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Abstract

We use the computer algebra system GAP to classify modular data up to
rank 12. This extends the previously obtained classification of modular data
up to rank 6. Our classification includes all the modular data from modular
tensor categories up to rank 12, with a few possible exceptions at rank 12 and
levels 5,7 and 14. Those exceptions are eliminated up to a certain bound by
an extensive finite search in place of required infinite search. Our list contains
a few potential unitary modular data which are not known to correspond
to any unitary modular tensor categories (such as those from Kac-Moody
algebra, twisted quantum doubles of finite group, as well as their Abelian anyon
condensations). It remains to be shown if those potential modular data can be
realized by modular tensor categories or not. We provide some evidence that
all may be constructed from centers of near-group categories or gauging group
symmetries of known modular tensor categories, with the exception of a total
of five cases at rank 11 (with D? = 1964.590) and 12 (with D? = 3926.660). The
classification of modular data corresponds to a classification of modular tensor
categories (up to modular isotopes which are not expected to be present at low
ranks). The classification of modular tensor categories leads to a classification
of gapped quantum phases of matter in 2-dimensional space for bosonic lattice
systems with no symmetry, as well as a classification of generalized symmetries
in 1-dimensional space.
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1 Introduction

1.1 Gapped liquid phases of quantum matter and braided fusion higher
categories

Quantum states of matter can be divided into four classes:

e Gapped liquid: All excitations have a gap and there are no low energy excitations. So
the gapped states appear to be trivial at low energies. Band insulator and quantum
Hall states are examples of gapped liquid states.

e Gapped non-liquid: All excitations also have an energy gap. But in contrast to
gapped liquid, by definition, a gapped non-liquid cannot “dissolve” product states
[1,2]. Gapped fracton states are examples of gapped non-liquid states [3,4].

e Gapless liquid: There are finitely many types of gapless low energy excitations.
Dirac/Weyl semimetal, superfluid, critical point at continuous phase transition are
examples of gapless liquid states.

e Gapless non-liquid: There are infinity many types of gapless low energy excitations.
Fermi metal, Bose metal, etc. are examples of gapless non-liquid states.

People used to believe that Landau symmetry breaking theory provides a systematic
description of gapped phases of quantum matter. In this case, group theory that de-
scribes symmetry breaking patterns provides a mathematical foundation and classification
of spontaneous symmetry breaking states.

The experimental discovery of fractional quantum Hall states suggested that Landau
symmetry breaking theory fails to describe all gapped phases. This led to the theoretical
discovery of a new order in gapped liquid states: topological order [5-7], which corre-
sponds to pattern of long range many-body entanglement [8]. But what mathematical
theory systematically describes various topological orders (i.e. patterns of long range
entanglement)?

There are two approaches:

e Ground state based: the robust degenerate ground states led to the discovery and
physical definition of topological order [5,10]. It is a striking property of topological
order that the degeneracy of ground states depends on the topology of the closed
space where the system lives. We note that the degenerate ground states give rise to a
vector bundle over the moduli space of gapped quantum systems [6,7,11]. The vector
bundle, plus many additional conditions, can form a foundation for a general theory
of topological order. We refer to this ground-state-based approach as moduli bundle
theory. We note that the holonomy of the vector bundle give rise to a projective
representation of the mapping class group of the space on which the ground states
live. Thus the degenerate ground states form a projective representation of the
mapping class group. When the space is a 2-dimensional torus, the mapping class
group is SLa(Z) and the representation (with a particular choice of basis) is called
modular data. We see that the mapping class group representations and the modular
data are the key ingredients of the moduli bundle theory.

e Excitation based: We may also use topological excitations (which is defined as ex-
citations that cannot be created individually) to describe topological orders. Those
excitations can fuse and braid. Thus one can use a non-degenerate braided (higher)
fusion category to describe topological excitations and its associated topological or-
der [12,13]. In 2-dimensional space, the topological excitations are point-like (called
anyons). They carry fractional Abelian [14-17] or non-Abelian statistics [18,19] de-
scribed by braid group representations [20,21]. Those anyons (and the associated
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Table 1: List of topological orders (TO) (up to E(8) invertible topological or-
der and up to modular isotopes) for bosonic systems with no symmetry in 2-
dimensional space, which are classified by the unitary modular data (UMD) with
increasing rank (the number of anyon types). The Abelian TOs have only Abelian
anyons (i.e. pointed simple objects). The non-Abelian TOs have at least one non-
Abelian anyon. The prime TOs cannot be viewed as stacking of two non-trivial
TOs with fewer anyon types. Such a classification also leads to a classification
of symmetry-TOs in 2-dimensional space, which classifies the generalized global
symmetries in 1-dimensional space, up to holo-equivalence [9]. Those generalized
symmetries include, but can go beyond, finite-group symmetries (with potential
anomalies). Note that the list includes all modular data, but also contain a few

potential modular data at rank 11, and 12 whose realizations are unknown (see
Table 8).

# of anyon types (rank) ‘ 1 ‘2‘3‘ 4 ‘5‘6‘7‘ 8 ‘ 9 ‘10‘11‘12‘

# of TOs (UMD) 1 |4(12| 18 [10|50(28| 64 | 81 |76|44|221

# of prime TOs (prime UMD) 1 |4|12| 8 [10|10(28] 20 | 20 |40|44]| 33

# of Abelian TOs (pointed UMD) 1121219 (|2(4(2]|20| 4 |4]2]18

# of non-Abelian TOs (non-pointed UMD) 0 [2]10] 9 |8 |46|26| 44 | 77 |72]|42|203
# of symTOs (UMTC in trivial Witt class) 11003 |0|0]0| 6|6 |3[0]|3
# of finite-group symmetries (with anomaly w) [1z, |0 0 |2z¢| 0| 0| 0 [6ss |32+ | 0 | O | O

topological orders in 2-dimensional space) are systematically describe by modular
tenor category theory. It is interesting to note that modular tensor categories were
first used to systematically describe rational conformal field theories [22]. Then
topological quantum field theories in 2-dimensional space (which contain anyons)
were shown to be closely connected to rational conformal field theory [23]. In par-
ticular, the structure of modular tenor categories in 141D conformal field theory
have a natural interpretation in terms of anyons in 2+1D topological quantum field
theory. This led to the modular tensor category description of anyons (for a review,
see Ref. [24]) and 2+1D bosonic topological orders (for a review, see Ref. [25]).

To summarize, gapped quantum liquid [1,2] phases of matter (i.e. topological orders) in
n-dimensional space are described by moduli bundle theory [6,7,11] or braided fusion n—1-
categories with trivial center [13,26]. For example, for bosonic systems with no symmetry,
there is no non-trivial gapped quantum liquid phases (i.e. no non-trivial topological order)
in 1-dimensional space [27-29], since the mapping class group of a circle, SL;(Z), is trivial.
The gapped quantum liquid phases (i.e. topological orders) in 2-dimensional space (up to
stacking of E(8) invertible topological orders), are classified by modular data for the torus
and generalized modular data for high genus surfaces [6,7, 11, 30|, or alternatively, by
unitary modular tensor categories (UMTC, which are braided fusion 1-categories with
trivial center). The gapped quantum liquid phases in 3+41-dimensions are also classified.
For example, those without emergent fermions are classified by a finite group G and its
group cohomology classes w € H*(G;R/Z) [31].

Because moduli bundle theory and non-degenerate braided fusion (higher) category
theory describe the same physical object — topological order, in this paper, we are going
apply this connection in 2-dimensional space, and use the moduli bundle approach to
classify modular tensor categories through modular data. In other words, we will use
modular data to classify modular tensor categories, up to modular isotopes. Here modular
isotopes correspond to different modular tensor categories with the same modular data.
The first example of modular isotopes is given in Ref. [32], the twisted quantum double
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Table 2: Fusion rule for rank-11 D? ~ 1964.590 potential modular data
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D% (Zy1 xZ5) of rank 49. There are no known modular isotopes at rank 12 or less. Thus, at
low ranks, a classification of modular data likely corresponds to a classification of modular
tensor categories. A classification of modular tensor categories in turn gives rise to a
classification of all gapped quantum phases of matter in 2-dimensional space (see Table

1).

1.2 Generalized symmetry and braided fusion higher categories in trivial
Witt class

After a systematic understanding of gapped phases of quantum matter, the next goal is
to have a systematic understanding of gapless liquid phases of quantum matter. This is
a wide open and much harder problem. One idea is to use emergent symmetries at low
energies to character those gapless phases, hoping to obtain a systematic understanding
via the maximal emergent symmetries [33].

It became more and more clear that emergent symmetries in gapless quantum states
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are generalized symmetries, which can be a combination of ordinary symmetry (described
by group), higher-form symmetry [34-37] (described by higher-group with only one non-
trivial layer), higher-group symmetry [36], anomalous ordinary symmetry [38-41], anoma-
lous higher symmetry [36, 37, 42-52|, beyond-anomalous symmetry [53], non-invertible
O-symmetry (in 1+1D) [54-64], non-invertible higher symmetry (which includes algebraic
higher symmetry) [9,65-67], and/or non-invertible gravitational anomaly [13, 26, 68-71].
Thus emergent symmetries can go beyond the group and higher group theory description.
It was proposed [9,53, 66,67, 70, 72-77] that the (holo-equivalent classes of) generalized
symmetries in n-dimensional space can be systematically described by topological order
(TO) with gappable boundary in one higher dimension, or equivalently by non-degenerate
braided fusion n — 1-categories in trivial Witt class. Such topological order with gappable
boundary (i.e. non-degenerate braided fusion higher category in trivial Witt class) is re-
ferred to as symmetry-TO (symTO). Thus symTO, replacing group and higher group,
describes generalized symmetry, which can be anomalous or beyond anomalous.
Classification of groups is a major achievement of modern mathematics. Such a clas-
sification is important since groups describe possible symmetries in our world. However,
from the above discussion, we see that holo-equivalent symmetries in our quantum world
are actually described by non-degenerate braided fusion higher categories in trivial Witt
class. Thus our classification of modular tensor categories also leads to a classification of
emergent generalized symmetry for quantum systems in 1-dimensional space (see Table

1).

1.3 Summary of results

In this paper, we use the GAP computer algebraic system [78] to classify modular data
up to rank 12. We focus on prime modular data, i.e. those that are not simply products
of two smaller modular data. Those prime modular data are given in Section 7, where,
for each Galois orbit, we list one modular data (an unitary one if exists). We also indicate
the MTCs that realize the modular data, if realizations are known.

From our explicit classifications, we find some exotic potential modular data which are
not realized by Kac-Moody algebras or by twisted quantum doubles, nor by their Deligne
product, their Galois conjugations, their changes of spherical structure, and their Abelian
anyon condensations [79]. We show or provide strong evidence that all but five of the
exotic potential modular data are indeed modular data that can be realized by center of
near group fusion category or gauging the automorphism of known modular data (followed
by some condensation reductions, see Section 8 for details).

One of the five potential modular data with unknown realization is labeled by 113372’?216 .
5 :
32

which has rank 11, central charge ¢ = <* mod 8, and total quantum dimension D? ~

1964.590. We do not know for sure if 112’518916 A is a modular data or not. The topological
5 :

spins and quantum dimensions for such a potential modular data are given by
5 =0,2,2 32135631

7357357357570 7775050

di =1, %(5+2\/5+\/7(5+2\/5)),%(5+2\/5+\/7(5+2\/)),%(5+2\/5+\/7(5+2\/5)),
§(9+5\/5+,/14(25+11\/5)),§(11+7\/5+\/14 25+11f) §(15+7\/5+ 14(25+11\/5)),

(15+7\/5+ 14(25+11\/5)),§(15+7\/5+\/1425+11f), (21+7¢5+ 14(65+29\/5)),

1 (19 +9v5 + 1/14(65 + 29\/5)).
The S matrices is given in Section 7.5, and fusion by Table 2. The higher central charges
[80] are 1, (2, —C3, —C5, =G5, 8, —C, G5y =G5y =Gy 8, €, =GB, =G5, —C2, 3, 3, =GR, —Gs,
Gy 8 =G, =, =Gy Gh gy —Gh =G, B —Gs, 5. (3, —C3, =G5 (5. Such a potential
modular data has no non-trivial condensable algebra. There are three other potential
modular data at rank 12 whose realizations are unknown. Those potential modular data
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have central charge ¢ = 0 mod 8 and total quantum dimension D? ~ 3926.660 (see Section

7.6).

2 The necessary conditions on modular data

Modular data is an important invariant of MTC. In the following, we list necessary con-
ditions on modular data. We will use those conditions, trying to classify modular data.
Many conditions are well-known and can be found in, e.g. [81].

Proposition 2.1. The modular data (S,T) of an MTC satisfies:

1. S, T are symmetric complex matrices, indexed by i,j =1,...,r.}

2. T is unitary, diagonal, and T1; = 1.
3. Sy1=1. Letd; = S1; and D = m (the positive root). Then
SST = D?d, (1)
and the d; € R.

4. Si;j are cyclotomic integers in Qord(T)2 [82]. The ratios S;j/S1; are cyclotomic inte-
gers for all i,j [83]. Also there is a j such that S;;j/S1; € [1,+00) for all i [84].

5. Let 0; = Ty and py = Y.i_, d2(0;)'. Then py/p_ is a root of unity, and p; =
De'?m¢/8 for some rational number ¢.?> Moreover, the modular data (S,T) is associ-
ated with a projective SLo(Z) representation, since:

2
(ST)3 = pyS?, % =C, C?’=id, (2)

where C' is a permutation matriz satisfying
Tr(C) > 0. (3)

6. D is a cyclotomic integer. D%/ ord(T) is an algebraic integer, which is also a cyclo-
tomic integer [85]. D/d; are cyclotomic integers (see Lemma 5.4).

7. Cauchy Theorem [86]: The set of prime divisors of ord(T) coincides with the prime
divisors of norm(D?).* The prime divisors of norm(D) and ord(T) coincide. The
prime divisors of norm(D/d;) are part of those of ord(T).

8. Verlinde formula (cf. [87]) :

r *
N — é Z Szibl;zljSlk N, ()
=1
where 1,5,k =1,2,...,7 and N is the set of non-negative integers.> The ij satisfy
Ny =Gy, (5)
which defines a charge conjugation i — i via
Ny =65 (6)

The index also labels the simple objects in the MTC, with ¢ = 1 corresponding to the unit object, and
r is the rank of the modular data and the MTC.

2Here Q,, denotes the field Q((y,) for a primitive nth root of unity ¢,

3The central charge c of the modular data and of the MTC is only defined modulo 8.

“Here norm(z) is the product of the distinct Galois conjugates of the algebraic number .

5The N,ij are called the fusion coefficients.
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9. Letn € Ny. The n'* Frobenius-Schur indicator of the i-th simple object

va(i) = D72 " N*(d;07)(dy0})" (7)
5.k

is a cyclotomic integer whose conductor divides n and ord(T) [88, 89]. The 1st
Frobenius-Schur indicator satisfies v1(i) = 6;1 while the 2nd Frobenius-Schur indi-
cator vo(i) satisfies vo(i) = 0 if i # i, and v2(i) = £1 if i =1 (see [88, 90, 91]).

10. The twists, fusion coefficients and S-matriz entries satisfy the balancing equation®:
_ ij YiYj
Sij=>_ N,zjg—kdk. (8)

Based on a physics argument, Ref. [11] conjectured that modular data also satisfy
¢D,/2€Z forg>3, Dy=Y"(D/d)*V, g=0,1,234,---. (9)
i
We note that d% are real cyclotomic integers. The Galois conjugation of £

d;
D ) = d%_). Thus D, is a cyclotomic integer that is invariant under all

just permutes

d;
Galois conjugations, which implies that D, is a positive integer. In fact, Dy is the ground
state degeneracy of the corresponding topological order on genus g Riemann surface. We
find that both the unitary and non-unitary modular data that we obtained satisfy the
above condition, although the condition is argued for unitary topological orders. For
g = 2, the condition ¢ Dy/2 € Z is not satisfied. But a weaker condition

cDye”Z (10)

the i-indices: o

is satisfied by all the unitary and non-unitary modular data that we obtained, as well as
by unitary modular data constructed from Kac-Moody algebras up to rank 200. Also,
Ref. [92] showed that

c¢Dy D?/2 = ¢r D°/2 = cyclotomic integers. (11)

This generalizes the above result to ¢ = 1 case. The unitary and non-unitary modular
data that we obtained actually satisfy a stronger condition

¢ D /2 = cyclotomic integers. (12)

From (2), we see that the modular data (S, T) is closely related to the SLa(Z) represen-
tations. We are going to use this relation to classify modular data. Let us first summarize

0 -1 11
some important facts about SLy(Z) representations. Let s = [ ] ,t= [ ] be the
1 0 0 1

standard generators of SLy(Z). This admits the presentation:
SLe(Z) = (s, t| s* = id, (st) = 5?). (13)

We note that for any positive integer n, the reduction Z — Z,, defines a surjective group
homomorphism 7, : SLa(Z) — SL2(Z/nZ). Thus, a representation of SLa(Z/nZ) is also a
representation of SLa(Z), which will be called a congruence representation of SLa(Z) in this
paper. It is immediate to see that a representation of SLa(Z/nZ) is also a SLa(Z/mnZ)
representation for any positive integer m. The smallest positive integer n such that a
congruence representation p of SLa(Z) factors through 7, : SLa(Z) — SLa(Z/nZ) is called
the level of p. It is known that the level n = ord(p(t)) (cf. [93, Lem. A.1]). Here ord(t) is
defined as:

5This holds more generally in ribbon fusion categories, i.e. premodular categories.
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Definition 2.2. Let ¢t be any matrix over C. The smallest positive integer n such that
t" = id is called the order of t, and denoted by ord(t) := n. If such integer does not exist,
we define ord(t) := oo.

Similarly

Definition 2.3. Let ¢t be any matrix over C. The smallest positive integer n such that
t" = aid for some a € C* is called the projective order of t, and denoted by pord(t) := n.
If such integer does not exist, we define pord(t) := oo.

We can organize the finite level irreducible representations of SLa(Z) by the level and
the dimension of the representations. Due to the Chinese remainder theorem, if the level
of a irreducible representation p factors as n = [], pf" where p; are distinct primes, then
p = ), pi where p; are level pfi representations. Thus we can construct all irreducible
SL2(Z) representations as tensor products of irreducible SLy(Z) representations of prime-
power levels, which in turn, yields a construction of all semisimple SLo(Z) representations
p via direct sums of the irreducible representations.

Define Q,, = Q({,) to be the cyclotomic field of order n. For any positive integer n, we
can construct a faithful representation D,, : Gal(Q,) — SL2(Z/nZ), which identifies the
Galois group Gal(Q,) = ZX with the diagonal subgroup of SLg(Z/nZ) [93, Remark 4.5].
More generally, for any o € Gal(Q), 0(Q,,) = Q, and so there exists an integer a (unique
modulo n) such that o(¢,) = (¢ and

0
Dy (o) := t%st¥st% ! = (g b) € SLy(Z/nZ), (14)

where b satisfies ab =1 mod n. If p is a level n representation of SLy(Z), the composition

D,(0) i= po Dy(0) (15)

defines a representation of Gal(Q). We may also write D, (c) as Dy(a). Such a represen-
tation of Galois group captures the Galois conjugation action on SLy(Z) representations
of modular data, and plays a very important role in our classification. In other words,
in our classification, we look for some SLa(Z) representations such that D,(a) is a signed
permutation matrix.

—

We also note that the 1-dimensional representations of SLa(Z), denoted as SLa(Z),

form a cyclic group of order 12 under tensor product. We will take x € SLg(Z) defined
by x(t) = (12 to be the generator, where ¢, := e?™i/7 and (fi ;= e2™1k/n  Under this
convention, every 1-dimensional representation of SLo(Z) is equivalent to x® for some
integer «, unique modulo 12:

X*(s) = (3, X)) = ¢ (16)

From a modular data, we can obtain a particular type of SLa(Z) representations, called
MD representations. From a MD representation, we can also obtain its corresponding
modular data. Thus we can classify modular data by classifying MD representations. In
the following, we describe the detailed relation between modular data and MD representa-
tions, and the necessary conditions for a SLy(Z) representation to be a MD representation.
Many of the following collection of results on MD representations were proved in [82,93]:

Proposition 2.4. Given a modular data S,T of rank r, let p, be any one of its MD
representations, which is defined as

o e S e
pa(s) = PCZe%gp*PT’ pa(t) = P(He P HTPT (€ Zp), (17)
+

where a = 0,1,--- ,11 and P s a permutation matriz. Then, there exists a rational
number ¢ (called central charge), such that po for all a has the following properties:
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10.

. Pa 18 an unitary and symmetric matriz representation of SLa(Z) with level ord(pq(t)),

and ord(T") | ord(pa(t)) | 120rd(T) .

. The conductor of the elements of pa(s) divides ord(pa(t)).

. If pa is equivalent to a direct sum of two SLa(Z) representations

Pa = pop, (18)
then the eigenvalues of p(t) and p'(t) must overlap. This implies that if p, = p &
X1 D - D xe for some 1-dimensional representations x1,...,Xe, then x1,---Xx¢ are

the same 1-dimensional representation.

. Suppose that po, = p & lx for an irreducible representation p with non-degenerate

p(t), and an 1-dimensional representation x. If £ # 2dim(p) — 1 or £ > 1, then
(p(s)x(s)™")* =id.

. P Satisfies

Pa F NP (19)

for any integer n > 1 and any representation p such that p(t) is non-degenerate.

. If pa(s)? = +id (i.e. if the modular data or MTC is self dual), pord(pa(t)) is a

prime and satisfies pord(pa(t)) = 1 mod 4, then the representation p, cannot be a
direct sum of a d-dimensional irreducible Sla(Z) representation and two or more
1-dimensional SLa(Z) representations with d = (p+1)/2.

. Let 3 < p < q be prime such that pg =3 mod 4 and pord(ps(t)) = pq, then the rank

r# P41, Moreover, if p > 5, rank r > 234 + 1.

The number of self dual objects is greater than 0. Thus

Tr(pa(s)?) # 0. (20)
Since Tr(pa(s)?) # 0, let us introduce
r(pa(5)?
= 2

The above C is the charge conjugation operator of MTC, i.e. C is a permutation
matriz of order 2. In particular, Tr(C') is the number of self dual objects. Also, for
each eigenvalue 0 of py(t),

Trz(C) 2 0, (22)
where Try is the trace in the degenerate subspace of pa(t) with eigenvalue 6.
If the modular data is integral and ord(pa(t)) = odd, then
TH(C) = Tr(p(s) = 1, (23)
i.e. the unit object is the only self-dual object.

For any Galois conjugation o in Gal(Qurd(p, (1)), there is a permutation of the in-
dices, i — 6(i), and €,(i) € {1,—1}, such that

7 (Pa(9)i) = €o(1)pal8)si) j = Pa(s)is(ea(d) (24)
o (/’a(t)m) = pa(t)s(i).6(i) (25)
for alli,j.

10
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11. For any integer a coprime to n = ord(ps(t)), we define

D, (a) := pa(t®st’st®s~1) = D, _(a + ord(pa(1))),
where ab=1 mod ord(ps(t)). (26)

For any o € Gal(Q,,), o(¢n) = ¢ for some unique integer a modulo n. We define

D, (o) :=D,,(a). (27)

By [93, Theorem II], D, : Gal(Q,) = (Z,)* — GL,(C) is a representation equiva-
lent to the restriction of po on the diagonal subgroup of SLa(Z/nZ). D, (o) in (27)
must be a signed permutation

(Dpa( )) 4,j — 60( )60'(1),] (28>

and satisfies

pa(0)pals) = pa(ﬁ)D;—a (o),
pa(0)Pa(O)D,, (0) (29)

12. There exists a u such that po(s)yy # 0 and

(
Pa(8)ij  pal8)i

i Poz(s)
o\ )ui 07 J € oor ) J € Qor
1Y ( ) 7& (5)uu pa( ) d(T) pa(s)z’] d(T
z] pa lzpa s)l]pa( B )lk
€ N.
Z Pa(8)iu
Vz,],k:1,2,..., T, (30)

(The index u corresponds the unit object of MTC). Here, Qqqr) is the field of
cyclotomic number and Oq.q(7) is the ring of cyclotomic integer. Also, pa(s)ui for
i€ {l,---,r} are either all real or all imaginary.

13. Let n € N. The n'™ Frobenius-Schur indicator of the i-th simple object

r—1
Vn Z N]kpa )Jue [pa(8)kub]” Z N]kpa(tn )juba(t™"s 1)ku
J,k 0 J,k=0
l 5 Ik _
pa ]Pa 5) pa( ) o (fn )]uﬂa(t ng 1)ku
j.k1=0
1 _
TZ pa 5t 5 lupa 5t "5 l)lupa(5 l)li (31)
=0 Pa ()

is a cyclotomic integer whose conductor divides n and ord(T'). The 1st Frobenius-
Schur indicator satisfies v1(i) = d;,, while the 2nd Frobenius-Schur indicator vo(i)
satisfies vo(i) = +pa(52)i (see [89-91])).

The above condition can also be rewritten as

Po(8)u Z Pa(8)1iVn (i) = pa(st"5)1upa (5tin571>lu (32)

Summing over I, we obtain

Zcmyn =Cuw = Cutn(w) = Cuy — vplu) =1 (33)

11
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After a signed-diagonal conjugation Vij = v;0;; that changes pa(s)i; to ppmp(8)ij, we

find

PpMD (8) 1, Z PoMD (8)1iVn (1) Vivy = ppaD (5875) 1w ppnp (565 1)
7

PpMD(8) 14 Z poup (8)12MP (i) = poup (5t75) 1uppmp (56" )y
i

VﬁMD(i)vivu = Un (1), VﬁMD(u) =1, VﬁMD(u) = j:ppMD(EQ)ii (34)

Here we like to remark that the condition involving central charge
T
Py = ngezztl7 Py = De:t127rc/8’ (35)
i=1

is not a new condition. It comes from the SLa(Z) condition. First, (17) can be rewritten
as

) = eQWiSW

s palt) = €51 o (8)/ pa (V) (36)
P+

Pals

for a ¢ € Q. We find pg(t)yy = ef%i%, which allows us to rewrite (36) as

T

3 _ 3 Pa(8)iu\2 pa(t)ii
Pa (ﬁ)uupa(t)uup-i— - pa(ﬁ)uupa(t)uu ; (pa(ﬁ)uu> e (t)uu - 1, (37)

and becomes an condition on ps(s), pa(t). But this is not a new condition, since the above
can be rewritten as

Pi (D Z Pa(8)uipa(8)iupa(t)ii = pa(8)uu or (pa(t>pa (5)pa(t)f)a(5)pa(t))uu = pa(8)uu;
- (38)

which is a consequence of SLo(Z) representation.

Using the irreducible SLo(Z) representations obtained by GAP package SL2Reps, we
can explicitly constructed all unitary representations of SLy(Z) (up to unitary equivalence).
However, this only gives the SLy(Z) representations in some arbitrary basis, not in the basis
yielding MD representations (i.e. satisfying Proposition 2.4), since MD representations
are SLo(Z) representations in a particular basis.

We can improve the situation by choosing a basis to make p(t) diagonal and p(s)
symmetric. We can choose more special bases to make the SLy(Z) representations closer
to the basis of MD representations. Since we are going to use several types of bases, let
us define these choices:

Definition 2.5. An unitary SLa(Z) representations p is called a general SLy(Z) matrix
representations if p(t) is diagonal 7. A general SLa(Z) matriz representation p is called
symmetric if p(s) is symmetric. An general SLa(Z) matriz representation p is called
irrep-sum if p(s), p(t) are matriz-direct sum of irreducible SLa(Z) representations. An
SLo(Z) matriz representations p is called an SLo(Z) representation of modular data
S, T, if p is unitarily equivalent to an MD representation of the modular data, i.e.,

al

pls) = e T _UsSUt, pt) =UTUT (i H12), 39
D

"We will consider only SL2(Z) matrix representations with diagonal 5(t) in this paper.

12
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for some unitary matriz U and o € Z12, where c is the central charge.® An SLo(Z) matriz
representations ppmp s called pseudo MD (pMD) representation, if pomp s related to
an MD representation of the modular data via a conjugation of a signed diagonal matriz

Vo

e 1 s (=€ (0]
ppup(s) = er27“z5 VSV,  ppup(t) = VTV i(Git+iz), (40)

We find that all irreducible unitary representations of SLg(Z) are unitarily equivalent
to symmetric matrix representations of SLo(Z). We will start with those symmetric matrix
representations to obtain a classification of modular data.

3 Our strategy

We will use the following strategy to classify modular data of a given rank.

1. Obtain all the irreducible representations of dimensions up to the rank r, using
GAP package SL2Reps created by Siu-Hung Ng, Yilong Wang, and Samuel Wilson.
Then construct all the dimension-r representations, pisum, from those irreducible
representations.

2. Using some conditions (see Section 4), to reject the representations that are not
unitarily equivalent to MD representations.

3. For the remain representations pisum, find all the unitary matrices U that transform
them to pMD representations (see Section 5):

PpMD = UpisumUT- (41)

Reject those representations for which the unitary matrices U do not exist. This is
the most difficult step, since we need to find finite solutions from infinite possibilities
of unitary U.

The key is to generate many conditions on the unitary U, so that the number of
the solutions of those condition is finite. To achieve this, we first consider all the
possible D,(0)’s (see Section 5.6.1) and unit-row index u. Since D,(o)’s are signed
permutations, those possibilities are finite. Once D,(c) and u are known, we can
use them to obtain many conditions on U, in addition to the unitary conditions.

Also, from D,(c), we can determine if the corresponding MTC is integral or not.
This allows us to use two different approaches to handle integral cases (see Section
6) and non-integral cases (see Section 5) separately. The integral and non-integral
cases are quite different, and require different approaches to handle them.

Once we know the unit-row index u, we can obtain conditions on U from the second
Frobenius-Schur indicator (see (31)). Also norm(p(s)yi) = ¢; are inverse of integers.
If we can isolate the polynomial conditions that depend only on ¢;’s (see Section
5.6.4), then we can use the generalized Egyptian-fraction method to solve ¢;’s (see
Section 5.6.7). Those are important tricks that make our calculation possible.

4. Find all the signed permutations Py, that transform the pMD representations to
MD representations:

PpMD (5) T PpMD (‘L) T
S=Peypn——-2—<P.,, T=Pey——"-"L—_P. . 42
% (PpMD )uu(s) " e (PpMD )uu (t) %" (42)

8Note that D? is always positive and D in (39) is the positive root of D2, even for non-unitary cases.
9A signed diagonal matrix is a diagonal matrix with diagonal elements +1.

13
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This step is easy, since the number of possible signed permutations is finite. We just
search all the signed permutations so that the resulting S, 7T satisfy the conditions
for modular data. The signed permutations have the form P, = PVyq, where P is
a permutation matrix and Viq is a signed diagonal matrix. We may fix P and only
search for Viq. From the Verlinde formula (30), we know how N, transform under

the conjugation of Vyq. This allows us to find Vyq that make N, ,ij non-negative.

4 Candidate representations of modular data from SLy(Z)
representations

We note that different choices of orthogonal basis give rise to different matrix represen-
tations of SLy(Z). The modular data S,T are obtained from some particular choices of
the basis. Some properties of the MD representations of a modular data do not depend
on the choices of basis in the eigenspaces of p(t) (induced by the block-diagonal unitary
transformation U in (40) that leaves p(t) invariant). Those properties remain valid for
any general SLy(Z) representations p of the modular data. In the following, we collect the
basis-independent conditions on the SLy(Z) matrix representations of modular data. This
will help us to narrow the list of SLy(Z) representations that are related modular data.

Proposition 4.1. Let p be a general SLa(Z) matrix representations of a modular data or
a MTC. Then p must satisfy the following conditions:

1. If p is a direct sum of two SLy(Z) representations
pEp@p, (43)
then the diagonals entries of p(t) and p'(t) must overlap.

2. Suppose that p = p@ Lx for an irreducible representation p with p(t) non-degenerate,
and a character x. If { # 1 and £ # 2dim(p) — 1, then (p(s)x(s)1)? = id.

3. If p(s)? = +id, and pord(p(t)) = 1 mod 4 and is a prime, then the representation
p cannot be a direct sum of a d-dimensional irreducible SLa(Z) representation and
two or more 1-dimensional SLa(Z) representations with d = (pord(p(t)) +1)/2.

4. p satisfies
pF np (44)
for any integer n > 1 and any representation p such that p(t) is non-degenerate.

5. Let 3 < p < q be primes such that pg =3 mod 4 and pord(p(t)) = pq, then the rank
r# pzﬂ + 1. Moreover, if p > 5, rank r > pQﬂ +1.

Some other properties of an MD representation do depend on the choice of basis.
To make use of those properties, we can construct some combinations of p(s)’s that are
invariant under the block-diagonal unitary transformation U.

The eigenvalues of 5(t) partition the indices of the basis vectors. To construct the
invariant combinations of p(s), for any eigenvalue 6 of p(t), let

I; = {i| V) = 6}, (45)

14
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Let I = I3, J = Jz, K = K, for some eigenvalues é, 0, 0" of p(t). We see that the
following uniform polynomials of j(s) are invariant

Pr(p(s)) = Trp(s) 11 = Y pls)ii,

iel
Pri(p(s)) = Trp(s)p(s)sr = > 4(8)iipls)jis (46)
icljeJ
Prik(p(s)) = Tep(s)rap(s)axp(s)kr = Y p(8)igd(8)jkp(8)k,i-
i€l jel ke K

Certainly we can construction many other invariant uniform polynomials in the similar
way. Using those invariant uniform polynomials, we have the following results

Proposition 4.2. Let p be a general SLo(Z) representations of a modular data or a MTC.
Then following statements hold:

1. p(s) satisfies

To(p(s)?) € 2\ {0}. (a7)
Let
e
“= e )
For all I,
Pi(C) > 0. (49)

2. The conductor of Poaq(p(s)) divides ord(p(t)) for all the invariant uniform polyno-
mials Pogq with odd powers of p(s) (such as Pr and Pryi in (46)). The conductor
of Peven(p(5)) divides pord(p(t)) for all the invariant uniform polynomials Peyen with
even powers of p(s) (such as Pry in (46)).

3. For any Galois conjugation o € Gal(Qord(p(t))), there is a permutation on the set
{I}, I — (1), such that

o (01) = Os(n), (50)
forallI,J.

4. For any invariant uniform polynomials P (such as those in (46))
oP(3(s)) = P(op(s)) = P(5()(5)5(0)5()5(8)°) (51)

where o € Gal(Qqura(p(t))), and a,b are given by o(ei2m/ord(p()) = gai2r/ord(p(t)) gy
ab =1 mod ord(p(t)).

Instead of constructing invariants, there is another way to make use of the properties
of an MD representation that depend on the choices of basis. We can choose a more
special basis, so that the basis is closer to the basis that leads to the MD representation.
For example, we can choose a basis to make p(s) symmetric (i.e. to make p a symmetric
representation).

Now consider a symmetric SLa(Z) matrix representation g of a modular data or a MTC.
We find that the restriction of the unitary U in (40) on the non-degenerate subspace (see
Ref. [94] Theorem 3.4) must be a signed diagonal matrix. In this case some properties
of MD representation apply to the blocks of the symmetric representation within the
non-degenerate subspace. This allows us to obtain

15
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Proposition 4.3. Let p be a symmetric SLo(Z) representations equivalent to an MD
representation. Let

Indeg :={i | p(t)i;s is a non-degenerate eigenvalue}, (52)

Then there exists an orthogonal U such that UpU" is a pMD representation, and the
following statements hold:

1. The conductor of (Up(s)U");; divides ord(p(t)) for all i,j. This implies that the
conductor of (p(s));; divides ord(p(t)) for alli,j € Indeg-

2. For any Galois conjugation o in Gal(Qura(zv))), there is a permutation i — &(i),
such that

o((Up(s)U )i j) = €a(i)(UBE)U sy = UEU ) 55160 (4)
o (P(t)ii) = P(Vs(1).60i): (53)
for alli,j, where €,(i) € {1,—1}. This implies that
o (p(s)ig) = p(8)s(i); or o(p(s)ij) = —p(s)s(i),
o (p(s)ij) = p(s)isiy or o(p(8)ij) =—p(8)is0) (54)

for all i,j € Ingeg. This also implies that D5(o) defined in (27) is a signed permu-
tation matriz in the Ingeg block, i.e. (Dz(0))i; fori,j € Inaeg are matriz elements
of a signed permutation matriz.

8. For alli,j,

o (Up)U)iz) = (U0 (s)p(8)"(s)p()"U ") (55)

7:7j

where o € Gal(Qqrq(zt))), and a,b are given by o(ei2r/ord(p()) = gai2n/ord(p(t)) g4y

ab =1 mod ord(p(t)). This implies that
o ((A(s))i5) = (A()*5(s)a()°(s)p(1)"), - (56)
for all i,j € Ingeg-

4. Both T and p(t) are diagonal, and without loss of generality, we may assume p(t) is
a scalar multiple of T'. In this case U in (40) is a block diagonal matriz preserving
the eigenspaces of p(t). Let Inonzero = {i} be a set of indices such that the i*h row
of Up(s)U" contains no zeros for some othorgonal U satisfying Up()U"T = p(t).
The index for the unit object of MTC must be in Lyonzero- Thus Inonzero must be
nonempty:

IIIOHZEI‘O % @ (57)

5. Let Iy be a set of indices for an eigenspace Eg of p(t)

Iy = {i | p(t)i; = 0}. (58)
Then there exists a Ig such that

I5N Inongero # O and Trp C' > 0, (59)

where C is given in (48).
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Table 3: The numbers of the candidate irrep-sum SLo(Z) representations for each
rank.

rank 213(4/5|16| 7 |89 |10 | 11 | 12
number of reps |2 (49|20 |57 |106 | 258|533 (1210|2374 | 5288

It is very helpful to determine if a SLa(Z) representation gives rise to an integral MTC
or not. This is because integral MTCs satisfy more conditions.

Theorem 4.4. Let p be a representations of SLa(Z). If u™ row of p is the unit row,
and D5(0)uu = 1 for all o € Gal(Qura(p(r))/Q), then p is either equivalent to an MD
representation pyp of integral MTC or is not equivalent to any MD representation.

The above result comes from Eq. (28). D5(0)yu = %1 implies that D, (0)uu = £1,
which in turn implies that 6(u) = u. Then Eq. (24) implies that, for the corresponding
MD representation pyp of p,

i (pMD@)ij) IRIQLIOY (60)

pMD(5)iu/  PMD(8) o (i)u
for all i, j, and hence o(d;) = d; for all o € Gal(Qura(5(1))/Q), where d; = % is the
quantum dimension. Thus, d; are integral, and the corresponding MTC is integral, if it
exists. If we do not know the unit row, then we have

Theorem 4.5. Let {ﬁ}nomem is a set the eigenvalues of p(t), 5, such that 0 is a 2/th
root of unity and I has a non-empty overlap with Iyonzero- If Dﬁ((f)[g = =id for all

o € Gal(Qora(zt))/Q) and for all 0 in {g}nonzem, then p is either equivalent to an MD
representation of integral MTC or is not equivalent to any MD representation.

We also have

Theorem 4.6. If a SLy(Z) representation p satisfies pord(p(t)) = ord(T") € {2,3,4,6},
then p is either equivalent to an MD representation of integral MTC or is not equivalent
to any MD representation.

Using GAP System for Computational Discrete Algebra, we obtain a list of symmetric
irrep-sum SLy(Z) matrix representations that satisfy the conditions in Propositions 4.1,
4.2, and 4.3. Also, our list only includes one representive for each orbit generated by
Galois conjugations and tensoring 1-dim SLg(Z) representations. The numbers of those
candidate irrep-sum SLo(Z) representations for each rank are given in Table 3.

Some of those symmetric irrep-sum SLo(Z) matrix representations are representations
of modular data, while others are not. However, the list includes all the symmetric irrep-
sum SLg(Z) matrix representations of modular data or MTC’s. In the next section, we
will use GAP group to determine which of those irrep-sum representations can give rise to
modular data, and which should be rejected. However, there are a few cases at rank-12 are
hard to handle. We have to use extensive search to reject those cases with high likelyhood.
Those calculations are presented in the first few sections of the Appendix.

5 Candidate pMD representations from SL,(Z) representa-
tions

Our SL2(Z) representation p has a form of direct sum of irreducible representations: p =
pisum- We have chosen a special basis in the eigenspaces of a SLy(Z) matrix representation
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Pisum t0 make pisum(§) symmetric. But such a special basis is still not special enough to
make pisum to be a MD representation p,.

We can choose a more special basis to make pisym (52) a signed permutation matrix, in
addition to making pisum(5) symmetric. We know that, for a MD representation pa, p(s?)
is a signed permutation matrix. So the new special basis makes pigum closer to the MD
representation p.

We can choose an even more special basis in the eigenspaces of pigum () to make pisum
into a pseudo MD representation that differs from a MD representation p, only by the
conjugation of a signed diagonal matrix Viq: ppmp = Vsdpa Vsa. Pseudo MD representation
has a property that the matrix D, (o) defined in (26) are signed permutations.

We would like to point out that, since both pisum and ppmp are symmetric SLy(Z) ma-
trix representations that are related by an unitary transformation, according to Theorem
3.4 in Ref. [94], they can be related by an orthogonal transformation. An generic or-
thogonal transformation contains continuous real parameters. This leads to infinite many
potential pseudo MD representations ppvp and infinite many potential MD representa-
tions p,. This makes it impossible to check one-by-one, if those potential p,’s are indeed
MD representations.

However, when eigenspaces of pigum(t) are all 1-dimensional (i.e. non-degenerate), the
orthogonal matrices U that transform pisum to ppmp must be an identity matrix, up to
signed diagonal matrices. This leads to only a finite many potential MD representations
Pa- We can then check each of the possible p,’s, to see if it is a MD representation.

Even if some eigenspaces of pisum (t) are degenerate, under certain conditions, the num-
ber of orthogonal transformations U that transform D, (o) into signed permutations
Dy yp (o) can still be finite. Let I is the set of indices for the degenerate eigenspace of
ppMD (t) with eigenvalue 6. Let us consider D, (o) in the Ip-block, which are denoted
as Dy_..(0)1,.1,- If the common eigenspaces for D, (o), 1, with different o’s are non-
degenerate, then there is only a finite number of orthogonal transformations in the Iy
block, Uy, 1,, that transform D), . (o) into signed permutations D, ., (o).

5.1 Cases where D, (o), are signed diagonal matrices with non-
1Isum ?
degenerate common eigenspaces

For example, when the non-zero D, . (0)r, 1, are signed diagonal matrices with non-
degenerate common eigenspaces, the most general orthogonal matrices Uy, 1, have only a
finite number of choices. They must be either an identity matrix, or a combinations of
+45° rotations among various pairs of indices, up to signed diagonal matrices,

Let us consider a concrete case. In a 3-dimensional eigenspace of pigum (t), the non-zero
D,.....(0)’s may generate a 3 x 3 matrix groups MG, given by

100\ /=1 0 o\ /1 0o o\ /(-1 0 0
MG={010,0—10,0—10,010}. (61)
00 1 o o 1/ \o o 1 0 0 1

To find the most general orthogonal matrices that transform the above 3 x 3 matrices in
MG into signed permutation matrices, we first show

Theorem 5.1. If P is a permutation matriz with P? = id, then P is a direct sum of
2x 2 and 1 x 1 matrices. If Psgn 15 a signed permutation matriz with PSan =id, then Psgn
s a direct sum of 2 X 2 and 1 x 1 matrices. The 2 x 2 matrices are the £45° rotations
mentioned above.

Proof of Theorem 5.1. If P is a permutation matrix with P? = id, P must be a pair-wise
permutation, and thus P is a direct sum of 2 x 2 and 1 x 1 matrices. The reduction from
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signed permutation matrix to permutation matrix by ignoring the signs is homomorphism
of the matrix product. If Py, is a signed permutation matrix with PSan = id, its reduction
given rise to a permutation matrix P with P? = id. Since P is a direct sum of 2 x 2 and
1 x 1 matrices, Pygp is also a direct sum of 2 x 2 and 1 x 1 matrices. ]

Using the above result, we can show that the most general orthogonal matrices that
transform all D, (0inv)|g;’s into signed permutations must have one of the following
forms

1 1 0 -1 1 0
PV PV
U= 1 -1 0f,or U= 1 ,
V2 V2
0 0 1 0 0 1
10 1 -1 0 1
PV PV
or U= 01 0 |,or U= 0O 1 01,
V2 V2
1 0 —1 1 0 1
. 10 0 . 1 0 0
oo U=—"2 o1 1|, v=" 0 21 1],
V2 V2
01 -1 0 1 1
100
or U=PVaql|lo 1 0]. (62)
001

where Vyq are signed diagonal matrices, and P are permutation matrices. We note that
the non-trivial part of U is a 2 x 2 block for index (1, 2), (1,3), and (2,3). The 2 x 2 block

has three possibilities
10 1 (1 1 1 (-1 1
) = ) = . (63)
0 1 V2 \1 -1 V2 1 1

This is a general pattern that apply for cases when the non-zero D, (o)1, 1, are signed
diagonal matrices with non-degenerate common eigenspaces.

Some times, the non-zero D, (0)r, 1, are not signed diagonal matrices. We need to
examine those cases individually.

5.2 Within a 2-dimensional eigenspace of pisum(t)

In this case, the matrix groups M G generated by non-zero 2-by-2 matrices, D, (o)1,.1,,
can have several different forms, for those passing representations. By examine the com-
puter results, we find that matrix groups MG can be

1 0
MG = { }, for dim(pisum) > 5;
0 1

10 10 o
MG = { <0 1) , — (O 1) }, for dim(pisum) > 6. (64)

Those D,,..(0)1,,1,’s have degenerate common eigenspaces. Thus the resulting Ug, 1,’s
have continuous parameters and are not finite many.
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We also have

1 0 1 0
MG = { , }, for dim(pisum) > 4;
0 1 0 -1

10 10\ (1 o0 ~1 0 o
N Y WA Y G PR

In those two cases

1 (1 1 1 (-1 1 10
U:\@(1 _1) or U:\@<1 1) or Uz(o 1) (66)

will transform all D, (oinv)1,,1,’s into signed permutations. In general we have

Theorem 5.2. Let

mao={(32)-) °))
vo (o )66 )G e

The most general orthogonal matrices that transform all matrices in MGo or MGy into
signed permutations must have one of the following forms

PV (1 1 PVy (-1 1 10
U= L orU =X . orU = PVy (68)
Vv2 \1 -1 vV2 L1 1 0 1

where Vyq are signed diagonal matrices, and P are permutation matrices. The number of
the orthogonal transformations U is finite.

Proof of Theorem 5.2. We only need to consider the first matrix group M Go, where the
matrix group is isomorphic to the Zs group. There are only four matrix groups formed
by 2-dimensional signed permutations matrices, that are isomorphic Zs. The four matrix
groups are generated by the following four generators respectively:

AN N

An orthogonal transformation U that transforms MG to one of the above matrix groups
must have a from U = VU, where V transforms MG5 into itself, and Uy is a fixed
orthogonal transformation that transforms MGy to one of the above matrix groups. We
can choose Uy to have the following form

P (1 1 P (-1 1 10
Up=— ,or Uy = — ,orUy=P . 70
0 x/§<1 —1) 0 x/§<1 1) ’ (0 1) (70)

To keep MG unchanged V must satisfy

(1 0 ) (1 0 )
v - 1% (71)
0 —1 0 —1

We find that V must be diagonal. Thus V, as an orthogonal matrix, must be signed
diagonal. This gives us the result (68). O
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If dim(pisum) > 8, it is possible that the matrix group of D
by the following non-diagonal matrix

(0)1,,1,’s is generated

Pisum

0 -1
+ (72)
1 0
This is because the direct sum decomposition of pisum contains a dimension-6 irreducible
representation, whose p(t) has a 2-dimensional eigenspace. The representation can give
rise to this form of D, (0)1,.1,s.

The eigenvalues of the matrices are (i, —i). The most general orthogonal matrices that
transform all non-zero D, (0)1,.1,’s into signed permutations must have the form

U= PVy (1 0) . (73)
01

If dim(pisum) > 8, it is also possible that non-zero D, (0)1,1,’s form the following

matrix group:
(1 0) ( _\f) <_% ) ™
01 % -3 —

This is because the direct sum decomposition of pisum contains a dimension-8 irreducible
representation whose p(t) has a 2-dimensional eigenspace, which gives rise to the this
form of D, (0)r,.1,’s. In the above, the eigenvalues of the later two matrices are
+( ei2m/3 g—i2n/ 3). Since a permutation of two elements can only have orders 1 or 2,
the corresponding 2 x 2 signed permutation matrix can only have eigenvalues 1, —1 or +i.
Any other eigenvalue is not possible. Thus, there is no orthogonal matrix that can trans-
form the above two matrices into signed permutations. Such pisum iS not a representation
of any modular data.

We also find cases where a 2-by-2 D, (o), 1, takes one of the following forms (up

_1+V5 1.3 1=V 1.1
. . . . . 7 20 1 2¢20
to conjugation of signed diagonal matrices): | s s | - 5 |
! T4

—2C20; 5C20>

|
ol
| M‘%
N |— w

1 V3
( %/% f ) We find D} (0)1,.1, # id for those matrices. Thus, those D, . ()11,

20 2
are not similar to any 2-by-2 signed permutation.

5.3 Within a 3-dimensional eigenspace of pigum (t)

1 V3
2 2

We find cases where a 3-by-3 D, (0),.1, is given by @7 3. 0|, whose order is
0, 0, 1

3 (i.e. cube to identity). Since the trace of the matrix is non-zero, it cannot be similar
to any 3-by-3 order-3 signed permutation matrix (since 3-by-3 order-3 signed permutation
matrices all have zero trace).

L0,
There are also cases where 3-by-3 generators of D, (o), 1,’s are given by | 0, —1,
0, 0, -1
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1, 0, 0

0, -3, @ . The second matrix is of order-3 and can only be similar to signed
V3 1

0, =% —3

(1,2,3) permutations. The most general orthogonal transformations that transform the
second matrix into signed permutations have a form

V3o V6 V2
3 6 2
U=PVyq | ¥, X 0 (75)
V3o V6 W2
3 6> 2

where Vyq is a signed diagonal matrix and P a permutation matrix. But those orthogonal
transformations all fail to transform the first matrix into signed permutations. So those
cases are rejected.

L, 0, O
There are cases where a 3-by-3 D, (o), 1,’sis | 0, 0, —1|. This matrix is of
0, 1, 0

order-4 and can only be similar to signed (2, 3) permutations. The most general orthogonal
matrices that conjugate this matrix into signed permutation matrices have a form PVy.
There are also cases where a 3-by-3 D, (0)z,.1,’s is (up to sign and signed permu-

1, 0, 0
tations) | 0, —%, § . The most general orthogonal transformations that transform

this matrix into signed permutations are given by (75).

5.4 Within a 4-dimensional or 5-dimensional eigenspace of pism (t)

Some cases have 4-by-4 D
and signed permutations)

(0)1,,1,’s generated by the following generators (up to sign

Pisum

1, 0, 0, 0 1, 0, 0, O
0, =1, 0, O 0, 0, 0, -1
: (76)
0, 0, -1, 0 0, 0, -1, 0
0, 0, 0, -1 0, 1, 0,

Y

The second matrix is a signed (1, 3)(2,4) permutation. It can also be transformed into
signed (1,2, 3,4) permutation by the following matrix

1 1
2 2 29 0
1 9 1 V2
U=PVal|? o, [ 2 (77)
» 2. 2 0
1 1 V2
» 0 -3 5

By this U fails to transform the first matrix into a signed permutation. Thus, the most
general orthogonal transformations that transform the two matrices into signed permuta-
tions have a form U = PV,.
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Some cases have 4-by-4 D, (0)r,.1,’s generated by the following generators (up to
sign and signed permutations)

, 0, 0

)

0
, 0
0
1

=
|
—_

R (78)

) 07

I

o O O =

)

The most general orthogonal transformations that transform this matrix into signed per-
mutations have a form U = PV or (77).

Some cases have 5-by-5 D, (0)z,.1,’s generated by the following generators (up to
sign and signed permutations)

~1, 0, 0, 0, 0 1, 0, 0, 0, 0

0, 1, 0, 0, 0 0, 1, 0, 0,

0, 0, 1, 0, 0], 0, 0, 0, 0, -1 (79)
0, 0, 0, 1, 0 0, 0, 0, —1,

0, 0, 0, 0, 1 0, 0,1, 0, 0

) ) ) ) )

The most general orthogonal transformations that transform this matrix into signed per-
mutations have a form U = PV,q or

10 0 0 0
0% % 3 0

U=PVa |0 L 0 —i -2 (80)
0 5, -2 3 0
03 0 -3 £

Some cases have 4-by-4 D, (0)r,.1,’s generated by the following generators (up to
sign and signed permutations)

~1, 0, 0, 0 1, 0, 0, 0
0, 1, 0, 0 0, 1, 0, 0
0, 0, 1, 0| 0, 0, —i & (81)
0, 0, 0, 1 0, 0, —¥3, -1

The second matrix is of order-6 and can only be similar to signed (2,3,4) permutations.
The most general orthogonal transformations that transform the second matrix (and the
first matrix) into signed permutations have a form

1 0 0 0
0 Y3 V& V2
U =PVy - ? (82)
0 %, ¥ 0
0 VB _V6 2
3 6 2
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5.5 General degenerate cases

In general, the orthogonal matrix U that transform pisum to a pMD representation ppnmp

PpMD (t) = Upisum(t)UT’ ppMD(ﬁ) = Upisum(ﬁ)UTu (83)
contains continuous parameters. For example, U may have the following form
V2 V2 0 0 0 0 0 % 0 0 0 0 0 0
V2. V2 0 0 0 0 0 0 6 0 0 0 0
0 0 w w 0 0 0 0 0 66 0 0 0 O
. 0 0 ws —u; 0 0 0 . 0 0 0 6 0 0 0
= 0 t = ~
0 0 us Uy Us rPO=10 0 0 0 84 0 o0
0 0 ug  ur  usg 0 0 0 0 6, 0
0 0 o Ul Uiy 0 0 0 0 0 0 6
where u;’s satisfy the following orthogonality conditions:
uidus —1=0, ui+ud+ud—1=0, uzug+uqur +usug =0, --- (84)

where will be called zero conditions. When D5(0) are not signed diagonal matrices with
non-degenerate common eigenspaces, we will assume U to have the general form (84).

Because u; in U are real numbers, different choices of u;’s will give us infinitely many
potential pMD representations ppnvp, and hence infinitely many potential MD representa-
tions pump, after a finite number conjugations by signed diagonal matrices. Thus we cannot
check those MD representations one by one to see which of them satisfy Proposition 2.1.
Thus we need to use additional conditions on u;. If we have enough conditions which only
allow a finite numbers of solutions, then we get a finite number of U’s which lead to a
finite number potential pMD representations.

We will use the following conditions on pMD representations to obtain equations on
u;’s. Those conditions on pMD representations are derived from condition on MD rep-
resentations (see Proposition 2.4), by noticing that a pMD representation is related to a
MD representation via

(ppoMD)ij = vivi(pmp )i,  vi € {+1, -1} (85)
Proposition 5.3. A pMD representation ppmp has the following properties:
1. The conductor of the elements of ppmp(s) divides ord(ppmp(t)).

2. The number of self dual objects is greater than 0. Thus
Te(pan (5)) # 0. (86)

Since Tr(pIQDMD(s)) # 0, let us introduce
(s) ,
= =75 7 Pomp(9)- (87)
ovp ()P
The above C is the charge conjugation operator of MTC, i.e. C is a permutation

matriz of order 2. In particular, Tr(C') is the number of self dual objects. Also, for
each eigenvalue 0 of ppmp(t),

Trz(C) > 0, (88)

where Try is the trace in the degenerate subspace of ppmp(t) with eigenvalue 6.
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3. If the modular data is integral and ord(ppmp(t)) = odd, then

() = (Tr(fan(s)) =1L (89)

i.e. the unit object is the only self-dual object.

4. For any Galois conjugation o in Gal(Qord(ppMD(t))), there is a permutation of the
indices, i — 6(1), and €,(1) € {1, -1}, such that

o (ppMD(8)i5) = €5(1) ppMD (8)6(),; = PpMD(8)i6(j)€0 (7) (90)
o (ppap(V)ii) = ppvp (V5,51 (91)
foralli,j.
5. For any integer a coprime to n = ord(ppmp(t)), we define
DPpMD (a) ‘= PpMD (taﬁt%taﬁil) = DppMD (a + Ord(ppMD (t)))a

where ab=1 mod ord(ppmp(t)) - (92)

For any o € Gal(Qy,,), 0(¢,) = ¢ for some unique integer a modulo n. We define
DPpMD (U) = DppMD (a) . (93)

By [93, Theorem II], Dy ., + Gal(Qn) = (Z,)* — GL.(C) is a representation equiv-
alent to the restriction of pomp on the diagonal subgroup of SLa(Z/nZ). Dy i, (o)
in (92) must be a signed permutation

(Dpprin (0))ij = €5(1)05.) - (94)
and satisfies
(ppMD (8)) = Dy (0)pprin () = ppmn () Dy (),
o*(ppMD (4)) = D (@) porp (0D, 1 (0) (95)

6. There exists a u such that ppmp(§)uy 7 0 and

PpMD (5)i;
PpMD (5)1" 5!

ppoMD(8)ij  PpMD(8)ij
PoMD (8)uw” PpMD (8)u;
1

PpMD (5) ui

NI=3 PoMb (8)1iPpMD (8)1PpMD (5™ ik Z Vi k=12 .1 (96)
— PpMD (8)1u

€ Oord(T)a € Qord(T)a

pPMD(s)Ui # 0, € Oord(p(t))v )

(u corresponds the unit object of MTC. Also see Lemma 5.4.)

7. Let n € Ny.. The n'" pseudo Frobenius-Schur indicator of the i-th simple object

7(i) = ET: PpMD (58"8) 1, ppMD (8875 1) ppnin (5711 (97)
= PpMD (8) 10,

is a cyclotomic integer whose conductor divides n and ord(T). The 1st pseudo

Frobenius-Schur indicator satisfies v1(i) = 64, while the 2nd pseudo Frobenius-Schur

indicator 5(i) satisfies U2(i) € {ppmp(5%)ii, —ppMp(52)ii} (see [89-91]). We also

have the identity v, (u) = 1.
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8 D= 1/ppMD (8)un s a cyclotomic integer. D%/ ord(T) is an algebraic integer, which

is also a cyclotomic integer. The prime divisors of norm(D) and ord(T) coin-
cide. D/d; = 1/ppmp(8)ui are cyclotomic integers (see Lemma 5.4), where d; =

PoMD (8)ui/ ppMD (8)uw. The prime divisors of norm(D/d;) = norm(1/ppmp (8)ui) are
part of the prime divisors of ord(T'). This also implies that the prime divisors of

norm(d;) = norm(ppmp (8)ui/ PpMD (8)uw) are part of the prime divisors of ord(T).

9. If the above conditions are satisfied for choosing an index u as the unit index, then
the above conditions are also satisfied for choosing another index v’ as the unit index,
provided that u and v’ are related by an Galois conjugation: u' = &(u)

Lemma 5.4. For a pMD representation ppmp, let s = ppmp(s), the u-th row of s the unit
row, n = ord(ppmp(t)), and N = pord(ppmp(t)). Then 1/sy; is a cyclotomic integer in
Qn, which divides 1/sy,, for all j. In particular, the prime factors of norm(1/s,;) can only
be part of those of N.

Proof. Let d; and D? be the quantum dimensions and the total quantum dimension of
the modular tensor category that corresponds to a pMD representation ppymp. Note that

D=1 /Suu € Qp and CTJ = juii € Qu, which are cyclotomic integers for all j. D and D differ

only by some 4-th roots of unity. d; and d; differ only by £1. Since D/d; is an algebraic
integer and is equal to 1/s,; up to a 4-th root of unity, 1/s,; is an algebraic integer in
Q. which divides 1/s,,, as algebraic integers. By the Cauchy theorem, norm(1/s,,) has
exactly the same prime factors as those of N. Since norm(1/s,;) | norm(1/sy,), the prime
factors of norm(1/s,;) must be a subcollection of the prime factors of N. O

In our computer algebra calculation, the conditions on u; are written as zero conditions
fi(u;) = 0 and fa(u;) = 0 and ---, where f(u;) are multi-variable polynomials. Since
those zero conditions must be satisfied simultaneously, we refer to the set of zero conditions
as and-connected zero conditions.

We may have another set zero conditions that must be satisfied simultaneously. But we
only require one of the two sets of zero conditions to be satisfied. Thus the two sets of zero
conditions are connected by “or”, which give rise to or-connected sets of and-connected
zero conditions. Some time, we create and-connected sets of or-connected zero conditions,
and we need to convert them to or-connected sets of and-connected zero conditions. Our
computer code is designed to manage those different logically connected zero conditions.

When we have two zero or-connected conditions, g;(u;) = 0 or hy(u;) = 0, we could
combine them into one zero condition fi(u;) = gi(u;)hi(u;) = 0. But we will not do it.
We will store the zero conditions as or-connected sets of and-connected zero conditions:

[91(u;) = 0 and fa(u;) =0 and ---]
or [hi(u;) =0 and fo(u;) =0 and ---]. (98)

Those two sets of zero conditions can be viewed as a factorization of a single set of zero
conditions fi(u;) = 0 and fa(u;) =0 and ---. So storing the u;’s conditions as two sets of
and-connected zero conditions allows us to avoid factorizing some algebraic equations (such
as factor fi(u;) = 0 into g1(u;) = 0 or hy(u;) = 0), which is difficult and unreliable for
multi-variable polynomials. This is a strategy that we use in computer algebra calculation
to construct the conditions on wu;’s: We try to construct many or-connected sets of and-
connected zero conditions.

We call this stage of calculation as u-stage, where we try to factorize a zero condition
fi(w;) = g1(u;)hi(u;) = 0 into or-connected zero conditions: gi(u;) = 0 or hy(u;) = 0.
To help factorizing, we write GAP code to choose Grobner basis for the and-connected
zero conditions so that some of the zero conditions to have as few variables as possible.
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When a zero condition contains a single u; variable and if this variable is known to be a
cyclotonic number of a know conductor, then we can factorize the zero condition.
If after factorization, we obtain say

[ug =0and ug —1=0and uj +uf —1=0--]

V2 V2

or [u1—7:0anduQ—7:Oandug—l-ui—l:()"'], (99)

then uq and us are solved, but ug and u4 remain unsolved. Since u; are real, the condition
u? +u3 = 0 becomes u; = 0 and up = 0. The condition u? +u3+1 = 0 leads to a rejection.

If we fail to solve all the variables u;, we replace the matrix elements of p,mp(s) with
u; variable’s by cyclotomic numbers which contain only finite rational variables ;. This is
because the conductor of the matrix elements of p,Mp(s) is ord(ppmp(t)) which is finite.
At this stage of rational variables (called r-stage), we can utilize addition conditions that
involve Galois conjugations, which we cannot use at the u-stage. Also, the zero condition
like 72 — % = will lead to a rejection at r-stage.

If we fail to solve all the variable r;, we can go to stage of integer variables n;, the
n-stage, (or we can go to the m-stage directly from the u-stage). This is achieved by
representing ppnMp(§) in terms of cyclotomic integers:

PpMD(5)ij 1

PpMD (5)i; _
€ O, , Ji=
PpMD (5)uj 4

K. .
“ PpMD (5)uu

= € Oord(p(1))-

OOI' ) IA{VZ ] - N
4@ / PpMD (8)ui (100)
100

From Kjj, ~ij, Ji we can recover ppMp(s). Since Kjj, I?ij, J; have finite conductors
ord(ppmp(t)) or ord(T"), we can replace the elements with r; or u; variables by a finite
number of integer variables n;.

Proposition 5.5. The two matrices K, K and the vector J satisfy the following condi-
tions, which we can use to solve for integer variables n;:

1. From the their definition, we find
Kij = Kji, Kp=real, KijJj=KijJ,. (101)
2. For any integer o coprime to ord(ppmp(t)), we have
Dpin (0) K Ju = ppup (1) 7 K ppmp (4)? K ppup ()7 (102)
where v satisfies oy =1 mod ord(ppmp(t)).
Dpoin (—1)J2 = K2, (103)

where Dy i (0) = Dpoyup (0 + ord(ppmp(t))) and are signed permutation matrics,
X

which for a representation of the multiplication group Zord(p b (D)
oM

3. The Galois conguations:

r—1 r—1
o(J;) = Jj(DPpMD (G)T)ji> U(Kij) = ZK’ikKDPpMD (U)T)kj|>
j=0 k=0
r—1 _ r—1 .
0(Kij)Ju =Y Dppin (0) it Ko (Ju),  0(Kij)Jj =Y Dy (0) i Kijo(J;). (104)
k=0 k=0
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4. If we know |K;y,| = 1 for an index i, then
|Kij| =1 for all indices j. (105)

5. Pseudo characters of SLa(Z) representation:
JuTr(pisum(8)15,1,) = Tr(Kp,,1,),
JETr (pisum (8) 15,1, Pisum (8) 1,15 ) = Tt (K11, K1,.1,)- (106)

Here, Iy is the set of indices for the degenerate eigenspace of ppmp (t) with eigenvalue
0. For example, the matriz Ky, 1, is a block of the K-matriz that connects Iy and
Iy

6. Orthogonality conditions:

- r—1 r—1
Z ‘ ZK@kKkJ [ Tul?0ij, Y KKy = |Jil0, Y KiKjy = JuJ; oy
i=0 Jil = k=0 k=0
(107)
7. The pseudo fusion coefficients N,? :
N9 = i (8)unponin (5 Z PpMD(8)1i PpMD(8)15 PpMD(5)]),
P wsbpMD () < ppMD (8)uu PpMD (8)uu PpMD (5)7,
r—1 >
KKK}
=0 SN ¢ 7, (108)
| Jul
where we have used the fact that LoMD w1 real, which leads to LoMD()uu
ppMD(s)ul /’pMD(s)ul
PpMD (8) 1
PpMD(8)7,;
8. The pseudo Frobenius-Schur indicators vy (i):
r —ne—1 *
- 4 PoMD(8878)1w ppMD (ST )i ppMD (8);
1% = |PpMD|(5 * *
AR S D I e £ o arves o et 5 et 3
T
= a7 (Kppap (O K, (K piin (0K ), K, (109)

=1

where ﬁl(i) = Oy and gg(i) S {ppMD(Ez)Z‘Z‘, _PpMD(52)ii}

At n-stage, there are more tricks to solve zero conditions. For example, a zero condition
ning = 10 will lead to or-connected zero conditions:

[n1 =1and ng =10] or [n; =—1 and ng = —10]
or [np=2andng=>5] or [n;=-2andny= -5
or [np=5andny=2] or [n=-5andny=—2]
or [np=10and ng=1] or [n; =—10 and ng = —1]. (110)

Also, a zero condition n? — ning +n3 = 1 of elliptic form will lead to or-connected zero

conditions:

[ni=1and ng =1] or [n; =-1and ny=—1]. (111)
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5.6 Some details of computer calculations
5.6.1 Determining D, (o)

Dy vp (o) given by Eq. (92) contain the variables u;. The non-zero elements and the ele-
ments containing variables form blocks: Let Iy be the indices for the degenerate eigenspace
of ppmp(t) with eigenvalue §. Only elements in the block D, ., (o)1, 1, is non-zero, and
for each fixed Iy, there exists only one Iy such that D, (7)1, 1, is non-zero. Also a non-
zero block is always a square matrix. This is because the non-zero block D, ., (7)1,.1,,
connects eigenvalues 6 and 6 = 02(f), and the number degenerate eigenvalues for 6 and
¢, mapped into each other by a Galois conjugation, are the same.

We know that the matrix elements of D, (0) can only take three possible values
0,+£1, since D, (o) are signed permutations. Thus, there are only a finite number of
possible D, . (o). So in the first step, we list all those possible D, ., (0)’s. In fact,
the number of possible sets of D, ., (0)’s are not many, since many matrix elements of
Dy yp(0)’s are either equal or differ by sign. When we assign 0,41 to matrix elements
of Dy \ip(0), we include such correlations. Also, the resulting D, ,,,(0)’s are commuting
signed permutations, which also reduces the number of possible sets of DPPMD(G)’S. The
computation load can be further reduced if we use the commuting properties of D, (o)
as early as possible during our determination of the matrix elements of D, ., (o).

The number of the possible D, ,,,(c)’s can be further reduced. We note that the
transformation U is block diagonal. The block that contain w; variable’s has a form
Ui, 1, i-e. U only maps the eigenspace Iy into itself (see (84)). The transformation U
generated by our code has such a property that the block Uy, ;, with variable’s corresponds
to the most general orthogonal transformations in the eigenspace Iy. Those orthogonal
transformations, acting on various eigenspaces, generate signed permutations of the index
i=0,1,--- ,7—1. We can define two sets of D, ,,, (7)’s as equivalent if they are connected
by those signed permutations by conjugation. We only need to pick one representative
from each equivalence class.

We pick the representative in the following way. We first pick a ¢. Then we only
require D, (o) for that one o to satisfy some additional conditions. For a diagonal
block D, i, (0) 15,1, Where Uy, 1, contain u; variable’s, we require the square matrix D =
Dy (0) 14,1, to satisfy the following conditions (i.e. we can use signed permutations Pygn

and transformation D — PsgnDPsgi to make D to satisfy the following conditions):

1. D is a signed permutation matrix.

2. D =0if j>i+2

w

D; ;11 € {0,1}, i.e. the possibility of D; ;41 = —1 is excluded.
4. Dj; > Dit1 i1

For example, D may take the following form

1 00 0
0 10 0

D=]0 0 01 0 (112)
0 +£1 0 0 0
0 0 00 —1

In other words, we can use Uy, ;, to make the upper triangle part of D non-negative.
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Let us define an ordering of the blocks Iy in such a way that block-level cyclic permu-
tation (Ip,, Ig,, - , Iy, ,) generated by D, ., (7)1,,1, satisfies

[91 < 192, 192 < [93, cee, Ign > [91. (113)

For an variable-containing off-diagonal block D, . (7)1,,1,, With Iy > Iy where Uy, g,
and Uy, 1, contain u; variable’s, we require the square matrix D = D, (J)~19,IG, to

satisfy the following conditions: (i.e. we can use two signed permutations Pygn, Psgn and
transformation D — Pygn D Psgn to make D to satisfy the following conditions):

1. D is an identity matrix.

For an variable-containing off-diagonal block D 1, (0)1,,1,, With Iy < Iy where Uy, g,
and Uy, 1,, contain u; variable’s, we require the square matrix D = D, . (0)1,.1,, to satisfy
the following conditions (i.e. we can use signed permutations Pse, and transformation
D — PsgnDP_1 to make D to satisfy the following conditions):

sgn
1. D is a signed permutation matrix.

2. Dy =0ifj>i+2.

3. Djit1 € {0,1}, i.e. the possibility of D; ;11 = —1 is excluded.
4. Dy 2 Diy1i41.

We like to remark that since we have fixed D, (7)1,,1,, With Iy > Iy to be identity,
the transformation, DppMD(U)Ing/ — PsgnDppMD (‘7)10719/ Pign, that keep DppMD(U)Ian/ un-

changed must satisfy Pyn = Psg}l. Therefore, the transformation on DPPMD(U) Ig,1,, With

1
Iy < Iy has a form D, (0)10713, — PsgnDpoup (0)16710,13

sen- Por example, D may take
the following form

0 id 0
D=|0o 0 id (114)
D 0 0

where D is given by (112).
After knowing D, ., (o), we can obtain a set of zero conditions on u;’s from Eq. (95),
as well as the zero conditions from the orthogonality conditions of U.

5.6.2 Determining if the MTC is integral

We expand the number possible cases (i.e. the number of or-connected sets of and-
connected zero conditions) further by choosing possible rows of ppmp(s) to be the unit
row. Certainly, only the row that contain no zero’s can be a unit row.

Then for each case, we can check if (D, 1, (0))uu = £1 for all o. If yes, it means p,mp
must correspond to a integral MTC, if any. Also, if pord(ppmp(t)) € {2,3,4,6}, then
ppMD must correspond to an integral MTC as well, if any. Using such a method, we find
that SLg(Z) representations may give rise to integral MD’s only when the prime divisors
of pord(ppmp(t)) belong to the sets listed in Table 4. This result will use to construct
integral MTCs (see Section 6.3 for more details).

From now on, for each case, we not only know ppmp(s) and ppmp (), we also know a
possible D, . (o) of them, as well as a possible index u for the unit row, together with a
set of and-connected zero conditions of u;. This allows us to obtain many additional zero
conditions on u;’s for such a case.
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Table 4: We have computed ppmp(t) of all SLa(Z) representations that may give
rise to non-pointed integral MD’s for each rank. This table lists all the prime
divisors of pord(ppmp(t)) of those ppmp’s.

rank prime divisors
2 ]
3 []
4 [2]
5 [2,3]
6 []
7 []
8 [2,3]
9 [2,3]
10 2], 2,3], [2,3,5]
11 1121, [2,3], [2,3,5], [2,5]
12 | [2,3], [2,3,5], [2,3,7]

5.6.3 Conditions from Frobenius-Schur indicators

Since we know the index w of the unit row, we can compute the second pseudo Frobenius-
Schur indicator from ppmp(s):

D (i) = i PpMD (5t28) 1 ppmp (5257 1) 1 ppvp (5711 (115)
— PpMD (8) 1

The 2nd pseudo Frobenius-Schur indicator v,(7) satisfies
Uo(i) = £ppup(82)i,  Dau) = 1. (116)

The 2nd pseudo Frobenius-Schur indicator give us important zero conditions on u;’s, which
can effectively help us to determine u;’s and r;’s. However, for more complicated cases
(such as when the number of variables is more then 12), the zero conditions from the
Frobenius-Schur indicator can be too complicated.

We would like to remark that the zero conditions from the Frobenius-Schur indicator
have the form fi(u;)/g1(u;) = 0, where fi(u;) and g1(u;) are multi-variable polynomials.
We convert the condition fi(u;)/g1(u;) = 0 to a zero condition fi(u;) = 0. Such a
conversion may create some fake solutions of u;. We can rule out those fake solutions
later, when we check if the resulting (S,7T) matrices satisfy the conditions for modular
data or not.

5.6.4 Reduce the number of variables

In order to factorize zero conditions, it is important to find a Groébner basis for and-
connected zero conditions, such that some zero conditions have fewest variables, in partic-
ular single variable. We use the following strategy to find such a Grobner basis. Consider
a set of and-connected zero conditions [f1(u;) =0 and fa(u;) =0 and fo(u;) =0---]. We
want to use the i zero condition f; to transform the i*" zero condition fj- Assume f; is
a sum of a few monomials: f; = mi(u;) + ma(u;) + ms(u;). We can use the substitution
mi1 — —mg — mg to transform the zero condition f;. We can also use the substitution
ma — —my —mg to transform the zero condition f;, etc.. Among all those transformed f;,
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we select those with fewer variables than that of f;, and replace f; by those transformed
zero conditions. If the one with fewer variables does not exist, we just keep original zero
condition f;.

We perform the calculation for all the pairs f; and f;. We then perform the above
calculation for a few iterations. We have tested this approach and found that this is an
effective way to reduce the number of variables in zero conditions. This method is very
important for our calculations. In particular, if we can obtain zero conditions with only
single variable and if the conductor of the variable is small, then there is an effective
GAP/Singular function to factorize the single-variable polynomials.

We can also use the above substitution approach, try to eliminate some variables by
simply reducing the number of variables that we want to eliminate in zero conditions.

5.6.5 From u-stage to r-stage

We replace the u;-dependent matrix elements of ppmp(s) with cyclotomic numbers of a
conductor ord(ppmp (t)). Those cyclotomic numbers are expressed in terms of r; variables,
where r; are the expansion coefficients over a cyclotomic basis. This way, we express
ppMD () in terms of r; variables.

Compare ppMp(s) in terms of u; and ppmp(s) in terms of r;, we obtain many u-r
relations. This allows us to convert some u; zero conditions to r; zero conditions, by trying
to eliminate the u-variables. The u; zero conditions that cannot be converted to r; zero
conditions will be dropped. As a result, r;-dependent ppvp (s) may not be equivalent to the
starting SLo(Z) representation pisum(s). To partially fix this problem, we re-implement
the SLy(Z) conditions and the D, conditions (94), (95), on the r;-dependent ppnvp, to
obtain additional r; zero conditions. We also compute some simple SLy(Z) characters

Trz(p(s)), Trz(p(s)p(t)"p(s)), (117)

for the ppmp and pisum representations. Here Tryg is the trace in the eigenspace of p(t)

with eigenvalue 6. Matching those simple SLa(Z) characters also give us additional r; zero
conditions. This complete our conversion from u;’s to r;’s

5.6.6 Integer conditions and inverse-pair of integer conditions

In r-stage

5)iq 5

, L__ 2 pMD (5)ij PoMD()ij oy cyclotomic integers in term of the rational
PpMD (8)ui’ PpMD (8)uj PpMD (8)uu

r; variables. We can expand the cyclotomic integers in an integral basis of cyclotomic num-

bers. The expansion coefficients are ratios of polynomials of r; with rational coefficients,

which must be equal to integers. This gives us many r; integer conditions of form

A0 fm)
n(r) S oalny)

i)
If two r; integer conditions, E ; €Z, fzg”% € Z, satisty
filr

) falri)

gl(rz) 92(7‘1)
we will call them an inverse-pair of integer conditions. For each inverse-pair of integer
conditions, we can obtain a set of r; zero conditions:

Al _ oAl A Ji(ri)

1 = 1 2
g1(ri) g1(ri) g1(ri) g1(ri)
where mq, mo,--- are factors of n.

€z, - (118)

€z, (119)

—mg or ---, (120)

We note that when ppvp(8)y, contains no variables, 5 MDI(S) - and 5 pll\\d/[DD((:)) “. are both
b wi P uu

cyclotomic integers. They produce inverse-pairs of integer conditions. In particular

1 PpMD (8)ui

(ﬁ)m) and norm(PpMD(ﬁ)uu

s ) is an inverse-pair of integer conditions.
P

norm(
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5.6.7 Solve ppmD(5)yi using generalized Egyptian-fraction method

The generalized Egyptian-fraction method described here is an important workhorse in
our calculation. Let {p;} be the set of prime divisors of pord(ppmp(t)). We note that

norm(m) are integers, whose prime divisors are contained in {p;}. Similarly, norm(m) /11 pi

is also an integer, whose prime divisors are contained in {p;}. We will try to use such con-
ditions to find possible values of ppMD(8)ui-

The trick is to introduce variables v; that are reciprocals of positive integers, whose
prime divisors are contained in {p;}. We use those variables to represent norm( )

and norm(m)/ [1p::

PpMD(ﬁ)ui

norm(ppMp (§)ui) = v; or —wv;, fori#u

norm(ppmp (§)uu) Hpi =0, OF — Uy. (121)

The choices of + signs produce a lot of cases, and we need handle those cases one by one.
For each case, we combine the zero conditions, norm(ppmp (8)wi)£v; = 0 and norm(ppmp (§)wu) [ [ pit
vy = 0, of v;’s and r;’s, with other zero conditions of r;’s. Then, we use the method out-
lined in Section 5.6.4 to eliminate the r; variables, trying to obtain, as many as possible,
the zero conditions that contain only v;’s.
A zero condition with only v;’s has the following form

co+ ey P (vi) +e3 Py (vi) + -+ — ey Py (vi) — ¢y Py (vi) +--- (122)

where cgt are positive integers, ¢g is a non-negative inter, and Pii(vi) are products of
v;’s. We apply the following generalized Egyptian-fraction method to solve the above zero
conditions:

1. If ¢y = 0, the iteration stops, and we only get a single zero condition (122).

2. If ¢g > 0, then ¢; P (v;) + c5 Py (vi) + -+ > co. Let c;

]largc_leargc (Ul) be a term

among c; P;"(v;)’s, such that ¢; P, (v;) > co/N~, where N~ is the number of

rge jlarge
terms in ¢; P; (vi)+c; Py (vi)+---. Such a term must exit. Because P (v;) is the
inverse of a positive integer (whose prime divisors are part of those of pord(ppmp(t))),
(v;) has only a finite number of possible values P (v;) = 1/n~, where

jlarge
N~7¢;
n- €N, n < ——25
Co
the prime divisors of n™~ are contained in {p;}. (123)

For each possibility, the zero condition (122) is reduced to a zero condition with one

less terms and P (vi) =1/n".

We also need to run through different choices of large term among c¢; P;~ (vi)’'s. At
the end, we obtain many or-connected sets of and-connected zero conditions. A set
of and-connected zero conditions contains P, (vi) = 1/n~ and the reduced zero

condition from (122), as discussed above.

3. If ¢g < 0, then ¢ P/ (v;) + 3 Py (vi) ++++ > —co. We repeat the above calculation
for ¢f P/ (v;) +¢5 Py (v;) + - - -, and obtain many or-connected sets of and-connected
zero conditions. A set of and-connected zero conditions contains Pj—;rgc (v;) =1/n"

and the reduced zero condition from (122).
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We perform the above calculation, starting from the simplest zero condition of v;’s that
has fewest terms and a non-zero c¢y. Then we handle the next simplest zero condition of
v;’s. At last, we process the resulting or-connected sets of and-connected zero conditions
of v;’s and r;’s, trying to replace v;’s by r;’s, and convert the zero conditions of v;’s and r;’s
to zero conditions of r;’s. The remaining zero conditions containing v;’s will be ignored.
This will give us or-connected sets of and-connected zero conditions of 7;’s.

5.6.8 Integer conditions from norm(ppmp ($)uu)

We note that v - MD1(5) = +D or £iD, where u is the index for the unit row. Therefore
P uu
norm(m) is an integer whose prime divisors coincide with the prime divisors of
js) uu

pord(ppmp (). At r-stage, norm( is a ratio of two polynomials of r;’s. Some-

1
PpMD (§) uu )

times, norm( € Z has only finite numbers of solutions for rational variables r;’s.

1
PpMD (5)uu )

We can use this property to solve Ry EIE

In particular, there is a class of cases which is hard to solve. For those cases, ppmpD (8)uu
only depends on a single rational variable r and

NG 1 1
S)yy =T — —, = e”Z 124
ppMD( ) r 10 norm(ppMD(s)uu) T‘2 B % ( )

Also the prime divisors of pord(ppmp(t)) are contained in [2,3,5]. This class of cases can
be solved in the following way.

Recall that the ring of algebraic integers of Q(v/5) is Z[¢] where ¢ = 12—‘/5 It is
well-known that the group G of invertible elements in Z[¢] is isomorphic to Zs x Z, and
is given by {+¢" | n € Z}. Z[V5] is a subring of Z[¢], and its group G’ of invertible
elements, which is a subgroup of G. Since n = 3 is the smallest positive integer n such
that ¢" € Z[/5],

G ={+¢*" |necZz}. (125)

Note that ¢*> = 2 + /5 and norm(¢?) = —1. Thus, ¢® = 9 + 4v/5 and norm(¢%) = 1. If
u,v € N such that u? — 50 = £1, then

(2+/5)% = (9 + 4/5)" if u? — 502 = 1,

(24 VB)2H = 24+ V5)(9+4V5)"  ifu? — 5% = 1. (126)

u—l—v\/g:{

for some positive integer n.

Lemma 5.6. Let u,v be nonzero integers such that v > 0, (u? — 50?) | 5 and u = 223°5¢
for some nonnegative integers a,b,c. Then (u,v) can only be one of the following pairs:

(i) (2,%1),(9,%4) which are the solutions of u? — 5v? = +1.
(ii) (5,42),(20,49), (360, £161) which are the solutions of u* — 5v* = +£5.

Proof. Since u? — 5v? | 5, we have two cases: u? — 5v% = € or 5e for some € = +1.

(i) u? — 50% = €. Tt is immediate to see that 51 u and so ¢ = 0. Next, we show that a < 2.
Assume to the contrary that @ > 2. Then u? = 0 mod 8, and v must be odd. Thus,
u? — 52 =3 # ¢ mod 8. Therefore, a < 2.
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Now, we show that b < 2. Suppose not. Then b > 3 which implies 3 t v and u = 0
mod 27. Since u? —5v?> = ~5=1 mod 3, e = 1. By (126), we find

2030 — ¢ = % ((9 +4v5)" 4+ (9 — 4\/5)”) = > <;> g2 42 5 (127)

0<2i<n

4" .57  mod 27 if n is even,
(128)

n-9-4"1.5"5 mod 27 ifn is odd.

Since the leftmost expression of (127) is divisible by 27, it follows from (128) that n must
be odd and 3 | n. Thus, n = 3k for some positive odd integer k. It follows from (127)
again
1
2030 — ((9 +4v/5)%F 4+ (9 - 4\/5)3’“) =5 ((9 +4V5)% + (9 — 4\/5)3) Z=2889z=3%-107- 2
(129)

1
2

for some integer z since k is odd. However, this is a contradiction since 107 { 243°.
Therefore, b < 2.

Now, we can solve for the integral solutions v of the equations u? — 5v? = +1 for
u = 23" with 0 < a,b < 2. The integral solutions to u? — 5v% = +1 are (u,v) = (2,41)
and (9, £4).
(i) u? — 5v? = Be. Then 5 divides u (or ¢ > 1), and we have v? — 5u? = 41 where
U =u/b = 243571,

We first show that ¢ = 1. Assume to the contrary that ¢ > 1. Then 7w =0 mod 5. By
(126), there is a positive integer n such that

u= 2\1@ ((2 +V5)" — (2 \/5)71) - ogzz’;gn (211 1> 2= (Tll) 27 mod 5.
(130)

This implies (Tf) 2"=1 =0 mod 5 , and hence n = 5k for some integer k. Therefore,

L((2+\f5)5’“—(2—\/5)5’“)—i((2+\/5)5—(2—\/5)5)z:305z:5-31-z

2(13()56—1 — —
2v/5 2V/5
(131)

for some integer z, which is absurd. Therefore, ¢ = 1, and so @ = 2#3°.
Next, we show that ¢ < 3 and b < 2. If @ > 3, then v is odd. Since v> # —1 mod 16,
e =1 and so
v —5ut =1. (132)
Similarly, if b > 2, then 3 { v. Since v?> Z —1 mod 27, € = 1. Therefore, (u,v) can only
satisfy (132). It follows from (126) that

7 o= — (94 4V5)" — (9 —4VB)") = T )gn2i-1. g2+l gi(133)
( )= 2 ()

2\/5 0<2i+1<n 2i+1
(1)9" 14 mod 16
= 47 . 5(n=1/2" mod 27 if n is odd; (134)

(?)9 c4qn=1.5(=1)/2 16d 27 if n is even.

If a >3, 7w =0 mod 16. Therefore, n = 4k for some integer k by (134). It follows
from (133) that

23 i (0 4VE) = (0= 4VE) ™) = S (0 4VE) - (0 4vE)) -2
=21327.23 . 2 (135)
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for some integer z but this is absurd. Therefore, a < 3.
If b > 2, w=0 mod 27. Therefore, n = 6k for some integer k by (134). It follows
from (133) that

1 1
2a3b:a:—(9+4\/56’€— 945 Gk) :—(9+4\/56— 945 6) 2
o5 ( )7 = ( ) o5 ( )" = ( )
=233317.19-107 - z (136)
for some integer z but this is absurd. Therefore, b < 2.

Now, we can solve for v of the equations u? — 5v% = 45 for u = 2% - 3% . 5 with
0 <a<3,0<b<2 The integral solutions to u? — 502 = 45 are (u,v) = (5,£2),

(20,49) and (360, £161). O
Proposition 5.7. Let r € Q such that (r? — %)_1 =¢€-2011.36.57 for some nonnegative
integers o, 3,7 and € = 1. Then,
11 2 9 161
-t = . 1
TE{O’ 15T T a0 720} (187)

Proof. 1t is clear that r = 0 is a solution. Now, we assume r = % where x,y are nonzero
coprime integers with y > 0. Then

20y 10y?

_ +1  af — B
m—ﬁ‘Qa -3 ‘57, or m—€'2a‘3 - 57, (138)
Thus, (10—e-2%-35%.57).y? = —-2072.30.57+1.22 . Since z,y are coprime, y? | 20+2.30.57+1
or
y=20.3%.5¢ (139)

for some nonnegative integers a, b, ¢ such that 2a < a+ 2, 2b < 3, 2¢ < v + 1.

Equations (138) also imply that y? — 2022 divides 10y? and so y? — 2022 divides
200x2. Since x,y are coprime, y?> — 2022 divides gcd(20022,200y?) = 200. Note that if
5| (y?> —202?), 5 | y. Since x,y are coprime, 5 { z and hence y? — 202 # 0 mod 25.
Therefore, (y? — 2022) | 40.

(i) Suppose ¥ is odd. Then y? — 2022 is an odd divisor of 200. Thus, (y? — 2022) | 5,
and so (y? — 572) | 5 where T = 2z. It follows from Lemma 5.6 that (y,7) = (9,+4) or
(5,£2). Therefore, r = v = +2 or 1.

(ii) Now we assume y is even. Then y? — 2022 is also and = must be odd. Thus,
4| (y* —202?). If 8 | y* — 2022, then 2 | ((¥)? — 52?) which implies ¥ is odd. Therefore,
(4)2,522 =1 mod 4 and so 4 | ((4)? — 52%) or 16 | (y* — 202?), which cannot be a divisor
of 40. As a consequence, we find

y? —202? = +4 or +20. (140)

Let 7 = y/2. These diophantine equations are equivalent to (7 — 522) | 5. It follows from
Lemma 5.6 that (y,z) = (2,£1), (20,£9) or (360, £161). Therefore, r = { = +1 £ or

161
:l:m. D

Because r has only a finite number of solutions, thus ppMp(8)yu only takes a finite
number of possible values, and becomes known. This makes the cases soluble using the
methods of inverse-pair of integer conditions discussed in Section 5.6.6.
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5.6.9 Go to n-stage

We can go to n-stage from r-stage or u-stage, by considering K,-j,f(ij, J; introduced in
(100). Kij, f(ij, J; are cyclotomic integers, and those cyclotomic integers are expressed in
terms of n; variables, where the n; variables are the expansion coefficients of the cyclotomic
integers over an integral basis of cyclotomic numbers. Those n; variables satisfy many
conditions, which are listed in the Proposition 5.5.

5.6.10 Solve bounded n; zero conditions
A n; zero condition is bounded if it has the following form
const. — Z cwnfzn;” =0, ajaj,---€2N, ¢ .. >0. (141)
{i7j7...
In this case, n; that can satisfy the zero condition have a simple finite range. We can test

each set of n;’s in this finite range to see which set of n;’s are solutions.

5.6.11 Solve bounded n; integer conditions

2
A simple example of bounded n; integer condition is given by H:ﬁ € Z. The integer
1

condition can be reduced to ﬁ € Z. The reduced integer condition can be written
1
1 1
IR . . .
as ﬁ € Z, which has the form that except a constant term in the denominator,
nZ ' ny
1

all other terms has negative powers. In this case, |ni| cannot be too big to satisfy the
integer condition. Thus we check n; in a finite range to see which values satisfy the integer
condition.

Let us consider a more general example of integer condition

ng —n

h(7115712) - D)
1+ ni + nin2

1 1

€Z, (142)

. . niny 7 . .
which can be rewritten as h(ni,ng) = 171"11 € Z. Except a “1” in the denominator,
n2n ning
1m2

all other terms have negative exponents, which indicates that the integer condition is a
bounded integer condition. We then introduce

] +

nin

hmax(”l,”?) = 1 2 |1n1| 1 (143)
Cndng|  [nang] T

which is obtained from h(ni,ns) by replace n; with |n;|, changing the sign of the terms
in the numerators to “+”, and the sign of the terms in the denominator (except the “1”
term) to “—7, hpax satisfies hyax(n1,n2) > |h(ny,n2)| if hpax(ni, n2) > 0.

We note that when |n;| are large, 0 < hpyax(n1,n2) < 1. In this case h(nj,n2) cannot
be integer except h(ni,ng) = 0. Thus we only need to check nj,ns’s in a finite range
to see if h(ni,n2) is integer or not. More specifically, we test n; = £1,n9 = £1. Then
ny = £2,ny = +1 and ny = +1,n9 = £2, ete, until 0 < Apax(ni,n2) < 1. Those values
of ny,ny that make h(ni,ny) € Z give us a set of zero conditions [n; = «a; and ny =
as] or [n; = o) and ng = ab] or ---, where a; and o are integral constant.

Since we did not check n; = 0 or ng = 0, as well as the possibility that h(n;,ng2) = 0, we
need to add those possible cases back to the sets of zero conditions. Thus the final sets of
zero conditions are given by [h(ni,n2) = 0] or [n; = 0] or [ng = 0] or [n; = a1 and ny =
ag] or [ng = o and ny = a4] or ---. Those are the sets of zero conditions obtained from
the bounded integer condition h(nq,n2) € Z.
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6 Classification of integral modular data

6.1 Mathematical results on integral modular categories

Various approaches to classifying integral modular categories have been developed, see,
eg. [95-98]. Here we summarize some of these approaches with an eye towards automation.

Here integral means that the FP-dimension FPdim(X;) of each simple object is a (nec-
essarily positive) integer. Let € be an integral MTC. Firstly, by [84, Props. 8.23 and 8.24
| every integral category is pseudo-unitary so that one may assume that the dimensions
d; are positive integers (equal to FPdim(Xj;)), by adjusting the spherical structure if nec-

essary. Assume that 1 =dj < ds < --- < d, and set z,_;41 := dh;l?(e) € N. We have the

following;:

1. The z; satisfy the (Egyptian fraction) Diophantine equation
1
1= —. 144
2 "

2. By a classical result of Landau [99] eqn (144) has finitely many solutions (z1,...,z,) €
N" for fixed r. Indeed k < zj, < ug(r—k-+1) where uy, is Sylvester’s sequence defined
by ui :=1 and ug := ug_1(up—1 + 1).

2

) ds . . . .
3. For any x;, z; we have that 7- = -5 Is a square rational number. In particular if for
i :
some prime p, p* || z; and p™ || z; then the parity of k and m are the same (here
p® || b means that p* | b and p**! |/b).

4. Let T be the T-matrix of C, and let p := {p : p | ord(T)} be the set of primes
dividing ord(T"). By the Cauchy theorem [86] dim(C) = [] @r where 1 < o, € N.
In particular, if p | z; then p € .

pep P

5. Suppose that |p| < 2. Then there are at least 2 invertible objects, i.e. 1 =d; = da.
If p is the minimal prime in p then we have 1 = d; = --- = d,,. This follows from
the fact [100] that any fusion category of dimension p?¢® for primes p, q is solvable,
and any solvable fusion category has a non-trivial invertible object.

While the bounds provided by Sylvester’s sequence are doubly exponential, in our
setting the primes dividing x; are restricted to the finite set . For example, if ord(T) =
223% then x; = 2%3% for a;,b; bounded by logy(us(r — k + 1)), a much more practical
bound. For modest sized r, the known bounds on the primes in p make finding solutions
to equation (144), restricted to g, reasonably efficient.

In practice we find that it is frequently the case that |p| < 2, so that we are assured of
having invertible objects. For example by [98,101] every odd dimensional integral modular
category of rank at most 23 must have non-trivial invertible objects—they are all pointed!
The smallest rank for which we are aware of an integral modular category with no non-
trivial invertible objects is 22: this comes from the Drinfeld center of Rep,_. A category
is called perfect if it has no non-trivial invertible objects.

Generally, a fusion category C is G-graded if there is a decomposition as abelian
categories C = P 4 Cg such that if Cg @ Cp, C Cgp, for some group G. The grading is faithful
if each C, is non-trivial. A useful consequence of a faithful G-grading is that dim(C,) is
constant for all ¢: it is equal to dim(€)/|G|. This induces a partition of the simple objects,
and hence the list of dimensions. It is clear that the monoidal unit 1 must lie in the trivial
component C., and therefore if X € C; then X* € C;—1. Thus, if every object is self-dual,
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any faithful grading group must be an elementary abelian 2-group (but not conversely,
there could be non-self-dual objects in the trivially-graded component).

For a modular category C the largest faithful grading group (called the universal grad-
ing) is isomorphic to the group of isomorphism classes of invertible simple objects (see [102]
for details) so is abelian in this case. Moreover the trivial component with respect to the
universal grading is the adjoint subcategory. A natural way to understand this grading
is by defining, for ¢ € A, C, to be the abelian subcategory generated by objects X such
that cx .c. x = ¢(2)Id.gx for all z € A.

In general for D C € ribbon categories, the centralizer of D in €, denoted Ce(D), is
the subcategory generated by those Y € € so that cy xcxy = Idxgy for all X € D. For
simple objects X,Y we have that cy xcxy = Idxgy if and only if Sxy = dxdy. The
centralizer of D in itself Cp(D) is sometimes denoted Sym(D) (we avoid the somewhat
vague notation D’ that is sometimes found in the literature). For a MTC € it is known that
the trivial component Gy with respect to the universal grading is the adjoint subcategory,
which is precisely the centralizer Cg,, (C) of the pointed subcategory. In particular, the
symmetric center of €y is Sym(Cp) := €, N Cp and is both pointed and symmetric. Thus
each simple object Z € €,; N €y is either bosonic or fermionic, i.e. 7 = £1 and c2Z, 5 = 1d.
If Z € Sym(Cp) is fermionic so that 7 = —1 then for any other object X € Gy we have
Z ® X # X. Indeed, by (8) for Z invertible in €y with 7 = —1 we have 07-0xSz+ x =
dzex0zex so that —0x = Ozgx. We can often use this fact to show that €, N Cp is
Tannakian, i.e., every simple object is bosonic. For example, if there is only one simple
object in Cy of some dimension d, then there can be no fermionic invertible objects in Cg.
We can then condense the bosons in €y to obtain a new MTC D (the modularization of Cy:
recall that Ce,(Cp) = Cp: N Cp and see [103]) with dimension dim(Cp)/ dim(€Cp: N Cp). The
modularization is a braided tensor functor F': Cg — D. This yields further constraints.

Another valuable fact is the following:

Lemma 6.1. [104, Theorem 3.2] If D C € is a subcategory of a modular category C then
dim(€) = dim(D) dim(Ce(D)).

Proposition 6.2. Let C be an integral MTC and G(C) = A the group of invertible objects,
so that C has universal grading group A. Then:

(a) If Co has no non-trivial invertible objects then Cy is itself modular, so that € =
Co X Cpt. In particular C is not prime if A is non-trivial.

(b) If Cy has a fermionic invertible object then each d appearing as a dimension of a
stmple object in Cy occurs with even multiplicity.

(c) If Co has a fermionic invertible then after condensing the mazimal Tannakian sub-
category of Co the result is super-modular. Methods found in [96] can be brought to
bear.

(d) If Sym(Cy) is Tannakian then every dimension d appearing in C; for i # 0 must
occur with multiplicity > 2.

(e) If Sym(Cy) = G is Tannakian (G is abelian) then the condensation Co by G is
modular, i.e. (Co)g = D is modular (the modularization of €y in [103]). Denote
by F : Co — D this modularization (or G-de-equivariantization) functor. In this
case G acts on the simple objects of Cy by X — g @ X. If Stabg(X) is cyclic (for
example if Stabg(X) is trivial) then F(X) is a direct sum of |Stabg(X)| pairwise
non-isomorphic simple objects [103, Lemme 4.3].

Proof. Proof of (a): Since Sym(Cp) is pointed, the hypothesis imply €y is modular. By
[104, Corollary 3.5] € = €y X Cpy.
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Proof of (b): If a fermionic invertible object z € Cy exists and X € €y has dimension d
then z® X 2 X: otherwise eqn (8) implies —f0xdx = 0,-0x 5.« x = dxgx0+ex = dx0x,
a contradiction.

Proof of (c¢): This is well-known, see eg. [105].

Proof of (d): Suppose that some C; with 7 # 0 has rank 1, i.e., has a single simple
object Y. Then for any simple Z € €,; we have Z ® Y =Y. Now the balancing equation
(8) we have

HySZyy = 929)/*527)/ = Oy dim(Y),

so that Szy = dim(Y)dim(Z) for all Z € €. This implies that ¥ € €y contrary to
assumption.
Proof of (e): This is directly taken from [103]. O

These can be implemented in the computer calculations. To give some idea of how
this works we present a few examples by hand. One useful fact is the following:

Lemma 6.3. If D is a symmetric pointed category of dimension 2% with k > 2 then D
contains an order 2 boson b 1, i.e. an object such that b¥2 = 1 and 0, = 1.

Proof. The twist of each simple (invertible) object 07 = 41 by (8). If Z? = 1 and
07 = —1 for each Z 2 1 we obtain the (modular) 3 fermion theory [91] as a subcategory,
contradicting D symmetric. So either there is an invertible object W of order 2° with
s > 2 or a non-trivial invertible object U with 0y = 1. First consider such a W. the
balancing equation (8) gives:

so that U = W? is a nontrivial invertible object with 6y = 1. Thus we reduce to the
second case. Let U be chosen non-trivial with minimal order 2!. We must show ¢ = 1.
Again, (8) implies:

1= QUQU* SU,U* = 9U2.
Thus by minimality of ¢ we see that U? = 1, so ¢t = 1. O

The following lemma is straight-forward, but useful.

Lemma 6.4. Suppose that the trivial component Cy of an integral MTC C has an invertible
object b with twist 0y, = 1, and X € C; for i # 0 is the unique object of dimension d. Then
b and X centralize each other, i.e. Sy x = d. In particular, if Sym(Co) is Tannakian then
every component C; must have multiple objects of any given dimension d.

Proof. Since X is the only object in C; of dimension d, we have z- X = X for any invertible
z € Cp. The balancing equation (8) yields

0p0x Sp,x = dp=x0px = dix,

so that S, x = d. The second statement follows from the fact that €, = Ce(Cp). O

6.2 Applications to some examples

Later in section 6.3, we use some of the above results and SLs(Z) representations to obtain
sets of potential quantum dimensions that include all the integral modular data (see Table
7) via an automated computer calculation. In the following, we will apply the above
general results trying to rule out some of those sets of potential quantum dimensions. In
particular we can deal with all the unrealizable cases in Table 7 directly.
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1. Rank 7

Consider an MTC € with dim(€) = 16, with dimensions partitioned via the grading
as [1,1,1,1],[2],[2],[2] (cf. Table 7). This category does not exist by the results
of [96], which classifies all rank 7 integral categories. To illustrate the power of our
methods we will eliminate this case directly, so that our computational techniques
plus the following short argument reproduces the main result of [96]. Suppose C is
such a MTC. Since €y is a symmetric pointed category it must contain an order 2
boson b by Lemma 6.3. Now by Lemma 6.4 b centralizes the 2 dimensional simple

objects, and is thus central in C. This contradicts modularity.

2. Rank 8

Suppose we have € with dim(€) = 36, with dimensions partitioned by gradings being
[1,2,2,3],[1,2,2,3]. By Prop. 6.2(c) the trivial component must be modular, which
does not exist due to [91].

3. Rank 9

e Suppose € has dim(C) = 144, and with dimensions partitioned via the grading
as [1,1,1,1,4,4],[6],[6],[6] (cf. Table 7). This can be eliminated similarly as
above: let b the boson obtained from Lemma 6.3. Now by Lemma 6.4 b is
central in €, contradicting modularity.

e Suppose C is a 144-dimensional MTC with simple objects of dimensions
[1,1,3,3,4,6,6,6,0].

Since € is faithfully Z, graded the dimensions of the simple objects in Cy must be
[1,1,3,3,4,6]. Now the non-trivial invertible Z € €y must be a boson by Prop.
6.2(b). Now let X be a simple object of dimension 4 and X» a simple object of
dimension 6. We have that Z® X; = X; fori = 1,2. By Prop. 6.2(e) we see that
F(X;) sums of 2 non-isomorphic simple objects, and thus we obtain 4 simple
objects of dimension 2,2, 3,3 in the modularization D. Similarly, the objects
Y1, Ys of dimension 3 in €y must obey Z ® Y1 = Ys and so F(Y1) = F(Y3) is a
simple object of dimension 3 in D. Finally, F(Z) = F (1), so that D has simple
objects of dimension 1,2,2,3,3,3. But no such modular category exists: it has
dimension 36 and so is solvable but only 1 invertible object—a contradiction.

e Suppose there were a MTC with dim(€) = 288, and dimensions partitioned
via the grading as: [1,1,3,3,4,6,6,6],[12]. Since there is a unique object of
dimension 4 in the trivial component, the non-trivial invertible object b must
be a boson. As the non-trivial component has only one simple, this contradicts
Prop. 6.2(d).

4. rank 10
e Suppose Cis a MTC with dim(€) = 108 and dimensions partitioned as
1,1,2,2,2,2,6],[3,3,6].

By Prop. 6.2(b) and (c) this category does not exist.

e Suppose that € is a MTC with dimensions partitions as: [1,1,1,1,2,2,2], [4], [4], [4]
as in Table 7. By Lemma 6.3 there must be a boson b, which by Lemma 6.4 must
centralize all of the simple objects of dimension 4 as well as Gy contradicting
modularity.

5. rank 11
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e Suppose € is a MTC of dimension 144 with dimensions partitioned via the
grading as: [1,1,1,1,4,4],[2,4,4],[6],[6] (cf. Table 7). By Lemma 6.3 we have
a boson b in the trivial component. Since b® Y 2 Y for each of the objects of
dimension 6 they both centralize b. Thus we find that the centralizer Ce((b))
has dimension at least 3 - 62 since b is centralized by Cq as well. But this
contradicts Lemma 6.1 since dim({(b)) - Ce({(b)) > 63 > 144.

e Now suppose that C has dimension 144 with dimensions partitioned as:
[1,1,1,3,6],[4,4,4],[4,4,4]

(cf. Table 7). Then clearly the trivial component has a Tannakian subcategory
equivalent to Repz,. By Prop. 6.2(e) the modularization of Cy is a rank
7 category of dimension 16 with dimensions [1,1,1,1,2,2,2] which we have
eliminated already.

6. rank 12

By now the methods are familiar so we quickly eliminate the following (cf. Table 7):

o [1,1,1,1,2,2,2,2,4],(6], 6], [6] cannot occur as the boson afforded by Lemma
6.3 would be central, by Lemma 6.4, contradicting modularity.

o [[1,1,1,1,4,4],[3,3,3,3],[6],[6] cannot occur as the boson afforded by Lemma

6.3 has a centralizer that has dimension more than half of the dimension of the
category, contradicting Lemma 6.1.

o [1,1,1,2,2,2,2,2,2 3],[6],[6] cannot occur as Lemma 6.4 implies that the non-
trivial invertibles are central, contradicting modularity.

6.3 Computer calculation of Integral modular data

The methods outlined in Section 5 can be used to find both integral and non-integral
modular data from SLy(Z) representations. The results are summarized in Section 7.
However, those methods are less effective to integral modular data. For rank 8 and above,
we need to use a different and more effective approach to find integral modular data. The
new approach contains a few steps.

In the first step, from a list all possible SLy(Z) representations that have potential to
produce modular data that we have obtained before, we can obtain a list of prime divisors
o of pord(p(t)) of those SLa(Z) representations (see Table 5). This information will be
used in the next step.

In the second step, we note that x; = D2/d12, i = 1,...,r are integers for integral
modular data, which satisfy the Egyptian fraction condition (144).

For each rank r, the number of the lists of Egyptian fractions is finite. We use the
following method to obtain all of them. First we assume x; are ordered 1 < 9, < -+ < .

Suppose we have known a partial list x1,..., 2. Then the next integer xy41 in the list
. 1 1 E o1
satisfies o 2 —r(1 =22 5)- Thus
r—=k

rp < Tpg1 < (145)

k 1°
1-> 13

We see that the integer x,1 only has a finite range of choices. Since here, z;’s are given
by the quantum dimensions of modular tensor category: x; = D?/d?, the prime divisors of
xk1+1 must be a subset of prime divisors of pord(p(t)). The range of choices can be greatly
reduced by using this property. Since the known prime divisors of pord(p(t)) form small
sets (see Table 5), this allows us to obtain all possible lists of Egyptian fractions, 1/z;’s,
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Table 5: Sets of prime divisors of pord(p(t)) of the SLy(Z) representations that
have potential to produce modular data. For each rank, we drop the sets of prime
divisors which are contained in some other sets of prime divisors at that rank.

rank prime divisors
2 2], [5]
3 (2], 3], [7]
4 [2,5], [3]
5 [2,3], [2,5], [7], [11]
6 12,3], [2,5], [2,7], [3,5], [3,7], [5,7], [13]
7 (2,3], [2,5], [2,7], [3,5], [3,7], [11]
8 [2,3,5], [2,7], [3,7], [3,11], [13], [17]
9 12,3,5], [2,3,7], [2,11], [2,13], [3,11], [19]
10 12,3,5], [2,3,7], [2,11], [2,13], [3,11], [3,13], [5,7], [5,11], [5,13], [7,11], [17]
11 12,3,5], [2,3,7], [2,3,11], [2,13], [2,17], [3,5,7], [3,13], [5,13], [7,11], [19], [23]
12 |1[2,3,5], [2,3,7], [2,3,11], [2,3,13], [2,5,7], [2,5,13], [2,17], [3,5,7], [3,7,11], [3,17], [3,19], [5,17]

for each set of prime divisors (of pord(p(t))) in Table 5. (Otherwise, the load of computer
calculation is too much for rank 11, 12.)
From z;’s we can get the quantum dimensions d; via

di=\", D*=Y &=z, (146)

T

This way we obtain sets of potential quantum dimensions of all integral modular data.

When d;’s are viewed as quantum dimensions of an integral modular data, they must
satisfy many additional conditions discussed in Section 6.1. We further reduces the sets of
potential quantum dimensions of integral modular data, by using some of those conditions
that can be automated by computer:

Lemma 6.5. o d; = i—: must an integer.

e The number Ny, of invertible objects (the number of d; = 1’s) divides x, = D2
C can be decomposed as an Abelian category into Ny, components, such that each
component C; has the same total quantum dimension DQ/Ninv. FEither Gy contains
invertible objects, which must be bosons or fermions, or Cqy is modular and hence C
18 mot prime.

o If C; contains invertible objects, then the set of quantum dimensions in C; is the
same as that in Cq.

o Let Ninyo be the number of invertibles in Co. Let Py be the product of distinct
prime factors in Ninyo. Then Py o divides d; Ng,, where d; is a quantum dimension
in Co and Ny, is the number of simple objects with dimension d;. If one of Ny, is
odd, then invertible objects in Co must be all bosons, i.e. Sym(Co) is Tannakian.

o If |p| < 3 and Sym(Cy) is Tannakian, then dmin/Ninvo < 1, where dmin is the
smallest non-unit dimension in Cqy.

Proof. The first two statements are immediate. Let us justify the last three.
Let Z € €; be invertible. Then the map X — Z - X is a bijection between Cy and C;.
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Table 6: Sets of prime divisors of D? (and of pord(p(t))) of the reduced sets of
the potential quantum dimensions for integral modular data.

rank prime divisors
2 2]
3 3]
4 2]
5 (5]
6 [2,3]
7 [2], [7]
8 2], 2,3]
9 2], 23]
10 2], [2,3], [2,5], [2,3,5]
11 [2], [11], [2,3], [2,5], [2,3,5], [2,3,7]
12 [[2,3], [2,3,5], [2,3,7], [2,3,11], [2,3,13]

Let p be a prime dividing Ninv 0 so that Z, acts on the objects of dimension d;. If
p = 2 and the corresponding invertible object is a fermion, f then f- X 2 X for each
simple X of dimension d; so that N; is even. If p > 2 the corresponding invertible object
b is bosonic. If p t d; then b- X % X since if we condense b the object X would split into
p objects of dimension d;/p. Thus the orbit of X under the Z, action must have size p,
and thus N,y o is divisible by p.

The given hypotheses imply that C is solvable, and the de-equivariantization of Cy by
Sym(Coy) = Rep(A) is modular and again solvable. Denote this functor by F' : €y — (Cp) a-
By solvability (Cp)4 has a non-trivial invertible object Z. Such an object must appear as
a subobject of F'(X) for some non-invertible object X of dimension d, since F'(W) = 1 for

all invertible objects in Cy. Using [103, Prop. 4.4] we find that 1 = dim(Z) = %
where Stabs(X) is the X-stabilizer subgroup of A, and vz x is the multiplicity of Z in

_ AT __vzxd d dmin
F(X) Now |A| = Nlnv,07 sol= |St(le(X)| 2 Ninv.0 Z Ninv,O'

O]

In Table 6, we list the prime divisors of D? of the reduced sets of the potential quan-
tum dimensions. Note that the prime divisors of D? coincide with the prime divisors of
pord(p(t)), for a modular data (integral or non-integral).

In the third step, we go back to SLa(Z) representations. We find all possible D,(c)’s for
a SLa(Z) representation p and examine all possible choices of unit index u. If D,(0)y,, = £1
for all o’s, then the SLo(Z) representation p has a potential to produce integral modular
data, provided that the prime divisors of pord(p(t)) is in Table 6 for the given rank. This
leads to Table 4, where the possible sets of prime divisors of pord(p(t)) are further reduced.
In this calculation, we also obtain a list of possible p(t)’s for each possible set of prime
divisors of pord(p(t)) in Table 4. This information is useful for the next step of calculation.

In the fourth step, we compute all possible fusion rings (described by fusion coefficients
N) from a set of potential quantum dimensions d;’s, via the following equation

didj = N7dy. (147)
k=1

Since N,ij > 0, the number of solutions for the above equation is finite. However, for
higher ranks, such as for rank 10,11,12, the calculation load is too much. We need to find
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ways to make the calculation doable. N

One trick is to use the symmetry of N7:

ij _ ardk ki arik gt kT NI kI arik ki i ik

N, = N; —NEZ—N]’- =N =N, =N; =N; —Nf. = N;* =N =N;", (148)

to reduce the number of variable of N,ij . But to use this trick, we need to consider all
possible charge conjugations ¢ — 4, and solve possible fusion rings for each choice of charge
conjugation.

Eq. (147) gives a set of linear equations of the variables. We also have a set quadratic
equations of variables from

> NNt =" Nj"NiF. (149)

m n

We first solve the linear equation with minimal number of variables by search since all
the variables are bounded integers. During the search, we apply the quadratic equations
containing the searching variables to reduce the search. After solved some variables, we
then solve the linear equation with minimal number of remaining variables. Repeating
this process, we can solve all the variables.

The above trick is not enough. We need more tricks. When the potential quantum
dimensions contain multiple 1’s, the corresponding modular data will have multiple in-
vertible objects. In this case, the corresponding modular tensor category is graded by an
Abelian group whose order is given by the number of invertible objects. For example,
[d;] = [1,1,2,2,2,2,3,3] is graded as Zy: Cy = [1,1,2,2,2,2], €; = [3,3]. In this case
the fusion between the invertible objects in the trivial component €y is described by an
Abelian group. The fusion between the components are also described by an Abelian
group. Those properties can be used to reduce the calculation.

When the trivial component €y contain more than one invertible object, those invertible
objects form a symmetric fusion category. Let us first assume all the invertible objects
in €y are bosons. Then we can condense the bosons b, whose order is a prime divisor of
Niny, where Ni,y is the number of invertible objects in €y. In other words, (b,)P is the
trivial object if p is a prime divisor of Nj,,. The group Z, acts on the simple objects X
of a given fixed dimension d via X +— b, ® X.

The condensation of b, reduces Cy to a ribbon category C{, with several possible di-
mension arrays [d},d5, - -]|. The dimension in €f, are obtained in the following way: first,
the number of invertible objects in € is at least N/, = Niny/p. If there are p d;’s in Cp
with the same value d’, then those p d;’s might be “combined” into a single d’ in €. Also,
if a quantum dimension d; in Cg is divisible by p, then the single d; in Cy can “split” into
p degenerate d;], in G}, where d;j =d;/p for j =1,...,p. All the quantum dimensions d;
in Cp must either combine or split, as describe above. Otherwise, the original quantum
dimensions [d;] do not correspond to any modular tensor category. We can condense all
b, for all the prime divisor of Nj,y, using the above method.

At the end, we obtain a list of possible condensation products C{’s. Then we try to
compute the possible fusion rings for each set of [d}, d5, - - -|. If there is no valid fusion ring
for all the possible condensation products €’s, then the original quantum dimensions [d;]
does not corresponds to any modular tensor category where the invertible objects in the
trivial components are all bosons.

If the invertible objects in the trivial components contain fermions, then Nj,, must be
even. If Ny, is divisible by 4, then b is a boson and we can use the approach described
above to obtain a list of possible condensation products C{’s. But here we further require
d; in Cj all have an even degeneracy, since the invertible object in G, must contain the
uncondensed fermions. If the even Ni,, is not divisible by 4, then we condensed all the
by’s, except ba, to obtain a list of possible condensation products. If there is no valid fusion
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Table 7: Lists of all potential quantum dimensions for integral modular tensor cat-
egories. The quantum dimensions are presented as [[d1,dg,- -], [d},d5- -], -],
where [dy,dg, - -] form the trivial component Cg, [d},d}, -] form the first non-
trvial component Cp, etc. Each set of quantum dimensions has one or more valid
fusion rings, but may not correspond to modular data.

rank quantum dimensions
2 (1], [1]
3 (1], [1], [1]
4 (1], [1], (1], [1]
5 [1], [1], [1], [1], [1]
6 (1], [1], [1], (1], [1], [1]
7 (4], (1], (1], [1], (1], 1], (1]
[1,1,1,1], 2], [2], [2]
8 (], (1], (1], (], 1], 1], (1], [1]
[1,1,2,2,2,2],[3, 3]
9 (1], (1], (1], (], 1], [a], (2], (2], [1]
[1,1,1,1,4,4],[6],[6], [6]
10 (1], (1], (1], (], (1], 2], (2], [, [1], (1]

I [2,
1 1 H[]H[Hl],[l],[l%l][]
2,

J [

1,1,1,1,2],[2,2, (2,2, 2,2

[1,1,1,1,4,4],[2,4,4], 6], [6]

[1,1,1,3,6],[4,4,4], [4,4,4
12 /1], 11,1

|
J, (1, [0, [, [, (g, (2, (2, 2], 1]
[1,1,1,1,2,2,2,2,4], 6], 6], 6]
[1,1,1,1,4,4],[3,3,3,3], 6], [6]
[1,1,1,2,2,2,2,2,2,3], 6], [6]

ring for all the possible condensation products €{’s, then the original quantum dimensions
[d;] does not corresponds to any modular tensor category where the invertible objects in
the trivial components contains fermions.

The above condensation consideration is very effective in ruling out many invalid poten-
tial sets of quantum dimensions. However, if the quantum dimensions [d1, da, - - - | contain
only a single invertible object (i.e. the unit), the corresponding modular tensor category
will be called perfect. In this case, our above tricks will not apply. For rank 11 and 12,
the computation of the fusion rings from the perfect quantum dimensions is too much for
a current desktop computer to handle.

To solve this problem, we note that for each set of quantum dimensions, d;’s, we know
D? and its prime divisors. For such a set of prime divisors, we know a list of all possible
p(t)’s, and the corresponding twists 6#;’s, that may give rise to integral modular data.
However, we do not know the matching between d;’s and 9 s. Thus, we need to find all
permutations in the indices, p’s, such that (d; 0, (i )) are the quantum dimension and the

(3 p(t
twist of an object in a modular tensor category. In particular, the permutation p must
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satisfy
De'? = Zd?ép(i). (150)

For all possible p(t)’s, we search all possible permutations p to satisfy the above condition.
We can reduce the search by noticing that the twists related by Galois conjugation, 51 —
0%0; = 05(i), correspond to the same value of quantum dimensions.

If no valid permutations can be found for all possible p(t)’s, then the set of quantum
dimensions, d;’s, does not correspond to any valid integral modular data. This condition
is very effective in ruling out many perfect quantum dimensions. The remaining sets of
quantum dimensions that have not been ruled out are listed in Table 7. We manage to
obtain all the fusion rings for each set of quantum dimensions in Table 7.

In the fifth step, we compute the possible topological spins s; (e!?™ are eigenvalues
of the T-matrix) from the obtained fusion ring N,’ via [92,106-108]

ZV;-;MST =0mod 1 (151)

where

Vig = NINF + NINF + NENI' — (850 + 0o + 0r + 01) D NINE. (152)
m

There are many sets of solutions of s;’s, which can be calculated via the Smith normal
form of above V-matrix. For each set of solution, s;’s, we can calculate the S-matrix via
(8). We then check if the resulting S, T form a valid modular data. This way, we obtain a
complete list of integral modular data, for rank 12 and below. The results are summarized
in Section 7. We remark that our results coincide with those of [109] for rank 13 and
below, although our methods are somewhat different.

7 Lists of modular data by Galois orbits

By a theorem of Mueger, if € C D are both modular categories then we have a factorization
C = DX D" where D’ is another modular subcategory. If D has no modular subcategories
it is said to be prime. In this section we list all the prime modular data for ranks 7,8 9,
10, 11 and 12. To save space, we group the modular data by Galois orbits generated by
Galois conjugations. We only list one representative for each Galois orbit. If a Galois orbit
contains unitary modular data (defined by quantum dimensions d; > 1), we will choose
the representative to be an unitary one.

A grey entry means that the Galois orbit and the previous Galois orbit are connected
by a change of spherical structure (i.e. the two Galois orbits each contain a modular data,
such that the two modular data are connected by a change of spherical structure). If a
Galois orbit contains no unitary modular data, and one of the non-unitary modular data
is pseudo unitary, we will drop this Galois orbit. Such a Galois orbit is connected to a
Galois orbit with unitary modular data. If a Galois orbit contains a modular data that
is not prime, we will also drop this Galois orbit. The resulting lists are given below. The
list is ordered by D?2.

In the list, the T-matrix of the modular data is presented as (sg, 1, - ) where Tj; =
e'?27%i (0 < s; < 1. The S-matrix is presented as (Si1, S12, 513, - ; S22,593,--). The
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matrix elements of S are given in terms of the following cyclotomic numbers:

G =P = GG s =G =G

r=art o=t o=t A=A

w = (G = G (G = Gy = (G G (G + G,
Xt = (G + G (G = Gy At = (G = Go™) (G + o) (153)
Each modular data in the list is labeled by rorg(QT) ofp
modular tensor category with rank r = 7, chiral central charge ¢ = 2, total quantum
dimension D? = 7.0, order-T ord(T) = 7, and finger print fp = 892. Here the “finger
print” is given by the first three digits of | >°,(s? — )d;|, so that distinct modular tensor
categories are more likely to have distinct labels.

In the table, we also list the realizations of each modular data. Usually, a realization
is given by the modular tensor category of Kac-Moody algebra. For example, SU(5)s5
is the modular tensor category of SU(5) level 5 Kac-Moody algebra. PSU(3)5 is the
modular tensor category that is the non-pointed Deligne factor of SU(3)s, i.e. SU(3)5 =
PSU(3); X C(Z5,q). We also use O,, to represents the modular tensor category of the
U(1)2, orbifold [110]. The modular tensor category from twisted quantum double is
labeled by D“(G), where G is a finite group and w in the cocycle twist. The modular
tensor category from twisted Haagerup-Izumi modular data is labeled by Haag(n),,, m =
0,+1,---,%+n [111]. Also many modular data are realized as Abelian anyon condensations
[79] of the modular tensor category from Kac-Moody algebra and/or twisted quantum
double. Two constructions closely related to Abelian anyon condensations called zesting
[112,113] and the condensed fiber product [114] are also useful. Most of the potential
modular data in the lists are realized by modular tensor categories, and are indeed modular
data. There are a few potential modular data whose realizations are not known or not
sure, which will be discussed on Section 8.4.

7,892

For example, 7,7 labels a

7.1 Rank 7

1. 735% d; = (1.0, 1.0, 1.0, 1.0, 1.0, 1.0, 1.0)

D2:70:7

112 2 4 4
(07?7?775?5?5?)

S = (%7 ]-, %a ]-7 ]éa 1a2]-7 _%%47 Cf? _C§47 C%v _Cll4a C’?a _Cilv C?la _4?43 C’?v _<114; C?» _C1147 C727
—Gas Gy —Clas G —Cian G5 — ()
Realization: U(7);.
2. 732396 . d; = (1.0, 1.0, 1.847, 1.847, 2.414, 2.414, 2.613)

27 27.31
D2 =27.313 =16+ 8V2
1 1 3 21
T = (03330335 4+ 1+ 32):

S = (17 17 C167 6167 1+ \fv 1+ \/i 6%6 +C%6; 17 _C%Gv C16) 1+ \[ 1+ \[ C16 6167
(—clg — clo)i, (cig +cl6)i, —clo, cl6, 0 (—clg — clo)i, —cigs cl6, 0; —1, =1, cig +clg; —1,
—c16 — Cig; 0)
Realization: Abelian anyon condensation of SU(6)2 or Sp(12); or SU(2). One of 4 Zy-zestings
of the spin modular category SU(2), see [?].

3. 7?;2297121 :d; = (1.0, 1.0, 1.847, 1.847, 2.414, 2.414, 2.613)

—27313=16+8\/§

—(0,1,3, 3 13 15y
7273273274747 32

_ 1 3. 1

S —1(17 13, 616710167 %‘f‘ 1[, 11‘" V2, f16 “‘301671 1, _1016a —clg, 1+ \[1 1 +3\f 016 016’
i+ Clg, —Cls — €6, Clsr —Clgr 03 €16+ Cl6, Clgr —Clg 05 —1, =1, —clg —clg; —1, i+l
0)
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Realization: Abelian anyon condensation of SU(2)g or SU(6), or Sp(12);. One of 4 Z-zestings
of the spin modular category SU(2), see [?].

4. 72? 1257931 : d; = (1.0, 1.0, 1.847, 1.847, 2.414, 2.414, 2.613)

D? =27.313 =16+ 82

5 1 3 25
T=(0,3 55033 4+ 1 39):

S = (1,1, clg, clg, 1+ V2, 1 +V2, clg + c6; 1, —clg, —clg, 1+ \[ 1 —|— V2, —clg — cie;
_)C%G_Clﬁa cig+cl, —Clg, Clg: 05 —clg —Clg, —Cles Clgy 05 —1, =1, elg+cig —1, —cfg—cig;
0
Realization: Abelian anyon condensation of SU(6)2 or Sp(12); or SU(2)s. One of 4 Zy-zestings
of the spin modular category SU(2), see [?].

5. 7% o d; = (1.0, 1.0, 1.847, 1.847, 2.414, 2.414, 2.613)

13 27.31
D? =27313:16+8\/§
7 1 3 19
(0,535737271,17372)

S =(1L,1, clg, clg, 14+ V2, 1+ V2, clg + ciy; 1, —c%ﬁ, 016, 14+ V2, 14+ V2, —cis — cig;
(—cig = cfe)is (elg +clo)i, ci6, —ci6, 05 (—cig — o)l cig, —cig, 0; —1, =1, —cig —cle; —1,

cig + cig; 0)

Realization: Abelian anyon condensation of SU(2)g or SU(6), or Sp(12),. One of 4 Z-zestings

of the spin modular category SU(2), see [?].
6. Toss.  : di = (1.0, 1.0, 2.0, 2.0, 2.0, 2.645, 2.645)

D2f28()*28
= (0, 07%7*7%7%@
S=(1,1,2,2,2,VT,VT; 1,2,2,2, =T, —/T; 2c2, 2ck, 2¢3, 0, 0; 2¢3, 2¢2, 0, 0; 2¢k, 0, 0;
VT, ff, f)

Realization: SO(7), or Abelian anyon condensation of Os.

7. Tosa t di = (1.0, 1.0, 2.0, 2.0, 2.0, 2.645, 2.645)

D? =28.0 =28
1 2 4 3 7
T = (O 07777777§7§)
S=(1,1,2,2,2, VT,VT; 1,2,2,2, /T, —/T7; 2c2, 2ck, 2¢3, 0, 0; 2¢3, 2¢2, 0, 0; 2¢k, 0, 0;

Realization: Abelian anyon condensation or Za-zesting of SO(7)s or Or.
8. 71;2 28%575 :d; = (1.0, 1.956, 2.827, 3.574, 4.165, 4.574, 4.783)

D? = 86.750 = 30 4 15¢l5 + 15c25 + 15¢3;

_ 1 13 1
T = (Oa5a 15a0757375)7

S = (%7 _3157 §157 157 £157 6157 6151 15’ 515’ 51757 5?57 _£§57 17 €?5a €%5a 07 _5?5’ _5?57 17
=350 155 Ciss 5157 0, 515’ 515» 5157 515)
Realization: PSU(2)13

9. Thoans + di = (1.0, 2.414, 2.414, 3.414, 3.414, 4.828, 5.828)

D2 =93.254 = 48 + 32¢/2
T = (0 11115 0)

b 27 27 47 4’ 87
S=(1,1+v2,14+v2, 242,24+ V2, 242V2,3+2V2; —1-2¢} —2¢2, -1 -2 +2¢2,
(—2-V2)i, 2+ V2)i, 2+ 2v2, -1 -v2; —1-2¢ —2¢3, (2+ V2)i, (=2 - V2)i, 2+2V?2,
Realization: PSU(3)s.
10. 750 ¢ di = (1.0, 2.918, 3.513, 3.513, 4.601, 5.911, 6.742)
11> -

D? = 135. 778 =55 + 44ct, 4 33¢2, + 22¢3, + 11},
T—(0,L,4 4 3 6 10y

7112 11’ 112117110 11
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S=(1,2+ch +& +c +cty, &1, €0, 2+ 2, +cd + )+ ety 2+ 200 + )+ A,
2+2ci; +2¢, + by 24 2¢f; +2¢ + 3y, =65y, —€0r, 2+ 2¢p, + C%& +ci, 1, =2 —2¢f, —
Ci1 —ct —cly; st +2¢3 - Cr1_13 ‘tql ‘|‘§1517 r_l —cly —2¢3 —2¢5 + ¢ — ¢ — ¢ €61, —E,
&5 s +20 G+ + G, €, —€81, €815 —2—cly — ) —cd — by, —2-2c}, —2¢3, — ),
L 242 +cf + e+, 24+ e + 68 el —2-2¢q, - — )

Realization: PSO(10)s

7.2 Rank 8

1.

8;%%° d; = (1.0, 1.0, 1.0, 1.0, 1.0, 1.0, 1.0, 1.0)

D?=80=38

T = (07 07 %7 %7 T167 %7 %7 %)7

S=(1,1,1,1,1,1,1,1; 1,1, 1, -1, =1, =1, —=1; —1, —1, —i, i, —i
<817 Cga _481; _Cg)a _Cé, Cgv _Cg)a CSla _(g)

Realization: U(8);.

85360+ di = (1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 3.0, 3.0)

D? =36.0 =36

T= (0,070,0, %a %70a %)a

S=1(1,1,2,22233; 1,
0,0; —2,0,0; 3,—3; 3

Realization: D(S3)

8330+ di = (1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 3.0, 3.0)

s, . . . s, 3
, 15 _17 1, —1, 1, —1; _CS7

27 2; 27 27 737 737 47 727 727 723 07 0, 43 727 725 07 07 72’ 47

D? = 36.0 = 36
T= (0707 %7 %7 %7 %707 %)a

S=(1,1,2,2,2,2,3,3; 1,2,2,2,2, -3, =3; —2,4, -2, -2,0,0; —2, -2, -2,0,0; —2,
4,0,0; —2,0,0; —3,3; —3)
Realization: condensation reductions of Z(NG(Z3 x Z3,0)) (non-group-theoretical, [115]).

8656t di = (1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 3.0, 3.0)

D? = 36.0 = 36

7= (0.0.0.0.5.2.3.3)

S =1(1,1,2,2,2,2,33; 1,2,2,2 2 -3, —3; 4, -2 -2 -2,0,0; 4, -2, —2,0,0; —2, 4,
0,0; —2,0,0; —3,3; —3)

Realization: D3(Ss).
8i%e "+ d; = (1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 3.0, 3.0)
D? = 36.0 = 36
T= (0707 %7 %7 %7 %7 i7 %)7
S=0(1,1,2,22233 1,222 2 -3, -3 —2,4, -2, -2,0,0; —2
4,0,0; —2,0,0; 3, —3; 3)
Realization: condensation reductions of Z(N'G(Z3 x Z3,0)) (non-group-theoretical, [115]).

86560+ di = (1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 3.0, 3.0)

_27 _27 07 07 _27

)

D? = 36.0 = 36
T= (070707 év %7 %707 %)a

S=(1,1,2,2223 3 1,2,2,2,2, -3, -3 4, -2, -2, -2, 0, 0; 2¢2, 2c4, 2¢5, 0, 0; 2¢},
2¢2,0,0; 2c¢3,0,0; 3, —3; 3)
Realization: D*(S3) or SO(9).

8556, + d; = (1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 3.0, 3.0)

D? = 36.0 = 36
T = (070707 %7 %7 %7 i? %)7
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S=(1,1,2,2,2,2,3,3; 1,2,2,2, 2, -3, =3; 4, -2, =2, =2, 0, 0; 2c2, 2¢}, 2¢}, 0, 0; 2¢,
2¢2,0,0; 2¢2,0,0; —3,3; —3)
Realization: D'(Ss).
8. 8162 1152258: d; = (1.0, 1.965, 2.864, 3.666, 4.342, 4.871, 5.234, 5.418)

D = 125. 874 =36 + 28c}; + 21c3, + 15¢3, + 10ct; + 6¢37 + 3¢5, + ¢,

—(0,5,2 8 6 1312 3,
’17717’17717’17717’17

S = (1, _103177 51777 17a f17> 177 517, 5177 17» 177 5177 517» 51% 5177 -1 517; 517, 0177
—é, —&1%, —&i7 — 517’ 517, 517a 0175 517’ 51771 517; C177 517’ 5177 (317, 5177
17)

Realization: PSU(2)15

9. 853570 o+ di = (1.0, 2.941, 4.148, 4.148, 4.712, 6.209, 7.345, 8.55)

132

D? = 223.689 = 78 + 65¢l; + 52¢35 + 39cd; + 26¢t; + 13¢],

= 1l 8 8 3 6 10 2
T = (0, 13713’13’13’13’13’13)v

S=(1, 2+clz+ i+l cls+cls, €5, €3, 24 2ci3+ i+l el +ci, 2+2C%3+Cl3+013+0137
2+ 2e15 + 2cis + ciy + cis, 2+ 2efy + 255 + cly; 2+ 2efy + 2ty + s + cls, —Ef5, —E,
2+ 20%3 + 2ct5 4¢3, 24 2¢i3 + i3 + 0?3 + 013 + 013, —1, =2 — 2¢{3 — ¢z — 013 0137
—1- 013 C13+C?37 24+2ci34+2¢ 3+ —cl3, €, 5137 £l3, —€l3; —1—ci3—ciz+cis, El3, =13,
5137 513a ) —2—20%3_20%3_01133_041137 —2— 2C13 013 C%s C41137 2+C%3+C%3+C?3+C%3+C?3§
-2- 013 iy — ¢y —cly —cf3, 2+ 2013 + 2c95 +¢l3, 15 =2 —cly — iy — ¢y — ¢y — s,
—2—2cj3 — ¢f3 — i3 — ¢y — 133 2+ 2ci3 + 2¢i3 + ¢y + i)

Realization: PSO(12)3.

10. 837084 + di = (1.0, 5.854, 5.854, 5.854, 5.854, 6.854, 7.854, 7.854)
D? = 308.434 = 315+135V5

(0 0 07 év 3703 gv %)
S =(1, 5+3f o+3\f a+3f o+3f 7+3\f 9+3f 9+3f7 5_3\/5, 5+§\/5, 5+:;\/57 5+g\/57
5+3f 0,0, — 3\[ 5+3f 5+3f 5+3f, 0, 0; 5+g\/5’ _5_ 3\/5, 75+g\/57 0, 0;
5+3f 5+3f ,0,0; 1, 9+3f 9+3f 3+g\f 6—3\/5; 3+?2n/5)
Reahzatlon condensatlon reductlons of Z(./\/ G(Z5,5)) [116].
11. 83533204: d; = (1.0, 5.854, 5.854, 5.854, 5.854, 6.854, 7.854, 7.854)
— 308.434 = M
1 1 2 1 4
T= (073737373507577)7
S=(1 543v6 5+3v5 5+3v6 5+3v5 7+3vE 9+3vV5 9+3V5. 5+3f —5—3/5, 5+3\f 5+3v5
T2 02 T2 T3 g g 2 2
_5+:;\/57 0, 0; 5+;\/5’ 5+§\/57 5+§\/5’ _5+3\/37 0, 0; 5+gﬁ, —5— 35, — .0, 0;
5+§\/57 _5+§\/57 0,0: 1, 9+§\/5, 9+:§\/5; —6— 35, 3+g\/5; —6—3\f)
Realization: condensation reductions of Z(NG(Z5,5)) [116].
12. 8 %08+ di = (1.0, 5.854, 5.854, 5.854, 5.854, 6.854, 7.854, 7.854)
D? = 308.434 = 315+135V5
1 2 3
T (0 0797979707575)7
S=(1 5+3v5 5+43v5 5436 54+3V5 7+3\/5 9+3\/5 9+3\/3. 7573\[ 5+3\/5 543v5  5+3V5
? 2 ? 2 ) 2 ) 2 ’ 2 2 ’ 2 ?

)

535 0 0; —3cly + 3cdy — ek + 3645, 3645 + 5 + 3chs + ¢, 3045 3c2. — 3cis —
s — 3cis + 3¢l — 3645, 5+3‘f 0, 0; 3cis — 335 — 3cis — chs — 3chs + 3ck? — 3cli,

—3cks + 3¢k, — 4c19 + 3Ll 5+3f L0, 0; 335 + s + 3¢k + cll, — 335 0, 0; 1, 235
9+3\/5; 3+g\/5’ —6— 35, 3+gf)

2
Realization: condensation reductions of Z(NG(Z5,5)) [116].
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7.3 Rank 9

1. 9997+ d; = (1.0, 1.0, 1.0, 1.0, 1.0, 1.0, 1.0, 1.0, 1.0)
2790:9

1144077
(000757575757575)

S = (la 17 ]-7 ]-7 ]-a 13 17 17 1, ]-a 1; 74%7 <313 7((%7 Cb}a 7(%7 C:%, 13 C{%? 74%3 <31a 74%7 <313 7((%7
_4C1587 Clgv %14’ _<1187 Cév _<178; _C1587 _C118a Cga _<1787 Céa Cé> _C178a _C1587 <927 <917 <927 _C158;
o> —Cig; Co)

Realization: U(9);

2. 95547 ¢+ di = (1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 2.0, 3.316, 3.316)

D2 =44.0=144

4 5 9 1 5
(0 O7ﬁ7ﬁ7ﬁaﬁ7ﬁa§’§)

S=(1,1,2,2222 V11, V11; 1,2,2,2,2,2, —/11, —V11; 2¢3,, 2¢},, 2¢t,, 2¢3,, 263,
07 O; 2C§1ﬂ 26%13 26%17 26?17 07 0; 26?17 26?17 20%17 0; 0; 20%17 20%17 Oa O; 2041117 0& 0; Vv 117
—/11; V11)

Realization: SO(11)s or Abelian anyon condensation of Oq1 or SO(22),.
3,955 ¢+ dy = (1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 2.0, 3.316, 3.316)
D? =440 = 44

4 5 9 37
T = (0, Ovﬁaﬁvﬁaﬁvﬁagag)

S = (1a 17 27 27 27 27 2a \4 a V a 17 27 27 2a 27 27 —V 1 y TV 111 26%17 2C%17 2Czlllv 26%17 26?17
0, 0; 2c9,, 2¢2, 2¢iy, 20?1, 0, 0; 2¢3,, 2¢3, 2ciy, 0, 0; 2y, 2¢2,, 0, 0; 2ciy, 0, 0; —V/11,
VII; —V11)

Realization: Abelian anyon condensation of SO(11)s or O1; or SO(22),.
4. 9%2 ?;)(;436 :d; = (1.0, 1.0, 1.902, 1.902, 2.618, 2.618, 3.77, 3.77, 3.236)

D2 :52360:30+10\/5
(0032311373)

720°40°5°57878°5

S = (17 la CQOv C%Ov 3+2fv 3+2\/57 C%O + Cgov C%O +CgOa 1+ \/5; 17 _6507 _6507 3+2\/5a 3+2\/57
—c3 — o, —Cho — 3oy 1+ VB; chg + ¢, —cho — S3o, —cho — oy Cho + o, Chor —Ch05 0
C%O +0307 _C%O _0307 0504‘030’ _0507 C%O’ 0; 1,1, C%O’ C%O? _1_\/53 1, _Céov _C%O’ _1_\/5;
—cho — Co» Cho + Cp; 05 —chy — 39, 0; 1+ V/5)

Realization: SU(2)s. Abelian anyon condensation of SU(8), or Sp(18);.

5. 920500 ¢ di = (1.0, 1.0, 1.902, 1.902, 2.618, 2.618, 3.7, 3.77, 3.236)

D2 —52360—30+10\/5
(OO 2744372)

400 40°5°5°8785

S = (17 1’ 620’ C%O? %, %7 C%O + ch? C%O +C§Oa 1 + \/5; 17 _Céov _C%O’ 3448 344/
—cho — 30, —C3o — o, L+ V5 —c3 — o, cho + 3o, —C30 — Co, Cho + 305 €30, —Cho, 0;
_C%O - C%U» _C%O - 0307 C%O + C%U» _0507 C%O’ 0; 1,1, 0507 0507 —-1-v5 1 _Céov _0507
—1 /55 ¢y + g, —c3o — o, 05 3o+ 3o, 0 14+ V5)

Realization: Abelian anyon condensation of SU(2)g or SU(8)2 or Sp(18);.

6. 911205?;53 :d; = (1.0, 1.972, 2.891, 3.731, 4.469, 5.86, 5.563, 5.889, 6.54)

= 175. 332 =45+ 36¢lg + 28¢2y + 213y + 15ctg + 10cy + 6c5q + 3¢l + g
(0 1 13 15 7 8 18)

7197 19’ 197197 19’ 197 19’ 19

S = (17 C197 §197 5197 19a 19’ 5197 197 519’ 7519) 19’ 19’ 519’ 519’ 5?9’ 519’ 1 6197 5197
197 1, 0197 519» 5197 519» -1, 519a flga 5197 0197 5197 _5197 5%97 Clga 5197 0197
19) 5197 5197 197 1, —5%35 5179’ _5%97 519)

Realization: PSU(2),,. Abelian anyon condensation of SU(2),, or SU(17), or Sp(34);.

7. 9113 ;14";2: d; = (1.0, 2.956, 4.783, 4.783, 4.783, 6.401, 7.739, 8.739, 9.357)
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D2 — 343.211 = 105 + 45¢k5 + 75c2; + 90¢3;

1 1 13 13 2 2 2
(07 15a5aﬁ7?5a57§70 7)

S =1, 1+cl5+ s, €5, E15, &5y 2+l + 35+ 2635, 2+ el +2¢5 4 2¢35, 3+cls +2c5 4 2¢3s,
3+ cls + 205 + 3cig; 24 cfy + 2;%5 + 25, 265, —¢s, ~€l5 2+ cls + 25 + 2,
1+ 01? + C15771—1 _2015 —f%a —32 - C15 2015 2015a 5157 5157 5157 515a 2515a j§157 153
2_74C157_ 2C157 +<%5_2<15 _1C15+5_C 5 5(15, 3+3<15+<15 2C15+C10 6415 +5C157
—&{5y &5y —E15, E57 2 —ACs — 2Ci5 +(F5 — 2C15 - C15 + 5(15 — 5(ts, —&fs, 515, 5157
€ —3—clo —2¢2, —2c}, 14+ ¢35 + ¢35, 3+ cly +2¢25 + 3c35, —1; 2 + chs +2¢3: + 2¢3s,
—2—clg—2c3 — 23, —1—cy — i 1,24 ¢y + 3 +2c3; —3 — iy — 2¢2 — 2¢3;)

Realization: PSO(14)3.

8. 9344231 . d; = (1.0, 4.449, 4.449, 5.449, 5.449, 8.898, 8.898, 9.898, 10.898)

= 475.151 = 240 + 961/6

_ 11111 7
T—(0>z 153512000 8)s

S = (1, 2+ V6, 24 V6, 3+ V6, 3+ 6, 4+ 2V6, 4+ 2V6, 5+ 2v6, 6 + 2v6; 2¢7,,
24+2c8, —2c3,—4c3,, —2¢3,—3c34, 2¢3,+3c3,, —4—2v/6, 44+2V6, —2—/6, 0; 2£1,, 2¢3,+3c3,,
—2¢2, —3c3,, —4—2v6,4+2v6, =2 —/6, 0; 3+2ch, —2c3, —4c3,, 3+2ch, +2c3, 4+ 2¢3,,
0,0,3++6, —6—2v6; 3+2ch, —2c3, —4c3,, 0,0, 3++6, —6 —2v6; 4426, 4+ 26,
—4—-26,0; —4—2V6, —4—26,0; 1,6+2V6; 0)

Realization: G(2).

9. 9gens + di = (1.0, 6.464, 6.464, 6.464, 6.464, 6.464, 6.464, 13.928, 14.928)

D? = 668.553 = 336 + 192v/3

1 1 1 1 1 1
T=(033111103%

S =(1,3+2V3,34+2V3,3+2V3,3+2V3,3+2V3,3+2V3, 7T4+4V3, 8+4V3;, —T7+
4CTy — 8¢5t + 8¢, 1— 8¢y +4¢5" —8(Fy, 3+2V/3, 34+2V/3, 3+2V3, 3+2V3, —3 —2/3,
0; —7+4Ck — 85 +8¢%, 3+2v3,3+2V3, 3423, 3+2V3, =3—2V3,0; 9+ 63,
—3-2V3, =3—2v3, =3—-2V3, =3 —2V3,0; 9+6v3, =3 —2V3, =3 —2/3, =3 — 2V/3,
0; 9+6v3, =323, =3—-2/3,0; 9+6v3, =3 —2v/3,0; 1,8+4V3; —8—4/3)

Realization: Zz-algebra condensation of SU(3)g (see also [117].)

7.4 Rank 10

1. 10555 + d; = (1.0, 1.0, 1.0, 1.0, 1.732, 1.732, 1.732, 1.732, 2.0, 2.0)
D2 =24.0=24

1 1 3 11 11 1 7
T=(0,0,1,7 16> 16 67 16> 37 12)»

S=(1,1,1,1,v3,vV3,V3,V3,2,2; 1,1, 1, =3, =3, =3, \/§,,2,—1,—1,(—\/§)i,

(\/5)17 (_\/3)17 (\/g)iv 2, =2, -1, (f) ( \/3)1’ (\/g ( 3)1, _\/gggv \/§C817
\/gcgv)_\/gééla 07 0; _\/§C87 \/><87 \[gga 07 \/>C87 \[ 81 \/§<§7 07 0; _27
—2; 2

Realization: Abelian anyon condensation of SU(2)4 or O3 or SU(4), or Sp(8), or
2.107%;7" ¢ d; = (1.0, 1.0, 1.0, 1.0, 1.732, 1.732, 1.732, 1.732, 2.0, 2.0)
D? =24.0 =24

1 1 3 11 11 2 11
T=(0,0,17 16 16 67 16> 3+ 12)1

S = (17 17 1a 17 \/>a f7 f) f7 2) 27 17 17 1a —\/§7 _\/ga _\/gv _\/ga 27 27 _17 _17 (_\/§)17
_\/§C§)7 \/§C811 Oa 0; \/gcga \/34817 _\/gcga 07 0; \/ggg)v _\/§C81» 07 0; \/gcg)a 07 0; _2» _2;
2)
Realization: Abelian anyon condensation of SU(4) or Sp(8); or SU(2), or Os.
3. 10954 ¢ d; = (1.0, 1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0, 3.0)
D2 =36.0 =36

11 2 2 1
=(0,0,0,0,0,35,35,%,3:5)
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S = (13 17 13 27 23 27 25 27 25 3, 13 17 72@%3 2(%7 72(&3 2(%7 72@%5 24{%7 37 17 2(317 72@%7 2(317
2C617 _2a _27 07 _2<§7 _2a _27 07 ZCév _2<§7 07 2(617 07 _3)
Realization: SU(3)s.
4. 103%6 + d; = (1.0, 1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0, 3.0)
D? =36.0 =36
T= (O7O7Oa %7 %7 %7 37 %7 %7 %)7
S = (15 17 17 27 27 27 25 27 25 37 1a 17 72<&7 2(%7 72@%5 2(%7 72<éa 24.%7 37 17 24:%7 72Cé7 24:%7
_24%7 2C§u _2Cé7 3; 2C158a _2Cg7 _2<§7 2C1187 —2<é, 2C1787 0; 2(?87 2C1187 _2C617 2C1787 _2C917 0;
_2C$}a 24’1787 2<i58’ _QCQQa 07 _24917 _2<g7 2(158’ Oa _2C§17 2<1187 07 _2C§a 07 _3)
Realization: Zesting or Abelian anyon condensation of SU(3)3 [113].
5. 105551+ di = (1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0, 3.605, 3.605)
D? =52.0 =52

_ 1 3 4 9 10 12 1
T_(O7O7ﬁa§7ﬁaﬁ7ﬁaﬁ70’§)a

S=(1,1,2,2,2,2,2 2,13, V13; 1,2,2,2,2, 2, 2 —/13, —/13; 20%3, 20‘;’3, 20‘1‘3, 20?3,
20%3, 20?3, 0, 0; 20?3, 20‘;’3, 20%37 20‘113, 20%3, 0, 0; 20?3, 20%3, 20%3, 20?3, 0, 0; 20?3, 20‘;’3,

2cts, 0, 0; 2¢%5, 2655, 0, 0; 2c35, 0, 0; V13, —V/13; V13)
Realization: Abelian anyon condensation of SO(26)s or Oqs.
6. 103557« d; = (1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0, 3.605, 3.605)

D? =52.0 =52

T:(Ooliiliﬁol)

S = (17 17 27 27 27 2a 2a 2a \% 137 Vv 137 17 27 27 27 27 2a 2a -V 1 > TV 137 264113? 20%35 26?37 26%37
2c35, 2655, 0, 0; 2c3,, 2cts, 2685, 2¢35, 2¢35, 0, 0; 2ci5, 2¢35, 2¢85, 2625, 0, 0; 2cis, 2cis,
2¢35, 0, 0; 2¢35, 2¢i5, 0, 0; 2cis, 0, 0; —v/13, V/13; —/13)

Realization: Abelian anyon condensation of SO(13)s.

7.109% " ¢ di = (1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0, 3.605, 3.605)

D? =52.0 = 52

_ 1 3 4 9 10 12 1 3
T*(0707T33§7T33§7T33§727Z)7

S=(1,1,2,2,2,2,2,2 V13, V13; 1,2,2,2, 2 2 2 —/13, —/13; 225, 2c}5, 2ci5, 2¢%5,
2cls, 2635, 0, 0; 2c55, 2¢35, 2625, 2cts, 2ci5, 0, 0; 2635, 2cks, 2¢25, 2695, 0, 0; 2¢35, 2cis,
20‘113, 0, 0; 20?3, 20?3, 0, 0; 20%3, 0,0; —v13,v13; —+/13)
Realization: Abelian anyon condensation of SO(26)2 or Oqs.
8. 103%5> ¢ di = (1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0, 3.605, 3.605)
D? =52.0 =52

— 2 5 6 7 8 11 1 3
T_(O,O7ﬁ7§7ﬁ7ﬁ7ﬁ7ﬁ7171)7

S =1(1,1,2,2,2,22 2 V13, V13; 1,2,2,2,2, 2,2, —/13, —/13; 2¢k3, 2¢l, 2¢35, 263,
20?3, 20?3, 0, 0; 20‘1’3, 2041*37 20(1537 20%3, 20‘;’3, 0, 0; 20%3, 20‘;’3, 20?3, 2c%3, 0, 0; 20}3, 2041*37
2¢35, 0, 0; 2¢35, 2¢15, 0, 0; 2cis, 0, 0; V13, —V/13; V13)

Realization: SO(13)s.

9. 1065056+ di = (1.0, 1.0, 2.732, 2.732, 2.732, 2.732, 2.732, 3.732, 3.732, 4.732)

D? = 89.569 = 48 + 24+/3

T=(0,303373%5033)

S=(1,1,14+vV3 14+vV3, 1+v3, 1+V3, 14+v3,2+V3,2+3,34+V3; 1, -1 -3,
1+v3, 13, =1 -3, 1+V3,2+3,2+ 3, =3—-/3; 0, -2—-2V3,0, 0, 2+2V3,
—1—V3,14++3,0; 1+v3,1+V3, 1+v3,1+3, -1 -3, -1 -+/3,0; (=3 —3)i,
(B+V3)i, —1—v3, —=1-v3,14+V3,0; (—=3—V3)i, -1—V3, —-1-V3,1+V3,0; 1+3,
—1-+3,-1-+3,0; 1,1,3++3; 1, -3—+/3; 0)

Realization: Abelian anyon condensation [79] of SO(5)3 or Sp(4)3 or Sp(6),.
10. 10554056 © di = (1.0, 1.0, 2.732, 2.732, 2.732, 2.732, 2.732, 3.732, 3.732, 4.732)
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11.

12.

13.

14.

15.

D? = 89.569 = 48 + 241/3

T:(lll§l707%7)v

S=(1,1,14+vV3, 1+v3, 1+ V3, 14+V3, 1+v3,2+3,2+3,3+V3; 1, 1+3, -1 /3,
1+V3, -1 -3, —-1-V3,24+V3,2+ V3, =3—-V3; 1+V3, —2-2V3,1+3, 1+3,
1+v3, -1 -3, -1—+3,0; 0,24+2v3,0,0, -1 —/3,1++3,0; 1++3, -1 — /3,
—1-v3, —-1—+3, =1 —-3,0; 3+V3)i, (=3 —-V3)i, =1 -3, 1+3,0; (3+3)i,

Realization: Abelian anyon condensation of SO(5)3 or Sp(4)3 or Sp(6),.
10350755 + di = (1.0, 1.0, 2.732, 2.732, 2.732, 2.732, 2.732, 3.732, 3.732, 4.732)

D? = 89.569 = 48 + 24+/3

T:( 1135 1 1 0’%7%)’

S=(1,1,14+V3, 1+V3, 1+V3,1+V3,1+v3,24+V3,24+V3,3+V3; 1,1+V3, -1-/3,
1+43, —-1-V3, -1-v3,24+ V3,243, -3—-V3; 14+V3, -2-2V3, 1+ V3, 1+ V3,
143, —1—+3, -1—-+3,0; 0,2+2v3,0,0, -1 —+3,1+3,0; 1++3, —1—+/3,
—1-V3, —-1—3, =1 —-3,0; 3+V3)i, (=3—V3)i, -1 —+3,1+3,0; (3+3)i,
—1-V3,14++3,0; 1,1,34+3; 1, =3—/3; 0)

Realization: Abelian anyon condensation of SO(5)3 or Sp(4)3 or Sp(6),.
1033056 © di = (1.0, 1.0, 2.732, 2.732, 2.732, 2.732, 2.732, 3.732, 3.732, 4.732)

D? = 89.569 = 48 + 24/3

_ 111555 11
T_(O7§7§7§765676707§7Z)7

S=(1,1,14+V31+V3 14+V3, 1+V3, 1+V3,2+V3,2+V3,3+V3; 1, -1 -3,
T4+v3, 1+V3, 1 -3, -1 -+3,2+ 3,2+ V3, =3—-V3; 0, —2—2V3,2+2V3,0,
0, -1 — 3, 14+v3,0; 1+v3, 1+v3, 1+V3,1+3, -1 -3, —-1-+3,0; 1+/3,
—1-V3, —1-3, —1-V3, =1 V3,0, (=3-V3)i, 3+ V3)i, -1 - V3, 1+ V3, 0;
(=3 —V3)i, =1 —+3,1++3,0; 1,1,3++3; 1, -3-/3; 0)

Realization: Abelian anyon condensation of SO(5)3 or Sp(4)3 or Sp(6),.
10759755+ di = (1.0, 1.0, 2.732, 2.732, 2.732, 2.732, 2.732, 3.732, 3.732, 4.732)

D? = 89.569 = 48 + 24/3

_ 1 1 5 1 11 11 1 7
T_(aiagvgvgaﬂvﬂaoaiag)v

S=(1,1,1+V3, 1+V3, 143, 1+v3, 1+V3,24+V3,2+v3,3+V3; 1, 1+V3, 1+ 3,
—1-v3,-1-V3, -1-V3,2+V3,2+3, =3—V3; 1+V3,1+V3, —2—2V3, 1+ /3,
1+V3, —1—v3, -1 -+3,0; 1+3,2+2V3, —-1-3, -1 -3, -1 -3, -1 -3, 0;
070307 —1—\/3,14—\/5,0; _3_\/373"‘\/57 _]-_\/331"‘\/5,0; _3_\/37 _1_\/37
14++3,0; 1,1,3++3; 1, =3—+/3; 0)

Realization: Abelian anyon condensation of SO(5)3 or Sp(4)3 or Sp(6),.
10750556 + di = (1.0, 1.0, 2.732, 2.732, 2.732, 2.732, 2.732, 3.732, 3.732, 4.732)

D? = 89.569 = 48 + 24/3
T:( 115317170;;)

727376787247 24777 278
S=(1,1,1+vV3, 1+V3,14+v3, 1+v3, 1+V3,24+V3,2+V3,3+V3; 1, 1+V3, 1+/3,
—1-v3,-1-v3, -1-V3,2+V3,2+3, =3—V3; 1+V3,1+V3, —2-2v3, 1+ /3,
14+ V3, —1—V3, —1-V3,0; 1+V3,2+2V3, -1 -3, -1 -3, -1 -3, -1 -3,
0; 070707 _1_\/571+\/§707 3"‘\/3; _3_\/3; _1_\/37]-"‘\/3;0; 3+\/§7 _1_\/37
14++3,0; 1,1,3++3; 1, -3—+/3; 0)

Realization: Sp(6),.

1035 b 5 © di = (1.0, 1.977, 2.911, 3.779, 4.563, 5.245, 5.810, 6.245, 6.541, 6.690)
7 .

D? = 236.341 = 42 4 42¢}, + 42c2, + 213, + 21ch, + 21¢,

_ 2 2 3 2 2 4 20 3
T*(07?7ﬁ7?7?7§77703ﬁ7?)7
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16.

17.

18.

S = (17 0217 21’ 5217 217 5217 217 6213 5217 5217 5217 217 5213 217 §217 5213 5213 5217
_1 5217 6217 5217 6217 7 6217 6213 5217 6217 1 5217 6217 5217 5217 0217 6213 _5217

§217 C217 521, £2la 21a 217 5217 fgﬁ gglv fglv 0, —551; 1, 5217 521» §2la 5217 521)
Realization: PSU(2)19

10£§ ffjg , 0 di = (1.0, 2.965, 4.830, 5.418, 5.418, 6.531, 8.9, 9.214, 10.106, 10.653)

=499.210 = 136 + 119¢}; + 102c2, + 85¢3; + 68ciy + 5lc}, + 34cS, + 17¢1;

1 3 2 2 6 10 15 4 11
T= (O’ 17’17’17’17’17’17’17’17717)

S=(1,2+ci, +E+c ety + 3+ S+l 2+ 2l + 3+ e+ el + S+ Sy + g,
7§11y 24 2¢i7 + iy + el + clp + S+ Spy 24 201, + 26, + ¢y + ey + o)y +
2+2¢)7 +2¢]; + ¢y ¢l + ¢hy, 2+ 201, + 263, + 263, + ¢l + Ry, 24 2¢y + 2637 + 2, + ¢y
2+2C%7JFQC%?*C??JFC%?JFC%JFC?% 2+ 2ci; + 23, + 263, + iy, —E17, —&¥7, 2+ 2ci, 4+ 23, +
2C17‘*‘C17+C177 2+2C%7+C%7+C?7+CZ117+C?7+C?7¢ 1, —2—-2cl;—cl,— ¢y —ci— S — S —cl,
—2- 2017—2017 C?? =i 24‘20%7‘*‘20%7+C:137+04117+C?7+C?77 &7, &7y —1, —2—2c], —
2‘317 017 017 017, —2- 2017 2017 2021’7*017*0177 *2*017*017*017*017*017*017*0177
2"‘2017‘*‘017+C17‘f‘c17"'c17‘f‘c177 44-3ci7 43¢t 426}, 4 2¢1, 4265, 4+ 57, =3 —2¢1, —2¢3, —
0%7 017 2Cl? C17a —&97, 5177 —&37, €7, —E0r; 443ty +3ci,+2c8 42t + 265, + 5y, —Ey,
517, 15177 5172» 5137’ % 2C157 206%7 _20:1’71_0%77 2_2_236%7 _40%7 _56?7 _0%7 _10?7 _26?7 _30{77
24+ 20157 + 2217 +7017 + iy ‘fl' C17 +20177 2;‘ 2012 + 20517 + 0171‘1' 0172+ 0173’ —24_ 0175_ 0176— 0177_
Ci7 —Cl7 —Cip — Cig; 24 2¢i7+2¢77 + 27+ cip +¢17, 2+ ci7 +cir H e H i ey 7+ oy,
—2-2c1,—2¢3; —2¢} —cly, —1; —2—2¢1,—2c3,—2¢}, —cly, 242c1, 4+ el el +ch 4y,
242, + i+ + e+ S+l 1, =2 —2¢i, — 268, — by — el — &y — Sy
24 2c17 + 2¢3; + 26}, + ¢iy + ¢iy)

Realization: PSO(16)3. Abelian anyon condensation of E(8)4.

1003375 ¢ di = (1.0, 3.493, 4.493, 4.493, 5.603, 5.603, 9.97, 10.97, 10.97, 11.591)

D2 = 537.478 = 308 + 224c} + 1122

2 5 3 4 1 6 1
(0 077a7a7a7,07777a2)

S = (1, 1+2ck, 263, 263 44 2¢k + 22, 4 +2ck +2¢2, 5+ 4ck +2¢2, 6+ 4ck +2¢2, 6+ ek + 2¢2,
5+6¢t+2c2; —b—4dct —2c¢2 —4—2ct —2¢2, —4—2ct —2¢2, 6 +4ck + 22, 6+ 4ck + 202 1,
263,263, —5 — 6ck — 22, —2£3, 6+ 6¢L + 2¢2, 4+ 4ck +2¢2, —4 — 2k — 22, 6+ 4k + 2¢2,
—6—4ct—2c2, —2ck, 0; —263, —4—2ck —2c2 A+4ck+2¢2, 6+4ck +2¢2, —2c¢k, —6—4ct—2c2,
0; 6+4ck+2c2, 2¢k, 263 —6 — 6¢2 —2¢2, 262, 0; 6+4ck + 22, —2€3, 263, —6 — 6ct — 2¢2,
0; —1—2cl, 44 2ct+2¢2, 4+ 2¢k +2c2, —5 — 6} — 2¢2; —4 — 2¢k — 2¢2, 4+ 4cl + 262, 0;
—4 —2ck —2¢2, 0; 5+ 6¢ck+2c2)

Realization: Sp(6)s.

105528% « d; = (1.0, 7.887, 7.887, 7.887, 7.887, 7.887, 8.887, 9.887, 9.887, 9.887)

D? = 684.336 = S93+T7VTT

_ 1 3 4 5 9 3 5 6
T_(Oaﬁvﬁ,ﬁvﬁ,ﬁvoa7a7a7)

_ 7+f 7+F 7+\f T+V77T  T+VTT 9+W 11+W 11+ﬁ 11+f _ 1

S = (la 2 ) 2 a 2 1- 2677 +
2y — C%? 077 + C77 + 2077 oy — (377 + ¢y — 233 077 + 077 40 C77 + 3cqd + 2017
C%g + C%g — ¢ — ¢ — C%‘; + o - 0777 2 + 20 - 20?7 - 20%7 JF 2057’7 - 2097 — 6cfy —
2c3, + 2077 —2cit + 2077 - c%‘% —2ci5 — 247 3c —|— 2c 2c 22 4 223 — 26 — c%? 30??7
1+2c77—|—c77+c77 2077+2077 2077+c77+c +2c —|—20 203‘%—2677, —1+ck +2c2,+
077 +2ci3 077 +2c 40% +c23+2c21 +20 077 + 2077, 5— 2077 + 20?7 +2¢%, —2ch, +4ct. +
2c5, — C77 +2¢h} = 2c7 + o Ao+ 20 — 2035 +3c3 +2657 — 2053 + ¢57 — 2635 + 3¢3,

— 7+‘ﬁ ,0,0,0; 5— 2077+2677—|—2077 2677+4c77+20§7—c$7+20 2(:77—|—c S+4cki+20k5 —
2c18 2c —|—3C —|—2c 20 +c77 2c +3c77, 1 2077+c77 c§7 c77+c77+2c77 chr —
05757 + 97 —2c39 — il —|— c2 —dctd —cls + 30 +2¢37 C77 —|— c c% c%? — 2+ c -2,
1+ 20%7 + 097 + 0;7 - 20?7 + 2077 — 2ci3 + ci —|— et + clf —|— 2c2L + 22 — 2¢21 — 2¢28,
—1+ck + 2077 + A9+ 2e13 — ld + 2018 — 4c2l + 2+ 20% +2c28 — 28 —|— 2077, %7
0,0,0;, -1+ 077 + 2077 + 077 + 2077 - 077 + 2c - 40% + c%% + 20 + 2077 — 077 + 20??,
5—2c8, +2c3, + 2077 2c3, + 4077 +2c3, —chr + 2077 2cq7 + 33+ 40%‘% +2c47 — 2033 = 2cq7 +
3¢t 4-2c22 — 20%% +c77 20%(7i Jr 3¢, —2+2c2, — 20%7 20‘%7 + 2057’7 20?7 60;7 —2c8,4+2¢2, —
2ci + 2612 — el — 2e15 — 2c17 — 318 4 2e19 — 2022 + 2623 — 28 — 28 — 3, — 7+ﬁ, 0, 0, 0;
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19.

20.

21.

f21 8+ 20%9* 20?272— 2&%273 + 2;::77 72280% 72(30;7 — 2c§71 + 20227 - 230;; +4 2(;%%; cit - 20%?77 2%; —

3cz7 +2¢77 — 2077+ 2077 — c77 — c77 — 3¢77, —1 —2¢q7 ¢ — G — e+ 207, — e — e+

97— 2039 — ch + el — dckd — el 4+ 3ckS + 204] — e+ od) — cBh — B2 — B 28 — B9, —TH/TT
0,0, 0; 1+2ck + S +clr —2c0, +2c39 — 2633 + 13 + c8 + 3T + 2c2% + 2¢23 — 223 — 2628,
—TH/T,0,0,0; 1, LHYTT, WVIT LVIT, 14 3¢t 4-9c], — 26, +cb) + Teb 4 2¢8 — 24 +
cff 2l 2083 488 okl B+ Lok 2 ok 4y Sk by 4l
Chy — 4 €97 = 219 = 2cq + i + ¢33 — opp + €48 — 2e0] — i + 5¢37 + ¢33 — 2037 — 3¢3) — 3,
—4—2eg7 — 263, + 2y + cry — 237 — 25, + iy + 28, — iy — deg] — 207 — 2e77 + 2eqg — o —
0;7 + 077 + C77 — 5C77 — C77 + 2077 — C77 + C77; _4 — 2077 — 2077 + 2077 + C77 — 2077 — 2C77 +
Chy 42057 — oy — degp — 205 — 2073 + 2c7 — ¢1% — eif o 4 ¢h) = 5c3 — ¢33+ 235 — 3% + 3,
14+3ck,+2¢0, —2¢0+ A0+ Tcil + 218 — 2018+ Al 4+ 2618 — 2019+ c22 — 2023 + 22+ 22 +-2c25 +2¢22;
1+ g+ By — 3y — 3¢ + By + Sy — ¢l — By + i — 2035 — 203+ el e — e+ S —
2c78 — o4 + 5c3 4 38 — 2657 — 353 — ¢37)

Realization: condensation reductions of Z(NG(Z7,7)).

103455 ¢ di = (1.0, 9.472, 9.472, 9.472, 9.472, 9.472, 9.472, 16.944, 16.944, 17.944)

D? = 1435.541 = 720 + 3205

— 11111114
T*(07§7§7§7§a§a5353530)7

S =(1,5+2v5,5+2V5,5+2V5, 5+ 2V5, 5+2V5, 5+ 2V5, 8+ 4V/5, 8 +4v/5, 9+ 41/5;
154 6v/5, =5 — 2v/5, =5 —2/5, =5 — 2v/5, =5 — 2v/5, =5 —2/5, 0, 0, 5+ 2v/5; 15+ 6/5,
—5-2v5, =5—2v5, =5 — 25, —=5—21/5, 0, 0, 5+ 2v/5; 15+ 65, —5—2/5, —5 — 2v/5,
—5—-2v/5,0,0, 54+2v5; 15+6v5, =5—2v5, =5—2/5, 0, 0, 5+2v/5; 15465, —5—2/5,
0,0, 5+2v5; 15+6v5, 0,0, 5+2v5; 14+6v5, —6—2v/5, —8—4v/5; 14+6v/5, —8—4/5;
1)

Realization: Condensation of Z5 bosons in SU(5)s, see [117].

105595+ di = (1.0, 9.472, 9.472, 9.472, 9.472, 9.472, 9.472, 16.944, 16.944, 17.944)

D2 = 1435.541 = 720 + 320v/5

_ 113 3 2 3
T—(0,0,0,z,z,z,z,g,g,()),

S =(1,5+2V5,5+2V5, 5+2V5,5+2V5, 5+ 25, 5+ 25, 8+ 45, 8 + 4v/5, 9 4 4/5;
154 6v/5, =5 — 2v/5, =5 — 2/, =5 — 2v/5, =5 — 2¢/5, =5 —2/5, 0, 0, 5+ 2v/5; 15+ 61/5,
—5 25, =5 — 25, =5 — 25, =5 — 2v/5, 0, 0, 54+ 2v/5; —3 — 65}, — 4c3y + 14s3,,
—3 4653y —4cd, — 1453, 5+2V5, 5+2v/5, 0,0, 5+2/5; —3— 653, —4c3, + 1453, 5+2V/5,
5+2v5,0,0,542v5; —3+ 65k, — 4c3y — 14s3,, —3 — 65 — 4cdy + 1453, 0, 0, 5 + 2v/5;
—3 4 653y — 4c3y — 14535, 0, 0, 5+ 2/5; —6 — 2v/5, 14 + 61/5, —8 — 4/5; —6 — 2+/5,
—8 —4v/5; 1)

Realization: Condensation reductions of Z(NG(Z4 X Z4,16)), see [118].

105472 0 dy = (1.0, 0.309, 1.682, 1.830, 2.397, 2.918, —1.88, —1.309, —2.513, —3.513)
112 N

D? =43.108 = 33 4 11c}, + 11c2, + 113, + 11¢%,
T = (0 4 10 1 7 5 2 6 3 9)

»T1> 110 110 112 117 112 117 11° 11

S=(1,-1—cy, e, 1+, L+cf+c, 2+c + G+ + ¢y, —1—cfy — 3 —dy,
czllla _C%l - c%lv _6?1; _641117 5?17 C%la 1+ Ch + C?l + 04111’ 1+ 0%17 2+ C%l + c%l + c%l + Célllv
I+ep+ct, Lefy +efy; —1—cfy—cfy —cfy, —1—cly — ¢}y, =1, —c}y, —1—¢ly, e+ 634,
14+cf), —2—cly - =}y —cfy; —chy, e+, 1=y, 1, =€y, 2+ + ¢ + ¢+,
L4 +edy +eiy; 14+t =6, —cly, 2+l + & +cd by, ey, —1=clys 1, —epy — ¢y,
—chy, —1—cfy =31 —chy, 1+cfy +eiy; &1, —1—ciy, —1—cly—cdy, cby; —1—ciy—ci) —ciy,
L+t 1 &5y, —cip; 1+¢4))

Realization: PSO(5)s, i.e. the adjoint subcategory of the non-unitary braided fusion category

50(5)% corresponding to U505 with ¢ = e™/11 see [119].

7.5 Rank 11

1 113417% : d; = (1.0, 1.0, 1.0, 1.0, 1.0, 1.0, 1.0, 1.0, 1.0, 1.0, 1.0)

D?=11.0=11
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= 1 1 3 3 4 4 5 5 9 9
T = (0, 11’11711’11711’11711’11711’11)7

S :1(17 17917 1a41a 1a 317 1731, 1» %3 _5C272a <1211a _%3% Cllllv _CSQ% Cilli _<§2» C?lé _Céza C151£1) _C%2v
41217 _C2727 Cllé _%27 C1175 _C%27 Clév —C2%§ C})p —C2127 _1C22a %17 Cl%v _CQ%v Cl%v —C2%§ C1117
C1117 *%27 *nga C2117 *1<2272C11§ %117 *4<227 %17 *4<227 Crs —Go25 ity —Ca2s (P15 —Co2s Cins
Ci1r —Co2, —Co2, Ci15 Ci1y G —C223 Cr1y —Coas Cu)
Realization: U(11);.
2. 11,%5%° ¢+ d; = (1.0, 1.0, 1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0)
D? =32.0=32

_ 1 1 1 1 9 9 9
T = (07070703 4°16° 16’ 16° 16° 16° E)a

S=(1,1,1,1,2,2,2,2/2,2,2; 1,1,1,2, -2, —-2,2, -2 —-2,2; 1,1,2 -2, 2, -2 -2 2
—2:1,2,2, -2, —2,2, -2, —2; —4,0,0,0,0,0,0; 2/2,0,0, —2v/2, 0, 0; 22,0, 0,

Realization: O, or SO(16), or Abelian anyon condensations of D3(Qg).

3.111%,°" ¢ d; = (1.0, 1.0, 1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0)

D? =32.0 =32

T= (0’070703 ia %7 %6’ 1%7 1%33 1%7 %)a

S=(1,1,1,1,2,2,2,2,2,2,2; 1,1,1,2, -2, —-2,2 -2 -2,2; 1,1,2 -2, 2 -2 —2 2
_2a 1a 2) 27 _27 _2a 27 _27 _27 _47 07 07 Oa 07 Oa 07 2\/§a 07 Oa _2\/§a 07 07 2\/§a 07 07

72\@, 07 72\/53 07 0, 2\/57 2\/5; O’ 0; 2\/57 07 72\@)

Realization: Abelian anyon condensations of O or D*(Qg) or D3(Qs).
4. 1155157 0 d; = (1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0, 3.872, 3.872)
D? =60.0 = 60

_ 114 2 2 8 8 15
T_(0707§75757Eaﬁvﬁaﬁ7§7§)7

S=10(1,1,2,2,2,2,2,2 2 V15 V15, 1,2,2,2,2,2, 2,2 —/15, —/15; —2, 4,4, -2, -2,
=2, -2,0,0; =1=v5, —=1+V5, -1+V5, =14+ V5, =1 -5, -1 -/5,0,0; -1 -5,
~1 -5, =1 =5, =1+/5, =1+ /5,0, 0; 2cis, 2cls, 2¢5, 2¢35, 0, 0; 2cfs, 2¢35, 2¢]s,
0, 0; 2cls, 2¢is, 0, 0; 2¢is, 0, 0; V15, —/15; /15)

Connected to the orbit of 11;?&?64 via a change of spherical structure.

Realization: Galois conjugation of SO(15)s.
5. 115557+ d; = (1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0, 3.872, 3.872)

D? =60.0 = 60

T=(0,02% 14 2 2 8 8 37

S=(1,1,2222222 V15 VI5 1,222,222, 2, —V15 —V15 ~2,4,4, -2, -2,
—2,-2,0,0; —1—+/5, =145, =1 +5, —14+5, =1 =5, =1 —+/5,0,0; —1 — /5,
~1 -5, =1 =5, =1 +/5, =1 +/5,0,0; 2cis, 2cls, 2¢]5, 2¢22, 0, 0; 2cis, 2¢35, 2¢1s,
0,0; 2c15, 2¢i5, 0, 0; 2c15, 0, 0; —V/15, V15; —V/15)

Connected to the orbit of lléz(l))“l) " via a change of spherical structure.

Realization: Galois conjugation of Abelian anyon condensation of SO(30)s.

6. 1155 s © di = (1.0, 1.0, 1.931, 1.931, 2.732, 2.732, 3.346, 3.346, 3.732, 3.732, 3.863)

D? = 89.569 = 48 + 24/3

_ 1 1 1 1 5 13 13 1 19
T_(7§7E7E7§767E7E707§>E)u

S = (1,1, cby, cky, 1+ V3, 14+ V3, % 3%%5, 24+ V3, 2+ 3, 2c,; 1, —cby, —cby,
1+\/§, 1+\/§7 _?)%Z)\/ga L\/%\/ga 2+\/§a 2+\/§7 72654; (_3;%\/§)i7 (3+\3§\/§)iv 726%47 20%47

(3+\§g\/§)i7 (_3\_/?61\/5)i7 76547 6547 Oa (_3\_/%\/5)i7 726%47 20%47 (_St/?éﬁ)iv (3+j€\/§)i7 76547 6547

0; 1++3,14++3,0,0, -1 —+/3, =1 —+/3,2ck,; 1++3,0,0, -1 —/3, =1 —+/3, —2cb,;

(SER)E, (FE 000, BED, SOBVE gp (SED);, SEE SBERE 03 1,1, 26k 1, 2ehy;
0)
Connected to the orbit of 11‘;8;2)2?6 via a change of spherical structure.
1.89.
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Realization: Abelian anyon condensation of SU(2)19 or SU(10)2 or Sp(20);.

7. 118528 g, = (1.0, 1.0, 1.931, 1.931, 2.732, 2.732, 3.346, 3.346, 3.732, 3.732, 3.863)

5,89.56 °

D? = 89.569 = 48 + 24+/3

— 1 3 3 21 7 7
T_(O"'lb 1673767 16° 100 )

S = (1,1, cby, ey, T4+V3, 1+ \f L\/(‘)ﬁ &\/6\/2 24+ 3,24+ 3, 2k, 1, =y, —cly,
R R A R 7*375\5.2+f 243, —2cby; (2RYB)i, (BEBY3)i, —ach,, 20},
<3+3W\5/§>17 (szf)l —Chyy oy 0; (73\;f>1 —2¢5, 234, (73}2\&% (H\}ﬁ:ﬁ)l —Chyy Chay
0; 14+v3,14++3,0,0, -1 —+/3, =1 —+/3,2c¢4,; 14+/3,0,0, =1 — /3, =1 — /3, —2cL,;

24 24
(;*\%ﬁ)i, (Z22V3)i, 4345 =583 () (34345)j BEBVS 385 0 1,1, —2cy; 1, 2chy;
0

Connected to the orbit of 11

48,108
13 89.56

Realization: Abelian anyon condensation of SU(2)19 or SU(10)s or Sp(20);.

via a change of spherical structure.

8. 1133211 4, = (1.0, 1.0, 1.931, 1.931, 2.732, 2.732, 3.346, 3.346, 3.732, 3.732, 3.863)

5 ,89.56

D? —89569:484—24\/_

1 1 1 21 1
(072716’167376’16’16’072’48)

S_(]. ]. 024702471+\/_ 1+\/§ M M 2—"_\/— 2+\/_ 26%4; 9 0247 02471+\/_

143, —3\/§f —3\/§f 2_,_\/— 2+\/§ —2ck,: 3+\3ff —3\/§f —2cb,, 2ck,, —3\/:%\/’

%[7 _6547 0%47 0; 3+\§6f7 _2624a 2024’ %? %, _654? 0247 0; 1+ \/_a 1+ \/gv
07 0, -1- \/37 -1 - \/5; 20%4; 1+ \/37 Oa 07 -1- \/ga —-1- \/g, _2054; %gv %gv
S BBVE () BoBS SRS BEVS 0; 1,1, —2¢h;; 1, 2chy; 0)

Connected to the orbit of 11%?"2;56
= ,89.

Realization: SU(2)1p or Abelian anyon condensation of SU(10)s or Sp(20);.

via a change of spherical structure.

9. 1148 3L d; = (1.0, 1.0, 1.931, 1.931, 2.732, 2.732, 3.346, 3.346, 3.732, 3.732, 3.863)

10.

11.

,89.56
D? = 89.569 = 48 + 24/3

=(0,4,3,8 151515
T=(0,3 1616376 1616 % —18>

S = (1,1, by, by, 1+/3, l+\f, H\kﬁ %ﬁ 243,243, 2ch,; 1, —cb,, —cly, 14+4/3,
143, =538, =3-8Y3 9 4 V3, 24+ /8, —2c},; BBYS, BB _oc) oc),, =533,
3+3v3 1 —3-3V3 3+3v3 —3-3V3

5 T Caus ey, 0; N —2cl,, 2cd,, N LV —cdy, el 05 1+ V3,143,
0,0, =1 — V3, =1 = V3, 2cby; 1+v3,0,0, =1 =3, =1 -3, —2c},; 333 —3-3V3
343v3  —3-3v5 (), 343V3 343V —3-3v8 o 1 1 —2cl,; 1, 2chy; 0)

25

Ve Tove T VB V6 VB
48,214 .
Connected to the orbit of 117 5 80.56 via a change of spherical structure.

Realization: Abelian anyon (,ondgnsdtion of SU(2)10 or SU(10) or Sp(20);.

11212433610 Lo di = (1.0, 1.981, 2.925, 3.815, 4.634, 5.367, 5.999, 6.520, 6.919, 7.190, 7.326)

D? = 310.117 = 66 + 55cd4 + 4535 + 3635 + 28¢55 + 2135 + 15¢55 + 10ch, + 655 + 3¢5 + 39
2 17 20 11 13 3 4 16

T= (0723’23723’23723’23’23’23’23’23)

— 11. 19 17 15 13
S = ( ’ 0237 5237 23’ 5237 237 523’ 1213> §237 23’ 235 23’ 23> 237 23’ 237 523’ §237
5237 523» 1 5233 523’ 6237 523» 6237 - 6237 523’ _523a 5237 5237 l 523» 523a - 237
17 11. £ _ é- € 19 £ 5 f 17
231 C237 0237 235 237 237 23 237 237 1237 0237 237 23, §237 §23» 237 23>
—1, —&33; —€55, —&5 335 ¢ —£33, &3
235 23> 23> 237 23> 23’ 237 237 235 $233

Reahzatlon Abelian anyon condensatlon of SU(2)2; or SU(21)2 or Sp(42)1.

111.,2 ?9665 o d; = (1.0, 2.972, 4.864, 6.54, 6.54, 6.623, 8.201, 9.556, 10.650, 11.453, 11.944)

= 696.547 = 171 + 152cly + 133¢%y + 114c3 + 95¢%, + T6¢3y + 57cSq + 38¢Ty + 1965,

(0__lliﬁﬁl&1_7)
» 192197192 19> 197 197 197 197 19> 19
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S =

9(17 2+C%§1aJFC%%JFC‘f%JF0411%1+C?95+C(1396+0197+C§9a 2+12C%9+2C%9+3Ci’9+404119+§?9+g?9+$IQ+C§9a 15?97
51%» 2+32C19tc1g‘gc19‘gc19+c191+c19‘2"0197 %+204119+25C19 +g19+c19‘{'019+2019 +C§97 2;‘:20195+
2619—|—1€19+§19+C:1))9 +Cl%’ 2—|—r2(:19—&—20%9—%26%9—#6%94—0419—!—0{19, 2;—201?+2619—|I2c19—|2—c19—|—3619,
2j201%+20199+201%+2019+Cli9% 2‘22019+32019+§19+C519+C‘1)9+1C19+0129, 2+32019j20195"'201%+
Cig +Clgs =819y —&ig, 2+ 2¢19 + 2079 + 2¢7 + 2¢1g + €y, 2+ 2059 + 2079 + €19 + C1g + ¢l + (T,
2+ 2cig +C%9 +C§9 +Cil9 + 39+ cfg+clo+ Ry, —1, —2—2cfy — g —clg —clg — 59 — B9 — clo,
-2- 2C19 2019 2019 C%g 0?9 0?97 2 + 2clg + 2¢fg + 2¢3g + clg + B + Sy, ED9, &,
2+ clg + clg + g + clg + g + g + g + Ko, =2 —2¢g — ¢l — g — clg — g — 5y — ngv
—2—2c19—2c}g — 23y —2¢ig — g, —2—2c19 —2cTg — g — 0%9 o—fg, —1, 2Jr2‘319+2019+
Alo+clg+cfo+cfo+clo; 5%9‘*‘5%9“‘519;‘319"‘2(19 G +C19+2C19 fery +2C19 C19 +C197
—1—2%19_g<129_12<1392_2<f93—2<152+<1:) —(fo— 2<19+<19 2(19‘*‘(19 Cwa 758197 féga 5!1)97
519, =9, &los 319+519+319+519+2419 (o + (o +2¢To — Cio” +2¢89 — Cig + oy —ERos
519» f?m 5?5% _’f?ga f?gé —2 _20%9 _2019 0?9 04119 C?g 0?97 —2- 2019 20%9 _20‘;’9 -
cfo— 0?9 C197 1, 24 2c19 +2cfg +2¢3g + clg + g, 2+2¢lg 4+ 2¢3g + 3o + g+ 5o + 5o+ o,
—2- 2019 C19 ¢lo— 04119 0?9 C(159 clo—clo; 2+2cig+Fg+clg+clg+chg+chg+clo+cly,
2+ 2C19 + 2019 + 2019 + clo + Clga —2 —¢jg — clg — g — Clg — g — g — ¢l — Cly,
-2 - 2019 - 2019 - 2019 2‘319 C19a L =2 - 20%9 - C%g - Cifg - 0%9 - 0?9 — €19 — €19y
—2 — 2clg — 2¢fy — ¢}y — clg — fg — Sy — ]y, 2 + 2ciy + 20%9 + 2ty + clg + g + Sy,
2+ clg + g + g + cfo + 3 + Sy + g + o; 24 2cig + 2c3g + 2¢}y + 2¢ly + o,
-2- 201%9 - C§9 - 0%9 - 612 - 0195_ C196_ CIQ - 0197 —-2- 2C19 0%9 _2619 _3019 - Zi’g - 0519 - 029;
—2 —clg — Gy — ¢lg — clg — i — §g — clg — Ry, 24 2¢1g + 2¢3g + iy + g + By + s
-2- 26%9 - 20?9 - 2‘3:1))9 - CA119 - 6?9)

Realization: Abelian anyon condensation of SO(18)3.
12. 11555357« di = (1.0, 6.464, 6.464, 7.464, 7.464, 12.928, 12.928, 12.928, 13.928, 14.928, 14.928)
D? = 1337.107 = 672 + 384/3

S:

— 113 3 11 1
- (0,0 07172717173) 16’0’ 3 12)

(1, 3423, 3+2v3,4+2v3,4+2V3,6+4V3, 6 +4v3, 6 +4v3, 7T+ 43, 8 + 4V/3,
8+4v/3; —T+4Cl =807, +8¢H, 18l +4¢5," —8¢h, (—6—4v/3)i, (6+4+v/3)i, —6—-4V3,
6 +4v/3, 6 +4v3, =3 —2V/3, 0, 0; —7 + 4Cl, — 8¢i5" + 8¢2, (6 + 4v3)i, (—6 — 4v/3)i,
—6—4v/3, 6 +4v/3, 6 +4v/3, =3 —-2v3,0,0; (=8 —4v3)¢}, (8 +4v/3)¢3, 0,0, 0, 4 +2/3,
8 +4v3, —8 — 4v/3; (—8 —4+/3)¢},0,0,0,4+2v3, 84+4v3, -8 —4/3; 12+8V/3,0, 0,

—6—4/3, 0, 0; 24+%ﬁ —24f12f —6—4/3, 0, 0; 24%@ —6—4+/3,0,0; 1, 8+4v/3,

8 +4v3; —8—4v/3, =8 —4V/3; 8+4/3)

Realization: may be condensation reductions of Z(NG(Z12,12)).
13. 1122 8L s = (1.0, 8.807, 8.807, 8.807, 11.632, 13.250, 14.250, 14.250, 14.250, 19.822, 20.440)

,1964.

D2 =1964.590 = 910 — 280ck + 280¢Z5 + 28035 + 175¢4s + 28055 — 105¢5; +490¢]; — 2805, +

T =

S:

175¢95 + 280c3?
(0,2,22,32 18563 1)

135735035050 T T T 50 B
(1, 4_035+035+035+C35+C35+20§5_0304‘030‘1‘030’ 14— 035+C35+C30+030+C35+2030 035"’
35 +c38, 4—chs+cis 35 +C§5+Cg5+2035 C35+C35+0357 5— 2C354'2‘3354'20354‘0354'2035
S +3chs — 2685 + s + 232, 6 — 2cks +2¢55 + 2035 + cag + 255 — 55 +4cks — 2¢5: + 55 + 2,
7—2¢}542c35+2c35 + 35 +2055 — 55 +4cks —2¢55+ 5+ 233, 7—20%,54‘2035+2035+C35+2035
S5 +4chs — 2085 + 95 +2¢32, T —2¢k. +2¢3. + 2035 + ¢y + 2055 — ¢S5 +4cks — 2¢5: + 55 + 219,
9—3c§5+30§5+3c§5+2c§5+3c§5—cg5+4c§5 —3c§5+2cg5+3c§g, 9—3c§5+3c35+3035+2035+
3c55— c35+5035—3c35+2c35+3035, 1- C354'4035 2035"‘0354‘2035 C35+C§5+2035—3C ‘1‘20357
1 +5035 +4c35 +3035 +c35 +4635 +2035 +3035 +635, 5— 6635 — 2035 3035 035 4035 +3c35
485 — 5 + 2¢33 — 3ehg, T — 2c35 + 2635 + 2¢35 + 35 + 2635 — 035 + 4035 - 2035 + 030 + 20357
4—cys +C§5+C§5 +C§5 +35+2cf5— S5+ cs 38, —1—3c35— 235 —2c55 — 35 —2¢55— 55— 20357
—3+4c§5+c§5+20§5+c§5+2c§5—2c§5+2c§5+cgs—c§g+20§},, —2035+Chs —C35— C3s 2035+
2c§g—2c§%, 0, —7+2635—2635—2635 c§5 20§5+035—4c§5+2035 025—203(5), 5 6035—2035
355 — 5 —4cSs+3chs — 4k — 352038 — 3k, 1 C35+4035 2035+c35+2c35 C35 +C35+2C35
3chB+2ch8, T—2c35+ 2035 + 2635 + ¢35+ 2055 — 35 +4cks — 2¢35 + ¢35 +2¢33, 4—c35 +035+035+
c§5+c§5+2c§5—c§5+c35+c35, 3+4C§5+C§5+2C§5+Cg5+2035—2C§5+2C§5+035 C35+20357
_2C§5 + 035 - C§15 035 2035 + 2C 20}5%, -1- 3C:155 - 20%5 - 26%5 - 625 - 2025 035 QC}agv
0, =74 2chs — 2¢35 — 2¢35 — ¢35 — 2(335 + ¢85 —4els + 2855 — 35 — 2¢38; 14 5ehs 4 4c35 + 3¢5 +
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35 +4cSs +2c5- +3c30 + el 7T—2ck, +2c§5 +2¢35 + a5 +2¢55 — s +4ck — 2c§5 +c35 + 2c35,
4- 01135 "‘1035 + C§5 + C%s + 0255"‘ 2055 - 035 + 035 + Cég, 2035 + C§5 - C§5 Cgs 2035 + 20 20357
_%; - 305’5 2035 2035 C35 — 2C35 C35 2c35, —344' degs + C35 + 2C35 + ¢35+ 2035 2035 +
2c35 +c35 — 035 + 2035, 0, -7+ 2035 2035 2035 55 2035 + 035 4035 + 2035 035 2035,
_64‘" 20;,% 2%35 27035 C?m 2035 + 035 4cis ‘l‘ 20%5 0335 22357 -9+ 3035 3035 . 303510
2¢55— ?035 4'2035 —35635 “;30355— 2¢35— . 30358: 4‘9“035 35— C35 C35— 5 35— s 20352‘035 5 C35 —70357
_84+ 0395 - 03?0_ €35 C35—Ca5 ~ 26353"‘ €35~ G55 0357 —4+ci5— 35— 8035 6395 C35 — o 2c35+
55 —1(:35 — 2635, 93— 303415 + 36535 +63c35 —1—72035 g— 30395 03{)0_‘_ 4035 : 30352—|— 20335 + 34035, 1;5 1,
7;2035;r20354g2035;c35 +1%03570351+40352720353+035j2c35, 5’7720g,5+203%5+20385+c3g+2035107
g5 +4ess — 2035 + ¢35+ 2¢35, 47_ 2035 + 2035 + 2035 + 35+ 2¢55 — ¢35 + 45 — 2¢55 4 ¢35 + 2¢35,
—%4‘ 304;,5 - 3%%5 - gcgs —72035 _83(335 + 35 — 4035 + 3C§15 - 20%5 - 3(3%,%7 —2 + 20:%3 - 20%5 -
2(:%5 - 0%5 - 203150+ 635J 3cgs + 21035 035 2035, 5;+ 60355+ 20365 + 30735 + 038 + 403510— 303511k
dcgs + 35 — 2035 + 303547 —14c35 — 4035 + 2035 035 - 2035 +C35 — C35 —2c35 + 3c35 — 20357
*51 - 5‘3:1)%5 - 4535 - 3035 *lgg — 4cf5 — 2c85 — 3ez3 — 3, 0 4 - 035 + 0385 + Cg51+ Csslir
C35 + 2c35 — 35 + 35 + 355 —1 — 5035 - 4035 - 3035 - 035 4035 2035 - 303 0357
—45 + 650;,5 + 3‘3%5 ‘é‘ 3C§59 + Cglso‘i' 4cgs 13035 42‘ 4c5s ;" ‘3354 5+ 306357 0,4- 035 + C35 + 0351‘11'
35+ 35+ 2¢55 — S5+ 35+ bl —14chs— 43 +203; — ¢35 —2¢35 + ¢85 —chs — 235+ 3¢5 —2c38,
0, 4 g5 + Gy + 35 + 35 + €35 + 205 — B+ 5 cs8; —9+ 3egs — 335 —3es — 2055 — 33 +
025 — 4c§5 —|—30§5 — 2025 —3c§g, 9 —36%,5 +30§5 —|—3c§5 —|—2c§5 +3035 035 +4c§5 —3c§5 —l—20§5 —|—3c§g;
—6 + 2ck; — 23, — 2c3; — 35 — 2¢35 + ¢S5 — 4cks + 255 — iy — 2¢1))
Realization: unknown

7.6 Rank 12

1.121%% « d; = (1.0, 1.0, 1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 2.236, 2.236, 2.236, 2.236)
D? = 40.0 = 40

1 1 1 4 1 9 1 1 9 9
T=(0,0,4,7:5>5>35730° 16> 16 167 16>

S=(1,1,1,1,2,2,2,2 V5 V5 V5 V5 1,1,1,2,2 2 2 -5 —V5, -5, -5, —1,
—1,2,2, =2, =2, (—=V5)i, (v5)i, (=V5)i, (vVB)i; —1, 2,2, =2, =2, (v/5)i, (=v5)i, (V5)i,
(—\/5)1, _1_\/57 _1+\/5, _]-+\/5; _1_\/57 07 07 0’ 07 _1_\/5 _1_\/5 _1+\/57
07 07 07 Oa ]_+\/5’]_7\/5, O’ Oa Oa 07 1+\/53 Oa 07 07 Oa \[487\[(87\[C83 \/54817

Connected to the orbit of 122043 ® via a change of spherical structure.

Realization: SO(10)2 (see [120 Section 3] for explicit data) or anyon condensation of Os.

2. 1280318 . g, = (1.0, 1.0, 1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 2.236, 2.236, 2.236, 2.236)
D? = 40.0 = 40

1 74747 5757207207167 167 167 16/
S=(1,1,1,1,2,2,2,2 V5 V5 V5 V5 1,1, 1,2, 2,2, 2 —/5 —/5 —/5, —/5;
—1A 2,2, =2, —2,( V)i, (V5)i, (=v5B)i, (VB)i; —1, 2,2, —2, —2, (v5)i, (—V5)i, (ﬁ)i,
ﬁl 71+,ﬁ_717f71+f717f0 (J 0, 0; 71+\f.717ﬁ.71+ﬂ,0

() 0,0; 1-+v5,1++/5,0,0,0,0; 1-+/5,0,0,0,0 ) VBGE, —VBC, —VBGE, VBG: VG,
VB, —VBEE; VG, fcx V5¢3)
Connected to the orbit of lQTOIl 9 Via a change of spherical structure.

Realization: Abelian anyon condensation of SO(5)a.
3. 12075 ¢ di = (1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0, 4.123, 4.123)
D? = 68.0 = 68

4 8 9 13 15 16
T = (O O7ﬁaﬁ7ﬁaﬁ7ﬁaﬁ7ﬁaﬁ70 )

S=(01,1,2,2,2,2,2,2,2 2 V17, V17; 1,2,2,2,2 2,2 2 2 —/17, —/1T7; 2(:%7, 2c§7,
26%7, 26’177, 26?7, 26%7, 20%7, 2C§77 0, 0, 2C41L77 2CI7, 2C§77 2C%7, 2C?77 2C%7, 20?7, 0, 0, 2C§7,
20?7, 20‘?7, 20%7, 20?7, 20%7, 0, 0; 20%7, 20‘117, 20?7, 20%7, 20?7, 0, 0; 20%7, 20?7, 205137, 20{7, 0,
0; 2¢%;, 2¢1;, 2ct7, 0,05 21, 2¢8,, 0,05 2¢3,, 0, 0; V17, —V17; V17)

Connected to the orbit of 123?62.24 via a change of spherical structure.

Realization: SO(17)2, or Abelian anyon condensation of SO(17)2, O17.
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4123582 di = (1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0, 4.123, 4.123)
D? = 68.0 = 68
T = (O 0 3 5 6 7 10 11 12 14 0 )

172 172 172 172 172 172 172 17°

S*(1122222222\/ L VAT 1, 2,2,2,2,2,2,2,2, =17, =17 2(1’72(i7,
2(17, 2(’17 2(17, 2(’17 2(17 2¢7 -, 0 0 2(17 2(17 2(17 2(17 2ct,, 2(17 2(]7 0, 0; 2(]7,
2ci., 268, 23, 2ct,, 268, 0, 0; 2¢3,, 2¢3,, 2?1 2?17 2(17 0, [) 2(17, 2¢]., 2¢2,, 2¢ix, 0,

0; 2¢}y, 2¢1q, 2¢74, 0, 0; ‘2017;201% 0,0; 2¢§7,0,0; —V17, V17 —V/17)
Connected to the orbit of 12846,;]6 via a change Of spherical structure.

Realization: SO(17), with a Galois conjugation and a change of spherical structure

5. 12048 ¢ di = (1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0, 4.123, 4.123)

D? = 68.0 = 68
_ 1 2 4 8 9 13 15 16 1 3

T= (0 0 _731_77_731_771_731_771_731_77272)7

S=0(1,1,2,2,2,2,2,2 2 2 V17, V17; 1,2,2,2, 2,2, 2 2 2 —/17, —/17; 2¢3,, 2c}-,
20‘117, 2CZ7, 20‘157, 2c%7, 20‘;’7, 2c§7, 0, 0; 204117, 2037, 20?7, 20%7, 2c(157, 20%7, 20?7, 0, 0; 20?7,
26?7, 20?7, 20%7, 20?7, 20%7, 0, 0, 20%7, 20%7, 20?7, 20%7, 20?7, 0, 0; 20%7, 261{)7, 20?7, 20’{7, 07
0; 20?7, 20{7, 20%7, 0, 0; 2(:17, 20?7, 0, 0; 20%7, 0, 0; —v17, V17; —+/17)

Connected to the orbit of 12286521 via a change of spherical structure.

Realization: Abelian anyon condensation of SO(17)2, SO(17), or O7.

6. 125487+ di = (1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0, 4.123, 4.123)
D? = 68.0 = 68
T:(OOS 5 6 7 10 11 12 1113)

172172 172 172 172 177 177 172 42 4

S=(1,1,2,2,2,2,2 2 2 2 V17, V17; 1,2, 2,2, 2,2, 2 2, 2 —/17, —/17; 25, 2¢3.,
2c2., 2ty 2¢tn, 25, 2¢3-, 2¢T-, 0, 0; 2¢T-, 2ci., 262, 2c8., 2ct., 2¢8., 2604, 0, 0; 2¢3-,
2ci., 2¢8,, 2¢3, 2ct,, 2685, 0, 0; 2¢3, 2¢)., 2¢8,, 28, 2cl., 0, 0; 2¢3., 2¢]., 22, 2¢t., O
0; 2¢}-, 2cls, 222, 0, 0; 2¢]-, 2¢3., 0, 0; 2¢8., 0, 0; V17, —/17; /17)

Connected to the orbit of 128ié6h via a change of spherical structure.

Realization: anyon condensation of SO(17), with a Galois conjugation and a change of spherical
structure.

7.12,%5 ¢ di = (1.0, 1.0, 2.0, 3.0, 3.0, 4.0, 4.0, 4.0, 4.242, 4.242, 4.242, 4.242)
D? =144.0 = 144
T (0 0 O 1 O 1 2 1 7 9 15)

» 20 2’ 73737167 167

1

S=1(1,1,2,3,3,4,4,4,3v2,3v2,3v2,3V2; 1,2,3,3,4, 4,4, -3v2, —=3v2, —3v/2, —3V2;

4,6,6, —4, —4, —4,0,0,0,0; —3, —3,0, 0, 0, —3v/2, 3v/2, —3v/2, 3v/2: —3,0, 0, 0, 3v/2,
—3v/2, 3\/5 —3\/5, —8,4,4,0,0,0,0; 4,—8,0,0,0,0; 4,0,0,0,0; 0,6,0, —6; 0, —6,
0; 0,6; 0)

Connected to the orbit of 12281220 via a change of spherical structure.

Realization: Ss-gauging of the rank-4 3-fermion MTC 42 250
extension.
8. 12375, + di = (1.0, 1.0, 2.0, 3.0, 3.0, 4.0, 4.0, 4.0, 4.242, 4.242, 4.242, 4.242)
D? = 144.0 = 144

_ 1109123 5 1113
T7(07()’0’2’2’0’ 3737167 16 16° 1())

S=1(1,1,2,3,3,4,4,4,3v2,3v2,3V2,3V2; 1,2,3,3,4,4,4, —3v2, —3v2, —=3v2, —3V/2;

47 65 67 _47 _47 _4? 07 0', 03 07 _37 -3, 01 07 Oe _3\/§~ 3\/5 _3f~ 3\/7 _3 07 07 07 3f~
—3v2, 3v2, —3v/2; —8,4,4,0,0,0,0; 4, —8,0,0,0,0; 4,0,0,0,0; 0,6,0, —6; 0, —6,
0; 0,6; 0)

48,120

Connected to the orbit of 12,7,;" via a change of spherical structure.

2,250 .
Realization: Ss-gauging of the rank-4 3-fermion MTC 47" with a different minimal modular

extension. Also constructed by condensing the diagonal (:opy, of Rep(S3) in C X Rep(D¥S3) where
Cis 125 47°.

with a different minimal modular
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9. 12,411+ di = (1.0, 1.0, 2.0, 3.0, 3.0, 4.0, 4.0, 4.0, 4.242, 4.242, 4.242, 4.242)
D? =144.0 = 144

_ 11147 1 7 9 15
T_(O7O0a§a§7§7§7§7ﬁ7ﬁ7ﬁ716)

S=(1,1,2,3,3,4,4,4,3v2,3v2,3vV2,3V2; 1,2,3,3,4,4,4, —3v2, —3v2, —=3v/2, —3/2;
4,6,6, —4, —4, —4,0,0,0,0; —3, —3,0, 0, 0, —3v/2, 3v/2, —3v/2, 3v/2: —3,0, 0, 0, 3v2,
—3v2, 3v2, —3v/2; —4ck, —4ch, —4ch, 0,0, 0,0; —4el, —4c2,0,0,0,0; —4c, 0,0, 0, 0;
0,6,0, —6; 0, —6,0; 0, 6; 0)

Connected to the orbit of 12111414 1386 Via a change of spherical structure.

Realization: Ss-gauging of the rank-4 3-fermion MTC 42 250 ee [121].

10. 12,5350 . g, = (1.0, 1.0, 2.0, 3.0, 3.0, 4.0, 4.0, 4.0, 4.242, 4.242, 4.242, 4.242)
D? = 144.0 = 144

- 11147 3 5 11 13
T'=10,0,0,3:3:5:9+ 9 16" 16 T6- 1())
S

(1,1,2,3,3,4, 4, 4, 3\/2, 3[ 3v2, 3v/2; 1,2,3,3,4,4, 4, —3v2, —3V/2, —3\0 —3V/2;
1, 6,6, —4, —4, —4,0, 0,0, 0; —3, —3, 0 0,0, —3v2, 3v2, —3v/2, 3v/2; 3,0, 0,0, 3v/2,
—3v2, 32, —3v/2; —4c, 74(,9 —4c}, 0, 0, o. 0; —4ch, —4c2,0,0,0,0; —4cs, 0,0, 0, 0;

0, 6,0, —6; 0, —6,0; 0, 6; 0)

. 144,916 _. . .
Connected to the orbit of 12,7, via a change of spherical structure.

2 _)U

Realization: Ss-gauging of the rank-4 3-fermion MTC 4 with a different minimal modular
> O (=) (s}

extension.

11. 12%;2 2;;578 : d; = (1.0, 1.984, 2.937, 3.843, 4.689, 5.461, 6.147, 6.736, 7.219, 7.588, 7.837, 7.962)

2 — 397.875 = 75 4 65cks + 55c35 + 45c3s + 35¢ks + 25¢) + 20¢55 + 15¢k; + 10655 + 5eds
(szzgﬁggéglg)
725725757257 5725725757257 5725

S = ( ) 025, £355 €355 €35, €28, 5257 25> 35 1+f€257 25, 38 —€33, €33, —&3¢, 1+\/5§§57
255 €33, fz5a 625, —&35, &35, —1; €35, £33, 1+f§25v 350 635, 1, 38, —E35, —&38, —Ea3;
—&85, €35, =1, —&s, &5, —E34, “f Sy, 610, —ck2, 0, €, - 15583 525, — L0, —&s,

0 525, 1+\[§257 §257 %g’ C%%v géa 1+\[§257 525a 7635; 1 5257 25’ 357 025a 5257

5257 25»525’ 5257 25’ 5257 1+\[£25’ _1 525v 0’ 1+2\/g§257 _525’ 257 525a f )
Realization: Abelian anyon condensation of SU(2 )

12. 12122 12759 d; = (1.0, 2.618, 2.618, 4.236, 4.236, 5.236, 5.236, 5.854, 8.472, 8.472, 9.472, 11.90)

D2 = 495.967 = 250 + 110v/5

1 2 2 7 4411
(0,575»0 075757?0)5333533)

S =(1,355 345 91 /5 24/5 345, 3+V5, Y5 4495 442V/5, 5425, LE5V5,
14+4¢5 +4C3 +2¢8, =3 - 4¢3 — 2¢2, =3 —4¢} — B+ (3, 14+4¢3 +5¢3 +3¢3, —(3—-V5)¢3,
(3+v5)Co, 5+ 2V5, (4+2vE)Ch, —(4—2vE)(, =335 2.4 VB 1+ 4¢d +4¢2 + 2¢2,
1+4¢ +5¢2+3¢2, —3—4¢ — Z+ ¢, B+ VB)(ly, —3—V5)(2, 5+2v5, —(4—2V5)E,
(4+2V5)CHy, —2E3Y8, 24+ VB 3+ 4¢ + 262, —1 - 4¢ — 4¢2 - 263, —(4 — 2VB)¢L,
(A+2vB)¢hy, ZE2Y5, (3+V5)(2, —(3— V)¢, 5+2v5, — 2578 3+4¢t +2¢2, (4+2VE)Ch,

—(4-2V5)2, B35 (3—v/B)¢ly, (3+VE)(E, 5+2V/5, — 3+f —(4-2v5)(ly, (4+2V5)¢3,
0, —(3—f><5, (3+x/5><%0, 0, 4 +2v5; —(4 —2v5)(y, ,(3+f)<m, -(3-V5)(3, 0,
442V5; 5+2V5,0,0, -3 5 9\/F (4 - 2V5), (44 2v5)Cly, 0, =3 — V/5;
—(4-2V5)(2, 0, =3 —/5; —5—2V/5, B35, 1)

Realization: Abelian anyon condensation of SU(7)s.

13. 12%% 5;1%0 :d; = (1.0, 2,977, 4.888, 6.690, 6.690, 6.690, 8.343, 9.809, 11.56, 12.56, 12.786,

13.232)

D? = 940.87 = 105 + 147c3; + 189c3, + 105¢} + 126¢3, + 126¢5,

1 2 13 13 10 5 1 51
T = (O7ﬁ77777ﬁ7ﬁ7ﬁ7770737777)7
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5 16,2
S = (1 542? &423 5213 21a %%7 227 i%v +\/7§ 75427 427 427 5423 Eigv 25213 217 21%7
5 162 11.
f42» f42a 5427 _542a 5427 427 427 521’ 21a 217 _542a +r€ 5427 542a 1 5427
11 11 11 1— 1+
821y T S21 217 25217 217 §2Iﬂ 25217 217 5217 \/75217 r§217 217 §2Iﬂ 217

11 11 11, 1— \/ 11 11 11 11 .
—6s21» 621, 21’ - 217 21> 21’ 215 217 5427 42’ 5427 5427 _5427 542’

6210 621
16,2,
5227 _£i277 5427 figa 1 1 5427 427 £421 427 542a 5427 5423 J+r§ ; i27)

Realization: Abelian anyon condensation of SO(20),.
14. 122?1"2“7)8 : d; = (1.0, 9.908, 9.908, 9.908, 9.908, 9.908, 9.908, 10.908, 11.908, 11.908, 11.908,
11.908)
D2 = 1276.274 — 1287+351\/ﬁ
1 4 9 10 12 41 1 2 2
T = (0,13, 13» 1313130130 505030 3)
(1, 9+3ﬁ 9+3\/§ 9+3ﬁ 9+3\/§ 9+3¢T°> 9+3f 11+3F 13+3f 13+3f 13+3W

S=
13+3v13. 9+3\/ 2 _ 9+3\/ C5 _ 9+3\/ 64 _ 9+3\/ CG _ 9+3\/ Cl _ 9+3\/ C3
2 ’ 3 2 13» 2 13» 2 13» 2 13» 2 13»
_ 9+3v13 0. 0.0 0. _943v13 .6 _943v13 .3 _943v13 2 _943v13 4 _943v13 .1
2 y Uy Uy Uy U 2 Ci3s 2 €13 2 13 2 €13 2 €13,
9+3\/13 . 94+3v13 5 9+3v13 .1 9+3v13 .2 943v13 6 943v13
- T a5 O O O O _70137 - 2 013’ - 2 013’ - 2 0137 - 2 ) 07 07 07

0; 9+3\/ s 9+3\/ 3, _9+3\/13C4 _943VI3 g . (. _9+3VI3, 6, _9+3\/13 8
3 3 13> 2 s My Yy Uy Yy 2 3 3
9+3\/ 9+3\/ c2 _ 943v13 . 13+3v13 13+3\/ 13+3\/
,0,0,0, 0 Ci3s 5—,0,0,0,0; 1, 52,

13+3W. 1343113 13 + 3\ﬁ 134313 134313, _ 134313 _13+3f 13+3W
Sl k- L
1343 .
-, 1343VI3; ) . .
Realization: May be related to condensation reductions of categories of the form Z(NG(Z3 x
Z37 9))

15. 125755, ¢ di = (1.0, 9.908, 9.908, 9.908, 9.908, 9.908, 9.908, 10.908, 11.908, 11.908, 11.908,

11.908)
D2 = 1276.274 = 1287+351\/ 13
2 6 7 11 1 2
T= (O’ 13’13’13’13’13’13’000’3’5)
(1 9+4+3v1 3 9+3\/ 3 94+3v13 9+43v13 943v13 9+4+3v13 114313 1343v13 13+3v13 13+3v13
’ P P} y P} ) P ) P ) 2 ) 2 3 D) ’ D) ’

S pr—

134313, 9+3\/ 4 _943V13,.1 _ 9+3V13.3 _ 94+3V13,2 _ 9+3V13.5 _ 943136
5 ; Ci3» —— 35 C13» —— 35 Ci3» 3 C13s 3 Ci3y =73 (i3
943vI3 () 0 0; 9+3\/13 3 9+3\/13 A 943113 6 9+3\/13 2 94+3V13 5

- 2 ) ) ) ) - 3y 137 - 2 3y ClSa - 2 6137
9+3\/13 . 9+3\/ cl 9+3\/ 94313 6 9+3\/ 2 94313

—=5-,0,0,0,0; €13, C137 2 C 139 €13, 57—, 0,0,0,

. 9+3\/ 1 9+3\/ 4 94313 3 _ 94313 79+3\/ 3 79+3\/13 1

0; 35 Ci3s 5 Cizy —— 5 0, 0, 0, 0; ey, — 5= 0rs,

9+3W 0, 0 0, 0; —9+32\/ﬁ041137 _9+32\/ﬁ’ 0,0,0,0 1, 13+3W 13+3F 13+3F
13+§ﬁ; 134_3\/»7 _13+g\/ﬁ, _13+g\/ﬁ, _13+§\/ﬁ; 13+3\/> 13+3W 13+3f
13+3 ) 3V
_%\/ﬁ’ 13_|_31/137 _%)
Realization: Haag(1)o.
16. 125'520" + d; = (1.0, 9.908, 9.908, 9.908, 9.908, 9.908, 9.908, 10.908, 11.908, 11.908, 11.908,
11.908)
D? = 1276.274 = 128T+351/13
— 2 5 6 T 11
T=(01 1313 13 13’ 130, 0.3 9s 9’ 9)
S=(1, 9+3\/TS 9+3\/§ 9+3ﬁ 9+3\/§ 9+3\/TS 9+3\F 11+3F 13+3\ﬁ 13+3F 13+3W
13+3W. 9+3f 4 _9+3Wc1 _9+3fc3 _9+3fc2 _9+3\ﬁc5 _9+3F06
39 2 13 2 : 2 1

2 ) 13> 2 13» 2 13> 3
_ 9+3+v13 0.0 O 0 _ 9+43v13 3 _9+3v13 4 _ 9+3v13 6 _9+3v13 2 _9+43v13 5
P} 5 5 5 ) ) 2 Ci3s 2 C13, 2 €135 2 €13, 2 €13)

_9+3\/13 .0, 0,0,0; _9+3\/13 1 7_9+3\/1365 _9+32\/136?3’ _9+3\/13 2., _9+3\/13 .0,0,0,

13>

. 9 3 1 9 3\/ 4 9 3\/ 3 9+3v13 .9 3\/ 3 9 3 1

0; —2E3VI3.1, 9% ciy, -2 cly, —2H2VI3 0, 0,0, 0; —2E3A3 8, 943VI3 o1
_ 943 943 4 94+3v13 . 1343 1343 13 3
SIS 0, 0, 0, 0; —2EBASA, _9E3VIS g, 0, 0; 1, 13E3VI3 0 1S43VIS 0 1343VIS

13+3\/ 3. 134313, —1343VI3 _ 13+3V13 _ 134+3V13. 13+3v13 2 134313 4 13+3V13 1.
2 ’ 7 2 ) 2 ’ 2 ’ 2 Cy, 2 [&D) 2 Cg;
134313 .1 134313 ,2. 1343113 )
2 Co 2 Co 2 O
Realization: Haag(1);.
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17. 1220118 o g = (1.0, 4.932, 6.811, 7.562, 10.270, 11.585, 11.802, 14.369, 15.369, 16.734, 17.82,

70 ,1996.

21.773)
D? = 1996.556 = 243 + 243¢ck, + 243¢2, + 243c} + 243c; + 21665, + 162¢2 + 108¢], + 5cs,

T =

S =

(02423114521875)

191912779727°973:3:9:9127)
(1 5547 5547 1+027+C27+09+027+C27+027+0277 féia 2+027+027+09+2027+2037+057
&35, &1, &1, &3, 54a2+3C27+3027+309+2C27+2027+QC9+C27+C2% gia 5127
—2—027—037 1 2027 2027 cg, -1, 2+3027+3027+309+2027+2027+209+027+027,

11 9 1
54, —E35, — 5475547 547 — Chy — C37 — C§ — Coy — Coy — Chy — €33 £24, 2+ 3¢hy + 3¢5, +

3C$+2027+2027+209 +027+0277 —&38, 1+ Chy + G5y + ey + Cor + oy + chp + S5p, —E31, &3
€37, 1, —&33, =2 — ¢y — 5y — ¢ — 2057 — 237 — 5 0, 24 3cy7 + 3¢5, 4 e + 257 + 2¢5, +
2c3 + oo+ 57,0, =2 — by — 2 —ch —2¢h, —2¢5, — 2, 14+-ch, + 3+ ed+ e+ 5+ ch Sy,
—1 —cyy — oy — g — 037 — €3y — Chy — 7, 2+ Cop + g 4 ¢ + 2¢57 + 265, + €5, =2 — 3ch; —
3027 309 2027 2‘327 203—037—03% 0; £33, 1+ chr+ 3y +ch+ o+ By + 5 + 3y, £39,

547 554, 54, 554, — Chy — oy — ¢ — 2¢yy — 2657 — ¢35 0, 2+ 3¢y + 357 4 3¢y + 2657 +
2027+209+027+027, 2—1—027—1—037—1—05+20§7+2037+cg, —2—Cyy — Gy — ¢y — 2¢h; — 237 — ¢3,
*2 3027 3027 309 2027 2037*203*057*6377 *1*057*057 Csla 037 037 Cg? c§7,

1 b

5547 5547 547 - 547 1, -1- Cz7 _027 _09 _027 _027 _027 0277 5547 -1, 547 5547

2 1‘ 3cy7 + 3¢5, + 3¢5 ¥ 20278+ 2027 + 20199"' chr + s 5547 5547 54, —2- 3027 3027 30923
(9] .

2¢57 — 2¢37 — 2¢5 — ¢y — 027, 547 30, 1+ chy + c37 4 ¢ + Cor + ¢B + ¢y + By €3,

24y + €37 + ¢ + 2¢37 + 2637 + ¢35 0)

Realization: G(2)s.

18. 1287305, ¢ di = (1.0, 12.146, 12.146, 13.146, 14.146, 15.146, 15.146, 20.887, 20.887, 20.887,
27.293, 27.293)

D? = 3926.660 = 2142 + 1701c% + 7562

T=

S:

(0,7,7,0.0,7,2,0,3, 5,7, 3),

(1, 36%,, 3634, T+6cL+3c2, 8+6c2+3c2, 9+6¢t+3c2, 9+6¢L+3c2, 11+9ci+3c2, 11+9¢2+3¢2,
114 9ck + 3¢, 15 4+ 12¢k 4 6¢2, 15 + 12¢} + 6¢2; 15 4+ 12¢k + 6¢2, 3¢3, —15 — 12¢k — 63,
—9—6ct —3c2, 18+ 15ck +6¢2, —3£7,, 0,0, 0, —12—9¢c} —3c2, 9+6¢k +3c2; 15+12ck +6¢2,
—15—12¢t —6¢2, —9—6¢2 —3c2, —3£7,, 18+ 15ck +6¢2, 0, 0, 0, 9+6¢L +3c2, —12—9cl —3cZ;
—8— 60t —3c2, —1, 3¢5, 3&34, 114+ 9ck +3c2, 11+ 9¢k + 3¢2, 11+ 9¢k + 3c2, —9 — 6t — 3¢2,
—9—6ct —3c2; T+6ci+3c2, 15+12ct+6¢2, 15+12¢k +6¢2, —11—9¢t —3c%, —11—9ct —3c2,
—11—9ct —3¢2, 363, 3¢9, —9—6ct —3c2, 124 9ck +3¢2, 0, 0, 0, —15 — 124 — 6¢2, —3€3;
—9—6c1—3c%,0,0,0, —3&3, —15—12cl —6¢2; 22+18ct+6¢2, —11—9ct —3c2, —11—9¢t —3c2,
0,3(?5;5 )—11 —9ct —3c2, 224 18¢k +6¢2,0,0; —11 —9¢ct —3c2, 0, 0; —3&3,, 18 + 15¢t + 6¢2;

14

Realization: unknown

19. 120%008 ¢ di = (1.0, 12.146, 12.146, 13.146, 14.146, 15.146, 15.146, 20.887, 20.887, 20.887,
27.293, 27.293)

S =

D? = 3926.660 = 2142 + 1701c} + 756¢2

3 4 1 6147 25
(0777770077777575757?77)

(1, 3€34, 3EDy, TH6cE+3c2, 8+6c+3c2, 9+6ci+3c2, 9+6¢E+3c2, 11+9ct+3c2, 11+9ci+3c2,
11+ 9¢t + 3¢2, 15 + 12¢} + 6¢2, 15 + 12ck + 6¢2; 15 + 12¢% + 6¢2, 362, —15 — 12¢2 — 6¢2,
—9—6¢t —3c2, 18+ 15ck +6¢2, —3£3,, 0,0, 0, =12 —9¢t — 3¢, 9+ 6¢2 +3cZ; 15+ 12¢2 4 6¢2,
—15—12ct —6¢%, —9—6¢L —3c2, —3&34, 18+15ck +6¢2, 0, 0, 0, 9+6¢% +3c2, —12—9ct —3c2;
—8 —6ct —3c2, —1, 363, 367, 11+9ck +3c2, 11+ 9¢t +3¢2, 11+ 9¢k + 3c2, —9 — 6ct — 3c2,
—9—6¢ct —3c2; T+6ct+3c2, 15+12¢5+6¢2, 15+12¢2 +6¢2, —11—9ct —3c2, —11—9ct —3c2,
—-11— 90% - 30%, 3E04, 3E0; —9—6ck —3¢2, 124 9ck + 3¢, 0, 0, 0, —15 — 12¢4 — 6¢2, —3&3;
—9—6ck— 3c7, 0,0,0, =36, —15—12ct —6¢%; 90%3—96%3—|—3Cé3—903,—}—9023—"-66%%—36%;%—}—205—
9cgS +9ckt, —9cds —2¢d — 9cfy — 69 —2c3 — 687, 9cs — 3cgs +11ch +3ch +9chs — 3(:63, 0, 0;
9663 —3cg3H11ch+3cii+9e¢5 -3¢kt 9t —9c2;+3ch;—9ch +9c8,+6¢9— 3t +2c3—9ci§+9¢eis,
0, 0; —9cks — 2¢d — 98y — 6¢89 — 2c2 — 6¢k%, 0, 0; —3€7,, 18 + 15¢k + 6¢2; —3¢€3,)

Realization: unknown
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8 Realizations of exotic modular data

We find some potential modular data that cannot be realized by modular tensor categories
from Kac-Moody algebra or twisted quantum doubles, nor from their Abelian anyon con-
densations [79], their Galois conjugation, and their change of spherical structure. We refer
to those potential modular data as exotic potential modular data.

All the exotic potential modular data that we found are listed below:

1. two Galois orbits of rank-8 modular data represented by 82:;)8.2 and 841172?;2_72 with

D? = 36,
2. three Galois orbits of rank-8 modular data with D? ~ 308.434,

3. one Galois orbit of rank-10 modular data represented by 103?1’%2. with D? ~ 1435.541,

4. two Galois orbits of rank-11 modular data with D? ~ 1337.107 and D? ~ 1964.590,

5. four Galois orbits of rank-12 modular data with D? = 144 (which contain six unitary
modular data).

6. one Galois orbit of rank-12 modular data represented by 122791’;132. with D? ~ 1276.274.

7. two Galois orbits of rank-12 modular data with D? &~ 3926.660.

In the following, we will discuss the realizations of those exotic potential modular data,
to see if they are actually exotic modular data that can realized by some modular tensor
categories.

8.1 Near-Group fusion categories and their centers

The main references for near-group categories and their centers are [116,122]. We repro-
duce their results for the reader’s convenience.

Let G be a finite group of order |G| and m a non-negative integer. A near-group
category of type G + m is a rank |G| + 1 fusion category with simple objects labeled by
elements g € G and an additional simple object p such that the fusion rules are given by
the group operation in G, gp = pg = p for all g € G, and p® p = mp + deG g. While
the near-group fusion rule of type G + m is well-defined, not all are associated with fusion
categories. We denote the (possibly empty) class of fusion categories of near-group type
G+m by NG(G,m). In the literature, one typically finds results in the unitary setting, so
we will focus on this situation. It is known [116, Theorem 2] that, in order for NG(G, m)
to contain an unitary fusion category with H?(G,R/Z) = 0, the only possible values of m
are |G| — 1 or k|G| for some non-negative integer k. The Tambara-Yamagami categories
are the near-group fusion categories with m = 0, which are classified in [123].

To construct/classify unitary near-group fusion categories, one must solve a system of
non-linear equations [122], which is computationally strenuous. A precise statement for
G abelian can be found in [122, Theorem 5.3] and [116, Corollary 5]. In the abelian case
one first chooses a non-degenerate symmetric bicharacter (, ) on G, which facilitates the
solution method found in [116,122]. Realizations have been found for near-group fusion
rules of the following types, for example:

1. A+ 0 for all abelian groups A [123]
2. A+ |A| for A abelian and |A| < 13 [116]
3. Zy + N for N < 30, except N = 19,29. [124].

B

. Z3 + 6 see [125] who attributes this to Liu and Snyder, [126].

66



SciPost Physics Submission

5. G + 2F with G and extra-special 2-group of order |G| = 22#*1. [125, Therem 6.1].

If it is true that there are finitely many fusion categories of each rank, as is true in the
braided setting [127], there should be no near-group categories of type G +m for m above
some bound. For example there are no unitary near-group categories of the following

types:
1. Zy+m m > 3 [128],
2. (Z2)¥ +m with k > 3 and m # 0 [129],
3. Zg+m m > 7 [130],

4. G+m where G is non-abelian, except when G is an extra-special 2-group as described
above [125].

The modular data of the center Z(€C) of a near group-category € can sometimes be
obtained, but it is computationally difficult (employing tube algebra or Cuntz algebra
methods, [122,125]).

If € is a unitary near-group fusion category of type A + |A| for an abelian group A,
formulae for the modular data are found in [116], see [131] for some explicit computations.
In this case we have the following facts about D := Z(C), where € is of type A+ N where
|A| = N:

1. The rank of D is N(N + 3)

2. The dimensions of simple objects in D are 1,d,d + 1, d + 2 where d := NY+VIZ+4N W.

There are N invertible objects,

- W

N simple objects of dimension d + 1,

(gf ) simple objects of dimension d + 2, and
N(N + 3)/2 simple objects of dimension d.
dim(D) = (N + d?)?,

o N> o

the pointed part of D is a ribbon fusion category of the form C(A,q) where ¢ is a
quadratic form given by ¢(a) = (a, a) with (,) a non-degenerate symmetric bicharac-
ter on A. In particular the S-matrix for the pointed subcategory has entries (a, b) >
and the T-matrix has entries d,(a, b).

The last point completely characterizes the pointed subcategory of D, without the need
of further computation. Using the results of [116] it can be shown (cf. [131, Section 2.4])
that if C is a near-group unitary fusion category of type A + |A| for |A| = N odd, then
the rank N pointed subcategory C(A,q) of D is modular, and thus D = C(A,q) X F
where F is a modular category. Moreover, F has rank (N + 3) and dimension D? =

w (N + VN (N+4)+ 2), with no non-trivial invertible objects. When |A| is even,
one often finds that D contains invertible bosons, which can be condensed.
In the following we address the question of realizability of several of our modular data

via centers of near-group categories. In some cases this leads to definitive constructions,
while in other we provide strong evidence of realizability.

1. One obtains rank 8 modular categories as the non-pointed Deligne factor of Z(€) for
C a near-group category of type Zs x Zz 4+ 0. These provide definitive realizations
for the two modular data of the form 82:;)2? and 8411723;2_72.
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2. One also obtains rank 8 modular categories as the non-pointed Deligne factor of Z(C)
for € a near-group category of type Zs + 5. These provide definitive realizations for
the three modular data of the form 8;?3138. 4 (note that there are exactly 3 near-group
categories of type Zs + 5 in [116]).

3. The case of C being a near-group category of type Z3 + 6 is relevant to us. It exists
by [125], but we do not know many details about D = Z(€) other than its dimension:
144-(7+4v/3). One can show directly that D contains a modular pointed subcategory
with fusion rules like Z3, so that D = FX €(Zs, q) where F is a modular category of
dimension 48 - (7 4+ 4v/3) ~ 668.553, and hence a candidate for a realization of the
potential modular data 9(13,2622.75- For our purposes it is sufficient to show that D has
rank 27, which is a special case of [132, Conj. 7.6] see Example 7.1.7(1) in the same
reference. We have verified that our modular data coincides with the conjectural
data provided in [132]. On the other hand, it is shown in [117] the existence of a

category with the same rank and dimensions as 9%726’22.75 by condensing the Zz-bosons

in SU(3)g, providing a definitive realization. We find that SU(3)_9 X 9%,2622.75 has
9 potential Lagrangian condensable algebras, supporting the above realization.

4. Similarly as the rank 8 case above, one obtains rank 10 modular categories as the
non-pointed Deligne factor of Z(C) for € a near-group category of type Zy + 7.
These provide definitive realizations for the modular data 10(7577(;23?3 (there is one

fusion category of type Z7 + 7 in [116] up to complex conjugation).

5. Consider D = Z(€) where C is a near-group fusion category of type A + |A| for
A = Z4 x Z4 with symmetric bicharacter {(a,b),(c,d)) = ()% where {4 =
e™/2. D has dimension 5 - 2" - (9 4 41/5) and rank 304. We find a Tannakian
pointed subcategory P C D with fusion rules like Z; x Zy, generated by (1,1)
and (2,0). Note that {(1,0),(1,1))72 = (¢4)~2 = —1, so that (1,0) is not in the
centralizer of P. Thus the condensation [Dz, «z,]o has no invertible objects and has

dimension %ﬂ‘@) ~ 1435.541. This method was used to confirm that we have

a realization of modular data 10301’%2 in [118], providing a definitive construction

for this modular data. It is also found to be the center of a rank 4 fusion category,
see [133] On the other hand, the modular data 101?{12? looks very similar, but is
realized by quantum groups: a Zs boson condensation of SU(5)s.

6. Another example is the following: Consider a fusion category C of near-group type
Zi9 + 12 (which exists, by [116]). In this case we find that D = Z(€) a modular
category of rank 180 and dimension 482 - (7 +4+/3). By example 2.5 of [131] We see
that D =2 FKC(Zs, q) for some quadratic form g on Z3. Now F contains an invertible
boson b with b®b = 1 so that we obtain a modular category [Fz,]o by condensation.
Moreover, computations as in [131] show that [Fz,]o factors as B ® C(Zz,q") where
B is a modular category of dimension 96 - (7 +4+/3) ~ 1337.107510. A more detailed
analysis is necessary, but this is a strong evidence that this provides a candidate

realization of potential modular data 1138123?.

7. The potential modular data 12291’121(7)2. is similar to that of 12391’2(752_ which is realized
by means of the center of the even part of the Haagerup subfactor. As the latter
may also be obtained from the center of the near-group category NG(Z3 x Z3,9),
this suggests a similar construction for this potential modular data, and therefore is
a candidate realization. Indeed, in [116] there are 2 distinct near-group categories
associated with Zz x Zs.
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8.2 Realizations via minimal modular extensions

The theory of minimal modular extensions could explain the multiplicity of a collection of
similar but not identical modular tensor categories. Let € be a modular tensor category
which contains a fusion subcategory & such that the Frobenius-Perron dimension of € is
the product of FPdim(F) and the FP-dimension of the Miiger center € of F. In this case,
€ is called a minimal modular extension of F (cf. [134]). Note that € is a symmetric fusion
category, and so € is equivalent as braided fusion categories to the representation category
of a finite group G, which is uniquely determined by €. According to the theorem of [135],
the set of equivalent classes of the minimal modular extensions of F is a torsor of the
3rd cohomology group H?(G,U(1)) of G. In fact, there is a faithful transitive action of
H3(G,U(1)) on the set of minimal modular extensions of F by condensing € of the Deligne
product of € and the center Z(Vecg) of the pointed category Vecg for any cohomology
class w in H3(G,U(1)). In particular, if a minimal modular extension of F shows up in
the list, one should find exactly the number of classes in the group H3(G,U(1)).

It is quite routine to check a given modular data is a minimal extension of one of its
fusion subcategory. We consider the six rank 12 modular data of FPdim D? = 144 in our
list as examples. Let € be an MTC whose modular data is any of these rank 12 data.
One can see immediately that there are 3 bosons but one of them is nonabelian. It is can
check from the fusion rules computed from the S-matrix that these three objects form
a Tannakian subcategory € of dimension 6. It has to be the representation category of
the symmetric group S;. Using the modular data again, we see that the simple objects of
dimension 3 together with the simple object of € form a fusion subcategory J of dimension
24. By considering the twists of the simple objects of F, we can confirm that € is the Mger
center of F and so C is a minimal modular extension of F. Since H3(S3,U(1)) is a cyclic
group of order 6, there are exactly 6 minimal modular extensions of F, and they are all
there.

The two rank 12 dimension D? = 68 modular data, 1234(;;_16 and 1288éé§6, are minimal
modular extensions C of its integral fusion subcategory F, whose Miiger center is obviously
a fusion subcategory generated by the abelian boson. A fusion category of FP-dimension
2 can only be equivalent to the representation category of the cyclic group G of order 2.
Since H3(G,U(1)) is also a cyclic group of order 2, there are exactly two such minimal
modular extensions.

8.3 Gauging and Zesting

Some of the modular data realizations are related to other more familiar categories by
means of well-studied constructions such as gauging [121] and zesting [112, 136]. For
example 12}14144216 was first constructed by gauging, and 10}18;61?0 was first constructed by
zesting. The condensed fiber product [114] is related to zestfng and the minimal modular
construction described above. We briefly describe gauging and zesting mathematically,
referring the interested reader to loc. cit. for details.

Gauging is a 2 step process. One begins with a MTC C with an action of a finite group
G by braided tensor autoequivalences. For example the rank 4 theory known as 3-fermions
with fusion rules like Zo xZ5 and non-trivial objects having twist —1 admits an action of Ss,
by permuting the 3 nontrivial objects. Then, assuming certain cohomological obstructions
vanish, one constructs a G-crossed braided fusion category D as a G-extension of C. There
are typically choices to be made in this step, which are parametrized by cohomological
data. Then one takes the G-equivariantization D¢ of D. This will be a modular category
of dimension dim(C)-|G|? and will contain a symmetric subcategory equivalent to Rep(G).
It is often easy to see that a given modular category is a gauging, by looking for these
signatures. Of course if one has modular data with these signatures this helps in the search
for a realization, which must then be constructed explicitly by gauging.
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Table 8: A list of potential modular data (one for each Galois orbit) whose
realization are unknown or not definitively constructed.

ordT,fp
T’c D2 S; dL
1155537 10,0,0,4,1 3 3 1 o 1 T 1, 3+2V3, 3+2V3, 4+2V3, 44 2V3, 6 + 43, 6 + 4V/3,
6+ 4v/3, 7+ 43, 8 + 4V/3, 8 + 41/3 (see Section 8.1)
35,581 2 22 32 1 3 5 6 3 1
Wi oee |0:55: 55055 5:0.5: 3. 5. 3.5 1.0, 8.807, 8.807, 8.807, 11.632, 13.250, 14.250, 14.250, 14.250,

19.822, 20.440 (for algebraic expressions, see Section 1.3)

12397406 0.L 3 4 9 1012 5112 2|4 94+3v13 943V13 94313 94313 94313 94313 114313
4,1276. » 137 137 137 137 137 137723732373 | 7 2 2 2 2 2 2 2 ’
134313 13+3v13 13+3v13 1343113
2 ) 2 ) 2 ) 2
21,464 3 4 16 1 225 5 5 1 2 1 2 1 2
120,3926. O7 75 770,07 7 7,0, 3131707 17 36147 3&147 7 + 6C7 + 3077 8 + 607 + 3C7, 9 + 6C7 + 3C7,

9+ 6¢t + 3cZ, 11 + 9ct + 3¢2, 11 + 9¢t + 3¢2, 11 4 9ck + 33,
15 + 12¢t + 6¢2, 15 + 12¢} + 6¢2

1205536 |0,2,4,0,0,1,8,3,4,7,2,8 1, 365, 380, 7+ 6c} + 3c2, 8 + 6 + 3¢2, 9 + 6ef + 3c2,
9+ 6cL + 3c2, 11 + 9ct + 3c2, 11 + 9¢t + 3¢2, 11 + 9k + 33,
15 + 12¢% + 6¢2, 15 + 12¢} + 6¢2

Zesting is similarly a process that uses cohomological data to build a new category out
of a given one. In this case the set up is that one has an A-graded MTC with a pointed (i.e.,
abelian) subcategory B in the trivial component (here A is necessarily an abelian group).
For example SU(3)3 i.e., 102’:1))22 is Zs-graded and the trivial component contains the
pointed subcategory Rep(Zg).7 Then one can twist the fusion rules component-wise, using
a 2-cocycle on A with values in B. This requires adjustment of the associativity constraints
component-wise by a 3-cochain. In some cases the resulting category admits a braiding,
which is obtained by adjusting the braiding in C, again component-wise. Finally, one may
typically adjust the twists to obtain a ribbon fusion category—which will be modular under
some mild conditions. This all requires choices at each stage, but is quite explicit.

More recently, some instances of the zesting procedure has been explained in more
physically relevant terms, called the condensed fiber product [114]. This is also related
to the minimal modular extension torsor described above. Here one takes two A-graded
modular categories D and C with a common pointed symmetric subcategory B in the trivial
components Dy and Cy, and condenses the Tannakian diagonal subcategory Rep(B) =
A(B) ¢ BX B in DK, for some finite abelian group B. The Tannakian subcategory
A(B) centralizes the fiber product @, D, X C,, so that ([D X C]g)y is again a modular
category. If D is pointed with dim(D) = |B|? then the condensed fiber product coincides
with zesting. This is also related to the construction of anyon condensation found in [137].

8.4 Potential modular data whose realizations are unknown

Table 8 lists the potential modular data whose realizations are still unknown or unsure.
Those potential modular data have different fusion rings from the the modular tensor
categories generated from Kac-Moody algebra and twisted quantum doubles, plus Abelian
anyon condensations. Those data may correspond to new modular tensor categories, or
they are fake modular data. For the rank-11 data 113’81’234;., we have some evidence that they
can be realized by centers of near-group fusion categories, followed by some condensation
reductions.

In order to gain some understanding, in this section, we are going compute the potential
condensible algebra A = @;A;(d;, s;) (see Appendix E) for those potential modular data.
Here (d;, s;) is the i simple object, labeled by its quantum dimension d; and topological
spin s;.

1. Potential modular data 11?{??? has no Lagrangian condensible algebra since
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the central charge ¢ # 0. It has one potential condensible algebra A = (1,0) &
(7 + 44/3,0). The condensation of anyon (7 + 41/3,0) reduces the modular data
113781’22? to the modular data 6;.,26534 = 2411:;137 X 3%:227 —a pointed Zo X Z3 MTC, since

48,634 12,534 . .
113?1’237‘ X 631653 has Lagrangian condensible algebras.

2. Potential modular data 11%‘;”581
32 1964.

has no Lagrangian condensible algebra. It has one potential condensible algebra A =
(1,0) @ (13.250,0). The condensation of anyon (13.250,0) should reduce 115°%!

32,1964
35—-7V5
2

(see Section 1.3 for a more detailed descrition)

to an unitary modular data with D? = = 9.6737. But there are no unitary
modular data with D? = w = 9.6737 based on our classification. Thus A =

(1,0) @ (13.250,0) is a fake condensible algebra, and llg"ﬁz .. has no condensible

algebra.

3. Potential modular data 125’1?1’3(7]24 has no Lagrangian condensible algebra. It has

11+?2>\/E’ 0)_

one potential condensible algebra A4 = (1,0) & ( The condensation of

anyon (H%J,O) should reduce the modular data 122?1’332. to the modular data

92’377 = 92’377 = 32’227 X 33:327 — a pointed Z3z X Z3 MTC. We remark that 12?&398

is related to Haagerup-Izumi modular data. They share the same set of quantum

dimension d;. Also, 12291’392. has a Z3 x Z5 automorphism, generated exchanging two

( 1343v13 1
2

simple objects with (d,s) = '3

(d, S) _ (134-%\/ﬁ7 %)

), and exchanging two simple objects with

4. Potential modular data 12?}}33%. has no Lagrangian condensible algebra. It has

three potential condensible algebra

A; = (1,0) @ (8 + 6¢t 4 3¢2,0),
Ay = (1,0) @ (11 + 9¢t 4 3¢2,0),
Az = (1,0) @ (7 + 6¢t 4+ 3¢2,0) @ (8 4 6¢t 4+ 3¢2,0) @ (11 +9ck +3¢2,0).  (154)

The condensation of A; should reduce 12371?;333 to an unitary modular data with

D? = 14 — 7¢2 = 17.1152. The condensation of Ay should reduce 12(2)713’3%. to an
unitary modular data with D? = 35 — 140% + 21c$ = 8.1964. The condensation
of A3 should reduce 12353%. to an unitary modular data with D? = 49 — 28¢} +
280% = 1.6233. There are some modular data with D? = 14 — 703 = 17.1152 and
D? = 35 — 140% + 21c$ = 8.1964 at rank 9. But all those modular data are not
unitary. There is no unitary modular data with D? = 49 — 280% + 280% = 1.6233.

Thus A 23 are fake condensible algebras, and 123,13’3%. has no condensible algebra.

5. Potential modular data 128??15%. has no Lagrangian condensible algebra. It has

one potential condensible algebra A = (1,0) ® (8 +6¢c} +3c2,0). The condensation of

anyon (8+6¢t+3c2,0) should reduce 123?’?;;;61. to an unitary modular data with D? =

14 — 7c2 = 17.1152. There are some modular data with D? = 14 — 7c2 = 17.1152 at
rank 9. But all those modular data are not unitary. Thus A = (1,0)®(8+6cL+3c2,0)

is a fake condensible algebra, and 128??;;;3. has no condensible algebra.
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QF T € QF Tano

Figure 1: The isomorphism & (i.e. the transparent domain wall in space-time)
between two anomaly-free (gapped or gapless) quantum field theories, QFT and
QFT,no My ﬁ,, describes an low energy equivalence of the two quantum field
theories, below the energy gap of the bulk topological order M and its gapped
boundary R [70]. Such an equivalence (called an isomorphic holographic decom-
position) exposes the emergent symmetry in the quantum field theory QFT. The
emergent symmetry is described by the fusion higher category R that describes
the excitations on the gapped boundary R, and will be referred to as R-category
symmetry. The gapped boundary R is induced by Lagrangian condensable alge-
bra A. The holo-equivalent class of the emergent symmetries, by definition, is
described by a braided fusion higher category M that describes the excitations
in the bulk topological order M. The bulk topological order M will be referred
to as the symTO, which is a topological order with gappable boundary.

9 Classify symmetries via symTOs (i.e. UMTCs in the triv-
ial Witt class)

We used to think symmetries are described by groups. In recent years, we realized that
the low energy emergent symmetry in a quantum field theory QFT can be a generalized
symmetry beyond group and higher group. It turns out that finite generalized symmetries
can all be described by higher fusion categories.

One way to obtain such a result is through the isomorphic holographic decomposition in
Fig. 1, which was introduced to define homomorphism between quantum field theories [70].
If a quantum field theory QFT has an isomorphic holographic decomposition in Fig. 1,
then we say that the quantum field theory QFT has a R-category symmetry. Thus a
generalized symmetry is described by a fusion higher category R, which describes the
excitations on the gapped boundary R of the bulk topological order M = Z(R) in Fig. 1.
Here Z is the generalized Drinfeld center that maps the fusion higher category R to the
braided fusion higher category M that describes the excitations in the bulk topological
order.

The connection between boundary symmetry and bulk topological order was observed
in Ref. [138], where it was shown that topological entanglement entropy arises from a
boundary conservation law rooted in the bulk topological order. This connection was
later confirmed through numerical calculations [139]. A systematic theory of symme-
try topological-order (sym/TO) correspondence was developed via holographic picture of
emergent non-invertible gravitational anomaly [70,71,140], holographic picture of duality
[141,142], which lead to holographic picture of generalized symmetry [9,66,67,72-74,143).
Symm/TO correspondence is also closely related to topological Wick rotation introduced
in Ref. [140,144,145], which summarizes a mathematical theory on how bulk can determine
boundary.

A notion of holo-equivalence between symmetries was introduced in [9,61,66]. Holo-
equivalent symmetries impose the same constraint on the dynamical properties of the
associated systems within the symmetric sub Hilbert spaces. Thus holo-equivalent sym-
metries are indistinguishable if we ignore the sectors with non-zero total symmetry charge.
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The holo-equivalent class of the above ﬁ—category symmetry is described by the bulk M
in Fig. 1, which will be referred to as the symTO of R-category symmetry. SymTOs are
classified by topological orders M with gappable boundary.

For bosonic systems in 1-dimensional space, the holo-equivalent classes of the gener-
alized symmetries are classified by UMTCs in trivial Witt class. The symmetries in a
holo-equivalent class described by an UMTC M are classified by the gapped boundaries
(i.e. fusion categories R) of M: M = Z(R). In this section, we are going to use the clas-
sification of UMTCs to classify symTOs via UMTCs in trivial Witt class, which in turn
classify (generalized) symmetries in 1-dimensional space.

How to determine if a UMTC is in the trivial Witt class or not? We know some
necessary conditions for a UMTC to be in the trivial Witt class. One set of necessary
conditions is the higher central charges [80]. Another set of necessary conditions comes
from Lagrangian condensable algebra [146], which is summarized in Appendix E. We
apply these two sets of necessary conditions and find the potential Witt-trivial UMTCs.
By examining them one by one, we find that those potential Witt-trivial UMTCs are
actually in trivial Witt class.

Witt-trivial UMTCs do not exist for rank 2, 3, 5, 6, 7, 11. In the following we list Witt-
trivial UMTCs (i.e. symTOs) for rank 4, 8, 9, 10, 12. We also list the composite objects
A = @, Aii (where i are simple objects and A; € N) that give rise to the Lagrangian
condensable algebras. Actually, in next a few subsections, the composite object A is listed
by its expansion coefficients A;. We note that a Lagrangian condensable algebra A gives
rise to a gapped boundary R and a R—category symmetry in the holo-equivalence class of
the symTO.

When R is a local fusion category, it will describe an anomaly-free symmetry [9]. A
R—category Symmetry is anomaly-free if the Lagrangian condensable algebra A= P, A

that induces R has a dual Lagrangian condensable algebra A = @, A; such that
> A4 =1 (155)
i
We will also indicate such an anomaly-free symmetry.

9.1 Rank 4

1437 di = (1.0, 1.0, 1.0, 1.0)
D?=4.0=4
T=(0,0,0,3),
S=(1,1,1,1; 1, -1, -1; 1, —1; 1)
The holo-equivalence class of two symmetries.
Lagrangian condensible algebra A;:
(1,1,0,0) — Vecz,-category symmetry = Zy symmetry
(1,0,1,0) — Repz,-category symmetry. Isomorphic to the above symmetry.

2. 4957« d; = (1.0, 1.0, 1.0, 1.0)

D?=40=14
T =(0,0,%,3),

S=(1,11,1; 1,-1,-1; —-1,1; —1)
Factors = 24 37 X 24 625

The holo- equlvalence class of one symmetry.
Lagrangian condensible algebra A;:

(1,1,0,0) = Rsemion-category symmetry = anomalous Zy symmetry
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5,872 . .
3. 40’13.09 cod; = (1.0, 1.618, 1.618, 2.618)
2 _ _ 15455
D*=13.90 = =5

T=1(0,%2%,0),
S =, 1+\f 1+f 3+\/5

2 5,305 5720

1 3618 & 226 ,3.618

The holo-equivalence class of one symmetry.

Lagrangian condensible algebra A;:

(1,0,0,1) — Rpjp-category symmetry (beyond algebraic symmetry of Ref. [9])

345 1+5. 14+5.
_17 2 T 9 7_11_Ta 1)

I

Factors = 27

The holo-equivalent class of symmetries described by the symTO 44 875 (the double-
semion topological order)) contains one symmetry, since the symTO has only one con-
densable algebra A; = (1,1,0,0). The condensable algebra gives rise to a fusion category

R = Reemion 211 ;137 the fusion category of a single semion'?, whose Drinfeld center gives

rise to the symTO 4, 275 Such a symTO describes a single symmetry, the anomalous Z,
symmetry [147,148].

Although the symTO 42 750 (the Zs topological order) has two condensable algebra
A; =(1,1,0,0) and 4; = (1 0 1,0), the holo-equivalent class of symmetries described by
the symTO contains only one symmetry. The condensable algebra A; = (1,1,0,0) gives
rise to a boundary described by fusion category Vecz,: 43 150 = Z(Vecz,) [149,150]. Thus,
this condensable algebra gives rise to the Vecz,-category symmetry, which is nothing but
the usual Z symmetry. The condensable algebra A4; = (1,0, 1,0) gives rise to a boundary
described by fusion category Repz,: 4 2 750 = Z(Repz, ), and gives rise to Repz,-category
symmetry, which corresponds to the dual of the Zy symmetry [59,151]. Since Z3 is an
Abelian group, the Zs symmetry is isomorphic to the dual Zo symmetry. Therefore, the
holo-equivalent class M = 4(2)3150 contains only one symmetry.

The holo-equivalent class of symmetries described by the symTO 43 %209 (the double-
Fibonacci topologlcal order) also contains one symmetry. The symTO is Drinfeld center

of fusion category R = Rplb — 25143%56 18’

Such a symTO corresponds to an non-invertible symmetry in 1-dimensional space that
is beyond group theory description. It is also beyond the algebraic symmetry introduced
in [9], since it is anomalous. This anomalous non-invertible symmetry can appear as a low
energy emergent symmetry [152].

the fusion category of a single Fibonacci anyon.

9.2 Rank 8

1. 853+ di = (1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 3.0, 3.0)
D? = 36.0 = 36
T =(0,0,0,0, %, 2,0, 3),

S=(1,1,2,2,2,2/3,3; 1,2,2,2,2 -3, -3; 4, -2, -2, -2,0,0; 4, -2, =2, 0, 0;
—2,4,0,0; —2,0,0; 3, -3; 3)

The holo-equivalence class of two symmetries.

Lagrangian condensible algebra A;:

(1,1,2,0,0,0,0,0) — Vecg,-category symmetry = Ss symmetry

(1,1,0,2,0,0,0,0) — a symmetry isomorphic to the one above.

(1,0,0,1,0,0,1,0) — Repg,-category symmetry = dual S3 symmetry

10R + M means that the fusion category R is the fusion category formed by the objects in the braided
fusion category M, i.e. < is the forgetful functor which ignores the braiding. In this case the center of R
is given by Z(R) = M X M.
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(1,0,1,0,0,0,1,0) — a symmetry isomorphic to the one above.

2. 856 1 di = (1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 3.0, 3.0)

D? =36.0=36
T = (07 0,0,0, %7 %a %7 %),

S=(1,1,2,2,2,2,3,3; 1,2,2,2,2 -3, -3; 4, -2, -2, -2,0,0; 4, -2, =2, 0, 0;
-2,4,0,0; —2,0,0; —3,3; —3)

The holo-equivalence class of one symmetry

Lagrangian condensible algebra A;:

(1,1,2,0,0,0,0,0) — anomalous Sé?’) symmetry
(1,1,0,2,0,0,0,0) — a symmetry isomorphic to the one above.

3. 8536+ di = (1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 3.0, 3.0)
D? =36.0 = 36
T =1(0,0,0,3,5,%,0,3),
S=(1,1,2,2,2,2,3,3; 1,2,2,2,2 -3, =3; 4, -2, -2, —2,0,0; 23, 2c3, 2¢}, 0,
0; 2c, 2¢3,0,0; 2c3,0,0; 3, -3; 3)
The holo-equivalence class of two symmetries
Lagrangian condensible algebra A;:

(1,1,2,0,0,0,0,0) — anomalous S§4) symmetry
(1,0,1,0,0,0,1,0) — an anomalous non-invertible symmetry

4. 80567 + di = (1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 3.0, 3.0)

D? = 36.0 = 36
T = (07 0,0, %, 87 %a 0, %),

S=0(1,1,2,2,2,2,33; 1,2,2,2,2 -3, =3; 4, -2, -2, =2, 0, 0; 2c3, 2¢, 2¢3, 0,
0; 2c§, 2cs,0,0; 2¢3,0,0; 3, —3; 3)

The holo-equivalence class of two symmetries

Lagrangian condensible algebra A;:

(1,1,2,0,0,0,0,0) — anomalous S§2) symmetry

(1,0,1,0,0,0,1,0) — an anomalous non-invertible symmetry

5. 856 ¢+ di = (1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 3.0, 3.0)

D? =36.0 = 36
T=1(0,0,0,4,5,%,%.3),

S=(1,1,2,2,2,2,3,3; 1,2,2,2,2 -3, =3; 4, -2, -2, =2, 0, 0; 23, 2c3, 2¢}, 0,
0; 2ci, 2¢3,0,0; 2c3,0,0; —3,3; —3)

The holo-equivalence class of one symmetry

Lagrangian condensible algebra A;:

(1,1,2,0,0,0,0,0) — anomalous Sél) symmetry

6. 8536 di = (1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 3.0, 3.0)

D? =36.0 = 36
T =1(0,0,02,2,813),

S=(1,1,2,2,2,2,3,3; 1,2,2,2, 2 -3, —=3; 4, -2, -2, —2,0,0; 2c§, 2¢3, 2¢}, 0,
0; 2ci, 2¢3,0,0; 2¢2,0,0; —3,3; —3)

The holo-equivalence class of one symmetry

Lagrangian condensible algebra A;:
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1,1,2,0,0,0,0,0) — anomalous 5(5) symmetry
3

There are 6 symTOs at rank 8, giving rise to 6 holo-equivalent classes of symmetries.
Each class contains an anomalous S3-symmetry denoted as S§. In 1-dimensional space, the
S3-symmetry can have 6 types of anomalies w € H?(S3;R/Z) = Zg [39] which correspond
to the 6 symTOs.

The first symTO 83:?)5’ is the Ss-gauge theory in 2-dimensional space. One of its
condensable algebra A; = (1,1,2,0,0,0,0,0) gives rise to a fusion category Vecg,. Thus
the condensable algebra 4; = (1,1,2,0,0,0,0,0) gives rise to a Vecg,-category symmetry,
which is nothing but the usual S3 symmetry.

The condensable algebra 4; = (1,0,0,1,0,0,1,0) gives rise to a fusion category Repg,.
Thus the condensable algebra A; = (1,0,0,1,0,0,1,0) gives rise to a holo-equivalent sym-
metry — Repg,-category symmetry, which was called dual S3 symmetry in Ref. [9, 72],
and is a non-invertible algebraic symmetry. It is interesting to see an ordinary group-like
symmetry is holo-equivalent to a non-invertible algebraic symmetry.

We note that the symTO 88:3}5? has an automorphism of exchanging simple objects
i = 3 and ¢ = 4. The other two Lagrangian condensable algebras are related to the
previous two by this automorphism. Thus, the other two condensable algebras also give
rise to S3 symmetry and dual S3 symmetry, respectively. The symTO 8(1)723;%91 also has
an automorphism of exchanging simple objects ¢ = 3 and ¢« = 4. Its two Lagrangian
condensable algebras are related by this automorphism. Such two Lagrangian condensable
algebras give rise to the same fusion category R and the same R-category symmetry.

Other rank-8 symTOs are Dijkgraaf-Witten Ss-gauge theories in 2-dimensional space.
The corresponding holo-equivalence classes contain anomalous S5 symmetry and anoma-
lous non-invertible symmetry. For more discussions, see Ref. [152].

9.3 Rank 9

1. 9567+ di = (1.0, 1.0, 1.0, 1.0, 1.0, 1.0, 1.0, 1.0, 1.0)
D?2=90=9
T =(0,0,0,0,0,3,%,3,3),

S = (1’ 1a 1a 1a 17 17 17 17 1, 1a 1a _Cév Ci:’)la _<é7 C317 _C(:jla C%a 17 Ci:’)la _4'61’ C%a _C(:jla C%?
_Cé; 1a 1a _<61¢ C%? C?}? _Cﬁl; 17 <31n _Céa _<61> C%v C?}a _Cﬁl> 17 1; C§7 ]-7 1; _Céa C%a
—Gs)

Factors = 33327 X 32:;{38

The holo-equivalence class of one symmetry

Lagrangian condensible algebra A;:

(1,1,1,0,0,0,0,0,0) — Vecz,-category symmetry = Z3 symmetry

(1,0,0,1,1,0,0,0,0) — Repz,-category symmetry. Isomorphic to the above symmetry.

2. 990>+ di = (1.0, 1.0, 1.0, 1.0, 1.0, 1.0, 1.0, 1.0, 1.0)
D2=90=9

_ 114 4 77
T_(070707§,§7§a§7§7§)a

S == (17 17 17 17 17 17 17 17 17 17 17 _Cflia C‘;v _Cé7 C§7 _Cﬁla C?}a 17 C§7 _Cé7 C%? _Cﬁla C%?
_C617 _C1587 C927 Cga _C1187 Céa _CIS; _C?Sv _C1187 Cgv _<1787 457 Cé7 _CI& _<1587 Cgu
Céa 487 _€1587 Céla _<1187 Cg)

The holo-equivalence class of one symmetry

Lagrangian condensible algebra A;:

(1,1,1,0,0,0,0,0,0) — anomalous Zgl) symmetry

3. 999" ¢ d;i = (1.0, 1.0, 1.0, 1.0, 1.0, 1.0, 1.0, 1.0, 1.0)
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D?=9.0=9

2 2 5 5 8 8
T:(070707§7§7§7§7§7§)7

S = (L 17 17 17 17 17 17 17 17 11 17 _C617 C?}v _<617 C%a _Cﬁla C%a 17 C?}v _<617 C%: _Cﬁla C?}?
_Cé; _<1187 Cgv C92> _Cir)Sa _C’lr87 <91a _<1187 _G%& Cga C{}v _<178; _C1787 C917 _C1181 Cga
_C1787 C;)lv _C118; C.%, _gir)S; Cg>

The holo-equivalence class of one symmetry

Lagrangian condensible algebra A;:

(1,1,1,0,0,0,0,0,0) — anomalous Z:(f) symmetry

4. 95567+ di = (1.0, 1.0, 1.0, 1.0, 1.414, 1.414, 1.414, 1.414, 2.0)
D? =16.0=16

_ 11 1 7 9 15
T_(0707§7§)T67T65ﬁ7T67 )7

S = (17 17 17 17 \/ia \/57 \/57 \/57 27 17 17 17 _\/57 _\/éa _\/57 _\/57 27 17 17 _\/57
\/57 _\/57 \/57 _27 17 \/§7 _\/57 27 - 27 _27 07 _27 07 27 07 07 27 07 07 07 -2
0; 0,0; 0)

1 1
Factors = 316’598 X 316’639
14, 154

2
The holo-equivalence class of one symmetry
Lagrangian condensible algebra A;: _
(1,1,0,0,0,0,0,0,1) — anomalous non-invertible Rising-category symmetry

)

5. 9ie ¢ di = (1.0, 1.0, 1.0, 1.0, 1.414, 1.414, 1.414, 1.414, 2.0)
D?=16.0=16

— 11 3 5 11 13
T_(0707§7§7T67T67E7T67 )7

S = (17 17 17 17 \/ia \@7 \/57 ﬂv 2a 17 17 17 _\/57 _\/§a _ﬁv _\/57 27 17 17 _\/57
\/57 _ﬁa ﬂv _2a 17 \/ia _ﬂv \/57 - 27 _2; 07 _27 07 27 Oa Oa 27 07 07 07 —2
0; 0,0; 0)

1 1
Factors = 336’553 X 312’330
S4 B

The holo-equivalence class of one symmetry
Lagrangian condensible algebra A;: _
(1,1,0,0,0,0,0,0,1) — anomalous non-invertible Riwising-category symmetry

i

6. 9'seur @ di = (1.0, 1.801, 1.801, 2.246, 2.246, 3.246, 4.48, 4.48, 5.48)

D? = 86.413 = 49 + 35¢% + 142
_ (1625034

T_ (0777777777077777 )7

S=(1,—-c, -, €, 6, 2+ck, 24+2c + 2, 2+ 2¢ + 2, 3+2¢h + 2 —€3, 2+,
2+2ck+c2, 1, —2—2ck —c2 —3—-2ck —c2, —c3, &3 —€3,1,2+42ck +¢2, —2—2¢ — 2,
—c%, —3—20%—0%, 5?; c‘;, 3—1—20%4—0%, —c%, —2—0%, 5?, —2—20%—6%; c%, —c%, 5;’,
—2—ck, —2-2ck — 2 3+2ck + 2, €3, €3, 1; 24 2ck + 21, c3; 242 + €2,

3. 1
e 2+ 6777)90 7,245
Factors = 3%,9.295 X 3%,9.295

The holo-equivalence class of one symmetry
Lagrangian condensible algebra A;: _
(1,0,0,0,0,1,0,0,1) — anomalous non-invertible R pgy;(2),-category symmetry

At rank 9, the first Abelian symTO 93:5.13 is the Drinfeld center of Vecz,. The cor-
responding holo-equivalent class of symmetries contains Zs symmetry. The other two

Abelian symTOs correspond to two holo-equivalent classes of symmetries which contain
anomalous Z3 symmetries.
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16,598 o
pa °
rank 3: 9(1)6172%7 = Z(ﬁlsing). Therefore, 9(1)61’461%7 describes the holo-equivalent class of ﬁlsing—
category s’ymmetry, which is a non-invertible symmetry beyond the algebraic symmetry
of Ref. [9]. Such a symmetry was referred to as Z§V Z5' V Z§™ symmetry in Ref. [33]. Tt
contains a Z3', and a dual of Z5' symmetry which is the Z§ symmetry. It also contains

The symTO 9(1)?1’?7 is the Drinfeld center of Ising fusion category ﬁlsmg — 3

a Z5™ duality symmetry that exchanges Z5 and Z3'. This non-invertible Rgsing-category
symmetry is important since it is the maximal emergent symmetry at the Ising critical
point. In fact the self dual Ising model on 1-dimensional lattice

H=-Y ZZi1+X, (156)

has this ﬁlsing—category symmetry realized exactly, after projecting into the Zo symmetric
sub-Hilbert space [72].

In fact, the Ising fusion category ﬁlsing is the fusion category that describes the fusion
of the symmetry defects of the ﬁISing—category symmetry [9,58]. With this understating, we

can conclude that such a Rigng-category symmetry is not anomaly-free. This is because
the fusion category that describes the fusion of the symmetry defects of an anomaly-
free symmetry must a local fusion category [9,61], whose objects must all have integral
quantum dimension. Since, ﬁlsing has non-integral quantum dimensions, it cannot be an
anomaly-free ngmetry. In fact, there is no local fusion category whose Drinfeld center is
the symTO 9(1)71’16%7. Thus the holo-equivalent class of symmetries for this symTO 9(1)761’3%7
contains no anomaly-free symmetries.

The symTOs 9(1)?{2?4 and 98:%2.141 also have a property that the holo-equivalent class of
symmetries for the symTOs contain no anomaly-free symmetries. The holo-equivalent class

of symTO 95%2?4 contains a Riwlsing-category symmetry, where the twisted-Ising fusion

~ . ~ 16,553
category Riwlsing 15 given by Riwlsing < 33 w
2%

98’51%2.141 contains a ﬁPSU@)E)—category symmetry, where the fusion category ﬁPSU(Q)E) is

The holo-equivalent class of symTO

given by Rpgu(2); < 32’294295. Here 32’294295 = PSU(2)5 is the non-pointed Deligne factor
7" 7"
of braided fusion category SU(2)5: SU(2)s = PSU(2)5 X Mpointed-

9.4 Rank 10

1. 105595 = di = (1.0, 1.0, 2.732, 2.732, 2.732, 2.732, 2.732, 3.732, 3.732, 4.732)

D? = 89.569 = 48 + 24/3

T:(lll§l707%7)v

S=(1,1,14+v3, 14+v3, 1+v3, 1+v3, 1+3,24+3,2+3,3+V3; 1, 1+3,
13, 14+V3, -1-V3, —1-v3,2++3,2+V3, =3—3; 1+V3, —2—-2/3,
14+3, 143, 14+V3, —1 -3, -1-v/3,0; 0,2+2V3,0,0, -1-+/3, 143, 0;
1+3, —1-+/3, -1-+/3, -1-+/3, -1-v/3,0; (3+v3)i, (-3 —V3)i, -1—-V/3,
1+v3,0; B+V3)i, -1—-v3,1+v3,0; 1,1,3+3; 1, -3—+3; 0)

The holo-equivalence class of R1 E(6)-Category symmetry

Lagrangian condensible algebra A;:

(1,0,0,0,0,0,0,1,0,1) — R%E(G)—category symmetry

2. 105086 © di = (1.0, 1.0, 2.732, 2,732, 2.732, 2.732, 2.732, 3.732, 3.732, 4.732)
D? = 89.569 = 48 + 24/3

T:(0l2§li 507%7 ),
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S=(1,1,14+v3, 143, 1+V3, 14+v3, 1+3,24+V3,2+3,3+V3; 1, 1+ 3,
“1-v3,14+V3, ~1-+3, -1 -v/3,24+3,2+V3, -3—-3; 1+V3, —2—2V3,
143, 143, 14+V3, —-1-v/3, -1-v/3,0; 0,2+23,0,0, -1—+/3, 1+/3, 0;
14+V3, —1—-v3, -1-V3, =1 -3, -1-/3,0; (=3—V3)i, (3+V3)i, -1 -3,
14+43,0; (=3—-v3)i, -1—+v3,14++3,0; 1,1,3++3; 1, -3—+/3; 0)

The holo-equivalence class of R 1E—(6)—categ0ry symmetry

Lagrangian condensible algebra A;:
(1,0,0,0,0,0,0,1,0,1) — RLETG)—category symmetry
2

3. 10054, ¢ di = (1.0, 9.472, 9.472, 9.472, 9.472, 9.472, 9.472, 16.944, 16.944, 17.944)

D? = 1435.541 = 720 + 3205

1133 2 3
T = (0 O 071)17151a37§’0)

S = (1,5+2v5, 54+2V5, 5+ 25, 5+25, 5+ 2V5, 5+ 2v5, 8 +4/5, 8 + 44/5,
9+4v5; 15+ 615, =5 —2v5, =5 — 25, =5 — 2/5, =5 — 2/5, =5 — 21/5, 0, 0,
54 2v5; 15+ 6v5, =5 — 2v/5, =5 — 2v/5, =5 — 2/5, =5 — 2V/5, 0, 0, 5 + 2V/5;
—3 — 653y — 4cdy + 1453, =3+ 653y — 4c3, — 14s3g, 5+2v/5, 5+2v/5, 0, 0, 5+ 2v/5;
—3 — 65y —4c3) + 1453, 5+2v5, 5+2v/5, 0,0, 5+2v5; —3+ 65, —4c3, — 1453,
—3 — 63y — 4c3y + 14535, 0, 0, 5+ 2v/5; —3 + 658, — 4c3, — 1453, 0, 0, 5 + 2V/5;
—6 —2v/5, 14 +6/5, —8 — 4V/5; —6 — 25, =8 —4+/5; 1)

The holo-equivalence class of two symmetries

Lagrangian condensible algebra A;:

(1,2,0,0,0,0,0,0,0,1) — an anomalous non-invertible symmetry

(1,0,2,0,0,0,0,0,0,1) — a symmetry isomorphic to the one above.

(1,1,1,0,0,0,0,0,0,1) — an anomalous non-invertible symmetry

The first rank 10 symTO 1Oé?é$_5556 has only one condensable algebra 4; = (1,0,0,0,0,0,0,1,0,1).

Thus the symTO is the Drinfeld center of only one fusion category, the so called %E(G)
fusion category R 1 E(6) [153]. The holo-equivalent class of symmetries for this symTO con-
2

tains only one symmetry which is the anomalous non-invertible R E(6)-categ0ry symmetry

and is beyond the algebraic symmetry of Ref. [9]. The second rank 10 symTO 10(1)28305?6 is

the complex conjugation of the first, which contains R 15) -category symmetry.

The third rank 10 symTO 10301237)2 is a condensation reduction of Z(C) for some C €
NG(Zy x Z4,16), as described in Section 8, see [118]. Such a symTO has a Zy x Zs
automorphism group generated by the following exchanges of simple objects i = 4 <> i = 5)
and i =6 <» i = 7). The symTO appears to have three gapped boundaries, that give rise
to only two non-invertible ﬁ—category symmetries, due to the automorphisms.

9.5 Rank 12

1 12570558 ¢ di = (1.0, 9.908, 9.908, 9.908, 9.908, 9.908, 9.908, 10.908, 11.908, 11.908,

11.908, 11.908)
D2 — 1276.274 — 1287+351\/ﬁ
6 7 11 1 2
(07 13> Tga 13 13> Tga ﬁ70 O 07 3 3)
S — (1 9+3v13 9+3\/§ 9+3\/§ 9+3f 9+3\/ﬁ 9+3\/T 11+3\/T 13+3\/T 13+3\/T
- ) 2 ’

13+3v13 1343V 13 9+3\/ 4 9+3\/ 9+3\/ 9+3\/ 9+3\/
2 ’ 2

€135 2 Cl 3 2 Cl 39 Cl 35 013,

_943V13 6 _ 9+3\/ 0 0,0, 0: 9+3\/ 3.3 _9+3VI3 .4 _ 9+3\/ S5 9+3\/ 3.2
2 13> 2 s Uy Uy Uy 13> 2 137 2 1 3 13

_ 943v13 05 94313 0.0.0 0 9+3\/ Cl 94313 C5 _ 9+3V/13 CG 9+3\/ C2
2 13> 9 sy Uy Uy Uy 13 2 13» 2 13> 13>
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_9+3V13 0,0, 0, 0: 9+3f _ 9+3V13 4 9+3\/ﬁ 3 _943VI3 (9 (. 0. 0:
2 ) 6137 2 3 3 2 s Yy s Uy
_9+32\/ﬁci, N 9+3\F6137 9+32\F7 0,0, 0, 0; 9+3f613’ 9+32\/ﬁ’ 0,0,0,0; 1,

13+3\/ﬁ 13+3f 13+3f7 13+?5\/ﬁ; 13 + 3V13, — 13+3f 13+3x/ﬁ’ _13+?5\/ﬁ;
134_3\/» 13+3W 13+:§\/ﬁ; _13+:;\ﬁ, 13+3\/>’ _13+g\/ﬁ)
The holo-equivalent class of two symmetries.
Lagrangian condensible algebra A;:
(1,0,0,0,0,0,0,1,2,0,0,0) — an anomalous non-invertible symmetry
(1,0,0,0,0,0,0,1 ,O, ,0,0) — a symmetry isomorphic to the one above
(1,0,0,0,0,0,0,1,1,1,0,0) — an anomalous non-invertible symmetry

2. 12})1172321: d;
11.908, 11.908)

D? =1276.274 = 1287+351/13

= (1.0, 9.908, 9.908, 9.908, 9.908, 9.908, 9.908, 10.908, 11.908, 11.908,

2
6 7 11 1
(07T35T37T35ﬁ7ﬁ7ﬁ700)95979)
S = (1 9+3v13 9+3\/ 3 9+3\/ 3 9+3\/ 3 9+3\/ 13 9+3\/ 13 11+3\/ 13 13+3\/ 13 13+3\/ 13
- ) 2 )
1343v13 1343V 13 9+3\/ 4 9+3\/ 1 9+3\/ 13 9+3\/ 9+3\/
2 0 2 €13; ‘13, — C13a cly, — C13n
_ 9+3v13 06 _ 9+3\/ 0 0.0.0: — 9+3\/ 3 _ 9+3\/ 4 _ 9+3\/ 6 _ 9+3\/ 2
2 13> 2 7 s Yy Yy Uy 2 137 2 37 2 137 2 137
_943v13 5 _ 943v13 0.0.0.0: _943v13 .1 _ 943v13 5 94+3v13 6 _ 94+3v13 2
2 C13 2 U U 2 €13 2 C13 2 C13 2 €13
94+3V13 . 94+3v13 1 943v13 4 94+3v13 .3 943v13 .
- 2 ) 07 07 07 07 - 2 6137 - 2 6137 - P] 6137 - 2 ) 07 07 O? 07
9+3\/ 13 3 9+3\/ 13 1 9+3\/ 13 . 94+3v13 4 9+4+3v13 .
3 3 O 07 Oa Oa - 2 C13), — 2 ) 07 07 07 07 17

13 3\/ 13 3\/ 13 3\/ 13 3\/ 3 1343v13 _ 1343V13 _ 1343V13.

+ + + + ’13+3\/ﬁ7_+2 7_+2 ’_+2 ’
13+3\/ 2 13+3\/ cl, 13+3\/ 3 1 1343v13 1 1343V13 2. 1343V13 4
2 Co» 7 C9; )

The holo equlvalent class of one symmetry.
Lagrangian condensible algebra A;:
(1,0,0,0,0,0,0,1,2,0,0,0) — an anomalous non-invertible symmetry

117,145
3. 120 1976. © i
11. 908 11.908)

D2 = 1276.274 = 1287+351\/ 13
6 7 11 2
T = (Oaﬁaﬁ7ﬁaﬁvﬁvﬁaoo79agvg)
_ 94+3v13 943v13 943v13 943v13 943v13 9+43v13 1143v13 1343v13 1343vV13
S = (17 9 ’ P ) 2 ) 9 ) P} ) 2 ) 9 ) 9 ) 9 )
1343v13 1343v13. _ 943V13 64113 9+3\/ 13 1 _ 943v13 03 _ 943v13 02 9+3\/ 13 5
2 ’ 2 ’ 2

= (1.0, 9.908, 9.908, 9.908, 9.908, 9.908, 9.908, 10.908, 11.908, 11.908,

) 7 ) ) 7

_9+32\/EC?3’ _9+32\/ﬁ’ 0,0, 0, 0: 9+3W Ay, 9+23\/ﬁ 12 . 9+?3\/ﬁ 133’ 9+3f613,
_9+32\/Ec§37 _9+32\/ﬁ 0,0,0,0; 9+3fc%3, 9+3x/§cl . 9+3f013, 9+3fc%37
_%7 0, 0, 0, 0; 9+3\ﬁ613’ 9+3‘ﬁ013, 9+3f 337 _9+32\ﬁ7 0, 0, 0, 0;
9+3\/ﬁ 3 3 9+3W0137 9+3W 0 0 0 0 9+3\ﬁ613’ 9+32\/ﬁ’ 0’ 0’ 0’ 0; 1’

13+3\/ 13+3\/ 13+3\/ 13+3\/ 3 13+ 3 /1 13+3\/ _1343v13 134313,
) 2 ) 2 )
13+3\/ 4 13+3\/ 2 13+3\/ 1 134+3V1 Cé 13+3\/ 3 13+3\/13cg)
2 ) 2 ) 2

The holo equ1valent clabs of one 5ymmetry.
Lagrangian condensible algebra A;:
(1,0,0,0,0,0,0,1,2,0,0,0) — an anomalous non-invertible symmetry

The first rank 12 symTO 123912%) is the Haagerup-Izumi MTC Haag(1)g, which has
three condensable algebras. Its holo- equivalent class contains only two symmetries, due to
an automorphism that exchange two simple objects ¢ = 9 <> ¢ = 10. The other two rank

80



SciPost Physics Submission

12 symTOs are the Haagerup-Izumi MTC Haag(1); and Haag(1)_;. Their corresponding
holo-equivalent classes each contains one anomalous non-invertible symmetry.
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A d-number and 1/ppmp(5)u;

The unit row of ppmp(s) has an useful property that 1/p,mp(s)u; are the so called d-
numbers.

Definition A.1. Let K/Q be a Galois extension and O the ring of algebraic integers in
K. An element x € Qg is called a d-number if for any o € Gal(K/Q), o(x) = zu for
some unit u € Og.

Theorem A.2. Let K be a subfield of Q((,e) such that [K : Q] = q is a prime number.
Let Ok be the ring of algebraic integers in K. Then x € O is a d-number if and only if
x = nu®v for some integer n, unit u € Ox, a =0,...,q—1 wherev = Norm?((cpl)(l—gpe).

If 0 is a generator of Gal(Q((,)/Q), then

v=(1=()o?(1 = Gr)o®(1 = Gpe) 0P P71 — ().

Proof. Note that o(1 — () = (1 — (,e)u’ for some unit v’ in Z[(,], and K is the fixed
field of (09) by Galois correspondence. So v € K and o(v) = vu for some unit u € Ok.
Direct verification shows that z = nv®u for some integer n, unit u € Og, a =0,...,q¢— 1
is a d-number.

Conversely, let © € Ok be a d-number. Then o(z) = zu’ for some unit v’ € O. Thus
29 = mu” for some unit u” € O where m = |Norm(z)|. Let m = propht .. -pfl be the
prime factorization of m, where pg = p and kg > 0. Since Ok is a Dedekind domain, for
each 7 > 0,

(i) =Pi Py,
for some conjugate distinct prime ideals B;1,...,Bi g, of Ok and e;f;g; = q where f; =
log,, O /Bia|. Since q is prime and p is the only totally ramified prime, e; < ¢ for i > 0.
Since ¢ is a prime number, e; = 1 and hence (p;) = B;.1 - - - Pig, for i > 0. The prime ideal
factorization of (p) in O is (p) = P¢ where Py = (v). Thus, we have

ko ek k k k
(z7) = () = (m) = ‘I?S 02731,11 T 1,191 T z,l1 T l,lgl

and hence

o1, aq, Qay, Qy,
(x) = ‘438”931,111 ... 1’9191 .. '5131711 .. .gpl,glgl
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for some nonnegative integers ag, ; j. By the unique factorizations of primes ideals, we
have
qgog = qko, qoyj =k fori=1,...,L

Thus, ag = ko and «a; ; = oy 1 for 7 > 0. Hence,

(@) = B )™ ()™

and so

— ko, 01,1 IR
x — U pl .. -pl u

for some unit u” € Ok. Since (v?) = (p), x = nv®u for some integer n, u an unit in Ok
and 0<a<qg-—1. O

Corollary A.3. Let K = Q(\/5). Then = € O is a d-number if and only if b x = nu or
x = nv/5u for some integer n and an unit u € Of.

Proof. One can apply the preceding theorem as [K : Q] = 2 and K is a subfield of Q((s).
Let o0 € Gal(Q((5)/Q). Then o2 is the complex conjugation and so

v=(1-()o%(1— () =2 — 2cos(27/5) = VBu!
for some unit v’ € Q. Now, the result follows immediately from Theorem A.2. O

Corollary A.4. Let K = Q(cos(2w/7)). Then x € Ok is a d-number if and only if
x = nv®u for some integer n, unit u € Ok, a = 0,1,2, where v =2 — 2cos(27/7).

Proof. One can apply the preceding theorem as [K : Q] = 3 and K is the real subfield of
Q(¢7). The assignment o : (7 — (3 defines a generator Gal(Q(¢7)/Q). Since 7 —1 =6,

v=01-¢)o*(1—¢) =11~ =2~ 2cos(2n/7).
Now, the result follows from Theorem A.2. O

Using the above results, we find that a d-number has the following explicit expression
for simple conductors. When conductor cnd = 1, all the d-numbers are given by

0=n, neZ (157)
When conductor cnd = 3, all the d-numbers are given by
d=nl", neZ, m=0,1,2. (158)
When conductor cnd = 4, all the d-numbers are given by
d=ng', neZ m=01,23. (159)
When conductor cnd = 5, all the d-numbers are given by

6 =n(Co— DM, nkeZ m=0,1,2,3,4,56,7,89
v="=Co0— (o, a=0,1,2,3, (160)

All real d-numbers of conductor 5 are given by

1+ \/g)kUsz

0 =n( 5 ,

nkeZ a=0,1 (161)
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We note that the generic complex § has the following form
5 =n(Go — 1) ¢ = n(Cao — G ) G5 o (162)

where (o0 — CZ_Ol and v = (19 — Cfol are imaginary. ng”k is real if 2m + k mod 10 = 0 and

it is imaginary if 2m + k mod 10 = 5. In order for § to be imaginary, (Cao — (30 )F 226n+k

must be real or imaginary, since v is real or imaginary. When (Cag — (oo')* %’”k is real
or imaginary, it turns out that it can only be real. Thus v® must be imaginary and a must
be odd. This leads to the following result: all imaginary d-numbers of conductor 5 are

given by

5 n(CZO . C2_01)2k112a+1 (163)
ni(CQO _ C2_01)2k+11)2a+1
We can rewrite (163) as
§ =n(iCao — ily))fv?* ™ or §= n(l i \/5)’“(\/5)%, a=0,1 (164)

2

Thus all the imaginary d-numbers can be obtain from the real one by multiply a factor v.
When conductor cnd = 7, all the d-numbers are given by

6 =n(Ca — D, — DI, nyk,leZ, m=0,1,2,3,4,5,6,7,8,9,10,11,12,13

v="Cu—Cy, a=0,1,2,3,4,5. (165)
If § is real, then
6 =n(2cos(4m/7)*(2cos(dn /T) + 1)u®,  n,kleZ
u=(1-¢)1-¢G"=2-2cos(2r/7), a=0,1,2,3,4,5. (166)

We will use those results in next a few sections.

B Rank-12 representation-347

Among 5288 SLo(Z) representations that we considered at rank 12, the 347" representa-
tion is a difficult one for our GAP code to handle. The 347" representation is given by:

5 2 233111444 ~ —
S _(07075)373737575>553737§)' P(ﬁ) -

7%.3%, %sg, ltfsé, 0, 3—18/3‘%’ 0, 0, @sé, 0, 0,
%sg, %sé, 3718/55\}), 0, —lta/gsé, 0, 0, —%S%O, 0, 0,
1-&3/55% 3—1(‘)/55é %sé, 0, 7%5?, 0, 0, %Sio’ 0, 0,
3-vE1 _14vEl 1.2 0, . 0, 0, V21 0, 0,
0, 0, 0, 145 1 0, 351, 0, 0, BEVEPETE 31,
0, 0, 0, 0, 0, 0, 5B 0, 0, 0,
gsé, 7§5i0, %S%O’ 0, %sé, 0, 0, 7%5; 0, 0,
0 0 O S R, R v Y
0, 0, 0, AR 0, 31, 0, 0, —3=¥B.1 _LYE1
@5%07 ?sé, 7%‘9%, 0, gs%o, 0, 0, ésé, 0, 0,
0, 0 0, 0, 0, 5l 0 0, 0,
(167)

We use an orthogonal matrix U to transform the representation p into pMD representation
pomp = U pUT. We start by finding all possible Dy (s)(0)’s. We find that there is only
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one possible DppMD(s)(U) (up to equivalence), generated by

o0 -1, 0, 0 0 0 O 0 0 0 0 0
$, o 0 0 0 O O O 0 0 0 O
o0 o, 0 0 1, 0, 0, 0, 0, 0 0 0
o0 0,0 0 0 ©0 1, 0 0 0 0 0 0
o0 0, -1, 0 0 0 O 0 0 0 0 0
o0 o, ©0 -1, 0, 0, 0, 0, 0 0 0 0
IE%MD(O- 2) = o0 0,0 0 0 0 0 O 0 0 1, 0, 0 (168)
oo o, 0 0 0 0 O 0 0 0 1, 0
o0 o, 0 0 ©0 0 O 0 0 0 o0 1
o0 o, 0 0 0 0 -1, 0 0 0 0 0
o0 0,0 0 0 0 0 0 -1, 0, 0 0 0
o0 0, 0 0 0 0 0 O 1, 0, 0, 0

) )

There are six possible choices of unit row v = 1,3,5,7,8,9 (up to equivalence). We
will only describe two cases, © = 1 and v = 9 here. The u = 3,5 cases are similar to u = 1
case. The u = 7,8 cases are similar to u = 9 case.

For the u = 1 case and at r-stage, we have p,mp(s) =

-3 4\/555"168 - 1Jr\FS51‘167 1+4\/gsél‘1es - 37\/5551‘167, 374\/5%1‘136 + 1+\Fsll‘135, 374\@5%1‘128 + 1+\F511‘1277
1+4f55r168 -8 4f55T1677 3= fSlTles + 1+IS}T1577 - 1+4\/35§T135 + 32 4fSrT135 - 1+4\/53é7‘128 + 2= fSrT1277
374\/7551'136 + 1+‘Fs5r135, 1+4f517156 + 3= férnsm - 2]?% + 576\55571207 - 57‘Féé71o4,

8 4f55P128 + 1+4f55r127, —1+4f517'128 + 2= ISéT127, —572\/585T1047 14&\)/58}’ -3 GIS%.Tmo,
1+4\/gsé1’136 -2 4f55r1357 3_4\/555157“136 + 1+f55T1351 *3'{;,(\,/3% + \égsérlzo, —V5BsiT104,
1+4\/55é1‘128 -3 4\@551'1277 374\F 57128 + 1+f5é?°127, —f357“104, —373\/5% - @ss?“mo,
374\55%1”144 + 1+4f5é1"143, - 1+4\/gSrT144 + 2 fSrT1437 - 1+4\/gSrT15 + 4\/38}”15‘ *374\FSIT24 1+4\FSIT23
3_4\/g5ér152 + 1+‘F5ér151, - 1+4\/gé57“1@2 + 3= fér”lSl: - 1+4ﬁ5é7'32 + %5%"31» *3_4‘6817“40 - H}frslrsgx
374\/5%1‘160 + 1+4\/gsér159, - 1+4f SET160 + 2 fgl?“lsg, - 1+4\/55§,T4s + 374‘/53},?“47, -3 4\/59 r56 — 1+4f S5T555
1"'\/gsél"mzl -8 4\/3551”143, 8 4\/gSrT144 + 1+IS5T1431 3_4\/55})Tm + 1+4\/55éT15» *1+4\/gSéT24 + 2 4¢35§T237
1+\/gsér152 -3 4\/gs51'151’ 3’4‘/5357"102 + 1+f517“151, 374\68},7"32 + 1+4\/gsé?“31, - 1+4\/58é?“40 + 374\/55é7”39a
1+4\/§5é1'160 -8 4\/5551"1597 8 4\/§Sr7‘160 + 1+fSrT159, 374\/g5é'r48 + 1+4\/58},T47» — 1+4\/§S},7‘56 + 3’4\/55},7"55,

where only column 1,2,3,4 are displayed. The Galois conjugation and the action of
porip (0) 0N ppMD(5) simply ppvp(s) to have the above form. The SLz(Z) conditions,
the simple SLy(Z) character conditions (117), and the orthogonality conditions of ppmp (s)
lead to many zero conditions on the r-variables. But those zero conditions are not enough
to determine the r-variables.

The make progress, we note that 1/p,mp(8)uy is @ d-number with conductor 5. The
number of d-numbers of conductor 5 is infinite. If 1/ ppMD(s)uu contained only one r-
variable, the number of d-numbers of such a single-r form could be finite (see Section
5.6.8). However, for our case, 1/ppmpD(5)uu contains two r-variables, the number of d-
numbers of such a two-r form turn out to be infinite.

To make the infinite possibility finite, we manage to isolate a zero condition —% +
1?63 + 1g; = 0 involving the variables in ppMD( 5)uy. With this additional zero condition,
we find, through an extensive search, that in order for the two variables rigs and rig7 to
satisfy —% + 1265 + 72, = 0 and to make 1/ppMD (8)uu @ d-number, they can only take
the following eight sets of possible values

(7"16877'167): (_7/257 1/25)7 (_1/57 _1/5)7 (_1/57 1/5)7 (_1/257 _7/25)7
(1/25, 7/25), (1/5, —1/5), (1/5, 1/5), (7/25, —1/25). (170)

>

This allows us to determine ppmp (). We stress that such a result is a conjecture at this
stage, because our extensive search is still a finte one. To see how extensive is our search,
a complicated (rigs,7167) in our search is given by
225851433717 956722026041)
390625 390625

(1168, T167) = < (171)
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Once the value of ppMp(8)uy is known, we can construct many inverse-pairs of inte-
ger conditions as decribed in Section 5.6.6. We find that those inverse-pairs of integer
conditions all lead to contradictions. So the above eight solutions are all rejected.

Next, we consider the u =9 case. We have ppup(s) =

374\ﬁs r64 + 1+f5rr63, 37%857‘56 + 1+\f ér 555 374\/555"160 + 1+\F51T1597
1+félr64 43 fs5%37 71+f557 56+ 3= f shrss, 1+*fslr160+ \/gssrlss,
_3718/53% - 572\/355”20, 5 5f85r104, 1+\F 11‘128 + 3= fsé"m'f’
5_6 555T1o4q %Sé 5_2\F55T120v -3 4f551”136 - 1+\F5é"135v

~ 1555l — VBskriso, 5 s3r104, 538 s raag + 28 s raar,
\é§SéT1o47 152+ VBsirizo, 1Jr4\/5551"136 + 25 f55r135’

_ 1+4\/3517'24 + 3_4\/35%7'237 - 1+4\/g8ér2s + 32 4f51727, 3_4\/gsér144 - +\Fsérl43’
_ 1+4\/58},T40 + 374\/3‘9%?"397 - 374\/5917'48 - 1+4f91T47 - 374\/555‘"152 - +4fsér151’
LB slrins + 2 8skriny,  — 25 8slrise — 2 5skr1as, 8= siries — 23 skrier.
374\/5351"24 + 1+4\F53é7"237 374\68%7"28 + 151, — 15 Bslriaa + 25 fsér“?”
3*4\/53})”0 VB _ 1+4\/§S}T48 L 8=vE i, 1+4\/§55r152 + 8 \/55%1»1517
3_‘/5557"128 + 1+fslr127, - 1+f557‘136 + 3= f55T130, 1+\/555r168 + 25 fsér167’

(172)
where only column 3,4, 9 are displayed. 1/ppmp(5)yi are d-number of conductor 5 for all
i’s. The number of possible values of 1/pyMD(5)uy is infinite. To make the number of

possible values finite, we need to isolate zero condition for the variables rig7 and r1gg in
PpMD (8)uu- But we fail to isolate such zero condition.

To make progress, we consider variables in ppmp(s)s; for 4,5 € {3,4,9}, which are
(7“104, 7120, 7127, 7128, 7135, 7136, 7167, T168)- We isolate the following zero conditions for
those variables:

9 2 2 2 1 2 2
—T120 + 9790 + 7704 =0 and — — 4+ —rie8 + 7=T167 + i35 + T1og = 0 and
5 120 120 104 25 10 T168 10 167 135 128
2 1 9 9
— o5 T 1pes + —7r167 + 36 + 127 =0 and  —ria8 + 71127 + 311207127 + 11047136 = 0 and
10 10 10 10
3
—17197 — 3r1207128 + 71047135 = 0 and  —ry136 + — 7135 + 31207135 + 1047128 = 0 and
10 128 — 10 127 1207128 1047135 10 136 10 135 1207135 1047128
5 5 3 + 0 d L 5 +
- —T — —T135 — OT r r T = an —T - —T — 71357 r T
107186 — 77185 1207136 + 71047127 07168 — 77167 T T1857136  T1277128
(173)
Also the following expressions of those variables must be cyclotomic integers:
1 it 1 it
= cyc-int, = cyc-int,
3—v5 1 1 3—v5
- 4\[ 5168 — +4\[357"167 +4\[357"128 + 4f8%,7“127
145 1 5 .1 3-v5.1_ 5
- +4f 57128 + 4‘[857"127 . - 5[85 2‘[857“120 .
3—v6 1 145 1 = cyemt, e 15, oot
—=7 S5T168 — —7 SET167 7 SET168 — ] SET167
3-5 1 1 1
L = cyc-int — 4\[S5T136 — +IS5T135 = cyc-int
3 51 1 1 - i ’ 1 1 1 - - 9
4f S5T136 — +4f55T135 4f557168 - +\[55T167
sl 4 5=V5 1
%5+ 2f85r120 = cyc-int f85r104 cyc-int
by 145 1 - ’ 3-5 1 145 1 A
strigs — 8 skr 167 3Bl oy — 1Bl
55 1 55 1
6\f857“104 . 6\[557“104 .
S = = cyc-int, R P = cyc-int,  (174)
7 557136 — 7 S§T135 7 sgr128 + 1 SsT127

Although the number of possible values for the three inverse d-numbers, ppmp ($)uis
1 = 3,4,9, is infinite, through an extensive research, we conjecture that none of the three
combined d-numbers can satisfy the two sets of conditions (173) and (174). We note that,
once we know ri97, 1128, 135, 136, 7167, 7168, We obtain a linear relation betwen rqg4 and
120, from the zero conditions (173). We find that such a linear relation, together with
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3+‘f + 7109, —T57, 1=¥5r144 — r1a1, 5 T144 — 7141, 5 oT8 — 15, 5 T8 —T5
—T575 1715[ — 7109, 1+2f1'136 —r133, L er136 — 7133, 1+2\/57"3z + r29, -1 gf r32 + r29
1+2\/57‘56» 1+f”‘807 - 172fr128 +rizs, — 1+2\/§7"128 + ri2s, L szzs — 725, 1+\/5T28 —T25
*#Tssy 1+fr7o, 1+2\/g ri2o0 — rii7z, 1 2\/3T120 - T117, 1+2fT20 +ri7, *%ﬁrzo + ri7
s, - 17\/57'801 s = 1+2f1‘128 +rizs, — 172\/57'128 + ri2s, Hzfr% — 725, 7f7‘28 25
*172\/3"'687 172\/57‘7& 1= fl"lzo —riiv, 1+2\/5T120 - Tr117, *17IT20+T17» HT\frzoﬁLrw
- 3713/5 + r109, —T57, 1+2‘F1‘144 —rigi, : 2\/37“144 — 7141, 1+2f?"s —rs ! 2\[""8 -5
57, - 1J{8/§ + r109, e = 172\/71'136 +rizs, — 1+2fT136 + 7133, 1= IT32 — 29, 1+2\/g T32 — T29
1_2‘/51'144 —ria1, 1+2\/g!‘136 —r133; 1'*'2\/31‘160 —ris7, L 2\/51‘160 —ris7, -1 2‘FF152 + rigo, - 1"'2\/gl‘152 +ria9
1+2\/3T144 - T141, 7\/77‘136 — 7133, 172f ri60 — ris7, 1+2fmeo - 7157, - 1+\FT152 + 7149, - 172\/57’152 + 7149
17\/"“8*7‘ 1Jr\fT32+T297 *17\FT152+F149, *1+IT152 +ria9, 2 - 1Jr\fTwoJrns?, 2 - 172\/5"‘160"!’7‘157
H‘f T8 —T5, -1 2‘F732+?"29» *1+2‘/gr152+r149’ -1 Qﬁ?"102+7"149, % - 172ﬁ7160+71077 % - 1+2ﬁ7"160+7"157
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the qudratic relation %Tlgo + 97“%20 + 7’%04 = 0, only leads to a few solutions of r194 and
r120. Those solutions are rejected by the cyclotomic-integer conditions (174). To see how
extensive is our search, a complicated (7168, 7167) in our search is given by

3571 15127
) (175)

(r16s, m167) = (‘_ 781257 78125

C Rank-12 representation-333

s also hard for our GAP code. The 333" representation

The rank 12, 333" representation is
_ (1 1 2 2 3 3 4 4 _
is glVen by s —(5 yBE1yB9859 59595 B O 0, 0, 0) and p( ) =
3—V5 14+V5 1-V5 3+V5 V6
Y5, 0, R VS 0, —1=yE, 0, — Y5 0, S50, o 0
0 — 545 0 0 0 0 0 _5=v5 0 0 0 - Y10
, b5, , , , , , - , , , ¢
145 3+V5 3—V5 1—V5 V6
— 15 0, b5 0, =43 0, 5 0, ¥5 o, o 0
0, 0, 0, > 0, —54¥5, 0, 0, 0o, 0o, -0 o
1—V5 3—V5 3+V5 14+V5 V6
—1=B, 0, 5, 0, b5, 0, /3 0, G, o, o, 0
0, 0, 0, - 545, 0, —525, 0, 0, 0, o, IO 0
_ 346 0 1-V5 0 1+V5 0 3—V5 0 _ V6 0 0 0
bvE , 5, , 3, , A , 5. o, ,
0, — 5245 0, 0, 0, 0, 0, —3¥5 g, o, 0, ~Io
V6 V6 V6 V6 1 .
5 0, 5 0, =5 0, -5 0, — %5 0, 0, 0
0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0
0, 0, 0, - vio, 0, i 0, 0, o, o -, o
0 —v1o 0 0 0 0 0 ~10 0 0 V5

At r-stage, there are 117 cases from different possible D, , ,(o)’s, different possible unit
index u and different or-connected zero conditions. For some cases, ppMD(s)uu contain
only one r variable. In this case, 1/p,MD(5)yu can only take a finite number of possible
values in order for it to be a d-number of conductor 5 (see Section 5.6.8).

For some other cases, ppmp (5)uu contain two r variables. We will discuss one such case
here. Other two-variable cases are similar. One of the two-variable case has ppmp(s) =

14V

S

1—

ﬂ
7
a

—~

177)

where only column 1,2,9,10, 11,12 are displayed. 1/ppmp(8)yi are d-number of conductor
5 for all i’s. The number of possible values of 1/ppmp (5) 4y is infinite. To make the number
of possible values finite, we need to isolate zero condition for the variables ri57 and rigg
in ppMD(8)uu. But we fail to isolate such zero condition.

To make progress, consider variables in pymp(s)i; for i,j7 € {1,2,9}, which are rs7,
7109, 7133, T136, 7141, T144, T157, T160- We isolate the following zero conditions for those
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variables:
3 2 9 2 2 2 2 2
————cr r rs; =0 and — — ——r r ri3g = 0 and
5% % 109 + "o + 757 % % 160 1 7144 + T'136
3 3 3
~ 55 560t 09+ 2riyy + 71007160 = 0 and 57136 ~ 11007136 + 7577140 = 0 and
1 3 1 2 2 2
57"144 + 71007144 + 7577136 = 0 and  — o5 57‘157 + 7144 — 2r1417144 + 7741 + 7733 =0 and
3 3 1
~ 57136 ~ £T1367160 + 571097136 + 271367144 + T10071367160 = 0 and =0 and
11 )
~ o5 560 + 7144 — T1417144 + 71337136 = 0 and
1 3
— 57’144 + 57’141 + 71097144 — T1097141 + 7577133 = 0 and
1 1
37"136 + 57“133 — 71097136 + 71097133 + 7577141 (178)

Although the number of possible values for the three inverse d-numbers, ppMD(8)ui, @ =
1,2,9, is infinite, through an extensive research, we conjecture that there are only 12 sets
of solutions can satisfy the zero conditions (178):

(r[160], r[157], 7[144], r[141], 7[136], r [133],7"[109] r[57)) (179)

1 1 1 11 2 1 1 112 1 1 1 112

i (?7 ? 1571’15,5275)’ (1571 (; 5170’5’15’5) (15,15’2’5’1,15’?’5
DR IE L O SOt L AL
G 50555350 G555 5 5% GEystsys?

Once the value of p,np (8)uu is known, we can construct many inverse-pairs of integer con-
ditions as decribed in Section 5.6.6. We find that those inverse-pairs of integer conditions
all lead to contradictions. So the above 12 solutions are all rejected.

D Rank-12 representation-3246

The rank 12, 3246%" representation has 5 = (0,0, %,0, %, %, %, %, %, g, 0,0). At r-stage, there

is only one case with unit row v = 8 and ppmp(s) =

rr3, 73, 73, 19,
—(2 —cP)rrz — (3 — HB)rpa, G -Arret (Eted+B)rn, (R4 B — (3 - eh)rr, 0,
(% +62+C-2/)P7§* 1 s, ;(% *16%)7‘272 -(3 *163)2717 *(%;cg)lhz+(§1+C%;LC$)T717 0,
24— (2-ci—cBrrr, (-t — B+ (3 +ceb)rn, (5 +ep)rre + (5 + ), 0,
s+ — (2 —ct—cdrra,  —(2-cl— B2+ (5 + by, L+ e+ G+ F)ro, 0,
—(2 —ct —B)rrz + (} + cP)rr, G+ Do+ G+ ), (2 +F)rra — (2 -t — F)rra, 0,
(3 +ePrre + (3 +cP)rea, G +Brm—(Z-ct—F)rr,  —(2—ct—Brra+ (3 +cPrn, 0,
cZrga + cirgs + rrg, c3rga + cyra3 + rrg, cirga + cZrgz + rrg, —ras,
C‘?/rs4 + C%rsa + r79, C%T&; + C$T83 + r79, C%Tszx + C§T83 + r79, —T43,
0-1/1‘84 + cgl‘ss +r79, C$Ts4 + C%’"SB + r79, C§T84 + C%Tsz + r79, —T43,
—Tr43, =743, =743, % + rga + m83 — 3179 + 113,
—Trag, —T49, —T49, -1,

(180)

where only column 8,9,10, 11,12 are displayed. 1/ppmp(§)y: are d-number of conductor 7
for all i’s. The number of possible values of 1/p,MmD(§)uy is infinite. To make the number
of possible values finite, we need to isolate zero condition for the variables r[79], rg3, and
784 in ppMD(§)uu. However, the isolated zero conditions are not enough to make number
of possible values finite.
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To make progress, we isolate zero condition for the variables rrg, T83, 734, plus one
more variable. We obtain the following zero conditions:

1
“a9 " ray —Tsarsa + 753 =0, and - T 14 + 735 =0, and
2
497’84 + r84 r83r§4 + r§3r84 =0, and -— 9 ?7“84 + ?T83 + 1“%2 =0, and
2 1 1 9 1 1 1 1 9
— ZQ — ??”84 — ??"83 + 7 = 0, and — 6 — 67"84 — 6T83 + 57479 + T7g = 0. (181)

Although the number of possible values for the inverse d-number pomp(8)yy is infinite,
through an extensive search, we conjecture that there are only three sets of solutions can
satisfy the zero conditions (181):

1 3 1 3 11 1
——,0,—— - - —, =, ——).
( 7 14)’ (© 7’ 14)’ (7’ 7’ 14)
To see how extensive is our search, an complicated triple (rs4,7s3,779) in our search is
given by

(r84,783,779) = (182)

127603558175 459867333397 16225407395
(rsa, a3, 779) = ( 100352 ° 200704 28672 ) (183)
We remark that we search for possible d-numbers 1/ppmp (8)uu, 4. €. search for different
values of rgq4,783,779. But the zero condition with an extra variable, say, — 1 r84 —
%’I”gg + %7“79 + 124 = 0 is still useful. When (r84, r83,779) = (%, %, 14) the zero condltlon
—% — %r84 — %7’83 + 17“79 + r2; = —1/4 + r2; has solutions for 7“73 = :t1/2 But when
(rsa,7s3,779) = (%, %, ), the zero condition —§ — $rgy — &rs3 + 5779 + 1725 = —5/28 + 12,

has no solution for a rational r73. This is why the zero condltlon with one extra variable
can still reject most possible values of the d-numbers.

Once the value of ppmp(8)uy is known, we can construct many inverse-pairs of inte-
ger conditions as descried in Section 5.6.6. We find that those inverse-pairs of integer
conditions all lead to contradictions. So the above three solutions are all rejected.

The rank 12 representation-1372 and representation-3251 can be handled in a similar
way.

E Condensable algebras, boundaries, and domain walls

Let us use a, b, ¢ to label the simple obJects in a modular tensor category (MTC) M. M
is characterized by modular matrices Sy = (Sab) and Ty = (T T9b), whose indices are
labeled by the simple objects. §M7 T Mt are unitary matrices that generate a representation
of S L(2 Z,), where n is the smallest integer that satisfy TP = id. We call n as the order

of TM and denote it as n = ord(TM) TM is a diagonal matrix and SM is a symmetric
matrix. _ _
From Sy and Ty, we define normalized S, T-matrices

Syt = Sye/SAE, Ty = T/ T (184)

Let d, be the quantum dimension of simple object a, which is given by d, = (Sy)?!. Let
sa be the topological spin of simple object a, which is given by e!27$e = (T)()%. The total
dimension of M is defined as D3 = Y .y d2. Also let d4 be the quantum dimension of
the condensable algebra A, i.e. if

A= A% (185)

aeM
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then dy = »_, A%,. Similarly, we use i, j, k to label the simple object in M, 4, where
M 4 is the MTC obtained from M by condensing A. Following the above, we can define

SM/A = (S;f[/ ), TM/A = (T}v][/ )s S, 40 D, 0 a8 well as d;, s;, and D3, N a Then we have

the following properties
e The distinct s;’s form a subset of {s, | a € M}.
e Dy = DM/AdA. Dy, DM/A, d 4 are cyclotomic integers.

e A%in A are non-negative integers, A% = A% and A = 1.

For a € A (i.e. for A* # 0), the corresponding s, = 0 mod 1.

if a,b € A, then at least one of the fusion products in a ® b must be contained in A,
i.e. Jc€ Asuch that a@b=c@®---.

Now, let us assume A to be Lagrangian, then the A-condensed boundary of M is
gapped. Let us use x to label the (simple) excitations on the gapped boundary. If we
bring a bulk excitation a to such a boundary and fuse it with a boundary excitation y, it
will become a (composite) boundary excitation

a®y=EMP¥z, MY eN. (186)

T

Then A% is given by A* = M{, where M2 = M2'. In other words, A® # 0 means that
a condenses on the boundary (i.e. the bulk a can become the null excitation 1 on the
boundary).

The boundary excitations form a fusion category, denoted as F. We can fuse a,b in
bulk to ¢, and then fuse ¢ to the boundary. Or we can fuse a,b in bulk to the boundary
to get x,y, and then fuse z,y on boundary to z. The two ways of fusion should give rise
to the same result. This requires M to satisfy

> ON§PME =Y MyMINY, (187)
c Y,z

where NJ‘%’ . describes the fusion ring of the bulk excitations in M and N Byz describes the
fusion ring of the boundary excitations.
Taking z = 1, (187) reduces to

Z Nyp AC = A"AY + 3" MoM? (188)
z#1

Since Mg > 0, we obtain an additional condition on A*

> NjPAC > A%AP, (189)

From the conservation of quantum dimensions, we have

do = Mid, = A"+ Mid,. (190)
T x#1

This implies that, if d, #integer, Zx;ﬂ M2d, > 1, or

A < dy — 6(dy), (191)
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where 0(d,) is defined as

if Z

sy =40 Moe (192)
1 ifzeegZ

By writing >0, = >, 1 +>, in (187), we find

> ONjPME = ATMY+ > MIMINY (193)
¢ y#l,z

Noticing that d, — A* =), 1 M2d,. We multiply d, and sum over x # 1 in the above

Z de— A°) = A(dy — A+ > MIMINY d,

y#1,z,x#1
= A%dy — A) + > MiAYd, + > MIMUNY d,
z#1 y#1,z2#1,x#1
> A%(dy, — A%) 4+ A%(d, — A%). (194)
Taking b = a in (188), we find
D NfELAC > (A% + 6(da). (195)

Summarizing the above discussions and adding a modular covariant condition, we have

A = Dy Sy A, A =TyA,
A" < dg — 6(dy), Dy=da=) dgA°
ATAY <N ONRLAC = 6,50(da), D> N (de — A9) = A%(dy — A%) + AP(dg — A”),
) (196)
where A = (AY,... A% ..)T,

Now, let us assume A not to be Lagrangian. In this case, the condensation of A
will change M to a non-trivial M, 4. Let us consider the domain wall between M and

M. Such a domain wall can be viewed as a boundary of M X ﬁ/ 4 topological order
formed by stacking M and the spatial reflection of M, 4. Since the domain wall, and hence
the boundary, is gapped, there must be a Lagrangian condensable algebra AM&ﬁ/A in

MK M/ A, whose condensation gives rise to the gapped boundary. Let

Ay, = D A" a®i, (197)
(lGM, lGM/A

then the matrix A = (A%) satisfies
Dy SyA = AD@ASM o DMA=ADy,,, A" <dud; — 5(dady), (198)
ai Abj ab i ck
A% AY < Z N3C N3, AT = 80,503 50 (dadhi)

Z N” W(dedy, — A > A%(dyd; — AY) + AY(d,d; — A™Y)
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The above conditions only require the domain wall between M and M, 4 to be gapped.
However, since M and M, 4 are related by a condensation of A, there is a special domain
wall (called the canonical domain wall) that satisfies the following condition:

For any i, there exists an a such that A # 0. (199)

The above, together with T)iA = ATy /4> impies that the eigenvalues of T 4 Are also
eigenvalues of Ty.
The canonical domain wall can be viewed as Ayt_n y -condensed boundary of M with

Anon,, = D A% (200)

We note that anyon a in M condenses on the canonical domain wall between M and M, 4,
if and only if A%! # 0. This implies that

Avion,, = A, AT = AL (201)

The domain wall can also be viewed as Ay y —m-condensed boundary of M /A with

AN, 4 = P A (202)

Since M, 4 comes from a condensation of M, the canonical domain wall must be an 1-
condensed boundary of M, 4, i.e.

A om =1, AV =61, (203)
We can obtain more conditions on A%. From (198), we find
Dy

D/A D (S A" = Y AY(Sy, ), (204)
M pem FEM, 4

Setting ¢ = 1 in the above, we find that

Dt .
2N dy A = d, (205)
Dy ot
or
Dyt = Dy, Z dp AP (206)

beM

Eq. (204) also implies

Lpea(Sw) A = Z A% (Sy, )7 = cyclotomic integer, forallaeM, i€ M
Z dbAb - M/.A - y g Y ) /.A
beM jEM/A
(207)
Setting ¢ = 1 in the above, we find that A = @, A%a must satisfies
ZbeM(SM)abAb i .
= A%d; = cyclotomic integer for all a € M 208

S g = 2 A= g (208)

JEM 4
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Setting i = j = 1 in (198), we also obtain
A% < d, — 0(dg),
A"AP <N NfPLAC — 60,30 (d)

S NgE(d, — A°) > A%(dy — AP) + AV(d, — A%) (209)
We also have
D_’];[1 (SM)abAb = AaiDj;tl/A (SM/A)i17 (TM)abAb = Aai(TM/A)il, (210)
which only leads to a weak condition on the vector A = (Al, e A )T
TyA = A. (211)

To summarize, a condensable algebra A%, which may not a Lagrangian, must satisfies

D
TMA=A, 0,4 <A*<d,—6(dy), Zimileb = D, = d-number > 1,
beM
S ab Ab
ZbZGM( J\(;[)Ab = cyclotomic integer > 0, for all a € M, (212)
bem Yo

D Nit AT — AA" —6,56(da) 2 0, (da — A*)(dy =A%) = (Y Nig A° — A*A%) > 0.

The last condition comes from >, N& (d. — A¢) > A%(d, — A®) + A®(d, — A%). The last
two conditions in (212) imply that

A%dy + APdy + 26, 56(da) <Y N§P A + dody,  linear in A®

(da — A%)(dy — A") = 6,30(ds) > 0 independent of Ny, (213)
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