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Abstract

An augmented tree tensor network (aTTN) is a tensor network ansatz constructed by
applying a layer of unitary disentanglers to a tree tensor network. The disentanglers
absorb a part of the system’s entanglement. This makes aTTNs suitable for simulating
higher-dimensional lattices, where the entanglement increases with the lattice size even
for states that obey the area law. These lecture notes serve as a detailed guide for im-
plementing the aTTN algorithms. We present a variational algorithm for ground state
search and discuss the measurement of observables, and offer an open-source implemen-
tation within the Quantum TEA library. We benchmark the performance of the ground
state search for different parameters and hyperparameters in the square lattice quan-
tum Ising model and the triangular lattice Heisenberg model for up to 32×32 spins. The
benchmarks identify the regimes where the aTTNs offer advantages in accuracy relative
to computational cost compared to matrix product states and tree tensor networks.
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1 Introduction

Tensor network methods are a family of widely-used numerical methods developed for simu-
lating quantum many-body systems [1–3]. A tensor network is an ansatz for a quantum state,
constructed such that the computational complexity of the underlying operations and algo-
rithms scales polynomially with the bond dimension m. The bond dimension – the size of
the tensors in the network – corresponds to the number of Schmidt coefficients of the state’s
bipartitions and therefore determines the amount of entanglement that the tensor network
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can faithfully capture. This typically also increases with the complexity of the network. Si-
multaneously, the polynomial degree of the algorithm’s computational complexity depends
on the details of the various ansätze. One thus aims to find a balance between how well an
ansatz captures the state’s physical properties and how numerically efficient or inefficient the
corresponding algorithms are.

The most successful ansatz for one-dimensional systems is the matrix product state (MPS) [4–
6], where the tensors are arranged in a line. The cost of the variational ground state search
for the MPS [7] scales as O(m3). The MPS is capable of representing the quantum states that
obey the area law of entanglement in one physical dimension. This property is important in
one dimension because the ground states of local gapped Hamiltonians often obey the area
law of entanglement [8–10]. Other common ansätze are the projected entangled-pair state
(PEPS) [11–13] – the two-dimensional analogue of the MPS – and the multi-scale entangle-
ment renormalization ansatz (MERA) [14], designed for simulating one-dimensional systems
at criticality [15]. However, manipulating PEPS or MERA is numerically challenging due to
their loopy structure. This leads to high computational cost of the underlying algorithms (for
PEPS optimization commonly scaling as O(m10) [16], improving to O(m9) with a sampling-
based approach in recently introduced methods [17], and O(m≥7) for MERA optimization
in one dimension [18] or O(m16) in two dimensions [19]). Another possibility is given by
tree tensor networks (TTN) [20,21], which represent the state with a tree-like structure. The
TTN is a middle ground between the MPS and PEPS/MERA. It provides more adaptability to
higher-dimensional lattices and long-range interactions compared to the MPS, while keeping
a reasonably efficient optimization algorithm, O(m4) [22] for one-tensor updates. However,
the TTN architecture does not capture the area law in two dimensions [23,24].

Recently, another pathway has been introduced in Refs. [25–27] with the augmented tree
tensor network (aTTN) ansatz, whose geometry enables capturing the entanglement area law
in any dimension [25]. The aTTN is augmented with a layer of disentanglers applied to the
physical links of a TTN. It represents a subclass of MERA, with disentanglers applied only
on the lowest layer. So far, a ground state search optimization algorithm was introduced for
the aTTNs. However, identifying the regimes where aTTNs give the advantage in terms of
precision versus computational resources with respect to other tensor network ansätze is not
straightforward.

This cookbook aims to be a detailed and practical guide through the aTTN operations, giv-
ing the recipes for implementation of the ground state search optimization and measurement
of observables, and providing insights into the performance of the optimization algorithm
in various parameter and hyperparameter regimes. All the described algorithms are imple-
mented within the open-source tensor network library Quantum TEA [28]. We also provide
pedagogical Jupyter Notebooks for running the aTTN ground state search in the supplemental
material [29]. Therefore, the cookbook is intended for everyone interested in understanding
and implementing the algorithm themselves, or using it with the Quantum TEA library. We
proceed with the assumption that the reader is familiar with standard tensor network concepts.
Otherwise, see Refs. [1,2,7,30,31].

The cookbook is structured as follows. First, an introduction to the aTTN geometry is given
in Sec. 2. We define and set the notation for all relevant tensor network objects in Sec. 3. Then,
the ground state search algorithms are described in Sec. 4, with a detailed explanation of two
different approaches to the disentangler optimization. We then proceed to the description
of the measurement of the observables in Sec. 5, highlighting the differences compared to
the TTN implementation. Finally, we give an insight into how the aTTNs perform in different
regimes and in which cases we can expect the advantage in comparison to the MPS and TTN in
Sec. 6. We show the results of the benchmarks using GPU on the square lattice quantum Ising
model and triangular lattice Heisenberg model, for different combinations of aTTN parameters
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and hyperparameters. We conclude with a summary and an outlook in Sec. 7.

2 What is an augmented tree tensor network?

The augmented Tree Tensor Network (aTTN) is a tensor network ansatz defined as:

|ψaTTN〉= D(u) |ψTTN〉 , (1)

where |ψTTN〉 is a Tree Tensor Network (TTN), and D(u) =
∏

k uk is a set of two-site unitary
gates uk, called disentanglers, applied on the TTN’s bottom layer, i.e., tensors with physical
links. The graphical representation of the aTTN for an example with three disentangler gates
is shown in Fig. 1(a).

32 x 32a) b)

Bond dimension mBond dimension m

b)a)

D(u)

Figure 1: The augmented tree tensor network (aTTN) ansatz. (a) An aTTN with
three disentanglers for a system of N = 16 sites. The full aTTN state |ψaTTN〉 consists
of a tree tensor network state |ψTTN〉 (black circles) and a disentangler layer D(u)
(green rectangles) applied to |ψTTN〉. (b) Comparison between the TTN and the
aTTN ground state search energies for different bond dimensions m, computed for
the nearest-neighbour quantum Ising model on a 32 × 32 lattice near the critical
point. The aTTN shows an improvement in energy with respect to the TTN for every
bond dimension point.

The role of the disentanglers is to encode the entanglement between the subsystems they
connect. This allows the aTTN ansatz to represent states with more entanglement compared
to the TTN with the same bond dimension. As a demonstration, in Fig. 1(b) we compare the
ground state energies obtained with the TTN and the aTTN for the nearest-neighbour quantum
Ising Hamiltonian Ĥ = −

∑

<i j>σ
i
xσ

j
x − h

∑

i σ
i
z on a 32 × 32 lattice with open boundaries.

The energies are computed for h = 3, close to the critical point. We can see that the aTTN
results in lower energies with respect to the TTN for all bond dimensions m, i.e., the ground
state is represented more accurately.

With the ability to contain entanglement in the disentangler layer, the aTTNs are capa-
ble of encoding the area law of entanglement in any number of dimensions [25], given that
enough disentanglers are placed over certain bonds. Nevertheless, increasing the number of
disentanglers increases the computational complexity of the aTTN algorithm, as we discuss in
Sec. 4.4.

The question at hand is: how does one find the optimal set of disentanglers such that
the aTTN accurately represents the target state? So far, the algorithm for finding the ground
state of a given Hamiltonian has been developed. The algorithm details are presented and
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explained in the following sections. Note that we are following the procedure introduced in
Refs. [25,26]. An alternative approach was presented in the Ref. [27].

3 Ingredients

Before proceeding with the aTTN ground state search algorithm, we provide a short revision
and set the notation for the relevant tensor network objects. In particular, we work with TTNs,
disentanglers, and matrix product operators (MPOs), which represent the Hamiltonian terms,
and the effective operators. For a summary, see the cheat sheet in Fig. 2. For a more detailed
description, see Secs. 3.1-3.3.
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Tree tensor network - TTN

disentangler 
layer

Disentanglers aTTN

Local

Interactions

Matrix product operators - MPOs

tree tensor:

TPO representation

But implicitly all the 
MPOs are treated in 

Isometry 
center

Hamiltonian/observable 
MPO

Effective operators of a tensor

Assuming the form = effective MPO 
which acts on a 

tensor τ 

Environments

= MPOs with one or more 
uncontracted children links

for simplification mostly 
depicted like this:

= all the other 
tensors are
isometries

tensor τ

unitary 2-body 
gates

+ =

contract

= n-body term

... .........

(necessary for the aTTN 
optimization algorithm)

Setup: m = tensor network state bond dimension
t = MPO bond dimension

d = local Hilbert space dimension

aTTN cheat sheet: definitions and notation

L = length of one lattice side
N = total number of sites

Figure 2: Notation and ingredients for the augmented tree tensor network
(aTTN) cookbook. The colors of the tensor network objects depicted here are used
consistently in all subsequent figures. Here and throughout, the dashed boxes denote
the contraction of tensors inside them.

3.1 Tree tensor network

A binary TTN ansatz decomposes a wave function into a binary tree structure, as shown with
the black rank-three tensors in Fig. 1(a). Hereafter, we refer to the tensor’s links connected
to the lower layer as the children links, and to the links connected to the upper layer as the
parent links, for a TTN orientation where the bottom layer corresponds to physical sites. The
total number of layers for an N -site system is log2(N) − 1 and each of the open links in the
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lowest-layer tensors corresponds to a physical site.
A tensor T is an isometry over a set of links if contracting T with T † over the remaining

links yields an identity tensor (Fig. 3).

= =

T

T

Figure 3: Example of an isometry tensor. When contracted with its Hermitian
conjugate over the specific links, the isometry tensor T yields an identity.

Every TTN can be isometrized using QR-decompositions such that all the tensors apart from
one are isometries if contracted with their complex conjugates over the right indices. The only
non-isometry tensor in a network is called the isometry center. Isometrizing a tensor network
greatly simplifies the operations in general, for example, when computing the expectation
values. An example is demonstrated in Fig. 4 for the 2-norm computation, showing that
computing the norm of an entire TTN corresponds to computing the norm of only the isometry
center tensor. From now on, we mark a tensor with a white cross whenever the isometry center
is labeled explicitly in the tensor network.

Isometrization:

= =

contract contract

Figure 4: Computing the 2-norm of an isometrized tree tensor network (TTN)
reduces to computing the 2-norm of the isometry center tensor. An example is
depicted for an eight-site system. The isometry center of a TTN is marked with a
white cross, and dashed boxes surround tensors that are being contracted. When
isometrized, all the tensors apart from the isometry center are unitary and thus a
priori known to contract into identities. Therefore, the norm of the isometry center
tensor corresponds to the norm of an entire tensor network.

3.2 Disentanglers

A disentangler is a two-body unitary gate attached to a pair of sites of the tensor network.
The disentanglers were originally introduced in the context of the multiscale entanglement
renormalization ansatz (MERA) [14, 18]. The aTTN is, in fact, a subclass of MERA with one
incomplete disentangler layer. The restrictions and advice on how to best position the disen-
tanglers in the disentangler layer are explained in Sec. 6.1. We depict disentanglers in the
figures with green rectangles.
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3.3 Matrix product operators

A matrix product operator (MPO) is matrix product state’s operator counterpart. A general
MPO is depicted in Fig. 5(a) for an example of a four-body system. There are different ways
an MPO can be represented and implemented, e.g., dense MPOs, sparse MPOs, etc. [32, 33].
When the operator we want to represent is a sum of n-body terms, MPO=

∑

α ĥα, we can store
its MPO as a set of tensor product operator (TPO) terms ĥα [25]. As described in Sec. 4.1, our
aTTN ground state optimization algorithm relies on the TPO representation of the Hamiltonian
MPO. An example of the TPO-representation of a four-body MPO consisting of local and 2-body
terms is shown in Fig. 5(b).

From now on, the TPO representation is implicit for all the MPOs throughout the cook-
book, even if the MPO is for simplicity depicted as a general MPO as in Fig. 5a). Moreover,
all the MPO sites, including the ones on the edges, are depicted with two horizontal links,
one left and one right, even though the edge link may just be a dummy link of dimension
one. Implementation-wise, placing the dummy links on edge MPO sites and keeping the same
number of horizontal links for all MPO sites reduces the number of if-cases in the code and
moreover, allows to handle the case with periodic boundary conditions. In this section, we de-
fine three subtypes of MPOs relevant for the aTTN ground state search algorithm: the Hamil-
tonian, the effective operators, and the environments.

Local

Interactions

a)  MPO

b) TPO representation

=

+

+

+

Figure 5: Matrix product operators (MPOs). (a) A general four-body MPO. (b) Ex-
ample of the TPO representation of a four-body MPO, e.g., Hamiltonian, consisting
of local and two-body terms. The TPO representation implies that an MPO is stored
as a set of individual terms, i.e., TPO terms. All local terms acting on the same site
can always be contracted and stored as a single local term.

3.3.1 Matrix product operator for the system Hamiltonian

We consider Hamiltonians with the structure Ĥ =
∑

α ĥα, with ĥα being n-body terms with
any range. Here, the choice of a TPO representation is very handy in terms of the flexibility
of writing a Hamiltonian MPO. While the dense or sparse MPO representation can be done by
manually constructing MPO tensors for each Hamiltonian based on case-specific rules, storing
the Hamiltonian term-by-term allows for constructing it directly from the definition of any
model. The TPO representation encodes the MPO exactly, with no truncation on the level
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of the Hamiltonian. Tensors of the Hamiltonian-TPOs are depicted in figures as dark orange
squares or rectangles, see Fig. 5.

3.3.2 Effective operators

Many tensor network algorithms, such as the density matrix renormalization group (DMRG) [7]
or the time-dependent variational principle (TDVP) [34, 35], rely on the computation of the
effective operators, defined as the effective MPO terms which act on a single tensor in a tensor
network. Given an operator whose expectation value we are computing, the effective opera-
tors are obtained by contracting the surrounding tensor network as in Fig. 6 on the example
of a TTN. Before the contraction, the isometry center is moved to the tensor whose effective
operators we are computing. Each tensor in a TTN has three corresponding effective opera-
tors, as illustrated in the last step in Fig. 6. Here, we denote effective operators with yellow
rectangles in the figures. Throughout the paper, referring to the effective operators of an aTTN
implies the effective operators of a corresponding TTN part.

contract contract

Figure 6: Obtaining the effective operators of a TTN. The effective operators (yel-
low) are the effective MPO terms acting on a single tensor in a tensor network state,
arising during the contraction of the MPO operator (red) expectation value. The
figure shows the contraction procedure for obtaining the effective operators of the
topleft TTN tensor. The analog procedure is performed to obtain the effective oper-
ators of any tensor in a TTN, resulting in three effective operators per tensor. No-
tice that the MPO terms are the effective operators of the lowest-layer tensors. The
dashed rectangles denote the tensor contraction.

It is useful to explain how we handle the effective operators using the TPO structure. The
contractions as in Fig. 6 are carried out separately for each TPO term, keeping the TPO struc-
ture until reaching the last stage in Fig. 6. Therefore, the effective operators around a single
tensor consist of a list of TPO terms. All the TPO terms inside the effective operators are
then passed as an input to a generalized matrix-vector multiplication function required for
the Krylov solver in variational algorithms. Inside the matrix-vector multiplication function,
each of the input TPO terms is consecutively contracted to the tensor. The scheme benefits
computationally from the fact that the bond dimension between the TPO tensors inside the
same TPO term is usually equal to one.

3.3.3 Environments

We define the environment as the MPO term with one or more uncontracted links pointing
to the child tensor, unlike the MPO term for effective operators, whose uncontracted links
point to the parent tensor or to another MPO term. Like the disentanglers, the concept of the
environment originates from the MERA algorithms [18]. The name comes from the fact that
the environment surrounds a tensor or a group of tensors in the network. An example is shown
in Fig. 7, where we depict the environment as a turquoise shape. The environments appear
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during the contractions in the aTTN optimization algorithm, alongside effective operators,
TTN tensors, and disentanglers.

Figure 7: An example of the environment tensor in the aTTN. An environment
tensor is an MPO term with one or more uncontracted child links. In the figure, the
uncontracted child link points towards the disentangler.

4 Recipe 1: Ground state search

Suppose we are interested in the ground state of the Hamiltonian Ĥ. We find the ground state
energy and ground state by minimizing the energy:

E = 〈ψ| Ĥ |ψ〉 ; 〈ψ|ψ〉= 1, (2)

over all the possible states |ψ〉 in a parameter space spanned by a certain ansatz. In our case,
the ansatz is the aTTN |ψaTTN〉, which contains two unknowns to optimize: the disentanglers
D(u) and the TTN |ψTTN〉. The expectation value of the energy 〈ψaTTN| Ĥ |ψaTTN〉 in graphical
notation is shown in Fig. 8.

Figure 8: Expectation value of an MPO with the aTTN ansatz. In the ground
state search, we are minimizing the expectation value of the Hamiltonian MPO
〈ψaTTN| Ĥ |ψaTTN〉.
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A standard approach to finding the ground state with tensor networks is the variational DMRG
algorithm, or alternatively, the imaginary time evolution [36] via time evolution algorithms [37].
In the variational DMRG, we minimize the energy contribution of each tensor while all other
are kept constant. This is a variational procedure, which can be iterated until convergence.
The ground state search for the aTTN consists of a DMRG sweep of the TTN, followed by an
optimization of the disentanglers. Each aTTN optimization sweep is thus split into three parts:

1. Optimize all disentanglers in D(u);

2. Map the Hamiltonian to an auxiliary one Ĥ −→ Ĥ ′ = D(u)ĤD†(u);

3. Run a variational DMRG sweep for finding the optimal TTN state |ψT T N 〉 for the auxiliary
Hamiltonian Ĥ ′.

The procedure is iterated, updating the disentanglers and finding a new optimal TTN through-
out the sweeps. In practice, the sweep can be performed without updating the disentanglers.
As we show in Sec. 6.2, we obtain the biggest advantage from the disentangler optimization
when running the first sweep without the disentanglers and all the following sweeps, includ-
ing the disentangler optimization. In Secs. 4.1-4.3, we explain the first and the second step of
the algorithm, i.e., a technique for finding the optimal disentanglers and the mapping of the
Hamiltonian to an auxiliary one. For a guide to the variational TTN ground state search, see
the references [2,22,26,38].

4.1 Optimizing the disentangler layer

We search for the optimal set of disentanglers by optimizing each disentangler uk ∈ D(u)
individually. Suppose that we are optimizing the disentangler uk. The total energy of the state
is obtained by summing up the contributions of every TPO term in a Hamiltonian (Fig. 9(a)).
These can be split into two parts:

E =
∑

p

Ep
k (uk) + ck. (3)

As illustrated in Fig. 9(b), the first part sums the energy contributions of all the TPO terms
which act on any of the two sites connected to uk, and thus depend on the disentangler, while
the second term contains all remaining TPO terms. The contribution of the latter is indepen-
dent on uk, and can thus be discarded during the optimization.
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++

ck

= +  ...

Ek(uk) Ek(uk)

E = +  ...++

= uk

= TPO 
term

a)

b)

Figure 9: Computing the aTTN energy with a TPO Hamiltonian. (a) The total
energy of an aTTN state is obtained by summing up the energy contributions from
every TPO term in the Hamiltonian. Here, we illustrate the first three terms in the
sum on the example of the nearest-neighbour Hamiltonian with two-body interac-
tions. (b) We can split the contributions into two parts: those of the TPO terms
which act on the disentangler uk shaded with dots (≡ Ek(uk)), and those of the TPO
terms which do not act on the disentangler (≡ ck). Due to their unitarity, the disen-
tanglers cancel out if not attached to the TPO term, whose energy contribution we
are computing.

Now, we recast
∑

p Ep
k (uk) as a cost function in a form suitable for the minimization. The

first step is to contract the tensor network around a single disentangler uk and its Hermitian
conjugate u†

k, to obtain a tensor network as in Fig. 10. The surrounding tensors are the left
and the right environment of the disentangler. For now, we skip the details on how to obtain
the environments and focus on the main steps of the algorithm (the procedure is described in
detail in Sec. 4.2). If we choose the positions of the disentanglers such that no TPO term in the
Hamiltonian is connected to more than one disentangler, all the remaining disentanglers ui ̸=k
contract to identities with their Hermitian conjugates, so the environments do not depend on
any of them. This imposes an important restriction on the positioning of the disentangler: no
Hamiltonian TPO term can be connected to more than one disentangler. For a discussion of
all restrictions on disentangler positioning, see Sec. 6.1.
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t tt

d d

d d

m

m

MPO bond dimension

local bond dimension
entanglement bond 
dimension

d -

t -

m -

left
environment

right
environment

tt

a) b)

Figure 10: Main steps in the optimization of the disentangler uk. (a) First, the
tensor network is contracted into two environments, Γ l

k and Γ r
k , as indicated by the

dashed lines. (b) The tensor network of energy expectation value after the contrac-
tion, with indicated bond dimensions.

At the stage as in Fig 10b), there are both uk and u†
k present in the tensor network. However,

the optimization of uk and u†
k simultaneously in this form is a difficult minimization problem.

We describe two possible approaches to optimization: the self-consistent optimization like
performed in MERA, and an approach based on gradient descent.

4.1.1 MERA-like disentangler optimization

This is the approach introduced for the optimization of MERA [18] and used in Refs. [25,26]
for aTTNs: we fix the u†

k and optimize only uk, then solve the problem self-consistently for
a certain number of iterations (Fig. 11). By fixing u†

k, we can contract the tensor network
in Fig. 11a) around uk. Contracting the environments with u†

k and MPOs results in a tensor
network as in Fig. 11b), corresponding to an expression of the form:

E = Tr(ukΓk). (4)

Here, Γk denotes the global environment obtained by contracting Γ l
k, Γ r

k , MPO terms, and u†
k.

The minimum of Eq. (4) is obtained by choosing uk = −V U† such that U and V are the unitary
transformations from the singular value decomposition of the global environment Γk = UσV †

Therefore, Eq. (4) simplifies to:

E = Tr(−V U†UσV †) = −
∑

j

σ j , (5)

where σ j ≥ 0 are singular values of the global environment matrix. Once uk is optimized,
we update the u†

k and repeat the contraction in Fig. 11 to obtain the new Γk. We repeat the
procedure until convergence. Notice that there is no need to recalculate the left and the right
environments throughout iterations in the optimization.

13
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contract
, MPO

keep      fixed

minimize by
choosing

update

iterate to reach
convergence

a) b)

Figure 11: MERA-like optimization of the disentangler uk. We minimize the en-
ergy by fixing u†

k and optimize only uk, then solve the problem self-consistently.
Starting from (a), the environments Γ l

k and Γ r
k and the remaining MPO terms are

contracted with complex conjugate disentangler u†
k, yielding a form suitable for min-

imization of uk in (b).

4.1.2 Disentangler optimization with gradient descent

An alternative approach is optimizing the disentanglers using gradient descent. In this case,
both uk and u†

k can be optimized simultaneously. We define the cost function as the energy
computed by the complete contraction of a tensor network in Fig. 10(b), with elements of uk
as the variational parameters. The problem is nontrivial because the disentangler must satisfy
the unitarity constraint, u†

kuk = 1. We point out a potential approach using the Riemannian
optimization with the nonlinear conjugate gradient or quasi-Newton algorithms, shown to
perform successfully for optimizing isometric tensor networks [39].

4.2 Details on the environment contractions

This section contains the detailed description of the environment contractions in Fig. 10 and
Fig. 11. Readers interested only in the high-level description of the algorithm may proceed
directly to Sec. 4.3.

4.2.1 Obtaining the left and right environment

We identify a unique path through a TTN which connects the two disentangler sites and choose
an anchor tensor along it (Fig. 12(a)). We define the left environment as the tensor network
connected to the parent and the left child links, including the anchor, and the right environ-
ment as the tensor network connected to the right child link of the anchor, excluding the anchor
(Fig. 12(b)). Both environments exclude the disentangler and the TPO tensors connected to
the disentangler. Here, we stick to the convention that the anchor is the uppermost left tensor
on the path, but in general, any tensor on the path can be the anchor.

14
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- path between the 
disentangler sites

- anchor tensor - division into left and 
right environment

left
environment

right environment

a) b)

Figure 12: Convention for division into the left environment Γ l
k and right envi-

ronment Γ r
k . (a) We first track the path connecting the two disentangler sites through

the TTN (blue dashed line) and choose the topmost left tensor along the path as the
anchor (denoted with white anchor). (b) The division into the environments is high-
lighted with light blue. The left environment includes the anchor and the tensor
network contracted to its parent and left child links, and the right environment in-
cludes the tensor network connected to the right child link of the anchor, excluding
the anchor.

Performing the contraction to the environments starts with the initial contraction to obtain the
pre-environments, followed by the iterative contraction scheme. First, we move the isometry
center to the anchor tensor. Both the left and the right pre-environments are obtained by
performing the steps as in Fig. 13.
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contract
permute permute

contract

a) b)

Figure 13: Obtaining the pre-environments. (a) To prepare the network in a shape
suitable for the iterative contraction scheme, we perform the initial contraction of
the tensors surrounded with dashed lines. The disentangler sites are depicted to be
the neighbouring sites for the simplicity of the picture; in general, they can be on
distant positions. (b) The detailed steps of contraction in (a). We refer to the final
tensor as the pre-environment. The procedure is shown for the tree tensor in the
left environment, but analogous steps are performed for the tree tensor in the right
environment.

After the pre-contraction, we consider the tensors on the path and build all of their effective
operators. Then, we calculate the full left and right environments by contracting tensors along
the path one by one with the corresponding effective operator (yellow tensor). One step of
the iteration is shown in Fig. 14, and iterations along the path are shown in Fig. 15. Recall
that we only have to do this contraction along the path, as the rest of the network remains
unitary and thus cancels out.

contract
permute

Steps:

contract
permute

contrac
t

perm
ute

a) b)

Goal:

(disentangler 
attaches here)

Figure 14: One step of the iterative environment contraction. (a) The goal is
to contract the (pre-)environment tensor with the connected tree tensors and the
effective operator to obtain the new environment of the same link structure. As an
iterative procedure, the new environment has the same shape as the input, but has
absorbed one more layer via contractions. (b) The detailed steps of the contraction
in (a).
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leg number/order not 
strictly defined

contract contractcontract 
effective
operator

1. 2. 3. 4.

rearange*

*no tensor operations performed, only rearanging the picture

5.

Figure 15: Overview of the iterative environment contraction. Contraction steps
1→ 2 and 3→ 4 imply a contraction as in Fig. 14 on both left and right environment.
We start by contracting the lowest tensors on the path (blue dashed lines) and move
towards the anchor. By convention, the anchor is included in the left environment.
In step 2 → 3, we build an effective operator and shift it from the right side of the
network to the left side for clarity.

4.2.2 Contracting to global environment

If we choose the MERA approach to the disentangler optimization, i.e.,fixing u†
k and optimizing

uk (Sec. 4.1.1), we have to contract the obtained left and right environment with the rest of
the network (Fig. 11a)-b)) to obtain the matrix Γk. One can think of different ways to carry
out those contractions. In Fig. 16, we show the approach used in the Quantum TEA library,
which minimizes the required memory. We start by contracting the environments, then the
Hermitian conjugate disentangler, and finally the MPO. The biggest tensor constructed in the
process it the full environment, with a maximum of d4 t4 elements.

Note that optimizing the disentanglers with the gradient descent approach does not re-
quire this step. Moreover, an important remark regarding the MPO bond dimension t is the
following. As mentioned, the MPO Hamiltonian can be composed of an arbitrary combination
of operators acting on arbitrary sites. Hence, the bond dimension t cannot be thought of as
an exact dimension of the depicted bonds, but is rather as an approximate measure allowing
us to get a grasp of the computational complexity. In most cases, t is equal to one.
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MPO bond dimension

local bond dimension
entanglement bond 
dimension

d -

t -

m -

O(m2d4t4) O(d6t4)

O(d
6 t4 )

Figure 16: The contraction to the global environment Γk with indicated computa-
tional complexities of the operations. In the MERA-like disentangler optimization,
we fix u†

k and contract the entire network around uk. By contracting to the final ten-
sor network, we bring the optimization problem to a form Tr(ukΓk), whose solution
for uk is known.

4.3 Updating the Hamiltonian matrix product operator

After the optimization of the disentangler layer, we contract it to the Hamiltonian. This object
is then used as the Hamiltonian for the following TTN optimization. Here, we describe how to
implement the contraction of the original Hamiltonian Ĥ to a new, auxiliary one Ĥ ′ = DĤD†.
The procedure is general and can be applied to contracting the disentangler layer to any TPO:

function CONTRACT DISENTANGLER LAYER(TPO, disentangler layer)
for TPO term in TPO do

for disentangler in disentangler layer do
if TPO term sites and disentangler sites intersect then

if every disentangler site is in TPO term sites then
contract as in Fig 17(a)

else
contract as in Fig 17(b)

update the TPO term with the contracted version

Before the contraction, we decompose the disentangler into a two-body term using the QR de-
composition. If the initial TPO term was an n-body term, after the contraction it either remains
a n-body term (scenario Fig. 17(a)), or becomes a (n+1)-body term (scenario Fig. 17(b)). The
details of the contraction for a general case are explained in the following subsection. Note
that contracting the disentangler with a 2-body TPO term increases the bond dimension of the
TPO to at most d2, as indicated in Fig. 17. For n-body TPO terms with n > 2, contracting the
disentanglers in general increases the bond dimension by a factor of d4.

The increased span and bond dimension of the TPO terms are the reasons why the aTTN
algorithms are more costly with respect to TTN algorithms. Note that this is a constant prefac-
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tor. The scaling of the computational complexity with the bond dimension m does not change
when going from a TTN to an aTTN.

b)a)

contract contract

QR
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d2d2
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d
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d
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d

d

d

d

d

QR

Figure 17: The contraction of the disentanglers with a TPO term for two possible
cases of the TPO term and the relative position of the disentangler. Depicted in
the example of a two-body TPO term (as in standard nearest-neighbour Hamiltoni-
ans) with bond dimensions t. (a) The disentangler lies fully on the TPO term. The
disentanglers are decomposed into two tensors, each of which is contracted with the
corresponding leg of the TPO. (b) When one disentangler site does not lie on the
TPO term, we expand it with an identity tensor placed on the extra site. After the QR
decomposition, the disentangler tensors are contracted with the corresponding legs
of the TPO. In both (a) and (b), the TPO bond dimension grows to t ·d4 immediately
after the disentangler contraction. However, if the initial TPO term is a two-body, as
in this example, the bond dimension can always be reduced to d2 using subsequent
QR decompositions.

4.3.1 Contracting the disentangler with a tensor product operator term

The two sites on which the disentangler acts are not restricted to the nearest neighbour sites
in a TTN, as the example in Fig. 17 shows. Therefore, we need a systematic way to handle the
extra horizontal link connecting the disentangler sites, and propagate it through the new TPO
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term. After inserting the required identity tensors (see Fig. 17(b)), the procedure that handles
the general contraction is:

1. Contract the left disentangler site to the corresponding TPO term site (Fig. 18(a)).

2. Propagate the horizontal link through the TPO term sites towards the left disentangler
site position, using a series of QR decompositions (Fig. 18(b-e)).

3. Contract the right disentangler site (Fig. 18(f)).

4. Repeat steps (1-3) for the disentangler’s conjugate.

Steps 1-3 are shown in Fig. 18 in the example of a four-site TPO term. If using the truncated
SVD decomposition instead of the QR-decomposition, we must ensure that the TPO term’s
isometry center is always at the tensor we are decomposing via SVD.

Q R

Q R

QR

QR
a) b)

g)

f)e)d)

c)

Figure 18: Steps for contracting the disentangler to a TPO term and propagating
the link. Depicted in an example of a four-body TPO term. (a) Contracting the left
disentangler site. (b-e) Propagation of the horizontal links with the QR decomposi-
tions. (f) Contracting the right disentangler site. (g) The resulting TPO term after
the contraction with the disentangler. The same procedure is applied to the disen-
tangler’s conjugate.

4.4 Computational complexity overview

We consider one sweep of the aTTN ground state search. The analysis of the computational
complexity is split into two parts: the optimization of the disentangler layer and the variational
ground state search with the auxiliary Hamiltonian Ĥ ′ = D(u)ĤD†(u). As in the previous
chapters, N is the total number of sites, m is the maximal bond dimension of the TTN, d is the
local Hilbert space dimension, and t is the MPO bond dimension.
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4.4.1 Complexity of the optimization of the disentangler layer

Each step of the iterative environment contraction (Fig. 14) scales as O(m4d2). Taking into
account that the number of iterations is proportional to the number of layers in a TTN, which
grows logarithmically with the system size, the overall complexity is O(log(N) ·m4d2). The
contraction to the global environment Γk (Fig. 16) is O(m2d4)+O(d6), and the cost of the SVD
for Γk is O((d2)3) =O(d6). Let us define ND as the total number of disentanglers in the disen-
tangler layer. The procedure needs to be repeated for every disentangler and the MERA-like
disentangler optimization takes Ni iterations until convergence. Therefore, the total cost of the
disentangler layer optimization isO(ND·log(N)·m4d2)+O(ND·Ni ·m2d4)+O(ND·Ni ·d6). More-
over, assuming that d ≪ m and Nid

2≪ m2, the expression can be reduced toO(ND·log(N)·m4d2).
In practice, this part is not the bottleneck of the simulation, as it has a much smaller constant
prefactor.

4.4.2 Complexity of the variational ground state search with the auxiliary Hamiltonian

A full sweep in the variational ground state search consists of computing the effective opera-
tors for each tensor, and solving the local eigenproblem with the Lanczos algorithm. The total
computational cost reflects the cost of the local matrix-vector multiplication performed at each
iteration of the Lanczos algorithm. This corresponds to the contraction of three effective op-
erators with an order-three tensor as in Fig. 19. For a dense MPO of bond dimension t, this
cost is O(m4 t3).

In the TPO picture, each of the steps in Fig. 19 needs to be performed sequentially for
each TPO term. The complexity thus depends on the individual TPO bond dimension t and
the number of TPO terms in a single effective operator. Typically, the number of TPO terms in
an effective operator scales linearly with the length of the lattice side L in an L × L system.
While in the TTN algorithm each TPO term has a bond dimension t = 1, this might not be
the case for the aTTN. The original Hamiltonian is contracted with the disentangler layer,
which adds a factor of d2 to the bond dimension for two-body Hamiltonian terms, or d4 for
n-body Hamiltonian terms, to each TPO link over which the disentangler is placed. Therefore,
the difference in computational cost between the TTN and the aTTN algorithms scales only
with the local dimension d. The exact factor depends on the model and the positions of the
disentanglers in the lattice.

t t

m

m m

m m

m

O(m4t2) O(m4t3) O(m4t2)

t

t
t

m

m

m

m

t
t
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m

m

m

t

m m
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Figure 19: Computational cost of applying the effective operators to a tree tensor
in the Lanczos algorithm. The figure shows steps of contracting the three effective
operators to a tree tensor with indicated bond dimensions. The complete contraction
is carried out with the computational cost of O(m4 t3).

5 Recipe 2: Measurement of observables

Performing the measurement of local observables and n-body correlators of an aTTN draws
the logic from the TTN measurement to a large extent. For this reason, we discuss both the
logic behind the TTN case and highlight the differences to the aTTN measurements.
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5.1 Measuring local versus non-local observables with tree tensor networks

Suppose that we want to measure an observable that is a product of local operators on an
arbitrary number of sites, in arbitrary positions. In general, it is possible to construct a flexible
procedure for measuring the expectation value of any n-body operator. For the local observ-
ables specifically, i.e., an expectation value of a single-site operator, we construct an efficient
computation with the reduced density matrices, as depicted in Fig. 20(a). When a TTN is
isometrized towards the lowest-layer tensor corresponding to the site i, the isometry center
tensor contracted with its complex conjugate represents the reduced density matrix ρi of site
i (see Fig. 20). The value of the local operator on this site is then straightforwardly computed
by contracting the reduced density matrix as in Fig. 20(a). It is enough to compute the re-
duced density matrices at a certain site once and keep them stored for measuring as many
local observables as required.

Apart from the specific case of local observable measurement, all the other n-body observ-
ables (with n > 1) are measured by contracting the tensor network representing the expec-
tation value, as shown in Fig. 20(b). Even the measurement of n-body observables benefits
from the isometrization, as it is sufficient to contract only the sub-tree containing all of the
sites over which the n-body observable spans.

5.2 Measurement of an observable with the augmented tree tensor network

In the case of an aTTN, the computation of an expectation value needs to include the disen-
tanglers:

〈ô〉aTTN = 〈ψaTTN| ô |ψaTTN〉= 〈ψTTN|D(u) ô D†(u) |ψTTN〉 ≡ 〈ψTTN| ô′ |ψTTN〉 , (6)

This is a specific case of D(u) and D†(u) being connected to an MPO, which we discussed in
Sec. 4.3. We perform the measurement by contracting the TPO term ô with the disentangler
layer, ô′ = DôD†, just as we did with the Hamiltonian terms in the ground state search. Then,
we measure ô′ on the TTN part of the aTTN. In Sec. 5.3, we discuss in detail the specific
example of a two-body correlation matrix, which is a commonly measured observable.
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Notice:
isometry center 

at tensor of 
physical site i

is a reduced density 
matrix of site i

= =
isometrize

= =isometrize

a)

b)

i

=

=

Figure 20: Measuring the expectation value of local and non-local operators with
a TTN. (a) Measuring a local operator 〈ôlocal〉. By shifting the isometry center to the
tensor of a physical site i with a local term, computing the expectation value reduces
to the contraction of the local operator with the tensors of the isometry center, i.e.,
with the reduced density matrix ρi . (b) Measuring a non-local operator depicted on
the example of a three-body term 〈ônon−local〉. Computing the expectation value can
still, to some extent, benefit from isometrization. We need to perform the explicit
contraction only for the sub-tree that contains the sites over which the non-local
observable spans.

5.3 Two-body correlation measurement

Suppose we want to measure the two-body correlation composed of observables ôa and ôb.
The output of this measurement for a system consisting of N sites is the N × N correlation
matrix C:

C =

















〈ôa
1 ôb

1〉 〈ô
a
1 ôb

2〉 ...

〈ôa
1 ôb

2〉 ... ...

... ... 〈ôa
N ôb

N 〉

















. (7)

The subscripts denote the site on which the operator is acting. We treat each of the elements
of the matrix C as a TPO term whose expectation value we are computing. In the correlation
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matrix C , we distinguish between two types of terms: the diagonal terms 〈ôa
i ôb

i 〉, and off-
diagonal terms 〈ôa

i ôb
j 〉, i ̸= j. The diagonal terms are, by definition, local. After the contraction

with the disentangler layer, they can either stay local or grow to a two-body term (Fig. 21(a)).
The off-diagonal terms are two-body terms. After the contraction with the disentangler layer,
they can either stay two-body terms, or grow to three- or four-body terms (Fig. 21(b)). The
measurement procedure is summarized in Fig. 22 for both the TTN and the aTTN.

contract

local 2-body 2-body

a)

b)

contract
3-body 4-body2-body

Figure 21: Different outcomes of contracting the disentanglers with local and
two-body terms. (a) Contracting the disentangler layer with the local terms. The
outcome of the contraction is either a local or a two-body term. (b) Contraction of
the disentangler layer with the two-body terms. The outcome of the contraction is
either a two-body, a three-body, or a four-body term, depending on the number of
disentanglers they connect to.
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2-body 
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3-body 
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termsTreat each as a TPO 

term
Treat each as a TPO term
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value for each

3. Store the computed values 
into a result list

Collect into a correlation MPO for measurement

off-diagonal terms
= 2-body terms
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Figure 22: Overview of the measurement of the two-body correlation matrix for
a TTN versus an aTTN. Diagonal terms refer to terms 〈ôa

i ôb
i 〉, and off-diagonal terms

refer to terms 〈ôa
i ôb

j 〉, i ̸= j in the correlation matrix in Eq. (7).

6 Tips for serving

The sections up to now cover a theoretical guide of the algorithms for the optimization and
the measurements. Next, we give some advice and insights into the algorithm’s performance
for different parameters. Namely, we discuss the optimal strategy for positioning the disentan-
glers and the restrictions in placing them. Then, we compare the performance of the ground
state search for MPS, TTN, and aTTN with different bond dimensions, for different system
sizes and at different points in a phase diagram. We proceed with the analysis of the results
for different numbers of sweeps with disentangler optimization. All results presented fur-
ther are obtained using the Quantum TEA software package. Simulations are performed on
CINECA’s HPC LEONARDO, equipped with NVIDIA Ampere A100 GPU and Intel Xeon Platinum
8358 CPU processors. We performed 30 DMRG sweeps for each ground state search. Prior to
optimization, all the disentanglers are initialized as identities. To simulate two-dimensional
systems, we map the model onto an equivalent one-dimensional one using the Hilbert curve
mapping pattern [40].

The models we use for benchmarking are the quantum Ising model on a square lattice
and the Heisenberg model on a triangular lattice, both with open boundary conditions. The
Hamiltonian of the quantum Ising model is

Ĥ = −J

 

∑

<i j>

σi
xσ

j
x − h

∑

i

σi
z

!

, (8)

where σi
{x ,y,z} are the Pauli operators acting on site i, < i j > denotes the nearest-neighbour

sites, h is the external field, and we take J as the energy unit. For a two-dimensional square
lattice, the model undergoes a quantum phase transition with the critical point at hc ≈ 3.044
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in the thermodynamic limit [41].
The triangular lattice Heisenberg model is an example of a frustrated model, described

with the Hamiltonian
Ĥ = J

∑

<i j>

�

σi
xσ

j
x +σ

i
yσ

j
y +σ

i
zσ

j
z

�

, (9)

where< i j > denotes the nearest-neighbour sites and J is the energy unit. Again, we set J = 1
as the energy unit.

6.1 Positioning the disentanglers

The number of disentanglers and their positions influence the accuracy and the runtime of
the aTTN optimization. We first explain restrictions on placing the disentanglers, and then
proceed to describe the strategy for optimal positioning.

6.1.1 Restrictions on positioning the disentanglers

We pose two general restrictions on disentangler positioning:

1. The same TPO (Hamiltonian interaction) term cannot have more than one disen-
tangler attached to it (Fig. 23(a)). As explained in Sec. 4.1, this restriction is inherent
to the optimization algorithm.

2. The disentangler should not support untruncated links, i.e., links whose maximal
possible bond dimension is smaller than the maximal bond dimension m set in the simu-
lation (Fig. 23(b)). This restriction is not prohibited by the algorithm construction, but
rather prevents us from placing the disentanglers on positions that cannot give a gain
in energy. Note that this implies that a disentangler cannot be placed on the sites that
share the same lowest-layer tensor.
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Restriction 1: No more than one disentangler attached to a single TPO term(a)

Figure 23: Restrictions on the disentangler positioning. (a) The same TPO term
cannot have more than one disentangler attached to it: examples of forbidden and al-
lowed disentangler configurations. The condition needs to be satisfied for every TPO
term in a Hamiltonian. (b) We avoid placing disentanglers on positions that cannot
give a gain in energy because the connecting TTN links already have the maximal
possible bond dimension. For a 16-site TTN, we mark the maximal possible TTN
bond dimensions (left) and bond dimensions after truncation (right), for example,
when d2 < m< d4, m being the maximal bond dimension set in a simulation. Below,
we show examples of forbidden and allowed configurations.

6.1.2 Automatic disentangler positioning

An analysis carried out in Ref. [25] has shown that for an L × L system with a translationally
symmetrical Hamiltonian, a successful strategy for positioning the disentanglers can be to
place as many disentanglers as possible to support the highest-layer link. These are the links
that usually support the largest amount of entanglement. Our strategy is to loop over all of
the possible disentangler positions, starting from the ones supporting the highest-layer link,
and accept the positions which lie fully on at least one Hamiltonian interaction term (see
Fig. 24), and do not violate any of the restrictions from Sec. 6.1.1. An example of the resulting
disentangler layer is shown in Fig. 25 for a 32× 32 lattice and the quantum Ising model from
Eq. (8).
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disentangler fully on an 
interaction term

disentangler not fully 
on an interaction term

Figure 24: An example of disentangler positions with respect to a single inter-
action term. In the left example, the disentangler lies fully on the interaction term.
In the right example, it does not. Our results show that a successful strategy for po-
sitioning the disentanglers is to place only those that lie fully on at least one of the
interaction terms in the Hamiltonian.

x

y

Figure 25: Positions of the disentanglers for 32×32 lattice quantum Ising model,
placed according to the strategy described in text. The lattice sites and the un-
derlying Hilbert curve mapping are represented with gray dots and lines, and the
disentanglers are marked with green. The red and orange lines cut the highest and
second-highest layer links of a TTN, respectively.

Keeping only the terms that lie fully on a single interaction term reduces the simulation runtime
and also gives a significantly lower energy, as demonstrated in Fig. 26. We show how the
resulting energy density ϵ = E/L2 (Fig. 26 (a)) and runtime (Fig. 26 (b)) depend on the
number of disentanglers computed for the 32× 32 quantum Ising model close to the critical
point. Outside of the dark violet region, we place the disentanglers according to the described
strategy, allowing only the positions that lie fully on at least one interaction term. The dark
violet region shows the regime in which we keep placing the remaining disentanglers, starting
once again from the highest-layer bonds, but including also those which do not fully lie on any
interaction term. As soon as the latter regime is entered, we clearly see both a jump in the
optimized energy value and in the computational time.
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N = 32 × 32, h = 3m = 60
a) b)

Figure 26: Ground state search for the quantum Ising model on a 32×32 square
lattice, with a varying number of disentanglers in the disentangler layer, nDE .
We use bond dimension m = 60 and choose the external field value h = 3, close to
the critical point. (a) Ground state energy density ϵ as a function of nDE . The black
dotted line marks the minimum obtained energy density. (b) The corresponding
runtime as a function of nDE . The simulations are run on a GPU. In both plots, the blue
dashed line corresponds to the TTN data obtained with the same bond dimension. A
given number of the disentanglers nDE is placed by prioritizing positions according
to the strategy described in the text. Outside the dark violet region, we place only
the disentanglers that lie fully on at least one interaction term of the Hamiltonian.
Inside the dark violet region, we include additional disentanglers that do not lie fully
on any interaction term. We observe a sudden decrease in accuracy and an increase
in runtime as soon as the dark violet region is entered.

6.2 Comparison to matrix product states and tree tensor networks

We benchmark the accuracy of the ground state search for two-dimensional models for differ-
ent ansätze. We start with the quantum Ising model defined in Eq. (8) on a 32 × 32 square
lattice and then proceed to the Heisenberg model on a triangular lattice defined in Eq. (9).

6.2.1 Quantum Ising model on a square lattice

Fig. 27 (a) shows the difference between the energy densities obtained with the TTN and the
aTTN for different values of the transverse field h. The bond dimension is fixed to m = 100.
We see that the region in which the aTTN gives the largest advantage is close to the critical
point hc ∼ 3. This is where the state’s entanglement is the largest, and the model is usually the
most demanding to simulate. For h≈ 1, in the bulk of the phase, the area law is obeyed. The
obtained results are already converged with the TTN within 10−7 in energy density (Fig. 27
(b)). The difference between the TTN and aTTN energy densities is therefore small.
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Figure 27: The comparison between the TTN and the aTTN for the quantum
Ising model on a 32 × 32 lattice for varying external field h and a fixed bond
dimension. (a) The difference between the TTN and aTTN ground state energy
densities, ϵTTN − ϵaTTN, for bond dimension m = 100. (b) The convergence of the
TTN energy density ϵTTN at h = 1. The plot shows the difference between the TTN
energy density at bond dimension m and the TTN energy density at m= 400, plotted
as a function of inverse bond dimension 1/m. The results imply that far away from
the criticality, values in (a) are converged within approximately 10−7.

While in Fig. 27 we have shown that the aTTN always gives an advantage in accuracy for
a fixed bond dimension, the required memory and runtime are larger compared to TTN and
MPS. Since the amount of computational resources is limited in practice, the following bench-
mark compares the performance of the aTTN with the TTN and the MPS across different bond
dimensions. We evaluate the accuracy, the runtime, and the peak memory allocated on a GPU.
The latter is measured with the PyTorch function torch.cuda.max_memory_allocated().
The largest bond dimension shown corresponds to the largest possible with the assigned mem-
ory resources. Each simulation is assigned 4 CPU cores with a total of 450 GB RAM and a GPU
of 64 GB. A GPU offers a significant speedup [42], but poses a limitation in terms of available
memory. To balance between those two, we utilize the mixed device mode available in Quan-
tum TEA: during the DMRG sweep, only the isometry center tensor and the corresponding
effective operators are stored on a GPU, thus all the operations involving these tensors are car-
ried out on a GPU. This includes solving the local eigenproblem with the Lanczos algorithm.
All remaining operations, including the disentangler optimization for the aTTN, is carried out
on a CPU host. This way, we perform only the computationally most demanding steps on a
GPU, while the rest is kept on a CPU host.

Fig. 28 shows the performance of the different ansätze on the quantum Ising model in a
L× L square lattice for L = 16, 32 at h= 3, where the biggest advantage of aTTNs is expected
according to Fig. 27(a). The presented runtimes for the aTTN ground state search include the
disentangler optimization. Since the longest simulation runtime is ∼ 12 hours, the limiting
factor preventing us from reaching higher bond dimensions with the aTTN and the TTN is
primarily the limited memory on the GPU. MPS simulations are, on the other hand, primarily
limited by the memory requirement on the CPU. This difference arises because the size of the
MPS tensors is m2d in contrast to m3 in the TTN and the aTTN. As a result, a fixed amount
of GPU memory can store MPS tensors and their associated Lanczos tensors at significantly
higher bond dimensions than those feasible for the TTN and the aTTN. The bottleneck thus
shifts from GPU to CPU resources, which are required to store the rest of the tensor network
and effective operators.
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Figure 28: Ground state search benchmark for the quantum Ising model on L× L
square lattice at transverse field h = 3; comparison between MPS, TTN, and
aTTN. For L = 16: (a) ground state energy densities ϵ as a function of bond dimen-
sion m and (b) as a function of the runtime. (c) Maximal allocated GPU memory
during the simulation. For L = 32: (d) ground state energy densities ϵ as a function
of bond dimension m and (e) as a function of the runtime. (f) Maximal allocated
GPU memory during the simulation.

For L = 16, we find that MPS performs slightly better than TTN and aTTN at the maximal
reachable bond dimension m (Fig. 28(a)). All three energy densities are within 10−5 dif-
ference. By comparing the energy density over runtime (Fig. 28(b)), we find very similar
performance between all three ansätze. However, as we increase the lattice size to L = 32, a
clear separation emerges, with the aTTN performing the best (Figs. 28(d) and (e)).

The underlying reason is that when mapped to a 1D tensor network, larger lattices produce
more long-range interactions. These are handled better by the TTN’s hierarchical structure
compared to the MPS. However, at L = 16, the MPS is still able to compensate by reaching
a larger bond dimension due to the better scaling in memory. The main factor affecting the
difference between aTTN and TTN is the number of disentanglers, with a larger lattice al-
lowing to place more of them. As discussed in Sec. 6.1.2, placing more disentanglers leads
to greater energy improvement in aTTN. As a result, the tradeoff between additional cost in
aTTN memory resources and gained precision shifts: for L = 16, the benefit of adding dis-
entanglers does not outweigh the increase in required resources, whereas for L = 32, where
significantly more disentanglers can be employed, the precision gain justifies the additional
memory requirement.

The peak memory allocated on a GPU during the simulation (Figs. 28(c) and (f)) clearly
exhibits polynomial scaling with bond dimension m for all three ansatze. The scaling under-
lines the size of the tensors in the Lanczos algorithm for each ansätze: O(m2) for MPS and
O(m3) for both TTN and aTTN (Fig. 19). On the GPU, we store only the isometry center ten-
sor, Lanczos tensors, and the corresponding effective operators; thus, this behaviour precisely
reproduces the theoretical expectation. We obtain the scaling coefficients by fitting the peak
memory to a polynomial A·mα, with the precise values obtained for A and α shown in Table 1.

31



SciPost Physics Lecture Notes Submission

The difference between the TTN and the aTTN is in a proportionality factor A, with the aTTN
simulations requiring roughly 6.5 times more GPU memory with respect to the TTN for L = 16
and 9.8 times more for L = 32. The increased prefactor is a consequence of the increased
bond dimension of the TPO terms in the auxiliary Hamiltonian after the contraction of the
disentangler layer. This contrasts with the TTN, where all Hamiltonian TPO terms maintain
a bond dimension of one. Moreover, the larger prefactor for L = 32 with respect to L = 16
directly reflects the increased number of TPO terms in a single effective operator in the larger
system (discussed in Sec. 4.4.2).

MPS TTN aTTN

L = 16
A (5.7± 0.3) · 10−6 (7.7± 0.2) · 10−7 (5.06± 0.09) · 10−6

α 1.950± 0.007 2.966± 0.005 2.973± 0.003

L = 32
A (1.9± 0.1) · 10−5 (1.13± 0.03) · 10−6 (1.10± 0.04) · 10−5

α 1.98± 0.01 2.978± 0.004 2.962± 0.008

Table 1: Memory scaling coefficients for quantum Ising model on L × L square
lattice. Obtained scaling coefficients when fitting the values of maximal allocated
GPU memory (in GB) to a polynomial A ·mα.

Altogether, when considering fixed computational resources, the aTTN gives an advantage
for large enough lattice sizes. To further identify the Hamiltonian parameter regimes in which
this advantage persists, for L = 32 we compare the best possible result for aTTN and TTN
across different values of the external field. The best energy values are obtained at bond
dimension m= 160 for aTTN and m= 400 for TTN. The resulting energies for MPS are higher
than both TTN and aTTN in the entire parameter range.

We plot the difference between the best obtained energy density for the TTN and the aTTN
in Fig. 29. The background colors denote which ansatz gives the best accuracy at the corre-
sponding external field value, yellow denoting the TTN, and red denoting the aTTN. The TTN
is more successful in the bulk of the phase where the state is less entangled, while the aTTN
becomes advantageous when the state becomes more entangled close to the critical point. This
happens because the correlations in the system grow as the critical point is approached, reach-
ing the regime in which the high-layer TTN links become saturated. Placing the disentangler
over high-layer links allows us to capture long-range correlations more accurately.

N = 32 × 32
Best energy with 
TTN m = 400

Best energy with 
aTTN m = 160

Figure 29: The difference between the best obtained TTN and aTTN energy den-
sity with given memory resources for L = 32 quantum Ising model. The differ-
ence is plotted across different external fields. Background color denotes the ansatz
for which the lower energy was obtained, yellow for a TTN and red for an aTTN. The
bond dimensions are m= 400 for TTN and m= 160 for aTTN.

32



SciPost Physics Lecture Notes Submission

6.2.2 Heisenberg model on a triangular lattice

As for the quantum Ising model, we compare the accuracy and computational cost of aTTN
with TTN and MPS across different bond dimensions for the Heisenberg model (Eq. (9)) on
a triangular L × L lattice. Fig. 30 shows the results for L = 16 and L = 32. This model
is geometrically frustrated and is shown to be among the most challenging models for the
variational ground state search [43]. We thus expect a large amount of entanglement in the
ground state. The red line in Fig. 30(a) marks the lowest energy density value shown in the
collection of benchmarks in Ref. [43], obtained using the recurrent neural network (RNN)
wave function [44].

The best performance with given resources for L = 16 is again obtained by MPS. It provides
the highest overall accuracy at bond dimension m= 1200 (Fig. 30(a)), as well as the smallest
runtime at fixed accuracy (Fig. 30(b)). However, both the best performance and accuracy for
L = 32 are obtained by TTN (Figs. 30(c) and (d)). Therefore, with given resources, the aTTN
does not outperform other ansätze for this model. We attribute this to two key factors. First,
because of the geometry of the lattice, the total number of interaction terms in the Heisenberg
model is nine times larger than in the quantum Ising model. This means that more interaction
terms will have an increased bond dimension after the disentangler layer is applied to the
Hamiltonian MPO. This increases the prefactor in the aTTN’s memory scaling with respect to
the TTN and the MPS (recall Sec. 4.4.2), supported by the analysis of the peak GPU memory
below. The largest bond dimension we could reach with the aTTN is m = 100. Second, the
triangular lattice with nearest-neighbour interactions imposes stricter geometric constraints on
the placement of disentanglers compared to the square lattice, resulting in a smaller number
of viable disentangler positions. Specifically, the triangular lattice nearest-neighbour model
is equivalent to a model with next-to-nearest-neighbour interactions along one diagonal on a
square lattice. This limits the number of disentangler positions due to the constraint that no
more than one disentangler can be assigned to a single interaction (TPO) term (Sec. 6.1.1).
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Figure 30: Ground state search benchmark for triangular Heisenberg model on
L×L triangular lattice; comparison between MPS, TTN and aTTN. For L = 16: (a)
ground state energy density as a function of bond dimensions. The red line marks, up
to our knowledge, the best-known variational benchmark obtained with the recurrent
neural network (RNN) wave function, taken from Refs. [43, 44]. (b) Ground state
energy density as a function of the corresponding runtime. (c) Maximal allocated
GPU memory during the simulation. For L = 32: (d) ground state energy density as
a function of bond dimensions and (e) as a function of corresponding runtime. (f)
Maximal allocated GPU memory during the simulation.

As in the case of quantum Ising model, the peak memory allocated on a GPU during the
simulation (Figs. 30(c) and (f)) scales approximately as O(m2) for MPS and O(m3) for both
TTN and aTTN. We obtain the scalings by fitting the memory values to a polynomial A·mα, with
the precise values obtained for A and α shown in Table 2. We find that the aTTN simulations
require roughly 8.7 times more GPU memory with respect to the TTN for L = 16 and 10.9
times for L = 32. The prefactor A is larger with respect to the quantum Ising model for both
system sizes.

MPS TTN aTTN

L = 16
A (7.8± 0.4) · 10−6 (1.93± 0.07) · 10−6 (1.675± 0.0.05) · 10−5

α 1.961± 0.008 2.973± 0.007 2.958± 0.008

L = 32
A (1.8± 0.2) · 10−5 (3.6± 0.2) · 10−6 (3.9± 0.2) · 10−5

α 1.99± 0.02 2.974± 0.009 2.940± 0.009

Table 2: Memory scaling coefficients for Heisenberg model on L × L triangular
lattice. Obtained scaling coefficients when fitting the values of maximal allocated
GPU memory (in GB) to a polynomial A ·mα.

A reduction in the required memory of the aTTN could be achieved by compressing mul-
tiple Hamiltonian TPO which act on the same site, e.g., for the triangular Heisenberg those
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would be σxσx , σyσy , and σzσz . This would produce TPO terms with a larger bond dimen-
sion. However, after the contraction with the disentangler layer, the compressed Hamiltonian
TPO terms with fully overlapping disentanglers would result in one term with bond dimension
d2, instead of multiple terms with bond dimension d2 as in the case without compression. We
leave this for future work.

6.3 Disentangler optimization gain across sweeps

Finally, we tune the disentangler optimization across the DMRG sweeps. In particular, we
perform STTN sweeps of DMRG on the TTN without the disentangler layer, and after that,
start optimizing the disentangler layer in every sweep. The total number of sweeps in all
simulations is 30 and the simulations were performed fully on a GPU. The benchmark results
for the quantum Ising model at h = 3 for 32 × 32 lattice are shown in Fig. 31. The results
show that the optimal scenario is performing the first sweep with TTN only and the rest with
the disentangler layer optimization, i.e., STTN = 1. This implies that, when starting from
an already optimized TTN, the disentangler optimization is not able to escape from a local
minimum.

1e-5 - 3.185

N = 32 × 32, h = 3

a) b)

Figure 31: Ground state search benchmark for quantum Ising model on 32× 32
square lattice for different number of initial DMRG sweeps without the disen-
tangler layer, STTN. After STTN sweeps, the disentangler layer is optimized in every
sweep. The total number of sweeps is always 30. The plots show (a) ground state
energy density ϵ and the corresponding runtime (b) as a function of STTN at external
field h= 3 and bond dimension m= 100.

7 Conclusion

We described the aTTN algorithms for the ground state search and the measurement of observ-
ables in detail. The steps presented here follow the implementation in Quantum TEA [28], an
open-source tensor network software package. We benchmarked the ground state search for
different hyperparameters on the quantum Ising model on a square lattice of 32×32 spins. We
described the optimal strategy for the placement of disentanglers, and showed that the best
accuracy is obtained when the disentangler layer optimization is performed in every sweep,
starting after the first DMRG sweep on a TTN.

Furthermore, we performed large-scale ground state search simulations utilizing GPUs to
compare the performance of the aTTN to the TTN and the MPS for a square lattice quantum
Ising model and a triangular lattice Heisenberg model. Our results demonstrate that the aTTN
consistently improves ground state energy estimates at fixed bond dimension. The largest
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gains appear near the critical point, as demonstrated for the 2D quantum Ising model. To
identify the parameter regimes where the aTTNs offer advantages over the MPS and the TTN
in accuracy relative to computational cost, we performed the simulations across a wide range
of bond dimensions, with the largest bond dimension being the largest possible given the
assigned memory resources. On both the Ising and the Heisenberg models, we confirmed that
the memory cost of the aTTN retains the same polynomial scaling with the bond dimension as
the TTN, but with a different constant prefactor.

We find that the aTTN is advantageous for large lattices, where it is possible to place a
large number of disentanglers, and close to the critical point, where the disentanglers help
capture the long-range correlations. While the advantageous regime is readily in reach for
the Ising model on a square lattice, we find that the aTTN does not outperform the TTN and
the MPS for the Heisenberg model on the triangular lattice. The main limitation is given by
the memory cost of the aTTN algorithm. This is especially apparent in the Heisenberg model,
where the large number of interaction terms amplify the memory overhead post-disentangler
application. We think this could be improved by using the compression of Hamiltonian terms.
The regime of the utility of the aTTN can be expanded further by distributing the simulations
over multiple GPUs. Finally, while up to now we have constructed the optimization scheme for
finding the aTTN ground state, the next expected step is extending the aTTN algorithm scope
towards the time evolution.

Data and code availability

All the simulations are performed using the Quantum TEA libraries [28]. The benchmark
datasets are available on Zenodo [45] and figures are available on the Figshare repository [46].
The simulation setup with Quantum TEA is provided within the repository [29].
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