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Abstract

Mechanical resonators operating in the megahertz range have become a versa-
tile platform for fundamental and applied quantum research. Their exceptional
properties, such as low mass and high quality factor, make them also appealing
for force sensing experiments. In this work, we propose a method for detect-
ing, and ultimately controlling, nuclear spins by coupling them to megahertz
resonators via a magnetic field gradient. Dynamical backaction between the
sensor and an ensemble of N nuclear spins produces a shift in the sensor’s
resonance frequency. The mean frequency shift due to the Boltzmann polar-
ization is challenging to measure in nanoscale sample volumes. Here, we show
that the fluctuating polarization of the spin ensemble results in a measurable
increase of the resonator’s frequency variance. On the basis of analytical as
well as numerical results, we predict that the variance measurement will allow
single nuclear spin detection with existing resonator devices.
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1 Introduction

Magnetic resonance force microscopy (MRFM) is a method to achieve nanoscale magnetic
resonance imaging (MRI) [1}2]. It relies on a mechanical sensor interacting via a magnetic
field gradient with an ensemble of nuclear spins. The interaction creates signatures in the
resonator oscillation that can be used to detect nuclear spins with high spatial resolution.
Previous milestones include the imaging of virus particles with 5 — 10 nm resolution [3],
Fourier-transform nanoscale MRI [4], nuclear spin detection with a one-dimensional reso-
lution below 1nm [5], and magnetic resonance diffraction with subangstrom precision [6].

The MRFM community is continuously searching for improved force sensors to reach
new regimes of spin-mechanics interaction. In particular, over the last decade, new classes
of mechanical resonators made from strained materials showed promise as force sensors |[7].
Today, these resonators come in a large variety of designs, including trampolines [8}9],
membranes |10H12], strings [13H16], polygons [17], hierarchical structures [18}|19], and
spider webs [20]. Some of these resonators are massive enough to be seen by the naked
eye, but their low dissipation nevertheless makes them excellent sensors, potentially on
par with carbon nanotubes [21] and nanowires [4}22].

Compared to the cantilevers and nanowires traditionally used in MRFM, the new
classes of mechanical resonators typically exhibit higher resonance frequencies and different
shapes. As a consequence, protocols used in previous MRFM experiments are often not
applicable anymore. On the one hand, this calls for novel scanning force geometries [23]
and transduction protocols [24] that are tailored to the new sensors. On the other hand,
new experimental opportunities arise, as these mechanical resonators can strongly interact
with a wide array of quantum systems, such as nuclear spins, artificial atoms, and photonic
resonators [25,26].
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Figure 1: (a) Schematic of the proposed experiment: A spin ensemble is placed
on a mechanical resonator moving within an inhomogeneous magnetic field gen-
erated by a nanoscale magnet. By driving the resonator, the spins experience
an oscillating magnetic field B(§) with a component B, (inset). The spins act
back on the resonator, producing a force that can be detected as a shift in the
resonance frequency. (b) We model the system as a spin ensemble (equilibrium
polarization I} = Ip) interacting with a harmonic oscillator. Both spin ensem-
ble and resonator are coupled to independent baths at temperature 7', causing
spin dephasing and decay with rates 1/75 and 1/77, respectively, and resonator
damping at a rate I'y,. (c) Illustration of the typical spin regimes according to
driven mechanical amplitudes zy. Here z;, denotes the thermal motional ampli-
tude. The regime addressed in this work is highlighted in red.

In this work, we propose a protocol for nuclear spin detection based on the near-
resonant interaction between a mechanical resonator and nuclear spins. We start from a
general case with a large ensemble of nuclear spins and develop a deterministic model of the
near-resonant interaction. We then extend this framework to small sample volumes, where
statistical effects dominate, down to the limit of a single fluctuating nuclear spin. Opposed
to earlier ideas , our method is most efficient when the resonator is slightly detuned
from the spin Larmor frequency. Our method suits the typical frequency range of strained
silicon nitride resonators (1 — 50 MHz) and offers a simplified experimental apparatus, as
it circumvents the need for spin inversion pulses and related hardware. We also show that
for realistic experimental parameters, the method can attain single nuclear spin sensitivity,
a major milestone on the way towards spin-based quantum devices. Finally, our method
will enable spin manipulation via mechanical driving, in analogy to existing techniques in

cavity optomechanics [2529-31].
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2 Theoretical Framework

We first consider a nuclear spin ensemble placed on a mechanical resonator, see Fig. (a).
The ensemble comprises N spins that interact with a normal mode of the resonator. The
composite system can be described with the Zeeman-like Hamiltonian

H=—myI-B+Hp, (1)

where h is the reduced Planck constant, v the nuclear spins’ gyromagnetic ratio, and B
the magnetic field at the spins’ location. The spin ensemble operator I has the three
components I = fo:l Gik/2 with the spin—% Pauli matrices 6; j, for spin k = {1,--- , N},
and ¢ € [z,y,z]. We describe a single vibrational mode as a driven harmonic oscillator
displacing along the z axis governed by the Hamiltonian
ﬁz 1 2,2 ~

Hp = o + S MW" — Fyg cos(wqt), (2)
where ¢ is the z-position operator of the resonator, p is the corresponding momentum
operator, m is the effective mass, wy is the angular resonance frequency, and wq and Fj are
the angular frequency and strength of an applied force, respectively. If B is inhomogeneous,
the spins experience a position-dependent field B(§) as the mechanical resonator vibrates.
To lowest order, we approximate this field as B(§) ~ Bg+ G¢ with a constant component
By = B(¢ = 0) and relevant field gradients G; = 0B;/0z. The coherent spin-resonator
dynamics therefore obey the Hamiltonian

,H% —thjz —h’quGi—F,Hma (3)

with the Larmor precession frequency wr, = 7|Bo|.

Any real system, in equilibrium with a thermal bath, experiences mechanical damping
(rate T'yy = wp/Q, with @ the quality factor), spin decay (longitudinal relaxation time T}),
and spin decoherence (transverse relaxation time 75). We thus succinctly represent our
system dynamics using the Heisenberg picture’s dissipative equations of motion (EOM).
Driving the resonator to an oscillation amplitude zy well above its zero-point fluctuation
amplitude z,,¢ = \/h/(2mwy), the mechanical resonator behaves essentially classically.
This allows us to assume the semiclassical limit for spins I; + I;. The spin components
I; evolve according to [Appendix

. R hry
= —w2q—Tmg + =2 )+ LG T+t 4
4= —wyq G+ cos(wat) + +&(1), (4)
. 1
Iy = _EISWJ + (wr, + ’Vqu)Iy,m F Y9Gy 1, (5)
. 1
IZ = ﬁ (C()(t) - IZ) —9q (Gwa - Gylx) . (6)

Here, the stochastic driving term £(t) represents the thermomechanical (white) force noise.
The term (o(t) = Io + dIp(t) contains two contributions: (i) the Boltzmann polariza-
tion Iy, representing the net equilibrium polarization of the spin ensemble. It arises
due to the thermal population imbalance between spin states in the presence of an ex-
ternal magnetic field. In the limit kg7 > hwr, the Boltzmann polarization simplifies
Iy = Nhwr,/(4kpT) according to the Curie law [32]. (ii) The fluctuating statistical part
01y arises from thermal fluctuations in the spin ensemble. The central limit theorem dic-
tates that these fluctuations have zero mean and a standard deviation os7, ~ VN /2,
independent of temperature and magnetic field, in the same limit kT > hwr, [33,34].
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To model the dynamics of these fluctuations, we assume that §/y(¢) follows an Ornstein-
Uhlenbeck process, which describes a stationary, Gaussian, Markovian process with auto-
correlation (§1y(t)d1y(t")) = ngoe_‘t_t/‘/T, decaying exponentially over the spin correlation
time 7 < T3 [35]. Note that in our model, the spins’ decay (decoherence) time 77 (75) is
independent of temperature and magnetic field.

To treat Egs. —@, we make a number of simplifications. In particular, we assume
that: (i) the spins’ force on the resonator, 0F, is substantially weaker than the driving
force, i.e., |0F| < Fp; and that (ii) the spin-resonator coupling, measured by the Rabi
frequency QQp = vG;z20, is significantly smaller than the spin’s decoherence rate, i.e.,
Qr < 1/T5, see Fig.[Ic). We select zg to be small and on the order of the thermal motion
Zth, thus fulfilling (ii). The conditions (i) and (ii) imply that we remain in the weak
coupling limit, where the oscillation inside the field gradient G excites a precessing spin
polarization orthogonal to By (i.e., I, # 0), but does not lock the spins to the resonator
frequency wg. The backaction of the spins can be treated as a perturbation of the driven
resonator oscillation at frequency wq. Additionally, we assume that (iii) the resonator
reacts much more slowly than the spin relaxation timescales, I'y, < 1/T5,1/T). Finally,
we assume that (iv) spin fluctuations evolve on timescales comparable to or slower than
the resonator response, i.e., Iy, > 1/7. This ensures that spin noise can be effectively
sampled by the resonator.

Since individual spins relax on a timescale set by 77, the correlation time 7 cannot
exceed T7, as any collective memory in the spin bath is lost beyond that point—an upper
bound that may seem at odds with (iii), which requires I'y, < 1/771; while both conditions
cannot strictly hold simultaneously, our numerical simulations show that the analytical
treatment remains valid for a wide range of spin-resonator couplings, longitudinal relax-
ation timescales and correlation times, including cases where 'y, ~ 1/T7, Qg ~ 1/T} and
7 ~ T7. All conditions above ensure that the response remains linear in both Iy and 41,
requiring them to be weak enough for the resonator to stay in the linear regime. For
numerical validation and more information, see Appendix [C]

3 Boltzmann Polarization

In a first part, we ignore spin fluctuations (0Ip = 0). The spin components I, exert a
linear force onto the resonator, which we calculate via the Harmonic Balance method [36),
37|, detailed in Appendix The force involves a static component §Fy = hylpG,/m
that shifts the mechanical equilibrium position, and two oscillating components, one in
phase and one out of phase. This dynamical backaction loop causes a frequency shift dw
(corresponding to a phase shift in the driven response) and a linewidth change 0T,

dw = —g° W+ + e Iy, 7

g (wi + T2 W 4Ty 0 ™)
5t 5t

0lm = —¢° 2 — 2 Io, 8

o J (wi + 152 W 4Ty 0 ®)

where wy = wy, + wq and ¢* = hy? (G2 —{—Gg) /(4mwq). Equations and show
that the average spin polarization Iy affects the resonator response. The in-plane spin
components I and I, produce a delayed force. In the numerical simulation below, we find
that this delayed force is strongest when the spins respond faster than the resonator, i.e.,
I'm < 1/T7 and typically also I'y, < 1/T%. This is in agreement with condition (iii).
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In Eq. the largest frequency shift occurs at a detuning wy, # wo, set by 1/T5 and wr,.
This contrasts with resonant coupling forces (wr, = wp) in an early MRFM proposal [27]
and with spin noise measurements in MRI [38,39]. Instead, the effect resembles dynamical
back-action in cavity optomechanics, where mechanical motion induces a periodic shift in
an optical cavity, resulting in a corresponding change in the cavity population [25/40]. Note
that, unlike spin systems fluctuating around a strongly polarized z state, which involve
only two oscillating quadratures [41,/42], our system engages all three spin components in
the back-action loop.
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Figure 2: Mean (dw) and standard deviation (os,) of the frequency shift of a
string resonator [13] due to a single proton spin calculated as a function of the
detuning between the Larmor frequency wy, and the mechanical frequency wy.
Analytical and numerical results are shown for the two contributions of the spin
polarization: Boltzmann (a) and statistical (b). Note the different y-axis scales.
Blue lines correspond to Eq. , while red dots are calculated with an explicit
Runge-Kutta method of order 8 [43]. Maximal frequency shifts and variances are
marked with red stars. In (b), a fit of the data is shown as a red dashed line, which
is identical to the analytical solution up to a factor n = 0.65. Common simulated
parameters are wq = wo = 27 X 5.5MHz, G, = G, = 6MT/m, G, = 1MT/m,
m =2pg, Tt =7 =50ms, 75 = 100ps, N = 1 and Qg = 2 - 10* (see Appendix
for details).

As an example, we consider a single nuclear spin (N = 1) without fluctuations (§Ip =
0) in a magnetic field of By = 130mT, interacting with a bath at 7 = 0.2K and a
state-of-the-art string resonator [13|. The analytical results of Egs. @ for Boltzmann
polarization are shown in Fig. a), along with a numerical simulation of Egs. —@.
The analytical and numerical results show excellent agreement, with a peak frequency
shift near 10 kHz detuning. However, we note two issues: on the one hand, the condition
d0lp = 0 is unrealistic for any measurement time larger than 7. On the other hand, we
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see that even within that short time, the frequency shift that can be obtained for a single
spin is only about 0.8 pHz. Measuring such a small shift is clearly unfeasible. For both
of the above reasons, it appears advantageous to investigate the effects of a stochastic
polarization §Iy, which should yield a much larger signal than Iy for single spins [33.|44].

4 Statistical polarization

It is known that the statistical polarization dominates over Boltzmann polarization for
N < 2-10° spins, corresponding to a volume of ~ (30 nm)? for protons in water [3},33],
see also Appendix However, from our derivation, it is unclear whether Eqs. and
apply to statistical polarization at all. Naively, we are tempted to just replace Iy with
01y, making dw and 1"y, explicitly time-dependent and stochastic. This would entail that
the variance of the frequency shift reflects fluctuations in the spin bath spectral density.
A detailed derivation (see Appendix confirms this intuition: assuming Gaussian
statistics and that the conditions (i), (ii), and (iii) behind Eqs.(7) still hold—namely, weak
coupling, fast dephasing, and narrow-band resonator response—we find via standard error
propagation:

2 Wy w_
= . 9
osu = (1728 o+ 1z o) o ®)

The relevant observable in this scenario is no longer a static frequency shift but the stan-
dard deviation of frequency fluctuations, os,. As Eq. @ shows, this standard deviation
scales as o571, ~ V/N. We find that the variance of the frequency shift peaks at the same
parameter values where the average shift is largest. This is expected: both the mean shift
and its fluctuations grow with the strength of the spin-resonator interaction.

In Fig. (b), we show the analytical result corresponding to Egs. @D, calculated for the
same resonator and a single proton spin. As before, we compare the analytical results to a
numerical simulation of the semiclassical, stochastic Egs. —@, which we now carry out
for a fluctuating polarization. We simulate multiple stochastic trajectories of Eqs. f@

using a long spin correlation time 7 = 50ms = 7T}, compute their variance 03", and

remove transients from initialization. Crucially, we find that agi:)n in this case is ca. 3
orders of magnitude larger than the frequency shift shown for the Boltzmann case in
Fig. (a). Indeed, the standard deviation expected for a single proton approaches 1 mHz,
which should be measurable at cryogenic temperatures [45]. We conclude that measuring
the statistical spin polarization is promising and could enable single nuclear spin detection.

The full numerical simulation shows that the analytical prediction in Eq. @D overes-
timates oy, by the factor n = aggn /0s.,. For the example shown in Fig. (b), we find
1 = 0.65. The discrepancy arises from two factors: on the one hand, if I'y, is small relative
to 1/7, the resonator cannot sample the fluctuating spin polarization sufficiently fast. This
corresponds to a violation of condition (iv). On the other hand, if Ty, is large relative to
1/T7, we violate condition (iii) and the analytical result is unrealistic. As 7 ~ 77, the two
conditions cannot be perfectly fulfilled at the same time and we expect to always obtain
an overall reduction compared to the analytical prediction.

To further investigate this reduction, we show 7 as a function of I'y, and 7 in Figs. (a)
and (b), respectively. We observe a monotonic reduction of 7 for fast spin baths (7 — 0)
and for high-@) resonators (slow response). Appendix presents a detailed model of
spin-force under statistical polarization and its impact on the resonator. For simplicity,
we adopt here a phenomenological approach, assuming a Lorentzian spin-force PSD set
by a fixed spin correlation time [24]. In this simplified model, we calculate the PSD of the
fluctuating mechanical frequency from the spectral overlap of the spin force PSD with the
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Figure 3: Dependence of simulated frequency shift variance on the resonator’s
damping rate I, (a) and on the spin bath correlation time 7 (b), quantified by
the factor n extracted from fits to multiple numerical simulations. The dashed
vertical line in (a) indicates the point where resonator’s response time and spin
correlation’s time match. In addition, a purple line shows a single parameter fit
of the model described by Eq. (11). The fit gives a = 0.67. In (b), a dashed
vertical line marks the theoretical upper limit 7 = 71, beyond which the bath
cannot stay correlated.

mechanical resonator response function. i.e., the mechanical susceptibility:

1 2, (=)

T

= F? (10)
422m2wi T2 + (w — wo)? (2%)2 + (W — wr)?

spin»

S(Swéw (w)

where Fypin is the force generated by the spins, assumed to be frequency-independent.
Note that the exact form of the force does not need to be known for the model to properly
0 dw

describe the factor n. Using agw = fioo 52 Sswsw(w) and normalizing to 7 — oo (i.e. the

non fluctuating polarization limit), we get:

|
= xx———
2 + T’

" (11)
with a the only fit parameter of the model that accounts for all the prefactors in Eq. (10]),
including the unknown form of Fi;,. Note that « sets the maximum value of 7 for a given
set of I'yy, and 7.
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The purple line on Fig. [3a) shows the model with the single fit parameter o = 0.67.
We observe that larger values of 'y, lead to higher n as they conform closer to condition
(iv), that is, the resonator is better able to sample the spin fluctuations in real time.
Nevertheless, we do not reach n = 1. We attribute this to the partial violation of condition
(iii), which arises because 7 < T by necessity. In Fig.[3|(b), we demonstrate how  depends
on 7. Indeed, we find that for arbitrarily large 7, n converges towards 1. This regime is
marked as ‘not physical’ as it corresponds to 7 > Tj.

Note that condition (iv) is not fundamental, in the sense that a resonator can sample
frequency shifts much faster than its own ringdown time ~ 1/I";, when using a closed-loop
measurement technique [46}47]. For such a closed-loop technique, all points in Fig. (a)
would have the same value of 0.67.

To estimate the smallest measurable frequency shift, we compare its variance with the
resonator’s frequency noise from thermal fluctuations. At resonance (w = wy), the power
spectral density of the resonator’s displacement reads Syq(wo) = 4kpTQ/(mwd). These
displacement fluctuations translate into frequency noise with spectral density [47]:

2w3 Sqq(wo)  2kpT
40222 mweQz’

Sﬁw&u(WO) = (12)

which yields an Allan variance 0%, (fint) = Sswow(Wo)/(2tine) = ksT/(tingmwoQ23), a
standard measure of frequency stability over the integration time tin [47,/48] . To resolve
the variance produced by the spins, we require agw > O';inan(tmt). In the example of
Fig. b), single nuclear spin detection requires an integration time of ti,y = 12min to
resolve the spin’s variance.

5 Discussion

Our results show that statistical polarization can enable spin detection via dynamical
backaction, providing far larger signals than the corresponding Boltzmann polarization
for small spin ensembles N < 10%. Nevertheless, for realistic samples two additional
sources of spin decoherence need to be considered, resulting from spin-spin coupling and
inhomogeneous broadening.

Decoherence due to spin-spin coupling — In typical nuclear magnetic resonance (NMR)
experiments, interactions between neighboring nuclear spins can often be neglected when
the Rabi frequency i exceeds the spin-spin coupling strength J. In that scenario, the
range of Larmor frequencies that are affected by the spin lock is dominated by the spectral
‘power broadening’ equal to (2. By contrast, in the experiments we describe, the condition
Qr > J is typically not fulfilled, and we are limited by Qr < 1/T%,1/T1, see condition
(ii). As we cannot ignore spin-spin interaction in the weak-driving regime, J is accounted
for in the simulations through the spin decoherence time 75 = 100 ps [49].

Inhomogeneous broadening — Any realistic sample has a certain size and thus contains
spins at various positions within the magnetic field gradient, resulting in a range of Larmor
frequencies. For instance, a spin ensemble with a diameter D = 100nm in a gradient G =
2MT m~! experiences fields over a range AB = D x G = 0.27T. The ensemble’s Larmor
frequencies are spread over a spectral range YAB =~ 8 MHz leading to inhomogeneous
spectral broadening 1/T5 ~ vAB. If Ty is shorter than the timescale of the spin-spin
interaction, T» has to be replaced by 75 in Egs. ([7]) and , causing a broader and
shallower signal distribution.

In our sample, the driving fields are necessarily weak to satisfy condition (ii), Qr =
vGizo < 1/T5,1/T7. As a consequence, only the spins within the narrow range wy, =
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wo = Qg are directly excited, yielding an inhomogeneous broadening of 1/75 = Qr. By
contrast, through spin-spin interactions, all the spins within wy, = wg £ 1/T5 are indirectly
excited. As our method requires Qp < 1/T%, the broadening of the spin ensembles is
limited by 1/T5, not 1/T5. This means that we need not be concerned about the effects of
inhomogeneous broadening, as the spatial regions we excite are very small. Unfortunately,
this narrow excited region also comes at a cost: it fundamentally limits the number of
spins that can contribute to the signal. For example, in our case, the width of the slice in
the z-gradient direction is approximately dz ~ 0.25 nm. While this small voxel size limits
the available signal strength, it naturally leads to a high spatial selectivity, and thereby
to excellent spatial resolution.

Indeed, the most exciting aspect of our method is the limit of probing a single nuclear
spin, as demonstrated in Fig. [2l While the detection of a single electron spin with a silicon
cantilever required an averaging time of roughly 4.7 x 10* s in 2004 [50], our method offers
the sensitivity for detecting a single nuclear spin (with a roughly 10 times lower magnetic
moment) in 12min. This value is found assuming that the resonator’s frequency noise is
dominated by thermomechanical fluctuations. Technical frequency noise (e.g., from tem-
perature drift or laser absorption), can further increase the frequency noise and complicate
spin detection. However, recent breakthroughs have achieved a 1 mHz dissipation-limited
bandwidth [45] and improved frequency drift calibration [51]. These advances indicate that
precise, stable, and long-term frequency measurements at the thermomechanical limit are
possible.

In summary, we have presented a method for detecting nuclear spins using dynamical
backaction in megahertz resonators. By focusing on statistical polarization, the approach
enables single-spin sensitivity with simple hardware and no need for spin control. Our de-
tection method uses a single drive (e.g. via electrical or optomechanical coupling) acting
directly on the resonator. Our approach reduces the experimental overhead significantly
compared to typical MRFM experiments, which require a microstrip in close proximity
of the resonator [52] to generate periodic spin flipping through radio-frequency pulses [3].
Near-resonant spin-mechanics coupling also opens the possibility of coherently manip-
ulating nuclear spins through mechanical driving [53]. An intriguing possibility arises
when swapping the roles of the resonator and the spin ensemble for spin cooling through
backaction [54], akin to cavity cooling in the reversed dissipation regime in cavity optome-
chanics [55,56]. Our simplified study paves the way for delving into the intricacies of
local spin dissipation and decoherence [57] and dipole-dipole interactions [58] in particular
experimental configurations. It also lays the groundwork for exploring further opportuni-
ties of parametric driving [24] and multimode resonators [59-61]. With these capabilities,
nanoscale MRI will become a versatile platform for nuclear spin quantum sensing and
control on the atomic scale.
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A ANALYTICAL APPROACH

A Analytical approach

A.1 Langevin spin-membrane equations of motion

We offer further details on the analytical solution for the spin-mechanical model introduced
in the main text. The model features a driven mechanical resonator moving along z,
influencing an ensemble of IV spins. The spins interact also with a spatially-dependent
magnetic field. The combined dynamics is described by the Hamiltonian
M=y Lz m ks — i (Goly 4 Gyl 1 G
=5 + 5w d 0q cos(wqt) — hwr, I, — hvyq <GIIx + Gyl + GZIZ) , (13)

where 7 is the reduced Planck constant, wg (wr,) is the mechanical (Larmor) resonance
frequency, wq is the driving frequency, G; is the magnetic gradient along i € [z,y, 2], v is
the gyromagnetic ratio of a nuclear spin, and Fj is the driving force. Here ¢ and p stand
for the position and momentum operators for the resonator. The spins are described by
the collective spin operators I, = ch\;l Gik/2, where 6; j, are the Pauli matrices describing
a spin—%.

We extract the dissipative equations of motion (EOM) using the Heisenberg picture.
We account for mechanical damping (I'y,) as well as spin decay (77) and decoherence (1%).
Furthermore, we consider thermomechanical noise, acting on the resonator, and polar-
ization noise, parametrized by operators & (t) and éo(t), respectively. The corresponding
Heisenberg-Langevin equations |62] read:

. . I h A - - N
i = B = Tmd + 2 cos(wat) + — (Gola + Gyl + G ) +E(), (14)
X 1 - ~ a a
Ix,y = _EIa:,y + wLIy,az + fYquIy,x + 7Gy,$q137 (15)
X 1 N ~ A o
I = 7 (Go(t) = 1) =Gy + Gyl (16)

where we identify the renormalized mechanical frequency as wo — /w3 + I'2, /4.
Polarization noise is split into average and fluctuating contributions: (o(t) = Io+dIo(t).
Here Iy stands for the Boltzmann (thermal) equilibrium polarization [32]

Ip = =N [(2I + 1) coth ((2I + 1)hwy/(2kpT)) — coth(hwr,/(2k5T))] /2, (17)

with N the number of spins in the considered ensemble and I = % the spin number.

The resonator motion is driven well above its zero-point fluctuation. We can therefore
apply a semiclassical approximation, which reduces the operators to real amplitudes, § — ¢
and I; — I;, yielding the equations of motion in the main text, Egs. (4)-(6):

EF I
G=—wiq—Tmi+ —Ocos(wdt) + lG-I—i—ﬁ(t), (18)
m m
. 1
Iny = —EIz,y + (wr, +v4G2) 1y 2 F 4Gyl (19)
. 1
I, = ?1 (Co(t) — 1) —vq (G:L“Iy - Gylx) ) (20)

with G = (G, Gy, G,), I = (1,1, 1), thermomechanical force {(t) acting on the res-
onator, and fluctuating classical polarization (o(t) = Ip+dIo(t). The classical fluctuations
amplitudes have Gaussian statistics with correlators

ey = s ), (21)
(560(1)560 (1)) = oe 1), (22)

11



A.2  Slow-flow equations of motion A ANALYTICAL APPROACH

where T is the temperature of the mechanical bath, 7 stands for the spin bath autocorre-
lation time, and variance o3 = I [33,34].
We first examine the determlnlstlc dynamics, governed by

Fy hry
§=—wiq—Twmi+— cos(wdt) + —G I, (23)
I_ﬂﬁay IZ’ Y + (wL + ’VqG )Iy z + 'Yqu Z‘IZ7 (24)

= 1 _
I, = ?1 (Io — 1 ) — g (G;,;]y — Gyfz) , (25)

where -~ - denotes averages. These equations can also be found from averaging the Heisen-
berg EOM Eq. ., Eq. . and Eq. , under the mean-field approximation, where
cross-correlations are neglected, i.e., <qI ) = ql;. We then examine how fluctuations in-
duced by (y(t) affect the system’s dynarmcs.

A.2 Slow-flow equations of motion

We further analyze here the deterministic solution to the main text Eqgs. (4)-(6). We
assume that the resonator dynamic is dominated by the external force. Thus, the coupling
to the spins act as a small correction. We can then write the mechanical motion as

q(t) = ¢ (t) + 5q(t), where ¢O(t) = u((IO) cos(wqt) + v((l )sm(wdt) with

F
ul®) = 0 (w2 - w2) , (26)
Tom [(w% —wd)*+ wdFQ} b

UC(IO) = £o wal'm. (27)
m [(w% - wd) + w3l }

The part accounting for the spins then obeys

hry
0q = —wodq —Tdq + fG I (28)
We express the solution for dg(t) in terms of an ansatz
dq(t) = dag(t) + duy(t) cos(wat) + dvg(t) sin(wat), (29)

where daq(t), dug(t) and dv,(t) are real time-dependent amplitudes to be found. Employing
this form of the solution is particularly beneficial when examining perturbations associated
with the behavior of a driven harmonic oscillator. The dynamics of the spins in response
to the mechanical motion can be calculated employing a similar ansatz

I;i(t) = a;(t) + ui(t) cos(wqt) + v (t) sin(wqt), (30)

with amplitudes a;(t), u;(t), vi(t). Given Eq. (30)), the spins exert a time-dependent force
on the resonator given by

0F(t) = hiyG - I(t) = iy [G - a(t) + G - u(t) cos(wgt) + G - v(t) sin(wqt)] , (31)

where we used vector notation for ay y »(t), Uz,y,(t), Vay,-(t)-

At this stage, we have not yet introduced any constraints or approximations in the
ansatz amplitudes. However, the calculation of the corrections day,dugy, dv, is greatly
facilitated by assuming the weak impact of the spin-dependent force on the resonator.

12



A.2  Slow-flow equations of motion A ANALYTICAL APPROACH

Namely, we assume ((|hyG - I|))1, < Fo, where ((...))7, denotes the average over a drive
period Ty = 2m/wq. In this setting, we can assume the amplitudes da,(t), duq(t), dvg(t)
with respect to Ty, accounting for the transient evolution of the amplitude and phase of
the resonator towards the steady state [63].

In the steady state, resonator and spin precession amplitudes settle to constant values,
ie. daq = 6ty = 00y = 0 and @; = 4; = 0; = 0. In our ansatz ¢(t) thus acts as a harmonic
magnetic field with frequency wqy, acting on the spins. In particular, the spin prompts a
spin precession component at frequency wq, according to Eq. . Note the ansatz does
not presuppose the synchronization or “locking” of the spin dynamics with the external
field. We seek if such a steady state can exist. To this end, we insert the ansatz for
q(t) and I;(t) in the mean-field equations of motion and equate the harmonic amplitudes
at both sides of the equations with the same time dependence, a procedure dubbed the
“harmonic balance” [36]. This approach also neglects super-harmonic generation (e.g.
terms cos(2wqt), sin(2wqt)) that arises from the mechanical motion driving the spins,
which requires extending the harmonic ansatz for ¢(t), I;(t) to higher frequencies. Note
that harmonic balance relies on the slowly-flowing nature of the amplitudes a;, u;, v; [63].

A.2.1 Linear response theory: Deterministic dynamics

The introduction of the ansatz results in nonlinear couplings between the harmonic am-
plitudes of the mechanical resonator and the spins. The system’s steady states are defined
by the roots of these coupled polynomials. While we could solve these equations numeri-
cally using advanced algebraic methods, as detailed in reference [64] and implemented in
the package [37], we opt for deriving an analytical solution within a linearized framework.
Here we find the mechanical dynamics of the resonator in the weakly fluctuating regime
{6g)) 1, < ({|gO]))7,. The smallness of dg allows us to neglect the nonlinear coupling
between the fluctuations duy(t), 0vy(t) and the spin amplitudes a;(t), u;(t), v;(t). Under
this linearization, the spin dynamics directly follows from the solutions of the first-order
differential equations that do not contain daq(t), dug(t), dvg(t), namely

1
Qgpy + 0y Fwray, =0, (32a)
15
. 1
Ugy + Eux,y F WLUy,z + Waley — 7“5;0)(Gz,xay,z — Gyzaz5) =0, (32b)
Vg + va,y T WLy — Wallgy — ’yvéo)(Gz,xayyz —Gy.a.,) =0, (32¢)
vt a, — T = 0 (32d)
Ay T Ay 0 T, =Y,
1
U, + ﬁuz + wqv, — 'yut(lo)(Gyax - Ggay) =0, (32¢)
. 1
b + s — s = 70 (Gyaz — Goo) =0, (320)

The resonator features a high quality factor (I'y, < 1/T%,1/T7) which, together with
the weak spin-resonator coupling (vG;zp < 1/T5,1/T1) lead to spins quickly reaching
steady state compared to the slower resonator timescale. This condition permits the
application of approximation methods, like adiabatic elimination of the spins [65], in order
to approximate the time evolution of the resonator towards its steady state. Our focus
is nevertheless on the global steady state behavior, where all amplitudes in the problem
are fixed. Solving Egs. when a; = 1; = v; = 0 to find the steady state amplitudes
Al 00, Ult—00, V|t—oo leads to a steady state force

O0F |00 = Iy [G - @li00 + G - W00 cOS(wgt) + G - Vo0 sin(wgt)] . (33)

13



A.2  Slow-flow equations of motion A ANALYTICAL APPROACH

Such force will not be in phase with the external resonator’s driving (its quadratures
will not be aligned with the drive), namely ugo), 1),(10). To facilitate the expressions, we

choose a phase/time origin for the driven resonator (i.e. we perform a gauge fixing), such
that U(go) = 0 and u((}o) = Fo/(m\/(wg — wfi)Q + w3T2). In this gauge, we can identify
OF |00 = 6Fy — 6T g — 6Q%q, where 6 Fy = hylpG./m and

5T, — hy2 1 (Gi + Gg) ; WLTQ_l : (34)
mn (T5° +wi)” +2(Iy ' —wa) (Ty '+ wa) f +wf
502 — _h7210 (Gi + Gg) wr, (T{2 — w3+ wﬁ) . (35)
" (T3 +wd)* +2(Ty " —wa) (T +wa) wf +if

We can now reconstruct the mechanical evolution in the steady state from the effective
equation of motion. Under resonant driving wq = wy,

G+ (Do + 60wm) G + (wo + 0w)? qlisoe = Fo cos(wqat) + 0Fy, (36)

with 0w = 192 We can rewrite 6, and dw in a more convenient way leading to Egs.

2 wq
and

_ wr, + wq WL, — Wwq
ow = —92 + IOa (37)
<T2_2 + (wL + wd)2 T2_2 + (wr — wd)2>
_ T‘*1 T*l
5Fm = —92 ) 2 2 T 9 2 D) IOa (38)
Ty7 + (wn+wa)” 157+ (wn —wa)

where g? = hn? (G2 + Gi) /(dmwyq).

A.2.2 Linear response theory: Fluctuation dynamics

As the system relaxes, weak fluctuations have their strongest impact near the steady state.
We therefore adopt a perturbative approach where the system remains close to equilibrium.
This allows us to set the spin amplitudes at ¢t -+ —oo in Eq. as linear functions of the
fluctuating field dIp(¢). This linearization around equilibrium ensures that noise effects
remain analytically tractable: it makes Eq. explicitly dependent on the fluctuating

prefactor
m? (G2 +G)
2 z y
0ly(t) = 0l (1). 39
#*310(t) = —— (1) (39)
The standard deviation of the frequency shift, os,,, becomes proportional to that of §Iy(t),

namely,

(40)

O6w

_ h2os1, (G;% + Gz) WL, + wq WL — Wy
dmwq Ty 2+ (wp +wa)® Ty 2+ (wn —wa)? )

From Eq. (9), the relation |os,/dw| = |os1,/Io| follows, consistent with standard uncer-
tainty propagation under Gaussian or symmetric noise. This approach assumes the noise
is regular and uncorrelated, even if 057, is comparable to or larger than Iy (within the va-
lidity of the linearization in Eqgs. ), and that its evolution is slow, with correlation time
7 much longer than the mechanical response time 27/T", allowing the resonator to track
the spin force quasi-adiabatically. The key condition is a clear separation of timescales:
when spin fluctuations evolve slowly compared to the mechanical response (7 > 27 /I'),

14
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the resonator can adiabatically track the varying spin force. This justifies treating it as
in quasi-steady state at each instant and motivates the phenomenological model used in
the main text to capture how slow, yet sizable, fluctuations set oy,,. Deviations from this
limit are briefly noted below and discussed in more detail in the main text.

A.2.3 Time-dependent polarization: beyond the adiabatic limit

The adiabatic approximation, in which time derivatives are set to zero in Egs. , is
exact when Ij is constant, as in Boltzmann polarization. In what follows, we make this
statement explicit by solving the full frequency-dependent problem and showing that,
when Iy(t) = Iy, only the zero-frequency component of the spin response contributes,
exactly recovering the steady-state result.

We now consider the more general case where Iy varies in time. Rather than drop-
ping time derivatives, we take the Fourier transform of Eqgs. (32) with Iy — Iy(¢), using
frequency w conjugate to the slow time. This turns the equations into linear algebraic
relations. The resulting spin amplitudes @y y . (W), gy, (w), and Uy . (w) read

15
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_ B i Io(w)
az(w) o i—i—w/Tl’
i I
Uy (w) = ! lg(((:)u))y [Gme (— 2iwwdv( )+u( ) (w? + w? —w%)),

+Gyw%(—iwugo)+wdv())+G (w? —wﬁ)(iwuéo)—i-wdv(go))

1
+ —<2waL (zwu( ) +wdv§1 )) + QiGywwdvéO) + Gy u,(;))(—?)w2 + w3 +w?)

T
(0)
—|—1(—31’Gywug0)—Gywdvéo)—szLu(go)—i-Gy;q))], (41)
2 2

Uy(w) = ow)y [Gz w? (w ugo) +iwg v((lo))
w? —w?) (wul® —iwg véo)) + Gywr, (—2w wy v((zo) - zu(o)(w + w3 —w?))

0 _ia, uc(lo)(?)(,u2 — w2 —wh)

13
ORI NN © 0) 4 ; o 1Goug
+2Gwa(wuq fzwdvq) T2(3wau —iGrwivy’ +iGywpug’ + T )),
(42)
o Io(w)y © . 02, 2 2
Uz (w) = D(w) Gpwr, <2wwduq — vy (w +wd7wL))
+ Gyw? (~w (0)+2wdu())+G (w? —wg)(wvéo)—i-iwdugo))
1 .
+ E(QwaL (—zwv( )—i-wdu( ) +21Gywwdu((10) +Gyvéo)(3w2 — w2 —w?)
(0)
1 0 : 0 0 _ Gy
+E(waLv(§)+31Gywvé)—Gywdug)—yTT)> , (43)
1
By (w) = g({:) [Gm w2 (1w ol + wgu)
Gz (W? — w?) (—iwv(o) + wy u(o)) + Gywr (2iwwg u((lo) + 1)((10)((4)2 + w2 —w?))

(w?
1
(—QZGmwwdu( )+ G, U(O)( 3w? + Wi 4 w?),

1 G, (0)

(44)

where ug ) and v( ) are the driven resonator quadratures from Eqgs. and D(w) stands
for a denominator

<w—wd+wL+l> <w—|—wd+wL+T> (45)
2

Moreover, a,(w) = ay(w) = 0 = @,(w) = 0,(w) = 0. Equations show that the nonzero
amplitudes are given by the product of~the spin susceptibility, peaked at wy + wy,, with
linewidths given by T, and T, ', and I(w).
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The spin force, exerted on the resonator, can be expressed, as a time-dependent version
of Eq. , by inverse-transforming the frequency-domain expressions into the envelopes
Ugy,2(t), Uzy,-(t), and vy, .(t). For constant (Boltzmann) polarization Iy, the spectrum
reduces to Ip(w) = 2md(w), so only the spin susceptibility at w = 0 contributes. This
recovers the steady-state result of Eq. , independent of 77. To build intuition for a
time-varying Io(t), consider a slowly varying deterministic signal expanded as a Fourier
series Io(t) = § >, Iye ™! + IFe™r! which frequency representation

Ty(w) = % S 16 (w — wi) + 6 (w +wr), (46)
k

where wy, < wy to ensure consistency with the slow-flow ansatz (30]). This implies, for ex-
ample, ag - (t) = (1/2m) >, e "k ay , - (wy) + c.c and similarly for ug - (t), and vg 4 5 (t).
The spin force then reads

SF(t) ~ Z—Z Z G- [é(wk) + u(wy) cos(wgt) + v(wg) sin(wdt)} ekt 4 cc., (47)
k

where a(w), t(w), v(w) group the x,y, z components, and c.c. denotes the complex conju-
gate. These amplitudes satisfy a*(—w) = a(w), and similarly for  and v. Note that, for
wy # 0, these amplitudes depend explicitly on T7.

Equation (7)) shows that 0F(t) inherits the frequency content of Ip(w), filtered by the
spin susceptibility at each frequency w = wy, [cf. Egs. } The result is a slow envelope
at wp < wg modulating the carrier at wy.

The expression can be succintly written in integral form by defining the spectral
densities G*(w) =, G - a(w) 0(w — wg), GL(w) =D, G- (W(wk) Fiv(wg))d(w — wy),.

s ~ [ [Ga(w)e—iwt + QY (w)emilertwat | gu (w)e—“w—wd)t] + e (48)
~ + — L.

A J_ o
Since G%(w), GY (w) o Ip(w), Eq. the spin-force linewidth is set by the linewidth of
Iy(w), with susceptibility filtering out components |w| = 1/T7. If T' > wy, the resonator

follows the force quasi-adiabatically, so its frequency shift and damping sample the full
susceptibility. Back to the Fourier domain,

h .
SF(Q) ~ %Ga(())e*wt G2+ wg) + GU(Q— wd)} + oce. (49)
Promoting Iy(t) to a stationary stochastic process, makes G%(w) and G (w) random vari-

ables that are linear in the Fourier amplitudes Io(w):
G (w) = Hy(w), I(w), GY¥(w)=Hy(w),lo(w), G“(w)=H_(w),o(w), (50)

where H, +(w) are the spin-susceptibility functions in Eqgs. (41)). The input polarization
power spectral density (PSD), arising from a local spin bath, acting on the relevant spins
coupled to the resonator, is defined by

<j0(w)7 Ng(w/» = 2m6(w — w,)Sfo (w), (51)
where -
SIOJO (w) (52)

x 14 w272’

for an Ornstein—Uhlenbeck process with correlation time 7.
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Figure 4: Power spectral density (PSD) of the steady state of a simulated SiN
membrane resonator with zero frequency component removed [10] for different
driving amplitudes zg, m = 5x 1072 kg, wo/27 = 1.4MHz, G, = Gy = 2MT/m,
G, = 1MT/m, N = 10° spins, T = 100ps, 71 = 50 ms and resonant driving of
the resonator wq = wp.

From Eqs.— and assuming the sideband channels are uncorrelated, the force
PSD reads

I3 2
Soror(@) ~ (75 ) |1 P51 + X V0 + poa) PS4+ o) |- (53)

p=+

Equation shows that the force-noise bandwidth is set by 1/7, while the spin sus-
ceptibility shapes the weighting across frequencies and generates sidebands at +wy. In
the quasi-adiabatic limit (I' much larger than the polarization bandwidth), the resonator
tracks these fluctuations, so both its frequency shift and damping sample the full spin
susceptibility across frequency. This motivates the simplified model employed in main
text Sec. [l

A.2.4 Beyond linear response

For certain parameter regimes, the nonlinearities in Eqs. — can lead to complex
behavior in the stationary limit ¢ — oo, including self-sustained motion, multi-stability,
and limit cycles [66}/67]. In particular, the analogy with optomechanics is expected to
break down when the Rabi frequency is comparable to the spin dissipation: vG;zg ~
1/T5,1/T. In that case, the spins’ equilibration is not fast enough before they act back on
the resonator, and spin-resonator timescales cannot be adiabatically separated. Effectively,
the resonator motion then triggers spin-induced nonlinear effects, such as a periodic time
modulation of the Larmor frequency due to the G, gradient (see main text Eqgs. (4)-
(6)), with frequency wq. The resonator’s response would then pick up higher frequency
components not described by Eq. . While under the linearized theory, the steady
state value is time independent and equal to I, = Iy, we observe the generation of higher
order harmonics in the spectrum of I, [Fig. . Note that in our simulations, we do
not focus on the regime where higher excitation makes the spin-conservation constraint
(d(>>, I?)/dt = 0) relevant, which would lead to additional ‘many-wave mixing’.

A comprehensive examination of nonlinearities in our detection protocol is beyond the
scope of this manuscript; however, we offer a brief overview of the necessary approach
below. The impact of weak nonlinearities can be expressed by still expanding the solution

18



A.2  Slow-flow equations of motion A ANALYTICAL APPROACH

for x(t) with an ansatz of the form
z(t) = aq(t) + uq(t) cos(wat) + vy(t) sin(wqt), (54)

which includes both the displacement by the driving field and small fluctuations, while
keeping the same ansatz for the spins in Eq. . We will account now for the nonlinear
corrections to this resonant behavior. The equations of motion for the ansatz amplitudes
without linearization read

wgaq + Gpag + éyay + Gyay + Imag =0, (55)
w%uq — w(ziuq + I'imwqvg + 2wqtg — Fo + Gty + éyuy +Gou, + I'mig =0, (56)
wqu — wﬁvq — 2wqtly — meduqéwi + éyvy + G, + 'ty =0, (57)

for the membrane motion, and

an + wray + ézaqay — éyaqaz — CZy(uquz — vgUz) + C;;Z(uquy + vqvy) + ay =0, (58)
j{qu + wr,uy + wqvg + ézaquy + ézayuq — éyaquz — éyazuq + 1, =0, (59)
1{2% + wr,vy — waty + Gzaqu + Gzayvq - Gyazvq - Gyaqu + v, =0, (60)
11”2% —wragz + @zaqaz — ézaqax + G;w(uquz + vquz) — G;z(qum — Ugly) + ay =0, (61)
;éuy + wqvy — WUy + éxaquz + éxazuq — ézaqux - é’zaxuq + 1, =0, (62)
Evy — Wty + éwazvq — WUz + éxaqu - Gzaxvq — G‘zaqvm + v, =0, (63)
7{1% - IO;1 + Gyagay — Gragay, — %(uquy — VgUy) + iy(uqux +v4vz) + G, =0, (64)
z{luz + wqv, + éyaquz + éyaxuq — éxayuq — éxaquy + 1, =0, (65)
]%lvz — WU, + C;’yaqvm + C;’yaqu — ézaqu — G’zayvq 4+, =0. (66)

for the spin components. Note the shorthand G; = vG;.

The resonator’s susceptibility can then by found by (i) finding the steady states of
these equations, i.e. finding the roots of a system of coupled polynomials arising from
a; = U = U = ag = g = Ug = 0, and (ii) performing linear fluctuation analysis around
these solutions. These two steps can be facilitated by the use of the HarmonicBalance.jl
package [37].

The frequency spectrum in Fig. [4] reveals that as the driving strength increases, the
lowest order nonlinear effect is the generation of a second harmonic at a frequency 2wq.
Similar equations to Egs. — can be similarly obtained for the amplitudes of an
extended ansatz that includes also the higher harmonic generated at 2wyq.

Considering fluctuation dynamics, significant non-Gaussian deviations, arising from
nonlinear effects, become more relevant as noise strength increases, requiring higher-order
corrections to accurately describe frequency shift statistics. For sufficiently large noise, ac-
tivation between multiple stationary states may also occur, further modifying the system’s
response. The analysis of these effects falls outside of the scope of the current study.
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B Relaxation

The spin lifetime T} of nuclear spins resulting from energy relaxation can vary strongly
in typical nuclear magnetic resonance (NMR) experiments, ranging from microseconds to
days. Our experimental situation is untypical, as we will probe nanoscale samples at low
temperatures and low magnetic fields. We do not need a very specific value for T, as our
analytical results hold as long as I'y,, < 1/T3. To avoid speculation about the dependency
of T1 on field strength and temperatures below 70 K, we use the same value of 177 = 50 ms
for all our simulations. If needed for specific experimental situation, we envisage reducing
T by introducing paramagnetic agents, such as free radicals or metal ions [68].

C Exact numerical simulations

To verify our theoretical predictions, we wish to numerically simulate our mean-field EOM
given by Egs. —. Due to the large span of magnitude of our problem (entailed in
condition (i) the spins’ force on the resonator, § F, is substantially weaker than the driving
force, i.e., |0F| < Fp), we wish to rewrite the equations in a displaced frame where we
simulate the fluctuations/deviations from the bare driven harmonic oscillator. We can use
the ansatz q(t) = qo(t) + dq(t), where go(t) is the steady-state solution of a bare driven
harmonic oscillator (without spins), given by:

E
q0 = - cos (wat + @), (67)
m\/(—w?1 + wd)? + Wil
wal'm
= arctan | ————— | . 68
¢ = arc an( —wﬁ—kw%) (68)
From here we can rewrite Eqgs. — without the driving term:
. . h
(Sq = —wgéq - Fméq - %G I+ §(t>7 (69)
. 1
I, = _ELE — wLIy + 'y(qo + (5q) (GyIz - GZIy) ) (70)
: 1
Iy = *?Iy + WLIQ: + V(QO + 5(]) (GZI:L‘ - G:tIZ) ; (71)
2
. 1
I, = T, (Go(t) = I2) + v(qo + 0q) (Galy — Gylz) - (72)

Egs. — describe the system in the laboratory frame. We can now solve them
numerically using an explicit Runge-Kutta method of order 8, which is well-suited for
handling the large separation of timescales in the problem [43]. In our simulations, we use
a reduced (effective) quality factor Qe to reduce the simulation time. As the model does
not explicitly depends on I'y,, the influence of the resonator’s quality factor is limited.
Although, we need to keep in mind condition (iii) imposing I'y, < 1/77,T5. Interestingly,
we notice that for I'y, 2 1/T}, the numerical simulations still lie very close to the analytical
model. As an example, Fig. (a) is obtained with a simulated quality factor Qeg = 2 - 10%
giving 'y, = 27 x 275 Hz whereas 1/77 = 20 Hz. Note, however, that this does not apply
to I'yy < 1/T. We used Egs. — for the Boltzmann polarization case.

However, this approach is not satisfactory for very long time scales as required for the
statistical polarization case where we want to simulate for multiple correlation times (for
example tgn, = 1007). Indeed, to properly resolve the Larmor precession, the timestep At
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is chosen to be 40 times smaller than the precession period, i.e. At = 27/(40wr,) ~ 5 ns.
For a simulation of length tg,, = 1007 = 55, this requires 1 billion points to extract the
mean and variance of one trajectory. This is obviously a massive limitation to explore the
effect of parameters on the final frequency shift. To speed up our simulation, we use a
version of Eqs.— where the spins are in a rotating frame at the Larmor frequency
wr, and where the mechanics is in a frame rotating at the driving frequency wq. In these
frames, the spin precession as well as the mechanical motion is quasi static. The fastest
frequency is now given by 1/T5 = 10kHz, giving now a timestep At = T5/40 = 2.5ps,
reducing the amount of points by almost 3 orders of magnitude. The downside of going
to a rotating frame is that we have to neglect the effect of the magnetic gradient in the
z direction (G,). However, we realized that the effect of the aforementioned gradient
is to produce a frequency jittering of the Larmor frequency (due to the displacement of
the resonator across it, modifying the Larmor frequency of the spins). This effect is,
nevertheless, completely negligible compared to the frequency variance generated by the
statistical polarization of the spins.

C.1 Rotating frame

We first present the rotating frame transformation for the mechanical resonator, we rewrite
dq as - .
dq = 0q1 cos(wat) + dga sin(wqt), (73)

with now 5(\]/1 and 521; the quasi-static in-phase and quadrature components of the mechan-
ical displacement. The resonator EOM can be written as:

e P P — h ~
dq1 = —20gowq — I (6q1 + dgqawq) + 2% (G - 1I) cos(wqt) + &(1), (74)

~ ~ — —~ h ~
dg2 = 20qiwa — I'm(dg2 — dqiwa) + 2% (G - I)sin(wqt) + £(2), (75)

with <%£/(7§’/)> = ke 51 _4') [69]. Note that we use the rotating wave approximation

mwd
(RWA) to remove fast oscillating terms.
In order to remove the fast frequency terms cos(wqt) and sin(wqt), we additionally
write the spins in the frame rotating at their Larmor frequency:

I, = I, cos(wrt) — Iysin(wrt), (76)
I, = I sin(wit) + I, cos(wrt), (77)
IL=1,. (78)

As wy, and wq are close, i.e. |wy, — wq| < wq, we can now eliminate fast oscillating terms
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at wr, + wgq by means of the RWA once again, we get for the spins EOM.:

L = —;i - %fz(ffo +0g2) [Gy sin((wa — wi)t) + Gy cos((wa — wi)t)]
2
— %INZ(% [Gy cos((wq — wr,)t) — Gy sin((wqg — wr,)t)], (79)
I, = —% — 2 L(d0 + 62) [Gy cos((wa — wL)t) = G sin((wa — we)b)]
2
. %f&;} [~ Gy sin((wq — wr)t) — G cos((wa — wp)t)] , (80)
-fz = §(t)Tl—Io - %(7} +0¢2) | G <IZ sin((wq — wp)t) — I cos((wq — wL)t)>

~G, (fx sin((wq — wi)t) + I, cos((wa — wL)t)) ]

- %&{1 G (fy cos((wq — wi)t) + I sin((wq — wL)t)>

-G, (fx cos((wa — wp)t) — I sin((wq — wL)t)) (81)

with go = Fo/(mwql'y) the rotating frame coherent drive.
Inserting the rotating frame spins in the mechanical resonator EOM gives:

P P P —~ h
dq1 = —20qowq — I'm (6q1 + dgawq) + %

Gy (I; cos((wq — wr)t) — INy sin((wq — wL)t))

+G, (fy cos((wa — wi)t) + L sin((wq — wL)t)) +E(), (82)

L — — —~ h ~ ~
dq2 = 20qawq — I'm(0g2 — dquwq) + % G, (Iz sin((wq — wr,)t) + I, cos((wq — wL)t))

+G, (fy sin((wq — wi)t) — I cos((wq — wL)t)) LE(). (83)

We see that all fast oscillating terms have been removed. Note that the gradient in the z
direction (G,) does not appear as we neglected its effect for the rotating frame (G, = 0).
We then use the same explicit Runge-Kutta method of order 8 to numerically evolve our
EOM [43]. In order to extract the frequency shift from the simulated data, we calculate
the instantaneous resonator phase ¢,,. In the rotating frame, it is given by:

0o + 0go
¢m = arctan —u . (84)
oq1
We can then convert this phase to an instantaneous frequency shift with the relation:
wo
ow=———"—"—, 85
2Qur tan() (%)

with Q. the quality factor used for the simulation. Note that the frequency shift can also
be calculated using the relation:
wo

ow =
2Qeff

Ag, (86)
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where A¢p = ¢, — 1o SPINS - mhe Jatter phase ¢n, SPINS 4o the instantaneous phase of

a resonator without the spin-mechanical interaction. In our numerical simulations, we
additionally evolve a resonator without spin-mechanical interaction (G, = Gy = G, = 0)
and use both relations to extract the frequency shift. A comparison of both methods is
displayed on Fig. [ showing negligible difference in the frequency shift estimation methods.
We can now simulate multiple trajectories by parallelizing the time evolution of the
EOM. This way, we can explore different sets of parameters, mostly the detuning between
the spin Larmor frequency and the mechanical resonator’s frequency. A single trajectory is
shown on Fig[f it corresponds to the point with a detuning of 10kHz on Fig. 2l Note the
fluctuating frequency shift on Fig. (c) with a standard deviation of og, ~ 0.7mHz. As
the fluctuating part is much bigger than the static part (i.e. the statistical polarization is
much greater than the Boltzmann polarization), it is very hard to extract a precise value of
the frequency shift mean without simulating extremely long times. We get the Boltzmann
polarization by simulating the same parameters but turning the spin fluctuations ”off”.
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Figure 5: Single trajectory simulation for a single proton spin interacting with a
mechanical resonator with frequency wg = 27 x 5.5 MHz. The Larmor precession
frequency wy, of the spin is detuned by +10kHz with respect to the mechanical
resonator frequency. Quasi-static in-phase (a) and quadrature (b) components
as defined by Eq. . The same components are shown for a resonator without
spin-mechanical interaction. (c) Frequency shift calculated with Eq. (85). Spin
components (d) I, (e) I, and (f) I, in normalized units. Parameters are identical
as Fig. [2| namely wg = wg = 27 x 5.5 MHz, G, = G, = 6 MT/m, G, = 1MT/m,
m=2pg, T\ =7 ="50ms, Th =100ps, N =1 and Qg = 2 - 10%.
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Figure 6: Phase and frequency shift of a single trajectory simulation for a sin-
gle proton spin interacting with a mechanical resonator with frequency wg =
21 x 5.5 MHz. The Larmor precession frequency wy, of the spin is detuned by
+10kHz with respect to the mechanical resonator frequency. (a) Phase shift of
the mechanical resonator with and without spin-mechanical interaction. (b) Cor-
responding frequency shift using Eq. and Eq. . (¢) Comparison of
and Eq. showing rapid convergence and negligible frequency difference. The
displayed data is from the simulation showed in Fig

C.2 Magnetic tip simulations

To extract a meaningful value for the magnetic field gradients G;, we perform a numerical
simulation of the magnetic field of a cobalt nanomagnet. The nanomagnet resembles a
cylinder of length L = 1pm and radius R = 50nm. We are directly inspired by the
nanomagnet presented in Ref. . We assume that the nanomagnet is pre-magnetized to
1T and we apply an external magnetic field. The latter is used to tune the region where the
Larmor frequency matches the mechanical resonator’s frequency; we want it to be as close
as possible to the nanomagnet in order to harvest the highest magnetic field gradients.
Hence, the external magnetic field can be in the opposite direction of the nanomagnet
z-magnetic field depending on the device investigated, as the required magnetic field for
frequency matching can be smaller than the nanomagnet-generated magnetic field. The
nanomagnet magnetization should remain roughly constant due to the shape anisotropy,
which turns our Co cylinder effectively into a hard magnet .

Figure Iﬂ(a) shows the absolute value of the magnetic field in the vicinity of the nano-
magnet (black rectangle) for the case of a SiN string with wy/27m = 5.5 MHz. In this case,
we apply an external magnetic field of 0.2T in the opposite direction of the nanomagnet
z-magnetic field. The region where the Larmor frequency of the spins would be resonant
with the resonator mechanical frequency (wr, = wp) is showed as a black line. We can then
extract the magnetic field gradients in the x and z directions of the spin reference frame.
These gradients are displayed on Fig. b) and m(c) In the optimal case, the sample would
be in a region where G, is maximal and G, minimal. In addition, the sample must be
small enough so that it does not overlap the right and left lobes otherwise the effect of the
G, gradient would cancel out due to the sign inversion of the latter.

From this simulation, we extract the value of the gradients used in the main text,
namely G, = Gy, = 6 MT/m (G, = Gy by symmetry) and G, = 1 MT/m.
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Figure 7: Numerical simulation of a cobalt nanomagnet (black rectangle) pre-
magnetized at 1 T subjected to an external magnetic field of 0.2T in the z-
direction (bottom to top). (a) Absolute value of the magnetic field. The black
line shows where the magnetic field is resonant with the mechanical resonator:
vBy = wp, = wg = 27 x 5.5 MHz. The magnetic field gradients are calculated
from (a) and result in a G, (b) and a G, (c) component. Note that G, and G,
are the magnetic field gradients in the x and z directions of the spin reference
frame (and not the nanomagnet reference frame).

C.3 Boltzmann vs statistical polarization

To justify the interest in looking at the statistical polarization of the spins instead of the
Boltzmann polarization, we can easily plot the different values for a range of temperature
and number of spins in the sample. The Boltzmann polarization is given by Eq.
whereas the statistical polarization is given by os7, = %\/ﬁ . The comparison is
shown in Fig. [§] for the string resonator presented in this work. The black dashed line
shows the case of 108 spins. It is clear that for samples containing fewer spins the statistical
polarization would allow a much stronger signal than the Boltzmann polarization in the
same conditions.
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resonator. The black dashed line represents a sample of 10° spins.
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