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Abstract

This work presents a quantum-inspired tensor network algorithm for solving tridiago-
nal Quadratic Unconstrained Binary Optimization (QUBO) problems and quadratic un-
constrained discrete optimization (QUDO) problems in linear time with the number
of variables. This algorithm also can solve the more general Tensor quadratic uncon-
strained discrete optimization (T-QUDQ) problems with one-neighbor interactions in a
lineal chain. This method provides an exact and explicit equation for these problems.
Our algorithms are based on the simulation of a state that undergoes imaginary time
evolution and a Half partial trace. In addition, the degenerate case is addressed, and
the polynomial complexity of the algorithm is evaluated, also providing a parallelized
version. These algorithms are implemented and tested with other well-known classical
algorithms, and an improvement in the quality of the results was observed. The perfor-
mance of the proposed algorithms is compared with the Google OR-TOOLS and dimod
solvers, improving their results.
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1 Introduction

Quadratic Unconstrained Binary Optimization (QUBO) [1] problems are a type of combinato-
rial optimization problem that lies at the intersection of quantum computing and optimization
theory. These problems are characterized by their ability to represent a wide variety of complex
challenges and their use in industrial and applied fields such as logistics [2,3], engineering [4],
physics [1], biology [5], and economics [6]. In a QUBO problem, one seeks to find an assign-
ment of binary values (0 or 1) to a set of decision variables such that the quadratic function
of these variables is minimized. This quadratic function, also known as a cost or energy func-
tion, can represent constraints and objectives of a specific problem. Quadratic Unconstrained
Discrete Optimization (QUDO) problems are a generalization of the QUBO problems, allow-
ing the variables to take a larger number of integer values and can be translated to QUBO
problems with a logarithmic amount of binary QUBO variables for each discrete QUDO vari-
able. In order to represent more complex problems, other formalisms have been developed.
The most well-known generalization is the Higher-Order Unconstrained Binary Optimization
(HOBO) problem, which has a cost function that involves products of more than two binary
variables. Another novel approach is the Tensor Quadratic Unconstrained Discrete Optimiza-
tion (T-QUDO) problem [ 7], which uses tensor positions instead of products to represent more
naturally certain types of problem. Both problems have a degree of complexity too high to
be efficiently solved classically [8], except in certain cases [9,10]. As a result, they are of-
ten tackled using approximate or heuristic methods, such as genetic algorithms [11], linear
programming [12] or digital annealing [13].

QUBO problems are particularly interesting and relevant in the era of quantum computing
because of their ability to take advantage of the properties of quantum computing. This is
due to the equivalence between the QUBO problems and the Ising model, allowing algorithms
such as the Quantum Approximate Optimization Algorithm (QAOA) [14] to solve them. It
has been applied in digital quantum computing [15], quantum annealing [16], and hybrid
algorithms [2,3]. QUDO problems are also compatible with quantum computing [17], since it
is possible to make use of qudits or groups of qubits that simulate to be one qudit, or transform
the QUDO into a QUBO problem.

However, due to the current state of quantum hardware, noisy and with small capac-
ity [18], and its availability, the field of quantum-inspired technologies has gained importance.
These classical technologies involve taking advantage of certain quantum properties to accel-
erate calculations. One of the most important of these is tensor networks [19, 20], which
use algebraic mathematics of quantum systems to simulate them classically and extract cer-
tain properties of the simulated systems. They can implement operations that would not be
possible in quantum systems, such as forced post-selection or the application of non-unitary
operators. This technology makes possible the compression of information, both for classi-
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cal and quantum systems, and has been applied to machine learning [21], large language
model [22] compression, and quantum algorithm simulation [23].

For solving 1D QUBO problems, there are algorithms in tensor networks, such as [12].
There are also other techniques for more general combinatorial optimization problems [24,
25]. However, these have a high computational complexity that may make them not optimal
for large instances.

This paper explores an efficient tensor network algorithm to solve general QUBO, QUDO,
and Tensor QUDO problems with one-neighbor interactions in a lineal chain. It is called the
Lineal Chain Quadratic Problem Tensor Network Solver (LCQPTNS). The connection of these
problems with Ising models could lead to applications in quantum ground-state simulation
with the same formalism. It will consist of a sequential tensor network contraction algorithm
that simulates an imaginary time evolution and a partial trace. Its applicability to degenerate
cases is analyzed and its computational complexity is calculated. Our main contributions are

* Provide a novel methodology for solving 1D combinatorial problems.

* Provide a novel algorithm for solving general QUBO, QUDO and Tensor QUDO problems
with one-neighbor interactions in a lineal chain. To the best of our knowledge, this is
the first algorithm to address this exact problem directly.

* Provide the first parallelized algorithm for MeLoCoToN problem resolution applications.
* Provide an explicit and exact equation that returns the solution for the three problems.

* Analyze the performance of the algorithm, theoretically and empirically, and compare it
with other algorithms.

* Provide a Python implementation of the algorithms.

This work is structured as follows. First, Sec. 2 describes the problems to solve and presents
a brief background on the state-of-the-art approach to solving them. Then, Sec. 3 introduces
the three novel algorithms. Finally, Sec. 4 performs several experiments to analyze its perfor-
mance.

All code is publicly available on the GitHub repository
https://github.com/DOKOS-TAYOS/Lineal chain QUBO_QUDO_TensorQUDO
and the reader can check the Streamlit of the algorithm in
https://lineal-chain-qubo-qudo-with-tensor-networks.streamlit.app/

2 Description of the problem

A general QUBO problem can be expressed by a quadratic cost function to minimize using a
vector X of N binary components. That is, the problem is to search for an optimal X, such

that
Xope = argmin C(X),
X

x;€{0,1}, ie[0O,N—1]
N—1 €Y)
C(f) = Z Winin,
i,j=0
i<j
where w;; are the elements of the weight matrix w of the problem and C(-) is the cost function
of the problem. The diagonal elements w;; are the local terms, and the non-diagonal elements

w;; are the interaction terms.


https://github.com/DOKOS-TAYOS/Lineal_chain_QUBO_QUDO_TensorQUDO_Solver_with_Tensor_Networks
https://lineal-chain-qubo-qudo-with-tensor-networks.streamlit.app/
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o1 In a QUDO case, the problem is analogous, changing that the components of X will be
92 integers in a certain range, not only O or 1. This is

Xope = argmin C(X)
X
xiG{O,l,...,Di—l}, lE[O,N—].]

N—-1 N—-1
C()_(:) = Z Wl"jxl'Xj + Z dixi,
i=0

i,j=0
i<j

(2)

o3 being d; the elements of the cost vector d of the problem and D; the number of possible values
o of the i-th variable. QUDO problems can be transformed into QUBO problems transforming
o5 Xx; variables into a set of s; ; variables

log, D;—1

X; = Z 25, 1, (3
k=0

96 if log, D; is an integer.
o7 In a Tensor QUDO case, the cost function of the problem now is formulated as the sum of
os the elements of a tensor, selected by the solution vector. This is

Xope = argmin C(X),
X

xiE{O,l,...,Di—l}, lE[O,N—].]

N—-1
CE) =D Wijmn,

i,j=0
i<j

4)

90 where w; joxpx; are the elements of the weight tensor w of the problem, which depends on the

100 value of the variables and their positions in the solution. Both QUBO and QUDO problems are
101 particular cases of Tensor QUDO problems.
102 A special case of interest is the case of nearest-neighbor interaction in a linear chain, which
103 can be understood as the Ising model in one dimension. In this problem, each variable interacts
104 only with the one it has before and with the one it has just after. Therefore, our QUBO and
105 QUDO problems cost function simplifies to

N—1 N—2
= 2
C(xX)= Z(Wi,ixi +d;ix;) + Z Wi ip1Xi X115 ()
i=0 i=0

106 which implies that w is a tridiagonal matrix

Wi1 Wig 0 0 0
Wy Way Wp3 0 0
w= 0 W39 Wg3z W3y 0 . (6)
0 0 wyz wyy wys
0 0 0 wsy wss

107 In the Tensor QUDO case, the analogous problem would be
N-1 N—2
C()_E) = Z Wi,i,Xi,Xi + Z Wi,i+1,xi,xi+1 (7)
i= i=0
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which could be considered a kind of shortest path problem without restrictions, where the
distances change with every time step.

There exist several algorithms to solve QUBO problems, from classical ones, such as Spiking
Neural Networks [10-12,26], to quantum computing ones, such as QAOA [14]. However, in
the state-of-the-art, there are no prior algorithms that address the lineal chain problem exactly
and efficiently. The most efficient algorithm for this 1D problem is presented in [12], but even
in the most simple case, it runs as O(n'®). And this algorithm also scales exponentially with
D; for the QUDO and Tensor QUDO problems, so it is not efficient in these cases. Taking into
account that the general QUBO problem is an NP-Hard problem, all known exact algorithms
to solve it have exponential complexity.

In heuristic algorithms to approach this type of 1D problem, the Density Matrix Renormal-
ization Group (DMRG) [27] is the most well-known algorithm. However, this method is only
effective if the bond dimension does not scale exponentially. Its usual complexity in QUDO
cases would be O(N D3 y3) for each sweep, being D the typical dimension of the variables and
x the required bond dimension, and could be extremely low for large systems. Additionally,
this algorithm is not designed for Tensor QUDO problems.

3 Tensor Network algorithms

This section introduces the new tensor network algorithms for solving QUBO, QUDO and Ten-
sor QUDO problems in a lineal chain with one-neighbor interaction efficiently. First, Sec. 3.1
introduces the QUBO algorithm, as a first and simpler version. Secondly, Sec. 3.2 introduces
how to generalize it for QUDO problems. Third, Sec. 3.3 generalizes it for Tensor QUDO prob-
lems. Then, Sec. 3.4 discusses how to optimize the tracing method, and Sec. 3.5 addresses the
degenerate case. Finally, Sec. 3.6 analyzes the computational complexity of the execution of
algorithms.

3.1 Tridiagonal QUBO tensor network solver

First, a solver for the tridiagonal QUBO problem is created, and then it is generalized to the
QUDO problem. A modified version of the method [25] is used and is the first algorithm to use
the MeLoCoToN formalism [28]. Our algorithm can be summarized in the following theorem.

Theorem 1 Given a QUBO problem described by a tridiagonal N x N weight matrix w and N
indeterminate binary variables, an approximate optimal solution can be determined in O(N ) time,
which is the optimal in the limit as T — 0.

For this, the basics of the algorithm is explained with the tensor network of Fig. 1 a, which
mimics the shape of a quantum circuit, with each horizontal line being the timeline of a qubit
and the vertical lines controlling operations between them. The ‘+’ nodes represent a qubit
in uniform superposition (1, 1) and the T nodes represent the imaginary time evolution that
depends on the state of the two neighboring qubits.

The ‘+’ nodes represent the state of each variable x;. It can be visualized as the initialization
of a quantum circuit. By performing the tensor product with all these tensors, each in uniform
superposition, this tensor represents a uniform superposition of all 2¥ combinations. That is,
a vector of 2V ones.

The goal is for our tensor layer T to encode the state in our tensor network as

) =D e @), ®)

iy

X
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a) b) c)
Xo Xo Xo
X1 X1 X1
X2 X2 X2
X3 X3 X3
X4 X4 X4
X5 X5 X5

Figure 1: Tensor networks solving the tridiagonal QUBO problem and the one-
neighbor QUDO problem. a) Bilocal version, b) Matrix Product Operator (MPO)
version, ¢) Matrix Product Operator (MPO) version for explicit equation.

so that the combination X¥ with the lowest cost has an exponentially larger amplitude than the
other combinations. In tensor terms, the tensor represented by this tensor network is

Ti = 7€), 9)

The T tensors will be tensors with four 2-dimensional indices i, j, u, v (Fig. 2) whose non-
zero elements correspond to the cases where u = i and v = j. This means that the state of
the first variable enters at index i and exits at index u and the state of the second variable
enters at index j and exits at index v. Using the sparse logical notation introduced in [28],
the non-zero elements are

T2n><2><2><2’
u=1iv=j, (10
n o T Wy i+ wy i)
juy ’
Tg<_2%<2><2’
p=iv=j, (11)
TN=2 _ e—T(WN—z,N—lij+WN—2,N—2i+WN—1,N—1f)
ijuv >
where 7 is a decay hyperparameter, related to the evolution in imaginary time, and T" is the
T-tensor which connects the n-th and n + 1-th variables.

Since the resulting tensor has 2V components, we cannot simply look at which component
has the largest amplitude. Its information must be extracted in a more efficient way. The am-
plitude of the lowest-cost combination is assumed to be sufficiently larger than the amplitudes
of the other combinations. This is a reasonable assumption because if 7 is increased, the com-
binations will change their amplitudes exponentially differently. In the infinite limit, only the
relative amplitude of the optimal solution will remain. From this tensor the value of x, asso-
ciated with the optimal combination is obtained. If there is a combination with a sufficiently
higher amplitude, adding the amplitudes of all combinations with x; = 0 and with x; =1
separately, the main contribution will be the one with the highest amplitude. This operation
is called Half Partial Trace with x, free, which returns a vector P*0 with components.

pro= " R, (12)

-

X .
Xo=1
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Figure 2: Tensor indices. a) T tensor, b) First S tensor, c) Intermediate S tensor, d)
Final S tensor.

This partial trace is made by connecting a ‘+’ tensor to each variable at the output of the T
tensor layer, except for the x variable. Taking the limit of large 7, assuming no degeneracy,

Pxo Z 3 e—’rC()’c’)
lim ' Xo=

i T _ s
T—00 Zl Pixo - Tll)ngo Zl Z d e—TC()_C') T 5li(xopt,0)

Xo=1

(13)

Out of the limit, if the combination with the highest amplitude has x; = 0, then P(’; 0> Pf °
and in the opposite case P,° < P,°. This also means that, if the resulting vector is multiplied
by a minus vector (—1, 1), if the correct value is x, = 0, so P* = (1,0), then the contraction
of the tensor network is —1, and if it is x, = 1, then it results in +1. So, the correct value can
be expressed as

xo = H(Qy(7)) (14)

namely H(-) the Heaviside step function and Qq(7) the tensor network described with the
minus vector at the O-th position for a 7 value. This is represented in Fig. 1 c for six variables.

The contraction of the tensor network can be optimized by defining it as shown in Fig. 1
b, where the T-tensors are replaced by a Matrix Product Operator (MPO) layer of S-tensors.
These tensors perform exactly the same function, sending signals up and down through their
vertical bond indices. All of their indices are of dimension 2. In the figure, the arrows indicate
the flow of information through the nodes of the layer. These will tell adjacent S tensors about
their associated variable state and, depending on the signal they receive from the previous S
tensor and their own variable, apply a certain imaginary time evolution. This tensor network
is much easier and more straightforward to contract. S™ is the S-tensor connected with the
variable x™.

Therefore, the non-zero elements of the S-tensors will be those where u =i for SN~! and
u = v =1 for the others. Their values will be

S(Z)XZXZ’

p=v=i, (15)

0 _ ,—T(wopi)
Siw =e s
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S§x2><2><2’
u, =YY= i’ (16)

n — e_T(Wn—l,nij+Wn,ni)
5

ijuv —
N—1
S2><2><2’

=i, (17)

N—-1 _ ,—7t(wy_onaijtwy_1n-11)

S; i e .
With the corresponding tensor network, the variable x is determined and then these steps

are followed to get the other components:

1. Perform the algorithm for the x; component.
2. Forne[1,N —2]:

* Carry out the same algorithm, but eliminating the previous n—1 variables. Change
the new tensor S° so that its components match those of the tensor S! from the
previous step, with its index j set to x,,_;. This means

SQ _ S.l,previous (18)

1T RSN

The result of the algorithm will be x,,.

3. For xp_q, the classical comparison is used:
xy-1=H(—=(Wy_1n-1 + Wy_2n—1XN—2))- (19)

The progressive reduction of the represented variables is due to the fact that if the solution is
already known, the rest of the unknown system can be considered by introducing the known
information into it. The redefinition of the tensor S° in each step allows us to consider the
result of the previous step in obtaining the costs of the variable pair to be determined and the
previous one.

To obtain the exact explicit equation, the variables reduction is omitted to simplify the
explanation. With a tensor network of layers ‘+” and S, the n-th variable can be extracted by
connecting the ‘4+’ nodes for all variables, but the n-th one, which will be connected to a minus
vector. The resulting tensor network is called (7). Knowing that this algorithm is exact in
the limit if there is no degeneracy, the solution can be expressed as

X, = Tll)rgo H(Q,(7)). (20)

This equation is exact because all the arguments previously shown and explicit because the
solution does not depend on the own wanted solution. So, the Heavyside step function of
this tensor network is the equation for the solution of the problem. Then, this is an exact and
explicit equation to solve the tridiagonal QUBO problem.

3.2 Tridiagonal QUDO problem

In the QUDO problem, the same tensor network structure can be used. The only modification is
to change the binary variable formalism to a discrete variable formalism and allow the indices
of the tensor network in Fig. 1 to have the dimension required for each variable. From now on,
the variable x; will have D; possible values. Our algorithm can be summarized in the following
theorem.
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Theorem 2 Given a QUDO problem described by a tridiagonal N x N weight matrix w and
N indeterminate binary variables of D possible values, an approximate optimal solution can be
determined in O(N D?) time, which is optimal in the limit as T — 0.

Each ‘+’ tensor will now have D; components, depending on the variable they represent,
all only with ones. The same is true for those used to make the partial trace. The construction
is the same, but the new S-tensor definitions are

0
SDO xDyxDy?
‘u =y= i, (2 1)
0 _ ,—T(wgpi+dyi)
Si,u,v —=e 0,0 ot),

n

SanDn,1 xD,xD,>
u=v=i, (22)

n —T(Wy1 i+ Wy pi2+d,i)
B

=e

ijuv —
N—-1
Dy_1xDy_XDy—1?
u=i, (23)
gN—1 e_T(WN72,N71ij+WN71,N71i2+dN71i)'

iju
As in the QUBO case, the S-tensors receive the state of the adjacent variable through the index
j and send theirs through the index v.

The rest of the algorithm is the same until the value extraction. If this tensor network is
contracted analogously to the QUBO case, a vector P*° of dimension D, can be obtained. From
this, the optimal value of x, can be extracted by looking for the largest component. That is,
if the vector obtained by the tensor network were (2,4,27,2,0, 1), the correct value for x,
would be 2. To obtain the other variables, exactly the same process that has been explained
for the QUBO case is performed. The last step is changed to a comparison that gives us the
value of xp_;, which will result in a lower cost based on the already known value of xy_s.

To obtain the explicit equation, in the index of the variable to determine, a minus vector
cannot simply connected because the dimensions do not fit. However, the value of x, can be
binarized into a set of binary variables x,, ,,. This means that instead of connecting a minus
vector, a bit-selector vector B is connected. To exemplify this vector, for a dimension four case, it
is (—1,1,—1, 1) for the first bit determination and (—1,—1, 1, 1) for the second one. In general,
to determine the m bit having a dimension D, the B”™ vector i-th component is defined as
Blp,m — (_1)b(i)m+1’ (24)
being b(i) the binary vector of the binarization of i.

This means that to determine the m-th bit of the x, variable, the equation is the following.

o = lim H(Qy (7)), (25)

being €, ,,(7) the tensor network defined for the problem, Half Partial traced for all the vari-
ables, but n-th one, which is connected with BP»™. This is an exact and explicit equation to
solve the tridiagonal QUDO problem.
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247 3.3 One-neighbor Tensor QUDO problem

248 In this case, the focus is to solve the lineal chain one-neighbor Tensor QUDO problem using an
240 extended version of the tridiagonal QUDO algorithm. Here, the only modification is to change
250 the value of the elements of the S-tensors.

251 Our algorithm can be summarized in the following theorem.

252 Theorem 3 Given a Tensor QUDO problem described by a lineal chain one-neighbor N xN x D x D
253 weight tensor w and N indeterminate variables with D possible values, an approximate optimal
254 solution can be determined in O(N D?) time, which is optimal in the limit as T — 0.

255 Once again, the elements of the S-tensors are non-zero when u =i for SN ™! and y= v =i
256 for the others. They are
0
DyxDyxDy?
w=r=i (26)
0 — S, TW, i)i
Siuv =e OOt

257
n

SDn XDy, _1 XD, XD,
p=v=i, (27)

n — _T(an ,n,i,‘+er,n,i,i)
Sijuy =€ T T
258
N-1
Dy—1%Dy—2*Dy—1’
u=i, (28)
N—1 _ ,—T(WN_aN—1,i,jTWN-1N—1,i,i)
Si ju € j .
259 The rest of the algorithm is the same as in the QUDO problem, and the exact and explicit

260 equation is constructed in the same way.

261 3.4 Tracing optimization

262 One of the biggest problems that can arise is choosing a value of 7 large enough to distinguish
263 the optimal combination but not so large that the amplitudes go to zero. For this reason, in
264 practice, it is advisable to rescale the w matrix before starting so that the minimum cost scale
265 does not vary too much from problem to problem. In this way, T can be chosen as a constant.
266 A good practice to ensure this may be that the maximum cost that can be obtained is on the
267 order of 1 and the minimum on the order of -1 or 0, depending on the characteristics of the
268 problem.

269 In addition, an effective way to modify the general algorithm is to initialize in a superpo-
270 sition state with complex phases between the base combinations instead of initializing with
271 a superposition with the same phase. This allows that, when the Half Partial Trace is per-
272 formed, instead of summing all amplitudes in the same direction, they will be summed as
273 2-dimensional vectors. This facilitates the suboptimal states to be damped against each other,
274 allowing the maximum to be seen better.

271:1"0%,

Zni-lﬁ 27:#2%

275 These phases are added by initializing the ‘+’ tensors in (e e e Seen,€
276 instead of in (1,1,...,1). Thus, each possible combination has its own associated phase. It is
277 called the Humbucker method, inspired by the noise cancellation for guitar coils. To improve
278 performance, a small random factor can be added to each combination phase.

2ni-(Dn—1)%)

279 In this case, the only modification needed is to change the definition of P* to
Pixo — Z ei)’;ce—’tC(J_(') , (29)
'_x’ .
Xo=I

10
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vz being the phase of the X state.

Another problem that can arise is to have an N such that when adding the DV damped
states, the precision of the numbers used is exceeded, obtaining divergences in the trace vector.
Related to this problem, there exists the possibility that by multiplying so many nodes, all 0
values will be obtained due to lack of precision in our numbers. To deal with this, it can be
chosen to divide the components of the n initialization ‘+’ nodes of step n so that the algorithm
tries to make the sum of the components of the final trace vector near D,,. That is, the objective
is to have a 1-norm

On= Zpixo = Dn' (30)
i

D, is chosen as the target value to account for the possibility of having large differences in
D between the problems and the variables. To do so, each initialization node ‘4’ at step n
multiplies its components by

1 1 1
1 V= 1 \F=n  Nonil 1 N—n
— == o 31
(Dn) gn (Dn) gn_l (O-n—l ) ( )

1

N—n

where &, is the factor that accounts for how much (%) would be if this normalization
were not applied, with £, = 1.

By doing this, the states will be normalized so that the state after the time evolution will
have a 1-norm closer to a controlled value, avoiding divergences. Another possibility is to

implement the normalization algorithm presented in [29].

3.5 Degenerate case

Until now, a non-degenerate case has been considered. However, in the degenerate case, where
there is more than one optimal combination, there are more peaks of similar amplitude. They
are not exactly equal, because of the contribution of residual states. In the phased method,
the two peaks can have opposite phases, so that they cancel out and the optimum cannot be
distinguished. For this reason, the recommendation is that the phased version should not be
used in case of a possible degeneration of the problem.

Our method without phases allows us to avoid the degeneracy problem, because if at any
step of the process there are two peaks with two different values of x,,, the algorithm chooses
one of them and the rest of the obtained combination will be the one associated exactly with the
x, chosen, avoiding the degeneracy problem. In addition, if the other states of the degeneracy
are wanted, the same process can be repeated again, but choosing the other high-amplitude
component instead.

3.6 Complexity analysis

Before analyzing its computational complexity, we have to emphasize that the tensor network
can be further optimized. We take into account the fact that the contraction of the ‘+’ tensors
with the S tensors only implies that the resulting tensors will be the same as the S tensors that
created them, but by simply eliminating the i index. For the traced variables, it also means
removing the u index, but in the last one, which implies the sum of the values for all the i
values. So, the optimal tensor network would be exactly the same as in Fig. 1 b, but eliminating
the first and last layers of the ‘4’ tensors and their associated indices in the S tensors. This
tensor network is the one in Fig. 3 a.
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e ,

Figure 3: Contraction scheme for the efficient tensor network. This process is re-
peated N — 1 times to obtain a component. a) Partial trace of the last variable. b)
Partial trace of the penultimate variable. c¢) Contraction of the last variable with the
penultimate one. d)

The definition of Z-tensors in the Tensor QUDO case is

0
ZDOXDO’
v=1i, (32)

70 — e~ ™o,
v 2

n

Dp_1xDp’ (33)
Zn — e_T(anl,n,i,jJ’_Wn,n,i,i)’
1]
N-—1
Dy-1?
Dy_1 (34)
N—-1 _ —T(WN_aN_1i i TWN_1N-1ii
Zj — E e (Wn—aN—1,ij TWN-1,N 1,1,1),

i=0
and analogous for the QUBO and QUDO problems. The complexity of generating these tensors
is O(D?) for each one, the same for their space complexity. Taking into account that they are
N different, the computational and space complexity are O(N D?) for the creation and storage
of tensors. However, if they are created just before using them, only one matrix must be stored
at each step, so the complexity would be O(D?).

The computational complexity of contracting each of the tensor networks for a QUDO
problem with N variables that can take D values is O(N D?), because it multiplies N matrices
D x D by a vector. This is due to having to apply the contraction scheme in Fig. 3. It has to be
repeated N — 1 times to determine the N variables, so the total computational complexity of
the algorithm is O(N2D?), the space complexity remains in O(D?), and with solution storage
it is O(N + D?). However, storage of the w tensor of Tensor QUDO requires O(ND?) space
complexity, so that is the space complexity in this case. In the QUBO case, the computational
complexity is O(N?).

If there are M degenerate solutions, to obtain all of them, the algorithm only has to apply
the process M times, so there is a complexity of O(MN?D?).

However, execution time can be improved by reusing intermediate computations. To do
so, when calculating the result of the first variable, the intermediate tensors L" that are shown
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in Fig. 3 b and c are stored. In this way, since the algorithm only needs to change the n-th
node for a new V" tensor, as was explained for the iterative method, the rest of the tensor
network, stored in the tensor L™"! will be the same. Therefore, the algorithm will only need
to multiply the new V" tensor by the tensor L™! that had been stored from the first iteration.

Since each of these multiplications has a cost O(D), because the matrix is diagonal, and
it is repeated O(N) times, the total cost of determining the variables from 1 to N — 2 will
be O(ND). Since the cost to determine the first is O(ND?), there is a total computational
complexity of O(ND?). The storage of the L-tensors in the first contraction requires space
complexity O(ND), so the total space complexity is O(ND + D?). Again, for the Tensor QUDO
the space complexity is O(ND?). In the QUBO case, the computational and space complexity is
O(N). If there are M degenerate solutions, to obtain all of them, the algorithm will only have
to apply the process M times, so there is a complexity of O(M N D?). Thus, it is determined that
the algorithm has a linear cost in the number of variables and a quadratic cost in the variable
dimensionality.

The algorithm can be parallelized, even without an improvement in computational com-
plexity. For simplicity, the main assumption is that there are enough units for computation that
can compute in parallel, so the parallel runtime with infinite processors is analyzed. From this
point on, computational complexity refers to the main component of this parallel runtime. The
intention is to determine the vector after the Half Partial Trace without knowing the previous
variables results. That is, these vectors are computed in the first iteration of the tensor network
contraction for every possible value of the previous variable and, after determining it, choose
the corresponding vector. It will be better understood with the explicit algorithm. BigUnit is
defined as a set of units that can compute in parallel the vector-matrix products, and SmallUnit
as the set of units that compose a BigUnit that computes in parallel each element of the result
of the vector matrix product. The algorithm is as follows:

1. Each Z tensor is created. Every tensor is computed in a different BigUnit, allowing us
to compute them in parallel, and each element is computed in a different SmallUnit in
its corresponding BigUnit, allowing their parallel computation. These are all the tensors
required in the definition, and can be computed in a O(1) time, but the last one that
requires the summation of D elements, taking O(log,(D)) time making pair sums. The
computational complexity is O(log,(D)) and the space complexity is O(ND?). However,
space complexity can be reduced to O(N + D?) if, instead of generating all Z-tensors in
the first step, they are only generated just before contracting them.

2. At the same time, in D + 1 different BigUnits, the algorithm computes:

» ZN=1 is contracted with ZV¥~2 to get LN=2 in a BigUnit, computing each of its el-
ements with a SmallUnit. Each element is computed in parallel and requires sum
D elements, which means it has computational complexity O(log,(D)) with pairs
summation and space complexity O(D?).

* The contraction of Z¥~! with VN2 for every possible value of x_s to obtain all the
vectors P*N-2-*N-3_ Every contraction has computational complexity O(1), because
VN=2 is a diagonal matrix, and they are performed in parallel in different BigUnits.
Its space complexity is O(D?).

* Now, for each value of xj_3, the position of the largest component, obtaining the
vector Xy_, is saved. This vector component X_, ; has the correct values for xy_,
if the correct value of xp_5 is i. Then,

Xn_p; = argmax {P;{N*Z’i} . (35)
j
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Algorithm Computational Complexity | Space Complexity (QUDO|T-QUDO)
Brute Force o(pM) O(N)|O(ND?)

LCQPTNS (this work) O(N?D?) O(N + D?)|0(ND?)

LCQPTNS with reuse (this work) | O(ND?) O(ND + D?)|0(ND?)

Parallelized LCQPTNS (this work) | O(N log, D) O(ND + D?)|0(ND?)

Table 1: Comparison of the different QUBO, QUDO and Tensor QUDO solvers for lin-
eal chain with one-neighbor interaction for N variables of values in the set {0, D—1}.

This argmax computation has complexity O(log, D) with pair comparisons, so it
requires the same time as the contraction of Z¥~! — ZN¥=2 making them parallel.

3. Fornfrom N —2 to 1, defining x_; = 0:

e L"is contracted with Z"! to get L""! in a BigUnit, computing each of its elements
with a SmallUnit.

* The contraction of L" with V! for every possible value of x,_, to obtain all the
vectors PXn-1"n-2,

* Now, for each value of x,_,, the position of the largest component is saved, obtain-
ing the vector X, _;. This vector component X,,_; ; has the correct values for x,_;
if the correct value of x,,_, is i.

* These steps must be performed iteratively, so each iteration has a computational
complexity of O(log, D) and a space complexity of O(D?). Repetition of N times
increases computational complexity to O(N log, D). The space complexity remains
O(ND + D?), because the vectors P can be overwritten at each step, and only the
vectors X of D components need to be stored.

4. X, is taken, which has only one component, because there is no previous variable, so
Xo =Xo,- This step has computational complexity O(1).

5. For each n from 1 to N —2, x, = X,,, . is selected. Each iteration has computational
complexity O(1), so the total has complexity O(N).

6. The last variable value is determined by brute force, which requires O(log, D) calcula-
tions.

It is called MeLoCoToN backtracking to this last precomputation technique for the final back-
tracking evaluation of the solution. Taking into account all computational complexities and
space complexities, the total computational complexity of the parallel algorithm is O(N log, D)
and the space complexity is O(ND + D?) (in Tensor QUDO it is O(ND?)). So, the runtime of
this algorithm scales linearly with the number of variables and logarithmically with their di-
mension. Tab. 1 shows the different computational and space complexity for both algorithms.

4 Experiments

In this section, several experiments are introduced to analyze the performance of the pro-
posed algorithms and compare it with the Google OR-TOOLS [30] and dimod [31] solvers.
Tensor network algorithms are implemented in Python without parallelization, and all code
is available in the GitHub repository. Every runtime experiment is performed three times and
averaged to avoid fluctuations. In our implementation in NumPy, the value of 7T for the new
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Figure 4: Run time for QUDO solver algorithm in NumPy against number of variables
of the problem.
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Figure 5: Run time for QUDO solver algorithm in Decimal against number of variables
of the problem

node increases to 7, = TN /(N —n) to compensate for the reduction in the number of nodes.
This considerably improves the quality of the results due to the finite precision of the num-
bers. Each tensor is normalized by its norm, and the intermediate computation tensors are
also normalized. Instances are generated by uniform random numbers in the range (—1,1).
The w matrices/tensors, the d vectors and the Z tensors are also normalized by their norms.
However, the overflow problem remains, so the algorithm is also implemented with the Dec-
imal library for the QUDO algorithm, performing the multiplications with lists. This library
allows to increase the precision of the numbers stored. For the Decimal implementation, if an
overflow happens, 7 is rescaled until it does not diverge. All experiments are performed in
CPU, with an Intel(R) Core(TM) i7-14700HX 2.10 GHz and 16 GB RAM.

First, the scaling of the runtime with the number N of variables is tested. Figs. 4, 5 and 6
show the runtime for QUDO algorithms in Numpy and in Decimal, and for the Tensor QUDO
algorithm, with the different number of variables. Both figures show that the runtime of all
algorithms scales linearly with the number of variables, as described. The Decimal implemen-
tation has a higher runtime, as expected, due to the higher precision and more bits operations.

Now, the scaling of the runtime with the dimension D of the variables is tested. Figs. 7, 8
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Figure 7: Run time for QUDO solver algorithm in NumPy against the dimension of
variables of the problem.

—e— N=5

—e— N=1005
—e— N=2005
—e— N=3005
—e— N=4005
—e— N=5005
41 —=— N=6005
N=7005
3 N=8005
—e— N=9005
2] —e— N=10005

Time (seconds)

2 4 6 8 10 12 14
Dimension of Variables

Figure 8: Run time for QUDO solver algorithm in Decimal against the dimension of
variables of the problem.

16



432

433

434

435

436

437

438

439

440

441

442

443

444

445

SciPost Physics Submission

Time (seconds)
2o NN W s
o w o w o w o

o
]

e
<)

2 4 6 8 10 12 14
Dimension of Variables

Figure 9: Run time for T-QUDO solver algorithm in NumPy against the dimension of
variables of the problem.
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Figure 10: Ratio between the cost of the solutions of QUBO tensor networks solver
in Numpy and QUBO simulated annealing solver or ORTOOLS solver against 7.

and 9 show the runtime for QUDO algorithms in Numpy and in Decimal, and for the Tensor
QUDO algorithm, with the different dimension of the variables. Both figures show that the
runtime of all algorithms scales quadratically with the dimension of the variables, as described.
As before, the Decimal implementation has a higher runtime.

Now, the quality of the solutions with the value of 7 is compared for QUBO problems. The
best solution provided by the Google OR-TOOLS and dimod solvers is taken as the correct one.
The cost ratio is defined as

_ C(Xrn)

C(Fppr)

being C(Xry) our tensor network solution. The comparison for D = 2 instances is performed
because it allows for a direct optimization by dimod’s simulated annealing solver. For fair
comparison, dimod and ORTOOLS are limited to a similar runtime to the tensor networks
algorithms. Figs. 10, 11 show the cost ratio for QUDO algorithms in Numpy and in Decimal
with the different values of 7. In general, there is an improvement in the ratio with the value
of 7, which is even better than dimod and ORTOOLS. As the number of variables increases,
the results of the tensor network are better compared to the classical solvers. This shows the

R (36)

17



446

447

448

449

450

451

452

453

454

455

456

457

458

459

460

461

462

463

464

465

466

467

468

469

470

SciPost Physics Submission

1.08 x 10°

1.06 x 10°

1.04 x 10°
—e— N=5
1.02 x 10° N=115
R — —o— N=226
1007 a_———————— 00—

—— N=336
:7'% —o N=447
9.8x 1071 —e— N=557
9.6 x 107! —o— N=778
N=889

9.4x 107! N=1000

101 10° 101 102 103 10* 10°
T

Figure 11: Ratio between the cost of the solutions of QUBO tensor networks solver
in Decimal and QUBO simulated annealing solver or ORTOOLS solver against 7.

potential of this algorithm for larger instances.

5 Conclusions

This work developed several algorithms in tensor networks to solve these lineal chain one-
neighbor interaction quadratic problems efficiently, and provide the exact explicit equation
that solves them. Moreover, they have been implemented and tested with other well-known
classical algorithms and observed an improvement in the quality of the results. However, open
questions remain. The first question is the minimal finite value of 7 that results in the correct
optimal solution. This depends on the dimensions and properties of the problem to solve
and could be a future line of research. For example, a useful technique could be the iterative
normalization described in [29]. Another possible line will be the efficient resolution of more
general QUBO, QUDO and Tensor QUDO problems with this methodology and its application
to various industrial problems or even solving ground state determination for hamiltonians of
Ising type. In addition, it is possible to explore how to improve the computational complexity
of the algorithm by inserting techniques such as quantization of the possible values of the
tensor elements or taking advantage of the sparsity of the tensors. Finally, it is also interesting
to test efficient implementations of the parallelized version of the algorithm provided.

Funding information The research leading to this paper has received funding from the
Q4Real project (Quantum Computing for Real Industries), HAZITEK 2022, no. ZE-2022/00033.
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