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In the multichannel Kondo effect, overscreening of a magnetic impurity by conduction electrons leads to
a frustrated exotic ground state. It has been proposed that multichannel topological Kondo (MCTK) model
involving topological Cooper pair boxes with M Majorana modes [SO(M ) “spin”] and N spinless electron
channels exhibits an exotic intermediate coupling fixed point. This intermediate fixed point has been analyzed
through large-N perturbative calculations, which gives a zero-temperature conductance decaying as 1/N2 in
the large-N limit. However, the conductance at this intermediate fixed point has not been calculated for generic
N . Using representation theory, we verify the existence of this intermediate-coupling fixed point and find the
strong-coupling effective Hamiltonian for the case M = 4. Using conformal field theory techniques for SO(M ),
we generalize the notion of overscreening and conclude that the MCTK model is an overscreened Kondo model.
We find the fixed-point finite-size energy spectrum and the leading irrelevant operator (LIO). We express the
fixed-point conductance in terms of the modular S-matrix of SO(M ) for general N , confirming the previous
large-N result. We describe the finite-temperature corrections to the conductance by the LIO and find that they
are qualitatively different for the cases N = 1 and N ≥ 2 due to the different fusion outcomes with the current
operator. We also compare the multichannel topological Kondo model to the topological symplectic Kondo
model.
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I. INTRODUCTION

The Kondo model explains the local minimum resistivity
at low temperatures in certain noble metals using a spin-spin
exchange interaction between the magnetic impurity and con-
duction electrons [1]. The multichannel generalization of it
[2] with fruitful experimental developments in mesoscopic
devices [3–9] leads Kondo physics to a new era due to not
only the experimental measurement of conductance, but also
the potential applications to topological quantum computa-
tions using emergent anyonic excitations [10–15]. The key
requirement is overscreening: the impurity spin (S) is smaller
than the largest possible local total spin (N/2) for N -channel
conduction electrons. Overscreening indicates an intermedi-
ate coupling fixed point [2], whose existence was verified in
the large-N limit where the intermediate coupling fixed point
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moves toward weak coupling and becomes perturbatively ac-
cessible in the 1/N expansion [16].

The intermediate coupling fixed point of the N ≥ 2-
channel Kondo model is an exotic state not described by free
electrons. As first demonstrated using the Bethe Ansatz tech-
nique [17, 18] the impurity entropy is Simp = ln[g(N)] where
the generally irrational number g(N) = 2 cos[π/(N +2)] can
be interpreted as the effective ground state degeneracy of the
impurity problem. Crucially, it coincides with the quantum
dimension of the anyon “1/2”, labeled by its representation
in the SU(2)N fusion category [10]. As shown by Emery and
Kivelson [19] (see also Refs. [20–22]) for the two-channel
Kondo (2CK) model, an emergent Majorana at the impurity
spin will be decoupled from the conduction electrons.

Since the 1990s (multichannel) Kondo physics has also
been realized in artificial quantum emulators. Of particu-
lar relevance are strongly interacting quantum dots coupled
to electronic leads [4]. In this context, while there has been
progress towards measuring the entropy of a mesoscopic de-
vice [23–25], a somewhat more natural experimental ob-
servable than the impurity entropy is the (trans-)conductance
across the dot. Crucially, at zero temperature it takes an N -
dependent universal value, while the conductance correction
near T = 0 is given by the leading perturbation, namely
the least irrelevant operator (LIO). The first-order correction
T∆LIO−1 with ∆LIO = 1+2/(N +2) dominates unless it van-
ishes in which case one considers the second-order correction
T 2(∆LIO−1) [5, 7]. In any case, the temperature dependence
demonstrates non-Fermi liquid behavior, i.e., non-T 2 behav-
ior. Here, the LIO is formed by the first descendants of the
adjoint (spin-1) primary operators [10, 26–33].

Theoretically, further platforms of Kondo effects in meso-
scopic devices with non-Fermi liquid behavior have been
proposed for setups with symmetry groups [34] other than
SU(2). These include SO(M), e.g. the (multichannel) topo-
logical Kondo model whose impurity consists ofM Majorana
zero modes on a floating topological superconducting island
coupled to normal spin-polarized metallic leads [35–39], as
well as Sp(2k), e.g. the topological symplectic Kondo model
whose impurity consists of k one-dimensional topological end
states that are coupled to spinful leads [40–42]. The existence
of the intermediate coupling fixed point of the topological
symplectic Kondo model has been demonstrated through the
strong coupling analysis [40]. However the strong coupling of
the SO(M) topological Kondo model has not been well stud-
ied and thus the existence of the intermediate coupling fixed
point has not been fully demonstrated generally for any M ,
although the mapping from the M = 3, 4 topological Kondo
models to the MCK models and the large-N results of the N -
channel topological Kondo model both indicate its existence
[35, 37]. In this paper we show that the strong-coupling fixed
point of the SO(M) topological Kondo model is indeed unsta-
ble, suggesting flow towards an intermediate fixed point. We
will also clarify the meaning of overscreening in the topolog-
ical Kondo model.

Another open question that we will address in this
work concerns the low-temperature conductance. The low-
temperature conductance correction calculated in the large-N

limit is T (M−2)/(2N) [37], which suggests T∆ where ∆ =
(M − 2)/(2N +M − 2) is the scaling dimension for the ad-
joint primary operator. The first descendant of this primary
operator gives the LIO with scaling dimension 1 + ∆. How-
ever, it is also known that theN = 1 topological Kondo model
has a conductance correction T 2∆ [35, 36, 43], which seems
contradictory to the above. A similar change in the temper-
ature exponent of the conductance correction occurs in the
multichannel charge-Kondo effect [8, 44]. In this paper, by
developing the boundary conformal field theory for the topo-
logical Kondo model, we address the reason for this change in
the temperature exponent.

This manuscript is structured as follows. In Sec. II, we
first analyze the SO(M) topological Kondo exchange inter-
action using representation theory and show that it is an over-
screened Kondo interaction which supports the existence of
the intermediate coupling fixed point. In Sec. III, we introduce
the conformal field theory techniques and the Kac-Moody al-
gebra for the topological Kondo intermediate coupling fixed
point. In Sec. IV, by identifying the important operators from
the intermediate fixed point, we give the analytical results of
the zero temperature conductance and the finite-temperature
conductance correction for the N -channel topological Kondo
model with M Majoranas. In Sec. V, we further discuss the
analogous conductance correction of the topological Sp(2k)
Kondo model.

II. INSTABILITY OF THE STRONG COUPLING FIXED
POINT FOR SO(M) KONDO MODELS

The total Hamiltonian H0+HMCTK of the N channel topo-
logical Kondo model consists of the linearized kinetic energy
of the itinerant fermions (H0), and the N -channel SO(M)
topological Kondo interaction HMCTK (see Fig. 1a):

H0 =
vF

2π

∫ l

−l

dx

N∑
n=1

M∑
α=1

iψ†
n,α(x)∂xψn,α(x), (1)

HMCTK = λ

N∑
n=1

∑
A

SAJA
n (x = 0), (2)

where vF is the Fermi velocity and 2l is the length of the sys-
tem, which can be taken to infinity at the end [45]. Here,
we considered the right mover as a continuation of the left
mover to the negative axis [10, 45] (see Fig. 1b-c). The
SO(M) impurity operators are SA=(α,β) = −iγαγβ/2 with
γ1,...,M denoting the M Majorana zero modes. The conduc-
tion electron operators in the nth channel are JA=(α,β)

n =

−i(ψ†
n,αψn,β −ψ†

n,βψn,α) and there are M(M − 1)/2 (α, β)
pairs that satisfy α < β when α, β = 1, . . . ,M label flavors.
The operators SA and JA

n are different representations of the
SO(M) generators.

A weak Kondo coupling λ > 0 flows to the stronger
coupling under renormalization group (RG) flow [35] (see
Fig. 1d). For simplicity we consider an idealized case of only
one Kondo coupling, i.e. fully isotropic exchange; while weak
flavor anisotropies are irrelevant under the RG flow [35, 37,
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FIG. 1. (a) Setup of the multichannel topological Kondo model im-
plemented as a Coulomb blockaded Majorana island with M Majo-
ranas (flavors) coupled to N metallic leads (channels) for each Ma-
jorana. (b) Each channel is assumed to host linearly dispersing left
(L) and right (R) moving modes on a half axis, coupled to the impu-
rity at x = 0. (c) Unfolding to chiral model: The right movers can
be considered as a continuation of the left movers defined on the full
axis, see Eq. (1). (d) The RG flow of the Kondo coupling λ.

46], channel anisotropy is not [37]. In the large-N limit, in
Ref. [37] some of us perturbatively calculated the RG equa-
tions and found that there is a stable intermediate coupling
fixed point λ∗ = 1/(2Nρ) where ρ = 1/(πvF ) is the con-
stant density of states per length. This intermediate-coupling
fixed point indicates an unstable strong-coupling fixed point
(see Fig. 1d). However, the perturbative results can no longer
be trusted in the caseN ∼ O(1), where the intermediate fixed
point (if any) no longer resides in the weak coupling regime.

Here we first evince the presence of the intermediate non-
trivial fixed point. Trivially, as for any Kondo problem, the
fixed point λ = 0 is unstable (because λ is marginally rele-
vant). Next we consider λ = ∞ and study if this fixed point
is stable or not. To this end, we assume dominant HMCTK,
Eq. (2), in the strong coupling regime and momentarily ne-
glect kinetic energy, Eq. (1) [2]. In the lattice version of
Fig. 1b, x takes discrete values 0, 1, 2, . . . and 0 denotes the
closest site to the impurity. At x = 0, we notice that

JA = −i(γα,Rγβ,R + γα,Iγβ,I)/2 ≡ SA
R + SA

I , (3)

when introducing Majorana representation ψα = (γα,R +
iγα,I)/2 for each conduction electron channel n (the channel
index n is omitted). Thus, the impurity represented by opera-
tor SA is screened by conduction electrons represented by 2N
SAs (see also [47–49] for the case of single conduction SA).
Since two SAs can combine into a singlet, see Eq. (9), this
means that Eq. (2) is an overscreened Kondo interaction. This
overscreening in terms of the number of SA indicates the in-
stability of the strong-coupling fixed point and therefore leads
to a stable intermediate-coupling fixed point. By analogy with
the 2CK model, i.e., when the Majorana island is screened by
two conduction Majorana channels, we expect that the ground
states of Eq. (2) withN = 1 form a new impurity that is repre-
sented by SA and will be further screened by the next nearest
(x = 1) conduction electrons.

The above analogy can be shown by solving the ground
states of Eq. (2) using the following standard Casimir form:

∑
A

SAJA =
1

2

[∑
A

(SA + JA)2 − (SA)2 − (JA)2

]
. (4)

These three operators on the right are the Casimir operators,
and the Casimir invariant c(R) for each Casimir operator is
determined by its representation R. In terms of the Dynkin’s
labels ai (non-negative integers), i.e., R =

∑r
i=1 aiµi where

the integer r is the rank of the Lie algebra [r = m for
SO(M = 2m) and SO(M = 2m+ 1)] and µi are the funda-
mental representations, the Casimir invariant is

c(R) =

m∑
i,j=1

(αi · αi)(ai/2 + 1)(C−1)ijaj . (5)

The vector αi are the simple roots and the matrix Cij ≡
2(αi · αj)/(αi · αi) is the Cartan matrix [50–53]. Thus, the
ground states and their energy of Eq. (4) are both determined
by the representations of SA and JA.

Before going to the representation theory, one can calcu-
late the Casimir invariant of SA using only the commutation
relations {γi, γj} = 2δij :∑

A

(SA)2 = −
∑
α<β

γαγβγαγβ/4 =M(M − 1)/8. (6)

This result can be verified by plugging the Dynkin’s labels of
R(SA) (see Appendix A),

R(SA) =

{
µm−1 ⊕ µm, if M = 2m

µm, if M = 2m+ 1
(7)

into Eq. (5), which also results in the right side of Eq. (6).
For the following part in this section, we focus on the even
case M = 2m. The representations µm−1 and µm are the
two spinor fundamental representations which have the same
dimension 2m−1 but different total parities Π2m

α=1γα = ±1.
In order to obtain the Casimir invariant for JA, we note that

JA(x = 0) commutes with the number operator and thus is
block diagonal in the single-site x = 0 Fock space. There-
fore R(JA) is a reducible representation. Consequently, we
introduce the K-particle sector at the site x = 0 and define
JA,K the corresponding block in JA. The dimension of the
K-particle representation R(JA,K) is

(
2m
K

)
. The total dimen-

sion of R(JA) is
∑2m

K=0

(
2m
K

)
= 22m where 0 ≤ K ≤ M ;

this total dimension agrees with what we expect from Eq. (3).
The K-particle sector and M −K-particle sector are iden-

tical due to particle-hole symmetry. This can be seen from the
Casimir operator for JA in the K-particle sector∑

A

JA,KJA,K =
∑
α̸=β

ψ†
αψα(1−ψ†

βψβ) = K(M−K). (8)

The second equality above is obtained by noting that for
any K-particle state, in order to have a nonzero average for
ψ†
αψα(1−ψ†

βψβ), α should be one of theK occupied flavors,
and β should be one of the M − K unoccupied flavors. In
total, there are K(M − K) (α, β) pairs. Eq. (3) means that
the representation R(JA) can be given by R(SA

R) ⊗ R(SA
I )

and thus we get the representations of JA for SO(M = 2m)
(see Appendix A):

R(JA) = R(SA)⊗R(SA) ≡
2m⊕
K=0

R(JA,K) (9)
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using the representation R(SA), i.e., Eq. (7). We check that
Eq. (8) matches the result by plugging the Dynkin’s labels of
R(JA,K) [Eq. (9)] into Eq. (5).

Now, we can decompose R(SA) ⊗ R(JA,K) for each K-
particle sector. While the corresponding Casimir invariant can
be evaluated, its full expression is too complex to show here,
but the reader can refer to Appendix A 2 for more informa-
tion. Nevertheless, we find that µm−1 and µm have the small-
est Casimir invariant c(R) [Eq. (6)] except the trivial repre-
sentation R = 0 and always exist in the decompositions of
R(SA) ⊗ R(JA,K) for any 0 ≤ K ≤ 2m. Thus, the ground
states of Eq. (2) lie in theK = m-particle sector (half-filling),
where Eq. (8) is maximal and Eq. (4) has its minimum. These
ground states labeled by µm−1 ⊕ µm form a new impurity
[same representation as the original impurity, see Eq. (7)].
We thus expect by symmetry that it couples to conduction
electrons as in Eq. (2) and thus will be screened by the elec-
trons at site x = 1, which confirms that the leads can be con-
sidered as two-channel Majorana-lead according to Eq. (3),
which will overscreen the Majorana-island just as in the con-
ventional 2CK effect. Moreover, the effective Hamiltonian
of strong coupling is still a topological Kondo interaction but
with a new Kondo coupling λ′ ∼ t2/λ where t is the kinetic
energy of the itinerant electrons. The strong coupling limit
of λ is the weak coupling limit of λ′, which we know to be
unstable. This weak-strong duality predicts a self-dual point,
which is the intermediate fixed point (see Fig. 1d). We show
an explicit example in the Appendix B forM = 4 andN = 1.
The ground states in the strong coupling fixed point are in the
K = m = 2-particle sector, which can be represented by two
decoupled spin-1s (a six-dimensional space formed by plac-
ing K = 2 particles into M = 4 available orbitals). The im-
purity can be represented by two decoupled spin-1/2s. Thus,
the 1-channel topological SO(4) Kondo model is equivalent
to 2CK and is overscreened. This equivalence comes from the
fact SO(4) ∼ SU(2)× SU(2) (see Appendix B 1 and the sup-
plementary material of Ref. [37]). Similar arguments about
overscreening from the strong-coupling perspective are also
used in Refs. [2, 54, 55].

The multichannel case (N > 1) with more screening is also
an overscreened Kondo model. In conclusion, we have shown
the instability of the strong-coupling fixed point and thus the
existence of the intermediate-coupling fixed point (see the
λ = λ∗ point in Fig. 1d).

III. CONFORMAL FIELD THEORY AT THE
INTERMEDIATE-COUPLING FIXED POINT

The powerful boundary conformal field theory method was
successfully applied to the intermediate-coupling fixed point
of the multichannel SU(2) Kondo model [10, 27–29, 31, 45].
As we verified the strong-coupling instability of the multi-
channel SO(M) topological Kondo model in the last section,
suggesting the existence of an intermediate-coupling fixed
point, we introduce in this section the SO(M) generalization
of the conformal field theory description.

A. The definition of overscreening

Below Eq. (3) we argued that the topological Kondo model
is overscreened. In this section we make this notion more
precise. Recall that overscreening in the N -channel (spin-
1/2 conduction electrons) SU(2) Kondo model with impurity
spin-s means 2s < N [2]. This constraint for the impurity
spin is also the cut-off for the allowed spins (representations)
in the SU(2)N affine Lie algebra, i.e., the Kac-Moody alge-
bra, which is part of the conformal field theory describing the
intermediate-coupling fixed point [10]. Thus, we can think of
overscreening as the requirement that the impurity representa-
tion is allowed in the affine Lie algebra. We note however the
following two exceptions: (i) the case s = N/2 correspond-
ing to exact or perfect screening, and (ii) the (trivial) case
of a scalar impurity [spin-0], which are both allowed in the
Kac-Moody algebra but flow to the same free fermion theory
as the free fixed point. Next, we generalize the definition of
overscreening using the representation cut-off for the SO(M)
case.

The symmetry current operator for the N -channel SO(M)
Kondo model, Eq. (2), is defined as

J̃A(x) =

N∑
n=1

JA
n =

N∑
n=1

M∑
α,β=1

ψ†
n,α(x)(T

A)αβψn,β(x),

(10)
where TAs are the traceless generators of the SO(M) group,
defined as (TA)αβ ≡ (T rs)αβ = i(δrαδ

s
β − δrβδ

s
α). Here the

generators are labeled by the pair r, s of indices r < s =
1, ...,M . We may alternatively label the generators by a sin-
gle integer A = 1, . . . ,M(M − 1)/2. The generators sat-
isfy Tr(TATB) = 2δAB and [TA, TB ] = i

∑
C f

ABCTC

where fABC = (−i/2)Tr([TA, TB ]TC) is the structure con-
stant. The Kac-Moody algebra for the Fourier components of
Eq. (10) is

[J̃A
p , J̃

B
p′ ] = i

∑
C

fABC J̃C
p+p′ + 2N pδABδp,−p′ , (11)

with the prefactor in the second term defining the level 2N
(see Appendix C). Thus, the affine Lie algebra for the N -
channel topological Kondo model is SO(M)2N (see Ref. [56]
for the N = 1 case) because each screening fermion channel
is two screening Majorana channels as shown by Eq. (3). For
N Majorana channels one finds SO(M)N [47].

By requiring primary states to have non-negative norm, we
can find that the allowed representations R =

∑m
i=1 aiµi = ℓ⃗

for the SO(M)2N Kac-Moody algebra must satisfy (see Ap-
pendix D 2 and D 3 for derivations){

ℓi ± ℓj ≤ 2N, if M = 2m

ℓi ± ℓj ≤ 2N and ℓj ≤ 2N, if M = 2m+ 1
(12)

where 1 ≤ i < j = 1, ...,m, ai = ℓi − ℓi+1, i = 1, ...,m− 1
and

am =

{
ℓm−1 + ℓm, if M = 2m

2ℓm, if M = 2m+ 1
. (13)
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0 µ1 µ2 µ1 + µ2 2µ1 2µ2 2µ1 + µ2 µ1 + 2µ2 2µ1 + 2µ2

1
√
2

√
2 2 1 1

√
2

√
2 1

TABLE I. The quantum dimensions for all the allowed representa-
tions in SO(4)2, see Sec. III B. The anyons denoted by µ1,2 appear
at the topological Kondo intermediate fixed point. The presence of
quantum dimensions larger than one indicate overscreening. The
trivial screening cases are given by the representations with quan-
tum dimension 1.

The necessary requirements are thus that the Dynkin labels

ai=1,...,m−1 ≤ 2N, and, am ≤

{
2N, if M = 2m

4N, if M = 2m+ 1
.

(14)
When the impurity representation satisfies all inequalities in
Eq. (12) but upon fusion with the conduction electrons (see
Sec. III B) still gives the free-fermion spectrum [45], we de-
fine this case as “trivial screening”. The overscreening is
when the representation satisfies Eq. (12) but does not belong
to trivial screening. For the SU(2)N case, the trivial screening
occurs when the impurity spin s = 0 or N/2. All other cases
with spin s = 1/2, 1, . . . , (N − 1)/2 are overscreening. We
can easily check that the impurity representation R(SA), i.e.,
Eq. (7) satisfy Eq. (12) for any N ≥ 1 and does not belong
to the trivial screening. Thus, we conclude that the multi-
channel topological Kondo model is an overscreened Kondo
model which matches our conclusion in the last section that
the strong-coupling fixed point is unstable.

B. Fusion rules, quantum dimensions, and scaling dimensions

The fusion rule for two allowed representations R1 and R2

of the Kac-Moody algebra is R1 × R2 =
∑

R3
NR3

R1R2
R3

where NR3

R1R2
=

∑
R4
SR1,R4SR2,R4S

∗
R3,R4

/S0,R4 by the
Verlinde formula [57], SR1,R4 is the modular S-matrix for
SO(M)2N [58] and ∗ denotes complex conjugation. (These
SO(M)2N fusion rules for all pairs of representations de-
fine a fusion category [59].) Based on the fusion rule (see
Appendix D for example), one can calculate the effective
dimension for each representation, that is, the quantum di-
mension which is generally noninteger because of the cut-off
Eq. (12). The quantum dimension is given by the modular
S-matrix g[R] = S0,R/S0,0, and it further gives the impurity
entropy [10, 60]

Simp = ln g[R(SA)] = ln g[µm] , (15)

for the SO(M = 2m)2N and SO(M = 2m + 1)2N topo-
logical Kondo models, which matches with the N = 1 result
in Ref. [61]. For example, the quantum dimensions for all
the allowed representations of SO(4)2 by Eq. (12) are listed
in Tab. I. Because the representation of the impurity is µ1 or
µ2 as shown by Eq. (7), the impurity entropy is ln

√
2 for the

SO(4)2 topological Kondo model.
In order to obtain the scaling dimensions of leading oper-

ators in the Kondo intermediate fixed point, we now proceed

with the construction of the conformal field theory descrip-
tion. The kinetic energy H0 [Eq. (1)] in its Sugawara form af-
ter non-Abelian bosonization [Eq. (10)] becomes [45, 60, 62]:

H0 =
πvF

l

∞∑
p=−∞

[∑
A

: J̃A
−pJ̃

A
p :

M + 2N − 2
+
∑
a

: J̃a
−pJ̃

a
p :

2N +M − 2

]
,

(16)

where J̃A
p [J̃a

p ] are the pth component from the Fourier trans-
formation of the SO(M)2N [SO(2N)M ] generators; the nor-
mal ordering : · · · : moves operators with p > 0 to the right.
The Kondo interaction HMCTK [Eq. (2)] becomes

HMCTK = λ̃
πvF

l

∞∑
p=−∞

∑
A

J̃A
p S

A , (17)

where λ̃ = ρλ = λ/(πvF). At a critical value (the
intermediate-coupling fixed point) λ̃ = λ̃∗ = 2/(M +
2N − 2), the Kondo interaction HMCTK can be absorbed into
Eq. (16) by defining the currents J A

p = J̃A
p + SA which still

satisfy the SO(M)2N Kac-Moody algebra Eq. (11) [10, 45].
However, this will only work if the representation obtained by
fusing the impurity and conduction electron representations is
in the Kac-Moody algebra, i.e., satisfies Eq. (12).

The most fundamental states in the spectrum of Eq. (16) are
called primary states which are annihilated by J̃A

p>0 and J̃a
p>0.

Excited states can be obtained from them by acting with J̃A
p<0

and J̃a
p<0 [45, 63]. Thus, the primary states can be labeled

by the representations of the SO(M)2N and SO(2N)M Lie
algebra. Another way to see this is from Eq. (16) which is in
the standard Casimir form, so that its eigenvalues can be la-
beled by the representations of the SO(M)2N and SO(2N)M
Lie algebra. For example, when M = 4 and N = 1, the
primary states (see Tab. II) are labeled by the representa-
tions (Dynkin’s label) of the SO(4) (a1, a2) and SO(2) (Q)
Lie algebra. In the free fixed point, only vector representa-
tions (even a1+a2) are allowed because the current operators
Eq. (10) are defined using fermions and not Majoranas. The
primary-state energies are [for (M = 4, N = 1)]

E
(a1,a2,Q)
0 =

πvF

l

[
1

8

(
a1 +

a21
2

+ a2 +
a22
2

)
+

1

8
Q2

]
.

(18)
If we take a1 = 2j and a2 = 2jf , Eq. (18) becomes iden-
tical to the SU(2)2 conformal data [45, 63]. The confor-
mal scaling dimension of the primary operator that creates
the primary state (a1, a2, Q) when applied to the vacuum is
E

(a1,a2,Q)
0 l/(πvF) (see Tab. II) [64].
By the Affleck-Ludwig fusion hypothesis [29, 30], the

Kondo fixed point (the intermediate-coupling fixed point, see
Fig. 1d) primary states are determined by fusion of the free
fixed point primary states [45] with the representation of the
impurity. For the case SO(4)2, where the impurity represen-
tation is R(SA) = µ1 ⊕ µ2, see Tab. II. The allowed bound-
ary operators are found from the free fixed point primary op-
erators after double fusion with the impurity [45]. We are
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a1 a2 Qmod4 E
(a1,a2,Q)
0 l/πvF multiplicity

0 0 0 0 1
1 1 1 1/2 1
2 0 2 1 1
0 2 2 1 1
2 2 0 1 1
1 1 3 3/2 1

a1 a2 Qmod4 E
(a1,a2,Q)
0 l/πvF multiplicity

1 0 0 3/16 1
0 1 1 5/16 1
2 1 1 13/16 1
1 0 2 11/16 1
1 2 2 19/16 1
1 2 0 11/16 1
0 1 3 21/16 1
2 1 3 29/16 1

TABLE II. Primary states/operators (a1, a2, Q) and their scaling di-
mensions E(a1,a2,Q)

0 l/πvF of the SO(4)2 Kac-Moody algebra. Up-
per table: free fixed point. Lower table: Kondo fixed point obtained
from free fixed point after single fusion with the impurity represen-
tation µ1. The single fusion results with impurity µ2 can be found
by interchanging a1 ↔ a2.

particularly interested in the leading irrelevant boundary op-
erator (LIO) that characterizes for instance finite-temperature
corrections to observables near the Kondo intermediate fixed
point. Although R(SA) is reducible, we only consider the
fusions relevant to fixed fermion parity sectors, µ1 ⊗ µ1 ⊗
(a1µ1 + a2µ2) and µ2 ⊗ µ2 ⊗ (a1µ1 + a2µ2) (see the Ap-
pendix D 7 for the cross terms). The leading irrelevant oper-
ators are obtained from a1 = a2 = 0 and a1 = a2 = 2 with
Q = 0. When a1 = a2 = 0 (the a1 = a2 = 2 case gives
identical results), we get

µ1,2 ⊗ µ1,2 ⊗ 0 = 2µ1,2 ⊕ 0, (19)

where 2µ1 (a1 = 2, a2 = 0, Q = 0) and 2µ2 (a1 = 0, a2 =
2, Q = 0) both have scaling dimension 1/2, calculated from
Eq. (18). These resulting primaries 2µ1,2 transform under the
adjoint representation of the SO(4) Lie algebra.

In the next section, we discuss the conductance correction
given by the LIO, which is the first descendant of adjoint pri-
mary fields ϕ⃗, i.e., J⃗−1 · ϕ⃗ [29, 34]. In the SO(4)2 case, these
operators are J⃗2µ1

−1 · ϕ⃗2µ1 and J⃗2µ2

−1 · ϕ⃗2µ2 where ϕ⃗2µ1,2 are the
dimension 1/2 primary operators that correspond to the repre-
sentations 2µ1,2 in Eq. (19). The current operators J⃗2µ1,2

−1 are
the generators that transform under the representation 2µ1,2

and their scaling dimensions are 1. Thus, the scaling dimen-
sion of the LIO J⃗−1 · ϕ⃗ for the case SO(4)2 is 1+ 1/2 = 3/2.
Generally for any M,N , the scaling dimension for the LIO of
the SO(M)2N case is [60]

∆1 = 1 +∆0 = 1 +
M − 2

2N +M − 2
(20)

where ∆n = n + ∆0 is the scaling dimension of the corre-
sponding nth descendant of the primary operator with scaling

dimension ∆0. Special cases of Eq. (20) can be found in the
SO(3)2 Kondo model [35] which was mapped to the SU(2)4
Kondo model, in the SO(M)2 model [61, 65, 66], in the N -
channel SO(4)2N model which was mapped to the SU(2)2N
Kondo model [37], and in the perturbative large-N limit of the
multichannel topological Kondo model [37].

IV. LOW-TEMPERATURE CONDUCTANCE

The low-temperature conductance near the intermediate-
coupling fixed point can be calculated using conformal field
theory techniques [4, 10, 35, 49, 67, 68]. The charge trans-
port is determined by the conduction electron current in the
leads; for flavor α and channel j, the current operator is Ij,α =
IR;j,α − IL;j,α where the chiral currents are IL,R;j,α(x) =

evFψ
†
L,R;j,α(x)ψL,R;j,α(x) (see Fig. 1). One can calculate

the linear response conductance by using the Kubo formula
that involves the equilibrium current-current correlation func-
tions, see Ref. [40] for details on a fully analogous calculation.
For simplicity and practical relevance [37] we focus on charge
transport in one of the channels, say j = 1. Because of charge
conservation, it is sufficient to evaluate the off-diagonal ele-
ments of the conductance matrix Gαβ = limVβ→0⟨I1,α⟩/Vβ
which characterizes the current in lead α generated by a weak
voltage Vβ in lead β. The presence of a Kondo impurity mod-
ifies only the correlation functions ⟨IL;1,αIR;1,β⟩ between op-
posite chirality currents [67, 68]. We suppress the position and
time arguments in the correlation functions for brevity [69];
this omission is not important for our derivations below.

A. Zero-temperature conductance

The channel and flavor symmetries exhibited by the Hamil-
tonian Eqs. (1)-(2) in both the free and Kondo fixed points
restrict the current-current correlation functions to only two
independent ones: ⟨IL;j,αIR;k,α⟩ = δjk⟨IL;1,1IR;1,1⟩ and
⟨IL;j,αIR;k,β⟩ = δjk⟨IL;1,1IR;1,2⟩ for α ̸= β. At the
Kondo fixed point, we can relate these two correlation func-
tions to a single correlator evaluated at the free fixed point.
In order to do this, we first define chiral (χ = L,R)
densities that transform properly under SO(M) rotations:
J
(c)
χ (x) =

∑
j ψ⃗

†
χ;j(x) · ψ⃗χ;j(x) =

∑
j,α IL,R;j,α(x) which

transforms as the representation 0 (singlet) and J
(d)
χ (x) =∑

j ψ⃗
†
χ;j(x)D1ψ⃗χ;j(x) =

∑
j [Iχ;j,1(x) − Iχ;j,2(x)] which

transforms as the representation 4µ1 (or spin-2, see the sup-
plementary materials of Ref. [35]) for SO(3), 2µ1 + 2µ2

for SO(4), and 2µ1 for SO(M ≥ 5). Here, ψ⃗χ;j =
(ψχ;j,1, . . . , ψχ;j,M )T and D1 = diag(1,−1, 0, . . . , 0) (a
symmetric traceless M × M matrix). Note that the density
J (d) is one of the M − 1 +M(M − 1)/2 densities given by
the symmetric traceless M ×M matrices (see Appendix E).

The current-current correlation functions can be written in
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terms of the above density-density correlations functions:

⟨IL;1,1IR;1,1⟩ =
1

M2N
⟨J (c)

L J
(c)
R ⟩+ M − 1

2MN
⟨J (d)

L J
(d)
R ⟩,

(21)

⟨IL;1,1IR;1,2⟩ =
1

M2N
⟨J (c)

L J
(c)
R ⟩ − 1

2MN
⟨J (d)

L J
(d)
R ⟩.

(22)

These equations are true with or without Kondo interaction.
At the free fixed point (denoted from hereon by subscript f),
we have no flavor mixing so ⟨IL;1,1IR;1,2⟩f = 0 (leading to
G12 = 0) and

⟨J (c)
L J

(c)
R ⟩f = NM⟨IL;1,1IR;1,1⟩f, (23)

⟨J (d)
L J

(d)
R ⟩f = 2N⟨IL,R;1,1IL,R;1,1⟩f. (24)

At the Kondo intermediate-coupling fixed point (denoted
by subscript K), the density-density correlation function
⟨J (c,d)

L J
(c,d)
R ⟩K is given by its free fixed point value multi-

plied by a constant factor that is fully determined by repre-
sentation theory [10]. The density J (c) is a singlet and thus
its factor will be 1; its correlation function is not modified by
Kondo interaction. The density J (d) transforms non-trivially
with a representation R(J (d)) that depends on M [see above
Eq. (21)]. The corresponding factor is given by the following
modular S-matrix values [10, 64]:

SN (M) =
SR(J(d)),R(SA)/SR(J(d)),0

SR(SA),0/S0,0
. (25)

In other words, ⟨J (c)
L J

(c)
R ⟩K = ⟨J (c)

L J
(c)
R ⟩f and ⟨J (d)

L J
(d)
R ⟩K =

SN ⟨J (d)
L J

(d)
R ⟩f. By using these relation in Eqs. (21)-(24), we

get

⟨IL;1,1IR;1,1⟩K =
1 + (M − 1)SN

M
⟨IL;1,1IR;1,1⟩f, (26)

⟨IL;1,1IR;1,2⟩K =
1− SN

M
⟨IL;1,1IR;1,1⟩f. (27)

which relate the Kondo fixed point correlation functions to
a single free fixed point correlation function. A similar re-
lation holds for the zero-temperature conductance matrix ele-
ments [40]. Thus, the transconductanceG12 of theN -channel
SO(M) topological Kondo model is

G12(N,M)

G0
=

1− SN (M)

M
, G0 = e2/h . (28)

Unfortunately there is no simple closed formula for SN (M)
with general N and M [58]. We can nevertheless evaluate
SN (M) and G12 for any given N,M , see Fig. 2 for some
small values. For M = 3, 4, 5, 6, 7 and generic N , we have

SN (3) = 1− 2 cos

(
π

2N + 1

)
+ 2 cos

(
2π

2N + 1

)
, (29)

SN (4) = 2 cos

(
π

N + 1

)
− 1, (30)

SN (5) = 2 cos

(
2π

2N + 3

)
+
[
1− 2 cos

(
π

2N + 3

)]−1

,

(31)

SN (6) = cos

(
2π

N + 2

)/
cos

(
π

N + 2

)
, (32)

SN (7) = 2 cos

(
2π

2N + 5

)
+

[
2 cos

(
π

2N + 5

)
− 2 cos

(
2π

2N + 5

)
− 1

]−1

. (33)

We will mention some special cases of Eq. (28) that have
been previously discussed in the literature. In the conventional
N = 1 topological Kondo model, one has SN=1 = −1 and
G12 = (2/M)(e2/h) for all M , which matches with previous
results [35, 36, 43, 56, 66, 70, 71]. The result for M = 3, 4
and generic N can also be verified by mapping to previous re-
sults on the SU(2) multichannel Kondo effect. TheN -channel
SO(3) topological Kondo model can be mapped to the 4NCK,
i.e., SU(2)4N Kac-Moody algebra and the N -channel SO(4)
topological Kondo model can be mapped to the 2NCK, i.e.,
SU(2)2N Kac-Moody algebra at the intermediate coupling
fixed point. After the mapping, we use the modular S-matrix
for SU(2)k [10, 58, 72]

Sj,s =

√
2

k + 2
sin

[
π(2j + 1)(2s+ 1)

k + 2

]
. (34)

The representation of Jd is spin-2 (j = 2) for the SU(2)4N
case and spin-1 (j = 1) for the SU(2)2N case. The repre-
sentation of impurity is spin-1/2 (s = 1/2) for both cases.
The SN s calculated from Eq. (34) match with Eqs. (29)-(30)
that are calculated using the modular S-matrix of SO(M =
3, 4)2N .

Finally, we can comment on the limits N,M → ∞
of Eq. (28). The perturbative large-N limit [37] can be
seen from Eqs. (29)-(33) which yield limN→∞G12(N,M =
3, . . . , 7)/G0 = π2/(4N2) (see Fig. 2b), matching with the
large-N conductance of Ref. [37]. For a fixed N , we nu-
merically show that the conductance vanishes as 2/(MN)
in the large-M limit (see Fig. 2a). However, in perturba-
tion theory in the Kondo interaction, the conductance G12

is proportional to λ̃2∗ [37], which is λ̃2∗ ∼ 1/M2 because
λ̃∗ = 2/(M + 2N − 2) ∼ 1/M in the large-M limit [see
below Eq. (17)]. This mismatch of the large-M conductance
between the conformal field theory method and the perturba-
tion theory indicates that, unlike the large-N limit, the large-
M limit is not perturbatively accessible.

B. Leading finite-temperature correction to the conductance

Next, we discuss the finite-temperature correction to the
conductance, Eq. (28). This correction arises from the devia-
tion λ̃− λ̃∗ of the Kondo coupling from its fixed point value,
also known as correction to scaling [45]. We will show that
the conductance correction depends on the channel numberN
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FIG. 2. (a) The zero-temperature conductance for N = 1, . . . , 5 and
M = 3, . . . , 203. All the points above are given by analytical results
Eq. (28) and Eq. (25) [for illustration the (N,M) = (5, 4) point
is shown explicitly]. The N = 1, 2 points are degenerate but we
horizontally shifted the N = 2 points in order to show both of them.
The inset shows the definition of an off-diagonal conductance matrix
element for the case N = 1, M = 4. In the large-M limit, the
conductance G12/G0 is asymptotically 2/(MN). (b) In the large-
N limit, the conductance is asymptotically π2/(4N2).

as,

G12(T )−G12(0) ∼

{
T 2(∆1−1), N = 1

T (∆1−1), N ≥ 2
, (35)

where ∆1 is given by Eq. (20). The result Eq. (35) agrees with
the cases N = 1 and N → ∞ that were previously studied in
the literature [35–37, 43, 56, 66, 70, 71].

The piecewise result Eq. (35) is due to different fusion re-
sults of the operator Jd for N = 1 and N ≥ 2 cases, i.e.,

R(J (d))×R(J (d)) =

{
0, N = 1

0 + . . . , N ≥ 2
. (36)

The operator Jd is used to calculate the fixed point conduc-
tance by using Eqs. (21)-(22) and the conductance correction
is given by the correction to ⟨JdJd⟩ due to the LIO J⃗−1 · ϕ⃗
with scaling dimension shown in Eq. (20). The first-order con-
ductance correction is

lim
ω→0

−1

ωL

∫ β/2

−β/2

dτ

∫ L

0

dx′
∫ β/2

−β/2

dτ1 e
iωτ

⟨TτJ (d)(x, τ)J (d)(x′, 0)J⃗−1 · ϕ⃗(0, τ1)⟩ , (37)

where β = 1/T and τ = it [40, 44, 73]. By power count-
ing, each integral contributes T−1 and the correlation func-
tion contributes ∼ T 2+∆1 . Thus, the first-order correction

Eq. (37) gives conductance correction ∼ T (∆1−1). This is the
case in the multichannelN ≥ 2 topological Kondo model [37]
which allows fusion results other than 0. However, the first-
order correction vanishes at N = 1 because the fusion rule,
Eq. (36), of two Jds gives only 0, i.e., JdJd ∼ I and thus
⟨JdJdJ⃗−1 · ϕ⃗⟩ ∼ ⟨J⃗−1 · ϕ⃗⟩ = 0 (see also the supplemen-
tary materials of Ref. [35]). It means that the temperature
dependence of the conductance correction for the 1-channel
topological Kondo model arises from the second order in the
LIO,

lim
ω→0

−1

ωL

∫ β/2

−β/2

dτ

∫ L

0

dx′
∫ β/2

−β/2

dτ1

∫ β/2

−β/2

dτ2 e
iωτ

⟨TτJ (d)(x, τ)J (d)(x′, 0)J⃗−1 · ϕ⃗(0, τ1)J⃗−1 · ϕ⃗(0, τ2)⟩, (38)

and is of order T 2(∆1−1) = T 2(M−2)/M [43, 56, 66].

V. COMPARISON TO THE SYMPLECTIC CASE

In the above sections, we mainly discussed the applica-
tion of conformal field theory to calculate the conductance
of the multichannel SO(M) topological Kondo model. One
may wonder how these techniques are applicable to other
Lie groups such as the recently studied symplectic Sp(2k)
Kondo model [40, 41]. In the symplectic Kondo case, the
low-temperature conductance correction was found to be the
Fermi liquid T 2 [40, 41]. However, as we show below, this is
only true for the Sp(4)1 case.

Due to a similar representation cutoff as Eq. (12), the al-
lowed representations of the Sp(2k)1 Kac-Moody algebra are
the fundamental ones µi=1,...,k where µ1 represents the impu-
rity. The double fusion rule of the impurity µ1 gives

µ1 ⊗ µ1 ⊗ 0 =��2µ1 ⊕ µ2 ⊕ 0 (39)

where ��2µ1 means this adjoint representation 2µ1 is not al-
lowed by the Kac-Moody algebra (see also the supplemen-
tal material of Ref. [40]). Thus, the LIO J⃗−1 · ϕ⃗2µ1 is not
allowed in the boundary operators. However, one can con-
sider high-order descendants and contract them with the rep-
resentations allowed by the Sp(2k)1 Kac-Moody algebra. It
turns out that the LIO is (

−−−−−→
J−1J−1)

µ2 · ϕ⃗µ2 with scaling di-
mension ∆µ2

2 = 2 + ∆µ2

0 where ∆µ2

0 = k/(k + 2). The
operators (

−−−−−→
J−1J−1)

µ2 are the µ2 operators constructed from
the product of two 2µ1 (the adjoint representation) operators
J−1. This construction always exits because of the following
representation decomposition [53]:

2µ1⊗ 2µ1 = 4µ1⊕ (2µ1+µ2)⊕ 2µ1⊕ 2µ2⊕µ2⊕ 0. (40)

The µ2 at the right site of Eq. (40) denotes the representation
of

−−−−−→
J−1J−1.
Similar to the SO(M) Kondo model, the charge conduc-

tance in the symplectic Sp(2k) case is determined by the op-
erator Jd [see Eq. (21) for the SO(M) case], which transforms
as the representation µ2 of Sp(2k) [40]. The first-order low-
temperature conductance correction resulting from the LIO
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(
−−−−−→
J−1J−1)

µ2 · ϕ⃗µ2 is proportional to T (∆
µ2
2 −1). As mentioned

in Sec. IV, if the fusion rule of the operator Jd gives only a
trivial representation 0, the first-order correction vanishes and
one should consider the second-order perturbation. The fu-
sion rule of the Sp(2k)1 affine Lie algebra is identical to that
of the SU(2)k affine Lie algebra: the impurity representation
µ1 of Sp(2k)1 is equivalent to the “1/2” of SU(2)k and the µ2

is equivalent to the “1” of SU(2)k [see also Eq. (39) as a veri-
fication]. At k = 2, we have µ2⊗µ2 = 0, which is equivalent
to 1× 1 = 0 in SU(2)2. Thus, one considers the second-order
perturbation which would lead to T 2(∆

µ2
2 −1) = T 3. However,

this is subleading compared to the Fermi liquid correction T 2

given by the operator J⃗2µ1 · J⃗2µ1 [34]. When k ≥ 3, one con-
siders the first-order correction. Thus, the conductance cor-
rection of the Sp(2k)1 Kondo model is

δG(T ) ∼

{
T 2, k = 2

T (∆
µ2
2 −1) = T 2 k+1

k+2 , k ≥ 3
. (41)

Note that in the Sp(4)1 setup of Ref. [48, 49], the first-order
conductance correction does not vanish because their conduc-
tance is not calculated using Jd and thus they obtain a non-
Fermi liquid behavior T (∆

µ2
2 −1) = T 3/2 at k = 2. This

difference in conductance correction between their SO(5)1 or
Sp(4)1 Kondo model [48, 49] and the recently studied sym-
plectic Sp(4)1 Kondo model [40, 41] is similar to the dif-
ference between the spin-2CK model and charge-2CK model
[44].

Furthermore, in the multichannel Sp(2k)N≥2 case, the ad-
joint primary operator ϕ⃗2µ1 will be allowed. Its descendant
J⃗−1 · ϕ⃗2µ1 will compete with the operator (

−−−−−→
J−1J−1)

µ2 · ϕ⃗µ2 .
The former becomes the leading irrelevant operator since its
scaling dimension satisfies ∆2µ1

1 < ∆µ2

2 where

∆2µ1

1 = 1 +∆2µ1

0 = 1 +
k + 1

N + k + 1
, (42)

∆µ2

2 = 2 +∆µ2

0 = 2 +
k

N + k + 1
. (43)

Depending on the fusion rule, the conductance correction will
exhibit a non-Fermi liquid behavior, T∆

2µ1
0 or T 2∆

2µ1
0 , similar

to Eq. (35).

VI. CONCLUSIONS

In this paper, we demonstrated the instability of the strong
coupling fixed point in the SO(M) topological Kondo model,
demonstrating the existence of the intermediate coupling fixed
point. By developing the generalized Affleck-Ludwig con-
formal field theory technique, we extended the concept of
overscreening to higher rank Lie groups, finding a set of in-
equalities for the impurity representation, see Eq. (12). We
also clarified the conductance correction of the multichannel
topological Kondo model, showing that a first order correc-
tion given by the LIO exists in the multichannel model but
not for single channel. Similarly, in the N -channel charge-
Kondo model, the first-order correction exits for N ≥ 3 but
not for N = 2 [8] because the fusion rule of two Jds, spin-
1s, gives only spin-0 at N = 2. The method of determining
the LIO can be applied to other compact Lie groups as we
have shown with Sp(2k). The analysis for getting the Sp(2k)
conductance correction, Eq. (41), is also useful if the spin-1/2
2-flavor Kondo model in Ref. [48, 49] is further generalized to
a spin-1/2 k-flavor Kondo model, which is a possible regime
for a similar spin-kCK quantum dot device. In addition to the
charge conductance, calculating the heat conductance [74] of
multichannel topological Kondo model is also feasible based
on the methods in our paper.
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Appendix A: SO(2m) Lie algebra and spinor representation

In this section, we introduce the basics of the SO(2m) Lie algebra and show that the ground states of the SO(2m) topological
Kondo interaction (no kinetic energy) are at half-filling (the m-particle sector).

1. SO(2m) Lie algebra

The group SO(2m) is generated bym(2m−1) generators. In our case, they can be Majorana bilinears −iγαγβ/2 with α < β.
The rank of so(2m) Lie algebra is m, which means that we have m Cartan generators. The corresponding Cartan generators and
the 2m(m− 1) roots are [50, 52]

Hi = −iγ2i−1γ2i/2, E
ss′

ij = −i(γ2i−1 + isγ2i)(γ2j−1 + is′γ2j)/4 (A1)

where i < j = 1, 2, . . . ,m and s, s′ = ±1. We can check the commutation relations are

[Hj , E
ss′

jk ] = sEss′

jk , [Hk, E
ss′

jk ] = s′Ess′

jk . (A2)

Other His with i ̸= j, k will commute with Ess′

jk . From above, we obtain the simple roots, which are

α1 = (1,−1, 0, . . . , 0), (A3)
α2 = (0, 1,−1, 0, . . . , 0), . . . , (A4)
αm−1 = (0, . . . , 0, 1,−1), (A5)
αm = (0, . . . , 0, 1, 1). (A6)
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Cartan matrix is defined as Cij = 2(αi · αj)/(αi · αi). The fundamental weights are

µ1 = (1, 0, . . . , 0), (A7)
µ2 = (1, 1, 0, . . . , 0), . . . , (A8)
µm−2 = (1, . . . , 1, 0, 0), (A9)
µm−1 = (1, . . . , 1,−1)/2, (A10)
µm = (1, . . . , 1)/2. (A11)

Any representation can be written as µ =
∑m

i=1 aiµi where ais are Dynkin’s labels. The corresponding Casimir invariant for
this representation µ is given by [51]

c(R) =

m∑
i,j=1

(αi · αi)(ai/2 + 1)(C−1)ijaj . (A12)

2. Representation of SA, JA and decomposition of R(SA)⊗R(JA)

The spinor representations SA using Majorana operators can be further written in terms of Pauli matrices σi, i = 1, 2, 3:

γ1 = σ1 ⊗ σ3 ⊗ · · · ⊗ σ3, γ2 = σ2 ⊗ σ3 ⊗ · · · ⊗ σ3,

γ3 = I⊗ σ1 ⊗ σ3 ⊗ · · · ⊗ σ3, γ4 = I⊗ σ2 ⊗ σ3 ⊗ · · · ⊗ σ3, . . . ,

γ2m−1 = I⊗ · · · ⊗ I⊗ σ1, γ2m = I⊗ · · · ⊗ I⊗ σ2. (A13)

The natural basis for the abovem spin-1/2 operators is the spin-↑, ↓ states. Then, the Cartan generators measure the z-component
of each spin because Hi ∼ σ

(i)
3 . The root Ess′

jk is nearly σ(j)
s σ

(k)
s′ where σs = σ1 + isσ2. Representations are defined through

their highest weights. We can easily find that the highest weights of this spinor representation are |↑ . . . ↑↑⟩ and |↑ . . . ↑↓⟩. These
two highest-weight states are eigenstates of Cartan generators, and the eigenvalues are µm−1 [Eq. (A10)] and µm [Eq. (A11)],
which gives Eq. (7): R(SA) = (µm) ⊕ (µm−1) in the main text. The difference between the (µm−1) and (µm) subspaces is
their parities, which can be measured by (−1)m

∏2m
i=1 γi = σ3 ⊗ · · · ⊗ σ3. They are both 2m−1-dimensional.

When it comes to the representations of JA, we need to consider the particle sectors separately. The dimension of the K-
particle sector is equal to the dimension of the linear space in which the states live. As we defined in Sec. II, the number of
states that live in the K-particle sector is

(
2m
K

)
. The total dimension for JA is thus the sum of the dimensions of all K-particle

sectors
∑2m

i=0

(
2m
K

)
= 22m, which verifies our conclusion that the representation of JA is the same as the representation given

by R(SA)⊗R(SA) [Eq. (3)] in terms of its dimensions. We can decompose R(JA) = R(SA)⊗R(SA) as
⊕2m

i=0R(J
A,i
n ) with

R(JA,i) = R(JA,2m−i) = (µi) for 0 ≤ i ≤ m− 2; (A14)

R(JA,m−1) = (µm−1 + µm); R(JA,m) = (2µm−1)⊕ (2µm). (A15)

We used the following three decomposition rules:

(µm−1)⊗ (µm−1) = (2µm−1)

[m/2]⊕
i=1

(µm−2i); (µm)⊗ (µm) = (2µm)

[m/2]⊕
i=1

(µm−2i); (A16)

(µm−1)⊗ (µm) = (µm−1 + µm)

[(m−1)/2]⊕
j=1

(µm−2j−1). (A17)

Note that µ0 = 0 and the above equations are symmetric for µm−1 and µm. We can verify using LieART [53] that R(SA) ⊗
R(JA,K) contains (µm) ⊕ (µm−1) for every 0 ≤ K ≤ 2m. The representation µm−1 and µm have the smallest Casimir
invariant according to Eq. (A12). Thus, the lowest Kondo energy [Eq. (4)] is at K = m (half-filling), which maximizes
c[R(JA,K

n )] = K(2m−K) [see also Eq. (8)].

Appendix B: Effective Hamiltonian of SO(4) topological Kondo at strong coupling

In this section, we calculate the ground states of the SO(4) topological Kondo interaction and find the strong coupling effective
Hamiltonian of it, i.e., Eq. (B53).



13

1. Ground states of the SO(4) topological Kondo interaction

The simple roots and fundamental weights of SO(4) are [50, 52]

α1 = (1,−1), α2 = (1, 1); µ1 = (1/2,−1/2), µ2 = (1/2, 1/2). (B1)

The Casimir invariant is thus

c(a1µ1 + a2µ2) =
1

2
a1(a2 + 2) +

1

2
a1(a2 + 2). (B2)

The representation R(SA) = (µ1) ⊕ (µ2) gives that c(R(SA)) = 3/2 which agrees with Eq. (6). The dimension of the K-
particle sector R(JA,K) is

(
4
K

)
. The corresponding representations R(JA) = R(SA)⊗R(SA) = [(µ1)⊕ (µ2)]⊗ [(µ1)⊕ (µ2)]

can be written as
⊕4

K=0R(J
A,K) where

R(JA,0
n ) = R(JA,4

n ) = (0), R(JA,1
n ) = R(JA,3

n ) = (µ1 + µ2) and R(JA,2
n ) = (2µ1)⊕ (2µ2). (B3)

Here, we used a fact that (µ1)⊗(µ1) = (0)⊕(2µ1), (µ2)⊗(µ2) = (0)⊕(2µ2) and (µ1)⊗(µ2) = (µ1+µ2). We can check that
c(R(JA,K

n )) = K(4 −K) which agrees with Eq. (8). The decompositions of R(SA) ⊗ R(JA) =
⊕4

K=0R(S
A) ⊗ R(JA,K)

where

R(SA)⊗R(JA,0,4) = [(µ1)⊕ (µ2)]⊗ (0) = (µ1)⊕ (µ2), (B4)

R(SA)⊗R(JA,1,3
n ) = [(µ1)⊕ (µ2)]⊗ (µ1 + µ2) = (µ2)⊕ (2µ1 + µ2)⊕ (µ1 + 2µ2)⊕ (µ1), (B5)

R(SA)⊗R(JA,2
n ) = [(µ1)⊕ (µ2)]⊗ [(2µ1)⊗ (2µ2)] = (µ1)⊕ (3µ1)⊕ (µ1 + 2µ2)⊕ (2µ1 + µ2)⊕ (3µ2)⊕ (µ2). (B6)

The above expansions verify our conclusion that (µ1) ⊕ (µ2) always exists in R(SA) ⊗ R(JA,K) for every K. The Kondo
energy Eq. (4) for SO(4) is

EKondo =
1

2

{
c[R(SA)⊗R(JA,K)]− c[R(SA)]− c[R(JA,K)]

}
(B7)

=
1

2

{
c[R(SA)⊗R(JA,K)]− M(M − 1)

8
−K(4−K)

}
. (B8)

The nontrivial minima of c(a1µ1+a2µ2) when a1,2 are both nonnegative integers are given by (a1, a2) = (1, 0) or (0, 1), i.e. µ1

or µ2, which is contained in any R(SA)⊗R(JA,K
n ). Thus, we conclude that the lowest SO(4) Kondo energy is at K = 2 where

it maximizes the c(R(JA,K)) = K(4−K).
It is knowm that SO(4) ∼ SU(2) × SU(2) which can be seen from Eq. (B2) where the Casimir invariant of SO(4) can be

reformulated as c(a1µ1 + a2µ2) = 2[s1(s1 + 1)] + 2[s2(s2 + 1)] for spin-s1,2 = a1,2/2. Based on the fact that (µ1)⊗ (µ1) =
(0) ⊕ (2µ1), (µ2) ⊗ (µ2) = (0) ⊕ (2µ2) and (µ1) ⊗ (µ2) = (µ1 + µ2), one can consider the above decomposition as
the decomposition for two independent spins. Furthermore, the conduction electrons are two independent spin-1 particles for
the lowest energy case JA,2 which is (2µ1) ⊕ (2µ2). The lowest energy in this 2-particle sector is (µ1) and (µ2) given by
(µ1) ⊗ (2µ1) = (µ1) ⊕ (3µ1) and (µ2) ⊗ (2µ2) = (µ2) ⊕ (3µ2). In the language of SU(2) spin decompositions, they are
1/2⊗ 1 = 1/2⊕ 3/2, which is the same decomposition used for getting the ground state of the 2-channel SU(2) Kondo model
at the strong coupling and also half-filling.

2. Representations and strong coupling solutions

The Casimir invariant c(a1, a2) for a representation of generatorsRA labeled by a1µ1+a2µ2 is given by Eq. (B2), which gives∑
A(R

A)2 = c Idim×dim. The K = 0, 4-particle sector contain only one state |0⟩ or |full⟩ = ψ†
1ψ

†
2ψ

†
3ψ

†
4|0⟩ for electrons. This

leads to JA,0 = ⟨0|JA|0⟩ = 0 andHK = 0. For the 1, 3-particle sector, we get JA,K=1,3 = TA and the representation is µ1+µ2,
a 4 dimensional representation with

∑
A(T

A)2 = 3 I4×4. Next, we define the 2-particle states as |a⟩ =
∑

ij(B
a)ijψ

†
iψ

†
j |0⟩ with

a = 1, . . . , 6, (Ba)T = −Ba and (Ba)† = Ba. Normalization of state |a⟩ requires 2Tr
(
BaBb

)
= δab. Thus, the 2-particle

matrix representation for the generator JA is

[JA,K=2]ba = ⟨b|JA|a⟩ =
∑

ii′jj′ρσ

(Bb)∗i′j′(T
A)ρσ(B

a)ij⟨0|ψj′ψi′ψ
†
ρψσψ

†
iψ

†
j |0⟩ = 4Tr

(
BbTABa

)
. (B9)
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Let us consider the following B tensor

[Bb=(b1,b2)]ij = − i

2!
δb1i δ

b2
j +

i

2!
δb1j δ

b2
i with b1 < b2. (B10)

Here, b1, b2, i, j = 1, 2, 3, 4. This six-dimensional space spanned by |a⟩ is reducible and the representation is 2µ1⊕2µ2 because
we checked that

∑
A[J

A,K=2]2 = 4 I6×6. Each of these two representations is three-dimensional.
After figuring out the representations of K-particle JA, we show the decompositions for each JA,K with SA (µ1 ⊕µ2) in the

following: HK :

R(SA)⊗R(JA,K=1,3) = (µ1 ⊕ µ2)⊗ (µ1 + µ2) = µ2 ⊕ (2µ1 + µ2)⊕ (µ1 + 2µ2)⊕ µ1; (B11)

R(SA)⊗R(JA,K=2) = (µ1 ⊕ µ2)⊗ (2µ1 ⊕ 2µ2) = µ1 ⊕ 3µ1 ⊕ (µ1 + 2µ2)⊕ (2µ1 + µ2)⊕ 3µ2 ⊕ µ2, (B12)

where we used the following decomposition rules

µ1 ⊗ µ1 = 0⊕ 2µ1; µ2 ⊗ µ2 = 0⊕ 2µ2; µ1 ⊗ µ2 = µ1 + µ2. (B13)

We include all the results in the following table.

K (µ1 ⊕ µ2)⊗ (µ1 + µ2) (4× 4)
∑

A(S
A + JA,K=1,3)2 −

∑
A(S

A)2 −
∑

A(J
A,K=1,3)2 2HK/λ

1, 3 2µ1 + µ2 (6) 11/2 −3/2 −3 1
1, 3 µ1 + 2µ2 (6) 11/2 −3/2 −3 1
1, 3 µ2 (2) 3/2 −3/2 −3 −3
1, 3 µ1 (2) 3/2 −3/2 −3 −3

TABLE III. 1,3-particle decomposition with dimension and energy. The numbers near the representations are dimensions.

K (µ1 ⊕ µ2)⊗ (2µ1 ⊕ 2µ2) (4× 6)
∑

A(S
A + JA,K=2)2 −

∑
A(S

A)2 −
∑

A(J
A,K=2)2 2HK/λ

2 3µ1 (4) 15/2 −3/2 −4 2
2 3µ2 (4) 15/2 −3/2 −4 2
2 µ1 + 2µ2 (6) 11/2 −3/2 −4 0
2 2µ1 + µ2 (6) 11/2 −3/2 −4 0
2 µ1 (2) 3/2 −3/2 −4 −4
2 µ2 (2) 3/2 −3/2 −4 −4

TABLE IV. 2-particle decomposition with dimension and energy. The numbers near the representations are dimensions.

We conclude that the ground states are represented by µ1 and µ2 at 2-particle sector (half-filling). Also, the above energies
have two copies because µ1 and µ2 are interchangeable.

3. Eigenstates

Next, we define the eigenstates of HK in 1, 2, 3-particle sector. At 1-particle sector, the general form for the states are

|K = 1, α⟩ =
∑
ij

(tα)ij |i⟩ ⊗ ψ†
j |0⟩, i, j = 1, . . . , 4; α = 1, . . . 16. (B14)

Based on the above decomposition, we define that

(2HK/λ)|K = 1, α = 1, . . . , 12⟩ = |K = 1, α = 1, . . . , 12⟩; (B15)
(2HK/λ)|K = 1, α = 13, . . . , 16⟩ = −3|K = 1, α = 13, . . . , 16⟩. (B16)

Similarly, at 2-particle, we define

|K = 2, β⟩ =
∑
ia

(rβ)ia|i⟩⊗|a⟩ =
∑
ia

(rβ)ia|i⟩⊗
∑
kl

(Ba)klψ
†
kψ

†
l |0⟩, i, k, l = 1, . . . , 4; a = 1, . . . , 6; β = 1, . . . , 24, (B17)

and

(2HK/λ)|K = 2, β = 1, . . . , 8⟩ = 2|K = 2, β = 1, . . . , 8⟩; (B18)
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(2HK/λ)|K = 2, β = 9, . . . , 20⟩ = 0; (B19)
(2HK/λ)|K = 2, β = 21, . . . , 24⟩ = −4|K = 2, β = 21, . . . , 24⟩. (B20)

At 3-particle, we define

|K = 3, α′⟩ =
∑
ij

(t′α
′
)ij |i⟩ ⊗ ψj |full⟩, i, j = 1, . . . , 4; α′ = 1, . . . 16. (B21)

Under the electrons states ψj |full⟩, J (3),A = J (1),A = TA, which means that t′ = t. Thus,

(2HK/λ)|K = 3, α = 1, . . . , 12⟩ = |K = 2, α = 1, . . . , 12⟩; (B22)
(2HK/λ)|K = 3, α = 13, . . . , 16⟩ = −3|K = 2, α = 13, . . . , 16⟩. (B23)

4. Perturbative inclusion of the leads

The lead fermion is ψs,i where s labels the site and i = 1, . . . 4 labels the flavor. The nearest site to the impurity is at s = 1
and we ignored this s = 1 on the above nearest lead fermion. But now we include the hopping energy between the first site and
the second site H12 = −g

∑
p(ψ

†
1,pψ2,p + ψ†

2,pψ1,p):

(Heff)ij =

12∑
α=1

⟨K = 2, β = 20 + i|H12|K = 1, α⟩⟨K = 1, α|H12|K = 2, β = 20 + j⟩
(−2λ− λ/2)

(B24)

+

16∑
α=13

⟨K = 2, β = 20 + i|H12|K = 1, α⟩⟨K = 1, α|H12|K = 2, β = 20 + j⟩
(−2λ+ 3λ/2)

(B25)

+

12∑
α=1

⟨K = 2, β = 20 + i|H12|K = 3, α⟩⟨K = 3, α|H12|K = 2, β = 20 + j⟩
(−2λ− λ/2)

(B26)

+

16∑
α=13

⟨K = 2, β = 20 + i|H12|K = 3, α⟩⟨K = 3, α|H12|K = 2, β = 20 + j⟩
(−2λ+ 3λ/2)

. (B27)

We need to calculate the following terms:

⟨K = 1, α|H12|K = 2, β⟩ = −g
∑
p

∑
i′j′

(tα)∗i′j′
∑
ia

(rβ)ia
∑
kl

(Ba)kl⟨i′|i⟩⟨0|ψj′ψpψ
†
kψ

†
l |0⟩ψ

†
2,p (B28)

=2g
∑
p

∑
ila

(tα)∗il(r
β)ia(B

a)lpψ
†
2,p; (B29)

⟨K = 2, β|H12|K = 1, α⟩ = 2g
∑
p

∑
ila

(tα)il(r
β)∗ia(B

a)∗lpψ2,p; (B30)

⟨K = 3, α|H12|K = 2, β⟩ = −g
∑
p

∑
i′j′

(tα)∗i′j′
∑
ia

(rβ)ia
∑
kl

(Ba)kl⟨i′|i⟩⟨full|ψ†
j′ψ

†
pψ

†
kψ

†
l |0⟩ψ2,p (B31)

=− g
∑
p

∑
ija

(tα)∗ij(r
β)ia

∑
kl

ϵjpkl(B
a)klψ2,p = 2g

∑
p

∑
ija

(tα)∗ij(r
β)ia(C

a)jpψ2,p; (B32)

⟨K = 2, β|H12|K = 3, α⟩ = 2g
∑
p

∑
ija

(tα)ij(r
β)∗ia(C

a)∗jpψ
†
2,p (B33)

where we define (Ca)jp = − 1
2

∑
kl ϵjpkl(B

a)kl. Thus,

(Heff)11 =− 16g2

5λ
− 22g2

15λ

∑
pq

(T 12 + T 34)pqψ
†
2,pψ2,q; (Heff)14 =

22g2

15λ

∑
pq

(T 13 − T 24 + iT 14 + iT 23)pqψ
†
2,pψ2,q; (B34)

(Heff)41 =
22g2

15λ

∑
pq

(T 13 − T 24 − iT 14 − iT 23)pqψ
†
2,pψ2,q; (Heff)22 = −16g2

5λ
− 22g2

15λ

∑
pq

(T 12 − T 34)pqψ
†
2,pψ2,q; (B35)
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(Heff)33 =− 16g2

5λ
+

22g2

15λ

∑
pq

(T 12 − T 34)pqψ
†
2,pψ2,q; (Heff)23 =

22g2

15λ

∑
pq

(T 13 + T 24 − iT 14 + iT 23)pqψ
†
2,pψ2,q; (B36)

(Heff)32 =
22g2

15λ

∑
pq

(T 13 + T 24 + iT 14 − iT 23)pqψ
†
2,pψ2,q; (Heff)44 = −16g2

5λ
+

22g2

15λ

∑
pq

(T 12 + T 34)pqψ
†
2,pψ2,q. (B37)

Before calculating the whole Heff, we write down all matrix SA=(α,β) = − i
2γαγβ according to the definitions Eq. (A13):

S12 =


1
2

1
2

− 1
2

− 1
2

 ; S13 =


− i

2
i
2

− i
2

i
2

 ; S14 =


− 1

2
− 1

2
− 1

2
− 1

2

 ; (B38)

S23 =


− 1

2
1
2

1
2

− 1
2

 ; S24 =


i
2

i
2

− i
2

− i
2

 ; S34 =


1
2

− 1
2

1
2

− 1
2

 . (B39)

Thus,

S12 + S34 =

 1
0

0
−1

 ; S12 − S34 =

 0
1

−1
0

 ;
1

2
(iS13 − iS24 − S14 − S23) =

 1
0

0
0

 ; (B40)

1

2
(−iS13 − iS24 − S14 + S23) =

 0
1

0
0

 ;
1

2
(iS13 + iS24 − S14 + S23) =

 0
0

1
0

 ; (B41)

1

2
(−iS13 + iS24 − S14 − S23) =

 0
0

0
1

 . (B42)

Finally,

Heff =

 1
0

0
0

 (Heff)11 +

 0
1

0
0

 (Heff)22 +

 0
0

1
0

 (Heff)33 +

 0
0

0
1

 (Heff)44 (B43)

+ (Heff)14

 1
0

0
0

+ (Heff)23

 0
1

0
0

+ (Heff)32

 0
0

1
0

+ (Heff)41

 0
0

0
1

 (B44)

=− 16g2

5λ
I4×4 −

22g2

15λ
(S12 + S34)

∑
pq

(T 12 + T 34)pqψ
†
2,pψ2,q −

22g2

15λ
(S12 − S34)

∑
pq

(T 12 − T 34)pqψ
†
2,pψ2,q (B45)

+
11g2

15λ
(iS13 − iS24 − S14 − S23)

∑
pq

(T 13 − T 24 + iT 14 + iT 23)pqψ
†
2,pψ2,q (B46)

+
11g2

15λ
(−iS13 + iS24 − S14 − S23)

∑
pq

(T 13 − T 24 − iT 14 − iT 23)pqψ
†
2,pψ2,q (B47)

+
11g2

15λ
(−iS13 − iS24 − S14 + S23)

∑
pq

(T 13 + T 24 − iT 14 + iT 23)pqψ
†
2,pψ2,q (B48)

+
11g2

15λ
(iS13 + iS24 − S14 + S23)

∑
pq

(T 13 + T 24 + iT 14 − iT 23)pqψ
†
2,pψ2,q (B49)

=− 16g2

5λ
I4×4 −

44g2

15λ

[
S12ψ†T 12ψ + S34ψ†T 34ψ + S14ψ†T 13ψ + S13ψ†T 14ψ − S24ψ†T 23ψ − S23ψ†T 24ψ

]
.

(B50)
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We can perform the following rotations

exp

(
− iπ

2
T 12

)
T 13 exp

(
iπ

2
T 12

)
= T 23, exp

(
− iπ

2
T 12

)
T 14 exp

(
iπ

2
T 12

)
= T 24, (B51)

exp

(
− iπ

2
T 12

)
T 23 exp

(
iπ

2
T 12

)
= −T 13, exp

(
− iπ

2
T 12

)
T 24 exp

(
iπ

2
T 12

)
= −T 14 (B52)

such that

Heff = −16g2

5λ
I4×4 −

44g2

15λ

[
S12ψ†T 12ψ + S34ψ†T 34ψ + S14ψ†T 23ψ + S13ψ†T 24ψ + S24ψ†T 13ψ + S23ψ†T 14ψ

]
. (B53)

One can interchange the definitions of γ1, γ2 and γ3, γ4 in SA such that the second term in Eq. (B53) becomes theN = 1,M = 4
topological Kondo model.

Appendix C: Current algebra of the N -channel topological Kondo model

In this section, we derive the Kac-Moody algebra for the N -channel topological SO(M) Kondo model. The current operator
for N -channel topological SO(M) Kondo model is defined as

J̃A(x) =

N∑
n=1

JA
n =

N∑
n=1

M∑
α,β

ψ†
n,α(x)(T

A)αβψn,β(x) (C1)

where TAs are the traceless generators of SO(M) group. They are defined as

(TA)αβ ≡ (T rs)αβ = i(δrαδ
s
β − δrβδ

s
α). (C2)

By definition, 1 ≤ r < s ≤ M . Thus, A = 1, . . . ,M(M − 1)/2. They satisfy Tr(TATB) = 2δAB and [TA, TB ] =
i
∑

C f
ABCTC where fABC = (−i/2)Tr([TA, TB ]TC) is the structure constant. We define the normal order with respect to

the (zero-temperature) Fermi sea, which means that we move creation (annihilation) operators to the right when this particle
exists (does not exist) in the Fermi sea. The normal order of the current operator is

: J̃A(x) :=

N∑
n=1

M∑
α,β

(TA)αβ : ψ†
n,α(x)ψn,β(x) :=

N∑
n=1

M∑
α,β

(TA)αβψ
†
n,α(x)ψn,β(x) = J̃A(x) (C3)

where the normal order of fermions gives an expectation value with δαβ which was canceled by traceless (TA)αβ . The product
of two current operators (with/without normal order) is

: J̃A(x) :: J̃B(y) := J̃A(x)J̃B(y) =
∑
i,j

∑
α,β,ρ,σ

(TA)αβ(T
B)ρσψ

†
i,α(x)ψi,β(x)ψ

†
j,ρ(y)ψj,σ(y). (C4)

By Wick’s theorem, the product for fermions is

ψ†
i,α(x)ψi,β(x)ψ

†
j,ρ(y)ψj,σ(y) (C5)

=ψ†
i,α(x) : ψi,β(x)ψ

†
j,ρ(y) : ψj,σ(y) + ⟨ψi,β(x)ψ

†
j,ρ(y)⟩ψ

†
i,α(x)ψj,σ(y) (C6)

= : ψ†
i,α(x)ψi,β(x)ψ

†
j,ρ(y)ψj,σ(y) : +⟨ψ†

i,α(x)ψj,σ(y)⟩ : ψi,β(x)ψ
†
j,ρ(y) : (C7)

+ ⟨ψi,β(x)ψ
†
j,ρ(y)⟩ : ψ

†
i,α(x)ψj,σ(y) : +⟨ψi,β(x)ψ

†
j,ρ(y)⟩⟨ψ

†
i,α(x)ψj,σ(y)⟩ (C8)

= : ψ†
i,α(x)ψi,β(x)ψ

†
j,ρ(y)ψj,σ(y) : +G(x− y)δijδασ : ψi,β(x)ψ

†
j,ρ(y) : (C9)

+G(x− y)δijδβρ : ψ†
i,α(x)ψj,σ(y) : +G

2(x− y)δ2ijδασδβρ (C10)

where the contraction ⟨ψ†
i,α(x)ψi,σ(y)⟩ = ⟨ψi,α(x)ψ

†
j,σ(y)⟩ = G(x − y)δijδασ is evaluated in Eq. (C16) below. Thus, we can

find the commutator[
J̃A(x), J̃B(y)

]
=
∑
i

∑
α,σ

G(x− y)(TBTA)ασ : ψi,σ(x)ψ
†
i,α(y) : −G(y − x)(TBTA)ασ : ψ†

i,α(y)ψi,σ(x) : (C11)
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+G(x− y)(TATB)ασ : ψ†
i,α(x)ψi,σ(y) : −G(y − x)(TATB)ασ : ψi,σ(y)ψ

†
i,α(x) : (C12)

+ [G2(x− y)−G2(y − x)]NTr(TATB). (C13)

Here, as we can check : ψi,σ(x)ψ
†
i,α(y) := − : ψ†

i,α(y)ψi,σ(x) : for α ̸= σ. When α = σ, we simply have

: ψi,α(x)ψ
†
i,α(y) := ψi,α(x)ψ

†
i,α(y)−G(x− y) = − : ψ†

i,α(y)ψi,α(x) : +δ(x− y)−G(y − x)−G(x− y). (C14)

The zero-temperature fermion Green’s function is evaluated as follows. We start with

⟨ψi,α(x)ψ
†
j,σ(y)⟩ =

1

l

∑
p,p′

eipx−ip′y⟨cp,iαc†p′,jσ⟩ =
1

l

∑
p,p′

eipx−ip′yδijδασδpp′θ(p′) =
δijδασ
l

∑
p

eip(x−y)θ(p). (C15)

By definition, we have

G(x− y) =
1

l

∑
p

eip(x−y)θ(p) =
1

2π
lim

δ→0+

∫ ∞

0

dp eip(x−y+iδ) =
1

2π
lim

δ→0+

i

x− y + iδ
. (C16)

Thus,

G(x− y) +G(y − x) =
1

2π
lim

δ→0+

i

x− y + iδ
+

i

y − x+ iδ
= δ(x− y), (C17)

G2(x− y)−G2(y − x) =
1

4π2
lim

δ→0+
− 1

(x− y + iδ)2
+

1

(y − x+ iδ)2
=

i

2π
∂x

[
G(x− y) +G(y − x)

]
=

i

2π
∂xδ(x− y). (C18)

From the equation above, we have : ψi,σ(x)ψ
†
i,α(y) := − : ψ†

i,α(y)ψi,σ(x) : for all α, σ. This means the first two lines of Eq.
(C11,C12) can be combined as a commutator of TA and TB , which can be replaced by i

∑
C f

ABCTC . The last term is simply

[G(x− y)2 −G(y − x)2]NTr(TATB) =
iN

π
∂xδ(x− y)δAB . (C19)

Finally, we have [
J̃A(x), J̃B(y)

]
= i

∑
C

fABC J̃C(x)δ(x− y) +
iN

π
∂xδ(x− y)δAB . (C20)

By a Fourier transformation,

J̃A
p =

∫ l

−l

dx eipπx/l J̃A(x), (C21)

the above commutator will satisfy the Kac-Moody algebra,

[J̃A
p , J̃

B
p′ ] =

∫ l

−l

∫ l

−l

dx dy eipπx/l+ip′πy/l
[
J̃A(x), J̃B(y)

]
(C22)

=

∫ l

−l

∫ l

−l

dx dy eipπx/l+ip′πy/l
[
i
∑
C

fABC J̃C(x)δ(x− y) +
iN

π
∂xδ(x− y)δAB

]
(C23)

= i
∑
C

fABC J̃C
p+p′ + 2N pδABδp,−p′ . (C24)

This is Eq. (11) of the main text. The integral for the second term is

iN

π
δAB

∫ l

−l

∫ l

−l

dxdy eipπx/l+ip′πy/l ∂xδ(x− y) (C25)

=
iN

π
δAB

∫ l

−l

∫ l

−l

dxdy
{
∂x

[
eipπx/l+ip′πy/l δ(x− y)

]
− ipπ

l
eipπx/l+ip′πy/l δ(x− y)

}
(C26)
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=
Nk

l
δAB

∫ l

−l

∫ l

−l

dx dy eipπx/l+ip′πy/l δ(x− y) (C27)

=
Np

l
δAB

(
2lδp,−p′

)
= 2N pδABδp,−p′ . (C28)

The SO(M)1 Kac-Moody algebra is defined to be

[J̃A
p , J̃

B
p′ ] = i

∑
C

fABC J̃C
p+p′ + pδABδp,−p′ . (C29)

Appendix D: Primary states and fusion rules

The primary states, Eq. (D6), are the most fundamental states in the Kac-Moody algebra. Excited states can be constructed
from primary states by using raising operators [45, 63]. Here, we use a general method to derive the allowed primary states
(representations) in SO(M ). The fusion rules (including the single and double fusion with the impurity) and the energies of the
allowed representations are also given for the SO(4)2 case.

1. The representation cut off of SO(4)2

The Kac-Moody algebra for SO(4)2 [see Eq. (C29)] is

[J̃A
p , J̃

B
p′ ] = i

∑
C

fABC J̃C
p+p′ + 2 pδABδp,−p′ (D1)

where A,B ∈
{
12, 13, 14, 23, 24, 34

}
and we can define A,B = 1, 2, 3, 4, 5, 6 for simplicity. This gives

f1BC =


0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 −1 0 0 0 0
0 0 −1 0 0 0
0 0 0 0 0 0


BC

; f2BC =


0 0 0 −1 0 0
0 0 0 0 0 0
0 0 0 0 0 1
1 0 0 0 0 0
0 0 0 0 0 0
0 0 −1 0 0 0


BC

; f3BC =


0 0 0 0 −1 0
0 0 0 0 0 −1
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0


BC

(D2)

f4BC =


0 1 0 0 0 0
−1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 1
0 0 0 0 −1 0


BC

; f5BC =


0 0 1 0 0 0
0 0 0 0 0 0
−1 0 0 0 0 0
0 0 0 0 0 −1
0 0 0 0 0 0
0 0 0 1 0 0


BC

; f6BC =


0 0 0 0 0 0
0 0 1 0 0 0
0 −1 0 0 0 0
0 0 0 0 1 0
0 0 0 −1 0 0
0 0 0 0 0 0


BC

. (D3)

In the following, we write J̃ as J for simplicity. The lowering operators are

F−1,1
p =

1

2
[J13

p + iJ14
p − i(J23

p + iJ24
p )]; F−1,−1

p =
1

2
[J13

p − iJ14
p − i(J23

p − iJ24
p )]. (D4)

The raising operators are

F 1,1
p =

1

2
[J13

p + iJ14
p + i(J23

p + iJ24
p )]; F 1,−1

p =
1

2
[J13

p − iJ14
p + i(J23

p − iJ24
p )]. (D5)

The highest-weight primary states |ℓ1, ℓ2⟩ are defined to have the following properties:

primary states: JA
p |ℓ1, ℓ2⟩ = 0, for p > 0; (D6)

highest wight : F 1,1
0 |ℓ1, ℓ2⟩ = 0 and F 1,−1

0 |ℓ1, ℓ2⟩ = 0; (D7)

eigenstates of Cartan generators : Hi
0|ℓ1, ℓ2⟩ = ℓi|ℓ1, ℓ2⟩. (D8)

In order to derive the bound for the values of ℓ1,2, we consider two excited states F 1,1
−1 |ℓ1, ℓ2⟩ and F 1,−1

−1 |ℓ1, ℓ2⟩ by acting on all
the two raising operators (positive roots) above. Their norms should be non-negative, which are

⟨ℓ1, ℓ2|F−1,−1
1 F 1,1

−1 |ℓ1, ℓ2⟩ = ⟨ℓ1, ℓ2|[F−1,−1
1 , F 1,1

−1 ]|ℓ1, ℓ2⟩
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=⟨ℓ1, ℓ2|(2−H1
0 −H2

0 )|ℓ1, ℓ2⟩ = 2− ℓ1 − ℓ2 ≥ 0 (D9)

and

⟨ℓ1, ℓ2|F−1,1
1 F 1,−1

−1 |ℓ1, ℓ2⟩ = ⟨ℓ1, ℓ2|[F−1,1
1 F 1,−1

−1 ]|ℓ1, ℓ2⟩
=⟨ℓ1, ℓ2|(2−H1

0 +H2
0 )|ℓ1, ℓ2⟩ = 2− ℓ1 + ℓ2 ≥ 0 (D10)

where we used the following Kac-Moody algebra

[F−1,−1
1 , F 1,1

−1 ] =
1

4

[
J13
1 − iJ14

1 − i(J23
1 − iJ24

1 ), J13
−1 + iJ14

−1 + i(J23
−1 + iJ24

−1)
]

(D11)

=
1

4

{
4× 2 + i[J13

1 , J14
−1] + i[J13

1 , J23
−1]− [J13

1 , J24
−1] (D12)

− i[J14
1 , J13

−1] + [J14
1 , J23

−1] + i[J14
1 , J24

−1] (D13)

− i[J23
1 , J13

−1] + [J23
1 , J14

−1] + i[J23
1 , J24

−1] (D14)

− [J24
1 , J13

−1]− i[J24
1 , J14

−1]− i[J24
1 , J23

−1]
}

(D15)

=2 +
1

4

{
2i[J13

1 , J14
−1] + 2i[J13

1 , J23
−1] + 2i[J14

1 , J24
−1] + 2i[J23

1 , J24
−1]

}
(D16)

=2− 1

2
J34
0 − 1

2
J12
0 − 1

2
J12
0 − 1

2
J34
0 = 2−H1

0 −H2
0 (D17)

and

[F−1,1
1 , F 1,−1

−1 ] =
1

4

[
J13
1 + iJ14

1 − i(J23
1 + iJ24

1 ), J13
−1 − iJ14

−1 + i(J23
−1 − iJ24

−1)
]

(D18)

=
1

4

{
4× 2− i[J13

1 , J14
−1] + i[J13

1 , J23
−1]− [J13

1 , J24
−1] (D19)

+ i[J14
1 , J13

−1]− [J14
1 , J23

−1] + i[J14
1 , J24

−1] (D20)

− i[J23
1 , J13

−1]− [J23
1 , J14

−1]− i[J23
1 , J24

−1] (D21)

+ [J24
1 , J13

−1]− i[J24
1 , J14

−1] + i[J24
1 , J23

−1]
}

(D22)

=2 +
1

4

{
− 2i[J13

1 , J14
−1] + 2i[J13

1 , J23
−1] + 2i[J14

1 , J24
−1]− 2i[J23

1 , J24
−1]

}
(D23)

=2 +
1

2
J34
0 − 1

2
J12
0 − 1

2
J12
0 +

1

2
J34
0 = 2−H1

0 +H2
0 . (D24)

The above results from the Lie algebra satisfy [F α⃗, F−α⃗] = α⃗ · H⃗ (see Howard Georgi’s Lie algebra textbook [50] and the
Chapter 14 of Ref. [64]), which can be used for further generalization with SO(M)k. In terms of the highest weights of the
fundamental representation µ1 = (1/2, 1/2) and µ2 = (1/2,−1/2), we get

(ℓ1, ℓ2) = (ℓ1 + ℓ2)µ1 + (ℓ1 − ℓ2)µ2. (D25)

As we know, the highest weight of any representation can be written as a1µ1 + a2µ2, i.e., the sum of the fundamental ones
with ai ∈ Z≥0. Thus, the two requirements Eq. (D9) and Eq. (D10) are equivalent to a1,2 ≤ 2, which can be considered as the
requirements of two SU(2)2.

2. The representation cut off for SO(2m)k

For SO(2m)k, the two fundamental spinor representations are µm−1 and µm. Them(m−1) positive roots are ei±ej i < j =
1, ...,m where ei = (0, .., 1, .., 0) which has 1 at the ith position and 0 elsewhere. The simple roots are ei − ei+1, i = 1,m− 1

and em−1 + em. By considering the m(m− 1) lowering operators acting on the state |ℓ⃗⟩ for all the positive roots and requiring
the new states to have non-negative norm [same as we did in Eq. (D9) and Eq. (D10)], we get constrains for ℓs:

ℓi ± ℓj ≤ k, i < j = 1, ...,m. (D26)

Thus, in terms of ℓ⃗ =
∑m

i=1 aiµi with the fundamental weights

µ1 = (1, 0, 0, ..., 0, 0, 0), (D27)
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µ2 = (1, 1, 0, ..., 0, 0, 0), (D28)
µ3 = (1, 1, 1, ..., 0, 0, 0), (D29)
... (D30)
µm−2 = (1, 1, 1, ..., 1, 0, 0), (D31)

µm−1 =
1

2
(1, 1, 1, ..., 1, 1,−1), (D32)

µm =
1

2
(1, 1, 1, ..., 1, 1, 1), (D33)

we get

ℓi =

m−2∑
n=i

ai +
1

2
am−1 +

1

2
am, i = 1,m− 2; (D34)

ℓm−1 =
1

2
am−1 +

1

2
am; ℓm = −1

2
am−1 +

1

2
am (D35)

and inversely

ai = ℓi − ℓi+1, i = 1, ...,m− 1; am = ℓm−1 + ℓm. (D36)

Thus, the simple roots give ai=1,...,m ≤ k.
For the case of SO(6)k, we have 15 generators, which are 3 Cartan generators, 6 positive roots and 6 negative roots. The above

representation cut off is generally given by considering Fα1,α2,α3

−1 |ℓ1, ℓ2, ℓ3⟩ when α⃗ = (α1, α2, α3) are the positive roots. Here,
we give all the positive roots:

α⃗ = (1,−1, 0), β⃗ = (0, 1,−1), ρ⃗ = (0, 1, 1), (D37)

α⃗+ β⃗ = (1, 0,−1), α⃗+ ρ⃗ = (1, 0, 1), α⃗+ β⃗ + ρ⃗ = (1, 1, 0) (D38)

where the upper line gives 3 simple roots. By calculating the norm of Fα1,α2,α3

−1 |ℓ1, ℓ2, ℓ3⟩ and the commutator [F α⃗, F−α⃗] =

α⃗ · H⃗ , we get the requirements correspondingly for each postive root:

ℓ1 − ℓ2 ≤ k, ℓ2 − ℓ3 ≤ k, ℓ2 + ℓ3 ≤ k (D39)
ℓ1 − ℓ3 ≤ k, ℓ1 + ℓ3 ≤ k, ℓ1 + ℓ2 ≤ k. (D40)

In terms of Dynkin labels ai=1,2,3, we have (ℓ1, ℓ2, ℓ3) = a1ξ1 + a2ξ2 + a3ξ3 with

ξ1 = (1, 0, 0), ξ2 = (
1

2
,
1

2
,
1

2
), ξ3 = (

1

2
,
1

2
,−1

2
); (D41)

a1 = ℓ1 − ℓ2, a2 = ℓ2 − ℓ3, a3 = ℓ2 + ℓ3. (D42)

Thus, we get requirements for the Dynkin labels ai=1,2,3:

a1,2,3 ≤ k; a1 + a2 ≤ k; a1 + a3 ≤ k; a1 + a2 + a3 ≤ k. (D43)

3. The representation cut off for SO(2m+ 1)k

For SO(2m + 1)k, the only fundamental spinor representation is ξm. The m2 positive roots are ei ± ej and ej with i < j =
1, ...,m. The simple roots are ei − ei+1, i = 1,m− 1 and em. This gives the requirements for ℓs:

ℓi ± ℓj ≤ k and ℓj ≤ k, i < j = 1, ...,m. (D44)

Thus, in terms of ℓ⃗ =
∑m

i=1 aiξi with the fundamental weights

µ1 = (1, 0, 0, ..., 0, 0, 0), (D45)
µ2 = (1, 1, 0, ..., 0, 0, 0), (D46)
µ3 = (1, 1, 1, ..., 0, 0, 0), (D47)
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... (D48)
µm−2 = (1, 1, 1, ..., 1, 0, 0), (D49)
µm−1 = (1, 1, 1, ..., 1, 1, 0), (D50)

µm =
1

2
(1, 1, 1, ..., 1, 1, 1) (D51)

we get

ℓi =

m−1∑
n=i

an +
1

2
am, i = 1,m− 1; ℓm =

1

2
am (D52)

and inversely

ai = ℓi − ℓi+1, i = 1, ...,m− 1; am = 2ℓm. (D53)

Thus, the simple roots give ai=1,...,m−1 ≤ k and am ≤ 2k.

4. The fusion rule of SO(4)2

According to the above cut off (see Sec. D 1), the allowed representations for SO(4)2 are

spinor : µ1, µ2, 2µ1 + µ2, µ1 + 2µ2; (D54)
vector : 0, µ1 + µ2, 2µ1, 2µ2, 2µ1 + 2µ2. (D55)

Their fusion rules are

µ1 ⊗ µ1 = 2µ1 ⊕ 0; µ1 ⊗ µ2 = µ1 + µ2; (D56)
µ1 ⊗ (µ1 + µ2) = (2µ1 + µ2)⊕ µ2; µ1 ⊗ 2µ1 =��3µ1 ⊕ µ1; µ1 ⊗ 2µ2 = (µ1 + 2µ2); (D57)

µ1 ⊗ (2µ1 + µ2) =�����
(3µ1 + µ2)⊕ (µ1 + µ2); µ1 ⊗ (µ1 + 2µ2) = (2µ1 + 2µ2)⊕ (2µ2); (D58)

µ1 ⊗ (2µ1 + 2µ2) =(((((((3µ1 + 2µ2)⊕ (µ1 + 2µ2); (D59)

µ2 ⊗ µ2 = 2µ2 ⊕ 0; (D60)
µ2 ⊗ (µ1 + µ2) = (µ1 + 2µ2)⊕ µ1; µ2 ⊗ 2µ1 = 2µ1 + µ2; µ2 ⊗ 2µ2 =��3µ2 ⊕ µ2; (D61)

µ2 ⊗ (2µ1 + µ2) = (2µ1 + 2µ2)⊕ 2µ1; µ2 ⊗ (µ1 + 2µ2) =�����
(µ1 + 3µ2)⊕ (µ1 + µ2); (D62)

µ2 ⊗ (2µ1 + 2µ2) =(((((((2µ1 + 3µ2)⊕ (2µ1 + µ2); (D63)

(µ1 + µ2)⊗ (µ1 + µ2) = (2µ1 + 2µ2)⊕ 2µ1 ⊕ 2µ2 ⊕ 0; (D64)
(µ1 + µ2)⊗ 2µ1 =��3µ1 ⊕ µ1 ⊕ (2µ1 + µ2); (D65)
(µ1 + µ2)⊗ 2µ2 = (µ1 + 2µ2)⊕��3µ2 ⊕ µ2; (D66)
(µ1 + µ2)⊗ (2µ1 + µ2) =(((((((3µ1 + 2µ2)⊕��3µ1 ⊕ (µ1 + 2µ2)⊕ µ1; (D67)
(µ1 + µ2)⊗ (µ1 + 2µ2) =(((((((2µ1 + 3µ2)⊕��3µ2 ⊕ (2µ1 + µ2)⊕ µ2; (D68)

(µ1 + µ2)⊗ (2µ1 + 2µ2) =(((((((3µ1 + 3µ2)⊕�����
(3µ1 + µ2)⊕�����

(µ1 + 3µ2)⊕ (µ1 + µ2); (D69)

2µ1 ⊗ 2µ1 =��4µ1 ⊕ 0; 2µ1 ⊗ 2µ2 = (2µ1 + 2µ2); (D70)

2µ1 ⊗ (2µ1 + µ2) =�����
(4µ1 + µ2)⊕ µ2; (D71)

2µ1 ⊗ (µ1 + 2µ2) =(((((((3µ1 + 2µ2)⊕ (µ1 + 2µ2); (D72)
2µ1 ⊗ (2µ1 + 2µ2) =(((((((4µ1 + 2µ2)⊕ 2µ2; (D73)

2µ2 ⊗ 2µ2 =��4µ2 ⊕ 0; (D74)
2µ2 ⊗ (2µ1 + µ2) =(((((((2µ1 + 3µ2)⊕ (2µ1 + µ2); (D75)
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Reps 0 µ1 µ2 µ1 + µ2 2µ1 2µ2 2µ1 + µ2 µ1 + 2µ2 2µ1 + 2µ2

Q-dim 1
√
2

√
2 2 1 1

√
2

√
2 1

TABLE V. The quantum dimensions for all the allowed representations in SO(4)2.

2µ2 ⊗ (µ1 + 2µ2) =�����
(µ1 + 4µ2)⊕ µ1; (D76)

2µ2 ⊗ (2µ1 + 2µ2) =(((((((2µ1 + 4µ2)⊕ 2µ1; (D77)

(2µ1 + µ2)⊗ (2µ1 + µ2) =(((((((4µ1 + 2µ2)⊕��4µ1 ⊕ 2µ2 ⊕ 0; (D78)

(2µ1 + µ2)⊗ (µ1 + 2µ2) =(((((((3µ1 + 3µ2)⊕�����
(3µ1 + µ2)⊕�����

(µ1 + 3µ2)⊕ (µ1 + µ2); (D79)

(2µ1 + µ2)⊗ (2µ1 + 2µ2) =(((((((4µ1 + 3µ2)⊕�����
(4µ1 + µ2)⊕��3µ2 ⊕ µ2; (D80)

(µ1 + 2µ2)⊗ (µ1 + 2µ2) =(((((((2µ1 + 4µ2)⊕��4µ2 ⊕ 2µ1 ⊕ 0; (D81)

(µ1 + 2µ2)⊗ (2µ1 + 2µ2) =(((((((3µ1 + 4µ2)⊕�����
(µ1 + 4µ2)⊕��3µ1 ⊕ µ1; (D82)

(2µ1 + 2µ2)⊗ (2µ1 + 2µ2) =(((((((4µ1 + 4µ2)⊕��4µ1 ⊕��4µ2 ⊕ 0. (D83)

The above crossed terms will not be allowed in the fusion rules, but will appear in the representation decompositions. The (ma-
trix) representation dimensions are always integers when the above crossed terms are kept. However, the effective “dimensions”,
i.e. the quantum dimensions are non-integers in the above fusion rules where the crossed terms are absent. In order to obtain the
quantum dimensions, we first assume that the quantum dimensions of the above representations are dQ,i=1,...,9 and solve them
from algebraic equations. The equations are given by the above fusion rules, i.e., the product of quantum dimensions for the
left-side representations equals the sum of quantum dimensions for the right-side representations. The solutions for the quantum
dimensions dQ,i=1,...,9 are listed in Table V. The general result for the above representations a1µ1 + a2µ2 is

dQ(a1, a2) =


1 (ã1, ã2) = (0, 0)√
2 (ã1, ã2) = (0, 1) or (1, 0)

2 (ã1, ã2) = (1, 1)

, ãi = min(ai, 2− ai). (D84)

More general result can be found for SO(4)k

d
SO(4)k
Q (a1, a2) = dSU(2)k(a1)× dSU(2)k(a2); d

SU(2)k(ai) =
sin[π(ai + 1)/(k + 2)]

sin[π/(k + 2)]
(D85)

which explains how the SO(4)k anyons are related to two copies of SU(2)k anyons due to the fact SO(4) ∼ SU(2) × SU(2).
This may be possible to generalize for any classical Lie group at any level because they all have SU(2) subalgebras.

5. Energies of SO(4)2

Following Ludwig’s lecture notes [45, 63] and Ref. [34], we get the Hamiltonian

H0 = HSO(4)2 +HSO(2)4 (D86)

=
πvF
l

+∞∑
p=−∞

{ 1

2 + h∨[SO(4)]
: Ja

−pJ
a
p : +

1

4 + h∨[SO(2)]
: JA

−pJ
A
p :

}
(D87)

=
πvF
l

+∞∑
p=−∞

{ 1

2 + 2
: Ja

−pJ
a
p : +

1

4 + 0
: JA

−pJ
A
p :

}
. (D88)

The SO(2) has only one generator JA=1
0 that is a Cartan generator, which is like U(1). Thus, we define the highest wight primary

state as |Q⟩ and get : JA
−pJ

A
p : |Q⟩ = Q2|Q⟩ where Q is the eigenvalue of JA=1

0 . If the representation of SO(4) are given by
a1µ1 + a2µ2, we get

E − E(0) =
πvF
l

{1

4

1

2

[
a1 +

a21
2

+ a2 +
a22
2

]
+

1

4

1

2
Q2

}
+ . . . . (D89)
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a1 a2 Qmod4 l
[
E − E(0)

]
/πvF n

0 0 0 0 1
1 1 1 1/2 1
2 0 2 1 1
0 2 2 1 1
2 2 0 1 1
1 1 3 3/2 1

TABLE VI. Table for the primary states and their energies/scaling dimensions at the free case for SO(4)2.

If we take a1 = 2j and a2 = 2jf , we get

E − E(0) =
πvF
l

{1

4

(
j + j2 + jf + j2f

)
+
Q2

8

}
+ . . . (D90)

which is identical to the SU(2)2 result.

6. Single fusion with the impurity for SO(4)2

The representation for the impurity is µ1⊕µ2. We consider the single fusion of the impurity µ1 (µ2 is similar) with the above
primary states. The results are listed in Table VII.

a1 a2 Qmod4 l
[
E − E(0)

]
/πvF n

1 0 0 3/16 1
0 1 1 5/16 1
2 1 1 13/16 1
1 0 2 11/16 1
1 2 2 19/16 1
1 2 0 11/16 1
0 1 3 21/16 1
2 1 3 29/16 1

TABLE VII. Table for the primary boundary operators and their energies/scaling dimensions at the Kondo fixed point for SO(4)2 obtained by
single fusion with the impurity µ1. The single fusion results with impurity µ2 can be found by interchanging a1 ↔ a2.

7. Double fusion with the impurity for SO(4)2

The representation for the impurity is µ1 ⊕ µ2. We consider the double fusion of the impurity with the above primary states
shown in Table VI and allow the cross terms like µ1,2 from the first fusion with the impurity µ1 ⊕ µ2 and µ2,1 from the second
fusion with the impurity µ1 ⊕µ2. This is equivalent to not fixing the charge parity of the impurity. The double fusion results are
in the following:

[µ1 ⊕ µ2]⊗ [µ1 ⊕ µ2]⊗ 0 = 2µ1 ⊕ 0⊕ 2µ2 ⊕ 0⊕ (µ1 + µ2)⊕ (µ1 + µ2); (D91)

[µ1 ⊕ µ2]⊗ [µ1 ⊕ µ2]⊗ (µ1 + µ2) = [2µ1 ⊕ 0⊕ 2µ2 ⊕ 0⊕ (µ1 + µ2)⊕ (µ1 + µ2)]⊗ (µ1 + µ2) (D92)
=µ1 ⊕ (2µ1 + µ2) ⊕ (µ1 + µ2) ⊕ (µ1 + 2µ2)⊕ µ2 ⊕ (µ1 + µ2) ⊕ (2µ1 + 2µ2)⊕ 2µ1 ⊕ 2µ2 ⊕ 0 (D93)
⊕ (2µ1 + 2µ2)⊕ 2µ1 ⊕ 2µ2 ⊕ 0; (D94)

[µ1 ⊕ µ2]⊗ [µ1 ⊕ µ2]⊗ 2µ1 = [2µ1 ⊕ 0⊕ 2µ2 ⊕ 0⊕ (µ1 + µ2)⊕ (µ1 + µ2)]⊗ 2µ1 (D95)
=0⊕ 2µ1 ⊕ (2µ1 + 2µ2)⊕ 2µ1 ⊕ µ1 ⊕ (2µ1 + µ2)⊕ µ1 ⊕ (2µ1 + µ2); (D96)

[µ1 ⊕ µ2]⊗ [µ1 ⊕ µ2]⊗ 2µ2 = [2µ1 ⊕ 0⊕ 2µ2 ⊕ 0⊕ (µ1 + µ2)⊕ (µ1 + µ2)]⊗ 2µ2 (D97)
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a1 a2 Qmod4 l
[
E − E(0)

]
/πvF n

0 0 0 0 2
1 1 0 3/8 2
2 0 0 1/2 1
0 2 0 1/2 1

0 0 1 1/8 2
1 0 1 5/16 1
0 1 1 5/16 1
1 1 1 1/2 2
2 0 1 5/8 2
0 2 1 5/8 2
2 1 1 13/16 1
1 2 1 13/16 1
2 2 1 9/8 2

0 0 2 1/2 1
1 0 2 11/16 2
2 0 2 1 2
2 1 2 19/16 2
2 2 2 3/2 1

0 0 2 1/2 1
0 1 2 11/16 2
0 2 2 1 2
1 2 2 19/16 2
2 2 2 3/2 1

1 1 0 3/8 2
2 0 0 1/2 1
0 2 0 1/2 1
2 2 0 1 2

0 0 3 1 + 1/8 2
1 0 3 1 + 5/16 1
0 1 3 1 + 5/16 1
1 1 3 1 + 1/2 2
2 0 3 1 + 5/8 2
0 2 3 1 + 5/8 2
2 1 3 1 + 13/16 1
1 2 3 1 + 13/16 1
2 2 3 1 + 9/8 2

TABLE VIII. Table for the primary boundary operators and their energies/scaling dimensions at the Kondo fixed point for SO(4)2 obtained by
double fusion with the impurity. The red representations will not appear in the double fusion results if we fix the parity.

=(2µ1 + 2µ2)⊕ 2µ2 ⊕ 0⊕ 2µ2 ⊕ (µ1 + 2µ2)⊕ µ2 ⊕ (µ1 + 2µ2)⊕ µ2; (D98)

[µ1 ⊕ µ2]⊗ [µ1 ⊕ µ2]⊗ (2µ1 + 2µ2) = [2µ1 ⊕ 0⊕ 2µ2 ⊕ 0⊕ (µ1 + µ2)⊕ (µ1 + µ2)]⊗ (2µ1 + 2µ2) (D99)
=2µ2 ⊕ (2µ1 + 2µ2)⊕ 2µ1 ⊕ (2µ1 + 2µ2)⊕ (µ1 + µ2)⊕ (µ1 + µ2). (D100)

Thus, we get Table VIII. The red representations will not appear in the double fusion results if we fix the parity. If we do not fix
the parity, the primary operators ϕ(a1=1,a2=1,Q=0)

α have the smallest scaling dimension 3/8 in the table. However, we can not
construct a set of operators that from this representation a1 = a2 = 1 using the generators J⃗ (0,2). Thus, the leading irrelevant
operator will be J⃗ (0,2)

−1 · ϕ⃗(0,2) + J⃗
(2,0)
−1 · ϕ⃗(2,0) where ϕ⃗(2,0) are the three 2µ1-primary operators and J⃗ (2,0) are the 2µ1-operators

[three generators of all the six generators for SO(4) and the other three operators are J⃗ (0,2)]. This leading irrelevant operator
has scaling dimension 1 + 1/2 = 3/2 becayse the primary operators ϕ⃗(0,2) and ϕ⃗(2,0) both have scaling dimension 1/2. If we
fix the parity, we still use these two primary operators ϕ⃗(0,2) and ϕ⃗(2,0) to form the same leading irrelevant operator.
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Appendix E: The representation of the density J(d)

In Sec. IV A, we defined J (d)
χ (x) =

∑
j ψ⃗

†
χ;j(x)D1ψ⃗χ;j(x) where D1 = diag(1,−1, 0, . . . , 0). The sum over channel index

j means that J (d) is a singlet in the channel sector. In the flavor [SO(M)] sector, a general form for a density operator is∑
ab c

†
aB

α
abcb where a, b = 1, . . . ,M . One finds that there are three sets of them: the first one is given by B1 = IM×M , a

symmetric traceful matrix; the second set of densities are the [M(M − 1)/2] antisymmetric traceless matrices; the last set of
densities are the [(M − 1)+M(M − 1)/2] symmetric traceless matrices. The matrix D1 is one of these M − 1+M(M − 1)/2
symmetric traceless M ×M matrices. The representation of these three sets of densities can be determined by decomposition
of two 1-particle representations (the 1-particle representation has dimension M ), which are two 2µ1s (spin-1s) for SO(3), two
µ1 + µ2s for SO(4) [see Eq. (B3)] and two µ1s for SO(M ≥ 5). These decompositions are listed in the following equation.

2µ1 ⊗ 2µ1 = 4µ1 ⊕ 2µ1 ⊕ 0, for SO(3)

(µ1 + µ2)⊗ (µ1 + µ2) = (2µ1 + 2µ2)⊕ 2µ1 ⊕ 2µ2 ⊕ 0, for SO(4)

µ1 ⊗ µ1 = 2µ1 ⊕ 2µ2 ⊕ 0, for SO(5)

µ1 ⊗ µ1 = 2µ1 ⊕ (µ2 + µ3)⊕ 0, for SO(6)

µ1 ⊗ µ1 = 2µ1 ⊕ µ2 ⊕ 0, for SO(M ≥ 7).

(E1)

The 0 is the identity B1. The first representations on the right side (also the representation of J (d)) are for the M − 1+M(M −
1)/2 real traceless M ×M matrices; The rest of them are for the [M(M − 1)/2] antisymmetric traceless (the adjoint) M ×M
matrices.
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