hpxpjin = Z [(Ea +E_ o)t (E[j + E—/s)l-] ) (39)

i=1
and the residual part

H PXBres

MN

1
3 [(Hyy + 2Hos — 13)(i—1)ymod ¢ (Ea + E—q);
i=1

- (E/S + E—ﬁ)i (2H15 + Hys + ]13)(i+1)mode] . (40)

It can be seen that the linear part describes a free theory (no interactions between different
sites) while the residual part contains the nearest-neighbour interactions. One of the crucial
differences between these two parts is that the latter does NOT preserve the irreducible rep-
resentations, where “preserve" can be understood in the following sense. For sl3(C) in its
reducible representation D(1, 0)®¢, that corresponds to £-qutrit lattice, the Cartan-Weyl basis

{ {
W= .(E), . p=Fa,:p,Ey;  H=Yy (H),, 1=122313, (41)

i=1 i=1

or equivalently the su(3) basis

¢
EZ 1,2,--,8, (42)
=1
contains two Casimir operators that commute with A s
£Pao ~D(1,0)%
qu(ad " ZA Aa ’ Ccuﬁ) ) = ZdabcAaAbAc > (43)
abc

where d,.s are the symmetric coefficients of su(3) given in (B.5). When D(1,0)®¢ is decom-
posed into irreducible representations, the matrices of the Cartan-Weyl basis and, therefore, of
the Casimir operators break into diagonal blocks of irreducible representations simultaneously.
This implies that

~D(p, D
I:HPXP,lin ) Cqu(:dq)] = [HPXP,lin , Ccu(]f q)] 0, (44)

is true for any irreducible representation of sl3(C) denoted as D(p,q). However, the same
commutation relations do NOT hold for Hpyp,es. Derivation of this statement is provided in
Appendix C. In the following, we will argue that such a significant difference between the lin-
ear (39) and the residual (40) part of the PXP Hamiltonian has strong implications on quantum
dynamics and scars.

First, starting from the initial states |Z;), k—1 € Z* or |0) (where |Z;) is now in the form
of £ qutrits, and we denote |Z,,) = |0)), and following the Lanczos algorithm, we can express
the Krylov subspace generated by the PXP Hamiltonian (35) as

Hpxp = span{|Zy),HpxplZy), pXP|Zk> -}
= span{|Zy), (Hpxpin + Hpxpres)| Zk)s (Hpxpiin + Hpxpres)*1Zk)s -+ } -
(45)

Then, because Hpyp), preserves the irreducible representations, its repeated action on |Z) will
not move the resulting states out of the particular representation that |Z;) belongs to. Thus,
the part of Krylov subspace generated only by the action of Hpypyin

K pxpiin = SPan{|Z), Hpxpiin|Zi ), } » (46)
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should be a subspace of an irreducible representation that |Z;) belongs to, i.e., D(p,q). This
leads to the upper bound on the dimension of . pypy;, to be (see Appendix B.1)

. . 1
dim (A pxpiin) < dim (D(p,q)) = SP+D@+D(p+q+2), p,g=0,p+29=<L. (47

We will return to this and provide a more accurate estimation of the dimension of the Krylov
subspace generated by the linear PXP Hamiltonian in section 5.2.1.

In contrast, we are unable to derive a similar estimate for Hpyp,s. However, we know
that the PXP Hamiltonian in (21) does NOT generate any states, living on the 2¢-qubit lat-
tice, with consecutive |1)s. Hence we will estimate the upper bound on the dimension of
K pxpres = SPan{|Zy), Hpxpres|Zk ), * - }, or, more precisely, of J# pyp, as the number of the 2¢(-
qubit states with no consecutive |1)s, which is given by the Lucas number [71],

20 20
1 5 1—-+/5
=(155) (125" w0

We leave the details of this derivation for Appendix D, but we would like point out that the
Lucas numbers, increase exponentially with the lattice size of fermions 2¢. This tells us that

1++/5
dim ( pxpres) < dim ( pyp) < Loy ~ O(e*8 27 1) (49)

Now, recall that in section 3.1 we mentioned that, typically, the size of the QMBS subspace
grows exponentially slower than that of the entire Hilbert space, i.e., the former either grows
polynomially with the lattice size or exponentially, but in some scale smaller than the lattice
size. Hence, it is natural to expect that the Krylov subspace generated by linear PXP Hamilto-
nian Hpyp)i, is @ QMBS subspace, while the one generated by residual Hamiltonian Hpypyes is
more likely responsible for the thermalizing subspace. This will be our working hypothesis in
the following.

The first half of this hypothesis can be verified by constructing the operator Q', whose
commutation relation with Hpypy;,, satisfies SGA (17). Indeed, notice that in (39)

1
(Eq+E_p)+(Eg+E_p), =1 1| =v20J,);, (50)
1 .
where (J,);, together with
1 —i 1
Uy)i=—7|1 =i, (U= 0 ; (5D
y/i 1/5 ; zJi 1

are the three, spin-1 matrices with commutation relations
[Jaﬂ‘]b]izieabc(‘]c)i ) a, b,ce{x,y,z} . (52)

Therefore, we can define

4 4
Q= Z (Jz - in)i - Z I:HlB +(E_qg—Eq) + (E—ﬂ _Eﬁ)]i ’ (53)
i=1 i=1
such that
[HPXEHn:QT] =2Q". (54)
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Thus, following the spirit of SGA from section 3.2, we can construct a QMBS tower, starting
from some eigenstate of Hpypyin, and argue that the evolution of quantum fidelity [S ()% will
undergo revivals with period T = +27. Notice that this is also a special case of the toy model
considered in section 5.1, with Hamiltonian given by (24), a = %, y = & =0, and the Casimir
eigenvalue j = 1.

To summarize, in the above, we have separated out the part of the PXP Hamiltonian that
generates the QMBS subspace, namely Hpypy;, in (39), as well as the residual PXP Hamiltonian,
Hpxpres in (40). In the remaining parts of this section we will study how their properties
and interrelations are reflected by the patterns of the growth of the Lanczos coefficients. In
particular, in section 5.2.1 we investigate the linear PXP Hamiltonian, where, by exploiting the
idea in [46], we are able to calculate the exact Lanczos coefficients generated from the initial
states |Z;) without knowing the concrete Krylov basis. In section 5.2.2 we take into account
the influence of the residual PXP Hamiltonian, which leads to the so-called “|12) issue". We
explain how this issue violates Casimir invariance and therefore introduces other irreducible
representations of D(1,0)® besides D(¢,0) into the Krylov basis generated by the full PXP
Hamiltonian.

5.2.1 The Arch

Let us start by filling out the details of the qubit-to-qutrit map that we discussed above. Indeed,
we mentioned that the initial state |Z;), k —1 € Z* can be treated as a { -qutrit state, but we
have not yet provided its concrete form. It is given as follows

1Z) = |1OO---0)®2e/k=(|g)®|00---0)®’2—(kmod2)>®IOO---O))M/k
k—1 k k
] ]
200---0)°¢/™, k=2m,
~——
— m—1 (55)

200---0100---0)®¢/Cm+D)  k=2m 41,
———— S——
m

m—1

where m € Z*.

Next, we only consider the linear term Hpypy;,, acting on |Z;) and concentrate on the re-
sulting Lanczos coefficients rather than the specific Krylov basis. It is clear that Hpyp);, in (39)
describes a free theory — no interacting terms between sites — and therefore the order of the ¢
qutrits does not matter. This is a good news, because, for extracting the Lanczos coefficients,
there is no difference between Hpypy;,, acting on |Z) or acting on

®L/k k=2
12)°/% @ |2— (k mod 2)) ®|g)®( K )

Furthermore, if we apply a transformation |1) «— |2) to (33), which permutes the 15 row
and the 3™ row, as well as the 1% column and the 3™ column of all Gell-Mann matrices, Hpxplin
is invariant. This implies that the Lanczos coefficients generated by Hpypy;, acting on [1) are
the same as the ones generated by Hpypy;, acting on [2).

Based on these two observations, we consider an initial state

Z;) = |z>®(“'%) ® |9>®(e'k%2) , (56)

instead of |Z;) in (55). The advantage of |Zli) is that it is simply a product of two product
k=2

k

2
= [/
states that can be analysed separately. Namely |g)®(‘ k) and |g)®( ) Both are totally
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symmetric, and belong to the sl53(C) irreducible representations D (E . %, O) and D (6 . ’%2,0)
respectively (see to Appendix B.2 for details). Then, since the highest weight vector of the
irreducible representation D(n,0), n € Z™ is nw;, the root lattice of D(n, 0) can be determined
using the strategy in Appendix B.1, and becomes an equilateral triangle with the other two
corners at nw, and nws. Recall that, according to the conventions in (33), nw;, nw,, and
nws correspond to the n-qutrit states [2)®", |0)®", and |1)®", respectively. In conclusion, we
can sketch the root lattice of the irreducible representation D(n, 0) and label the product states
|2)®™ and |0)®" that we are going to study, as Figure 4 shows.

E/j Eg
B, 5, E_, B,
|00000)
E_, E_, E,
E,q E—ﬁ'
22222)
[11111)
(a) repeated action of Hpypy;, on [22222) (b) repeated action of Hpypy, on [00000)

Figure 4: A schematic diagram of how Cartan-Weyl basis in Hpxpiin, E+q and Esg,
acts as a raising or lowering ladder operators in the case where the initial states
are 4a) |2)®"; 4b) |0)®". Here we take n = 5 and mark the effects of the raising
ladder operators. Components that make up the same Krylov basis are circled in the
same colour, where a darker colour represents the Krylov basis with a larger iteration
number.

Let us explain what we are going to do next. We will start from two initial product states
that live in the corner of the n-qutrit lattice, |2)®" and |0)®", respectively. Utilizing the method
in [46], which has been briefly reviewed in section 2, we reorganize the Cartan-Weyl basis of
sl3(C) in Hpypy;, into raising and lowering ladder operators

H PXBlin = H

+ —
pxplin T H (57)

PXBlin *

such that
H;_Xl:ghann) = bn+1|Kn+1>) H;XB11n|Kn> = bn|Kn—1>’ (58)

where |K,) = |2)®" or |0)®". As a result, the Lanczos coefficients can be read from the algebra.
To be more concrete, from the form of the linear PXP Hamiltonian in (39), the four candidates
to construct H;CXEHH are the Cartan-Weyl basis E4,, E+g. The visualization of the actions of the
Cartan-Weyl basis in the root lattice is shown by the arrows in Figure 4 — the positions pointed
by the arrows represent the states that result from their actions on the states at the starting
positions of the arrows. Now, starting from one of the three corners of the root lattice D(n,0),
two of the Cartan-Weyl bases E.,, E.pg point to sites outside the root lattice, which means that
these two operators annihilate the state corresponding to the corner and therefore play the

role of the lowering ladder operator. As for the other two Cartan-Weyl bases, playing the role
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of raising ladder operator, their repeated actions generate the components of the Krylov basis.
These components are the sites of root lattice D(n,0). In Figure 4 we also explain how these
components are generated by the Cartan-Weyl bases. Components that form the same Krylov
basis are circled out in the same color. In the following we find the role that each Cartan-Weyl
basis plays for initial states |2)®" and |0)®", respectively, and read the Lanczos coefficients.

Let us start with the initial state [2)®". Since it corresponds to the highest weight vector
new; in the root lattice of D(n, 0), it must be annihilated by E, and Eg. Therefore, the raising
and lowering ladder operators in this case are (Figure 4a)

H;_XPhn - Z (E—a + E—ﬁ Z(J )1 5

Hoxpin = Z(E +Ep), Z( i (59)

where (J3); = (J,); £1(J); with (J,); and (J,); the spin-1 matrices in (50) and (51). From
(52) we can derive their s5l,(C) (or more familiarly su(2)) commutation relations.

[JZ)J:I:]::EJ:‘:J [J+:J—]:2Jz ) (60)

where we defined J, = Z?zl(Ja)i for a € {x,y,z}. This means that we can utilize standard
techniques from angular momentum in quantum mechanics. The angular momentum coupling
of n spin-1 particles gives the Casimir eigenvalue of the totally symmetric irreducible repre-
sentation, which is n. Thus, the Krylov basis generated on |2)®" consists of the eigenstates of
J, with eigenvalues —n,—n+1,--- ,n—1,n, i.e.

|Kp) = In,n—m) , m=0,1,2,---,2n. (61)

As for the Lanczos coefficients, they can be read from the action of the generators

Jilnu) =/ (n—wn+p+1in,u+1),

(62)
J_ln,p) = /(n+p)n—p+Din,u—1),
foru=—n,—n+1,--- ,n—1,n. Comparing (62) with (58), we finally obtain
1
bmz\JEm(Zn—m+1), m=1,2,---,2n. (63)

This is an arch of width 2n and the height (n + 1/2) /2.
Similarly, we can analyze the initial state |0)®" which is annihilated by E_, and E - There-
fore, the raising and lowering operators in this case are (Figure 4b)

n

H;rxphn = Z (Ea + E—ﬁ)i =Ey+E_p,
i=1

n
Hpgpin = Z (Eat Eﬁ)i =E o +Ep, (64)
i=1
where we have used the definitions in (41). Now, we calculate

m
m _
(H;XPhn) Inw,) = (E, +E_g Y nwsy) = Z( : )E;" lEl_ﬁlnco2> > m<n
=0

:i (T) [(mn_ l)(n_ rln ' 1)]1/2 H(m—Dlnwy + (m—Dwip +lws,), (65)

=0
n

= Z m![(?)(n—im)]l/z|nwz+(m—n+z)w12+(n_7)‘°32)>
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s72 'where we have used the sites in the root lattice of the irreducible representation D(n,0) to
s73 label the (normalized) states generated by E, and Eg. This state is not yet normalized so we

s74 compute the norm square of | H ( PXle) |nw,) that becomes
_ me . m _ m!n!
<Tla)2| (HPXRlin) (HPXElin) |Tla)2> - 2m (n _ m)' . (66)
575 Notice that from (58) we can see
m—1 m—2
(H;xplm) Ko) = (H;XElin) bi|Ky) = (H;XP,lin) b1by|Ky)
(67)

m
= =] [bilkn)
=1

s76 and the Lanczos coefficients are therefore

1/2

=+v2m(n—m+1), (68)

(nc,| (H;XElin)m (H;XPlin)m Incw,)
(nw2| (H;XElin)m_ (H;XPlln)m_l |nw2)

sz withm=1,2,---,n. If we plot them, we can still see the arch with height (n + 1)/+/2, but in
s7s  this case the width is n rather than 2n.

579 With the ladder operators and the resulting Lanczos coefficients of the two cases in mind,
ss0 ‘We now go back to |Z li) Since we are not interested in the specific Krylov basis |K,,) generated
ss1  from |Zli), which is not even correct for the true initial state |Z;) in (55), below we will use the
582 notation |Kr(nz’”)) for the Krylov basis obtained from |2)®" and |KT§?’“)) for the ones from |0)®".
se3 Now, the linear PXP Hamiltonian can be rewritten as the sum of the raising and lowering
ssa ladder operators

by =

0.2 0. k=2
. < < GV S B (Y=
HPXPhn - Z (E—a + E—/S)i + Z (Ea tEp )g.%_,.j = HPXElin + HPXElin ’
i=1 j=1
2 k—2
br T 2 k=2
— _ (24-%7) 0.0-=%=)
HPXPhn - ( E, + Eﬁ ) (E—a + Ela’) HPXElin +HPXElin
i=1 j=1
(69)
sss Repeated action of H PXPl leads to
m 2 ! 2 k=2 qml k=2
(2 0-7,+) 2,6-7) 0,-—=,4) 0,8-——
+ k k k k
(HPXPhn) |K0 Z ( ) |: PXBlin ] KO > ® |:HPXBlin i| KO
=0
(70)
m L 2, m—l k—2 2 k=2
2,07 = 2,0-% 0,6-—7=
(DT PTT PP e s 7)
=0 i= j=1

21



586

587

588

589

590

591

592

593

594

595

596

597

598

599

600

601

SciPost Physics Submission

Thus, by calculating the inner product

Kol (Hpgmn) - (Hixpin) - 1Ko) i[( )] l—[[ (2ek)]2m l[ (00 k=2 ]2

=1

—.

m 2 1 m—l
1. . . 2 .
=E [(T)] | |§l(2-€-%—1+1)-| |2](£-kT2—]+1)
=0 i=1 ]=1 , (71)

mo (¢-2) (¢-2)!
_ m—2l 2 .

we determine the Lanczos coefficients generated from |Z ,i), and therefore from |Z}), as

_ m + m 1/2
b _ (Kol (HPXElin) (HPXPIin) |Ko)
m. m— m—1 >
- +
<K0| (H PXPhn) (H PXPhn) |K0>
Zm 921 1/2
=0 (- 2—1)1(m—-1)1(£- 52 —m+1 )1
— ﬁ ( k ) (m=1) ( kM ) (72)

2—21
Zl =0 p(e- )1 m—1-1)1(¢- 52 —m+1+1)!

Some remarks about this result are in order. The sequence of Lanczos coefficients {b,,n € Z*}
is not infinite — there exists a n,,,,, above which all b, vanish, and below which the plot of b,
looks like an asymmetric arch since in general

bm 7é bnmax+1—m: - 1 2 Nmax - (73)
This is reasonable, since the growth of the Lanczos coefficients for both |g)®‘"% and |9>®e~%,
which construct the Lanczos coefficients of |Z; ), have this property, even though their arches
are both symmetric. The threshold n,,,, can be found from the second last equation of (71),
where to make the factorial valid, | should satisfy

:m——SlS%. 74)

This way, | taking values from a non-empty set requires m < £ - k+2 , Which translates to
k+2
Nmax =L k > V |Zk): k—1e Z+ . (75)

Table 1 enumerates values of n,,,, for the initial product states |Z;). The information on
whether these initial states are regarded as a quantum many-body scars is given. One may
note that as the arch becomes narrower, that is, as n,,, becomes smaller, the corresponding
initial state |Z)) appears more “thermal". Based on this, we give our observation here — the
pattern of the growth of the Lanczos coefficient with the arch width smaller than some number
in the interval (3/2£,5/3¢) is no longer able to support any quantum revivals.
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|Z;) b, scar or not
k=00 (|0)) | nypay = 1¢ N
k=2 Mmax = 20 S
k=3 Mmax = 24 S
k=4 Nmax = 30 N
k=5 Miax = 24 N
k=6 Mmax = 34 N
k=7 Mmax = ;E N
k=8 Mmax = 34 N

Table 1: The ranges of nonzero Lanczos coefficients generated from product states
|Z) by the linear PXP hamiltonian Hpypy;, in (39).

5.2.2 The Buttress

Now its time to move to the residual part of the PXP Hamiltonian in (40). Unlike the linear
part in (57), it cannot be easily written as the sum of raising and lowering ladder operators.
Nevertheless, we can still understand better its function by exploring its algebraic structure.
To begin with, we rewrite (40) in the matrix form

‘ 0 01 0 1
HPXBres = _Z 0 1.0 + 01 0
i=1 1 i 0 (i+1) mod ¢ 10 ; 0 (i+1) mod ¢
{
= Z(HPXP,res)i > (76)

i=1

where the RHS of (40) has been reorganized such that the two terms related to interaction
between the i and the (i + 1) qutrits are put together and denoted as (HPXP,res)i' From this
form, it is not difficult to find that both terms above are nonzero if and only if (HPXP,res)i acts
on |1); ® |2);1°. However, due to the overall minus sign, the action of Hpyps on |12) will
cancel the action of Hpypji,

[(Eﬁ +E_p); +(Ea+E—a)i+1:||"'E"'> + (Hpxpres)il -+ 12++-) =0, (77)

which is actually clear when we consider the state in terms of qubits, since |12) = |0110). An
inference drawn from this is that D(1,0)®¢, the space obtained by the tensor product of £ qutrit
space, is not the Krylov space that can be generated by the entire PXP Hamiltonian in our setup
— This is why we used the Lucas numbers to estimate the dimension (see Appendix D), rather
than 3¢ in the discussion above.

Since such a “|12) issue" is a property of the full PXP Hamiltonian, from now on we will not
consider the residual PXP Hamiltonian Hpyp,s alone. Instead we investigate how this [12) issue

8Here the subscripts should be understood in the modulo sense, i.e.

11); ®12) 141 = 11)i moae ® 12) 41y mod »

since we consider periodic boundary conditions. Below we usually simplify the notation into |12) but the meaning
is the same.
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corrects our conclusions in section 5.2.1, where only the irreducible representation D(Z,0) is
involved. Before we begin, let us summarise our result here in a sentence — the readers may
have been aware that from the analysis of Casimir operators — that in addition to D({,0), it
is necessary to introduce the states of other irreducible representations of D(1,0)®¢ into the
Krylov basis generated by the full PXP Hamiltonian.

To explain this claim, next we elaborate on the |12) issue in the irreducible representations
of sl3(C) decomposed from D(1,0)®¢. Given that all discussions related to the linear PXP
Hamiltonian happen to the irreducible representation D(£, 0) due to the structure of the initial
states |Z;), we take this irreducible representation as an example.

In the root lattice of D(£,0) (see Figure 4), on the border with product states |g)®f and
|1)®¢ at both ends, all fully symmetric states consist of qutrit states |2) and |1) only. Thus, the
product states combining these symmetric states inevitably contain at least one 2-qutrit state
|1);®]2);,; and should be completely removed from the Krylov basis. Same argument is made
in other irreducible representations, for states that live on the line connecting |2)®¢ and 1) oL,
The aftermath of this removal is that the unnormalized Krylov basis, which were generated by
Hpxpiin in section 5.2.1 and therefore supposed to contain these normalized symmetric states,
now consists only of the (normalized) states from other root lattice sites. The reduction in the
number of normalized states results in reduction of Lanczos coefficients. Roughly speaking,
due to the appearance of Hpxp,.s, the arch constructed of the Lanczos coefficients collapses.

Apart from those non-|0) states, another class of symmetric states, consisting of all the
three qutrit levels |2), |0), and |1) and therefore living in the interior of the root lattice, faces
a more complicated situation. Given that |12) issue is solved by inserting a |0) in between,
every totally symmetric state in this class contains at least one product state without |12)
structure, such as [11---102---22). This means that the product states consisting of these
symmetric states should be partially removed from the Krylov basis. However, such partial
removal destroys the symmetry of the states in D({,0) and thus cannot be done through only
one irreducible representation, namely D({,0). Recalling our conclusion from the discussion
of the sl3(C) Casimir operators, namely that the residual PXP Hamiltonian does not preserve
irreducible representations, we are inspired to complete the partial removal by introducing
to the Krylov basis the states from other irreducible representations. In other words, Hpxpyes
activates the states in other irreducible representations. These activated states bring more
degrees of freedom to the Hilbert subspace spanned by the Krylov basis and are therefore
responsible for the increase of the value of Lanczos coefficients after the arch (the formation
of the buttresses).

What happens to these activated states mirrors the scenario with states in D(£,0). Under
the repeated action of the linear PXP Hamiltonian Hpyp),, €ach of them generates a Krylov basis
that spans a subspace of the irreducible representation where the state is located. However,
the |12) issue still persists and will be solved at the expense of activating more states from
other irreducible representations. We may describe this process schematically as

Hpxp|KDPD) = Hpypiin K2@D) + Hpypyes K2P-D)
~ D(p, ~ D(p, D /’ /
= (B2 B?) + bl 2 BD) )+ > B KT, (78)
P’
where |K£(p ’q)) denotes the m™ Krylov basis that spans a subspace of the irreducible represen-

tation D(p,q) and B(p’,q’) is a coefficient that could be zero if the corresponding irreducible
representation D(p’,q’) is not activated. Note that we have used f)m instead of b,, as the Lanc-
zos coefficients may be reduced due to the absence of the states forbidden by the full PXP
Hamiltonian.

We admit that this discussion was somewhat abstract, so to gain better understanding
of, and support for the arguments above, we now examine the collapse of arches and the
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formation of buttresses for small-sized lattices. In particular, we select the initial state to be
1Z,) = 101)® = |1)®¢ and consider the Krylov bases generated for the lattices L = 2¢ = 6
and L = 2f = 8. The formulas below are a bit lengthy and cumbersome to goth though in
the first reading®, so readers interested in the bigger picture can simply proceed to the next
section. Nevertheless, given the previous qualitative and approximate works on this problem,
we believe that working out the details of the examples below can be instructive. For this
reason we present the detailed expressions in the following.

Lattice size L =2{ =6

E, o
9 o D(3,0)
Eq 6
o —————o
o 1 @
[ ] o
(e}
2D(1,1)
S,
D(0,0)

Figure 5: Decomposition of the reducible representation D(1,0)®? into irreducible
representations D(3,0) @ 2D(1,1) @ D(0,0), corresponding to the Young tableaux
LI TTe2[ [ ]e[]. The hollow circles and the red circles represent the states that

cannot be or can only be partially generated by the full PXP hamiltonian (from the
initial states we are interested), respectively.

As Figure 5 shows, in the root lattice of the irreducible representation D(3,0), there are two
sites corresponding to the two, totally-symmetric states that cannot be generated by the full
PXP Hamiltonian Hpyp. One consisting of the permutations of [221), and the other consisting
of the permutations of |211). These states should appear in the Krylov basis |K,) and |K}),
respectively, if the residual PXP Hamiltonian Hpyxp,. is absent. Now, without these two states,
the Lanczos coefficients b, and b, decrease from +/5 to 2, since

4 4
D E_glKy) = > L E_|220)7575) =2+ 1200) 375 = 2IK,) | (79
i=1 i=1

where we have introduced the standard Young tableaux as the subscripts to label the sym-

°It also uses very technical mathematical tools and notations, such as Young tableaux and Young symmetrizers.
We recommend that readers refer to Appendix B.2, Appendix E and Appendix F while reading, which might be
helpful.
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metrized states in the corresponding irreducible representations

1220) 53] = %(|220)+|202)+|022)),

1
12000573 = ﬁ(|200)+|020)+|002)). (80)

The readers is referred to Appendix E1 (and, if necessary, Appendix E.1) for more details of
this notation.

Moreover, there exists one site for the state that can only be partially generated, consisting
of all permutations of |201). In particular,

1201) 373 \/_(|201)+|021)+|102)+|210>+|012)+|120))

where the first three product states have the |12) issue. These three terms can be eliminated
by subtracting from |K3) the singlet in the irreducible representation D(0, 0)

1201) = (|201) +]012) +[120) — |021) — [102) —[210)) ,

G

which leads to the Krylov basis

/3
K3) =——]201)115 ——2011+—000
|K3) 21/_I NBE | 1000) 273

81)

1 V3
_2¢§(|210>+|102)+|021>)+ 5~ 1000) .

In addition to the reduction of the Lanczos coefficient b from +/6 to 2, the other aftermath
of the activation of |201) is that the linear PXP Hamiltonian Hpypy;, will also act on it. Fortu-

nately, the irreducible representation D(0,0) is a singlet sector and therefore nothing will be
generated from |201), and there is no contribution to the next Krylov basis vector |K,).

For completeness, we enumerate all Krylov basis generated from |Z,) by the full PXP Hamil-
tonian, as well as the corresponding Lanczos coefficients, in Appendix E1. Anyway;, in this case

we only observe a collapse of the arch.
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Lattice size L =2{ =8

LIS

3D(1,0) 2D(0,2)

Figure 6: Decomposition of the reducible representation D(1,0)®* into irreducible
representations D(4,0) @ 3D(2,1) & 2D(0,2) & 3D(1,0), corresponding to Young
tableaux [ [ [ [ | @3 u ] @2 H} ®3 .. The hollow circles and the red

circles represent the states that cannot be or can only be partially generated by the
full PXP hamiltonian (from the initial states we are interested), respectively.

Using a similar arguments to the case of L = 2{ = 3, we can easily find that there are three
totally symmetric states that should be removed from the Krylov bases |K5), |K4), and |Kg),
respectively, as Figure 6 shows, which results in a decrease in the corresponding Lanczos coef-
ficients. However, from |K3) that includes some product states consisting of one |2), one |0),
and two |1)s, the situation is more complicated. Again we begin with the totally symmetric
state in the irreducible representation D(4,0)

1
12201 570] = Wei (12201) +[2012) +|0122) +|1220)
+ ]2021) +]0212) + [2120) + [1202)
+ [2210) +[2102) +1022) +]0221)) , (82)

where only the last four terms are permitted by Hpyxp. To eliminate the other eight terms,
it is necessary to introduce to the Krylov basis the corresponding states in the irreducible
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) and D(1,0)s. This is because

704 representations D(0, 2) (or more exactly |1
2

S| w

1
|2021) = —(2|2021) +2|2120) + 2|0212) + 2]1202) —[0221) —|2201)
24/6

— ]0122) —[2102) — [2012) — [1022) —[2210) — [1220))

1
12012)74) = Z(|1202>+|0122>+|2201)+|2120>+2|2012>

[wo]e]=

— ]0212) —[1022) — [2210) — |2021) — 2|2102)) ,

1
12021)75] = Z(|1220)+|o122)+|2210)+|2102)+2|2021)

[+]o]=

— ]0221) —[1022) — [2201) — [2012) — 2|2120)),

1
1220175 = Z(|1220)+|0212>+|2120)+|2012)+2|2201)

[#]ew]=

—  —|0221) —[1202) —[2021) — [2102) — 2[2210))

(83)

705 the second four terms of (82) are cancelled by |2021), while the first four by the sum of

706 all the three irreducible representations D(1, 0),

12012) 774+ 12021) 575 + |2201)

2]+

1
2
3

o[-

1
3
4

707 Thus, the Krylov basis vector |K5) has the form

N | =
alw

1 2 1
K3) = 2410 [ﬁ (|2201) - E|M)

— | 12012)574)+ 12021) 5 15 + 12201)

1
2
3

6
+ ——|2000
775/2000) T2 s ]

[=]o]~

BOE

- (]0221) +]2210) +[2102) + [1022))
2410
3
+ ——(]2000) +|0200) + |0020) + [0002) ) .
= )
(84)
708 Similarly to the previous case, in addition to a decrease in the Lanczos coefficient b,
700 the activation of states in the irreducible representations D(0,2) ([ 1[3]) and D(1,0)s, leads
2[4

710 to the contributions to the next Krylov basis from action of Hpyp);, on these states. Since
711 |2012)r747,12021)7757 5 12201)1775) correspond to the highest weight vectors in the root lat-

[w]e]-

1
2
4

1
3
4

712 tices of the three irreducible representations D(1,0)s (

4] 3] 2]), respectively, the

J >

1
2
3

[+]]=

[+]w]=
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raising and lowering ladder operators in this case are exactly the same as those for | g)‘“ (see
(59)). However, |2021);157 is not the highest weight vector of D(0, 2) ( ) — it lies on the

2[4
border of the root lattice. Such location allows the linear PXP Hamiltonian Hpypy;, to generate

states in three directions, which makes it unlikely to rewrite (39) into a sum of raising and

lowering ladder operators conjugate transposed to each other. For example, for [2021)7357,
204
the components of the next state can be generated by E, or E. g, although some of these com-

ponents are forbidden by the full PXP Hamiltonian. As a result, after eliminating the banned
states, the repeated action of Hpxpj;, on |2021) first produces two mixed symmetric states,

|2020)7157 and |2001)5757, and then |2011)757 (and eventually |0101)r;757, see Figure 7).
2|4 214 214 2|4

Notice that only the forward states are listed here, where a “forward" state, opposite to a
“backward" state, is a (permitted) state that has not yet been produced during the previous
actions of the linear PXP Hamiltonian. However, it is not difficult to determine the backward
states from the forward ones. Thus, after considering the states generated by the repeated
actions of Hpypyi, on D(1,0)s, we obtain the Krylov basis

2 1
K,) = 0.241943| = 2/2001 — 2001
4) 7 2001} 273T4] ﬁ—>

— | 12010)5741+12001) 5 15 + [2001)

1
3
4

+0.72583|0000) 51575741 » (85)

1
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— 0.0201619 - 24/3|2020)
2

[+]e]=

-
w
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2 1
IKs) = 0.0347245 [ﬁ (|2201) — E|2021)Z )
— | 12012)574) + 12021 )775) + 12201) 5
2 2 3
3] 4] 4]

-
Hlw

2 1
+ 0.185197| — [ |2011 — —|2101
[ 7 ( 2011)37s]4] 7 2101) :

— 12011) 4‘-|-|2011)1 3‘-|-|2101>1 2]
2 2 3
3] 4] [4]
— 0.0115748 - 2|2000> +0.462993 - 2|0001> . (86)

The crucial point about |Ks) is that it cannot be fully generated from |K,) by action of the
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729 linear PXP Hamiltonian Hpypyi, only, since

730

731
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733

734

735

736

737

738

4
2 1
E_ [— (2|2001) ——]2001) )
Bl = | “e== /5 =
i=1 3 2
—| 12010)r7757 +12001) 757 + 12001 )75

(87)

W[ =

1
2
3

4

[+]e]=

4
= > E_4(|2100) +[2010) +[1020) +[1002) + [0210) + [0201) + [0102) +[0021))
i=1

=(]2110) +1021) +|1102) +[0211)) + 2v/3|2011) 55574 »

which implies that it is necessary to activate another copy of the root lattice of D(4,0). Now,
similar argument to |2021)757, the fact that [201 1) lies in the interior of the root

24
lattice of D(4,0) means that the components of the next forward state can be generated by

all the four Cartan-Weyl basis E.,, E+g. As a result, after eliminating the banned states, the
repeated action of Hpypyi, on |2011) first produces (see Figure 7) two totally sym-
metric (forward) states, |001 1) and |2001), then four states, |0111),

|0001), |0002), and |2201), and then three states, |1111),
|0000): 157574]> @and 12200)(; 51574, contributing to the Krylov basis vectors

)

-
w

2 1
Kg) = 0.0151446[— (2|2001) — —[2001)
7 | 212001 7120005

— | 12010)74] + 2001 )75 + [2001)

2]

1
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1
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-
w
—

3

24 214
— 0.03509|0000)757374] +0.405601 - \/€|0011) , (88)
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1
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1
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and |Kg), respectively'®.
Note also, that in order to solve the |12) issue, it is necessary to activate the contribu-

tions to |K;) of |2021)r;75 in another copy of the root lattice of D(0,2) ( : ) as well as
4

-

—
alw

N

12012)r757 +12021) 757 +12201)r 757 [ inother copies of root lattices of the three irreducible

w‘t\: —

1
2
4

el

representations of D(1,0), just as it happened for |K3).

The occurrence of a situation similar to |K3) implies that what happens to the next four
Krylov bases, starting from |Kg), is a repetition of what happened to the Krylov bases |K}), |Ks),
|Ks), and |K) discussed above. However, this does not mean that |Kg) vanishes after the Gram-
Schmidt process removes the components of |K,) or other Krylov bases, because in the root
lattice of D(4,0) where |K,) = |Z,) is located, the states contributing to the Krylov basis are still
generated by the linear PXP Hamiltonian in the way shown in Figure 4a. This generation ceases
at |[Kg). Thus, starting from |Ky), there is no longer contribution from the D(4, 0) where |K;) is
located. This implies the vanishing of |K;3), because before Gram-Schmidt orthogonalization
the states generated from |K;,) are exactly the same as those generated from |Kg) was obtained
(see Figure 7).

Figure 7 is a sketch of generation of states by action of the linear PXP Hamiltonian on
|Z,), after considering the “|12) issue" brought by the residual PXP Hamiltonian. It should
be noted that to avoid clutter, we only label forward states and therefore it is necessary to
restore the backward states and then perform Gram-Schmidt orthogonalization. However,
from Figure 7 we can still find that: 1) the contribution from the original root lattice, where
the initial state |Z,) is located, lasts from |K;)) to |Kg), corresponding to the collapse of the
arch of Lanczos coefficients located between b; and bg; 2) there exists a repeating pattern
of activating the copies of the root lattices of irreducible representations D(4,0), D(0,2) and
D(1,0)s with period 4, leading to the (forward) states |A,,,4) = |A,,,) for all m > 8, hence the
buttress terminates at by,.

For completeness, all Krylov basis generated from |Z,) by the full PXP Hamiltonian, as well
as the corresponding Lanczos coefficients, are given in Appendix E2. In conclusion, we observe
both the collapse of the arch and the formation of a buttress in this non-trivial example.

10Actually, after generating these totally symmetric states, one can continue the repeated action of Hpypyi, 0N
[201 1) and obtain a (forward) state |2220) and then |2222), where the banned states
have already been removed. However, these two states are exactly the Krylov basis |K;) and |K,), respectively and
are therefore removed from |K,) and |K;,), respectively, by the Gram-Schmidt process. Hence we did not mention
them in the main text.
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|Aq)

[45)

[4s)

|A7)

|As)

|412)

¥

3D(1,0)

Figure 7: The “forward" states |A,,) generated by the repeated actions of the linear
PXP Hamiltonian Hpypyi, in (39) to |Z,), after taking the two effects of the residual
terms (40) into account. The hollow circles represent the states that cannot be gen-
erated by the full PXP Hamiltonian, with the associated sl;(C) generators labelled by
dashed arrows. Note that no Gram—Schmidt orthogonalization has be applied here.
One can see that |A,,,4) = |A,,) for allm > 9.

767 We would like to end this section with one last comment. Until now, we have only con-
768 sidered the |12) issue posed by the residual PXP Hamiltonian in (40). However, it should be
760 pointed that, although Hpyp,es only eliminates the product states with a |1);®|2),.1, it may also
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reassign the coefficients of the product states with other structures — readers may have realized
that although we successfully explain the appearance of all the (mixed or totally) symmetric

states in the case of L = 2{ = 8, the ratio of the coefficients of [2001)r; 757 and |2020);75] in
2[4 2[4

|K,), 24/2, does not match our prediction, which, according to our argument, should be 1/+/2.
We leave this puzzle as an open question for further research.

5.3 Evidences

We close this section with serval numerical studies that support our algebraic discussions and
evidences above. To begin with, we consider the Fast Fourier Transform (FFT) [72] of the
fidelity of the time evolution of the initial states subject to the full PXP Hamiltonian (21).
Since, in general, the initial state |¥,) can be expanded in the basis of the eigenstates of the
Hamiltonian as
[Wo) = Z clE;) (90)
1

the FFT of fidelity (18) can be written as

FUSOPIS) = D leaenl?F (€ En~E) =" e 26 (B — E,—27f) , (91

where f represents the frequency'!. For numerical computations, we investigate the evolu-
tion of the system in the time interval [0, T] and discretize the time with a step T/N. As a
result, the Fourier transform of fidelity becomes a discrete Fourier transform and the Dirac
delta function is replaced by a Kronecker delta function with a factor N. Consequently, the
FFT should enumerate the differences between any two energy levels whose corresponding
eigenstates are contained in the initial state |¥y). In Figure 8 we again compare |Z,) and |Z,)
as initial states whose fidelity was presented in Figure 2. It can be clearly seen that for |Z,),
the FFT exhibits a comb-like structure, with the distances between two adjacent teeth being
approximately equal. As can be seen in Figure 8a, this distance is f ~ 0.21, which corresponds
to the energy difference w = 27f &~ 1.3. On the contrary, a completely different pattern in
FFT is obtained for |Z,), and it is difficult to determine how the teeth are distributed.

x10*

7000
6000
15F 1 5000 -

£ £ 4000}
<

1l | =
3000]

Ll

\I'I
0 0.5 1 1.5 2 0 0.5 1.5 2 2.5
;
(a) FFT of fidelity of |Z,) (b) FFT of fidelity of |Z,)

Figure 8: The FFT of the fidelity for time evolution subject to the full PXP Hamiltonian
of: |Z,) in 8a) and |Z,) in 8b). Plots for lattice size L = 12.

The appearance of equidistant teeth in the FFT of |Z,) reveals that, in the eigen-basis of the
PXP Hamiltonian, the dominant components of |Z,) have are mainly supported on eigenstates

please note that f is not the angular frequency w = 27f.
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with equally-spaced spectrum [31]. This is consistent with the SGA arguments and implies the
revivals of fidelity, as we discussed earlier.

Now, to verify the existence of such an equally-spaced spectrum in |Z,) (and its absence
in |Z4)) suggested by the FFT of fidelity, we compare the energy spectra of the eigenstates
contained in |Z,) and |Z;) on Figure 9, with the components ¢; of these eigenstates marked
with the blue brightness of the energy levels. The exact data of these two energy spectra are
listed in Table 2 (see Appendix G). Again, the energy spectrum contained in |Z,) consists
of a series of equally-gapped energy levels whose sum of probabilities, |c;|?, dominate.
However, we can hardly find any patterns in the energy spectrum contained in |Z).

0.44 44 deg: 2

034 24

0.24

Energy (E)

0.13 — —

Energy (E)
® o

0.03

(@ |Zz) ) |Z4>

Figure 9: The energy spectra {E;} of the eigenstates contained in the initial states
|Z5) (9a) and |Z4) (9a) at system size L = 12. The color of the energy level indicates
the component factor c; corresponding to the eigenstate |E;). The |Z,) state is pre-
dominantly composed of a few, nearly equally-spaced, eigenstates while |Z,) exhibits
a more complex and irregular distribution of dominant energy contributions.

With these results in mind, we now consider the role played by the arched structure of the
Lanczos coefficients from the perspective of the energy spectra. We still focus on the initial
state |Z,) and |Z,) so that we can compare the energy spectra related to the arch with the full
spectra in Figure 9.

To avoid the influence of the other structure — the buttress — we remove all Lanczos coeffi-
cients b, for n greater than n,,,, given in Table 1. In particular, for initial state |Z;) we regard
all b,s satisfying n > k—zzﬁ = kzikzL as part of the buttress and remove them. Given that the
two sets of the Lanczos coefficients, a,s, where a,, = 0, and b,;s, bring to us the tri-diagonal
matrix representation of the full PXP Hamiltonian in (21) (see section 2), by removing the
buttress of the Lanczos coefficients, we obtain a truncated Hamiltonian whose diagonal coeffi-
cients vanish and sub-/supra-diagonal entries contain only arched structure. Now we consider
the energy spectra of this truncated Hamiltonian, which results in Figure 10. We find that for
initial state |Z,) (see Figure 10a) the energy gaps of the truncated Hamiltonian seem to be
narrower as the absolute values of the energy |E| increases while when |E| < 6 the energy
gaps are almost equal and approximately equal to 1.31. If we ignore the zero energy levels
E = 0, we can see a similar pattern for |Z,) (see Figure 10b), where the almost equal energy
gaps are approximately equal to 1.77.

Without loss of completeness, we also consider the energy spectrum for |Z,;) when the
Lanczos coefficients of b, ;s are removed in Figure 10c. Similar to the previous two cases,
when the energy |E| > 6 the energy gaps become narrower. In addition, we compute the
standard deviations of the energy gaps of the lowest five energy levels in the three cases: |Z,)
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Figure 10: The energy spectra of the truncated PXP Hamiltonians whose tri-diagonal
matrix representations have their main diagonal series vanish and their principal
off-diagonal entries, namely the Lanczos coefficients b,.s, include only the portion
associated with the entries listed in the Table 1.

without b, 1, |Z,) without b 3, and |Z,) without b, , which are 0.05688,0.09624,0.1582,
3
4

respectively. This implies that the spectrum in the case of |Z;) with b,.; removed is farther

away from the equal-gapped energy spectrum because we retain more buttress data in this
case.

In conclusion, Figure 10 implies a close connection between the arched structure in the
growth of the Lanczos coefficients b, s and the QMBS tower — as we have argued in section 5.2
and especially in section 5.2.1. As for the role of the buttress, comparison of Figure 10 with
Figure 9 suggests that it leads to a re-distribution of the energy spectra, thus dragging the time
evolution of the initial state from quantum many-body scar towards quantum thermalization.

For further discussions, we make a comment here on the narrower energy gaps of the
truncated Hamiltonian for the |Z,) and the |Z;) cases: It should be noted that during the
numerical computation we simply truncated the Hamiltonian such that its tri-diagonal matrix
representation only contains the arched structure. This truncated Hamiltonian is different
from the linear PXP Hamiltonian in (39), because, as revealed in section 5.2.2, the residual
PXP Hamiltonian in (40) modifies the Lanczos coefficients b,;s from the very beginning, which
causes the arch preserved by the truncated Hamiltonian to be a collapsed one. Thus, a QMBS
tower, namely an equally-spaced energy spectrum, can be observed due to the contribution of
the linear PXP Hamiltonian to the truncated Hamiltonian, but it is not a perfect one due to the
influence of the residual PXP Hamiltonian.
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Now, we can move to the width of the arch for different initial product states | Z;). Analytic
calculations of the linear PXP Hamiltonian tells us such a width, namely kzikzL, decreases with
increasing k, which results in a narrower arch and therefore a truncated Hamiltonian with a
smaller dimension. It can be seen from Figure 10 that for truncated Hamiltonians of smaller
dimensions, the number of the energy levels that can be regarded as equally-gapped becomes
smaller and harder to identify. In other words, the QMBS tower is less clear for a larger k (a
smaller arch width). This may be why it is difficult to see quantum revivals in the |Z}) cases for
k > 4. We have observed this connection between the arch width and the presence or absence
of scars in section 5.2.1.

We end this section by examining the estimates in (49) from section 5.2, which provides
an upper bound of the dimension of the Krylov subspace generated by acting the full PXP
Hamiltonian in (21) to arbitrary initial states. Figure 11 shows the relation between the first
vanishing Lanczos coefficients b,,, ny., + 1, and the lattice size L. It can be clearly seen that
Nmax grows exponentially with L. To learn how far the upper bound given in (49) differs
from the dimensions of Krylov subspaces generated by the PXP Hamiltonian, namely n,,, the
Lucas numbers £; are added. Although the difference between n,,,, and the Lucas number
increases, its ratio to n,,,, decreases exponentially, which implies that for large lattice size L,
we can use the Lucas number as an approximation to the dimension of the Krylov subspace
generated by the full PXP Hamiltonian. Briefly speaking, we can modify (49) to

dim (F pxp) ~ L, L=2(>1. (92)
Nmax 1 1
15127.
4l )
10 5778 14974.
®
2207.® 5687.
[ ]
843. ¢ 2155.
1000 F 3
322.¢ 810.
)
* 304.
L]
100 & .
L]
L ]
L]
10F *
L ]
L ]
L ]
1 - 1 1 1 1
0 5 10 15 20 L

Figure 11: The first vanishing Lanczos coefficient b, for various lattice sizes (in red
hollow circles, whose values are shown below), computed by the full orthogonaliza-
tion (FO) algorithm. For reference, the Lucas numbers are represented by blue dots
and their values are shown above. Here the initial state is chosen to be |Z).

6 The Dynamics of Spread Complexity

Finally, we move to the dynamics of the spread complexity. In the previous section (section
5.2) we have demonstrated that the full PXP Hamiltonian can be separated into two parts,
the linear (39) and the residual (40). We also argued that the linear part preserves a perfect
QMBS tower (see (50)-(54)), dominating the arched structure in the growth of the Lanczos
coefficients generated from |Z;). Thus, to get some intuition for the time evolution of the
spread complexity of a PXP scar, we first look at a simple model equipped with SGA in (24)
(see section 5.1). Starting from the initial state |j,—j), and identifying the circuit time s as
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the physical time t, the evolution of spread complexity under such “symmetry" Hamiltonian is

given by [6]:
__2j . 2 A r2
CKK(C) = - 7 S (at 1+ @) . (93)

a2

2
with another typical spread complexity evolution observed for the thermofield double (TFD)
initial state in models such as SYK, and SYK,, where the spread complexity generally follows
a linearly increasing ramp that culminates in a peak (absent in the case of SYK,), followed by
a gradual decline into a plateau [6,73]. Hence, the long-lived oscillations in complexity that
we see here could be interpreted as one of distinguishable features of scar states, highlighting
their non-thermalizing dynamics. This observation is consistent with the previous two studies
in [44] and [45].

Furthermore, we will also evaluate the Krylov entropy, or K-entropy for short, [42]'2 for
states as

We can contrast this

This spread complexity oscillates with time, with period T =

Sk() ==l ()2 In]i, (1), (94)

where ¢, (t) = (K,|¥(t)) is the component of target state in the Krylov basis |K,,). The K-
entropy measures the information content or the effective dimension of the Hilbert space as
function of time, and is often qualitatively related to the spread complexity'®.

Obviously, the components of target state in the Krylov basis, ¢, (t) (or p,(t) = |¢,(t)]?),
play a key role in the calculation of spread complexity as well as spread entropy — they actually
build a bridge between the Lanczos coefficients and these two quantities. Hence we analyze
the evolution of ¢, (t)s first. In Figure 12 we plot |¢,(t)|? for the scar state |Z,) on a lattice of
size I = 8, governed by the full PXP Hamiltonian. In this case there are only twelve nonzero
Lanczos coefficients, as shown in Appendix E2, and we only need to visualize thirteen proba-
bilities |, (t)|?s. Clearly, all probabilities show oscillations. Furthermore, it can be found that
each probability consists of simple oscillations. This is because

Pn() =D (Ky|Ey) (e M [W0) = D (K, | Ep) (B[ W) - €7 Ent (95)

m m

where the sum is over all the eigenstates spanning the initial state |¥,). As a result,

lon(O = > (W0l Eg) (B K (K | Ey) (B[ W e Er )t (96)

I,m

Note that we obtain fidelity when taking n = 0, and, like fidelity, other probabilities will also
show revivals for the initial scar state |Z,).

Let us elaborate on this a bit more. One point to note is that ¢, (t)s, where n < 8, can be
divided into five groups, ¢, (t) and @g(t), ¢;(t) and ¢-(t), p,(t) and pe(t), p3(t) and ps(t),
and finally ¢4(t). The plots of these probabilities in each group have almost the same envelope
(the smooth curve outlining the extremes of the oscillations). This should be correlated with
the symmetry Lanczos coefficients

bm = bn0+1_m, m= 1, 2, o, Ny (97)

for some ny, such that ¢,,(t) and ¢, _p,(t), where m =0, 1, , n,, are identical up to a phase
factor, resulting in the same envelope of |¢,(t)|?. Obviously the Lanczos coefficients generated

2that is the Shannon entropy of the probability distribution p,(t) = |¢,(t)]%.
13Roughly, in random matrix theories as well as chaotic models, spread complexity evolves similarly to the
exponent of the K-entropy [6,74]
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Figure 12: Time evolution of probabilities of p,,(t) = |p,,(t)|?s, for the full PXP Hamil-
tonian evolution of the initial state |Z,) and L = 8.

by repeatedly action of the linear PXP Hamiltonian (39) on |Z,), that is, the Lanczos coefficients
in (63), satisfy such this relation with ny = L. Since for |Z,) the contribution from the linear
term dominates the Lanczos coefficients generated by the full PXP Hamiltonian (see Appendix
F2), we get very similar envelopes for |¢,(t)|? and |pg_,(t)|%.

However, a qualitatively different pattern in the evolution of probabilities can be seen for
the |Z3) initial state. Figure 13 show time evolution of some of the probabilities in this case.
According to our argument in section 5.2.1, the growth of the Lanczos coefficients contains
an arch with width %L. This arch is not symmetric — the Lanczos coefficients generated by the
linear PXP Hamiltonian in (39) do not satisfy the relation (97) with ny = %L, as implied in

1 0.8
—%0 — P2
8 "~ P10 ' B
0 0.6 . ]
R
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& o4 Bh R |
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Figure 13: Time evolution of several of the probabilities p,,(t) = |¢,(t)|?, for the full
PXP Hamiltonian evolution of the initial state |Z3) and L = 12.
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o13  (72). This is actually what happens in general |Z;), since (72) is valid for all ks. This way,

o14 allows us to conclude that whether the envelopes of |, (t)|? and |¢ k2 L_n(t)|2 are almost
2

o15 identical has little to do with the scarring or thermalization of |Z}).

Ck(t)
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2.5 I " ‘ [ '
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15 | Il
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(b) Spread complexity and entropy for |Z;)

Figure 14: Spread complexity and K-entropy for the two known scar initial states
|Z5) and |Z3) for size L = 12. Their complexity and entropy both show periodic
oscillations, indicating non-thermal properties.
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(a) Spread complexity and entropy for |Z,)

Figure 15: Spread complexity and K-entropy for non-scar initial state |Z,) for size
L = 12, which exhibit suppressed oscillations, indicating thermal properties.

Last but not least, we plot the spread complexity and Krylov entropy for the time evolution
of three representative initial states, the two scar states |Z,) and |Z3) (Figure 14), and the ther-
mal state |Z,) (Figure 15), subjected to the full PXP Hamiltonian. Notably, both the complexity
and the entropy of the time evolution of |Z,) exhibit pronounced periodic oscillations. For the
case of |Z3) a similar behavior can be seen on a larger time scales, whereas for |Z,), such
oscillations are significantly suppressed, appearing as minor fluctuations around the plateau.
This observation is consistent with the results in (93), where scar states are characterized by
long-lived oscillatory dynamics, in contrast to non-scar states, which evolve towards a steady
regime with only small-amplitude fluctuations at late times.

7 Conclusions

In this work, we revisited quantum many-body scars in the PXP model and their features from
the point of view of the spread complexity focusing on true symmetry structure of the model.
More precisely, we considered a quench setup (14) where some product initial state, scarring
or not, is taken out of equilibrium and evolves with the PXP Hamiltonian. We focused on size
L lattice chains with periodic boundary conditions (21). Identifying the circuit time s with the
physical time t, such a setup can be regarded as a quantum computing protocol (1) where the
spread complexity ¢x(t) can be computed. We then studied the time evolution of the spread
complexity (section 6), as well as the behaviors of the by-product quantities from the Krylov
basis approach, such as the Lanczos coefficients b,s (section 5).

We found that, in the PXP model, typical behavior of Lanczos coefficients b,, (as functions
of n) consists of two regimes, an arch and a buttress (section 5.1). The arched structure can
be attributed to the quantum many-body scar subspace, while the buttress is related to the
thermal subspace. We also managed to estimate the upper bound on the dimension of the
Krylov basis n,,,, by Lucas numbers.

Utilizing the representation theory of sl5(C), we separated the full PXP Hamiltonian with
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periodic boundary conditions in (21) into a linear part (39), and a residual part (40) (section
5.2). We analyzed the influence of the linear part on Lanczos coefficients, estimated the width
of the arch and observed that, the fact that the width of the arch is greater than some number in
the interval (3/4L,5/6L) can be used as a signal for the corresponding initial state to be a scar
(section 5.2.1). Furthermore, from the residual PXP Hamiltonian, we managed to explain the
collapse of the arch and the formation of the buttress (section 5.2.2). We provided numerical
evidence to support our findings in section 5.3.

For spread complexity €% (t) and Krylov entropy Sk (t), we find that both quantities show
periodic oscillations over time when the initial state is a scar state (e.g. |Z,) and |Z3)), while
for the initial thermalizing state (e.g. |Z4)) oscillations are suppressed. Thus, in addition to
fidelity, spread complexity and Krylov entropy are two good probes of quantum revivals.

There are several open questions that warrant further investigation. First, as mentioned at
the end of section 5.2, our study in the residual PXP Hamiltonian is qualitative, which helps us
understand the components of the Krylov basis in each irreducible representation of D(1,0)®¢
(where L = 2£), but the origin of the coefficients of these components remains unclear — we
may need more quantitative analysis of the residual PXP Hamiltonian to answer this question.

Second, it is worthwhile to have a more careful look at the components of the target state in
the Krylov basis ¢, (t) = (K,|¥(t)). We have found that, for initial state |Z,), all probabilities
lp,()|?, including fidelity |p,(t)|?, exhibit oscillations. We saw that these oscillations consist
of simple harmonic oscillations whose frequency is the difference between the energies of the
eigenstates contained in the initial state. This implies that, similarly to fidelity, higher prob-
abilities |¢,(t)|?> can also distinguish between scars and thermal states. Furthermore, since
p,(t)s are solutions to the discrete Schrodinger equations in (9) parametrized by the Lanczos
coefficients, it would be interesting to decode how the arch and the buttress are reflected in
particular probabilities. One example, as shown in section 6, is the similarity of the envelope
of |p,(t)|? and the envelope of |¢;_,(t)|? in |Z,) case.

Finally, there is still a lot to understand about dynamics of spread complexity and Krylov
entropy in systems that violate ETH. For example, for oscillatory time evolution, we can ask if
there are periodic patterns, and what are their periods. Indeed, it might be interesting to zoom
in and consider complexity for one period and compare it quantitatively with time evolution
of some Hamiltonian acting on a specific initial state whose generated Lanczos coefficients
form a perfect arch (see (93)). Also analyzing scars in setups amenable to integrability tech-
niques [75], or in holographic models [76-78] will provide important tests for findings and
discussions, and we leave it for the future.

Acknowledgments

SL would like to thank Ling-Yan Hung, Yikun Jiang, Ce Shen, and Yixu Wang for their very
useful suggestions to improve this manuscript.

Funding information This work is supported by the ERC Consolidator grant

(number: 101125449/acronym: QComplexity). Views and opinions expressed are however
those of the authors only and do not necessarily reflect those of the European Union or the
European Research Council. Neither the European Union nor the granting authority can be
held responsible for them. PC is supported by the NCN Sonata Bis 9 2019/34/E/ST2/00123
grant.

41



984

985

986

987

988

989

990

991

992

993

994

995

996

997

998

999

1000

1001

1002

SciPost Physics Submission

A Lanczos Algorithm: The Origin and the Revisions

When performing numerical computations, the standard Lanczos algorithm is typically not ap-
plied directly. This is because, after multiple iterations, numerical errors accumulate, leading
to a rapid loss of orthogonality in the generated Krylov basis. To address this issue and ensure
the stable generation of Lanczos coefficients and the corresponding Krylov basis, we employ
the two numerical techniques [67,69] in our approach, a review of which can be found in [68]:
Full Orthogonalization (FO) [67] performs re-orthogonalization at every iteration step, offer-
ing strong numerical stability at the cost of higher computational and memory demands. In
contrast, Partial Re-orthogonalization (PRO) [69] only performs re-orthogonalization under
certain conditions, significantly reducing computational overhead and making it well-suited
for large-scale sparse Hamiltonians. However, its numerical stability is generally lower than
that of FO. In our paper, we have employed the FO algorithm to construct the Krylov subspace,
in order to ensure the accuracy of the results. In this appendix, we enumerate in Figure 16
the Lanczos coefficients obtained using different computational methods, FO, PRO, and the
original Lanczos algorithm, to evaluate their respective accuracy and stability.

A.1 Full Orthogonalization (FO)

Algorithm 1 Full Orthogonalization Algorithm

Algorithm: Full Orthogonalization

Step | Description
1 Initialization:

_ 1
|KO) - \/mlqj&

2 Initial Parameters:
Set ay = (Ky|H|K,) and by =0
3 Main Loop: For n > 1 do:
a. |An) = HlKn—1>
b. Doing Gram-Schmidt with respect to all generated Krylov basis:
A7) = 14,) — 2 K {KilA,)
c. Repeat Gram-Schmidt orthogonalization again (for numerical stability)
d. b, = /(A 1A)
e. If b, < € break (where € — 0 is a threshold we set)
f. Otherwise:
i |Ky) = 5-1A7)
ii. @, = (Ky|HIK,)
iii. Continue with next iteration

A.2 Partial Re-Orthogonalization (PRO)

To perform Partial Re-Orthogonalization, we introduce a matrix W with elements W;; = (K;|K j)
and a threshold €, for more details, please refer to [68].
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Algorithm 2 Partial Re-Orthogonalization Algorithm

Algorithm: Partial Re-Orthogonalization
Step | Description

1 Initialization:

Ky) = ——|¥

| O) ml 0)

Set ag = <K0|H|K0>, bO =0and WOO =1
2 First Iteration:

|A1) = H|Ko)

Do GS orthogonalization with respect to |Kj)

by = v {A1lA)

If by < 4/€ stop. Otherwise |K;) = blllAl) and a; = (K;|H|K;)
Set Wy; = e and Wp; =1

3 Main Loop: Loop for n > 2, and for every n do:

a. |An) = H|Kn—1> - an—1|Kn—1> - bn—l |Kn—2>

b. Compute the a-priori Lanczos coefficent b, = +/(A,|A,)
c. if b,, < 4/€ break, otherwise continue

d. Orthogonalize explicitly |A,,) with respect to |K,,_;)
e.SetWy,=land W, ,=¢€

f. Loop for all k =0,...,n—2, determine W;,, doing:

W= bk+1W]:<+1,n_1 + bkwlj_l’n_l + akW]zn_l - an—lwk,n—l - bn—l Wk,n—z
1|57, W
Wi = | W+ 37 211

g. if for some k < n—2 W, > €, do:
i. Re-orthogonalize explicitly |A,) and |A,_;) with respect to all previous
Krylov basis
ii. From the new |A,_;), re-compute b,_; and a,_;. Break if b,_; < /€,
otherwise re-compute |K,,_;)
ili. From the new |A,), re-compute b, and a,,. Break if b, < /€y,
otherwise compute |K,) = binlAn)
iv. Set W -1 =0g 1+ (1 — 5a,n_1) ey, foralla=0,...,n—1
v. Set W, , =64, + (1 - 5a’n) ey, foralla=0,...,n
h. Otherwise |K,,) = bLHIAn)
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Figure 16: Lanczos coefficient b,, for |Z,) state generated by different algorithms with
lattice size L = 14, the result by applying Full Orthogonalization Algorithm (FO) is
shown in the top panel (16a), Partial Re-Orthogonalization (PRO) is shown in the
middle panel (16b), and the result of normal lanczos algorithm is shown in the bot-
tom panel (16¢). In our computations, both the FO and PRO yielded nearly the same
dimension of the Krylov subspace, with the values of b, also being nearly identical,
except for slight numerical variations. However, due to severe numerical errors, the
standard Lanczos algorithm fails to properly terminate the Krylov subspace construc-
tion, resulting in iterations that persist beyond the original system dimension.

B The Lie Algebra sl;(C) and its Representations

In this appendix we provide the mathematical background for section 5.2 — the Lie algebra
representation theory of SU(3) or more precisely sl3(C). The appendix consists of two parts:
In section B.1 we introduce the idea of sl3(C) root space, from which we construct Casimir
operators and determine irreducible representations [ 79,80]. In section B.2 we label those irre-
ducible representations by Young tableaux and determine corresponding Young symmetrizers,
by which a construction of the irreducible representations can be provided [81].
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1010 B.1 From Gell-Mann Matrices to Root Space of sl,(C)
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We begin with the Gell-Mann matrices that appeared in (34). Without loss of completeness,
we list all the eight Gell-Mann matrices below:

010 0 i 0 1 0 0
=1 00|, A,=|i 00|, A3=|0 -1 0],
0 0 0 00 0 0 0 0
00 1 0 0 —i
A,=[0 0 0], As=[0 0 0|, (B.1)
100 i 0 0
0 0 0 00 0 L[t o0
=00 1|, A,=[00 —i|, Ag=—|01 0
010 0 i 0 v3lo 0 —2

The eight Gell-Mann matrices {A,,a = 1,2,--- ,8} form basis that span the Lie algebra of the
SU(3) group in the defining representation. They obey the commutation relation

8
s Ap] =20 fupee (B.2)

c=1

as well as the anti-commutation relation

8
4
A Ao} = S8apls + 2> dypee, (B.3)

c=1

where the structure constants, f,;,., are

fi23 =1,
1
f147=_f156=f246:f257:f345:_f367:E; (B.4)
V3
fass = fe7s = 7,
and the symmetric coefficients, d,;,., are
1
dy1g = dygg = d33g = —dggg = ﬁ
1
dasg = decg = deeg = dypg = ——— (B.5)
448 558 668 778 23
1

d344 = d355 = _d366 = _d377 = —d247 = d146 = d157 = d256 = 5 .

The symmetric coefficients are closely related to the cubic Casimir operator, which, together
with the quadratic Casimir operator, are the two independent Casimir operators that can be
constructed in the case of SU(3) group. In particular,

CA'quad = Zﬁaﬁa écub = Z dabcﬁaﬁ'bﬁc > (B6)
a

abc

where F, can be any representation of SU(3) with structure constants f; jk given in (B.4) and
symmetric coefficients d. given in (B.5), for example F, = %la, a=1,2,---,8.
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Now we let
le = 2}.3, H23 == ‘/§A’8 _13, (B7)
E12 = A‘l + ikz, E23 = 2’6 + i2,7, E13 = A.4 + i)LS,
E21 = A,]_ - ikz, E32 = 2’6 - l‘A7, E31 = A.4 - i)(,s, (B8)

where the subscripts are taken in such way that E;; denotes a matrix with a 1 in the i row
and j™ column,

(Eij)mn = 6mi5nj > (B.9)

and H;; denotes a diagonal matrix with 1 and —1 as the i™" and j™ diagonal elements, respec-
tively, and therefore

Plug (B.7) and (B.8) into (34), and we obtain (35), notice that A% and Ag can be rewritten by

(B.3) into
4 2 4 1
A%:§13+ﬁ7\,8, Aézg:ﬂ.g—lg—ﬁkg (B].l)
(B.7) and (B.8) form the standard basis of the Lie algebra sl3(C): The two matrices in
(B.7), Hy5 and H,3 are known as the basis of Cartan subalgebra b, the commutator between

an arbitrary element of which and E;; is

[H,E;;] = (h; —hj)E;; , V H = diag(hy,hy,h3) €1 . (B.12)

The other six basis in (B.8), usually also denoted as
Ey=Ep, Eg =Ey3, E, =E3,
E ,=Ey=E, Eg=Eg= E;j , E,=Ey=E, (B.13)

satisfy the commutation relation

Eii_Ejj:Hij’ l:l,k:]
[Eij’Ekl] = Eil or _Ekj’ k:],l 7él ori= l,k 75] B (B14)
0 PANTY

the nonzero ones of which are

[Ea: E—a] = H12 ) [EﬁaE—[j] = H23 ) [E}/;E—y] :H13 )

(38)
[Ea: E[S] = E}/ > [Eﬂ’E—y] = E—a ’ [Ea’ E—y] = E—[} .

Of an element of Cartan subalgebra ) whose basis are given in (B.7), we define a functional
w;, 1=1,2,3, such that
C()I(I—I) = hi > \V/ H= diag(hlahZ) h3) € h (B]-S)

is an inner product. It is not difficult to see that {wi, w5, w3} span a dual (vector) space of
the Cartan subalgebra ), denoted as h*. However, w;s are not linearly independent — from the
two basis of h, H;, and H,3, we can see h; + hy + hy = 0, which leads to the constraint

(1)1+0)2+0)350 . (B.16)
The introduction of w; turns (B.12) into

jo
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This implies that E;; ;»; is an eigenvector of any H € h with eigenvalue (w; — w;)(H) and is
therefore called an eigenvector of h with eigenvalue w;; = w; — w;. In particular, E,, Eg, and
E, have eigenvalues w1y, wy3, and w3, respectively. Furthermore, for any two eigenvectors
of h, X and Y with [H,X]=a(H)-X, [H,Y] = a(H) - Y, their commutator

[H,[X, Y]] =[X,[H, Y]]+ [[H,X]Y]=[X,f(H)Y] + [a(H)X,Y] = (a(H) + B(H)X,Y],

(B.18)

where we have applied Jacobi identity at the first equation, is also an eigenvector of f with
eigenvalue a + f3.

Based on the facts above, we can interpret the dual space h* as a hexagonal lattice. The
hexagonal lattice is generated by the three linearly dependent unit vectors w;, w,, w3, the
angle between two of which is % according to (B.16). Hence a lattice site can be labeled as
pwi —qws, p,q € Z. As for the eigenvector of h with an eigenvalue a, it is interpreted as a
translation of the root lattice by vector a. This translation is addable, as (B.18) shows. Thus,
starting from the origin of the root lattice where p,q = 0, repeated translations ultimately
generate a subset of h* called the root lattice Ay of sl3(C). Figure 17 gives a schematic diagram
as a summary of this paragraph.

Figure 17: The hexagonal lattice spanned by {w;, w5, w3}.The three generators of
the root lattice Ag, w1, w3, and +w,3, where w;; = w; — wj, are labeled by the
corresponding sl3(C) basis E+, E+g, and E.,.

ij

However, the translation that generates the root space cannot be ceaseless — it will stop at
some lattice sites pw; —qws determined by the two Casimir operators in (B.6), and produces
a root lattice that corresponds to an irreducible representation of sl;(C) (denoted by D(p,q)
in the Dynkin basis), as we have learned from the representation theory of SU(2). To be con-
crete, the corresponding blocks of the quadratic and cubic Casimir operators to the irreducible
representation D(p,q) are

A

N P N
quad = g(p +q°+3p+3q+ P9 Ldimp(p,q) 5
Coav = %(p —qQ)B+p+29)B+q+2p)Laimp(p,q) > (B.19)
respectively, where dim D(p, q) is the dimension of the irreducible representation
dim(D(p,q)) = %(p +1)(q+1)(p+q+2). (B.20)

By solving (B.19), the site pw; — qw; determined by the Casimir operators is the so-called
highest weight vector. It is annihilated by E,, Eg and therefore E, as well. This fact help
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us circle the root lattice of the irreducible representation D(p, q) as follows: First, draw lines
parallel to w;, and w,3 through the highest weight vector pw; —qws, respectively (see Figure
18a), by doing so two borders are prepared. We then notice that {H;,,E.,} (or {H23,Ei/5 D
are the three generators of the su(2) algebra (or, more precisely, the sl,(C) algebra). Our
knowledge of sl,(C) algebra tells us that along the border parallel to w;, (or w,3), the high-
est weight vector and the vector annihilated by E_, (or by E_g) should be symmetric about
w1o(H) = 0 (or wy3(H) = 0). Thus, the other four borders can be determined by reflecting
the two borders with respect to the three lines wq,(H) = 0 and w,3(H) = 0, respectively (see
Figure 18b). Eventually the sites on the root lattice Ap, whose range has been circled by the
six borders, are generated by E_,, E_g, and E_, from the highest weight vector (Figure 18¢).

4 % R % B e - : /’ I
y VAR, /LB i‘\EA X /o N/ N\ y /[ (EZN/ . 2 L
LNLNSNLENANE N/ \/ N AVA

/‘O\ e (HY= 0

(a) ()

Figure 18: The highest weight vector pcw; —qws3 and the circled root lattice A, cor-
responding to irreducible representation D(p,q) (In this specific case, p =1,q = 2).

To sum up, from the eigenvalues of the two Casimir operators (B.6), we can determine by
(B.19) the highest weight vector pw; — qws and circle the root lattice of the corresponding
irreducible representation D(p,q) (Figure 18). However, the multiplicities of the lattice sites
or, in a more physical sense, the degeneracies of the states remain unclear. We leave this issue
for the next section.

B.2 The Symmetric Group and Young Tableaux

The root lattice Az constructed in the previous section does not tell us whether a lattice site
is occupied by a singlet or a multiplet. Furthermore, the Hilbert space of the PXP model is
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not any irreducible representation of sl5(C) — it is a subspace of the £-qutrit Hilbert D(1,0)®‘.
Here D(1,0) denotes the only (irreducible) representation of the one-qutrit Hilbert space, the
highest weight vector of which, corresponding to |2), is w;. Therefore, we also need details
of decomposing D(1,0)®¢ into irreducible representations.

We utilize Young diagrams and Young tableaux to achieve these two goals, based on two
facts: One is that the decomposition of D(1, 0)@”Z into irreducible representations is to obtain
all possible Young tableaux of £ boxes. The other is that different irreducible representations
correspond to different Young diagrams of £ boxes. In particular, a Young diagram of £ boxes,
where { should be a non-negative integer, gives a partition of £ by arranging the boxes in left-
aligned rows, with row lengths in non-increasing order. Then a Young tableau is a filling of a
Young diagram with one positive integer in each box such that these integers are

1. weakly increasing across each row from left to right, i.e. equalities are allowed;
2. strictly increasing down each column, i.e. equalities are not allowed.

Of course one can require the increasing of integers across each row from left to right to be
strict as well, which leads to a standard Young tableau, one where each number in the set
{1,2,---,£} appears only once.

It should be pointed out that by setting the two filling rules above, it is natural to construct
the Young symmetrizer that preserves the symmetry on each row and the anti-symmetry on
each column. To see that, we consider a standard Young tableau labeled by A. For the integers
of each row, we take out the elements of the permutation group S, that can be applied to them.
Therefore, each row contributes a subset of S, and we can define the union of these subsets to
be

P, ={o €S, : o preserves each row} . (B.21)

Similarly, for columns we define
Q, ={o €S, : o preserves each column} . (B.22)

Here the meaning of “preserves each row/column" have been explained above. Then we sym-
metrize each row by defining

a, = Z e, (B.23)

OEP,)

and anti-symmetrize each column by defining

b, = Z sgn(o)e, , (B.24)

[efS0F%
where e, means the permutation operation o, i.e.
e, t i—o(i), Vie{1,2,---,0}, (B.25)

and sgn(o) = (—1)7 is the sign of the permutation o € S,. The full Young symmetrizer
associated to the standard Young tableau A is then given by

Cl:al'bl . (B26)

One can use this strategy to symmetrize states of a given irreducible representation. Notice
that for a given Young diagram, different standard Young tableaux give different Young sym-
metrizers and therefore symmetrize states in different ways, the copies of a specific irreducible
representation into which D(1,0)®¢ is decomposed are labeled by the standard Young tableaux.
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For irreducible representations of sl5(C), the positive integers used to fill a Young diagram
must belong to the set {1,2,3}, the elements of which correspond to the three states of the
qutrit |2), |0), and |1). This implies that any column with three boxes has unique filling,
and furthermore, any column with more than three boxes is not allowed by sl5(C). Thus, a
Young diagram can be denoted by the number of the single-box columns, p, and that of the
double-box columns, g, since the fillings of both are nontrivial. This leads to the notation for
irreducible representations we used in the previous section, namely D(p,q). Enumerate all
possible fillings (Young tableaux) of a Young diagram with {1,2,3} and we obtain the root
lattice of D(p, q) that each site is described by one filling (or more, if the multiplicity of the
site is nontrivial).

In conclusion, the unresolved issue left in the previous section can be solved by Young
diagrams and Young tableaux. In particular, every irreducible representation of sl;(C) corre-
sponds to a Young diagram. The decomposition of D(1,0)®¢ into irreducible representations
can be expressed by enumerating all possible standard Young tableaux of all Young diagrams.
As for the details of the root lattice, it is revealed by listing all the fillings of a given Young
diagram with integers in {1, 2, 3}.

C The PXP Hamiltonian and the SU(3) Casimir Operators

In this appendix we calculate the commutation relations between the residual PXP Hamiltonian
in (40) and the Casimir operators defined in (43).

We begin with the reducible representation D(1,0)®¢. Assume that it can be decomposed
into irreducible representations D(p,q)s

D(1,0%= P op.9D{p,q), p.gEN. (C.1)
p,3=>0, p+2q<{

This implies there exists a unitary matrix P to break the Cartan-Weyl basis (41) into diagonal
blocks, i.e.

Eﬁu,o)@f —p @ a(p,q)Eﬁ(P’q) PT, u=za,+p,+y;
p,q=>0, p+2q<{

24 o
H?(LO)@ _ P( @ g(p,q)Hf(P’Q)) P', 1=12,23,13. (C.2)
p,q=0, p+2q<{

The same thing happens with the SU(3) basis

AP —pl D o(p,AR®D |PT, a=1,2,---,8. (C.3)
p,q=0, p+2q<{
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140 Thus, for the Casimir operators in (43), we have

PO _ ZAD(LO)@ZAD(LO)@Z
a a
a

quad

=2 ( D U(P’q)AE("‘”)P"'-P( D o(p,q)AS(P’q))p'f

a p,q>0, p+2q<{ p,q=>0, p+2q<(

KR AD N KN
=p @ a(p,q) (ZAaD(p,q)Ag(p,q)) pi—p @ o-(p’q)cqu(qu) P,
a

P,q=0, p,q20,
p+2q<t p+2q<t
AD(1,0)® _ Z D(1,0)%¢ , D(1,0)®¢ , D(1,0)®
Ccub - dabCAa Ab Ac
abc

= Zdﬂbc -P ( @ g(p,q)Ag(p;q)) Pr . P ( @ O-(p,q)Af(P;q)) P(

abc P,q=0, p+2q<( P,q=0, p+2q=<(

p,q=0, p+2q<(

T AD(p, .
= EB a(p,q) (ZdabcAaD(p,q)Alg(p,q)A?(p,q)) pi—p @ U(P’Q)Ccu(f 9| pt

P40, abc p,q=0,
p+2q<t{ p+2q<tl
(C4
1141 Since the commutation relations in (B.3) still hold for Ag (1,0)®l, one can verify
AD(1,00%°  \D(1,009¢ | _ D(1,0® , D(1,00*  , D(1,0)%
|:Cquad > Aa _Z Ab Ab ’ Aa
b

= 122 {fbacACD(l’O)QM > AaD(l’O)M} =0,
b

AD(1,00%¢  \ p(1,00°¢ | _ D(1,0)%" ) D(1,0)® » D(1,00%¢ A D(1,0)%¢
[c AD(1,0) ]_Zdbce[Ab AD(LOP \D(LOY* | AD(L0) ]

cub > “ta
bce

. D(1,0 @ ®( ol
= lZZ (dgcefgab + dbgefgac + dbcgfgae)Ab( ) A?(l’O) AeD(l’O) =0,

bce
(C.5)
1142 where we have applied the Jacobi identity
fabjdjcd+fdbjdjca+fcbjdjad =0. (C6)
1143 Now left-multiply P™ and right-multiply P, and we have
_ + AD(1,0)® ¥ AD(1,0)®
0 = [P Coni) P s PTADGO"p
~D(p,
= D oottt . D oA (C.7)
p,q=0, p+2q<{ p,q=0, p+2q<t
~D(p,
= @ cr(p,q)[Cqu(:dq/)mb , Ag(p’q)] , a=1,2,---,8. (C.8)
p,q=0, p+2g<{
1144 Therefore,
~D(p.,q) D(p.Q) | = —
[eed) L, AP =0, a=1,2,--,8, (C.9)
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1150
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1152

1153

1154

1155

1156

1157

1158

1159

1160

1161
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and equivalently

[ePe) o P ]=[ePeD) - mPPD] =0, p=za,+p,%y;1=12,23,13, (C.10)

quad / cub quad / cub ’> “7I
for all irreducible representations D(p, q). By Schur’s lemma, éfu(f &q/) «ub 18 Proportional to the
identity; i.e.
éD(p,Q) — CD(p,q) 1 (C]. 1)

quad / cub quad / cub—dim(D(p,q)) -
Go back to the PXP Hamiltonian in (35). For the linear part Hpxp 1, (39), the Hamiltonian
is a linear combination of Cartan-Weyl basis and obviously

A D K _ ,
[Cqu(:dq/) cub ? HPXP,lin] =0, (44)

is true for any irreducible representation of sl3(C), as we have pointed out in section 5.2.
As for the residual part Hpxp,es (40), since the unitary transformation P does not necessarily
decompose (A,); into diagonal blocks, we shall consider whether the commutation between
the Casimir operators in diagonal blocks and PT(1,);(1;) ;P vanish, i.e. whether

AD(p,q) i _ pi[pAPe.q) i —
[Cquad/cub ) P-' (A‘a)l(a’b))PiI - p-‘ I:PCquad/ClleT > (A‘a)l(a‘b)]]P - 0 ) (C.].Z)

for every irreducible representation of D(p,q). It is not easy to figure this commutator out
directly. Hence we instead consider the proposition

A =34
[Cc]fﬁéo/) cub ? (’la)i(lb)j] =0. (C.13)

According to (C.4) it is a necessary condition for (C.12).
The proposition (C.13) is false, to prove which we take the case of the quadratic Casimir
operator as an example:

A ®L ® ®
[EoG™ )] = 20 DIARAO™ AR | (3 ()]
a i
=3 ({ADAO%, [APAO™ ()1} (Ao + () {ADAO, [APO™ (3,11}
a i

=S ST {ARO £ () d it + (Ap)lAgs ifaca(Aadion })
ad i

(C.14)
:Z izfabd Z(Aa)j(kd)i(ac)i_;’_l + i2facd Z(Ab)i_l(la)j()’d)i )
“ i# i
where in general
PIPIATCHIeHeH
“
=237 funa [0 O~ (A, ) ] i
T ° (C.15)
+ 7 20D ana [0 = )R ] Ry
et
:% szabd [(A0);i(Aq)i = (2a);(Aa)i ] [(A)i1 — (A)jaa ] # O .
i aha

Thus, as we have pointed out in section 5.2, the residual PXP Hamiltonian does NOT neces-

sarily preserve the sectors of the Casimir operators.
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uee D PXP Krylov subspace and Lucas Numbers

1163 In this appendix we try to count the maximal number of Krylov basis able to be generated by
1164 the entire PXP Hamiltonian in (21). Basically it is the number of the tensor product states of
1es 2{ qubits that do not have any consecutive |1), as we have discussed in section 5.2. It will
1166 be more convenient to consider this question in the qubit description, where each |1) can be
167 regarded as an insertion into the |00- - -0) state. This is a combinatorial question.

1168 Since it is combinatorics, we translate it into the following problem: Consider beadwork of
160 N (here we generalize the case to arbitrary size of qubit lattice, rather than the 2£-qubit lattice
7o in the main body of this paper) white or black beads. The rule of stringing them onto a thin
171 wire is that no two consecutive beads are both in black after tying the two ends of the wire.
172 The question is, how many ways can we attach the beads onto the wire?

IO.....m.....m”...“....... ...... ”......O.Q
——— N e — —
no ni na Nk
Figure 19: A schematic diagram of a beadwork, the stringing rules of which are
Ng + Ny, Ny, Mg, , Mg = 1.

1173 Notice this is NOT equivalent to a question about composition or weak composition — since
1174 at the two ends of the wire, there can be zero white beads at one end. Hence there are two
1175 situations: both end are white beads, or only one end has a black bead (left or right). For each
1176 case it is a composition. Thus, we have for k black beads in n beads:

n—(k+1)) (n—l—k)
L(n)= > L(nk L(n, k)= +2 . D.1
W=360R, LR ("% ("1 (D.1)
177 Now, utilize the relation to n™ Fibonacci number F(n), which is
2l
>, ( . ) =F(n+1), (D.2)
k=0
17s and we obtain
17 ] 13]
=3 (") 371K
k=0 k=1 —1
n-1 n=2
_lzz:J(n_l_k)+2xLZz: (n—Z—k) (D:3)
k=0 k k=0 k
=F(n)+2F(n—1)=F(n+1)+F(n—1).
uze  L(n) is known as the Lucas number [71] defined by recursion relation
2 ifn=0;
L,=41 ifn=1; (D.4)
'Cn—l + ;Cn_z lf n>1.
1180 or by closed formula
n n
£n=tp”+(1—s0)”=<p”+(—cp)‘”=(Hz‘/g) +(1_2‘/§) , (D.5)
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where ¢ is the golden ratio. The first few Lucas numbers [82] are: 2, 1, 3, 4, 7, 11, 18,
29, 47, 76, 123, 199, 322, 521, 843, 1364, 2207, 3571, 5778, 9349, 15127, 24476, 39603,
64079, 103682, 167761, 271443, 439204, 710647, 1149851, 1860498, 3010349, 4870847,
7881196, 12752043, 20633239, 33385282, 54018521, 87403803, ...

E Small-Sized Qutrit Lattice and representations of sl;(C)

In this appendix we give details of the decomposition of the reducible representation D(1,0)®
corresponding to the £-qutrit lattice, in the cases where { is small ({ = 3,4). The appendix is
closely related to Appendix B.

E1l (=3

In this case, we have all the symmetric groups given by the tensor product of three Young
boxes. Following the rules of constructing standard Young tableaux one find

HNENEIREE EINEEIME

(E.1)

In Young tableaux language every state belonging to a particular symmetric group corresponds
to a filling of the Young diagram that describes the symmetric group. Now, fill the numbers
in {1, 2,3}, which represent the state of one qutrit site {|2),|0),|1)}, respectively, into each
Young diagram in the RHS of (E.1). It results in 10, 8, 1 filling(s) in total for Young diagrams
CIT7, Hj , and [ |, respectively. Utilizing that, we can decompose the states into four

root space that correspond to three irreducible representations, D(3,0), D(1,1), and D(0, 0),
respectively , as Figure 5 shows. They have different eigenvalues when being acted by the two
Casimir operators.

Based on the standard Young tableaux, we write down of each partition the subgroups of
the symmetric group, P, and Q,, and the corresponding group elements in the group algebra,
a, and by:

e A=(3):

P(g) =5;=> a3y = Z €s =€) + €(12) + €(13)

— e (E.2)

+e(23) T €(123) T €(132) »
Qi) ={0}=>biy=¢( -

e A=(2,1):
1]2 \ N {P(z,l) ={0,(12)} = a1y =¢ey+tea), (E.3)
3 Q1) =1{0,(13)} = bz1y = ey —equs) ;
1[3] _, {P(Z,U ={0.(13)} > agn =ep +eqy » .4
2 Q2,1) =1{0,(12)} = ba1) = ey —ey) -
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e A=(1,1,1):

Paq1y={0}=>ana11)=¢y >
— Qui1)=S3=>bui1= Z (—1)%, =€ —€(12) —€(13) (E.5)

OESy

—e(23) t+€(123) T €(132) -

Thus, the Young symmetrizers are defined to be

* A=(3):
Ci3) =€ + €(12) + €(13) + €(23) + €(123) + €(132) (E.6)
e A=(2,1):
cen = (eotean)-(ep—eas) =eo+ean—ean—eqsy, (E7)
or con = (eg+eas)-(eg—ean)=eo+eas—ean—eqs -  (E8)
e A=(1,1,1):
C(1,1,1) = €0 —€(12) — €(13) —€(23) T €(123) t+ €(132) - (E.9)
E2 (=4

In this case, we have all the symmetric groups given by the tensor product of three Young
boxes. Following the rules of constructing the standard Young tableaux one find

[1e[2]p3]el4] = [1]2]3[4]g[1]2[3]g[1]2[4]g[1]3][4]g[1]2
4 2 3|4
SEEINEEISEEINE (E.10)

34| |3 2 2

4] 4] 3]

Filling the numbers in {1, 2, 3} into each Young diagram in the RHS of (E.10) results in 15, 15,
6, 3, 0 filling(s) in total for Young diagrams [ [ [ [ |, u [ ], LU , |,and [ |, respectively.

Hence we can decompose the states into nine root space that correspond to four irreducible
representations, D(4,0), D(2,1), D(0,2), and D(1,0), respectively, as Figure 6 shows. They
have different eigenvalues when being acted by Casimir operators.

Based on the standard Young tableaux, we write down of each partition the subgroups of

the symmetric group, P, and Q,, and the corresponding group elements in the group algebra,
a, and by:

* A=(4):

_ {P(4) =S4 a@) = Does, o » 1)

Quy=1{0}=buy=e¢g .
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1222 e A=(3,1):

P31y =S3 = ags 1) =eq +eaz) teas)
2[3]

1
+e(23) +€(123) + €(132) > (E.12)
4 Qi) =1{0,(14)} = b1y =en—eqq);
T3 P31 = Sal3_4 = a1y =€ +€12) + €14y
4] — +e(a4) T €(124) + €(142) 5 (E.13)
13 Q1) =10, (13)} = b3 1) =ep—eqs) ;
574 P3.1) = Sal54503 = 3.1 =€ +ea3) + e
5 = +e(34) T €(134) T €(143) >
Bl Q1) =1{0,(12)} = b3 1) = ey —eny) -
(E.14)
1223 e A=(2,2):
(P52 ={0),(12),(34),(12)(34)}
112 — = A(2,2) = €() T €(12) T €(34) T €(12)(34) >
34 Qe2,2) ={0),(13),(24),(13)(24)}
\ = b(2,2) = e() —e13) ~ €24y + €13)(24) 5
(E.15)
Pra) ={0),(13),(24),(13)(24)}
113] o = 0(2,2) = € T €a3) T €24) T €(13)24) >
Qe2,2) ={0),(12),(34),(12)(34)}
\ = b(2,2) =€) —e(12) ~ €4y +e(12)(34) -
(E.16)
1224 e A=(2,1,1):
T3 P11y =1{0,(12)} = ap11) = +eqa)
= Q1) = S3]3542-3 = ba11) =€0 — €3 — e (E17)
3
v —e(34) T €(134) T €(143) 5
T3 ‘ P11y =1{0,(13)} = ap11)=¢n teas)»
5 = Q1) = 53[5, = ba11) =€) —ea2) —eaa (E.18)
] —e€24) T €124) T €142) 5
T2 ‘ P11 =1{0,(14)} = ap11)=¢eg teaq) »
5 = {Q2,1,1)=53= b21,1) =€) —€n2) —€13) (E.19)
ey —e(23) T €(123) t €(132) -

1225

Without loss of completeness, the totally antisymmetric one is
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e A=(1,1,1,1):
P, = =>a =e
. JPain=10}=aa 1 =¢ i (£.20)
Quin=S4=bu111)= 20654(—1) € -
Thus, the Young symmetrizers are defined to be
* A=(4):
@ = D e (E.21)
OES,
e A=(3,1):
3,1 (e0 +eaz) +eas) + es) +eqas +easz) - (e —eaa) (E.22)
en teaz) Teus) +e@3) +enas) +eusz
—€(14) — €(142) — €(143) — €(14)(23) — €(1423) — €(1432) >
or (e +eqaz) + equay + ecaay + erza + e1an) - (e —ean)  (E23)
en teaz) T e tep4) T en2s) T €142
—€(13) T €(132) — €(134) T €(13)(24) — €(1324) — €(1342) >
or (g +eas) +eqa +e@a +easa +eqan) (g —eaz)  (E24)
en teas) Teus teaa T euss +e143)
—€(12) — €(123) — €(124) — €(12)(34) — €(1234) — €(1243) -
(E.25)
e 1=(2,2):
ey = (eo+eaz +ean+eanss) (6o —eas —eea +eases) (E.26)
= epteaa) teEa) ten)sa) —e3) —es2) —€(143) — €(1432)
—€(24) — €(124) — €(234) — €(1234) T €(13)(24) T €(1324) T €(1423) T €(14)(23) >
or = (en+eas +een+eanes) (e ez —epy +eazes) (E.27)
= e tems) T ens) T ers)4) —€12) —€(123) — €(142) — €(1423)
—€(34) — €(134) — €(243) — €(1324) T €(12)(34) T €(1234) T €(1432) T €(14)(23) -
c A=(2,1,1):
C(2,1,1) (e +ean) - (g —eas —eqa —e@a +easa +eaas)  (E.28)
€0 —€(13) —€(14) ~€(34) T €(134) T €(143)
te(12) —e€(132) —€(142) —€(12)(34) T €(1342) T €(1432) ;
or (e +eaz) - (e0—eaz —ean —e@a +eazn +eaan)  (E29)
€() —€(12) — €(14) —€(24) T €(124) T €(142)
te(13) —€(123) — €(143) — €(13)(24) T €(1243) T €(1423) >
or (e +eas) - (eg—ean —eas —e@s) +eazs +easz)  (E:30)

€ —€(12) —€(13) — €(23) T €(123) T €(132)

te(14) —€(124) — €(134) — €(14)(23) T €(1234) T €(1324) -
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e A=(1,1,1,1):

Ly = Z (-1)%, . (E.31)

OES,

F Krylov Basis and Lanczos Coefficients of the Small-Sized PXP
Model

In this appendix we list the Krylov basis and the corresponding Lanczos coefficients generated
by repeated action of Hpyp on the initial state |Z;) in the cases where the lattice size L is small
(L=2(=6,8).

To make the structures of the Krylov bases clear, we introduce the standard Young tableau
as the subscript to label the states symmetrized by the corresponding Young symmetrizer (given
in Appendix E). Here please note that the Young symmetrizer actually permute the sequence
of the position space, i.e.

€o - (xl) Xo,* e :xn) — (Xo'(l):xa(z)) et :Xo(n)) 5 (Fl)

and therefore the wavefunction of a product state (x1, -+, X,|¢1, **, P,) = n?zl ¢;(x;) be-

comes . . .
ey ! l—[ ¢i(x;) — l_[ of (xo(i)) = l_[ bo1(j) (xj) . (E2)
i=1 i=1 j=1
This implies that when the Young symmetrizer acts on the product state, it results in
€s - |¢17 4)2’ ) ¢n> = |¢0'—1(1)a ¢0'—1(2), ) ¢U—1(n)) . (E3)

El L=2{=6
We first list some of the symmetrized states in the cases where £ = 3.

* [222) (similar to |000) and |111)) :
1222) (7573 = 1222) . (E4)

* 1220) (similar to [001), [200), and [011)) :

1220) 1275 = %(|220)+|202)+|022));

220)ri77) = % (21220) —[022) —|202)) ,
20207 = = (2120) - 1022) — 220)) .

(E5)
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* 201) :

12005 =

|&)1 2] =
|M)1 2] =
|@)1 .

120D =

(1201) +021) + [102) + [210) + [012) +|120)) ;

Sl

(1201) +1021) — |102) — [012)) ,

(1210) +1120) — |012) —[102)) ,

(1210) +1012) —|120) —[021)) ,

NI~ NI~ NIR N

(1201) +[102) — [021) —[120)) ;

(1201) +012) +[120) — |021) — [102) — [210)) .

N
Sl
[@))

(E6)

The Krylov basis generated from |Z,) are

|Ko)

|Kq)

IK2)

IK3)

ey

101010) = |222) = [222)iT375) 5 (E7)
1

— (]101000) + |100010) + |001010))

7 ) ) )

1 —
7 (1220) + [202) +022)) = [220) 5737 »
(E8)
1
— (]100000) + [001000) + |000010
ﬁ(l )+ )+ )

1 —_— .
7 (1200) +1020) +1002)) = [200) 575731 5
(E9)

0.288675(]/001001) + [100100) +010010)) + 0.866025|000000)

|021) + |210) + [102) +ﬁ|@)
( )

1

2v/3
1 L V3

2‘/—I DiTz[s] ‘/_|201> — 1000)T575) »

(E10)

1
— (]000001) +]010000) +[000100))
7 ) ) )

% (1001) +100) +010)) = [001 )1 5757 5

(F11)
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1251
1
IKs) = —=(]010001) +[000101) +|010100))
V3
1
= = (1201) +1011) +1110)) = |011)5 5757 »
(E12)
Ks) = 1010101) = [111) = [111)7375 - (F13)
1252 The Lanczos coefficients are
b1=1/§=b6; b2=2=b3=b4=b5;
b,>7=0. (E14)
1253 E2 L == 26 == 8
1252 We first list some of the symmetrized states in the cases where { = 4 as follows.
1255 * |2222) (similar to |0000) and |1111)) :
|2222) 157570 = 12222) . (E15)
1256 * |2220) (similar to |0111), |2000) and |01111)) :
12220) 1575 a] = 1 (12220) + [2202) + 2022) + |0222)) ;
B 2
1
2220 = —(3]2220) —|0222) —[2022) — |2202)) ,
|_) 414 2[3] 2‘/5 ( | | | | )
1
2202 = —(3]2202) —|0222) —[2022) — |2220)) ,
|_) ; 2[4] 2‘/5 ( | | | | )
1
2022 = ——(3]2022) —]0222) —|2202) —|2220) ) .
|_); 3[4] 2‘/§( I | | I )
(E16)

1257 * |2200) (similar to |0011)) :

12200)

12200)15

12200)5

12020);

12200)

12020)

-
w

1
NG (12200) + [2020) + [2002) + |0220) +[0202) + [0022)) ;

1
— (12200) + |0220) + 2020) — [0202) —2002) — |0022)) ,

(12200) + |0202) + 2002) — [0220) —[2020) — |0022)) ,

(|2020) +10022) + [2002) — [0220) — |2200) — |0202)) ;

~al= &l 5

Wei (212200) + 2|0022) —[0220) — [2002) — [2020) — |0202)) ,

1
Wei (212020) + 2|0202) —[0220) — [2002) — [2200) — [0022)) .

(E17)

60



SciPost Physics Submission

1258 * |2201) :

1
12201) 1 37574] = Wei (12201) +0221) +[1202) + [2102) +|2210) + [2021)

+|2012) +]0212) + [1220) + [0122) + [2120) + [1022))

1
12201) = ——(2]2201) + 2|0221) + 2|2021)
2O = g5

—]1202) — [2102) —0212) — [1022) — [0122) —[2012)) ,

1
12210) 1 7575] = E(2|221o)+2|1220)+2|2120)

—|0212) —|2012) —[1202) — [0122) — [1022) — [2102)) ,

1
221015741 = —— (212210) +2/0212) +2[2012)
£e=l 4] 372

—[1220) —|2120) —[0221) — [1022) — [0122) — [2021)) ,

1
12201) = —(2]2201) + 2|1202) + 2|2102)
2200 i7a7a) = 5o

—]0221) —[2021) —1220) — [0122) — [1022) — [2120)) ,

1
2120) 574 = ﬁ(2|2120>+2|0122>+2|2102>
—[1220) — |2210) — [0221) —]1202) — [0212) — [2201)) ,
12021) = (2/2021) + 2|1022) + 2|2012)
aval ; 3[4] 31/5
—|0221) — [2201) — [1220) — [0212) — [1202) — |2210)) ;
1
12201) 5157 = —=(212201) +2|2210) + 2(0122) + 2[1022) — [0221) — [2021)
at 2/6
—[0212) —[2012) —[2102) — [1202) — [2120) — |1220))
1
12021)575 = ——= (212021) +2|2120) + 2|0212) + 2/1202) — [0221) —|2201)
2v6

—|0122) —[2102) —[2012) — |1022) — [2210) — [1220))

1
12012)74) = Zr(|1202)+|0122)+|2201)+|2120)+2|2012)

—[0212) —|1022) —|2210) — [2021) — 2|2102))

1
12021)75] = Zr(|1220)+|0122)+|2210)+|2102)+2|2021)

—|0221) —[1022) —[2201) — [2012) — 2|2120))

1
12201)75] = Zr(|1220)+|0212)+|2120)+|2o12)+2|2201)

BEE

—[0221) —|1202) —[2021) — [2102) — 2/2210))

(E18)
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1259 * |2001) :

12001)

12001)1733]

I

|M)l 23
HEE

|2010) 1]2]4]

|M) 1]2]4]

|2100) 1]3]4]

|w) 1]3]4]

12001) 7

|2001)

12001)

BEE

1
Wei (12001) +0201) + [0021) + [1002) +|2100) + [2010)

+|1200) +[0120) + [0012) + [0210) + [1020) +[0102)) ;

1
WG (12001) +10201) + |0021) —|1002) —[0102) — [0012)) ,

1
Wi (12010) +0210) + [1020) + [2100) +|1200) + [0120)

—2[0012) —2|1002) — 2/0102)) ,

1
V6

1
Vo (12001) +|0201) + [1002) + [2100) + [1200) + [0102)

(12010) +10210) + [0012) — [1020) — |0120) — [0021)) ,

—2(0021) —2|1020) —2]|0120)) ,

1
V6

1
ﬁ (|2001) +10021) + [1002) + [2010) + |1020) +[0012)

(12100) +|0120) + |0102) — [1200) — |0210) — [0201)) ,

—2]0201) —2|1200) — 2(0210)) ;

1
WG (12001) +0201) + [2010) + [0210) + 0120} + |1020)

+]0102) + [1002) — 2|0021) — 2[0012) — 2|2100) — 2|1200)) ,

1
W (12001) +0021) + [2100) + [0120) +]0210) + |[1200)

+|0012) + [1002) — 2|0201) —2|0102) — 2[2010) — 2|1020)) ;

1
2 (12010) +1200) + [0012) + [0201) + 2|0120)

—[1020) —[2100) —[0021) — [0102) — 2(0210)) ,

1
2 (12001) +]1200) + [0021) + [0210) + 2|0102)

—|1002) — 2100) —0012) — [0120) — 2[0201)) ,

1
2 (12001) +1020) + [0201) + [0120) + 2|0012)

—|1002)—|2010)—|0102)—|0210)—2|0021)) .

(E19)
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1260 * |2011) :

1
12011) 5574 = W (]2011) +|0211) +[1021) +[1012) +[2101) +|2110)
+[1201) +]0121) +[0112) +|1210) + |1120) +[1102)) ;
1
2011 = ——(|2011) +]0211) +]1021) + |2101) + |1201) +[0121)
_) 3J§(
—2|1012) —2(0112) —2[1102)) ,
1
12110)57515] = —=(12110) +]1210) +[1120) —[0112) —|1012) — |1102)) ,
0 V6
1
12011)5757s) = —=(12011) +]0211) +[1012) +|2110) +[1210) +[0112)
B 3v2
—2|1021) —2[0121) —2[1120)) ,
1
121015757, = —=(12101) +]1201) +[1102) —[0121) — |1021) — |1120)) ,
B V6
1
12101)5757s) = —=(12101) +[0121) +[1102) +|2110) +[1120) +[0112)
T o 3v2
—2|1201) —2[0211) —2[1210)) ,
1
12011)5574 = —=(12011) +1021) +]1012) — [0211) —[1201) — [1210)) ;
B V6
1
12011)11531 = ——=(2/2011) +2[0211) + 2|1120) +2|1102) — [1021) — [0121)
34 2\/6
—[1012) —[0112) —[2110) — [1210) — [2101) —[1201)) ,
1
2101)575) = —=(212101) +2/0121) + 2|1210) + 2|1012) —[1201) —[0211)
24| 2/6

—]1102) —[0112) —[2110) — [1120) — [2011) —]1021)) ;

1
2011)74) = Z(|2011)+|0121)+|1012)+|1120)+2|1201)

—[0211) —|2101) —[1210) — [1102) — 2[1021)) ,

1
2011)75] = Z(|2011)+|0112)+|1021)+|1102)+2|1210)

—|0211) —[2110) —]1201) — |1120) — 2[1012)) ,

1
2101)7;] = Z(|2101)+|0112)+|1201)+|1o12)+2|1120)

O

—[0121) —2110) —[1021) — [1210) — 2[1102)) .

(E20)
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Below let
12201)— = [2012)73)+ |2021) 573+ |2201) 71
2 2 3]
] 3] 4] [4]
|2001) ] = 12010) 1ﬂ—|—|2001) 1ﬂ+|2001>TE
] [2] [2] |3]
] 3] 4] [4]
|2011) | = 12011) o+ [2011)+T15 1+ |2101>TE (E21)
2 2 |3 ]
] 3] [4] [4]
the Krylov basis generated from |Z,) are therefore
|Ky) [10101010) = |2222) = |2222) ; (F22)
1
|K;7) > (]10101000) +110100010) + |10001010) + [00101010))
1
> (|2220) +12202) + |2022) + |0222)) = |2220) , (E23)
1
IK5) ﬁ (110100000) +|10001000) + |10000010)
+/00101000) + |[00100010) + |00001010))
1
ﬁ (|2200) +12020) + [2002) + [0220) +|0202) + |0022))
|2200> 5 (F24)
IK5) 0.158114(]00101001) +|10100100) + [10010010) + |01001010))

+0.474342(|10000000) + |00100000) + [00001000) + |00000010))

1
—— (|0221) + |2210) +[2102) + [1022
2\/1_0(| ) +12210) +12102) +[1022))

+ (12000) + [0200) + [0020) + |0002))

3
V10

-
w

1 2 1
—— | == 2201 — —|2021 — 2201
2410 ﬁ( sl ~ 512021 |~ 122000

6
+EIM> ’
(E25)
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|K4)

0.241943 (]10010000) + |10000100) + [01001000) + |01000010)

+/00100100) + [00100001) + |00010010) + |00001001))
+0.0201619(]10100000) + |10000010) + |00101000) + |00001010))
—0.0403239 (]10001000) + [00100010)) + 0.72583|00000000)
0.241943(]2100) +]2010) +|1020) + [1002) + [0210) + |0201) + [0102) + [0021))
+0.0201619 (|2200) + [2002) + [0220) + |0022) — 2(2020) — 2|0202))
+0.72583/0000)

2 1
0.241943 | — | 2/2001 — —|2001 — 12001
ﬁ( 2001)i s 4 ﬁ_>) _>7 |

—0.0201619-2v3 |2020) +0.72583]|0000) (1 [57574] ;

(F26)
0.0347245 (]00101001) +|10100100) + |10010010) + [01001010))
+0.185197(]01001001) + [00100101) + |10010100) + |01010010))
—0.0115748(]10000000) + |00100000) + |00001000) + |00000010))
+0.462993 (|00000001) + |01000000) + |00010000) + |00000100))
0.0347245 (]0221) +[2210) + [2102) + [1022))
+0.185197(|1021) +0211) +[2110) +|1102))
—0.0115748(]2000) + |0200) + [0020) + [0002))
+0.462993 (]0001) + |1000) +|0100) + [0010))
0.0347245 i(lm)—ilwh 3)—|&01> |
V3 V2 21 -
+0.185197 i(|2011)—i|2101)1 3)—|2011) |
v3\ T V2T L - M
—0.0115748 - 2/2000)(; 373]4) + 0-462993 - 2/0001) i 157374 » B
(F27)
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|Ke)

IK7)

0.0151446 (]10010000) + |10000100) + |01001000) + |01000010)
+/00100100) + [00100001) + |00010010) + |00001001))
—0.0158865 (]10100000) + |10000010) + |00101000) + |00001010))
—0.03509|00000000) + 0.0317731 (]10001000) + [00100010))
+0.42946 (]01000001) + [00000101) + |01010000) + |00010100))
+0.357883(/00010001) + |01000100))
0.0151446 (]2100) + [2010) + [1020) + [1002)
+/0210) +[0201) + [0102) + [0021))
—0.0158865 (|2200) + |2002) + [0220) + [0022) — 2|2020) — 2/0202))
—0.03509]0000)
+0.405601 (|1001) + [0011) +[1100) +[0110) + [0101) + [1010))
+0.023859 (]1001) + |0011) + |1100) +[0110) — 2/0101) — 2|1010))

-
w

2 1
0.0151446 | — [ 2|2001 ——|2001 —12001
ﬁ( 12001) 527374 ﬁl—) ) 12001) 1

2|4

+0.0158865 - 2J§|2020) —0.03509|0000) 57574

+O.405601-\/€|0011)—0.023859-2\/§|0101)1 315 (F.28)

214

—0.0309286 (|00101001) + |10100100) + |10010010) + |01001010))
—0.00796488 (|01001001) + [00100101) + |10010100) + |01010010))
+0.00576334 (]00000001) 4 |01000000) + |00010000) + |00000100))
+0.0103095 (]10000000) + |00000010) + [00100000) + |00001000))
+0.498839(]01010001) + |[01000101) + [00010101) + |01010100))
—0.0309286 (]0221) +]2210) + [2102) + |1022))

—0.00796488 (]1021) +|0211) + [2110) + |1102))

+0.00576334 (]0001) + |1000) +|0100) + |0010))

+0.0103095 (]2000) + [0002) + [0200) + |0020))

+0.498839(]1101) +[1011) +|0111) +|1110))

2 1
—0.0309286 | — | |2201 ——2021
V3 ( 2201 — 512021

H
alw

)-l&) |

2 1
—0.00796488 | — | 2011 ——12101 — (2011
7 ( 2011)i a7374] ﬁ|_>) 12011)1

+0.00576334 - 2|0001) +0.0103095 - 2|2000>
+0.498839 - 2|0111> , (E29)
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|Kg)

Ko)

—0.0295582(]10010000) + |10000100) + |01001000) + |01000010)
+]00100100) + [00100001) + |00010010) + |00001001))
+0.0140673 (]10100000) + |10000010) + [00001010) + |00101000))
—0.0281346(]10001000) + |00100010))
—0.0229144(]01000001) + |00000101) + |01010000) + [00010100))
+0.0673788(]|00010001) + |01000100))
+0.0741327|00000000) + 0.986894]01010101)
—0.0295582 (]2100) + |2010) + [1020) + [1002)
+|0210) +]0201) + [0102) + [0021))
+0.0140673 (2200) +[2002) + |0022) + [0220) — 2|2020) — 2(0202))
+0.00718333 (]1001) + |0011) + [1100) + [0110) +]0101) + |1010))
~0.0300977(|1001) +[0011) + [1100) + [0110) —2/0101) — 2/1010))
+0.0741327]0000) + 0.986894/1111)

2 1
—0.0295582 | — | 2]2001 ——]2001 —12001
ﬁ( 2001) (i 2 s 4 ﬁ_>) _>7 |

—0.0140673 - 24/3]|2020) +0.00718333 - \/&M)

-
w

2|4

+0.0300977 - 24/3|0101)5

204

+0.986894|1111) ; (E30)
+0.120005(|00101001) + |10100100> + |10010010> + |01001010))

—0.452501(/01001001) + [00100101) + |10010100) + |01010010))
—0.000933504(]01010001) + [01000101) + |00010101) + |01010100))
—0.0400016 (|00100000) + |[00001000) + |10000000) + |00000010))
+0.171(]01000000) 4 |00010000) + |00000001) + |00000100))
0.120005 (]0221) + [2210) + [2102) + |1022))

—0.452501 (]1021) +0211) + [2110) +|1102))

—0.000933504 (|1101) +]1011) +[0111) +|1110))
—0.0400016 (|0200) + |0020) + [2000) + |0002))
+0.171(]1000) + |0100) + [0001) +[0010))

+0.0741327|0000) 737574

w

2 1
+0.120005 | —( 2201 ——]2021 —1]2201
7 ( 22000Tsle) ~ 5 _>) 2201) 1

2 1
= (|@>— /2100 )— |m>i |

—0.452501

-
w

2|4

—0.000933504 - 2|0111)57374] — 00400016 - 2IM)

+0.171 - 2|0001) 3 7374] »
(E31)
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|K10)

|K11)

—0.210296 (|00100100) + |10000100) + |01001000) + |00100001)
+/00010010) + |00001001) + |10010000) + |01000010))
+0.0404742(]00101000) + |10100000) + [00001010) + |10000010))
—0.0809484 (]10001000) + [00100010))
—0.116275(|01010000) + [01000001) + |00010100) + |00000101))
+0.352267(]00010001) 4 |01000100))
+0.547297|00000000) — 0.157323|01010101)
—0.210296 (]0210) + |2010) + [1020) + [0201)
+]0102) +|0021) +[2100) +1002))
+0.0404742(]0220) + [2200) + [0022) + |2002) — 2|2020) — 2|0202))
+0.0399057 (|1100) + |1001) + [0110) +]0011) +[0101) + |1010))
—0.156181 (]1100) + |1001) +|0110) +[0011) — 2|0101) — 2|1010))
+0.547297|0000) —0.157323[1111)

-
w

2 1
—0.210296 | = [ 2|2001 — —2001 — 2001
ﬁ( 2001 7] ﬁ_>24) 20007

—0.0404742 - 2v/3]2020) 73] + 0.0399057 - V/6/0011)i157574]

-
w

24

+0.156181 -2«/§|0101) +0.547297|0000) i 573 T3]

—0.157323| 111 1) 573747 5 (E32)
—0.456548(]01001010) + [00101001) + |10100100) + |10010010))
—0.104315(]01001001) + |01010010) + |10010100) + [00100101))
—0.0340389(]|01010001) + [01010100) 4 |00010101) + [01000101))
+0.0797719 (J01000000) + |00010000) + |00000001) + |00000100))
+0.152183(]00001000) + [00000010) + |00100000) + |10000000))
—0.456548 (]1022) + |0221) + [2210) + [2102))

—0.104315(]1021) + [1102) + [2110) +[0211))

—0.0340389 (|1101) +]1110) +[0111) +|1011))

+0.0797719 (]1000) + [0100) + |0001) +[0010))

+0. 152183(|0020 ) +10002) + |0200) + |2000))

-
W

2 1
—0.456548 | — | |2201 ——12021 —12201
7 (l A2[3]4] ﬁ' ) 2 ) 12201)r 1

2 1
—0.104315 | = |2011 — —J2101 — 12011
ﬁ(—> /7 220 ) 20

-
Hlw

—0.0340389 - 2|0111)137574] + 0.0797719 - 2|0001) 1573 T4]
+0.152183 - 2|12000) 1137574 »
(E33)
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1263

|K;,) = —0.108981(|00100100) + [00100001) + |00001001) + |10000100)
+]/01001000) + |10010000) + |01000010) + |00010010))
—0.209288 (]00001010) + [00101000) + |10000010) + |10100000))
+0.418575(|00100010) + |10001000))
+0.120341 (|01010000) + |01000001) + |00010100) + [00000101))
—0.308446(]00010001) + [01000100))
+0.0359095/01010101) + 0.360379/00000000)
= —0.108981(]0210) +0201) + [0021) + [2010)
+/1020) + [2100) + [1002) +]0102))
—0.209288 (]0022) + [0220) + [2002) + [2200) — 2/0202) — 2|2020))
—0.022588 (]1100) + [1001) + [0110) + [0011) +|0101) +]1010))
+0.142929 (]1100) + [1001) +[0110) + |0011) —2]0101) — 2|1010))
+0.0359095|1111) + 0.360379|0000)

-
w

2 1
= —0.108981 | — ([ 2|2001 ——12001 — 12001
ﬁ( 2001l ~ 7512000 ) 2000

ES

+0.209288 - 2+/3|2020)

-

3

[2]4
—0.022588 - \/E|0011) —0.142929 - 21/§|0101>
+0.0359095|1111> + 0.360379|0000) .

(E34)
1264 The Lanczos coefficients are
by =2; by =2.44949 ; by =2.58199 ; b, =2.61406 ;
bs; =2.61282; bg =2.58739 ; b, =2.43927 ; bg =2.02185;
bn213 =0. (FBS)

s G Initial states |Z,) and |Z,) in the Eigenbasis of the PXP Hamilto-
1266 nian
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Submission
|Z5) |Z4) (Continued)

E; C; Degeneracy E; ¢ Degeneracy
0 0.44349 246 2.4841  0.20911 1
1.3419  0.40987 1 24841  0.20911 1
13419 0.40987 1 1.7427  0.18124 1
2.6658  0.33883 1 17427 0.18124 1
26658  0.33883 1 2.9468  0.1513 2
3.9516  0.24182 1 22,9468  0.1513 2
3.9516  0.24182 1 49114  0.14498 2
51702  0.14758 1 49114 0.14498 2
-5.1702  0.14758 1 0.77907  0.14326 1
1.1409  0.11007 1 -0.77907  0.14326 1
-1.1409  0.11007 1 227902 0.1341 1
2.238  0.090772 1 2.7902  0.1341 1
2238 0.090772 1 2.238  0.11919 1
6.2744  0.078847 1 2.238  0.11919 1
-6.2744  0.078847 1 1.1349  0.11506 2
3.3272  0.065032 1 11349 0.11506 1
-3.3272  0.065032 1 13772 0.11494 2
4.475  0.036129 1 13772 0.11494 2
4475  0.036129 1 2.6922  0.1067 1
0.77907  0.031627 1 22,6922 0.1067 1
-0.77907 0.031627 1 0.70684  0.10021 2
0.29667  0.031552 1 -0.70684  0.10021 2
-0.29667 0.031552 1 0.82595 0.099861 1
-0.82595 0.099861 1
1.1409  0.080521 1
1.1409  0.080521 1
1Z4) 6.2744  0.078847 1
E, . Degeneracy -6.2744  0.078847 1
3.3272  0.07571 1
0 0.29504 213 33272 0.07571 1
0.48614 0.27071 2 51705 0070433 .
-0.48614 0.27071 2 51702 0.070433 .
17439 0.25253 1 1.3845  0.058015 1
-1.7439 0.25293 1 -1.3845  0.058015 1
3.8946 02121 2 7.2429  0.047984 1
-3.8946  0.2121 2 -7.2429  0.047984 1

Table 2: The energies E;, component factors c;, and degeneracies of the eigenstates
that make up |Z;) (see (90)), in particular |Z,) and |Z,). For practical reasons, the
eigenstates contained in |Z,) with ¢; < 0.03, and the eigenstates contained in |Z,)
with ¢; < 0.04, are not shown. Here the lattice size L = 12.
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