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Abstract

The Hepp-Lieb-Dicke model is ubiquitous in cavity quantum electrodynamics, describing
spin-cavity coupling which does not conserve excitation number. Coupling the closed
spin-cavity system to an environment realizes the open Dicke model, and by tuning the
structure of the environment or the system-environment coupling, interesting spin-only
models can be engineered. In this work, we focus on a variation of the multi-species
open Dicke model which realizes mediated nonreciprocal interactions between the spin
species and, consequently, an interesting dynamical limit-cycle phase. In particular, we
improve upon adiabatic elimination and, instead, employ a Redfield master equation in
order to describe the effective dynamics of the spin-only system. We assess this approach
at the mean-field level, comparing it both to adiabatic elimination and the full spin-cavity
model, and find that the predictions are sensitive to the presence of single-particle inco-
herent decay. Additionally, we clarify the symmetries of the model and explore the dy-
namical limit-cycle phase in the case of explicit PT -symmetry breaking, finding a region
of phase coexistence terminating at an codimension-two exceptional point. Lastly, we
go beyond mean-field theory by exact numerical diagonalization of the master equation,
appealing to permutation symmetry in order to increase the size of accessible systems.
We find signatures of phase transitions even for small system sizes.
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1 Introduction23

At a microscopic level, the interactions between particles are inherently reciprocal as a conse-24

quence of Newton’s third law; therefore, nonreciprocal interactions, interactions which gener-25

ically violate Newton’s third law, must be cleverly engineered to emerge [1]. This is done26

by allowing a system to interact reciprocally with a bath, then tracing out the bath degrees27

of freedom. If engineered properly, the resulting system dynamics may be characterized by28

effective nonreciprocal interactions which generically break time-reversal (T ) symmetry. A29

schematic depiction of this recipe is shown in Fig. 1. Although nonreciprocal interactions30

break time-reversal symmetry, the system may still separately possess a Z2 generalized parity31

(P) symmetry or a combined parity-time (PT ) symmetry.32

In manybody systems, nonreciprocal interactions between constituent particles can give33

rise to nonreciprocal phase transitions [2] in which a static phase is induced to rotate by34

tuning the balance of reciprocal and nonreciprocal interactions, thus establishing a dynamical35

limit-cycle phase explicitly or spontaneously breakingPT -symmetry. Although not a necessary36

condition, nonreciprocal phase transitions are closely related to the appearance of exceptional37

points, constituting an “ultimate, unavoidable form of nonreciprocity” [2]. Realizing nonre-38

ciprocal phase transitions in quantum systems is physically challenging since the constituent39

particles are more microscopic and, in a loose sense, closer to the fundamental constraint of40

reciprocity in their interactions. Moreover, the definition of time-reversal symmetry in open41

quantum systems is subtle [3,4] and the existence of exceptional points can change in differ-42

ent limits [5]. That being said, proposals have been introduced [6–8] to realize nonreciprocal43

phase transitions in quantum systems building off of previous work on the engineering of non-44

reciprocal interactions, most notably in the context of the non-Hermitian skin-effect [9,10].45

A paradigmatic quantum system with a Z2 parity symmetry is the Hepp-Lieb-Dicke model46

[11–13] describing the electric-dipole interaction between spin-1/2 particles and a single cav-47

ity mode of the electric field. This model is closely related to the Ising model (with all-to-all48

couplings) after eliminating the cavity degree of freedom [14, 15], perhaps the quintessen-49

tial example of a model with a Z2 parity symmetry. In the context of the Dicke model, the50

symmetry-broken phase is called the superradiant phase (as opposed to the normal phase)51

and corresponds to a coherent, nonzero occupation of the cavity mode. A recent review of52
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Figure 1: Schematic depiction of the system studied in this paper. A single cavity
mode (dark red confocal Gaussian beam) coherent interacts with various species
m and m′ of collective spins (blue spheres) through phase shifted photons e−iφm a
and e−iφm′ a (red ellipsoids) with coupling strength gm and gm′ . The cavity mode
is coupled (dark red squiggles) to a bath of extra-cavity modes (pale red Gaussian
beams) leading to effective dissipative dynamics of the cavity mode characterized
by the decay rate κ. Similarly, the spins experience single-particle incoherent decay
at the rate Γ . Upon tracing-out the cavity mode in addition to the bath modes, the
spins of different species m and m′ interact nonreciprocally (dashed blue lines), a
result that is made possible by the well-defined phase relationship between the cavity
photons interacting with the different species m and m′.

the Dicke model can be found in Ref. [16] including both equilibrium and driven-dissipative53

variations. For the rest of this paper, we focus on the dissipative Dicke model (without drive)54

and, therefore, drop the modifier.55

A versatile platform which can realize the Dicke model is an atomic Bose-Einstein conden-56

sate (BECs) trapped in an optical cavity [17–20], where the superradiant phase transition is57

characterized as a process of self-organization and is related to the so-called “supersolid” phase58

transition [21]. One facet of the platform’s versatility is the ability to introduce multiple spin59

species via spinor BECs. In this context, the Dicke model was recently extended to a nonre-60

ciprocal (or non-standard) two-species model [22], observed experimentally [23], and shown61

to exhibit a nonreciprocal phase transition to a dynamical limit-cycle phase [6] (referred to as62

the “dynamical phase” throughout this work, not to be confused with the “phases of a dynam-63

ical system” more broadly). While the existence of limit-cycle states or persistent oscillations64

has been observed in generalized Dicke models, for example, the states identified in Ref. [24]65

and Ref. [25] with reciprocal couplings only, the dynamical phase in the nonreciprocal Dicke66

model is induced by the nonreciprocity of the interactions.67

In this work, we further investigate the model from Ref. [6], shown schematically in Fig. 1,68

deriving a Redfield master equation to describe the effective dynamics of the spin-only sys-69

tem, thus generalizing the analysis of Ref. [14] which considers a single-species reciprocal70

model. At the mean-field level–exact in the thermodynamic limit for the single-species Dicke71

model [26]–we compare the predictions of the full spin-cavity model, the spin-only model72

described by the Redfield quantum master equation, and the spin-only model obtained from73

adiabatic elimination of the cavity mode. We find that the spin-only model described by the74

Redfield master equation not only provides a better quantitative match to the full spin-cavity75

model, as expected, but also makes qualitatively different predictions from the adiabatic elim-76

ination model, principally in how it captures the effect of single-particle incoherent decay.77

Additionally, we further investigate the dynamical limit-cycle phase in the case of explicitly78

broken PT -symmetry and uncover a region of phase-coexistence characterized by hysteresis79
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terminating at a codimension-two exceptional point [27], consistent with the framework pro-80

posed in [2] for a model with explicitly broken PT -symmetry. Lastly, we push beyond the81

mean-field theory analyzing the spin-only model in the low-number limit, finding signatures82

of the thermodynamic behavior in the steady-state density matrix and the spectrum of the83

Liouvillian.84

The paper is organized as follows. In Sec. 2, we introduce the nonreciprocal Dicke model85

and describe the procedure to obtain the effective spin-only model by integrating out the pho-86

tonic degrees of freedom resulting in the Redfield master equation Eq. 8. Additionally, we87

define the relevant symmetries of the open system at the level of the Liouvillian, clarifying the88

realization of PT -symmetry in various limits. In Sec. 3, we analyze the model introduced in89

Sec. 2 at the mean-field level, exploring the phase diagram via the fixed-points, limit-cycles,90

and bifurcations of the corresponding nonlinear dynamical system. Our primary results for91

this section are summarized in Fig. 3 and Fig. 4 and discussed in Sec. 3.3 and Sec. 3.4. We92

conclude with Sec. 3.5 which discusses the model in the low-number limit. The superradiant93

phase is analyzed in Fig. 5 while the dynamical limit-cycle phase is analyzed in Fig. 6.94

2 Description of the model95

2.1 Description of the closed system96

We study a quantum system consisting of three subsystems: spin (S), cavity (C), and bath (B)97

of extra-cavity modes. The total Hamiltonian has the general form98

H = HS +HSC +HC +HCB +HB (1)

where HS, HC, and HB are noninteracting terms corresponding to the spin, cavity, and bath99

subsystems, respectively, HSC is the interaction between the spins and the cavity, and HCB is100

the interaction between the cavity and the bath. At this point, we assume that there is no101

direct interaction between the spins and the bath, although we will later insert dissipative102

spin terms by hand. The spin subsystem consists of spin-1/2 particles which are divided into103

distinguishable species m. The spin-up and spin-down states are separated by the energy ε.104

Motivated by the microscopic derivation of the model, see Appendix A, we take the species105

labels m = −M ,−M + 1, . . . , M − 1, M where M ≥ 0 is a fixed integer. While 2M + 1 is106

the total number of possible species, we let M⋆ denote the number of species with nonzero107

population Nm (and so at most M⋆ = 2M + 1). The case M = 0 and M⋆ = 1 corresponds108

to the single-species model, while the case M = 1 and M⋆ = 2 corresponds to a two-species109

model and will be the focus of this work. A spin j of species m is individually described by the110

vector spin-1/2 operator s (m, j) =
�

s(m, j)
1 , s(m, j)

2 , s(m, j)
3

�

with eigenvalues ±1/2 (ħh = 1) for each111

component i = 1, 2, or 3. The cavity is described by a single bosonic mode of the electric field112

a of energy ωc . Generically, we will assume that ωc > 0 microscopically corresponding to113

red-detuned pumping of the spins, see Appendix A, however interesting dynamical limit-cycle114

phases have also been investigated in the blue-detuned case [25,28]. The bath is described by115

a countable collection of bosonic extra-cavity modes of the electric field bk of energy ξk. The116

noninteracting terms in the Hamiltonian are therefore (ħh= 1)117

HS = ε
M
∑

m=−M

S(m)3 (2)

HC =ωca
†a (3)

HB =
∑

k

ξk b†
k bk (4)
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where S(m) =
�

S(m)1 , S(m)2 , S(m)3

�

=
∑Nm

j=1 s (m, j) is the vector collective spin-(Nm/2) operator118

defined for the Nm spin-1/2 particles of species m. The interactions between the subsystems119

are described by the terms (ħh= 1)120

HSC =
M
∑

m=−M

2gm
p

Nm
S(m)1

�

e−iφm a+ eiφm a†
�

(5)

HCB =
∑

k

hk

�

a† bk + ab†
k

�

(6)

where we take the couplings gm and hk to be real. The normalizing factor of
p

Nm is intro-121

duced to ensure extensive scaling in the thermodynamic limit. The spin-cavity interaction HSC122

includes counter-rotating terms essential to the Dicke model, while we assume only co-rotating123

terms are sufficient to describe the cavity-bath coupling in HCB (i.e. making the rotating-wave124

approximation).125

We impose conditions on the coupling strengths gm and the phases φm which are moti-126

vated microscopically, see Appendix A for details. The coupling strengths are symmetric under127

swapping of species m↔−m, gm = g−m while the phases are anti-symmetric, φm = −φ−m,128

necessitating φ0 = 0. Importantly, for a multi-species model M⋆ > 1, the phase shift of the129

cavity mode cannot, in general, be removed via gauge transformation of the cavity or spin130

operators [29], a requirement for nonreciprocity [30].131

2.2 Description of the open system with and without the cavity132

The cavity-bath interaction HCB is used to impose dissipative dynamics on the spin-cavity sub-133

system. In the standard treatment of cavity dissipation, we trace out the bath modes assum-134

ing zero temperature and a (continuous) flat spectral density or, equivalently, delta-function135

time-correlations. This assumption is valid for many finely spaced extra-cavity modes span-136

ning a large spectral range with constant coupling strengths hk = h. Doing so, we obtain the137

Gorini–Kossakowski–Sudarshan–Lindblad (GKSL) master equation for the density matrix [31]138

with quantum jump operator a at the rate κ. The adjoint GKSL master equation for a generic139

spin or cavity operator A follows as140

L̂∗A= i [HS +HSC +HC, A] + κD̂∗ [a]A+ Γ
M
∑

m=−M

Nm
∑

j=1

D̂∗
�

s(m, j)
−

�

A (7)

where L̂∗ is the adjoint Liouvillian (in this case Lindbladian) superoperator and D̂∗ [A]B =141

2A†BA−
�

A†A, B
	

is the adjoint dissipation superoperator. We extract the time-evolution of142

correlation functions as d 〈A〉/d t =



L̂∗A
�

[32].143

Single-particle incoherent decay is introduced phenomenologically with the quantum jump144

operator s(m, j)
− = s(m, j)

1 − is(m, j)
2 at the rate Γ . This single-particle effect is not only essential145

to stabilizing the normal state when φm ̸= 0 [29, 33], as will be discussed in more depth146

later, but is also experimentally relevant. Moreover, it has been shown that single-particle147

incoherent decay can counter-act dephasing effects [34], restoring the superradiant transition148

in a single-species model. On the other hand, it violates the conservation of total spin which149

renders theoretical approaches such as Holstein-Primakoff expansions [16,33] and coherent-150

state path integral approaches [35] inapplicable. Field theory approaches to the Dicke model151

with single-particle incoherent decay necessitate a somewhat more complicated treatment in152

terms of Majorana fermions [36]. Collective incoherent decay with quantum jump operator153

S(m)− is sometimes studied [37, 38], but, unlike single-particle incoherent decay, it does not154

stabilize the normal state.155
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To obtain a description only in terms of the spins, we trace out the cavity mode in addition156

to the bath modes. The enlarged bath is now structured, and the previous assumption that157

the bath modes possess a flat spectral density is consistent with a Lorentzian spectral density158

of the cavity-bath eigenmodes. The time-correlations are, therefore, finite but exponentially159

suppressed [14]with the form e−i∆φe−iωc t−κ|t| where∆φ = φm−φm′ encodes information on160

the relative phase of the spin-cavity interaction. We assume that the inverse decay rate 1/κ is161

sufficiently short compared to the time-scales of interest, allowing us to simplify the resulting162

master equation by extending the integration bound of the memory kernel. For details of the163

derivation, see Appendix B. Following this prescription, the adjoint Redfield master equation164

for a generic spin operator A is165

L̂∗A= i [HS, A] + i
M
∑

m,m′=−M

gm gm′e
−i∆φ

p

NmNm′
H ind.

jk

h
�

L(m)j

�†
L(m

′)
k , A
i

+
M
∑

m,m′=−M

gm gm′e
−i∆φ

p

NmNm′
DjkD̂∗
�

L(m
′)

k , L(m)j

�

A+ Γ
M
∑

m=−M

Nm
∑

ℓ=1

D̂∗
�

s(m,ℓ)
−

�

A

(8)

where, again, L̂∗ is the adjoint Liouvillian superoperator, L(m)1 = S(m)− and L(m)2 = S(m)+ are166

the quantum jump operators for each species m, and summation over the indices j and k is167

implied. The coefficient matrix H ind. of the coherent bath-induced Hamiltonian is168

H ind. = −
1
4





ωc−ε
κ2+(ωc−ε)

2
ωc

(κ+iε)2+ω2
c

ωc

(κ−iε)2+ω2
c

ωc+ε
κ2+(ωc+ε)

2



 (9a)

= −
1

16

� 1
K1
− 1

J2

1
K1
− i

K2
1
K1
+ i

K2

1
K1
+ 1

J2

�

(9b)

while the bath-induced dissipator is expanded in terms of the generalized adjoint dissipation169

superoperator D̂∗ [A, B]C = 2B†CA−
�

B†A, C
	

with off-diagonal rate-matrix170

D =
1
4





κ

κ2+(ωc−ε)
2

κ+iε
(κ+iε)2+ω2

c
κ−iε

(κ−iε)2+ω2
c

κ

κ2+(ωc+ε)
2



 (10a)

=
1
16

� 1
J1
+ 1

K2

1
J1
− i

J2
1
J1
+ i

J2

1
J1
− 1

K2

�

(10b)

Here, we have introduced the effective coupling parameters J1, J2, K1, and K2 which have171

units of energy and are given in terms of the system parameters κ, ωc , and ε as172

J1 =
Ω4

4κ
�

κ2 +ω2
c + ε2
� (11a)

K1 =
Ω4

4ωc

�

κ2 +ω2
c − ε2
� (11b)

J2 =
Ω4

4ε
�

κ2 −ω2
c + ε2
� (11c)

K2 =
Ω4

8κωcε
(11d)

with the normalizing factor Ω4 =
�

κ2 +ω2
c

�2
+ 2
�

κ2 −ω2
c

�

ε2 + ε4. Both matrices H ind. and173

D are then easily decomposed into a sum of Pauli matrices (1,σ1,σ2,σ3) as H ind. = (1/K1) +174
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Figure 2: Effective coupling parameters in the spin-only system. (a) Coupling pa-
rameters J1/ε, K1/ε, J2/ε, and K2/ε from Eq. 8 as a function of the cavity decay rate
κ/ε with the cavity energy ωc/ε = 10 fixed (dashed gray line). For κ2 < ω2

c − ε
2,

J2 is negative and, therefore, −J2 is plotted in this region (dashed rather than solid
turquoise). (b) Coupling parameters J0/ε and K0/ε from Eq. 12 in the fast-cavity
limit κ,ωc ≫ ε as a function of the cavity decay rate κ/ε with the cavity energy
ωc = 2ε fixed (dashed gray line). The coupling parameters J1/ε and K1/ε (dashed
purple and blue respectively) are compared to J0/ε and K0/ε using a smaller value
of ωc/ε in order to accentuate differences. There is no analogy to J2/ε and K2/ε in
the system obtained from adiabatic elimination.

(1/K1)σ1 + (1/K2)σ2 − (1/J2)σ3 and D = (1/J1) + (1/J1)σ1 + (1/J2)σ2 + (1/K2)σ3. The175

effective coupling parameters K1 and K2 are related to reciprocal interactions while J1 and176

J2 are related to nonreciprocal interactions. The time-evolution of correlation functions are177

similarly extracted as d 〈A〉/d t =



L̂∗A
�

[32]. We keep the bath-induced Hamiltonian which178

renormalizes the system Hamiltonian HS , a practice which is not always necessary depending179

on the strength and spectral width of the bath [39], but is consistent with previous studies [14].180

An alternative form of Eq. 8 is presented in Appendix B (see Eq. B.18) which makes clear the181

connection to the mean-field equations of motion, discussed later.182

The strengths of the effective coupling parameters for a typical experimentally-realizable183

situation are shown in Fig. 2a. For the purposes of studying the mediated interactions between184

the spins, the system is often tuned to the fast-cavity limit κ,ωc ≫ ε. In this regime, there is a185

special point κ=ωc where the coupling parameters satisfy J1 ≈ K1 and |J2| ≫ J1, K1, and K2186

(so long as κ =ωc is large enough), therefore resulting in coherent Hamiltonian interactions187

and dissipative interactions which are approximately equal in strength.188

We stress that in deriving Eq. 8 we have not made the secular approximation. Includ-189

ing nonsecular terms breaks the complete-positivity (but not the Hermitian-preservation) of190

Eq. 8, indicated by the lack of a positive-semidefinite rate-matrix D, and can lead to unphysi-191

cal results for the density matrix or correlation functions for certain initial conditions, specif-192

ically in the transient behavior [40]. Notwithstanding this point, including nonsecular terms193

correctly describes the known behavior of open Dicke models, in particular the superradiant194

7
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transition [14], as well as the behavior of other multi-component systems interpolating from195

diagonal to off-diagonal (coherence between decay and pumping) dissipative processes [40].196

Despite nonsecular terms, Eq. 8 can be brought into Lindblad form in the fast-cavity limit197

κ,ωc ≫ ε [14]198

L̂∗A= i [HS, A]− i
1

4K0

M
∑

m,m′=−M

gm gm′e
−i∆φ

p

NmNm′

�

S(m)1 S(m
′)

1 , A
�

+
1

4J0

M
∑

m,m′=−M

gm gm′e
−i∆φ

p

NmNm′
D̂∗
�

S(m
′)

1 , S(m)1

�

A+ Γ
M
∑

m=−M

Nm
∑

ℓ=1

D̂∗
�

s(m,ℓ)
−

�

A

(12)

where now K0 =
�

κ2 +ω2
c

�

/4ωc and J0 =
�

κ2 +ω2
c

�

/4κ are defined in analogy to the param-199

eters K1 and J1; in particular, K1 ∼ K0 and J1 ∼ J0 in the fast-cavity limit κ,ωc ≫ ε, as shown200

in Fig. 2b. Neglecting the energy splitting ε allows the system to sample the bath at the same201

frequency, and the rate-matrix D, therefore, becomes constant.202

2.3 Symmetries of the open system203

Open quantum systems permit two distinct types of symmetries, weak (classical) and strong204

(quantum), distinguished by whether or not left and right symmetry-charges are separately205

conserved by the Liouvillian [32,41]. In the case of strong symmetries, there exists a steady-206

state solution for the density matrix in each symmetry sector, whereas for a weak symmetry,207

the density matrix still generically approaches a unique steady-state. Here, the open system208

possesses weak symmetries only, and in the exact quantum treatment presented in Sec. 3.5 for209

finite system sizes, we find numerically that the density matrix approaches a unique steady-210

state. Although the continuous rotational symmetry of the spins has been broken, in the fol-211

lowing section, we define two important Z2 symmetries.212

The first Z2 symmetry arises due to parity conservation (in this case referring to even or213

odd) of the total excitation number, since the non-number-conserving counter-rotating terms214

in HSC can only create or annihilate excitations in pairs. This is the relevant symmetry in the215

superradiant transition and, therefore, we refer to it as the “superradiant parity” (SR parity)216

symmetry going forward. Formally, the SR parity symmetry is a weak symmetry with respect to217

the parity operator Π = eiπ
∑

m S(m)3 for all forms of the Liouvillian: The Liouvillian in Lindblad218

form for the full spin-cavity model Eq. 7, the Liouvillian for the spin-only model described219

by the Redfield master equation Eq. 8, and the Liouvillian in Lindblad form for the spin-only220

model in the fast-cavity limit κ,ωc ≫ ε Eq. 12.221

The second Z2 symmetry provides a rule for interchanging species and gives rise to the222

nonreciprocal phase transition identified in Ref. [6]. For this reason, we refer to it as the “non-223

reciprocal parity-time” (NR PT ) symmetry going forward. The formal definition of the NR224

PT -symmetry, however, is more subtle. For ease of explanation and transparent application225

in later sections, we restrict ourselves to a two-species model M = 1 and M⋆ = 2 with balanced226

species populations N−1 = N1 (and N0 = 0).227

First, we define the involutive bipartite parity operator P which swaps tensor product op-228

erators corresponding to the two species, i.e. P
�

A(−1)B(1)
�

P= B(−1)A(1) for generic spin oper-229

ators A(−1) and B(1) acting on the Hilbert spaces of species m = −1 and m′ = 1, respectively.230

All forms of the Liouvillian (see above) at equal and opposite phases ∆φ = φ1 − φ−1 =231

2φ1 ↔ −∆φ = − (φ1 −φ−1) = −2φ1 are related by the bipartite parity transformation P.232

As a consequence, all forms of the Liouvillian have a weak symmetry with respect to P for233

phases ∆φ = φ1 − φ−1 = 2φ1 = kπ with k an integer. In particular, for k odd, a gauge234

transformation brings Eq. 8 into the form of the standard two-species Dicke model, but may235

still exhibit interesting behavior resulting from the conservation of two collective spins and236

8
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mixing of total-spin manifolds [42]. Additionally, Eq. 8 has a (modified) weak symmetry with237

respect to P for phases∆φ = φ1−φ−1 = 2φ1 = (k+ 1/2)πwith k an integer since the factors238

e−i∆φ = ±i can be made equal after a gauge transformation of one of the two spin species, e.g.239

eiπS(1)3 S(1)± e−iπS(1)3 = −S(1)± . Tuning the phases φm can break and restore the weak symmetry240

with respect to P and, therefore, the phases φm can be thought of as a “chirality breaking”241

parameters [2].242

Second, we provide a formal definition of time-reversal in open quantum systems. Inspired243

by the generalized PT -symmetry discussed in Ref. [4], we define two similar involutive anti-244

unitary time-reversal operators T and T′. The former performs Hermitian conjugation TAT=245

A†, while the latter performs complex conjugation T′AT′ = A∗.246

Lastly, the combined operators PT and PT′ provide two different realizations of the NR247

PT -symmetry. First, the operator PT′ realizes a weak symmetry of the Liouvillian in Lindblad248

form for the full spin-cavity model Eq. 7 and the Liouvillian in Lindblad form for the spin-only249

model in the fast-cavity limit κ,ωc ≫ ε Eq. 12. The Liouvillian for the spin-only model de-250

scribed by the Redfield master equation Eq. 8, however, does not exhibit the NR PT -symmetry251

with respect to PT′ since retaining the energy splitting εmeans the system samples the bath at252

the slightly shifted frequencies. The lack of the NR PT -symmetry with respect to PT′, there-253

fore, can be interpreted as resulting from the lack of Lindblad form. Second, upon removing254

single-particle incoherent decay Γ = 0, the operator PT realizes a weak symmetry of the Liou-255

villian in Lindblad form for the spin-only model in the fast-cavity limit κ,ωc ≫ ε Eq. 12. In256

this case, the results of Ref. [43] under a Holstein-Primakoff approximation guarantee that the257

mean-field equations of motion, discussed later, possess a nonlinear PT -symmetry. Reintro-258

ducing single-particle incoherent decay Γ > 0, however, explicitly breaks this realization of the259

NR PT -symmetry with respect to the operator PT since there is no balancing single-particle260

incoherent pumping term; Eq. 12 is left with only the weaker NR PT -symmetry with respect261

to the operator PT′.262

We note a final symmetry which will be important in Sec. 3.5. Since the spins are identically263

prepared and, in principal, not individual addressable, the system also has a weak permutation264

symmetry which formally arises from an SU (4)-symmetry of the Liouvillian superoperator265

[44,45]. The symmetry is strong if there are no single-particle dissipative processes.266

3 Analysis and results267

3.1 Mean-field equations of motion268

For the remainder of the paper, we focus on the spin-only system, although occasional com-269

parison to the full spin-cavity system will prove helpful, for example to benchmark results.270

We study the phases of the open system via the semiclassical equations of motion for the271

expectation values of the collective spin operators. Using Eq. 8, we compute the adjoint Red-272

field equation for the collective spin operators S(m)j . To obtain the mean-field theory, we take273

the expectation value and decouple all correlation functions, formally assuming that the sec-274

ond cumulants, equivalent to the second central moments, vanish. This assumption is ex-275

act in the thermodynamic limit Nm → ∞. We introduce the normalized scalar parameters276

τ
(m)
j =
¬

S(m)j

¶

/Nm for each species m. The result is a closed system of equations in 3×(2M + 1)277

variables, excluding the cavity field. We write the equations compactly in terms of the total278

vector τ =
��

τ
(m)
1

�

,
�

τ
(m)
2

�

,
�

τ
(m)
3

��

organizing all species −M , . . . , M into x = 1, y = 2, and279
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z = 3 blocks. Then280

τ̇ =





0v
0v
−Γ1v



+





−Γ I −εI 0
εI +U (τ3) −Γ I + V (τ3) 0
−U (τ2) −V (τ2) −2Γ I



τ (13)

where 0v and 1v are (2M + 1)-component vectors of all zeros and ones, respectively, and281

0 and I are the (2M + 1) × (2M + 1) zero and identity matrix, respectively. The quadratic282

nonlinearities are encoded in the (2M + 1)×(2M + 1)matrix-valued functions U and V which283

mix the species m and m′284

Umm′
�

τ j

�

= 2

√

√Nm′

Nm
gm gm′

�

cos∆φ
K1

+
sin∆φ

J1

�

τ
(m)
j (14)

Vmm′
�

τ j

�

= 2

√

√Nm′

Nm
gm gm′

�

cos∆φ
K2

+
sin∆φ

J2

�

τ
(m)
j (15)

In the thermodynamic limit Nm → ∞, we neglect sub-extensive corrections to the energy285

ε and the single-particle incoherent decay rate Γ which are present in dynamical equations286

for finite-sized systems, see Appendix B for details. The phase-dependent coefficients in U287

and V are separated into reciprocal parts, expressed in terms of cos∆φ which is an even288

function, and nonreciprocal parts, expressed in terms of sin∆φ which is an odd function,289

with strengths characterized by the parameters K1 and K2 or J1 and J2, respectively. We stress290

that the coefficients J1 and J2 do not appear (or are infinite) in treatments of the reciprocal291

Dicke model [14]. We will mostly be concerned with the fast-cavity limit κ,ωc ≫ ε and, in292

this case, we notice κ = ωc yields a special point where J2 is exceedingly large, as shown in293

Fig. 2a, therefore rendering the nonreciprocity described by V small.294

The fixed-points τ̇ = 0 of Eq. 13 correspond to the roots of a 3×(2M + 1)-order polynomial295

equation; although they are difficult to solve for in full generality, two immediate conclusions296

can be drawn. First, the x and y components of the spins are related as −Γτ(m)1 = ετ(m)2 .297

Therefore, all steady-state solutions must lie in a plane defined by the normal (cosβ , sinβ , 0)298

for each species with β = tan−1 (−Γ/ε) + π/2. Second, the incoherent, spin-down “normal299

state” solution τns = (0v ,0v , (−1/2)1v) exists for all values of the system parameters.300

We study the stability of the normal state fixed-point by expanding Eq. 13 to linear order301

in the deviation δτ = τ−τns to obtain302

δτ̇ =





−Γ I −εI 0
εI +U (−1/2) −Γ I + V (−1/2) 0

0 0 −2Γ I



δτ (16)

The equations for the z-components of each species m decouple and are solved by simple303

exponential decay δτ(m)3 (t)∝ e−2Γ t . They do not affect the stability of the normal state fixed-304

point and, therefore, we can exclude them from our analysis. The eigenvalues of the reduced305

2 (2M + 1)×2 (2M + 1) matrix are obtained from the characteristic polynomial, which can be306

further reduced to a (2M + 1)-order polynomial by Schur’s formula.307

3.2 Comparison to semiclassical adiabatic elimination308

We compare the mean-field dynamical system Eq. 13 resulting from formally tracing out the309

cavity and extra-cavity modes with the system of equations obtained via adiabatic elimination310

of the spin-cavity system at the semiclassical level. Semiclassical adiabatic elimination pro-311

ceeds as follows. Starting from Eq. 7, we compute not only the adjoint GKSL equation for the312

collective spin operators S(m)j but also for the cavity mode a. Then we obtain the mean-field313

10
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dynamical system similarly to before, introducing an additional scalar parameter for the cavity314

mode α = 〈a〉. Demanding that the cavity stay in the steady-state α̇ = 0, we can express α in315

terms of spin parameters only with the equations of motion depending on the real combination316

e−iφmα+ eiφmα∗ = −
1
2

M
∑

m=−M

gm
p

Nm

�

cos∆φ
K0

+
sin∆φ

J0

�

τ
(m)
1 (17)

Substitution of Eq. 17 leads to a system of equations similar to Eq. 13317

τ̇ =





0v
0v
−Γ1v



+





−Γ I −εI 0
εI +W (τ3) −Γ I 0
−W (τ2) 0 −2Γ I



τ (18)

where the quadratic nonlinearities are now encoded in the (2M + 1)×(2M + 1)matrix-valued318

function W319

Wmm′
�

τ j

�

= 2

√

√Nm′

Nm
gm gm′

�

cos∆φ
K0

+
sin∆φ

J0

�

τ
(m)
j (19)

The semiclassical adiabatic elimination procedure yields identical results to starting from Eq. 12320

rather than Eq. 8. In particular, we highlight the absence of the y-z quadratic nonlinearities in321

the y-equations and the y-y quadratic nonlinearities in the z-equation, i.e. there is no analogy322

to the matrix-valued function V . This result is consistent with the fast-cavity limit κ,ωc ≫ ε323

of Eq. 13.324

Similar to Eq. 16, the linearization of Eq. 18 is325

δτ̇ =





−Γ I −εI 0
εI +W (−1/2) −Γ I 0

0 0 −2Γ I



δτ (20)

The structural differences of Eq. 16 and Eq. 20 are not particularly profound in the single-326

species case; the linear stability analysis predicts the same stability and bifurcations, albeit327

at slightly shifted positions due to renormalization of the rates. However, in the following328

section, we show that the linear stability analysis fails to predict the correct stability of the329

normal state fixed-point in a multi-species model M⋆ > 0 due to small but nonzero couplings330

between different species m which are exactly zero in the adiabatic elimination model.331

3.3 Comparison of mean-field phase diagrams332

The phase diagrams of single-species models have been investigated in much detail, including333

supplemental interaction terms and dissipative processes. Some aspects of the single-species334

models generalize to the multi-species nonreciprocal model considered in this paper. We start335

from the normal phase which is characterized by the stability of the normal state fixed-point336

τns. First, the steady-state superradiant phase transition results from a supercritical pitchfork337

bifurcation of the dynamical system Eq. 13 and is marked by the determinant of the linear338

stability analysis of the normal state fixed-point τns vanishing (for the quantum jump operators339

considered here [34]). Secondly, there exists regions of phase coexistence characterized by340

multiple linearly stable fixed-points with complementary basins of attraction [46, 47]. And341

lastly, we find stable limit-cycle states [6,23,29,33] constituting a dynamical phase.342

To illustrate some of these features, we focus on the two-species model and set the pa-343

rameters g = g1 = g−1 and φ = φ1 = −φ−1. Overall, the dynamical system Eq. 13 produces344

a phase diagram in terms of the number of stable fixed-point solutions very similar to that345

presented in Ref. [6], employing adiabatic elimination as in Eq. 18. In the following section,346
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however, we compare the predictions both qualitatively and quantitatively. Then we discuss347

details of the dynamical limit-cycle phase in Sec. 3.4.348

The symmetries discussed in Sec. 2.3 result in symmetries of the dynamical systems Eq. 13349

and Eq. 18. Specifically, the SR parity symmetry is realized as
�

τ
(m)
1 ,τ(m)2

�

↔−
�

τ
(m)
1 ,τ(m)2

�

.350

The NR PT -symmetry with respect to PT′ does not lead to a natural PT -symmetry of the dy-351

namical systems. Therefore, we interpret our results as well as those of Ref. [6] as pertaining352

to explicitly broken NR PT -symmetry at the mean-field level. Instead, we focus on the bipar-353

tite parity transformation which is realized as
�

φ,τ(m)
�

↔
�

−φ,τ(−m)
�

. The bipartite parity354

transformation involves the parameter φ and so the symmetry-broken solution pairs exist at355

different points in parameter space. We note that, without single-particle incoherent decay356

Γ = 0, the NR PT -symmetry with respect to PT of the Liouvillian in Lindblad form for the357

spin-only model in the fast-cavity limit κ,ωc ≫ ε does yield a PT -symmetry of the dynamical358

systems, namely t → −t and τ1 → −τ1 or τ2 → −τ2, flipping the chirality while leaving the359

quantization axis τ3 invariant.360

The critical coupling strength for the transition from the normal phase to the superradiant361

phase can be calculated analytically. In the single-species case, this reproduces the well-known362

critical coupling strength [16]363

g(1)c →

√

√

√

�

κ2 +ω2
c

�

(Γ 2 + ε2)

4ωcε
(21)

in the fast-cavity limit κ,ωc ≫ ε. In the two-species case, we find364

g(2)c =

√

√ Γ 2 + ε2

(ε/K1 − Γ/K2)
1

f (φ)

�

1±
Æ

1− f (φ)
�

(22)

where the dependence on the phase φ is described by the function365

f (φ) =

�

1+
�

ε/J1 − Γ/J2

ε/K1 − Γ/K2

�2�

sin2 (2φ) (23)

This result is consistent with the critical coupling strength originally reported in Ref. [22],366

expressed in terms of experimentally relevant parameters, up to renormalization corrections367

found here. The critical coupling strength g(2)c may have two, one, or zero solutions, as shown368

in Fig. 3. When it exists, the smaller solution (“−”, lower branch in Fig. 3) indicates the369

transition from the normal phase to the superradiant phase. The larger solution (“+”, upper370

branch in Fig. 3), though very close to indicating the emergence of new (unstable) fixed-point371

solutions, only provides local information on the stability of the normal state fixed-point τns.372

In the fast-cavity limit κ,ωc ≫ ε, we can express the critical coupling strength for the two-373

species model g(2)c in terms of the critical coupling strength for the single-species model g(1)c374

presented earlier375

g(2)c → g(1)c

√

√

√
1

f̃ (φ)

�

1±
q

1− f̃ (φ)
�

(24)

where the function f has been adjusted to f̃ (φ) =
�

1+ (ωc/κ)
2� sin2 (φ). The expressions376

Eq. 22 and Eq. 24 are compared in Fig. 3a to the prediction following from Eq. 7 which retains377

the cavity mode. The expression Eq. 22 is always closer to the prediction with the cavity378

mode, although there are significant deviations even in the fast-cavity limit κ,ωc ≫ ε. The379

expressions, however, are all very close for ωc ≈ κ, the point discussed previously at which380

the coherent Hamiltonian interactions and dissipative interactions are approximately equal in381

strength.382
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The argument above, however, ignores the possibility of the normal state fixed-point τns383

loosing stability via a different mechanism. In fact, even forωc = κwhere the critical coupling384

strengths g(2)c calculated in different limits quantitatively agree, the linear stability analyses of385

the normal state fixed-point Eq. 16 and Eq. 20 can produce different results, as shown in Fig. 3b386

and c. In particular, the transition from the normal phase to the dynamical limit-cycle phase387

indicated by a supercritical Hopf bifurcation, see Fig. 4, is modified. In the limit of vanishing388

single-particle incoherent decay rate Γ → 0, the linear instability of the normal state fixed-point389

τns swells to wash-out the normal phase for all nonzero values of the coupling strength g and390

phase φ [33], as shown in the inset of Fig. 3b for a cross-section. This features is correctly391

predicted by Eq. 16 while Eq. 20 predicts the persistence of the normal phase, as shown in392

the inset of Fig. 3c for a cross-section. Inclusion of single-particle incoherent decay enables393

transition to the dynamical phase at finite coupling strength g and phase φ. Additionally, we394

note that Eq. 16 predicts the appearance of a codimension-two fold-Hopf bifurcation along the395

trajectory in Fig. 3b from the normal phase to the dark-purple region, a feature which does not396

occur in Fig. 3c as predicted by Eq. 20. However, since the system still flows to the superradiant397

fixed-points past the transition, this feature does not affect the long-time dynamics.398

3.4 Features of the dynamical limit-cycle phase399

Perhaps the most striking feature of the model is the appearance of a dynamical limit-cycle400

phase. Since the NR PT -symmetry is explicitly broken, the transition from the normal phase401

to the dynamical phase for φ ̸= π/4 deterministically selects a PT -broken limit-cycle state,402

as shown in Fig. 4a and b for φ = π/4− 0.1. The limit-cycle state grows continuously from403

the normal state fixed-point, despite the lack of spontaneous symmetry breaking [48]. There404

are still small differences in the limit-cycle state, even when the single-particle incoherent405

decay rate is large enough such that Eq. 16 and Eq. 20 produce qualitatively identical and406

quantitatively close predictions for the stability of the normal state fixed-point τns, e.g. Γ ≳ 8×407

10−3 for the parameters used in Fig. 3b and c. While Eq. 13 and Eq. 18 predict nearly identical408

oscillation frequencies of the limit-cycle (bottom panel of Fig. 4a), discontinuously jumping to409

a nonzero value as a result of the Hopf bifurcation, the precise shapes of the limit-cycle states410

differ as indicated by the differences in the time-averaged “magnetization”
¬

τ
(m)
3 (t)
¶

(top411

panel of Fig. 4a) as well as the time-averaged oscillation radius
­È

�

τ
(m)
1 (t)
�2
+
�

τ
(m)
2 (t)
�2
·

412

(middle panel of Fig. 4a). Qualitatively, the limit-cycles are very similar, as shown in Fig. 4b.413

Along the line φ = π/4 bipartite parity symmetry is restored, as shown in Fig. 4c and d414

(top row), bisecting regions with bipartite parity symmetry-broken limit-cycle states. As the415

strength of the nonreciprocity is increased via the coupling strength g along the line φ = π/4,416

we find numerical evidence for a codimension-two exceptional point, as described in Ref. [2],417

where principally the parity-symmetric limit-cycle state loses stability, replaced by coexistence418

between two stable parity-broken limit-cycle states. We identify the coexistence region by the419

appearance of hysteresis, as shown in Fig. 4e. In a small region of phases about φ = π/4,420

growing for increasing coupling strength g, whether the system is initialized with a symmetric421

(solid) or anti-symmetric (dashed) perturbation from the normal state fixed-point τns effects422

which limit-cycle state it converge to in the long-time limit. Lastly, as the coupling straighten423

g is increased even more near φ = π/4, we find dynamics which appear chaotic, as noted424

in Ref. [6], before the appearance of new stable fixed-points which ultimately eliminate the425

dynamical phase.426
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3.5 Exact quantum approach427

Despite the power of mean-field approaches applied to the Dicke model, away from the ther-428

modynamic limit the mean-field approach is expected to fail. In order to investigate systems429

with low particle numbers, we instead exactly solve the quantum master equation ρ̇ = L̂ρ430

numerically, an approach which is tractable due to the elimination of the cavity mode and431

the exploitation of permutation symmetry. Steady-states of the density matrix solve the sim-432

pler equation L̂ρss = 0 and, similarly to mean-field theory, define the phase of the system.433

First- and second-order phase transitions are, therefore, connected to non-analytic changes in434

ρss in the thermodynamic limit and are indicated by closing of the Liouvillian gap, defined435

later [49]. In the fast-cavity limit κ,ωc ≫ ε, we use the Liouvillian in Lindblad form Eq. 12.436

Although for a single-species model, the steady-state is the completely mixed state ρ∝ 1 as a437

result of Hermitian quantum jump operators [14], the multi-species model still hosts nontrivial438

steady-states.439

The weak permutation symmetry allows us to decompose the density matrix as440

ρ =
∑

(s−M ,...,sM )

p(s−M ,...,sM )ρ(s−M ,...,sM ) (25)

where p(s−M ,...,σM ) is the probability of density matrix block ρ(s−M ,...,sM ), and sm run over the441

allowed spins of each species m (not to be confused with the individual spin operators s (m, j))442

[50]. That is, there is no coherence between different spin manifolds (s−M , . . . , sM ), even443

though single-particle dissipative processes break the total spin conservation. While the di-444

mension of the Hilbert space naively scales exponentially with particle number, O
�

4N
�

for a445

single species, permutation symmetry and the assumption of a permutation-symmetric initial446

condition restricts the dynamics of the density matrix to the symmetric subspace of the Hilbert447

space with a dimension that scales polynomially with particle number, O
�

N3
�

or even O
�

N2
�

448

for a single species when only diagonal processes (decay and pumping with no coherence) are449

included [51]. The reduction in the dimension leads to speed-up of numerical calculations such450

as finding the spectra, steady-states, or complete time-resolved dynamics. For multi-species451

models, however, the scaling is less powerful, going as O
�

N3M⋆
�

in general, i.e. O
�

N6
�

for452

the two-species model considered here. In practice, this allows us to simulate two-species sys-453

tems with up to 7 particles in each species (roughly the equivalent to a single-species system454

with 42 particles), enough to resolve distinct features of the steady-states and phases but not455

enough to investigate finite-size scaling and the connection to the classical limit.456

To help visualize the density matrix, we first calculate the reduced density matrix for each457

species ρ(m), then calculate the Wigner (quasi-probability) distribution W (m)
sm
(ϑ,ϕ) defined on458

the sphere parameterized by the polar angle ϑ and the azimuthal angleϕ [52] for each allowed459

value of the spin sm, and lastly calculate the spin-average Wigner distribution W (m) (ϑ,ϕ), see460

Appendix C for details.461

With this approach, we analyze the effect of nonreciprocity characterized by the phase φ462

on the superradiant state in the two-species model at the mean-field level and in a quantum463

system with 6 particles in each species. The results are shown in Fig. 5. For φ ≈ 0, the steady-464

states of species 1 (m = +1) and 2 (m = −1) are nearly identical. At the mean-field level,465

there exists two fixed-point attractors with nonzero values of τ(m)3 respecting the SR parity466

symmetry, and the locations of the fixed-point attractors in the coordinates of species 1 and 2467

are approximately equivalent. In the quantum system, the spin-averaged Wigner distribution468

exhibits resolved peaks at ϕ = tan−1 (−Γ/ε) and tan−1 (−Γ/ε) + π, very close to ϕ = 0 and469

π since Γ ≪ ε. The small system size reduces the contrast of the superradiant state from470

the normal state centered at the south pole ϑ = π (not shown). As the nonreciprocity is471

increased through the phase φ, the locations of the fixed-point attractors in the coordinates of472
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species 1 and 2 differentiate, with species 1 moving away from the origin and species 2 moving473

towards the origin. In turn, the peaks in the spin-averaged Wigner distribution of species 1474

increase in contrast slightly, while the peaks in the spin-averaged Wigner distribution of species475

2 decreases in contrast approaching the constant value W (m) (ϑ,ϕ) ≈ 1/4π associated with476

the completely mixed state ρ(m) ∝ 1(m), but not fully losing resolution of the superradiant477

peaks. Note for φ → −φ, we find gain in contrast in species 2 and loss of contrast in species478

1, as expected by bipartite parity transformation. Finally, as the phase φ → π/4, we observe479

the peaks of species 1 also decreases in contrast as bipartite parity symmetry is restored.480

Lastly, we identify signatures of the dynamical state in the quantum system by analyz-481

ing the Liouvillian spectrum, eigenmatrices corresponding to slow, spiraling decay, as well as482

the Liouvillian gap. In Fig. 6a, an example of the Liouvillian spectrum within the mean-field483

dynamical limit-cycle phase is shown for a system with 6 particles in each species. The zero-484

eigenvalue λ0 = 0 corresponds to the steady-state density matrix. The Liouvillian eigenvalue485

with the smallest nonzero real-part in magnitude is λ1 (λ∗1), and the corresponding eigen-486

matrix decays at the slowest possible rate ℜ (λ1) and induces coherences which oscillate at487

the frequency ℑ (λ1). The spin-averaged Wigner distribution of the reduced eigenmatrix for488

species 1 (m = +1) corresponding to eigenvalue λ1 is shown in Fig. 6b. We find a (negative)489

concentration of quasi-probability around the latitude of the mean-field limit-cycle state. The490

large width of the band is due to the small system size.491

The Liouvillian gap∆ is defined as∆= −ℜ (λ1) [49]. It has been argued that the appear-492

ance of limit-cycle states in the thermodynamic limit correspond to the simultaneous closing493

of the Liouvillian gap by a set of eigenvalues coming in complex conjugate pairs and equally494

spaced in their imaginary-part [53]. While large systems sizes are currently inaccessible in our495

approach, we investigate the Liouvillian gap ∆ as a function of the coupling strength g near496

the mean-field phase transition from the normal phase to the dynamical limit-cycle phase for497

2 particles in each species up to 6 particles in each species, as shown in Fig. 6c setting the498

phase φ = π/4. The Liouvillian gap begins to decrease as the system size increases, close to499

the mean-field Hopf bifurcation in the thermodynamic limit. However, as shown in Fig. 6a,500

it is difficult to ascertain if the eigenvalues with larger imaginary part are approaching the501

imaginary axis with the proposed parabolic envelope [53].502

4 Conclusion503

In this work, we have developed and analyzed an effective spin-only description of the multi-504

species nonreciprocal Dicke model based on the Redfield master equation which improves505

upon semiclassical adiabatic elimination procedures. Through a mean-field analysis, we have506

demonstrated that this approach not only provides better quantitative agreement with the full507

spin-cavity model but also captures crucial qualitative features. Additionally, we have explored508

various symmetries of the effective model and, in the case of explicitly broken PT -symmetry,509

uncovered a region of phase coexistence between parity symmetry-broken limit-cycle states510

terminating at an exceptional point. Furthermore, eliminating the cavity mode and leveraging511

the model’s underlying permutation symmetry enabled us to probe the exact dynamics of the512

density matrix for system sizes larger than would otherwise be feasible. This analysis revealed513

that signatures of macroscopic phases, including both the superradiant phase and the onset of514

dynamical instabilities leading to limit-cycles states at the mean-field level, are detectable in515

small systems. In future work, the fine-grained phases within the region of phase coexistence516

could be explored, as well as the transition to chaos. Additionally, expanding the accessible517

system size could help connect the quantum and classical limits in a multi-species model.518
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A Microscopic parameters525

In this section of the appendix, we describe the experimental system motivating the model526

described in the main text.527

We consider a system of atoms of mass ma interacting with high-frequency electric fields528

and a uniform bias magnetic field. In particular, the electric field is comprised of two compo-529

nents: a monochromatic classical “pump” field of frequencyωp and a monochromatic quantum530

field of frequency ω′c (different from the ωc in the main text). The pump field consists of a531

single macroscopically occupied spatial-polarization mode labeled by the wavevector kp and532

polarization ϵp. The quantum field consists of a single spatial mode labeled by the wavevector533

kc and two orthonormal polarization modes ϵ( j)c for j = 1, 2, since we have not assumed either534

to be macroscopically occupied. Finally, the classical pump field and quantum field are retro-535

reflected by mirrors to form standing waves termed the optical lattice and the cavity mode,536

respectively. The optical lattice has Bloch eigenstates |n, q〉 where n is the band-index and q is537

the quasimomentum. For simplicity, we choose the optical lattice to be aligned with the z-axis,538

kp∝ ẑ.539

If we assume that the electric field is far-detuned from any electronic (optical) transitions540

in the atoms and that the intensity is sufficiently low to limit saturation effects, then the atom-541

field interaction is effectively governed by the dynamics of the magnetic sublevels coupled to542

the polarization modes of the field and is modeled by the interaction [54]543

Vd =
∑

j,k

E(+)j α jkE(−)k (A.1)

where E(±)j denotes the right-handed (+) and left-handed (−) frequency components of the544

j-th spatial component of the electric field E. The subscript d indicates that the interaction is545

derived in the electric dipole approximation. The operator α jk is known as the polarizability546

tensor and can be separated into scalar, vector, and tensor parts547

α jk = α
(s)
jk +α

(v)
jk +α

(t)
jk (A.2)

α
(s)
jk = αsδ jk (A.3)

α
(v)
jk = −i

αv

2 f

∑

ℓ

ε jkℓ fℓ (A.4)

α
(t)
jk =

αt

2 f (2 f − 1)

�

3
�

f j fk + fk f j

�

− 2 f 2δ jk

�

(A.5)

where the coefficients αs, αv , and αt are the conventional scalar, vector, and tensor polarizabil-548

ities defined in Ref. [55], f is the hyperfine angular momentum of the atoms in the electronic549

ground state, and fℓ are the associated x , y , and z components of the spin- f operators. In the550

main text, we set M = f . The polarizabilities are strong functions of frequency and exhibit551
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resonance behavior. Therefore, although the hierarchy |αs|> |αv|> |αt | may seem natural, it552

does not always hold. For example, in Cs, the scalar polarizability vanishes at λ = 880.2 nm553

between the D1 and D2 transitions while the vector polarizability remains appreciable [55].554

This behavior may be an asset for experiments rather than a liability, allowing for dramatic555

tuning of the ratio αv/αs which is a primary parameter in the Dicke model derived later.556

We consider the case of bosonic atoms ( f even) at low temperature, and assume the atoms557

form a Bose-Einstein condensate (BEC) in the zero-quasimomentum state q = 0 of the ground558

band n= 0 of the optical lattice. However, the optical lattice potential couples the BEC to the559

edges of the first Brillouin zone via Bragg transitions. Imposing orthogonality of the optical560

latices and cavity mode kp ·kc = 0 and neglecting transitions between the ground and excited561

bands assuming a large enough intensity of the pump field, we can construct a two-mode562

model in momentum-space. Moreover, if we assume a large enough uniform bias magnetic563

field |B| in the direction of the pump field B ∥ kp, then we can neglect spin-exchange processes.564

This assumption ensures that the model is diagonal in the magnetic quantum number m and565

that only one polarization mode of the cavity ϵ(1)c is coupled to the BEC.566

Overall, we obtain the Dicke model presented in the main text in the rotating frame of the567

pump field with the parameters given microscopically as568

ε= EL

�

kp

�

− EL (0) +
k2

c

2ma
−ωp (A.6)

ωc =ω
′
c −ωp + 2 |Ec|

2 Nm

f
∑

m=− f

�

αs +
αt

�

f ( f + 1)− 3m2
�

2 f (2 f − 1)

�

(A.7)

Gm = 2
p

2νEpEc

�

αs cos (ϕ)− i
αv

2 f
sin (ϕ) e−iχm+

αt

�

f ( f + 1)− 3m2
�

2 f (2 f − 1)
cos (ϕ)

�

(A.8)

The energy splitting ε depends on the difference in eigenenergies between the Bloch state at569

the edge of the Brillouin zone EL

�

kp

�

and the zero-quasimomentum state EL (0), the recoil en-570

ergy of the cavity mode k2
c /2ma, and and the energy of the pump field ωp = kpc. The energy571

of the cavity mode ωc is mostly given by the bare energy of the cavity mode ω′c relative to the572

energy of the pump field ωp, but also includes a correction due to the presence of the BEC573

with strength proportional to the atom number Nm, where Ec =
Æ

ħhω′c/2ε0V is the amplitude574

normalization of the quantized electromagnetic field (ε0 is the permittivity of free space and575

V is the quantization volume). Finally, Gm is the complex coupling of the two-level systems in576

momentum-space to the cavity mode. The coupling depends on the macroscopic amplitude of577

the pump field Ep (which we have chosen to be real by imposing a phase reference), the ampli-578

tude normalization of the quantized electromagnetic field Ec , as well as an overlap integral ν579

between the potential term cos
�

kpz
�

, the Bloch state at the edge of the Brillouin zone



0, kp

�

�,580

and the zero-quasimomentum state |0,0〉. The polarization of the pump field is described by581

the parameters ϕ and χ as ϵp =
�

sin (ϕ) eiχ , cos (ϕ) , 0
�

. If we assume without loss of gener-582

ality that the cavity mode is aligned with the x-axis, kc∝ x̂ , then ϕ gives the angle of linear583

polarization relative to the y-axis, normal to the cavity mode. Additionally, χ controls the584

degree of elliptic polarization, with χ = 0 yielding linear polarization. The coupling strength585

gm and phase φm discussed in the main text are obtained as gm = |Gm| and φm = −arg (Gm).586

Consider the case of vanishing tensor-polarizability αt = 0 and linear polarization of the587

pump field χ = 0. Then the effective Dicke model is characterized by the coupling strengths588

gm = 2EpEc

√

√

√

α2
s cos2 (ϕ) +

α2
vm2

4 f 2
sin2 (ϕ) (A.9)
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and the phases589

φm = − tan−1
§

αv

αs

m
2 f

tan (ϕ)
ª

(A.10)

Since m only appears quadratically in gm, it is clear that the coupling strengths are symmetric590

under swapping of species m↔ −m, gm = g−m. Moreover, since inverse tangent is an odd591

function, it is also clear that the phases are anti-symmetric under swapping of species m↔592

−m, φm = −φ−m. These are the conditions assumed in the main text.593

All other parameters being equal, species with nonzero m interact with the cavity mode594

with an enhanced strength595

gm = g0

√

√

√

1+
�

αv

αs

�2 m2

4 f 2
tan2 (ϕ) (A.11)

where g0 = 2EpEc |αs cos (ϕ)|. In particular, the m= 0 species becomes “dark” when the pump596

and cavity polarization are aligned ϕ = π/2. Physically, this is because the when ϕ = π/2597

then only the vector and tensor polarizability contribute to the interaction, which are zero for598

the m= 0 species.599

In the main text, we primarily study the phase diagram in the theoretically-helpful param-600

eters (gm,φm). However, we can also parameterize the coupling strengths gm and phases φm601

as602

gm = A1 |cos (ϕ)|
q

1+ A2
2m2 tan2 (ϕ) (A.12)

φm = − tan−1 {A2m tan (ϕ)} (A.13)

where A1 = 2EpEc |αs| and A2 = αv/2 f αs. Then we can study the distorted phase diagram in603

the parameters A1, controlled by the intensity of the pump field, andϕ, controlled by the pump604

field polarization, for fixed A2, controlled by the ratio of vector and scalar polarizabilities.605

B Derivation of the effective spin-only dynamics606

Integrating out the cavity mode in addition to the extra-cavity bath modes, we obtain the Red-607

field master equation describing the effective dynamics of the spin-only system. The standard608

procedure is outlined in the following section.609

Let HSB be the interaction between the system and the bath in the Schrödinger picture. In610

the main text, this is the interaction between the spins and the cavity HSC. We consider the611

cavity as a part of the bath which is described by the Hamiltonian HC+HCB+HB including intra-612

bath interactions HCB. The time-evolution of the full system-bath density matrix is governed613

by the von Neumann equation in the interaction picture614

ρ̇ (t) = −i [HSB (t) ,ρ (t)] = L̂SB (t)ρ (t) (B.1)

defining the Liouvillian superoperator L̂SB (t) = [HSB (t) , ·]which is generically time-dependent615

in the interaction picture. We can insert the formal integral solution of Eq. B.1 back into Eq. B.1616

to obtain617

ρ̇ (t) = L̂SB (t)ρ (0) +

∫ t

0

ds L̂SB (t) L̂SB (s)ρ (s) (B.2)

which is second-order in the system-bath coupling strength.618
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From this starting point, we would like to obtain a tractable equation of motion for the619

reduced density matrix of the system ρS (t) = trB (ρ (t)). To do so, we make standard assump-620

tions on the factorization of the density matrix and time-locality of the system-bath interac-621

tions [31] which results in the Redfield master equation for the reduced density matrix of the622

system623

ρ̇S (t) =

∫ t

0

ds trB

�

L̂SB (t) L̂SB (t − s)ρS (t)⊗ρB

	

(B.3)

where ρB is (usually) the equilibrium state of the bath. Finally, we assume that the time-624

scale of the systems dynamics is much longer than the decay of the bath correlation functions625

allowing us to extend the integration to the interval [0,∞] [31]. In the remainder of the626

paper and the main text, we use the term “Redfield master equation” also to refer to this form627

of the quantum master equation, but before the secular approximation.628

In order to convert the Redfield master equation into a more useful more form, we decom-629

pose the system-bath interaction HSB as630

HSB =
∑

k

gkSk ⊗ Bk (B.4)

in the Schrödinger picture, where Sk are operators on the system, Bk are operators on the bath,631

and gk are the couplings. Then the Redfield master equation becomes632

ρ̇S (t) = −
∑

k,k′,ω,ω′
gk gk′e

i(ω+ω′)t

×
¦

C̃ (B)kk′
�

ω′, t
� �

S̃k (ω) , S̃k′
�

ω′
�

ρS (t)
�

+ C̃ (B)k′k

�

−ω′,−t
� �

S̃k (ω) ,ρS (t) S̃k′
�

ω′
��

©

(B.5)

where S̃k are the Fourier components of the system operators Sk (t) =
∑

ω eiωt S̃k (ω) in the633

interaction picture, and the bath correlation functions634

C (B)kk′ (t) = trB (Bk (t)Bk′ (0)ρB) (B.6)

are converted to frequency-space on a finite time-window of length t635

C̃ (B)kk′
�

ω′,±t
�

=

∫ ±t

0

ds e−iω′sC (B)kk′ (s) (B.7)

The sign of t is crucial when extending the integration t →∞.636

Expanding the commutators in Eq. B.5 and rearranging terms, we can obtain the quantum637

master equation in the usual form in terms of a coherent Hamiltonian evolution and dissipa-638

tive evolution. Additionally, the secular approximation is often used to neglect nonresonant639

transitions (terms withω+ω′ ̸= 0 in Eq. B.5) induced by the system-bath coupling. However,640

we keep nonsecular terms in order to capture the superradiant behavior of the Dicke model,641

as discussed in the main text.642

The adjoint Redfield master equation for a generic system operator A is obtained from643

Eq. B.5 by demanding that the expectation value of A is unchanged between the Schrödinger644

and Heisenberg pictures [31]. This results in the condition645

trS

�

AL̂effρS (t)
�

= trS

��

L̂∗effA(t)
�

ρS

�

(B.8)

where L̂eff is the effective Liouvillian superoperator governing the time-evolution of the re-646

duced density matrix of the system ρ̇S (t) = L̂effρS (t) in the Schrödinger picture, as in Eq. B.5,647
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and L̂∗eff is the adjoint effective Liouvillian superoperator governing the time-evolution of cor-648

relation functions as d 〈A〉/d t =



L̂∗effA
�

.649

Having discussed general aspects of the derivation of the Redfield master equation, we650

apply the analysis to the system described in the main text. In particular, we note that generic651

system-bath interaction HSB used in the derivation is precisely the spin-cavity interaction HSC652

from the main text. Therefore we have the system operators Sm = S(m)1 and the bath opera-653

tors Bm = e−iφm a + eiφm a† with the couplings gm. The Fourier decomposition of S(m)1 in the654

interaction picture is simply655

S(m)1 (t) =
1
2

�

e−iεtS(m)− + eiεtS(m)+
�

(B.9)

What remains to be calculated are the bath correlation functions, expanded as656

C (B)mm′ (t) = e−i(φm+φm′)trB (a (t) a (0)ρB) + ei(φm+φm′)trB

�

a† (t) a† (0)ρB

�

+ e−i(φm−φm′)trB

�

a (t) a† (0)ρB

�

+ ei(φm−φm′)trB

�

a† (t) a (0)ρB

�
(B.10)

Assuming ρB is an equilibrium thermal state, then we arrive at the standard expression657

C (B)mm′ (t) =

∫ ∞

−∞

dω
2π

J (B)0 (ω)
�

ei(φm−φm′)n̄eq (ω) e
iωs + e−i(φm−φm′)

�

n̄eq (ω) + 1
�

e−iωs
�

(B.11)
modified due to the phases φm, where J (B)0 is the zero-temperature spectral density formally658

given by the expression J (B)0 = 2π
∑

j

�

�c j

�

�

2
δ
�

ω−ω j

�

where the bath operator Bm is expanded659

in the eigenmodes of HC+HCB+HB of energy ω j with coefficients ck, and n̄eq (ω) is the Bose-660

Einstein distribution function (at inverse temperature β) giving the thermal occupation of661

the bath eigenmode of energy ω. In practice, specifying an approximate continuous zero-662

temperature spectral density enables analytic treatment of the correlation function, taking663

care to apply the Sokhotski–Plemelj theorem when applicable. In this paper, we assume the664

spectral density is Lorentzian (Cauchy) with a center frequency given by the cavity mode ωc665

and half-width at half-max κ666

J (B)0 =
2κ

(ω−ωc)
2 +κ2

(B.12)

which, like the exact form, is normalized to unity. Assuming zero or very low temperature, we667

obtained668

C (B)mm′ (t) = e−i∆φe−iωc t−iκ|t| (B.13)

where ∆φ = φm −φm′ as presented in the main text, and669

C̃ (B)mm′ (ω, t) = e−i∆φ

�

1− e−i(ωc+ω)t−κt

i (ωc +ω) + κ

�

(B.14)

lim
t→∞

C̃ (B)mm′ (ω, t) = e−i∆φ 1
i (ωc +ω) +κ

(B.15)

C̃ (B)mm′ (ω,−t) = e−i∆φ

�

1− ei(ωc+ω)t−κt

i (ωc +ω)−κ

�

(B.16)

lim
t→∞

C̃ (B)mm′ (ω,−t) = e−i∆φ 1
i (ωc +ω)−κ

(B.17)

Substitution of the above results into Eq. B.5 yields Eq. 8 or Eq. B.18, discussed in the following670

section.671
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B.1 Alternative form of the spin-only Redfield master equation672

As mentioned in the main text, we can transform Eq. 8 into a form which highlights the con-673

nection to the mean-field equations of motion Eq. 13. In particular, in terms of the Hermitian674

x = 1, y = 2, and z = 3 spin operators we have675

L̂∗A= i [HS, A] +
M
∑

m,m′=−M

gm gm′
p

NmNm′

��

cos∆φ
J1
−

sin∆φ
K1

�

��

S(m)1 , A
�

, S(m
′)

1

�

+
�

cos∆φ
J2
−

sin∆φ
K2

�

��

S(m)1 , A
�

, S(m
′)

2

�

+
�

cos∆φ
K1

+
sin∆φ

J1

�

¦

−i
�

S(m)1 , A
�

, S(m
′)

1

©

+
�

cos∆φ
K2

+
sin∆φ

J2

�

¦

−i
�

S(m)1 , A
�

, S(m
′)

2

©

�

+ Γ
M
∑

m=−M

Nm
∑

j=1

D̂∗
�

s(m, j)
−

�

A

(B.18)

with the parameters J1, J2, K1, and K2 defined in the main text. If A is proportional to a676

product of k spin operators, then the commutator-commutator terms in Eq. B.18 generically677

yield terms of the same order as A which are sub-extensive and do not survive in the thermo-678

dynamic limit (though they may be significant for finite and small Nm). On the other hand,679

the anticommutator-commutator terms in Eq. B.18 generically yield symmetrized products680

of k + 1 spin operators (up to sub-extensive lower-order corrections) which are significant681

even in the thermodynamic limit. In the important case when A is a first-order spin operator,682

the anticommutator-commutator terms in Eq. B.18 yield quadratic nonlinearities, as seen in683

Eq. 13.684

C Exact numerical diagonalization685

We compute the exact dynamics of the Lindblad master equation in the fast-cavity limit κ,ωc ≫686

ε numerically after exploiting permutation symmetry. As noted in the main text, the density687

matrix can be decomposed into blocks of fixed spins (si) = (s−M , . . . , sM ) as688

ρ =
∑

(si)

p(si)ρ(si) (C.1)

=
∑

(si)

p(si)

∑

(µi ,µ
′
i)

p′((µi ,µ
′
i))
|(si ,µi)〉

�

si ,µ
′
i

��

� (C.2)

where p(si) is the probability of density matrix block ρ(si) which can be written explicitly in689

terms of the probabilities p′((µi ,µ
′
i))

and the operator basis for fixed (si), |(si ,µi)〉

�

si ,µ
′
i

��

�. Here,690

µi is used for the magnetic quantum number of species i in order to avoid confusion with the691

species label m. Then we vectorize the quantum master equation as | ρ̇〉〉 = ˆ̂L |ρ〉〉, where692

|ρ〉〉 is the vectorization of the density matrix ρ and ˆ̂L is the vectorization of the Liouvillian693

superoperator in Lindblad form L̂, a matrix. Using the standard vectorization procedure, the694

vectorized density matrix [32] is695

|ρ〉〉=
∑

(si)

p(si)

∑

(µi ,µ
′
i)

p′((µi ,µ
′
i))
�

�

�

si ,µi ,µ
′
i

���

(C.3)

For the vectorized Liouvillian superoperator in Lindblad form, we generalize the expressions696

in Ref. [50] for off-diagonal dissipative processes (coherence between decay and pumping)697
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and multiple species. The matrix elements are then698

ˆ̂L=
∑

(si ,µi ,µ
′
i)

(t i ,νi ,ν
′
i)

L((si ,µi ,µ
′
i),(t i ,νi ,ν

′
i))
�

�

�

si ,µi ,µ
′
i

��� 

�

t i ,νi ,ν
′
i

��

� (C.4)

with explicit expressions for the matrix elements L((si ,µi ,µ
′
i),(t i ,νi ,ν

′
i)) left out of this section for699

brevity. However, due to the nature of the Dicke coupling, excitations must be exchanged in700

pairs, thus constraining the matrix elements off-diagonal in µi , µ
′
i , νi , and ν′i . Additionally, the701

quantum jumps from single-particle incoherent decay (as well as single-particle dephasing and702

single-particle incoherent pumping) can only lead to coupling between total-spin manifolds703

satisfying si = t i or si = t i ± 1.704

To visualize the density matrix, we first calculate the reduced density matrix of each species705

ρ(m) = trm′ ̸=m (ρ) (C.5)

then write the reduced density matrix in block-diagonal form706

ρ(m) =
∑

sm

p(m)sm
ρ(m,sm) (C.6)

Similar to the full density matrix, p(m)sm
is the probability of density matrix block ρ(m,sm). Next,707

we extract the Wigner (quasi-probability) distribution for species m of fixed spin sm as708

W (m)
sm
(ϑ,ϕ) = tr
�

Wsm
(ϑ,ϕ)ρ(m,sm)
�

(C.7)

where709

Ws (ϑ,ϕ) =

√

√ 4π
2s+ 1

2s
∑

λ=0

λ
∑

µ=−λ

Yλµ (ϑ,ϕ) T (s)†
λµ

(C.8)

is the Wigner (operator) kernel, Yλµ are spherical harmonics, and T (m,s)
λµ

are irreducible tensor710

operators [52]. We note that the Wigner kernal has the following properties711

Ws (ϑ,ϕ) =Ws (ϑ,ϕ)† (C.9)

tr (Ws (ϑ,ϕ)) = 1 (C.10)

2s+ 1
4π

∫

dΩWs (ϑ,ϕ) = 1 (C.11)

Since the Wigner kernal is Hermitian (as is the density matrix), the Wigner distribution is real.712

Moreover, it can be normalized, though permitting negative values. Lastly, we average over713

the allowed values of spin sm to obtain the spin-averaged Wigner distribution.714

W (m) (ϑ,ϕ) =
∑

sm

psm

�

2sm + 1
4π

�

W (m)
sm
(ϑ,ϕ) (C.12)

If the reduced density matrix ρ(m) is proportional to the identity, i.e. a completely mixed state,715

then the Wigner distribution for species m of fixed spin sm is simply716

W (m)
sm
(ϑ,ϕ) =

1
2sm + 1

(C.13)

and the spin-averaged Wigner distribution is W (m) (ϑ,ϕ) = 1/4π. This value 1/4π ≈ 0.08 is717

used in the main text as a reference.718
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Figure 3: Comparison of the linear stability analyses of the normal state fixed-point
τns for a two-species model. (a) Boundary of the superradiant phase as indicated by
the appearance of a pair of stable fixed-points with τ(m)3 > 0 breaking the SR parity
symmetry (see text). The mean-field prediction Eq. 13 (dashed blue) derived from
the Redfield master equation is compared to the mean-field prediction in the fast-
cavity limit κ,ωc ≫ ε after semiclassical adiabatic elimination Eq. 18 (dot-dashed
red), as well as the mean-field equations following from Eq. 7 (solid black) which
retain the cavity mode. For ωc ≈ κ, the boundaries are nearly coincident, a special
point discussed in the main text and also indicated in Fig. 2. In the limit κ →∞,
the region vanishes in the parameter φ. (b, c) Even with the cavity decay rate and
cavity energy tuned to ωc/ε = κ/ε = 20, the linear stability analyses of the normal
state fixed-point τns differ qualitatively. (b) Linear stability analysis Eq. 16 derived
from the Redfield master equation providing local information on the stability of
τns. (c) Linear stability analysis in the fast-cavity limit κ,ωc ≫ ε after semiclassical
adiabatic elimination, Eq. 20 providing local information on the stability of τns. In
the main figures, the phase φ and the coupling strength g/ε are varied while the
single-particle incoherent decay rate Γ/ε = 5× 10−3 is fixed; in the inset the single-
particle incoherent decay rate Γ/ε and the coupling strength g/ε are varied while
the phase φ = 0.3 is fixed. Color indicates the stability or type of instability of the
normal state fixed-point τns: Stable (“NS,” tan), unstable with a pair of complex-
conjugate eigenvalues with positive real-part (“DS,” blue), unstable with a single
real eigenvalue (“SR1,” green), unstable with two real eigenvalues (“SR2,” light-
blue), unstable with a real eigenvalue and a pair of complex-conjugate eigenvalues
with positive real-part (unlabeled, dark-purple).
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Figure 4: Analysis of the dynamical limit-cycle phase for a two-species model. (a)
Characterization of the limit-cycle state for increasing coupling strength g/ε. The
time-averaged magnetization (see text) of the limit-cycle state is plotted alongside the
time-averaged oscillation radius (see text) as well as the oscillation frequency (largest
Fourier component) for Eq. 13 (solid) and Eq. 18 (dashed) and each species, species
1 (m = +1, blue) and species 2 (m = −1, red). The phase φ = π/4− 0.1 ≈ 0.68 is
slightly tuned away from φ = π/4 to differentiate the species (see (c-e)). (b) Exam-
ple of the limit-cycle state in the Bloch sphere at the point g/ε = 2.8 using Eq. 13
(upper) and Eq. 18 (lower) and separating each species, species 1 (m= +1, blue) and
species 2 (m= −1, red). (c) The time-averaged magnetization of the limit-cycle state
is plotted alongside the time-averaged oscillation radius for each species 1 (m= +1,
blue) and 2 (m = −1, red) and symmetric (solid) and anti-symmetric (dashed) ini-
tial conditions as a function of the coupling strength g/ε within the dynamical limit-
cycle phase (using Eq. 13). At g/ε ≈ 1.515 the system reaches a codimension-two
exceptional point and the formerly coincident limit-cycles for each species differenti-
ate. (Inset) Floquet multipliers inside the complex unit circle (dashed, center at red
point) calculated as the eigenvalues of the monodromy matrix at the transition point
(with coincident points at unity 1). (d) Example of the limit-cycle state in the Bloch
sphere below the exceptional point g/ε = 1.5 (upper) and above the exceptional
point g/ε = 1.6 (lower). (e) Tuning the “chirality breaking” parameter φ uncovers
a narrow region about φ = π/4 exhibiting hysteresis, growing wider for increasing
coupling strength g/ε. Symmetric initial conditions (solid) and anti-symmetric ini-
tial conditions (dashed) persist on different sides of the line φ = π/4 (gray). All
plots use the parameters κ/ε = 20 and ωc/ε = 20 with (a-b) using Γ/ε = 1× 10−2

and (c-e) using Γ/ε= 5× 10−3ε.
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Figure 5: Superradiant steady-states in the fast-cavity limit κ,ωc ≫ ε for various
phases φ = 0.01, π/8 ≈ 0.39, and π/4 − 0.1 ≈ 0.69 and fixed coupling strength
g/ε= 8. (a) The mean-field equations (top row) Eq. 18 yield three fixed-point solu-
tions (two stable) for φ = 0.01, five fixed-point solutions (two stable) for π/8, and
nine fixed-point solutions (four stable) for π/4− 0.1, distinguished by color, which
lie in the plane defined by the normal (cosβ , sinβ , 0) with β = tan−1 (−Γ/ε) +π/2
(see text). Species 1 is indicated by filled circles while species 2 is indicated by
stars, and the two are connected by lines. For a finite-sized system (middle and
bottom row) we visualize the density matrix via the spin-averaged Wigner distribu-
tion W (m) (ϑ,ϕ), where ϑ is the polar angle and ϕ the azimuthal angle, for species
1 (m = +1, middle row) and species 2 (m = −1, bottom row), each with 6 parti-
cles. The value of the spin-averaged Wigner distribution is indicated by the color
and colorbar, with 1/4π ≈ 0.08 (green) indicating the completely mixed state for
reference. For φ = 0.01, the steady-states of each species are nearly identical, while
for φ = π/8 species 2 experiences dephasing. At φ = π/4− 0.1 species 1 also expe-
riences dephasing as bipartite parity symmetry is nearly restored. We find a unique
steady-state despite the change in the number of mean-field fixed-points. All plots
use the parameters Γ/ε= 5× 10−3, κ/ε= 20, and ωc/ε= 20, as in Fig. 6.
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Figure 6: Signatures of the dynamical limit-cycle phase in a finite system in the fast-
cavity limit κ,ωc ≫ ε. (a) Example spectrum of the Liouvillian in Lindblad form
Eq. 12 near the steady-state eigenvalue λ0 = 0 at coupling strength g/ε = 1.35
and phase φ = π/4. (b) Spin-averaged Wigner distribution for species 1 (m = +1)
W (1) (ϑ,ϕ), where ϑ is the polar angle and ϕ the azimuthal angle, of the eigenmatrix
corresponding to eigenvalue λ1 (see text) in Fig. 6a. There is a (negative) concen-
tration of quasi-probability around the latitude π − ϑ of the mean-field limit-cycle
(dashed gray), comparable to the mean-field limit-cycle in the top panel of Fig. 4d.
Both (a) and (b) use 6 particles in each species and correspond to the dashed gray
line in (c). (c) Liouvillian gap for various system sizes as a function of the cou-
pling strength g/ε at fixed phase φ = π/4. At small coupling strength, the gap
is set by a pair of spiraling complex conjugate eigenvalues with nonzero imaginary
part, whereas at larger coupling strengths, the gap is set by a decaying real eigen-
value. As the system size increases, the Liouvillian gap begins to decrease towards the
mean-field instability (gray solid line). All plots use the parameters Γ/ε = 5× 10−3,
κ/ε= 20, and ωc/ε= 20, as in Fig. 5.
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