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Abstract

We examine the framework of relativistic spin-hydrodynamics in the context of elec-
tron hydrodynamics in graphene. We develop a spin-hydrodynamic model for a (2+ 1)-
dimensional system of fermions under the condition of small spin polarization. Our
analysis confirms that thermal vorticity, which satisfies the global equilibrium condi-
tion, is also a solution to the spin-hydrodynamic equations. Additionally, we calcu-
late the magnetization of the system in global equilibrium and introduce a novel phe-
nomenon—thermovortical magnetization—resulting from thermal vorticity, which can
be experimentally observed in graphene.
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1 Introduction13

Investigation of the hydrodynamic behavior of electrons in solid-state systems has drawn im-14

mense attention from a diverse group of physicists with a wide range of expertise. One such15

solid state system where hydrodynamic behavior of electrons has garnered significant interest16

is graphene [1–15]; see Refs. [16–18] for recent reviews. Owing to the simplicity of its band17

structure, graphene serves as an exceptionally rich arena for exploring electron hydrodynam-18

ics. Graphene consists of a honeycomb lattice formed by carbon atoms arranged in two spatial19

dimensions. Moreover, the quasiparticles in the honeycomb lattice exhibit a “relativistic” dis-20

persion relation, E(p) = ± vF |p|, where vF is the Fermi velocity of graphene [19]. This linear21

dispersion relation, which characterizes massless fermions, was experimentally validated in22

Refs. [20, 21]. Furthermore, the Coulomb interactions between electrons in graphene can be23

relatively strong, which leads to the emergence of hydrodynamic behavior [16]. Therefore,24

electron hydrodynamics in graphene offers a suitable platform for testing theoretical predic-25

tions of relativistic hydrodynamics with experimental results.26

Relativistic hydrodynamics finds applications in fields such as astrophysics, cosmology and27

high-energy physics. Evolution of strongly interacting, hot and dense QCD matter, formed28

in high-energy heavy-ion collisions, has been modeled quite successfully within the frame-29

work of relativistic hydrodynamics [22]. The recent observation of spin polarization in non-30

central heavy-ion collisions has prompted the development of relativistic spin-hydrodynamics,31

which enforces the conservation of total angular momentum in addition to the usual energy-32

momentum and net particle current conservation [23–50]. However, the fireball produced33

in heavy-ion collisions is extremely short-lived and certain key results of relativistic spin-34

hydrodynamics have yet to be conclusively verified through experiments.35

One of the important predictions of relativistic spin-hydrodynamics is the existence of ther-36

mal vorticity as the global equilibrium solution [23, 51, 52], which has been quite successful37

in explaining the global spin-polarization observed in relativistic heavy-ion collisions [53–55].38

However, attempts to apply thermal vorticity solution to explain longitudinal spin-polarization39

in relativistic heavy-ion collisions leads to opposite sign compared to the experimental re-40

sults [56–61]. This may be attributed to the fact that due to the short lifetime of the fireball41

created in relativistic heavy-ion collisions, the system does not have sufficient time to attain42

global equilibrium for spin dynamics in the transverse plane [62–67]. On the other hand,43

such issues related to short lifetimes do not occur in the case of electron hydrodynamics in44

graphene, making it an ideal platform to validate the global equilibrium solution of relativistic45

spin hydrodynamics.46

Near charge neutrality, graphene is predicted to exhibit behavior characteristic of a quantum-47

critical relativistic plasma, known as the "Dirac fluid," where massless electrons and holes un-48

dergo frequent collisions [68, 69]. At charge neutrality, the quantum-critical scattering rate49

indicative of the Dirac fluid was experimentally observed in Ref. [70]. Further, with increased50

doping, emergence of two distinct current-carrying modes were also observed—one with zero51

total momentum and the other with nonzero total momentum—revealing a hallmark of rela-52

tivistic hydrodynamics [70]. Therefore in graphene, electrons and holes form a plasma gov-53

erned by relativistic hydrodynamic equations, analogous to those describing plasmas of hot54

quarks and gluons [71].55

In this article, we explore the framework of relativistic spin-hydrodynamics within the con-56

text of electron hydrodynamics in graphene. We develop the framework of spin-hydrodynamics57

for a (2 + 1)-dimensional system of fermions in the limit of small spin-polarization. We re-58

affirm that thermal vorticity, which satisfies global equilibrium condition, is also a solution of59

the spin-hydrodynamic equations in (2+1)-dimensions. We also calculate the system’s magne-60

tization in global equilibrium and propose a novel phenomenon, thermovortical magnetization,61
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which arises due to thermal vorticity and can be experimentally observed in graphene. We use62

the convention gµν = diag(+1,−1,−1) for the metric tensor. We employ A · B ≡ AµBµ and63

A : B ≡ AµνB
µν to denote scalar products. Throughout the text we use natural units where64

vF = ħh= kB = 1.65

2 Density operator and equilibrium66

Relativistic spin hydrodynamics asserts that a complete description of a relativistic fluid, con-67

sisting of particles with intrinsic spin, necessitates the inclusion of a rank-3 spin tensor which is68

the expectation value of the tensor operator bSλ,µν. This spin-tensor operator (anti-symmetric69

in the last two indices) contributes to the total angular momentum operator as70

bJλ,µν = xµ bTλν − xν bTλµ + bSλ,µν, (1)

where bTµν is the energy-momentum tensor operator.71

Within the framework of quantum statistical mechanics, local thermodynamic equilibrium72

is defined as the state that maximizes the entropy S = −Tr(bρ ln bρ), where bρ is the density73

operator. Moreover, entropy is maximized subject to the constraint that the mean values of74

charge, energy, momentum, and spin densities remain fixed, leading to [24,72,73]75

bρLE =
1

ZLE
exp

�

−
∫

σ

dσµ

�

bTµνβν −
1
2
ωαβbS

µ,αβ −αÒNµ
�

�

. (2)

Here, σ is a space-like hypersurface with element dσµ, ZLE is the local equilibrium partition76

function, ÒNµ is the conserved net particle number operator, and βµ, ωαβ , α are the relevant77

Lagrange multipliers. Using Eq. (1), the integral in Eq. (2) can be expressed in terms of the78

conserved angular momentum operator as [24]79

bILE =

∫

σ

dσµ

�

bTµν
�

βν −ωνγ xγ
�

−
1
2
ωαβ bJ

µ,αβ −αÒNµ
�

. (3)

It is important to note that the conservation of particle current, energy-momentum and angular80

momentum implies that ∂µÒN
µ = ∂µbTµν = ∂λbJλ,µν = 0.81

In global equilibrium, the integral bILE in Eq. (3) must be independent of the choice of space-82

like hypersurface σ, ensuring that the density operator remains constant. This is achieved by83

requiring that the divergence of the integrand in Eq. (3) vanishes. Considering the conser-84

vation equations, the global equilibrium constraint imposes three conditions on the Lagrange85

multipliers86

∂µβν =ωνµ, ∂µωνγ = 0, ∂µα= 0. (4)

The above conditions implies that87

βν = bν +ωνγ xγ, ωνγ = const., α= const., (5)

where, bν is constant. Keeping in mind thatωµν is anti-symmetric, the first condition in Eq. (4)88

implies that βν should satisfy the Killing equation ∂µβν+ ∂νβµ = 0. Moreover, Eq. (5) implies89

that90

ωµν = −
1
2

�

∂µβν − ∂νβµ
�

= const., (6)

which is referred to as the thermal vorticity. In order to distinguish ωµν from its global equi-91

librium value, thermal vorticity is often denoted byϖµν ≡ −
1
2

�

∂µβν − ∂νβµ
�

.92

3



SciPost Physics Submission

3 Relativistic spin-hydrodynamics93

In order to formulate relativistic spin-hydrodynamics, applicable to 2+ 1-dimensional system94

of fermions, we start with single particle, phase-space distribution functions for particles and95

anti-particles [23, 52]. To account for spin degrees of freedom, the phase-space distribution96

functions at space-time position x and momentum p are generalized to spin density matrices97

f +rs (x , p) =
1

2m
ūr(p)X

+ us(p), (7)

f −rs (x , p) = −
1

2m
v̄s(p)X

− vr(p), (8)

for particles and anti-particles, respectively. In the above equations, m is the mass of the98

particles and ur(p), vr(p) are bispinors with the normalization ūr(p)us(p) = 2mδrs and99

v̄r(p) vs(p) = −2mδrs
1. Here the spin indices r and s can take values of 1 and 2.100

Adopting the notation used in Refs. [23,52], we introduce the matrices101

X± =
�

exp (β · p ∓ α)exp
�

±
1
2
ω : Σ
�

+ I
�−1

, (9)

where βµ, α andωµν are the Lagrange multipliers, as introduced in Eq. (2), and pµ = (|p|, p).102

In terms of physical quantities, we have α = µ/T and βµ = uµ/T , with T , µ and uµ be-103

ing the temperature, chemical potential and fluid velocity, respectively, where uµ is normal-104

ized to u · u = 1. Further, the Lagrange multiplier ωµν is termed as the polarization tensor105

and Σµν is the spin operator which can be represented using the Dirac gamma matrices as106

Σµν = (i/4)[γµ,γν]. It is important to note that the Dirac gamma matrices satisfy the rela-107

tions of the Clifford algebra {γµ,γν} ≡ γµγν+γνγµ = 2 gµν. Further, we consider 4×4 matrix108

representation of Dirac Gamma matrices with the Greek indices (µ,ν, · · · ) taking values of109

0, 1,2.110

The fundamental conserved hydrodynamic quantities can be obtained by employing the111

distribution functions in Eqs. (7) and (8). For a (2 + 1)-dimensional system of massless112

fermions, the charge current and energy-momentum tensor can be expressed as [74]113

Nµ =

∫

d2p
2(2π)2|p|

pµ
�

tr
�

X+
�

− tr
�

X−
��

, (10)

Tµν =

∫

d2p
2(2π)2|p|

pµ pν
�

tr
�

X+
�

+ tr
�

X−
��

. (11)

For the spin-tensor, we use the phenomenological form [51]114

Sλ,µν =

∫

d2p
2(2π)2|p|

pλ tr
�

(X+ − X−)Σµν
�

, (12)

which is consistent with the global equilibrium solution of thermal vorticity [23].115

In order to evaluate the trace and perform the integrals in Eqs. (10), (11) and (12), we116

consider that the spin-polarization induced in the medium is small. In the limit of small po-117

larization, i.e., for small values of ωµν, Eq. (9) can be Taylor expanded up to linear order in118

ωµν as119

X± = f ±0 I ±
1
2
(ω : Σ) f ±0 f̃0

±
, (13)

1These normalization conditions ensure that the massless limit of Eqs. (7) and (8) are well defined.
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where, f ±0 ≡ [exp(β · p∓α) + 1]−1 and f̃0
± ≡ 1 − f ±0 . The trace of operators appearing in120

Eqs. (10), (11) and (12) can be evaluated by noting that tr(Σµν) = 0 and tr
�

ΣµνΣαβ
�

= gµαgνβ−gµβ gνα.121

Performing the momentum integration, we obtain122

Nµ = n uµ, (14)

Tµν = (ϵ + P)uµuν − P gµν, (15)

Sλ,µν = w uλωµν, (16)

where, n, ϵ, P and w are net number density, energy density, pressure and spin density, respec-123

tively. These hydrodynamic quantities are obtained as124

n=
T2

π

�

Li2
�

−e−α
�

− Li2 (−eα)
�

, (17)

ϵ =
2 T3

π

�

− Li3
�

−e−α
�

− Li3 (−eα)
�

, (18)

P =
ϵ

2
, w=

T2

4π
ln (2+ 2coshα) , (19)

where Lis(z) is the polylogarithmic function of order s and argument z.125

One can also define the magnetization tensor as [75–77]126

Mµν = m

∫

d2p
2(2π)2|p|

tr
�

(X+ − X−)mµν
�

(20)

where, the operator corresponding to the magnetic dipole moment of electrons, mαβ , is pro-127

portional to the spin operator, i.e., mαβ = χ Σαβ , with χ = g e
2 m resembling the gyromagnetic128

ratio [75, 78]. Here, g is the g-factor of the electron, e is the elementary charge2 and m is129

the mass. Note that the 1/m in the expression for gyromagnetic ratio cancels with the m in130

the definition of magnetization tensor, Eq. (20), resulting in a well defined massless limit.131

Evaluating the trace and performing the momentum integration in Eq. (20), we obtain132

Mµν =
g e
8π

T ωµν, (21)

which is one of the main results of the present work.133

4 Conservation laws and hydrodynamic equations134

Conservation of net particle number, energy and momentum can be expressed as135

∂µNµ = 0, ∂µTµν = 0. (22)

Moreover, conservation of angular momentum implies ∂λJλ,µν = 0, where Jλ,µν = xµTλν−xνTλµ+Sλ,µν.136

Since energy-momentum tensor in the present work is a symmetric tensor, see Eqs. (11) and137

(15), the conservation of angular momentum requires that the spin tensor Sλ,µν must also138

satisfy the conservation equation [79],139

∂λSλ,µν = 0. (23)

Note that Eqs. (22) and (23) constitute equations of motion for the hydrodynamic variables140

T , µ, uµ and ωµν.141

2Not to be confused with Napier’s constant/Euler’s Number, e.
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Using the expressions for the conserved quantities, Eqs. (14)-(16) in the conservation equa-142

tions, Eqs. (22) and (23), we obtain the equations of motion143

ṅ+ nθ = 0, (24)

ϵ̇ + (ϵ + P)θ = 0, (25)

(ϵ + P) u̇α − (gαβ − uαuβ)∂β P = 0, (26)

w ω̇µν + ẇωµν +wθ ωµν = 0, (27)

where, Ȧ≡ uµ∂µA represents co-moving derivative and θ ≡ ∂µuµ is the expansion scalar. Note144

that Eqs. (25) and (26) follow from projection of energy-momentum conservation equation,145

along and orthogonal to uµ, respectively. In the following, we consider the global equilibrium146

condition of thermal vorticity, Eq. (6), and verify that it is indeed a solution of Eqs. (24)-(27).147

5 Thermal vorticity solution148

In order to express thermal vorticity in terms of hydrodynamic variables, we consider rigid149

vortical motion of the fluid in the two dimensional space. In this case, components of the150

hydrodynamic flow velocity, uµ = (u0, u1, u2), is defined as151

u0 = γ, u1 = −γΩ y, u2 = γΩ x , (28)

where Ω is a positive constant indicating rotation speed, γ≡ 1/
p

1−Ω2r2 is the local Lorentz-152

γ factor, and r ≡
p

x2 + y2 represents the distance from the center of the vortex. The profile153

for temperature and chemical potential is determined as154

T = T0 γ, µ= µ0 γ (29)

with T0 and µ0 being constants. Using the definition βµ = uµ/T in Eq. (6), we obtain155

ωµν =ϖµν =





0 0 0
0 0 Ω/T0
0 −Ω/T0 0



 , (30)

which is a constant matrix.156

In order to verify that Eqs. (28)-(30) satisfies the hydrodynamic equations of motion,157

Eqs. (24)-(27), we begin by noting that the comoving derivative takes the form158

uµ∂µ = −γΩ
�

y
∂

∂ x
− x

∂

∂ y

�

. (31)

Keeping in mind that α = µ/T = µ0/T0 is a constant, and using the above expression for the159

comoving derivative, we obtain160

ṅ= 0, ϵ̇ = 0, Ṗ = 0, ẇ= 0, θ = 0. (32)

Further, using the equation-of-state ϵ = 2 P, the scaled derivative of pressure can be shown to161

be equal to the comoving derivative of fluid velocity, i.e.,162

�

1
ϵ + P

�

∂ αP = u̇α = −γ2Ω2(0, x , y). (33)

It is now apparent from Eqs. (32) and (33) that Eqs. (28)-(30) represents a solution of the163

hydrodynamic equations of motion, i.e., Eqs. (24)-(27).164
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Figure 1: Schematic representation of temperature gradient on the surface of
graphene, shown as a disc of radius 1 unit. The temperature at the center is T0
and the temperature on the surface of graphene increases outwards as a function of
radius r, as shown in the figure. The black concentric circles represent nanowires
used to maintain the specific temperature profile radially outwards; see text for de-
tails.

6 Thermovortical magnetization165

To understand the observable consequence of the spin hydrodynamics framework on electron166

hydrodynamics of graphene, we consider magnetization with thermal vorticity solution. Using167

Eq. (30) in Eq. (21), we obtain168

Mµν =
g e
8π

Ω
p

1−Ω2r2





0 0 0
0 0 1
0 −1 0



 . (34)

The above relation suggests that, in general, the condition of global equilibrium leads to169

magnetization. This phenomenon, which is reminiscent of the Barnett effect observed in170

solids [80], arises from the thermal vorticity solution of the hydrodynamic equations. Fur-171

ther, our calculation suggests that the thermovortical magnetization in Eq. (34) increases as a172

function of radial distance from the center of the vortex.173

It is important to note that in order to experimentally observe thermovortical magnetiza-174

tion in graphene, the system has to be initialized in such a way that it relaxes to the thermal175

vorticity state of global equilibrium. We propose that such an initial condition can be achieved176

7
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by providing a gradient to the thermodynamic quantities given in Eq. (29). For instance,177

an external source may be applied to maintain a radially increasing temperature gradient178

T = T0/
p

1−Ω2r2; as shown in Fig. 1. Joule heating in nanowires can serve as an exter-179

nal heat source to maintain the desired temperature gradient on graphene substrate [81–83].180

Once the external source maintaining the temperature gradient is switched off, the hydrody-181

namic evolution drives the system toward its nearest equilibrium state, which is characterized182

by thermal vorticity. This thermal vorticity state eventually leads to thermovortical magneti-183

zation, as given in Eq. (34). We emphasize that, while the magnetization induced by thermal184

vorticity may be small, it is nonetheless a measurable phenomenon, as described below.185

Firstly, we note that the expression for magnetization in Eq. (34) represents the magnetiza-186

tion density. Consequently, the total magnitude of magnetization is given by M = (ge/8π)Ωγ (πR2),187

where R is the radius of the graphene sample. The central temperature of the graphene sheet,188

T0, as illustrated in Fig. 1, can be maintained at approximately 80 K using a liquid nitrogen189

cold finger. On the other hand, Joule heating in nanowires can readily raise the temperature190

to about 400 K at the edges of the sample (r = R) [83, 84]. Using Eq. (29), these values191

corresponds to a Lorentz gamma factor of γ = T/T0 ≈ 5, indicating a substantial degree of192

relativistic behavior. Moreover, this leads to ΩR ≈ vF ≈ 106 m/s, the typical Fermi velocity in193

graphene. Substituting the above values and fundamental constants into the expression for194

M , we obtain M ≈ 10−13 R [A·m2], where R is in meters. The minimum magnetization de-195

tectable with current technology is of the order of ∼ 10−17 A ·m2 [85]. Therefore, to observe196

the thermovortical magnetization experimentally, the graphene sample must have a radius197

R∼ 100µm, which is typical size of graphene sheets.198

To further elaborate on the proposed experimental setup, we emphasize that Fig. 1 serves199

only as a conceptual schematic. The concentric nanowires illustrated in the figure can be fabri-200

cated on a substrate using established techniques [86], upon which a hexagonal boron nitride201

(hBN)-encapsulated graphene sample may be transferred. The thermal characteristics of the202

underlying substrate will play a critical role in maintaining the desired radial temperature gra-203

dient. Given the high thermal conductivity of graphene, the lattice temperature is expected204

to rapidly equilibrate with that of the substrate. Additionally, electron-phonon interactions205

will drive the electronic temperature toward the lattice temperature, thereby establishing the206

intended temperature profile. However, important practical considerations remain, including207

heat dissipation at the graphene–substrate interface [87] and the precise electrical interfacing208

of the nanowires. These factors must be carefully addressed in any experimental realization209

of the proposed setup.210

To assess how closely the initial temperature profile must be in order to relax to T = T0γ211

exact configuration, it would likely require detailed numerical modeling of heat transport and212

hydrodynamic behavior within the graphene sample. Nevertheless, we note that there are213

two distinct classes of global equilibrium solutions in this context: one characterized by spa-214

tially uniform temperature, and another associated with thermal vorticity. When a radially215

increasing temperature profile is provided as the initial condition, the system is expected to216

evolve toward the nearest equilibrium state, which would correspond to a thermal vorticity217

configuration of the form T ′ = T0γ
′, possibly associated with a modified angular velocity Ω′.218

Although this state may not quantitatively match the specific profile used in our calculations, it219

would still give rise to a nonzero magnetization. Thus, even if the final configuration deviates220

quantitatively from the idealized setup, our analysis provides a robust qualitative prediction221

for the emergence of magnetization driven by thermal vorticity.222
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7 Summary and outlook223

In this work, the framework of relativistic spin-hydrodynamics was explored within the context224

of electron hydrodynamics in graphene. A spin-hydrodynamic model for a (2+1)-dimensional225

system of fermions was developed under the assumption of small spin polarization. It was226

confirmed that thermal vorticity, which satisfies the global equilibrium condition, also serves227

as a solution to the spin-hydrodynamic equations in (2 + 1)-dimensions. Furthermore, the228

magnetization of the system in global equilibrium was computed, leading to the introduction229

of a new phenomenon, thermovortical magnetization, which results from thermal vorticity and230

can be observed experimentally in graphene.231

This work presents the proposal for application and observation of relativistic spin-hydrodynamics232

predictions in graphene. While this work is based on a non-dissipative formulation of relativis-233

tic spin hydrodynamics, it will be interesting to explore dissipative effects such as rotational vis-234

cosity and boost heat conductivity [88] in the context of electron hydrodynamics in graphene.235

For the application of dissipative effects, it is important to determine these new transport co-236

efficients by connecting them to the underlying microscopic theory of electrons in graphene.237

Further, the effect of external magnetic field on electrons in graphene can also be included via238

the framework of spin magnetohydrodynamics [77]. Investigation of these aspects is left for239

future studies.240

A generalized formulation of the current framework can be developed to describe trans-241

port phenomena in systems such as Weyl semimetals. Topological Weyl semimetals exhibit242

linear dispersion near specific points in momentum space, known as Dirac or Weyl nodes,243

serving as three-dimensional analogs of graphene. Weyl semimetals exhibit unique trans-244

port phenomena arising from their low-energy excitations, which behave as chiral, massless245

fermions [89–93]. These materials provide an intriguing platform to apply and extend rela-246

tivistic spin-hydrodynamics due to the Lorentz-invariant structure of their effective field theory,247

combined with the presence of strong spin-orbit coupling, Berry curvature effects, and topolog-248

ical responses such as the chiral magnetic and chiral vortical effects. We leave the exploration249

of these promising directions to future investigations.250
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