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Abstract

Mercury telluride is a canonical material for realizing topological phases, yet a full under-
standing of its electronic structure remains challenging due to subtle competing effects.
Using first-principles calculations and k · p modelling, we study its topological phase
diagram under strain. We show that linearly k-dependent higher-order C4 strain terms
are essential for capturing the correct low-energy behaviour. These terms lead to a non-
trivial k-dependence of the sub-band splitting arising from the interplay of strain and
bulk inversion asymmetry. This explains the camel-back feature in the tensile regime
and supports the emergence of a Weyl semimetal phase under compressive strain.
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1 Introduction21

Topological properties of solid-state systems have attracted large interest in the last years. New22

states of matter have been observed and a new paradigm has been introduced to describe phase23

transitions that cannot be characterized within the classical Landau theory [1–5]. Mercury24

telluride (HgTe) has played a crucial role in this regard, being the first platform where many25

of these ideas found experimental realization [6].26

The nontrivial topological properties of HgTe are related to its low-energy electronic struc-27

ture around the Γ point of the Brillouin zone. In the unstrained state, HgTe is semimetallic28

in nature whereas a band inversion between Hg(s) and Te(p) states can be observed when a29

considerable tensile strain is applied on the system [7,8]. Under compressive strain and much30

smaller tensile strain, HgTe and its superlattices transform into a Weyl semimetal [9–14].31

The advanced k.p models typically employed to describe the electronic band structure32

[9, 10, 15, 16] exhibit important quantitative differences, such as the magnitude of sub-band33

splitting along specific k-paths, when compared to those predicted by first principles calcula-34

tions. Conversely, these first principles calculations are in very good agreement with respect to35

the angle-resolved photoemission spectroscopy (ARPES) experiments [17]. While such energy36

splittings are relatively small, they are important for two reasons: the first is that the tensile-37

strained HgTe gap is very small. The second is that the appearance of such splittings underlie38

the existence of other k-dependent terms, whose understanding may be crucial for materials39

design and for the inherent comprehension of HgTe physics, including the camel’s back for-40

mation in the tensile strain phase and the topological phase transition towards a Weyl phase41

as a function of strain [9,10].42

In the present study we employ a perturbed 8 band k.p model fitted to state of the art43

density-functional theory (DFT) calculations [17], able to quantitatively describe the photoe-44

mission spectra of HgTe, in order to identify the underlying factors responsible for the band45

splitting along multiple crystallographic directions. We find that the band splitting along a46

particular crystallographic direction arises from a competition between the first-order strain47

in the momentum coordinate k perturbation term (C4) [18] and the bulk-inversion asymme-48

try (BIA) term, which stems from the non-centrosymmetric nature of the HgTe lattice [19,20].49

The C4 strain terms were neglected by previous models [8–10, 16, 21–24], resulting in the50

absence of k-dependent strain-induced sub-band splitting. Here, we establish the necessity51

of incorporating these k-dependent C4 strain terms into the 8×8 Kane Hamiltonian [15] to52

model the experimental electronic band structure. We find that band splitting is primarily53

induced by the C4 strain terms for crystallographic directions in close proximity to or along54
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Figure 1: (a) The first Brillouin zone of the HgTe lattice depicting the k-paths used
in this study (b) The crystal structure of HgTe (c) The electronic band structure of
unstrained HgTe calculated by first principles.

the kx , ky and kz axes. Such splittings were not captured by previous models, which only55

considered k independent strain terms with BIA, and showed negligible splitting in proxim-56

ity to these axes. We proceed to highlight the competition between the C4 and BIA terms in57

the sub-band splitting mechanism and finally, we gauge the effect of these strain terms on the58

topological strain phase diagram of HgTe [9,10], demonstrating the robustness of the topolog-59

ical Weyl semimetal state with respect to them. Interestingly, we find that our model results60

in a tilted type-1 Weyl semimetal state instead of the ideal Weyl semimetal state observed in61

prior work [9,10]. Such a tilt of the Weyl cones enhances the Berry curvature dipole [25] and62

can be used to explain the superconducting diode effect [26].63

This paper is structured as follows: in Sec.2 we give the Computational details, in Sec.3 we64

show our results and discuss them, and finally in Sec.4 we give our conclusions.65

2 Modelling66

2.1 Density-functional theory calculations67

We performed DFT calculations with the projector augmented-wave pseudopotential method68

[27, 28] as implemented in the Vienna Ab-initio Simulation Package (VASP) [29–32]. An en-69

ergy cutoff of 350 eV for the plane wave basis and 8×8×8 Monkhorst-Pack grid for Brillouin70

zone sampling were used, ensuring a convergence of 1 meV on the electronic eigenvalues.71

Spin-orbit coupling was included in the calculation. To simulate tensile-strained HgTe, we72

considered the experimental HgTe lattice parameter a = 6.46 Å and applied a 0.31% in-plane73

tensile strain in order to match the CdTe experimental lattice parameter (0.31% tensile biax-74

ial strain, a′ = 6.481 Å). A compressed-strained HgTe was considered to simulate the Weyl75

semimetal phase (0.5% compressive biaxial strain, a′ = 6.429 Å). The corresponding out of76

plane lattice parameter can be calculated from the stiffness coefficients of HgTe [8, 33]. We77
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Figure 2: The k.p electronic band structure fit to the DFT results including (a) both
BIA and C4 strain terms (HTotal) (b) only C4 strain terms (Hno BIA) and (c) only BIA
terms (HnoC4

). The Γ HH
8v bands correspond to the

�

�Γ8,±3
2

�

basis whereas the Γ LH
8v

bands correspond to the
�

�Γ8,±1
2

�

basis.

obtain c = 6.435 Å for the tensile biaxial strain, and c = 6.525 Å for the compressive-strained78

phase. We employed the hybrid HSE06 functional [34], explicitly including a fraction of the79

exact-exchange term. The choice for the exchange-correlation functional is justified by the com-80

parative analysis performed in our previous work [17], where the superior performance of81

HSE06 with respect to other functionals was attested. The search for Weyl points in the com-82

pressed phase of HgTe were performed using Wannier Tools code [35], with a tight-binding83

Hamiltonian mapped from a DFT band structure using the Wannier90 code [36] on a 8 × 8 ×84

8 k-point grid.85

2.2 k.p Theory86

In order to better understand the underlying physics of our DFT calculations, we fit a 8×8 Kane87

k.p model Hamiltonian HKane for Zinc Blende lattices [15] to the DFT electronic band structure.88

Our k.p model Hamiltonian has been constructed from the 8 orbital basis set comprising of89
�

�Γ6,±1
2

�

,
�

�Γ8,±1
2

�

,
�

�Γ8,±3
2

�

and
�

�Γ7,±1
2

�

as described in [37] (see Appendix section A for matrix90

definition). Since our HgTe lattice has been subjected to axial tensile or compressive strain we91

describe its strain tensor
�

εi j
�

as92

�

εi j
�

=





εx x 0 0
0 εy y 0
0 0 εzz



 , (1)

where εii = (a f )i/(a0)i − 1, i = x , y, z; (a0)i and (a f )i represent the lattice parameters of93

HgTe in its pristine state and post axial deformation, respectively. For our calculations in94

the topological insulator (TI) state we consider εx x = εy y = 0.31% whereas for the Weyl95

semimetal state we consider εx x = εy y = −0.5%. The ratio εzz/εx x = −1.38, which has been96

obtained from the elasticity coefficients [38] ratio C12/C11 for epitaxial growth along the (001)97

direction, is used for the entirety of our calculations. The effect of strain on the HgTe lattice is98
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accounted for by the strain Hamiltonian proposed by Pikus and Bir [39] HPikus−Bir as described99

in Ref. [16] (see Appendix section A for the matrix definition). Prior k.p models [8–10,16,21–100

24] used for the electronic band structure analysis of strained HgTe have been unable to explain101

the root cause of sub-band splitting. Our work successfully solves this long standing problem102

by considering the k-dependent C4 strain terms [18] obtained through perturbation theory, in103

addition to the Pikus-Bir strain terms [37]. The Hamiltonian matrix HC4
can be represented as104

HC4
=





0 0 0
0 H8v,8v

C4
H8v,7v

C4

0 (H8v,7v
C4
)† 0



 , (2)

where H8v,8v
C4

represents the interactions between the Γ8v bands which can be described as105

H8v,8v
C4

= C4((εy y − εzz)kx Jx

+ (εzz − εx x)ky Jy + (εx x − εy y)kzJz), (3)

where the Ja matrices, a = (x , y, z) represent angular momentum matrices (see Appendix106

section B for the definition). H8v,7v
C4

represents the interactions between the Γ8v and Γ7v bands107

which can be described as108

H8v,7v
C4

=
3
2

C4((εy y − εzz)kx Ux

+ (εzz − εx x)ky Uy + (εx x − εy y)kzUz). (4)

where the Ua matrices, a = (x , y, z) are representative of the interactions between the Γ8v109

bands and the Γ7v bands (see Appendix section B for the definition).110

The non-centrosymmetric nature of the HgTe lattice results in the absence of inversion111

symmetry [19, 20]. To account for this, we also include the bulk inversion asymmetry (BIA)112

matrix HBIA in our calculations with terms described in [37](See Appendix section C). Thus,113

the Hamiltonian used for our fit to DFT data can be expressed as114

HTotal = HKane +HPikus−Bir +HBIA +HC4
(5)

Since the C4 strain terms and BIA terms represent a very small deformation to the sum of the115

8×8 Kane Hamiltonian and the standard Pikus-Bir strain terms, we treat them perturbatively116

(see section 3.1 for the definition). In order to gauge the robustness of the coefficients affiliated117

with our k.p model, we fit HTotal to our DFT band structure along different paths in the Brillouin118

zone using least squares regression. Since leaving all the fitting parameters free leads to an119

Path γ1 γ2 γ3 C (eV�A) C4 (eV�A)
K-Γ -X & Z-Γ -X 3.802 0.385 1.220 0.113 6.400
θ -Γ -X , θ = 15◦ 3.803 0.386 1.270 0.123 6.400

L-Γ -X 3.805 0.384 1.290 0.131 6.400
A′-Γ -X 3.807 0.383 1.000 0.119 6.400

Mean fit parameters (TI state) 3.804 0.385 1.195 0.126 6.400
K-Γ -X (Weyl semimetal state) 4.100 0.570 1.23 0.131 6.400

Table 1: The fit parameters obtained on fitting HTotal to DFT HSE06 band structure
data.

v



SciPost Physics Core Submission

uncontrolled result, which does not converge, we only consider the Luttinger coefficients (γ1,120

γ2 and γ3, see appendix section A for more details), the linear BIA term C (see appendix121

section C) and the C4 strain term because these have a profound effect on band splitting and122

curvature. The values of these parameters obtained through fitting for the TI state are listed in123

Table 1. The obtained values of γ1, γ2 and C4 are highly robust and show negligible variation124

with different paths along the Brillouin zone, while γ3 and C vary slightly by about ±10%125

and ±20%, respectively. Owing to the complexity of fitting our k.p model across the entire126

3D Brillouin zone, we chose to repeat the least squares regression fit for different 1D paths to127

obtain a more accurate set of parameters, specific to those particular paths.128

3 Results and discussion129

3.1 Origin of band splitting in strained HgTe130

For a better quantitative analysis of the effect of strain and BIA symmetry breaking terms on the131

sub-band splitting in our HgTe system, we fit a perturbed 8×8 Kane Hamiltonian (Eqn.(5)) to132

the DFT band structure along the K-Γ -X path (Fig. 2(a)). To study the effects of the C4 strain133

term on the energy eigenvalues we ignore HBIA, thus our model Hamiltonian can be described134

as HnoBIA = HKane + HPikus−Bir + HC4
. To provide a clearer explanation of the band splitting135

observed in the Γ HH
8v heavy hole (HH) bands (i.e., the bands associated with

�

�Γ8,±3
2

�

), we make136

the following assumptions to simplify the blocks of HC4
along the crystallographic directions of137

interest. In our HgTe system, we consider the in-plane strain to be isotropic, hence εx x = εy y138

and (εzz − εx x) = −(εy y − εzz). Thus the expressions in Eqns (3) and (4) are simplified to139

H8v,8v
C4

= C4(εy y − εzz)(kx Jx − ky Jy), (6)

140

H8v,7v
C4

=
3
2

C4(εy y − εzz)(kx Ux − ky Uy). (7)

In the absence of BIA and C4 strain terms there is no splitting between the energy bands, and141

the eigenvalues of HKane + HPikus−Bir are pairwise spin-degenerate. Therefore, to accurately142

gauge the effect of the C4 strain terms on the band splitting between Γ HH
8v bands, we must143

apply the formalism of degenerate perturbation theory.144

Let |Ψ1〉 and |Ψ2〉 be an orthonormal basis constructed from the normalized eigenstates of145

HKane + HPikus−Bir corresponding to the degenerate Γ HH
8v bands. On rewriting HC4

in terms of146
�

�Ψn=1,2

�

and after diagonalization, we obtain the the eigenvalues E1 and E2, from which we147

can define a parameter: ∆EC4
= E2 − E1, which represents splitting between the Γ HH

8v bands.148

Calculating the value of ∆EC4
at a point along a particular crystallographic direction gives us149

an idea of whether the splitting observed along that path is significant or negligible.150

Along the Γ -X direction, ky = 0, so Eqns. (6) and (7) can be written as151

H8v,8v
C4

= C4(εy y − εzz)kx Jx , (8)

152

H8v,7v
C4

=
3
2

C4(εy y − εzz)kx Ux . (9)

For example, at k = 0.1 �A−1 we obtain the eigenvalues E1 = −7.18 meV and E2 = 7.28 meV,153

which results in ∆EC4
= 14.46 meV. Thus, the calculated value of ∆EC4

along this direction is154

large enough to induce a noticeable splitting between the Γ HH
8v . This implies that the C4 strain155

terms will contribute significantly to band splitting along the Γ -X direction.156

vi
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Figure 3: (a) The isoenergetic surface at E = −0.05 eV of the hybridized Γ HH
8v bands:

(Γ HH
8v )1 and (Γ HH

8v )2 obtained using HnoBIA in radial coordinates i.e (r, θ ) on the kz

= 0 plane, where k⃗ = (r cosθ , r sinθ ). Here θ represents the angle subtended by a
vector k⃗ with the kx axis and r represents the magnitude of k⃗. Comparison between
the electronic band structure calculated along the θ -Γ -X path, for (b) θ = 45◦ and
135◦ (both equivalent to Γ -K direction), where the dotted line represents the energy
at which the isoenergetic surface in (a) has been constructed, and (c) θ = 15◦ and
θ = 75◦.

Along the Γ -K and Γ -L direction, kx = ky = λ, where λ = k/
p

2 and λ = k/
p

3, respec-157

tively, we do not consider kz as εx x − εy y = 0 (Eqns. (6) and (7)). Thus, we obtain the158

expressions159

H8v,8v
C4

= C4(εy y − εzz)λ(Jx − Jy), (10)
160

H8v,7v
C4

=
3
2

C4(εy y − εzz)λ(Ux − Uy). (11)

We again consider the case of k = 0.1 �A−1, but now along the Γ -K path. In this case,161

E1 = −0.74 meV, E2 = 0.63 meV and ∆EC4
= 1.37 meV. The value of ∆EC4

is rather small,162

making the energy bands indistinguishable. This implies that the C4 strain terms induce neg-163

ligible splitting between the Γ HH
8v bands along the Γ -K and Γ -L directions.164

To confirm the above hypothesis we fit Hno BIA to our DFT results along the K-Γ -X path165

(Fig. 2(b)). We find that along the Γ -X direction, the splitting is primarily induced by the166

C4 strain terms, whereas in the Γ -K direction, negligible splitting is induced by the C4 strain167

terms. The same result is obtained when we fit HnoBIA to our DFT band structure calculated168

along the L-Γ -X path (Fig. 4(c)).169

Now, to study the effects of BIA on the energy eigenvalues we ignore HC4
, thus our model170

Hamiltonian is Hno C4
= HKane + HPikus−Bir + HBIA. To gauge the effects of HBIA on the band171

splitting, we again apply the degenerate perturbation theory using
�

�Ψn=1,2

�

. Like the case of172

C4 strain terms, we again define a parameter ∆EBIA which describes the splitting induced by173

BIA and is equivalent to the difference between the eigenvalues of HBIA represented in terms174

of the
�

�Ψn=1,2

�

basis.175

For k = 0.1�A−1 on the Γ -X path, we find that the eigenvalues E1 = −0.77 meV, E2 = −0.17176

meV and ∆EBIA = 0.60 meV. Since this value is negligible, the Γ HH
8v bands are indistinguish-177

able. We can thus confirm that the splitting produced along this path is primarily due to the178

C4 strain terms, owing to the much larger value of ∆EC4
= 14.46 meV.179

vii
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Figure 4: Fit of the 8x8 model Hamiltonian to the electronic band structure calculated
using DFT with BIA (HTotal) and without BIA (HnoBIA) along the (a) θ -Γ -X path at
θ = 15◦ (b) Z-Γ -X (c) L-Γ -X and (d) an arbitrary path inclined at 57.65◦ to the kz
direction whose in-plane projection forms an angle of 31.64◦ with the kx axes

From our prior analysis of the C4 strain terms, it becomes evident that the BIA of the HgTe180

lattice is responsible for band splitting along paths where the splitting induced by the C4 terms181

is negligible. This hypothesis is strongly supported by our calculated eigenvalues at k = 0.1182

�A−1 along the Γ -K direction: E1 = −27.9 meV, E2 = 9.7 meV and∆EBIA = 37.6 meV. Owing to183

the large value of ∆EBIA as compared to ∆EC4
= 1.37 meV, we confirm that the BIA terms are184

primarily responsible for band splitting. To confirm our hypothesis, we fit Hno C4
to our DFT185

data along the K-Γ -X path (Fig. 2(c)) and find that the splitting induced by BIA terms along186

the Γ -K direction is indeed much greater than the C4 strain-induced splitting, thus making it187

the dominant cause of band splitting. The same can also be stated for the Γ -L direction (Fig.188

4(c)). This fit also confirms that the splitting along the Γ -X direction results primarily due to189

HC4
, as Hno C4

produces negligible band splitting, rendering the Γ HH
8v bands indistinguishable.190

3.2 Band splitting in the kz = 0 plane191

Prior to this study, the C4 strain terms were not included in k.p models that discussed the band192

structure of strained HgTe [8–10,16,21–24]. This can be attributed to the lack of experimental193

evidence of strain-induced sub-band splitting in HgTe prior to [17] and the lower magnitude194

of band splitting induced by strain.195

To better understand the behaviour of the band splitting induced by C4 strain term (in the196

absence of BIA), we plot the isoenergetic surface at E = −0.05 eV of the hybridized Γ HH
8v bands:197

(Γ HH
8v )1 and (Γ HH

8v )2 obtained using HnoBIA in radial coordinates i.e (θ , r) on the kz = 0 plane.198

The resultant band dispersions obtained from HnoBIA have been depicted in Fig. 3(a). This199

dispersion reveals that The magnitude of band splitting is maximum along the θ = 0◦ i.e the kx200

axis (Γ -X ). As we move towards θ = 45◦ i.e the Γ -K direction, the splitting between the Γ HH
8v201

bands decreases and is minimum at θ = 45◦. As we move away from θ = 45◦, the splitting202

again increases and again becomes maximum at θ = 90◦. This implies that the band splitting203

induced by the C4 strain term in the kz = 0 plane is consistent with the four-fold rotational204

viii
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Figure 5: (a) A fit of HTotal to the DFT electronic structure in the Weyl semimetal
state along the K-Γ -X path.(b) The DFT band dispersion obtained along the K-Γ -W1
path, where W1 represents the path along the WP axes. (c) A comparison of the k.p
band structure obtained using HTotal and Hno C4

along the W1-Γ -X path (d) The 3D
band structure in the ky = 0 plane depicting a tilted type-1 Weyl cone and at the
Fermi surface.

symmetry of the HgTe lattice in the same plane. We verify this observation by comparing the205

electronic band structure at θ = 45◦ and θ = 225◦, which we find to be identical (Fig. 3(b)).206

The resultant dispersion is also symmetric about the θ = 45◦ axis i.e the Γ -K direction. This207

can be verified by comparing the electronic band structure at θ = 15◦ and θ = 75◦, which we208

also find to be identical (Fig. 3(c)).209

3.3 Competition between C4 strain and BIA terms to induce band splitting210

The C4 strain term has been used previously to describe the offset in quantum resonance211

energies obtained from cyclotron spectra in strained III-V semiconductors such as InSb [40,212

41]. However, these studies have not established how the C4 term would influence the band213

splitting in the presence of BIA as well as the varying magnitude of C4-induced sub-band214

splitting along various crystallographic directions. Furthermore, these studies utilized band215

structures calculated by the primitive empirical pseudopotential method with no experimental216

input. Here, we probe the interplay between the C4 strain and BIA terms by fitting our model217

to the band structure calculated along different k-paths using DFT to understand when each218

of these terms dominates the band splitting mechanism.219

To gauge the competition between the C4 strain and BIA terms in inducing band splitting of220

the Γ8v bands, we fit HnoBIA (includes C4 terms but no BIA) and HTotal (includes both C4 and BIA221

terms) to our DFT electronic band structure (Fig. 4). We summarize the competition between222

the C4 and BIA terms by considering four cases, namely: an arbitrary path inclined at 15◦ to223

the kx axes, a path along the kz axes, the high symmetry Γ -L direction and an arbitrary path A′224

inclined at 57.65◦ to the kz direction whose in plane projection forms an angle of 31.64◦ with225

the kx axis. In the first case (Fig. 4(a)) we find that a significant amount of the band splitting226

ix



SciPost Physics Core Submission

Figure 6: The 3D band structure in the ky = 0 plane depicting (a) the different
types of band crossings at 0% strain labelled (circled in red) as (b) which shows a
topologically trivial band crossing at the Γ point and (c) which shows the type-2 Weyl
dispersion. (d) We also find a type-2 Weyl dispersion at a surface isoenergetic to the
WP at -0.001% (and 0.001%). Surfaces isoenergetic to the WPs have been depicted
as gray planes.

can be attributed to the C4 strain terms as compared to the BIA terms. The dominance of C4227

terms in the band splitting phenomenon arises due to the proximity of this path to the kx228

axes where band splitting arises primarily due to the C4 strain terms. Along the kz direction229

(Fig. 4(b)) there is no band splitting. Though one would normally attribute splitting along230

this direction to the C4 terms, the C4 terms affiliated with the kz direction cancel out due to231

the isotropic nature of strain in the kz = 0 plane, resulting in no splitting. The case of the232

Γ -L high symmetry path (Fig. 4(c)) is identical to the Γ -K path as the band splitting arises233

completely due to the BIA terms, the cause of which has been discussed in Section 3.1. On234

considering an arbitrary path Γ -A′ (Fig. 4(d)) we find that the C4 strain terms have a negligible235

contribution to the band splitting whereas the BIA terms have a substantial contribution to the236

band splitting. It can be estimated that the proximity of Γ -A′ to the Γ -L high symmetry path is237

what causes the BIA terms to dominate the band splitting phenomenon.238

3.4 The Weyl semimetal state239

Prior work [9–14] has demonstrated that HgTe can be coaxed to attain a Weyl semimetal state240

when compressed, where the Weyl cones are located in the kx = 0 and ky = 0 plane. Here,241

we demonstrate that including the C4 strain terms in our model Hamiltonian allows us to242

obtain a robust Weyl semimetal state, with Weyl point locations in the ky = 0 plane at the243

Fermi level that are consistent with those obtained in the absence of these terms (see Table244

x
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2). To determine the position of Weyl points using our model Hamiltonian HTotal, we first245

fit our model Hamiltonian to our DFT electronic band structure calculated along the K-Γ -X246

path. We then use our fit to the DFT data (Fig. 5(a)) to find the location of Weyl points. A247

minimal change in the position of Weyl points is observed for HTotal and Hno C4
(no C4 strain248

terms), which implies that the inclusion of the C4 strain terms have no effect on the Weyl249

semimetal state. Therefore, models that ignore the C4 strain terms are still suitable to probe250

the Weyl semimetal phase. However, on comparing the Weyl point location obtained by our251

model Hamiltonian to that obtained by Wannier interpolation of the DFT band structure, we252

find that the WP location predicted by our functional does not lie in the ky = 0 plane. This253

can be attributed to the loss of symmetries during the Wannier interpolation of the DFT band254

structure.255

Next, we study the change in the HgTe band structure across the compressive strain regime256

using HTotal by extrapolating our Weyl semimetal fit parameters obtained at εx x = −0.5% to257

other strain values. This results in three distinct strain regions that host a Weyl semimetal258

state. To classify the Weyl semimetal state we use one of the methods described in [42],259

wherein we plot the 3D band structure in the ky = 0 plane and probe Weyl band crossings at260

the Fermi surface for charge pockets. The type-2 Weyl semimetal state can be characterized261

by a significant tilt of the Weyl cones such that they cut the Fermi surface (or isoenergetic262

surface of the Weyl point) to form charge pockets. If there is a considerable tilt of the Weyl263

cones, but no charge pockets at the Fermi surface, the phase is classified as a tilted type-1264

Weyl semimetal. The complete absence of a tilt of Weyl cones implies that the phase is an265

ideal type-1 Weyl semimetal.266

The high strain region: At large compressive strains such as −0.5% we observe a tilted type-267

1 Weyl semimetal state [25] with and without C4 terms (Fig. 5(c)). This is in stark contrast to268

prior work [9,10] that predicts an ideal type-1 Weyl semimetal (no tilt). Fermi level analysis of269

the 3D band structure (Fig. 5(d)) confirms the presence of a tilted type-1 Weyl semimetal due270

to the absence of charge pockets and considerable inclination of the Weyl cone. Literature [25]271

that has studied the Weyl semimetal state in various materials has demonstrated an increase272

in the Berry curvature dipole of a system with the tilting of Weyl cones. Since strained HgTe273

can display a Berry curvature dipole [10], realizing this phase will prove useful for enhancing274

it for use in future applications. Furthermore, the ability of our model to predict tilted type-1275

Weyl cones, makes it useful for studying the superconducting diode effect observed in such276

tilted Weyl semimetals [26].277

Transition from type-1 to type-2: On lowering the magnitude of compressive strain applied278

on the HgTe lattice, the Weyl nodes shift above the Fermi level and experience an increase in279

their tilt. This is consistent with prior work [9], wherein the Weyl nodes shift slightly from the280

Fermi level and the kx = 0 and ky = 0 planes.281

The unstrained (0%) state: In the unstrained state we observe two types of crossings (Fig.282

6(a)). The first is centered at the Γ high symmetry k-point on the Fermi surface (Fig. 6(b)),283

whereas the second kind are significantly tilted and lie above the Fermi level (Fig. 6(c)).284

Previous work [9,10] has demonstrated the existence of nodal lines that contain Weyl points285

in the kx = 0 and ky = 0 planes at 0% strain which converge at Γ . This implies that the first286

crossing is topologically trivial and not a Weyl point. To accurately classify the nature of the287

second type of band crossing, we construct a surface that is isoenergetic with the observable288

Weyl points. The presence of charge pockets at the isoenergetic surface implies that unstrained289

HgTe also hosts a type-2 Weyl semimetal state.290

The low strain region: At very small strain, such as −0.001% (and 0.001%), we observe a291

substantial increase in the inclination of the Weyl cones in figure 6(d) (see Appendix section D292

), as well as the energy of the Weyl points, which now lie above the Fermi level. The significant293

tilt of the Weyl cones results in charge pockets being observed at their isoenergetic surface294
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Model kx (�A−1) ky (�A−1) kz (�A−1)
DFT-HSE06 0.000588 -0.000270 0.009780
HTotal 0.001438 0.000000 0.017871
Hno C4

0.001433 0.000000 0.017844

Table 2: A comparison of the position of a Weyl point obtained using DFT-HSE06
and HTotal.

implying that the Weyl semimetal state is of type-2.295

Transition from type-2 to TI state: On increasing the tensile strain beyond a threshold296

value, the type-2 Weyl nodes of opposite parities merge and annihilate each other to form a297

robust TI state as described in prior work [8,9,21].298

4 Conclusions299

We have studied the effects of strain on the sub-band splitting mechanism in the 3D topological300

insulator HgTe by fitting our k.p model to a state of the art DFT calculations able to quanti-301

tatively describe the photoemission spectra. The inclusion of the higher order C4 strain terms302

in our model, which compete with the intrinsic BIA of the HgTe lattice, is crucial for under-303

standing the sub-band degeneracy breaking and results in a k-path specific sub-band splitting304

phenomenon depending on whether strain or BIA dominates.305

We apply our improved k.p model to study the topological phase transition in the Weyl306

semimetal state. Our model is consistent with the phase diagram predicted in prior research307

with the exception of the high compressive strain region, where we observe a tilted type-1308

Weyl semimetal instead of an ideal type-1 Weyl semimetal. Such a tilted Weyl semimetal state309

would be suitable for applications that require a Berry curvature dipole which results from this310

tilt.311

Our work provides a more accurate insight as to how the incorporation of symmetry break-312

ing terms such as BIA and C4 into the k.p model Hamiltonian influence the camel’s back for-313

mation in the tensile strain phase and the topological phase transition towards a Weyl phase314

as a function of strain.315
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A Definition of HKane and HPikus−Bir matrices338

HKane has been constructed in terms of the 8 orbital basis mentioned in Section 2.2 and can339

be described as340

HKane =





H6c,6c H6c,8v H6c,7v

(H6c,8v)† H8v,8v H8v,7v

(H6c,7v)† (H8v,7v)† H7v,7v



 . (A.1)

Each individual block can be expanded as follows,341

H6c,6c =

�

Ev + E0 +
ħh2k2

2m′ 0

0 Ev + E0 +
ħh2k2

2m′

�

, (A.2)

342

H6c,8v =





− 1p
2

Pk+
q

2
3 Pkz

1p
6

Pk− 0

0 − 1p
6

Pk+
q

2
3 Pkz

1p
2

Pk−



 , (A.3)

343

344

H8v,8v =







U + V S† R† 0
S U − V 0 R†

R 0 U − V −S†

0 R −S U + V






, (A.4)

345

H8v,7v =























− 1p
2
S† −

p
2R†

−
p

2V
q

3
2S†

q

3
2S

p
2V

p
2R − 1p

2
S























, (A.5)

346

H7v,7v =

�

Ev −∆0 −
ħh2

2m0
γ1k2 0

0 Ev −∆0 −
ħh2

2m0
γ1k2

�

, (A.6)

where347

U = Ev −
ħh2γ1

2m0
(k2
∥ + k2

z ), (A.7)

348

V = −
ħh2γ2

2m0
(k2
∥ − 2k2

z ), (A.8)
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349

S = 2
p

3
ħh2

2m0
γ3k+kz , (A.9)

350

R=
p

3
ħh2

2m0
γ2K̂ + 2i

p
3
ħh2

2m0
γ3kx ky , (A.10)

and where k2 = k2
x + k2

y + k2
z , k2
∥ = k2

x + k2
y , k± = kx ± iky , and K̂ = k2

x − k2
y .351

Ev represents the valence band maxima, which amounts to about 0 eV for the TI state352

and −0.0136 eV for the Weyl semimetal state. E0 represents the energy gap between the Γ6c353

bands and the Γ LH
8v light hole (LH) bands (i.e, the bands corresponding to

�

�Γ8, ±1
2

�

). We find354

that E0 = −0.37 eV for the TI state and E0 = −0.3913 eV for the Weyl semimetal state. ∆0355

represents the energy gap between the energy of the Γ8v HH bands at the Γ point and the356

Γ7v bands. It amounts to about 0.87 eV and 0.821 eV for the topological insulator and Weyl357

semimetal state, respectively. m′ is related to the free electron mass m0 via the expression358

m′ =
m0

2F + 1
, (A.11)

where F = 0.0 [16].359

γ1, γ2 and γ3 represent the Luttinger parameters. For the TI state, γ1 and γ2 show negligi-360

ble variation in their estimated mean values of about 3.804 and 0.385, respectively, whereas361

the mean value of γ3 = 1.195 varies by ±16%. Whereas, for the Weyl semimetal state,362

γ1 = 4.1, γ2 = 0.57 and γ3 = 1.23. Here P represents the expectation value of the mo-363

mentum operator p̂a with the s and pa orbitals where a = (x , y, z) and can be written as364

P = − ħhm0
〈s|p̂a|pa〉. For our calculations we set P = 8.46 eV�A.365

In the absence of shear strain, HPikus−Bir can be represented in terms of the same basis as366

HPikus−Bir=





































Tε 0 0 0 0 0 0 0
0 Tε 0 0 0 0 0 0
0 0 Uε + Vε 0 Rε 0 0 −

p
2Rε

0 0 0 Uε − Vε 0 Rε
p

2Vε 0
0 0 Rε 0 Uε − Vε 0 0 −

p
2Vε

0 0 0 Rε 0 Uε + Vε
p

2Rε 0
0 0 0

p
2Vε 0

p
2Rε Uε 0

0 0 −
p

2Rε 0
p

2Vε 0 0 Uε





































, (A.12)

where367

Tε = cs t r(ε), (A.13)
368

Uε = as t r(ε), (A.14)
369

Vε =
1
2

bs(εx x + εy y − 2εzz), (A.15)
370

Rε =
p

3
2

bs(εx x − εy y) (A.16)

in which t r(ε) = εx x + εy y + εzz (the trace of the strain tensor), and Rε = 0 as we consider371

the in-plane (kz = 0) strain to be isotropic (i.e εx x = εy y). The coefficients as, bs and cs are372

treated as constants throughout our calculations and amount to 0.0 eV, −1.5 eV and −3.83373

eV, respectively.374
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Fig. S1: (a) The 3D band structure in the ky = 0 plane depicting the type-2 Weyl
dispersion at a surface isoenergetic to the WP (gray plane) at 0.001%. (b) The topo-
logical phase diagram of HgTe as a function of strain.

B Definition of J and U matrices375

The angular momentum Ja matrices, a = (x , y, z) have been constructed in terms of the | j, m〉376

basis corresponding to the Γ8v bands.377

Jx =
1
2









0
p

3 0 0p
3 0 2 0

0 2 0
p

3
0 0

p
3 0









, (B.1)

378

Jy =
i
2









0 −
p

3 0 0p
3 0 −2 0

0 2 0 −
p

3
0 0

p
3 0









, (B.2)

379

Jz =
1
2







3 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −3






, (B.3)
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The Ua matrices, a = (x , y, z) are needed to describe the interactions between the Γ8v bands380

and the Γ6c or the Γ7v bands, respectively. They can be defined as381

Ux =
1

3
p

2









−
p

3 0
0 −1
1 0
0
p

3









, (B.4)

382

Uy =
i

3
p

2









p
3 0

0 1
1 0
0
p

3









, (B.5)

383

Uz =
p

2
3







0 0
0 1
1 0
0 0






. (B.6)

C Definition of the HBIA matrix384

HBIA can be described as385

HBIA =















0 H6c,8v
BIA H6c,7v

BIA

(H6c,8v
BIA )

† H8v,8v
BIA H8v,7v

BIA

(H6c,7v
BIA )

† (H8v,7v
BIA )

† 0















, (C.1)

where each block can be depicted in terms of the momentum (kx , ky , kz) and coefficients C ,386

B+8v , B−8v and B7v . Each of the above listed blocks can be described as387

(H6c,8v
BIA )

† =











1p
2

B+8v k−kz − 1
3
p

2
B−8v(k

2
∥ − 2k2

z )

+ 1p
6

B−8v K̂ + i
q

2
3 B+8v kx ky

1p
6
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1p
6

B+8v k+kz − 1p
6
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2
3 B+8v kx ky

1
3
p

2
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2
∥ − 2k2

z ) + 1p
2
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
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


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, (C.2)

388

H6c,7v
BIA =

�

− ip
3
B7vkx ky −

1p
3
B7vk+kz

+ 1p
3
B7vk−kz

ip
3
B7vkx ky

�

, (C.3)

389

H8v,8v
BIA =
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
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



0 −1
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p
3

2 Ck−
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1
2
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2
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3
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2
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1p
2
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p
3
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2
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 , (C.5)

From our fit to the DFT data in the TI as well as the Weyl semimetal state, we find that391

B+8v , B−8v and B7v remain constant with values of about −10.646 eV�A2, −1.377 eV�A2 and 10392

eV�A2, respectively. We find that the mean value C = 0.126 eV�A, varies by about ±10% along393

different paths in the Brillouin zone for the TI state and is about C = 0.131 eV�A for the Weyl394

semimetal state.395
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kx (�A−1) ky (�A−1) kz (�A−1) Chirality
0.001438 0.0 0.017870 +1
0.001438 0.0 -0.017870 +1
-0.001438 0.0 0.017870 +1
-0.001438 0.0 -0.017870 +1
0.0 0.001440 0.017881 -1
0.0 0.001440 -0.017881 -1
0.0 -0.001440 0.017881 -1
0.0 -0.001440 -0.017881 -1

Table 3: The Weyl points calculated at εx x = −0.5% and their associated chirality

D The topological phase diagram of HgTe as a function of strain396

Based on our study of the evolution of the Weyl semimetal state with strain, we construct a397

topological phase diagram of HgTe as a function of strain (Fig. S1(b)). Our results, obtained398

from fitting HTotal to the band structure calculated using DFT, are consistent with those pre-399

dicted in prior work [9,10], as a result of which we obtain a similar topological phase diagram,400

with the exception of a tilted type-1 Weyl semimetal instead of an ideal type-1 Weyl semimetal401

state at large compressive strains. This demonstrates that the inclusion of the C4 strain terms402

in our model does not change the topology of HgTe.403

404

E Position and chirality of Weyl nodes.405

We calculate the chirality of Weyl nodes obtained at εx x = −0.5% strain using the methodology406

described in prior work [9]. Our results are consistent with these prior studies and have been407

described in Table 3.408
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