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Abstract

Modern cosmology is based on the cosmological principle, which states that the Universe
is statistically homogeneous and isotropic. When applied in its strict – rather than sta-
tistical – sense, the cosmological principle leads to the Friedmann–Lemaître–Robertson–
Walker (FLRW) model, which serves as background spacetime. This background is used
to predict: (1) the dynamics of cosmic expansion; and (2) the kinematics of light prop-
agation through the Universe, which dictates the interpretation of cosmological obser-
vations. In this lecture, we shall discuss the performance of the FLRW model for those
purposes, and present some results on the so-called backreaction and fitting problems.
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1 Motivation17

When proposing, in 1917, the very first cosmological model based on general relativity, Ein-18

stein made three simplifying assumptions: staticity, homogeneity and isotropy [1]. While19

staticity was falsified by the discovery of cosmic expansion in 1929, the premises of homo-20

geneity and isotropy, which we may collectively refer to as the cosmological principle, remain21

part of the foundations of modern cosmology. The later observations of the tiny anisotropies of22

the cosmic microwave background (CMB), and of the distribution of galaxies on large scales,23

together with the belief that we do not occupy a special place in the Universe, came to confirm24

the relevance of the cosmological principle.25

Of course we know that the Universe is not strictly homogeneous and isotropic, and the26

cosmological principle must be understood in a statistical sense, when structures are smoothed27

out on scales of hundreds of megaparsecs. But for simplicity, the standard description of the28

cosmos is built upon a background spacetime where the cosmological principle is applied in29

its strict sense, namely the Friedmann–Lemaître–Robertson–Walker (FLRW) model. Most the30

interesting physics happening in the Universe, such as the dynamics of the primordial plasma,31

or the formation of structures, is then described as perturbations over the FLRW background.32

There are, however, two classes of predictions that directly follow from the FLRW model33

– without accounting for perturbations. The first one is the dynamics of cosmic expansion; in34

other words, standard cosmology assumes that inhomogeneities have no impact on how the35

Universe expands on the largest scales. Assessing the validity of this assumption is known as36

the backreaction problem, which we shall discuss in the first part (section 2) of the lecture. The37

second class of direct predictions of the FLRW model is the propagation of light through the38

Universe, and in particular the relation between redshift and distance measures, which are39

used in the interpretation of all cosmological observations. Whether or not the FLRW is the40

right framework to perform such an interpretation is known as the fitting problem, and will be41

the topic of the second part (section 3) of the lecture.42

2 Dynamics: the backreaction hypothesis43

2.1 General idea of backreaction44

The FLRW model describes the dynamics and time evolution of an idealised universe where all45

inhomogeneities have been smoothed out. In other words, smoothing is performed first, and46

time evolution follows. Yet, in principle we would rather be interested in the converse proce-47

dure, whereby smoothing would be performed after time evolution. This raises the question48

of the commutation between smoothing and time evolution.49

As emphasised by Ellis in 1984 [2], smoothing is implicit in cosmological modelling, and50

defining precisely what a smoothed spacetime means turns out to be quite challenging. A key51

argument for questioning the commutation of smoothing and dynamics stems from the non-52

linearity of Einstein’s equation. Let 〈. . .〉 denote some smoothing or averaging procedure. Since53

the Einstein tensor Eµν is a non-linear functional of the spacetime metric gµν, the smoothed54

field equation is generally different from the field equation obeyed by the smoothed metric:55

Eµν[〈gρσ〉] ̸= 〈Eµν[gρσ]〉= 8πG〈Tµν〉. (1)

As a consequence, there is a priori no guarantee that the Friedmann equations accurately56

describe the expansion dynamics of the actual, inhomogeneous Universe.57

This is what backreaction is about. The name comes from the idea that, as structures form58

across cosmic history, the Universe departs more and more from the idealised FLRW model59
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Figure 1: Left: geometry of an irrotational congruence of timelike geodesics. Right:
Post-Newtonian cosmological modelling (adapted from ref. [5]).

and those structures, or inhomogeneities, may backreact on the expansion dynamics itself.60

The idea got some attention with the discovery of cosmic acceleration in the late 1990s and61

the coincidence argument: is it a coincidence that dark energy starts dominating the expansion62

dynamics in the late Universe, when it is most inhomogeneous? Could backreaction mimic the63

effect of dark energy? We shall discuss this point in the present section; for further details, I64

recommend the short but yet comprehensive review by Clarkson et al. [3].65

2.2 Buchert’s scalar formalism66

In the early 2000s, T. Buchert proposed a scalar formalism [4] to describe the average dynamics67

of an inhomogeneous universe filled with a pressureless fluid (dust). This approach being68

simple and intuitive, it became quite popular in the subsequent years. Although the resulting69

backreaction effect is likely small, the method itself remains instructive.70

Description of an inhomogeneous dust flow Consider a pressureless fluid; we denote with71

uµ its four-velocity field, which is everywhere tangent to the worldline of the fluid particles.72

Since the fluid is only subject to gravity, the fluid elements are freely falling, and hence they73

follow timelike geodesics, uν∇νuµ = 0.74

In addition, we assume that the flow is irrotational,∇µuν =∇νuµ. This is equivalent to as-75

suming that the family of geodesics representing the fluid’s motion is hypersurface-orthogonal:76

spacetime can be foliated into spatial hypersurfaces that are everywhere orthogonal to uµ (see77

fig. 1, left). Those hypersurfaces physically represent space in the rest frame of an observer78

following the fluid’s motion. As such, they can be labelled by the proper time t along the fluid79

elements’ worldlines. When seen as a field, t satisfies uµ = ∂µ t.80

Comoving–synchronous coordinates We may choose t as our time coordinate. As for spa-81

tial coordinates (x i)i∈{1,2,3}, let them be labels for the fluid elements, so that any x i = cst curve82

is the worldline of some particle in the flow. The resulting coordinate system (t, x i) is called83

comoving–synchronous. In terms of such coordinates, the fluid’s four-velocity reads uµ = δ0
µ,84

and the spacetime line element is85

ds2 = gµνdxµdxν = −dt2 + hi j(t, xk)dx idx j , (2)

where hi j(t, xk) is the spatial metric of the t = cst hypersurfaces.86

3



SciPost Physics Lecture Notes Submission

This may be seen as the generalisation of cosmic time and comoving coordinates for the87

standard FLRW geometry. The difference is that, here, the rest-frame density of the fluid is not88

assumed to be homogeneous, ρ(t, x i), and consequently there is in general no choice for (x i)89

such that hi j is a function of time only.90

Volume of a comoving region We aim to determine the global expansion dynamics of this91

inhomogeneous fluid. We are thus interested in the time evolution of the physical volume of92

some very large comoving spatial domain D,93

VD(t) =

∫

D
d3 x
p

h , h≡ det[hi j]. (3)

Since the coordinate system is following the fluid’s motion, the latter is entirely encoded in94

the spatial metric hi j .
1 The evolution of VD then depends on the average dynamics of h.95

Raychaudhuri equation The local dynamics of h directly follows from the geometry of96

geodesic congruences. We first define the local expansion rate θ from the time-evolution of97

a very small region,98

θ (t, x i) =
1
δV

dδV
dt
=

1
p

h

∂
p

h
∂ t

=
1
2

hi jhi j,t , (4)

which may be seen as a local generalisation of 3×H in an inhomogeneous context.99

It is straightforward to check that θ = ∇µuµ = ∇iu
i . More generally, since uν∇νuµ = 0100

the symmetric tensor ∇µuν is purely spatial; we may decompose it into a pure-trace and a101

trace-free part as102

∇iu j =
1
3
θhi j +σi j , (5)

whereσi j is the shear tensor of the flow, which describes its rate of deformation with time. Tak-103

ing the time derivative of the expansion rate, dθ/dt = uν∇ν(∇µuµ) = −∇µuν∇µuν−Rµνu
µuν104

and substituting Einstein’s equation then yields the Raychaudhuri equation:105

dθ
dt
= −

1
3
θ2 − 2σ2 − 4πGρ +Λ , σ2 ≡

1
2
σi jσi j . (6)

Equation (6) is reminiscent of the second Friedmann equation, and shows that the local ex-106

pansion dynamics results from a competition between the cosmological constant, which tends107

to accelerate it, and the matter density and shear, which tend to slow it down.108

Global expansion dynamics: backreaction Let us now examine the consequences of eq. (6)109

on the global expansion dynamics of D. We first define an effective scale factor aD as110

VD(t) = a3
D(t)VD(t0) . (7)

Then, taking the second derivative of aD, with some algebra and the use of the volume-average111

of the Raychaudhuri equation (6), we find the following effective Friedmann equation for D,112

1
aD

d2aD
dt2

= −
4πG

3
〈ρ〉D +

Λ

3
+

1
3

�

2
3

�

〈θ2〉D − 〈θ 〉2D
�

− 2〈σ2〉D
�

︸ ︷︷ ︸

backreaction term B

, (8)

1This does not mean that “space expands”, as often written in the public-outreach literature and sometimes,
unfortunately, in cosmology textbooks [6]. Cosmic expansion is about matter, not about space which has no
substance, especially in relativity where it is coordinate-dependent. The interpretation of an expanding space
directly comes from the use of comoving coordinates. See [7] for a diatribe on the expanding space.
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with the volume-average operator113

〈X 〉D ≡
1

VD

∫

D
d3 x
p

h X . (9)

Compared to the usual Friedmann equation, eq. (8) exhibits an additional, backreaction termB,114

which could mimic the effect of dark energy [8].115

Caveats Buchert’s spatial averaging formalism can only deal with scalar quantities. As such,116

part of the microscopic dynamics is lost in the process, and the resulting set of dynamical117

equations for D is not closed, which makes it hard to quantify the backreaction effect.118

The backreaction term in eq. (8) results from the competition between the variance of the119

local expansion rate, 〈θ2〉D − 〈θ 〉2D, and the mean square of the shear rate, 〈σ2〉D. It is quite120

easy to see that there is more shear if the expansion rate is more inhomogeneous, so that both121

terms tend to cancel out. As it turns out, in Newtonian cosmology B is a boundary term over122

∂D, divided by the volume VD [9]; hence it is negligible for large domains D. This suggests123

that cosmological backreaction, if anything, must come from relativistic effects.124

2.3 Relativistic backreaction125

Other authors chose to focus more specifically the general-relativistic origin of backreaction.126

Here is a selection of three such approaches, which all suggest a negligibly small effect.127

Clifton & Sanghai’s post-Newtonian patchwork This is a construction based on the post-128

Newtonian (PN) expansion of general relativity [5]. In this approach, the spacetime metric129

is determined in a cubic cell C with size L≪ H−1 using the PN expansion gµν = ηµν + ϵ2γµν,130

where ϵ ∼ v/c is the PN expansion parameter, v being the typical velocity of matter.131

Carefully patching together identical copies of C results in a lattice universe (see fig. 1, right132

panel), whose expansion dynamics emerges from the small-scale physics. In this construction,133

there appears a genuinely relativistic backreaction term [10]134

B ≈ 2
3
(ΩmH0)2

a4
(H0 L0)

2 ∼ ϵ4 , (10)

where L0 is the present length of C and the scale factor is identified as a(t) = L(t)/L0. This135

term contributes positively to the acceleration of cosmic expansion and dilutes like radiation136

(∝ a−4). Because it is suppressed by (H0 L0)2≪ 1 compared to the other terms in the Fried-137

mann equation, its effect is negligible in practice.138

Green & Wald’s effective field theory In ref. [11], the spacetime metric is assumed to read139

gµν = ḡµν + γµν, where ḡµν is a smooth effective metric (e.g. FLRW), and γµν encodes the140

small-scale physics. While γµν is assumed to be small, its first derivatives ∇ργµν are only141

required to remain finite, and its second derivatives ∇ρ∇σγµν may be arbitrarily large.142

Under these assumptions, the authors of ref. [11] demonstrated that ḡµν must satisfy an143

effective Einstein equation, where the backreaction due to γµν manifests a correction tµν to144

the stress-energy tensor, with tµµ = 0. This extra contribution is interpreted as the small-145

scale gravitational radiation that is integrated out in the dynamics of ḡµν, thereby producing146

a negligible backreaction effect in cosmology [12]. Such conclusions led to a heated debate147

within the backreaction community [13,14].148
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GEVOLUTION In 2016, the Geneva cosmology group addressed the backreaction problem149

from a numerical perspective. GEVOLUTION [15] is a relativistic N -body code in which the150

space-time metric reads gµν = ḡµν + γµν, where the background ḡµν(t) is formally similar to151

the FLRW metric, but contrary to other cosmological simulations, it does not pre-suppose its152

evolution based on the Friedmann equations; instead, the definition of the scale factor is up-153

dated at each time step. Computations are then performed at first order in γµν, second order154

in ∇ργµν, and arbitrary order in ∇ρ∇σγµν. The expansion law is then found to match the155

usual Friedmannian dynamics up to a part in 104 [16].156

3 Observations: the fitting problem157

Even if the backreaction of structures on cosmic expansion is negligible, this does not neces-158

sarily imply that the FLRW model is the right framework to accurately interpret cosmological159

observations, because we do not directly observe physical distances and velocities, but rather160

redshifts, angles and apparent brightnesses.161

In this section, we shall focus on the relation between redshift and angular (or luminosity)162

distance, which is ubiquitous in the interpretation of cosmological data, from the Hubble di-163

agram of type-Ia supernovae (SNe) to the CMB anisotropies, including the imprint of baryon164

acoustic oscillations (BAO) in the distribution of galaxies.165

3.1 The distance–redshift relation166

Definitions The redshift is the change of a signal’s cyclic frequency in the observer’s frame167

relative to the source’s frame, 1 + z ≡ ωs/ωo. The angular-diameter distance, or area dis-168

tance DA is defined so as to translate the observed angular size Ωo of an image (which is a169

solid angle) to the physical area As of its source,170

As = D2
A ×Ωo . (11)

The luminosity distance DL, on the other hand, connects the observed flux Fo (power per unit171

area) of a light source to is intrinsic luminosity (power) Ls as172

Ls = Fo × 4πD2
L . (12)

Both notions of distance are connected by the distance-duality relation, DL = (1 + z)2DA,173

which is valid if light follows null geodesics, and if there is no significant photon creation or174

absorption during light propagation from the source to the observer. We may thus focus on175

the angular-diameter distance from now on.176

Relation in FLRW When light is emitted and observed by comoving entities in a strictly177

homogeneous and isotropic universe, the distance–redshift relation is found to read178

D̄A(z) =
1

1+ z
sinh[
p
−Kχ(z)]
p
−K

, χ(z) =

∫ z

0

dz′

H(z′)
, (13)

where K denotes the curvature of the homogeneity hypersurfaces (“space”), and χ is known179

as the comoving distance. Barred quantities will refer to FLRW in the whole section. Equa-180

tion (13) is used to constrain cosmological parameters from the Hubble diagram of type-Ia181

SNe, but also from BAO and CMB observations.182

6



SciPost Physics Lecture Notes Submission

λ= cst

lig
ht

co
ne

t =
cs

t

observer’s worldline

d2A(λ)

kµ(λ)

kµo

d 2
ϕ

a

uµ(λ)

uµo

O

E(t,λ,ϕa)

light beam

κ < 0

κ > 0

zo
om

≈

δ < 0

δ > 0

empty beam Swiss-cheese model

Figure 2: Left: Geometrical construction of the observational coordinates (t,λ,ϕa).
Right: Overdense (underdense) lines of sight have positive (negative) conver-
gence κ; in linear perturbation theory, one expect 〈κ〉 = 0. However, accounting
for the small-scale lumpiness of the matter distribution suggests instead an empty-
beam model, corresponding to light propagation in, e.g., a Swiss-cheese universe.

In general, the distance–redshift relation is twofold The standard result (13) hides the183

fact that DA(z) is fundamentally the combination of two relations: z(λ) and DA(λ), where λ is184

an affine parameter along the ray, i.e. the null geodesic, connecting the source to the observer.185

Let kµ be the past-directed wave four-vector of that ray, that is a tangent vector to the null186

geodesic (see fig. 2, left). The cyclic frequency measured by an observer with four-velocity uµ187

isω= uµkµ, hence 1+z(λ) = (uµkµ)(λ) if we conventionally setωo = 1. Taking the derivative188

with respect to λ then yields189

dz
dλ
= kik j∇iu j ≡

1
3
(1+ z)2θ|| , (14)

where θ|| represents the local expansion rate of the matter fluid along the spatial direction of190

light propagation k̂. If backreaction is small, then θ|| ≈ 3H on average, which implies that191

z(λ) is mostly unaffected by inhomogeneities.192

Regarding the second part of the relation, DA(λ), things are somewhat more complicated193

because they depend on the evolution, with light propagation, of the physical area d2A(λ) of194

a small light beam subtended by the angle d2Ωo at the observer.195

3.2 Propagation of light beams in general relativity196

Observational coordinates The general study of light beams is more convenient as one197

writes the metric in terms of a coordinate system adapted to null geodesics [17]. Those obser-198

vational coordinates (t,λ,ϕ1,ϕ2) are defined relative to a fiducial observer (see fig. 2, left).199

Let E be an event in spacetime, which we may see as the emission of a photon received200

at O by the observer. The first coordinate of E is taken to be the proper time t of O along201

the observer’s worldline. Thus, t = cst is the past lightcone of O. We may choose the second202

coordinate, λ, as the affine parameter of E along the null geodesic connecting it to O. The203

surfaces of constant (t,λ) can be seen as wavefronts converging to O. The last two coordinates,204

(ϕ1,ϕ2), indicate the direction in which a photon emitted at E is observed at O in the observer’s205
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frame. Curves with constant (t,ϕ1,ϕ2) thus represent light rays converging to O. In that sense,206

(ϕ1,ϕ2) may be seen as comoving coordinates for photons.207

One can show that any spacetime metric in observational coordinates reads208

ds2 = gµνdxµdxν = −Ndt2 − dtdλ+ kadtdϕa + Sabdϕadϕb , (15)

with a, b ∈ {1,2}, and N , ka, Sab are six free functions of (t,λ,ϕa). From now on, we shall work209

exclusively on the lightcone of O, hence dt = 0, and the metric reduces to ds2 = Sabdϕadϕb.210

Angular-diameter distance Equipped with the observational metric (15), we can conve-211

niently express the cross-sectional area of a light beam, which is the portion of wavefront212

corresponding to some angular region I (an image) on the observer’s celestial sphere,213

A(λ) =

∫

I
d2ϕa
p

S , S ≡ det[Sab]. (16)

With the right choice of ϕa, we have d2ϕa = d2Ωo and hence214

D2
A =
p

S . (17)

Focusing theorem Similarly to the case of timelike geodesics seen in section 2, we can define215

the local rate of expansion of the wavefront with λ,216

Θ ≡
1
δA

dδA
dλ
=

1
p

S

∂
p

S
∂ λ

=
1
2

SabSab,λ . (18)

It is straightforward to check that Θ = ∇µkµ = ∇aka; more generally, we may decompose217

the tensor ∇akb into a pure-trace and a trace-free part as ∇akb = (1/2)ΘSab + Σab, where218

Σab is the shear rate of the light beam. Physically speaking, while Θ is mostly sourced by the219

local density intercepted by the light beam, Σab is sourced by the tidal forces produced by220

concentrations of matter near the beam.221

Let us analyse the evolution of Θ down the observer’s lightcone. Differentiating Θ with222

respect to λ, and using kν∇νkµ = 0, we get dΘ/dλ= kν∇ν(∇µkµ) = −∇µkν∇µkν−Rµνk
µkν.223

Then, substituting the decomposition of ∇akb into expansion and shear rates, together with224

Einstein’s equation, yields the null Raychaudhuri equation:225

dΘ
dλ
= −

1
2
Θ2 − 2Σ2 − 8πG(1+ z)2ρ , 2Σ2 = ΣabΣab . (19)

We may further substitute Θ = (2/DA)dDA/dλ and get the focusing theorem226

1
DA

d2DA

dλ2
= −4πG(1+ z)2ρ −Σ2 ≤ 0. (20)

Equation (20) implies that d2DA/dλ
2 ≤ 0, so light beams cannot be defocused.2 As light227

propagates through some smooth matter distribution, focusing is ensured by the first term228

∝ ρ; when it passes near mass lumps, focusing occurs through the shear rate Σ2 produced by229

tidal forces. One may also note that Λ is absent from eq. (20): while the cosmological constant230

pushes massive particles away, it has no effect on photons.231

2A riddle for strong lensers: given eq. (20), how can the secondary image of, e.g., a point lens, be defocused?
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3.3 Optics in a lumpy Universe232

In the FLRW model, ρ = ρ̄ = (1+ z)3ρ̄0 and Σ= 0. Let us now examine the consequences of233

eq. (20) on optics in an inhomogeneous Universe.234

Linear perturbation theory As a warm-up exercise, we may consider a perturbed FLRW235

model with ρ = ρ̄(1+ δ), where δ denotes the density contrast. At first order in δ, we may236

neglect the shear term Σ2 = O(δ2). Solving eq. (20) then yields the following correction237

relative to the FLRW distance,238

δDA(z,ϕa)
D̄A(z)

= −4πGρ̄0

∫ χ(z)

0

dχ ′
χ ′[χ(z)−χ ′]

χ(z)
δ(η0 −χ ′,χ ′,ϕa)

a(η0 −χ ′)
≡ −κ(z,ϕa) . (21)

where we assumed a spatially flat background (K = 0) for simplicity. In the above, η0 de-239

notes the conformal time today. This perturbative correction is known as the weak-lensing240

convergence κ. It is positive when the line of sight is mostly overdense and negative when it241

is mostly underdense (see fig. 2, top-right panel). In this framework, however, it is easy to see242

that the correction vanishes when averaged over the observer’s sky, 〈κ〉 = 0, which suggests243

that inhomogeneities cause no systematic bias in the distance–redshift relation.244

Zel’dovich’s empty beam An argument against the above conclusion was put forward in245

1964 by Zel’dovich [18]. At the scale of the tiny light beams relevant to, e.g., SN observations,246

the Universe is extremely lumpy, so that such light beams should mostly propagate through247

vacuum (ρ ≈ 0), even in overdense regions of the Universe (fig. 2, bottom panel). If further-248

more the matter lumps making up the mean cosmic are opaque and not too compact, then249

shear may be neglected, Σ2 ≈ 0, which leads to the empty-beam model250

DEB
A (z) = λ(z) =

∫ z

0

dz′

(1+ z′)2H(z′)
> D̄A(z) . (22)

The relative difference between DEB
A (z) and D̄A(z) can be significant. In a flatΛCDM cosmology,251

it reaches about 10% for z = 1 [19].252

Swiss-cheese models Zel’dovich’s intuition can be made more rigorous by considering the253

so-called Swiss-cheese model [20] (fig. 2, bottom-right panel). The construction is the follow-254

ing; starting from the FLRW model, pick a sphere with comoving radius χ and concentrate the255

matter that it contains by a point mass M = (4π/3)ρ̄(aχ)3, thereby making a “hole” in the256

otherwise homogeneous “cheese”. Spacetime inside the hole is described by the Schwarzschild257

geometry, which turns out to glue perfectly with FLRW at the boundary of the hole. An arbi-258

trary amount of such holes can then be introduced as long as they do not overlap.259

Light propagation in Swiss-cheese models was first investigated by Kantowski [21] and260

later by Dyer & Roeder [22], who concluded that light beams effectively propagate in an un-261

derdense universe with negligible shear Σ2,262

1

DKDR
A

d2DKDR
A

dλ2
= −4πG(1+ z)2αρ , (23)

where α≡ VFLRW/V ≤ 1 is the smoothness parameter of the model. The KDR model (23) thus263

interpolates between the empty-beam model (α= 0) and the FLRW prediction (α= 1). It has264

been shown numerically to provide a good approximation to Swiss-cheese models [19,23] as265

well as other lumpy models [24], including the PN patchwork model mentioned in section 2.3266

if the opacity radius R of the matter lumps is large enough.267
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The crucial role of shear As the opacity radius R decreases, that is, as light beams are268

allowed to pass closer to the matter lumps, the contribution Σ2 of shear increases. Using a269

stochastic model, ref. [25] quantified the contribution of shear to the angular distance in a270

Swiss-cheese model; at z ≈ 1 this correction to the KDR distance scales as271

�

δDA

DKDR
A

�

Σ2

≈ −10−3A , with A≡ 2GM
H0R2

, (24)

for opaque lumps of mass M and radius R. If the matter lumps represent galaxies, then A∼ 1,272

but if they represent individual stars, then A ∼ 1010 so that the shear contribution blows up.273

This is a hint that Σ2 should actually be able to compensate the deficit of focusing due to the274

smaller effective matter density, when properly taken into account.275

In fact, it was shown by Weinberg [26] that the average of DA(λ) over directions in a276

universe filled with point masses is identical to the D̄A(λ) of a universe homogeneously filled277

with matter with the same density. Although the calculation was performed at first order in278

the mean matter surface density (or optical depth), this indicates that the shear term Σ2 in279

eq. (20) can indeed cancel out the effect of local density fluctuations.280

3.4 Observational averages281

Magnification theorems The aforementioned result from Weinberg can be generalised as282

follows. Consider an infinitesimal light source with apparent size d2Ωs if it were observed283

through an FLRW universe (unlensed size); the magnification of that source is defined as284

µ≡
d2Ωo

d2Ωs
=

�

D̄A

DA

�2

, (25)

where d2Ωo is the observed angular size of the image as observed through the actual, inhomo-285

geneous, Universe. A source is magnified (µ > 1) if the corresponding light beam propagates286

through overdense regions of the Universe (ρ > ρ̄), or regions with a high shear rate Σ.287

Suppose now that such sources are homogeneously covering the celestial sphere S2, the288

mean magnification of such a set of sources then reads289

〈µ〉s =
1

4π

∫

S2

d2Ωs µ=
1

4π

∫

S2

d2Ωo = 1 , (26)

where 〈· · · 〉s stands for source averaging, because it gives the same weight to sources with the290

same intrinsic size d2Ωs. If, on the contrary, we choose to give the same weight to all directions291

in the sky, then it is the inverse magnification that averages to unity:292

〈µ−1〉o =
1

4π

∫

S2

d2Ωo µ
−1 =

1
4π

∫

S2

d2Ωs = 1 , (27)

where 〈· · · 〉o stands for directional averaging. The magnification theorems (26) and (27) are293

trivial when all light sources have a single image, but they also hold in the presence of multiple294

imaging – see e.g. [27] and references therein.295

Bias on distances Directional averaging 〈X 〉o may be understood as what an observer would296

measure by observing X in random directions of the sky; it is the most natural notion of average297

involved in numerical ray-tracing simulations. Source-averaging 〈X 〉s, on the other hand, is298

generally more relevant to actual observations. As such, eq. (26) can be used to derive the299

observational bias on the observed distance to SNe due to inhomogeneities in the Universe:300

〈DA(z)〉s = D̄A(z)〈µ−1/2〉s = D̄A(z)
�

1+
3
2
〈κ2(z)〉+ . . .
�

, (28)
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where κ is the weak-lensing convergence defined in eq. (21). Note that the bias is of second301

order in cosmological perturbations; this is why 〈κ2〉 can be either a source average or a direc-302

tional average since the difference would be of higher order. Using Limber’s approximation,303

one shows that [28,29]304

〈κ2(z)〉=
1

4π

∞
∑

ℓ=0

(2ℓ+ 1)Cκℓ (z) , (29)

Cκℓ (z)≈ (4πGρ̄0)
2

∫ χ(z)

0

dχ ′
�

χ ′(χ −χ ′)
a(η0 −χ ′)χ

�2

Pm

�

η0 −χ ′,
ℓ+ 1/2
χ ′

�

, (30)

where Pm(η, k) denotes the matter power spectrum. In a ΛCDM cosmology, at z = 1 the above305

implies that the bias on the average distance (28) reaches about 10−3, which is negligible in306

practice. However, for the CMB at z∗ = 1090, the bias reaches 5%, which is significant.307

The distance-to-the-CMB controversy Does this mean, as argued in ref. [30], that the308

standard CMB analysis, based on the FLRW expression for the angular-diameter distance, is309

flawed? Fortunately, it does not, for three reasons. First of all, CMB analyses do not directly310

depend on 〈DA(z∗)〉s, but on the angular power spectrum, which itself relies on directional311

averaging 〈· · · 〉o rather than source-averaging [31].312

Second, and most importantly, the expression (29) of 〈κ2〉 implicitly accounts for cosmo-313

logical perturbations down to arbitrarily small scales (ℓ → ∞). This would be correct if314

the characteristic angular scales measured in the CMB were infinitesimal; but in reality the315

angular-diameter distance to the CMB is used to convert the angular size of the sound hori-316

zon θ∗ ≈ 0.6 deg into a physical distance rs = DA(z∗)θ∗. This suggests that, as far as cosmo-317

logical analyses are concerned, the relevant light beams in the CMB have an aperture ∼ θ∗.318

Now, finite light beams propagating through some matter distribution effectively smooth out319

inhomogeneities that are smaller than the beam’s size [32]; hence the sum over ℓ in eq. (29)320

should actually be cut above ℓ∗ = π/θ∗ ≈ 300, which yields a bias on DA(z∗) of about 10−3.321

Third and finally, the impact of gravitational lensing on the interpretation CMB power322

spectrum at second order is already taken into account in CMB-lensing analyses [33].323

4 Conclusion and outlook324

The cosmological principle, which proposes that the Universe is statistically homogeneous and325

isotropic, is one of the fundamental premises of modern cosmology. The FLRW model is the326

simplest application of that principle, and yet it turns out to provide a very efficient basis to cos-327

mological modelling. On the one hand, the backreaction of inhomogeneities on the expansion328

dynamics seems to be practically negligible in the framework of general relativity, although329

alternative theories of gravitation may lead to a different conclusions [34, 35]. On the other330

hand, inhomogeneities have a negligible impact on the average relation between redshift and331

distances, which is key to interpreting most cosmological observations, although significant332

corrections to the FLRW prediction can occur on individual measurements. Summarising, if333

the cosmological principle is correct, then a model built upon the FLRW background should pro-334

vide an accurate description of the Universe. This conclusion highlights the necessity to test335

the cosmological principle itself with great precision.336

There are, in my opinion, two recent observations whose results are at least intriguing in337

that respect. In the first one [36], the sky is divided in large pixels were the CMB anisotropies338

are fitted as if they were all independent; this analysis reveals three large sky patches where339

the cosmological parameters consistently differ by up to 30% from each other, as if we were340
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lying at the cross-roads of three distinct universes. The second intriguing observation is based341

on the dipole test proposed by Ellis & Baldwin in 1984 [37]. In a nutshell, if the Universe342

satisfies the cosmological principle, then the observed dipole in the CMB must be of kinematic343

origin. Because of aberration effects and kinematic redshift, our velocity with respect to the344

homogeneity frame also manifests itself in the apparent number density of distance sources,345

such as radio galaxies or quasars. Reference [38] found that this quasar dipole is twice larger346

than what is expected from the observed CMB dipole. To my knowledge, there is currently no347

explanation to those anomalies.348
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