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Abstract

We use the computer algebra system GAP to classify modular data up to
rank 12. This extends the previously obtained classification of modular data
up to rank 6. Our classification includes all the modular data from modular
tensor categories up to rank 12, with a few possible exceptions at rank 12 and
levels 5, 7 and 14. Those exceptions are eliminated up to a certain bound by
an extensive finite search in place of required infinite search. Our list contains
a few potential unitary modular data which are not known to correspond
to any unitary modular tensor categories (such as those from Kac-Moody
algebra, twisted quantum doubles of finite group, as well as their Abelian anyon
condensations). It remains to be shown if those potential modular data can be
realized by modular tensor categories or not. We provide some evidence that
all may be constructed from centers of near-group categories or gauging group
symmetries of known modular tensor categories, with the exception of a total
of five cases at rank 11 (with D2 = 1964.590) and 12 (with D2 = 3926.660). The
classification of modular data corresponds to a classification of modular tensor
categories (up to modular isotopes which are not expected to be present at low
ranks). The classification of modular tensor categories leads to a classification
of gapped quantum phases of matter in 2-dimensional space for bosonic lattice
systems with no symmetry, as well as a classification of generalized symmetries
in 1-dimensional space.
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1 Introduction

1.1 Gapped liquid phases of quantum matter and braided fusion higher
categories

Quantum states of matter can be divided into four classes:

• Gapped liquid: All excitations have a gap and there are no low energy excitations. So
the gapped states appear to be trivial at low energies. Band insulator and quantum
Hall states are examples of gapped liquid states.

• Gapped non-liquid: All excitations also have an energy gap. But in contrast to
gapped liquid, by definition, a gapped non-liquid cannot “dissolve” product states
[1, 2]. Gapped fracton states are examples of gapped non-liquid states [3, 4].

• Gapless liquid: There are finitely many types of gapless low energy excitations.
Dirac/Weyl semimetal, superfluid, critical point at continuous phase transition are
examples of gapless liquid states.

• Gapless non-liquid: There are infinity many types of gapless low energy excitations.
Fermi metal, Bose metal, etc. are examples of gapless non-liquid states.

People used to believe that Landau symmetry breaking theory provides a systematic
description of gapped phases of quantum matter. In this case, group theory that de-
scribes symmetry breaking patterns provides a mathematical foundation and classification
of spontaneous symmetry breaking states.

The experimental discovery of fractional quantum Hall states suggested that Landau
symmetry breaking theory fails to describe all gapped phases. This led to the theoretical
discovery of a new order in gapped liquid states: topological order [5–7], which corre-
sponds to pattern of long range many-body entanglement [8]. But what mathematical
theory systematically describes various topological orders (i.e. patterns of long range
entanglement)?

There are two approaches:

• Ground state based: the robust degenerate ground states led to the discovery and
physical definition of topological order [5,10]. It is a striking property of topological
order that the degeneracy of ground states depends on the topology of the closed
space where the system lives. We note that the degenerate ground states give rise to a
vector bundle over the moduli space of gapped quantum systems [6,7,11]. The vector
bundle, plus many additional conditions, can form a foundation for a general theory
of topological order. We refer to this ground-state-based approach as moduli bundle
theory. We note that the holonomy of the vector bundle give rise to a projective
representation of the mapping class group of the space on which the ground states
live. Thus the degenerate ground states form a projective representation of the
mapping class group. When the space is a 2-dimensional torus, the mapping class
group is SL2(Z) and the representation (with a particular choice of basis) is called
modular data. We see that the mapping class group representations and the modular
data are the key ingredients of the moduli bundle theory.

• Excitation based: We may also use topological excitations (which is defined as ex-
citations that cannot be created individually) to describe topological orders. Those
excitations can fuse and braid. Thus one can use a non-degenerate braided (higher)
fusion category to describe topological excitations and its associated topological or-
der [12,13]. In 2-dimensional space, the topological excitations are point-like (called
anyons). They carry fractional Abelian [14–17] or non-Abelian statistics [18,19] de-
scribed by braid group representations [20, 21]. Those anyons (and the associated
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Table 1: List of topological orders (TO) (up to E(8) invertible topological or-
der and up to modular isotopes) for bosonic systems with no symmetry in 2-
dimensional space, which are classified by the unitary modular data (UMD) with
increasing rank (the number of anyon types). The Abelian TOs have only Abelian
anyons (i.e. pointed simple objects). The non-Abelian TOs have at least one non-
Abelian anyon. The prime TOs cannot be viewed as stacking of two non-trivial
TOs with fewer anyon types. Such a classification also leads to a classification
of symmetry-TOs in 2-dimensional space, which classifies the generalized global
symmetries in 1-dimensional space, up to holo-equivalence [9]. Those generalized
symmetries include, but can go beyond, finite-group symmetries (with potential
anomalies). Note that the list includes all modular data, but also contain a few
potential modular data at rank 11, and 12 whose realizations are unknown (see
Table 8).

# of anyon types (rank) 1 2 3 4 5 6 7 8 9 10 11 12

# of TOs (UMD) 1 4 12 18 10 50 28 64 81 76 44 221

# of prime TOs (prime UMD) 1 4 12 8 10 10 28 20 20 40 44 33

# of Abelian TOs (pointed UMD) 1 2 2 9 2 4 2 20 4 4 2 18

# of non-Abelian TOs (non-pointed UMD) 0 2 10 9 8 46 26 44 77 72 42 203

# of symTOs (UMTC in trivial Witt class) 1 0 0 3 0 0 0 6 6 3 0 3

# of finite-group symmetries (with anomaly ω) 1Z1 0 0 2Zω
2

0 0 0 6Sω
3

3Zω
3

0 0 0

topological orders in 2-dimensional space) are systematically describe by modular
tenor category theory. It is interesting to note that modular tensor categories were
first used to systematically describe rational conformal field theories [22]. Then
topological quantum field theories in 2-dimensional space (which contain anyons)
were shown to be closely connected to rational conformal field theory [23]. In par-
ticular, the structure of modular tenor categories in 1+1D conformal field theory
have a natural interpretation in terms of anyons in 2+1D topological quantum field
theory. This led to the modular tensor category description of anyons (for a review,
see Ref. [24]) and 2+1D bosonic topological orders (for a review, see Ref. [25]).

To summarize, gapped quantum liquid [1,2] phases of matter (i.e. topological orders) in
n-dimensional space are described by moduli bundle theory [6,7,11] or braided fusion n−1-
categories with trivial center [13,26]. For example, for bosonic systems with no symmetry,
there is no non-trivial gapped quantum liquid phases (i.e. no non-trivial topological order)
in 1-dimensional space [27–29], since the mapping class group of a circle, SL1(Z), is trivial.
The gapped quantum liquid phases (i.e. topological orders) in 2-dimensional space (up to
stacking of E(8) invertible topological orders), are classified by modular data for the torus
and generalized modular data for high genus surfaces [6, 7, 11, 30], or alternatively, by
unitary modular tensor categories (UMTC, which are braided fusion 1-categories with
trivial center). The gapped quantum liquid phases in 3+1-dimensions are also classified.
For example, those without emergent fermions are classified by a finite group G and its
group cohomology classes ω ∈ H4(G;R/Z) [31].

Because moduli bundle theory and non-degenerate braided fusion (higher) category
theory describe the same physical object – topological order, in this paper, we are going
apply this connection in 2-dimensional space, and use the moduli bundle approach to
classify modular tensor categories through modular data. In other words, we will use
modular data to classify modular tensor categories, up to modular isotopes. Here modular
isotopes correspond to different modular tensor categories with the same modular data.
The first example of modular isotopes is given in Ref. [32], the twisted quantum double
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Table 2: Fusion rule for rank-11 D2 ≈ 1964.590 potential modular data

⊗ 1 a b c d e f g h i j

1 1 a b c d e f g h i j

a a 1⊕a⊕c⊕
d⊕e⊕f⊕i

b⊕g⊕h⊕
i⊕ j

a⊕f⊕g⊕
i⊕ j

a⊕d⊕e⊕
f⊕g⊕i⊕j

a⊕d⊕e⊕
f⊕g⊕h⊕
i⊕ j

a⊕c⊕d⊕
e⊕f⊕g⊕
h⊕ i⊕ j

b⊕ c⊕d⊕
e⊕f⊕g⊕
h⊕ i⊕ j

b⊕e⊕f⊕
g⊕h⊕ i⊕
2j

a⊕ b⊕ c⊕
d⊕e⊕f⊕
g⊕h⊕2i⊕
2j

b⊕ c⊕d⊕
e⊕f⊕g⊕
2h⊕2i⊕2j

b b b⊕g⊕h⊕
i⊕ j

1⊕a⊕b⊕
d⊕e⊕g⊕i

c⊕f⊕h⊕
i⊕ j

b⊕d⊕ e⊕
g⊕h⊕i⊕j

b⊕d⊕ e⊕
f⊕g⊕h⊕
i⊕ j

c⊕e⊕f⊕
g⊕h⊕ i⊕
2j

a⊕ b⊕d⊕
e⊕f⊕g⊕
h⊕ i⊕ j

a⊕c⊕d⊕
e⊕f⊕g⊕
h⊕ i⊕ j

a⊕ b⊕ c⊕
d⊕e⊕f⊕
g⊕h⊕2i⊕
2j

a⊕c⊕d⊕
e⊕2f⊕g⊕
h⊕2i⊕2j

c c a⊕f⊕g⊕
i⊕ j

c⊕f⊕h⊕
i⊕ j

1⊕ b⊕ c⊕
d⊕e⊕h⊕i

c⊕d⊕ e⊕
f⊕h⊕i⊕j

c⊕d⊕ e⊕
f⊕g⊕h⊕
i⊕ j

a⊕ b⊕d⊕
e⊕f⊕g⊕
h⊕ i⊕ j

a⊕e⊕f⊕
g⊕h⊕ i⊕
2j

b⊕ c⊕d⊕
e⊕f⊕g⊕
h⊕ i⊕ j

a⊕ b⊕ c⊕
d⊕e⊕f⊕
g⊕h⊕2i⊕
2j

a⊕ b⊕d⊕
e⊕f⊕2g⊕
h⊕2i⊕2j

d d a⊕d⊕e⊕
f⊕g⊕i⊕j

b⊕d⊕ e⊕
g⊕h⊕i⊕j

c⊕d⊕ e⊕
f⊕h⊕i⊕j

1⊕a⊕b⊕
c⊕d⊕ e⊕
f⊕g⊕h⊕
i⊕ j

a⊕ b⊕ c⊕
d⊕e⊕f⊕
g⊕h⊕2i⊕
j

a⊕c⊕d⊕
e⊕f⊕g⊕
h⊕2i⊕2j

a⊕ b⊕d⊕
e⊕f⊕g⊕
h⊕2i⊕2j

b⊕ c⊕d⊕
e⊕f⊕g⊕
h⊕2i⊕2j

a⊕ b⊕ c⊕
d ⊕ 2e ⊕
2f ⊕ 2g ⊕
2h⊕2i⊕2j

a⊕ b⊕ c⊕
d⊕e⊕2f⊕
2g ⊕ 2h ⊕
2i⊕ 3j

e e a⊕d⊕e⊕
f⊕g⊕h⊕
i⊕ j

b⊕d⊕ e⊕
f⊕g⊕h⊕
i⊕ j

c⊕d⊕ e⊕
f⊕g⊕h⊕
i⊕ j

a⊕ b⊕ c⊕
d⊕e⊕f⊕
g⊕h⊕2i⊕
j

1⊕a⊕b⊕
c⊕d⊕ e⊕
f⊕g⊕h⊕
2i⊕ 2j

a⊕ b⊕ c⊕
d⊕e⊕2f⊕
g⊕h⊕2i⊕
2j

a⊕ b⊕ c⊕
d⊕e⊕f⊕
2g ⊕ h ⊕
2i⊕ 2j

a⊕ b⊕ c⊕
d⊕e⊕f⊕
g ⊕ 2h ⊕
2i⊕ 2j

a⊕ b⊕ c⊕
2d ⊕ 2e ⊕
2f ⊕ 2g ⊕
2h⊕2i⊕3j

a⊕ b⊕ c⊕
d ⊕ 2e ⊕
2f ⊕ 2g ⊕
2h⊕3i⊕3j

f f a⊕c⊕d⊕
e⊕f⊕g⊕
h⊕ i⊕ j

c⊕e⊕f⊕
g⊕h⊕ i⊕
2j

a⊕ b⊕d⊕
e⊕f⊕g⊕
h⊕ i⊕ j

a⊕c⊕d⊕
e⊕f⊕g⊕
h⊕2i⊕2j

a⊕ b⊕ c⊕
d⊕e⊕2f⊕
g⊕h⊕2i⊕
2j

1⊕a⊕b⊕
c⊕d⊕2e⊕
f ⊕ 2g ⊕
h⊕2i⊕2j

a⊕ b⊕ c⊕
d⊕e⊕2f⊕
g ⊕ 2h ⊕
2i⊕ 2j

a⊕ b⊕ c⊕
d⊕e⊕f⊕
2g ⊕ 2h ⊕
2i⊕ 2j

a⊕ b⊕ c⊕
2d ⊕ 2e ⊕
2f ⊕ 2g ⊕
2h⊕3i⊕3j

a⊕2b⊕c⊕
2d ⊕ 2e ⊕
2f ⊕ 2g ⊕
2h⊕3i⊕3j

g g b⊕ c⊕d⊕
e⊕f⊕g⊕
h⊕ i⊕ j

a⊕ b⊕d⊕
e⊕f⊕g⊕
h⊕ i⊕ j

a⊕e⊕f⊕
g⊕h⊕ i⊕
2j

a⊕ b⊕d⊕
e⊕f⊕g⊕
h⊕2i⊕2j

a⊕ b⊕ c⊕
d⊕e⊕f⊕
2g ⊕ h ⊕
2i⊕ 2j

a⊕ b⊕ c⊕
d⊕e⊕2f⊕
g ⊕ 2h ⊕
2i⊕ 2j

1⊕a⊕b⊕
c⊕d⊕2e⊕
f ⊕ g ⊕
2h⊕2i⊕2j

a⊕ b⊕ c⊕
d⊕e⊕2f⊕
2g ⊕ h ⊕
2i⊕ 2j

a⊕ b⊕ c⊕
2d ⊕ 2e ⊕
2f ⊕ 2g ⊕
2h⊕3i⊕3j

a⊕b⊕2c⊕
2d ⊕ 2e ⊕
2f ⊕ 2g ⊕
2h⊕3i⊕3j

h h b⊕e⊕f⊕
g⊕h⊕ i⊕
2j

a⊕c⊕d⊕
e⊕f⊕g⊕
h⊕ i⊕ j

b⊕ c⊕d⊕
e⊕f⊕g⊕
h⊕ i⊕ j

b⊕ c⊕d⊕
e⊕f⊕g⊕
h⊕2i⊕2j

a⊕ b⊕ c⊕
d⊕e⊕f⊕
g ⊕ 2h ⊕
2i⊕ 2j

a⊕ b⊕ c⊕
d⊕e⊕f⊕
2g ⊕ 2h ⊕
2i⊕ 2j

a⊕ b⊕ c⊕
d⊕e⊕2f⊕
2g ⊕ h ⊕
2i⊕ 2j

1⊕a⊕b⊕
c⊕d⊕2e⊕
2f ⊕ g ⊕
h⊕2i⊕2j

a⊕ b⊕ c⊕
2d ⊕ 2e ⊕
2f ⊕ 2g ⊕
2h⊕3i⊕3j

2a⊕b⊕c⊕
2d ⊕ 2e ⊕
2f ⊕ 2g ⊕
2h⊕3i⊕3j

i i a⊕ b⊕ c⊕
d⊕e⊕f⊕
g⊕h⊕2i⊕
2j

a⊕ b⊕ c⊕
d⊕e⊕f⊕
g⊕h⊕2i⊕
2j

a⊕ b⊕ c⊕
d⊕e⊕f⊕
g⊕h⊕2i⊕
2j

a⊕ b⊕ c⊕
d ⊕ 2e ⊕
2f ⊕ 2g ⊕
2h⊕2i⊕2j

a⊕ b⊕ c⊕
2d ⊕ 2e ⊕
2f ⊕ 2g ⊕
2h⊕2i⊕3j

a⊕ b⊕ c⊕
2d ⊕ 2e ⊕
2f ⊕ 2g ⊕
2h⊕3i⊕3j

a⊕ b⊕ c⊕
2d ⊕ 2e ⊕
2f ⊕ 2g ⊕
2h⊕3i⊕3j

a⊕ b⊕ c⊕
2d ⊕ 2e ⊕
2f ⊕ 2g ⊕
2h⊕3i⊕3j

1 ⊕ 2a ⊕
2b ⊕ 2c ⊕
2d ⊕ 2e ⊕
3f ⊕ 3g ⊕
3h⊕4i⊕4j

2a ⊕ 2b ⊕
2c ⊕ 2d ⊕
3e ⊕ 3f ⊕
3g ⊕ 3h ⊕
4i⊕ 4j

j j b⊕ c⊕d⊕
e⊕f⊕g⊕
2h⊕2i⊕2j

a⊕c⊕d⊕
e⊕2f⊕g⊕
h⊕2i⊕2j

a⊕ b⊕d⊕
e⊕f⊕2g⊕
h⊕2i⊕2j

a⊕ b⊕ c⊕
d⊕e⊕2f⊕
2g ⊕ 2h ⊕
2i⊕ 3j

a⊕ b⊕ c⊕
d ⊕ 2e ⊕
2f ⊕ 2g ⊕
2h⊕3i⊕3j

a⊕2b⊕c⊕
2d ⊕ 2e ⊕
2f ⊕ 2g ⊕
2h⊕3i⊕3j

a⊕b⊕2c⊕
2d ⊕ 2e ⊕
2f ⊕ 2g ⊕
2h⊕3i⊕3j

2a⊕b⊕c⊕
2d ⊕ 2e ⊕
2f ⊕ 2g ⊕
2h⊕3i⊕3j

2a ⊕ 2b ⊕
2c ⊕ 2d ⊕
3e ⊕ 3f ⊕
3g ⊕ 3h ⊕
4i⊕ 4j

1 ⊕ 2a ⊕
2b ⊕ 2c ⊕
3d ⊕ 3e ⊕
3f ⊕ 3g ⊕
3h⊕4i⊕4j

Dω(Z11⋊Z5) of rank 49. There are no known modular isotopes at rank 12 or less. Thus, at
low ranks, a classification of modular data likely corresponds to a classification of modular
tensor categories. A classification of modular tensor categories in turn gives rise to a
classification of all gapped quantum phases of matter in 2-dimensional space (see Table
1).

1.2 Generalized symmetry and braided fusion higher categories in trivial
Witt class

After a systematic understanding of gapped phases of quantum matter, the next goal is
to have a systematic understanding of gapless liquid phases of quantum matter. This is
a wide open and much harder problem. One idea is to use emergent symmetries at low
energies to character those gapless phases, hoping to obtain a systematic understanding
via the maximal emergent symmetries [33].

It became more and more clear that emergent symmetries in gapless quantum states
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are generalized symmetries, which can be a combination of ordinary symmetry (described
by group), higher-form symmetry [34–37] (described by higher-group with only one non-
trivial layer), higher-group symmetry [36], anomalous ordinary symmetry [38–41], anoma-
lous higher symmetry [36, 37, 42–52], beyond-anomalous symmetry [53], non-invertible
0-symmetry (in 1+1D) [54–64], non-invertible higher symmetry (which includes algebraic
higher symmetry) [9, 65–67], and/or non-invertible gravitational anomaly [13, 26, 68–71].
Thus emergent symmetries can go beyond the group and higher group theory description.
It was proposed [9, 53, 66, 67, 70, 72–77] that the (holo-equivalent classes of) generalized
symmetries in n-dimensional space can be systematically described by topological order
(TO) with gappable boundary in one higher dimension, or equivalently by non-degenerate
braided fusion n− 1-categories in trivial Witt class. Such topological order with gappable
boundary (i.e. non-degenerate braided fusion higher category in trivial Witt class) is re-
ferred to as symmetry-TO (symTO). Thus symTO, replacing group and higher group,
describes generalized symmetry, which can be anomalous or beyond anomalous.

Classification of groups is a major achievement of modern mathematics. Such a clas-
sification is important since groups describe possible symmetries in our world. However,
from the above discussion, we see that holo-equivalent symmetries in our quantum world
are actually described by non-degenerate braided fusion higher categories in trivial Witt
class. Thus our classification of modular tensor categories also leads to a classification of
emergent generalized symmetry for quantum systems in 1-dimensional space (see Table
1).

1.3 Summary of results

In this paper, we use the GAP computer algebraic system [78] to classify modular data
up to rank 12. We focus on prime modular data, i.e. those that are not simply products
of two smaller modular data. Those prime modular data are given in Section 7, where,
for each Galois orbit, we list one modular data (an unitary one if exists). We also indicate
the MTCs that realize the modular data, if realizations are known.

From our explicit classifications, we find some exotic potential modular data which are
not realized by Kac-Moody algebras or by twisted quantum doubles, nor by their Deligne
product, their Galois conjugations, their changes of spherical structure, and their Abelian
anyon condensations [79]. We show or provide strong evidence that all but five of the
exotic potential modular data are indeed modular data that can be realized by center of
near group fusion category or gauging the automorphism of known modular data (followed
by some condensation reductions, see Section 8 for details).

One of the five potential modular data with unknown realization is labeled by 1135,58132
5
,1964.

which has rank 11, central charge c = 32
5 mod 8, and total quantum dimension D2 ≈

1964.590. We do not know for sure if 1135,58132
5
,1964.

is a modular data or not. The topological

spins and quantum dimensions for such a potential modular data are given by
si = 0, 2

35 ,
22
35 ,

32
35 ,

1
5 , 0,

3
7 ,

5
7 ,

6
7 ,

3
5 ,

1
5 ,

di = 1, 1
2

(
5 + 2

√
5 +

√
7(5 + 2

√
5)
)
, 1

2

(
5 + 2

√
5 +

√
7(5 + 2

√
5)
)
, 1

2

(
5 + 2

√
5 +

√
7(5 + 2

√
5)
)
,

. 1
4

(
9+ 5

√
5+

√
14(25 + 11

√
5)
)
, 1

4

(
11+ 7

√
5+

√
14(25 + 11

√
5)
)
, 1

4

(
15+ 7

√
5+

√
14(25 + 11

√
5)
)
,

. 1
4

(
15+7

√
5+

√
14(25 + 11

√
5)
)
, 1

4

(
15+7

√
5+

√
14(25 + 11

√
5)
)
, 1

4

(
21+7

√
5+

√
14(65 + 29

√
5)
)
,

. 1
4

(
19 + 9

√
5 +

√
14(65 + 29

√
5)
)
.

The S matrices is given in Section 7.5, and fusion by Table 2. The higher central charges
[80] are 1, ζ45 , −ζ45 , −ζ5, −ζ5, 0

0 , −ζ
4
5 , ζ5, −ζ5, −ζ5, 0

0 , ζ
4
5 , −ζ45 , −ζ5, −ζ25 , 0

0 , ζ
4
5 , −ζ45 , −ζ5,

ζ5,
0
0 , −ζ

3
5 , −ζ45 , −ζ5, ζ5, 0

0 , −ζ
4
5 , −ζ45 , ζ45 , −ζ5, 0

0 , −ζ
4
5 , −ζ45 , −ζ5, ζ5. Such a potential

modular data has no non-trivial condensable algebra. There are three other potential
modular data at rank 12 whose realizations are unknown. Those potential modular data
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have central charge c = 0 mod 8 and total quantum dimension D2 ≈ 3926.660 (see Section
7.6).

2 The necessary conditions on modular data

Modular data is an important invariant of MTC. In the following, we list necessary con-
ditions on modular data. We will use those conditions, trying to classify modular data.
Many conditions are well-known and can be found in, e.g. [81].

Proposition 2.1. The modular data (S, T ) of an MTC satisfies:

1. S, T are symmetric complex matrices, indexed by i, j = 1, . . . , r.1

2. T is unitary, diagonal, and T11 = 1.

3. S11 = 1. Let di = S1i and D =
√∑r

i=1 did
∗
i (the positive root). Then

SS† = D2id, (1)

and the di ∈ R.

4. Sij are cyclotomic integers in Qord(T )
2 [82]. The ratios Sij/S1j are cyclotomic inte-

gers for all i, j [83]. Also there is a j such that Sij/S1j ∈ [1,+∞) for all i [84].

5. Let θi = Tii and p± =
∑r

i=1 d
2
i (θi)

±1. Then p+/p− is a root of unity, and p+ =

De i 2πc/8 for some rational number c.3 Moreover, the modular data (S, T ) is associ-
ated with a projective SL2(Z) representation, since:

(ST )3 = p+S
2,

S2

D2
= C, C2 = id, (2)

where C is a permutation matrix satisfying

Tr(C) > 0. (3)

6. D is a cyclotomic integer. D5/ ord(T ) is an algebraic integer, which is also a cyclo-
tomic integer [85]. D/di are cyclotomic integers (see Lemma 5.4).

7. Cauchy Theorem [86]: The set of prime divisors of ord(T ) coincides with the prime
divisors of norm(D2).4 The prime divisors of norm(D) and ord(T ) coincide. The
prime divisors of norm(D/di) are part of those of ord(T ).

8. Verlinde formula (cf. [87]) :

N ij
k =

1

D2

r∑
l=1

SliSljS
∗
lk

dl
∈ N, (4)

where i, j, k = 1, 2, . . . , r and N is the set of non-negative integers.5 The N ij
1 satisfy

N ij
1 = Cij , (5)

which defines a charge conjugation i→ ī via

N īj
1 = δij . (6)

1The index also labels the simple objects in the MTC, with i = 1 corresponding to the unit object, and
r is the rank of the modular data and the MTC.

2Here Qn denotes the field Q(ζn) for a primitive nth root of unity ζn
3The central charge c of the modular data and of the MTC is only defined modulo 8.
4Here norm(x) is the product of the distinct Galois conjugates of the algebraic number x.
5The N ij

k are called the fusion coefficients.
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9. Let n ∈ N+. The nth Frobenius-Schur indicator of the i-th simple object

νn(i) = D−2
∑
j,k

N jk
i (djθ

n
j )(dkθ

n
k )

∗ (7)

is a cyclotomic integer whose conductor divides n and ord(T ) [88, 89]. The 1st
Frobenius-Schur indicator satisfies ν1(i) = δi,1 while the 2nd Frobenius-Schur indi-
cator ν2(i) satisfies ν2(i) = 0 if i ̸= ī, and ν2(i) = ±1 if i = ī (see [88,90,91]).

10. The twists, fusion coefficients and S-matrix entries satisfy the balancing equation6:

Sij =
∑
k

N ij
k

θiθj
θk

dk. (8)

Based on a physics argument, Ref. [11] conjectured that modular data also satisfy

cDg/2 ∈ Z for g ≥ 3, Dg =
∑
i

(
D/di

)2(g−1)
, g = 0, 1, 2, 3, 4, · · · . (9)

We note that D
di

are real cyclotomic integers. The Galois conjugation of D
di

just permutes

the i-indices: σ(Ddi ) = D
dσ̂(i)

. Thus Dg is a cyclotomic integer that is invariant under all

Galois conjugations, which implies that Dg is a positive integer. In fact, Dg is the ground
state degeneracy of the corresponding topological order on genus g Riemann surface. We
find that both the unitary and non-unitary modular data that we obtained satisfy the
above condition, although the condition is argued for unitary topological orders. For
g = 2, the condition cD2/2 ∈ Z is not satisfied. But a weaker condition

cD2 ∈ Z (10)

is satisfied by all the unitary and non-unitary modular data that we obtained, as well as
by unitary modular data constructed from Kac-Moody algebras up to rank 200. Also,
Ref. [92] showed that

cD1D
5/2 = c r D5/2 = cyclotomic integers. (11)

This generalizes the above result to g = 1 case. The unitary and non-unitary modular
data that we obtained actually satisfy a stronger condition

cD5/2 = cyclotomic integers. (12)

From (2), we see that the modular data (S, T ) is closely related to the SL2(Z) represen-
tations. We are going to use this relation to classify modular data. Let us first summarize

some important facts about SL2(Z) representations. Let s =

[
0 −1
1 0

]
, t =

[
1 1

0 1

]
be the

standard generators of SL2(Z). This admits the presentation:

SL2(Z) = ⟨s, t | s4 = id, (st)3 = s2⟩ . (13)

We note that for any positive integer n, the reduction Z→ Zn defines a surjective group
homomorphism πn : SL2(Z)→ SL2(Z/nZ). Thus, a representation of SL2(Z/nZ) is also a
representation of SL2(Z), which will be called a congruence representation of SL2(Z) in this
paper. It is immediate to see that a representation of SL2(Z/nZ) is also a SL2(Z/mnZ)
representation for any positive integer m. The smallest positive integer n such that a
congruence representation ρ of SL2(Z) factors through πn : SL2(Z)→ SL2(Z/nZ) is called
the level of ρ. It is known that the level n = ord(ρ(t)) (cf. [93, Lem. A.1]). Here ord(t) is
defined as:

6This holds more generally in ribbon fusion categories, i.e. premodular categories.

8



SciPost Physics Submission

Definition 2.2. Let t be any matrix over C. The smallest positive integer n such that
tn = id is called the order of t, and denoted by ord(t) := n. If such integer does not exist,
we define ord(t) :=∞.

Similarly

Definition 2.3. Let t be any matrix over C. The smallest positive integer n such that
tn = αid for some α ∈ C× is called the projective order of t, and denoted by pord(t) := n.
If such integer does not exist, we define pord(t) :=∞.

We can organize the finite level irreducible representations of SL2(Z) by the level and
the dimension of the representations. Due to the Chinese remainder theorem, if the level
of a irreducible representation ρ factors as n =

∏
i p

ki
i where pi are distinct primes, then

ρ ∼=
⊗

i ρi where ρi are level pkii representations. Thus we can construct all irreducible
SL2(Z) representations as tensor products of irreducible SL2(Z) representations of prime-
power levels, which in turn, yields a construction of all semisimple SL2(Z) representations
ρ via direct sums of the irreducible representations.

Define Qn = Q(ζn) to be the cyclotomic field of order n. For any positive integer n, we
can construct a faithful representation Dn : Gal(Qn) → SL2(Z/nZ), which identifies the
Galois group Gal(Qn) ∼= Z×

n with the diagonal subgroup of SL2(Z/nZ) [93, Remark 4.5].
More generally, for any σ ∈ Gal(Q̄), σ(Qn) = Qn and so there exists an integer a (unique
modulo n) such that σ(ζn) = ζan and

Dn(σ) := tastbstas−1 =

(
a 0

0 b

)
∈ SL2(Z/nZ) , (14)

where b satisfies ab ≡ 1 mod n. If ρ is a level n representation of SL2(Z), the composition

Dρ(σ) := ρ ◦Dn(σ) (15)

defines a representation of Gal(Q̄). We may also write Dn(σ) as Dn(a). Such a represen-
tation of Galois group captures the Galois conjugation action on SL2(Z) representations
of modular data, and plays a very important role in our classification. In other words,
in our classification, we look for some SL2(Z) representations such that Dρ(a) is a signed
permutation matrix.

We also note that the 1-dimensional representations of SL2(Z), denoted as ŜL2(Z),

form a cyclic group of order 12 under tensor product. We will take χ ∈ ŜL2(Z) defined
by χ(t) = ζ12 to be the generator, where ζn := e2π i/n and ζkn := e2π ik/n. Under this
convention, every 1-dimensional representation of SL2(Z) is equivalent to χα for some
integer α, unique modulo 12:

χα(s) = ζ
α
4 , χα(t) = ζα12. (16)

From a modular data, we can obtain a particular type of SL2(Z) representations, called
MD representations. From a MD representation, we can also obtain its corresponding
modular data. Thus we can classify modular data by classifying MD representations. In
the following, we describe the detailed relation between modular data and MD representa-
tions, and the necessary conditions for a SL2(Z) representation to be a MD representation.
Many of the following collection of results on MD representations were proved in [82,93]:

Proposition 2.4. Given a modular data S, T of rank r, let ρα be any one of its MD
representations, which is defined as

ρα(s) = Pζ
α
4 e

2π i c
8
S

p+
P⊤, ρα(t) = Pζα12 e

−2π i c
24TP⊤ (α ∈ Z12), (17)

where α = 0, 1, · · · , 11 and P is a permutation matrix. Then, there exists a rational
number c (called central charge), such that ρα for all α has the following properties:

9
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1. ρα is an unitary and symmetric matrix representation of SL2(Z) with level ord(ρα(t)),
and ord(T ) | ord(ρα(t)) | 12 ord(T ) .

2. The conductor of the elements of ρα(s) divides ord(ρα(t)).

3. If ρα is equivalent to a direct sum of two SL2(Z) representations

ρα ∼= ρ⊕ ρ′, (18)

then the eigenvalues of ρ(t) and ρ′(t) must overlap. This implies that if ρα ∼= ρ ⊕
χ1 ⊕ · · · ⊕ χℓ for some 1-dimensional representations χ1, . . . , χℓ, then χ1, · · ·χℓ are
the same 1-dimensional representation.

4. Suppose that ρα ∼= ρ ⊕ ℓχ for an irreducible representation ρ with non-degenerate
ρ(t), and an 1-dimensional representation χ. If ℓ ̸= 2dim(ρ) − 1 or ℓ > 1, then
(ρ(s)χ(s)−1)2 = id.

5. ρα satisfies

ρα ̸∼= nρ (19)

for any integer n > 1 and any representation ρ such that ρ(t) is non-degenerate.

6. If ρα(s)
2 = ±id (i.e. if the modular data or MTC is self dual), pord(ρα(t)) is a

prime and satisfies pord(ρα(t)) = 1 mod 4, then the representation ρα cannot be a
direct sum of a d-dimensional irreducible SL2(Z) representation and two or more
1-dimensional SL2(Z) representations with d = (p+ 1)/2.

7. Let 3 < p < q be prime such that pq ≡ 3 mod 4 and pord(ρα(t)) = pq, then the rank
r ̸= p+q

2 + 1. Moreover, if p > 5, rank r > p+q
2 + 1.

8. The number of self dual objects is greater than 0. Thus

Tr(ρα(s)
2) ̸= 0. (20)

Since Tr(ρα(s)
2) ̸= 0, let us introduce

C =
Tr(ρα(s)

2)

|Tr(ρα(s)2)|
ρα(s)

2. (21)

The above C is the charge conjugation operator of MTC, i.e. C is a permutation
matrix of order 2. In particular, Tr(C) is the number of self dual objects. Also, for
each eigenvalue θ̃ of ρα(t),

Trθ̃(C) ≥ 0, (22)

where Trθ̃ is the trace in the degenerate subspace of ρα(t) with eigenvalue θ̃.

9. If the modular data is integral and ord(ρα(t)) = odd, then

Tr(C) = Tr2(ρ2α(s)) = 1, (23)

i.e. the unit object is the only self-dual object.

10. For any Galois conjugation σ in Gal(Qord(ρα(t))), there is a permutation of the in-
dices, i→ σ̂(i), and ϵσ(i) ∈ {1,−1}, such that

σ
(
ρα(s)i,j

)
= ϵσ(i)ρα(s)σ̂(i),j = ρα(s)i,σ̂(j)ϵσ(j) (24)

σ2
(
ρα(t)i,i

)
= ρα(t)σ̂(i),σ̂(i), (25)

for all i, j.

10
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11. For any integer a coprime to n = ord(ρα(t)), we define

Dρα(a) := ρα(t
astbstas−1) = Dρα(a+ ord(ρα(t))),

where ab ≡ 1 mod ord(ρα(t)) . (26)

For any σ ∈ Gal(Qn), σ(ζn) = ζan for some unique integer a modulo n. We define

Dρα(σ) := Dρα(a) . (27)

By [93, Theorem II], Dρα : Gal(Qn) = (Zn)
× → GLr(C) is a representation equiva-

lent to the restriction of ρα on the diagonal subgroup of SL2(Z/nZ). Dρα(σ) in (27)
must be a signed permutation

(Dρα(σ))i,j = ϵσ(i)δσ̂(i),j . (28)

and satisfies

σ(ρα(s)) = Dρα(σ)ρα(s) = ρα(s)D
⊤
ρα(σ),

σ2(ρα(t)) = Dρα(σ)ρα(t)D
⊤
ρα(σ) (29)

12. There exists a u such that ρα(s)uu ̸= 0 and

ρα(s)ui ̸= 0,
ρα(s)ij
ρα(s)uu

,
ρα(s)ij
ρα(s)uj

∈ Oord(T ),
ρα(s)ij
ρα(s)i′j′

∈ Qord(T ),

N ij
k =

r−1∑
l=0

ρα(s)liρα(s)ljρα(s
−1)lk

ρα(s)lu
∈ N.

∀ i, j, k = 1, 2, . . . , r. (30)

(The index u corresponds the unit object of MTC). Here, Qord(T ) is the field of
cyclotomic number and Oord(T ) is the ring of cyclotomic integer. Also, ρα(s)ui for
i ∈ {1, · · · , r} are either all real or all imaginary.

13. Let n ∈ N+. The nth Frobenius-Schur indicator of the i-th simple object

νn(i) =
r−1∑
j,k=0

N jk
i ρα(s)juθ

n
j [ρα(s)kuθ

n
k ]

∗ =
r−1∑
j,k=0

N jk
i ρα(t

ns)juρα(t
−ns−1)ku

=

r−1∑
j,k,l=0

ρα(s)ljρα(s)lkρ
∗
α(s)li

ρα(s)lu
ρα(t

ns)juρα(t
−ns−1)ku

=

r−1∑
l=0

ρα(st
ns)luρα(st

−ns−1)luρα(s
−1)li

ρα(s)lu
(31)

is a cyclotomic integer whose conductor divides n and ord(T ). The 1st Frobenius-
Schur indicator satisfies ν1(i) = δiu while the 2nd Frobenius-Schur indicator ν2(i)
satisfies ν2(i) = ±ρα(s2)ii (see [89–91]).

The above condition can also be rewritten as

ρα(s)lu
∑
i

ρα(s)liνn(i) = ρα(st
ns)luρα(st

−ns−1)lu (32)

Summing over l, we obtain∑
i

C̃uiνn(i) = C̃uu → C̃uuνn(u) = C̃uu → νn(u) = 1. (33)

11
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After a signed-diagonal conjugation Vij = viδij that changes ρα(s)ij to ρpMD(s)ij, we
find

ρpMD(s)lu
∑
i

ρpMD(s)liνn(i)vivu = ρpMD(st
ns)luρpMD(st

−ns−1)lu

ρpMD(s)lu
∑
i

ρpMD(s)liν
pMD
n (i) = ρpMD(st

ns)luρpMD(st
−ns−1)lu

νpMD
n (i)vivu = νn(i)vivu, νpMD

n (u) = 1, νpMD
n (u) = ±ρpMD(s

2)ii (34)

Here we like to remark that the condition involving central charge

p± =
r∑

i=1

d2i θ
±1
i , p± = De± i 2πc/8, (35)

is not a new condition. It comes from the SL2(Z) condition. First, (17) can be rewritten
as

ρα(s) = e2π i c̃
8
ρα(s)/ρα(s)uu

p+
, ρα(t) = e−2π i c̃

24 ρα(t)/ρα(t)uu, (36)

for a c̃ ∈ Q. We find ρα(t)uu = e−2π i c̃
24 , which allows us to rewrite (36) as

ρα(s)uuρ
3
α(t)uup+ = ρα(s)uuρ

3
α(t)uu

r∑
i=1

( ρα(s)iu
ρα(s)uu

)2 ρα(t)ii
ρα(t)uu

= 1, (37)

and becomes an condition on ρα(s), ρα(t). But this is not a new condition, since the above
can be rewritten as

ρ2α(t)uu

r∑
i=1

ρα(s)uiρα(s)iuρα(t)ii = ρα(s)uu or
(
ρα(t)ρα(s)ρα(t)ρα(s)ρα(t)

)
uu

= ρα(s)uu,

(38)

which is a consequence of SL2(Z) representation.
Using the irreducible SL2(Z) representations obtained by GAP package SL2Reps, we

can explicitly constructed all unitary representations of SL2(Z) (up to unitary equivalence).
However, this only gives the SL2(Z) representations in some arbitrary basis, not in the basis
yielding MD representations (i.e. satisfying Proposition 2.4), since MD representations
are SL2(Z) representations in a particular basis.

We can improve the situation by choosing a basis to make ρ(t) diagonal and ρ(s)
symmetric. We can choose more special bases to make the SL2(Z) representations closer
to the basis of MD representations. Since we are going to use several types of bases, let
us define these choices:

Definition 2.5. An unitary SL2(Z) representations ρ̃ is called a general SL2(Z) matrix
representations if ρ̃(t) is diagonal 7. A general SL2(Z) matrix representation ρ̃ is called
symmetric if ρ̃(s) is symmetric. An general SL2(Z) matrix representation ρ̃ is called
irrep-sum if ρ̃(s), ρ̃(t) are matrix-direct sum of irreducible SL2(Z) representations. An
SL2(Z) matrix representations ρ̃ is called an SL2(Z) representation of modular data
S, T , if ρ̃ is unitarily equivalent to an MD representation of the modular data, i.e.,

ρ̃(s) = e−2π i α
4
1

D
USU †, ρ̃(t) = UTU † e2π i (−c

24
+ α

12
), (39)

7We will consider only SL2(Z) matrix representations with diagonal ρ̃(t) in this paper.
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for some unitary matrix U and α ∈ Z12, where c is the central charge.8 An SL2(Z) matrix
representations ρpMD is called pseudo MD (pMD) representation, if ρpMD is related to
an MD representation of the modular data via a conjugation of a signed diagonal matrix
V :9

ρpMD(s) = e−2π i α
4
1

D
V SV, ρpMD(t) = V TV e2π i (−c

24
+ α

12
). (40)

We find that all irreducible unitary representations of SL2(Z) are unitarily equivalent
to symmetric matrix representations of SL2(Z). We will start with those symmetric matrix
representations to obtain a classification of modular data.

3 Our strategy

We will use the following strategy to classify modular data of a given rank.

1. Obtain all the irreducible representations of dimensions up to the rank r, using
GAP package SL2Reps created by Siu-Hung Ng, Yilong Wang, and Samuel Wilson.
Then construct all the dimension-r representations, ρisum, from those irreducible
representations.

2. Using some conditions (see Section 4), to reject the representations that are not
unitarily equivalent to MD representations.

3. For the remain representations ρisum, find all the unitary matrices U that transform
them to pMD representations (see Section 5):

ρpMD = UρisumU
†. (41)

Reject those representations for which the unitary matrices U do not exist. This is
the most difficult step, since we need to find finite solutions from infinite possibilities
of unitary U .

The key is to generate many conditions on the unitary U , so that the number of
the solutions of those condition is finite. To achieve this, we first consider all the
possible Dρ(σ)’s (see Section 5.6.1) and unit-row index u. Since Dρ(σ)’s are signed
permutations, those possibilities are finite. Once Dρ(σ) and u are known, we can
use them to obtain many conditions on U , in addition to the unitary conditions.

Also, from Dρ(σ), we can determine if the corresponding MTC is integral or not.
This allows us to use two different approaches to handle integral cases (see Section
6) and non-integral cases (see Section 5) separately. The integral and non-integral
cases are quite different, and require different approaches to handle them.

Once we know the unit-row index u, we can obtain conditions on U from the second
Frobenius-Schur indicator (see (31)). Also norm(ρ(s)ui) = qi are inverse of integers.
If we can isolate the polynomial conditions that depend only on qi’s (see Section
5.6.4), then we can use the generalized Egyptian-fraction method to solve qi’s (see
Section 5.6.7). Those are important tricks that make our calculation possible.

4. Find all the signed permutations Psgn that transform the pMD representations to
MD representations:

S = Psgn
ρpMD(s)

(ρpMD)uu(s)
P⊤
sgn, T = Psgn

ρpMD(t)

(ρpMD)uu(t)
P⊤
sgn. (42)

8Note that D2 is always positive and D in (39) is the positive root of D2, even for non-unitary cases.
9A signed diagonal matrix is a diagonal matrix with diagonal elements ±1.
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This step is easy, since the number of possible signed permutations is finite. We just
search all the signed permutations so that the resulting S, T satisfy the conditions
for modular data. The signed permutations have the form Psgn = PVsd, where P is
a permutation matrix and Vsd is a signed diagonal matrix. We may fix P and only
search for Vsd. From the Verlinde formula (30), we know how N ij

k transform under

the conjugation of Vsd. This allows us to find Vsd that make N ij
k non-negative.

4 Candidate representations of modular data from SL2(Z)
representations

We note that different choices of orthogonal basis give rise to different matrix represen-
tations of SL2(Z). The modular data S, T are obtained from some particular choices of
the basis. Some properties of the MD representations of a modular data do not depend
on the choices of basis in the eigenspaces of ρ̃(t) (induced by the block-diagonal unitary
transformation U in (40) that leaves ρ̃(t) invariant). Those properties remain valid for
any general SL2(Z) representations ρ̃ of the modular data. In the following, we collect the
basis-independent conditions on the SL2(Z) matrix representations of modular data. This
will help us to narrow the list of SL2(Z) representations that are related modular data.

Proposition 4.1. Let ρ̃ be a general SL2(Z) matrix representations of a modular data or
a MTC. Then ρ̃ must satisfy the following conditions:

1. If ρ̃ is a direct sum of two SL2(Z) representations

ρ̃ ∼= ρ⊕ ρ′, (43)

then the diagonals entries of ρ(t) and ρ′(t) must overlap.

2. Suppose that ρ̃ ∼= ρ⊕ ℓχ for an irreducible representation ρ with ρ(t) non-degenerate,
and a character χ. If ℓ ̸= 1 and ℓ ̸= 2dim(ρ)− 1, then (ρ(s)χ(s)−1)2 = id.

3. If ρ̃(s)2 = ±id, and pord(ρ̃(t)) = 1 mod 4 and is a prime, then the representation
ρ̃ cannot be a direct sum of a d-dimensional irreducible SL2(Z) representation and
two or more 1-dimensional SL2(Z) representations with d = (pord(ρ̃(t)) + 1)/2.

4. ρ̃ satisfies

ρ̃ ̸∼= nρ (44)

for any integer n > 1 and any representation ρ such that ρ(t) is non-degenerate.

5. Let 3 < p < q be primes such that pq ≡ 3 mod 4 and pord(ρ(t)) = pq, then the rank
r ̸= p+q

2 + 1. Moreover, if p > 5, rank r > p+q
2 + 1.

Some other properties of an MD representation do depend on the choice of basis.
To make use of those properties, we can construct some combinations of ρ̃(s)’s that are
invariant under the block-diagonal unitary transformation U .

The eigenvalues of ρ̃(t) partition the indices of the basis vectors. To construct the
invariant combinations of ρ̃(s), for any eigenvalue θ̃ of ρ̃(t), let

Iθ̃ = {i
∣∣ ρ̃(t)ii = θ̃}. (45)
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Let I = Iθ̃, J = Jθ̃′ , K = Kθ̃′′ for some eigenvalues θ̃, θ̃′, θ̃′′ of ρ̃(t). We see that the
following uniform polynomials of ρ̃(s) are invariant

PI(ρ(s)) = Trρ̃(s)II ≡
∑
i∈I

ρ̃(s)ii,

PIJ(ρ(s)) = Trρ̃(s)IJ ρ̃(s)JI ≡
∑

i∈I,j∈J
ρ̃(s)i,j ρ̃(s)ji, (46)

PIJK(ρ(s)) = Trρ̃(s)IJ ρ̃(s)JK ρ̃(s)KI ≡
∑

i∈I,j∈J,k∈K
ρ̃(s)i,j ρ̃(s)j,kρ̃(s)k,i.

Certainly we can construction many other invariant uniform polynomials in the similar
way. Using those invariant uniform polynomials, we have the following results

Proposition 4.2. Let ρ̃ be a general SL2(Z) representations of a modular data or a MTC.
Then following statements hold:

1. ρ̃(s) satisfies

Tr(ρ̃(s)2) ∈ Z \ {0}. (47)

Let

C =
Tr(ρ̃(s)2)

|Tr(ρ̃(s)2)|
ρ̃(s)2. (48)

For all I,

PI(C) ≥ 0. (49)

2. The conductor of Podd(ρ̃(s)) divides ord(ρ̃(t)) for all the invariant uniform polyno-
mials Podd with odd powers of ρ̃(s) (such as PI and PIJK in (46)). The conductor
of Peven(ρ̃(s)) divides pord(ρ̃(t)) for all the invariant uniform polynomials Peven with
even powers of ρ̃(s) (such as PIJ in (46)).

3. For any Galois conjugation σ ∈ Gal(Qord(ρ(t))), there is a permutation on the set
{I}, I → σ̂(I), such that

σPIJ(ρ̃(s)) = PIσ̂(J)(ρ̃(s)) = Pσ̂(I)J(ρ̃(s))

σ2
(
θ̃I
)
= θ̃σ̂(I), (50)

for all I, J .

4. For any invariant uniform polynomials P (such as those in (46))

σP
(
ρ̃(s)

)
= P

(
σρ̃(s)

)
= P

(
ρ̃(t)aρ̃(s)ρ̃(t)bρ̃(s)ρ̃(t)a

)
(51)

where σ ∈ Gal(Qord(ρ̃(t))), and a, b are given by σ(e i 2π/ ord(ρ̃(t))) = ea i 2π/ ord(ρ̃(t)) and
ab ≡ 1 mod ord(ρ̃(t)).

Instead of constructing invariants, there is another way to make use of the properties
of an MD representation that depend on the choices of basis. We can choose a more
special basis, so that the basis is closer to the basis that leads to the MD representation.
For example, we can choose a basis to make ρ̃(s) symmetric (i.e. to make ρ̃ a symmetric
representation).

Now consider a symmetric SL2(Z) matrix representation ρ̃ of a modular data or a MTC.
We find that the restriction of the unitary U in (40) on the non-degenerate subspace (see
Ref. [94] Theorem 3.4) must be a signed diagonal matrix. In this case some properties
of MD representation apply to the blocks of the symmetric representation within the
non-degenerate subspace. This allows us to obtain
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Proposition 4.3. Let ρ̃ be a symmetric SL2(Z) representations equivalent to an MD
representation. Let

Indeg := {i | ρ̃(t)i,i is a non-degenerate eigenvalue}, (52)

Then there exists an orthogonal U such that Uρ̃U⊤ is a pMD representation, and the
following statements hold:

1. The conductor of (Uρ̃(s)U⊤)i,j divides ord(ρ̃(t)) for all i, j. This implies that the
conductor of (ρ̃(s))i,j divides ord(ρ̃(t)) for all i, j ∈ Indeg.

2. For any Galois conjugation σ in Gal(Qord(ρ̃(t))), there is a permutation i → σ̂(i),
such that

σ
(
(Uρ̃(s)U⊤)i,j

)
= ϵσ(i)(Uρ̃(s)U⊤)σ̂(i),j = (Uρ̃(s)U⊤)i,σ̂(j)ϵσ(j)

σ2
(
ρ̃(t)i,i

)
= ρ̃(t)σ̂(i),σ̂(i), (53)

for all i, j, where ϵσ(i) ∈ {1,−1}. This implies that

σ
(
ρ̃(s)i,j

)
= ρ̃(s)σ̂(i),j or σ

(
ρ̃(s)i,j

)
= −ρ̃(s)σ̂(i),j

σ
(
ρ̃(s)i,j

)
= ρ̃(s)i,σ̂(j) or σ

(
ρ̃(s)i,j

)
= −ρ̃(s)i,σ̂(j) (54)

for all i, j ∈ Indeg. This also implies that Dρ̃(σ) defined in (27) is a signed permu-
tation matrix in the Indeg block, i.e. (Dρ̃(σ))i,j for i, j ∈ Indeg are matrix elements
of a signed permutation matrix.

3. For all i, j,

σ
(
(Uρ̃(s)U⊤)i,j

)
=
(
Uρ̃(t)aρ̃(s)ρ̃(t)bρ̃(s)ρ̃(t)aU⊤)

i,j
(55)

where σ ∈ Gal(Qord(ρ̃(t))), and a, b are given by σ(e i 2π/ ord(ρ̃(t))) = ea i 2π/ ord(ρ̃(t)) and
ab ≡ 1 mod ord(ρ̃(t)). This implies that

σ
(
(ρ̃(s))i,j

)
=
(
ρ̃(t)aρ̃(s)ρ̃(t)bρ̃(s)ρ̃(t)a

)
i,j
. (56)

for all i, j ∈ Indeg.

4. Both T and ρ̃(t) are diagonal, and without loss of generality, we may assume ρ̃(t) is
a scalar multiple of T . In this case U in (40) is a block diagonal matrix preserving
the eigenspaces of ρ̃(t). Let Inonzero = {i} be a set of indices such that the ith row
of Uρ̃(s)U⊤ contains no zeros for some othorgonal U satisfying Uρ̃(t)U⊤ = ρ̃(t).
The index for the unit object of MTC must be in Inonzero. Thus Inonzero must be
nonempty:

Inonzero ̸= ∅. (57)

5. Let I
θ̃
be a set of indices for an eigenspace E

θ̃
of ρ̃(t)

I
θ̃
:= {i | ρ̃(t)i,i = θ̃}. (58)

Then there exists a I
θ̃
such that

I
θ̃
∩ Inonzero ̸= ∅ and TrE

θ̃
C > 0, (59)

where C is given in (48).
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Table 3: The numbers of the candidate irrep-sum SL2(Z) representations for each
rank.

rank 2 3 4 5 6 7 8 9 10 11 12

number of reps 2 4 9 20 57 106 258 533 1210 2374 5288

It is very helpful to determine if a SL2(Z) representation gives rise to an integral MTC
or not. This is because integral MTCs satisfy more conditions.

Theorem 4.4. Let ρ̃ be a representations of SL2(Z). If uth row of ρ̃ is the unit row,
and Dρ̃(σ)uu = ±1 for all σ ∈ Gal(Qord(ρ̃(t))/Q), then ρ̃ is either equivalent to an MD
representation ρMD of integral MTC or is not equivalent to any MD representation.

The above result comes from Eq. (28). Dρ̃(σ)uu = ±1 implies that DρMD(σ)uu = ±1,
which in turn implies that σ̂(u) = u. Then Eq. (24) implies that, for the corresponding
MD representation ρMD of ρ̃,

σ
( ρMD(s)ij
ρMD(s)iu

)
=

ρMD(s)σ̂(i)j

ρMD(s)σ(i)u
(60)

for all i, j, and hence σ(di) = di for all σ ∈ Gal(Qord(ρ̃(t))/Q), where di =
ρMD(s)ui
ρMD(s)uu

is the

quantum dimension. Thus, di are integral, and the corresponding MTC is integral, if it
exists. If we do not know the unit row, then we have

Theorem 4.5. Let {θ̃}nonzero is a set the eigenvalues of ρ̃(t), θ̃, such that θ̃ is a 24th

root of unity and I
θ̃
has a non-empty overlap with Inonzero. If Dρ̃(σ)Iθ̃ = ±id for all

σ ∈ Gal(Qord(ρ̃(t))/Q) and for all θ̃ in {θ̃}nonzero, then ρ̃ is either equivalent to an MD
representation of integral MTC or is not equivalent to any MD representation.

We also have

Theorem 4.6. If a SL2(Z) representation ρ̃ satisfies pord(ρ̃(t)) = ord(T ) ∈ {2, 3, 4, 6},
then ρ̃ is either equivalent to an MD representation of integral MTC or is not equivalent
to any MD representation.

Using GAP System for Computational Discrete Algebra, we obtain a list of symmetric
irrep-sum SL2(Z) matrix representations that satisfy the conditions in Propositions 4.1,
4.2, and 4.3. Also, our list only includes one representive for each orbit generated by
Galois conjugations and tensoring 1-dim SL2(Z) representations. The numbers of those
candidate irrep-sum SL2(Z) representations for each rank are given in Table 3.

Some of those symmetric irrep-sum SL2(Z) matrix representations are representations
of modular data, while others are not. However, the list includes all the symmetric irrep-
sum SL2(Z) matrix representations of modular data or MTC’s. In the next section, we
will use GAP group to determine which of those irrep-sum representations can give rise to
modular data, and which should be rejected. However, there are a few cases at rank-12 are
hard to handle. We have to use extensive search to reject those cases with high likelyhood.
Those calculations are presented in the first few sections of the Appendix.

5 Candidate pMD representations from SL2(Z) representa-
tions

Our SL2(Z) representation ρ̃ has a form of direct sum of irreducible representations: ρ̃ =
ρisum. We have chosen a special basis in the eigenspaces of a SL2(Z) matrix representation

17



SciPost Physics Submission

ρisum to make ρisum(s) symmetric. But such a special basis is still not special enough to
make ρisum to be a MD representation ρα.

We can choose a more special basis to make ρisum(s
2) a signed permutation matrix, in

addition to making ρisum(s) symmetric. We know that, for a MD representation ρα, ρ(s
2)

is a signed permutation matrix. So the new special basis makes ρisum closer to the MD
representation ρα.

We can choose an even more special basis in the eigenspaces of ρisum(t) to make ρisum
into a pseudo MD representation that differs from a MD representation ρα only by the
conjugation of a signed diagonal matrix Vsd: ρpMD = VsdραVsd. Pseudo MD representation
has a property that the matrix DρpMD(σ) defined in (26) are signed permutations.

We would like to point out that, since both ρisum and ρpMD are symmetric SL2(Z) ma-
trix representations that are related by an unitary transformation, according to Theorem
3.4 in Ref. [94], they can be related by an orthogonal transformation. An generic or-
thogonal transformation contains continuous real parameters. This leads to infinite many
potential pseudo MD representations ρpMD and infinite many potential MD representa-
tions ρα. This makes it impossible to check one-by-one, if those potential ρα’s are indeed
MD representations.

However, when eigenspaces of ρisum(t) are all 1-dimensional (i.e. non-degenerate), the
orthogonal matrices U that transform ρisum to ρpMD must be an identity matrix, up to
signed diagonal matrices. This leads to only a finite many potential MD representations
ρα. We can then check each of the possible ρα’s, to see if it is a MD representation.

Even if some eigenspaces of ρisum(t) are degenerate, under certain conditions, the num-
ber of orthogonal transformations U that transform Dρisum(σ) into signed permutations
DρpMD(σ) can still be finite. Let Iθ is the set of indices for the degenerate eigenspace of
ρpMD(t) with eigenvalue θ. Let us consider Dρisum(σ) in the Iθ-block, which are denoted
as Dρisum(σ)Iθ,Iθ . If the common eigenspaces for Dρisum(σ)Iθ,Iθ with different σ’s are non-
degenerate, then there is only a finite number of orthogonal transformations in the Iθ
block, UIθ,Iθ , that transform Dρisum(σ) into signed permutations DρpMD(σ).

5.1 Cases where Dρisum
(σ)Iθ,Iθ are signed diagonal matrices with non-

degenerate common eigenspaces

For example, when the non-zero Dρisum(σ)Iθ,Iθ are signed diagonal matrices with non-
degenerate common eigenspaces, the most general orthogonal matrices UIθ,Iθ have only a
finite number of choices. They must be either an identity matrix, or a combinations of
±45◦ rotations among various pairs of indices, up to signed diagonal matrices,

Let us consider a concrete case. In a 3-dimensional eigenspace of ρisum(t), the non-zero
Dρisum(σ)’s may generate a 3× 3 matrix groups MG, given by

MG =
{

1 0 0

0 1 0

0 0 1

 ,


−1 0 0

0 −1 0

0 0 1

 ,


1 0 0

0 −1 0

0 0 1

 ,


−1 0 0

0 1 0

0 0 1

}. (61)

To find the most general orthogonal matrices that transform the above 3× 3 matrices in
MG into signed permutation matrices, we first show

Theorem 5.1. If P is a permutation matrix with P 2 = id, then P is a direct sum of
2× 2 and 1× 1 matrices. If Psgn is a signed permutation matrix with P 2

sgn = id, then Psgn

is a direct sum of 2 × 2 and 1 × 1 matrices. The 2 × 2 matrices are the ±45◦ rotations
mentioned above.

Proof of Theorem 5.1. If P is a permutation matrix with P 2 = id, P must be a pair-wise
permutation, and thus P is a direct sum of 2× 2 and 1× 1 matrices. The reduction from
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signed permutation matrix to permutation matrix by ignoring the signs is homomorphism
of the matrix product. If Psgn is a signed permutation matrix with P 2

sgn = id, its reduction

given rise to a permutation matrix P with P 2 = id. Since P is a direct sum of 2× 2 and
1× 1 matrices, Psgn is also a direct sum of 2× 2 and 1× 1 matrices.

Using the above result, we can show that the most general orthogonal matrices that
transform all Dρisum(σinv)|Eθ̃

’s into signed permutations must have one of the following
forms

U =
PVsd√

2


1 1 0

1 −1 0

0 0 1

 , or U =
PVsd√

2


−1 1 0

1 1 0

0 0 1

 ,

or U =
PVsd√

2


1 0 1

0 1 0

1 0 −1

 , or U =
PVsd√

2


−1 0 1

0 1 0

1 0 1

 ,

or U =
PVsd√

2


1 0 0

0 1 1

0 1 −1

 , or U =
PVsd√

2


1 0 0

0 −1 1

0 1 1

 ,

or U = PVsd


1 0 0

0 1 0

0 0 1

 . (62)

where Vsd are signed diagonal matrices, and P are permutation matrices. We note that
the non-trivial part of U is a 2× 2 block for index (1, 2), (1, 3), and (2, 3). The 2× 2 block
has three possibilities(

1 0

0 1

)
,

1√
2

(
1 1

1 −1

)
,

1√
2

(
−1 1

1 1

)
. (63)

This is a general pattern that apply for cases when the non-zero Dρisum(σ)Iθ,Iθ are signed
diagonal matrices with non-degenerate common eigenspaces.

Some times, the non-zero Dρisum(σ)Iθ,Iθ are not signed diagonal matrices. We need to
examine those cases individually.

5.2 Within a 2-dimensional eigenspace of ρisum(t)

In this case, the matrix groups MG generated by non-zero 2-by-2 matrices, Dρisum(σ)Iθ,Iθ ,
can have several different forms, for those passing representations. By examine the com-
puter results, we find that matrix groups MG can be

MG =
{(1 0

0 1

)}
, for dim(ρisum) ≥ 5;

MG =
{(1 0

0 1

)
,−

(
1 0

0 1

)}
, for dim(ρisum) ≥ 6. (64)

Those Dρisum(σ)Iθ,Iθ ’s have degenerate common eigenspaces. Thus the resulting UIθ,Iθ ’s
have continuous parameters and are not finite many.

19



SciPost Physics Submission

We also have

MG =
{(1 0

0 1

)
,

(
1 0

0 −1

)}
, for dim(ρisum) ≥ 4;

MG =
{(1 0

0 1

)
,−

(
1 0

0 1

)
,

(
1 0

0 −1

)
,

(
−1 0

0 1

)}
, for dim(ρisum) ≥ 6. (65)

In those two cases

U =
1√
2

(
1 1

1 −1

)
or U =

1√
2

(
−1 1

1 1

)
or U =

(
1 0

0 1

)
(66)

will transform all Dρisum(σinv)Iθ,Iθ ’s into signed permutations. In general we have

Theorem 5.2. Let

MG2 =
{(1 0

0 1

)
,

(
1 0

0 −1

)}
,

MG4 =
{(1 0

0 1

)
,−

(
1 0

0 1

)
,

(
1 0

0 −1

)
,

(
−1 0

0 1

)}
. (67)

The most general orthogonal matrices that transform all matrices in MG2 or MG4 into
signed permutations must have one of the following forms

U =
PVsd√

2

(
1 1

1 −1

)
, or U =

PVsd√
2

(
−1 1

1 1

)
, or U = PVsd

(
1 0

0 1

)
(68)

where Vsd are signed diagonal matrices, and P are permutation matrices. The number of
the orthogonal transformations U is finite.

Proof of Theorem 5.2. We only need to consider the first matrix group MG2, where the
matrix group is isomorphic to the Z2 group. There are only four matrix groups formed
by 2-dimensional signed permutations matrices, that are isomorphic Z2. The four matrix
groups are generated by the following four generators respectively:(

1 0

0 −1

)
,

(
−1 0

0 1

)
,

(
0 1

1 0

)
,

(
0 −1
−1 0

)
. (69)

An orthogonal transformation U that transforms MG to one of the above matrix groups
must have a from U = V U0, where V transforms MG2 into itself, and U0 is a fixed
orthogonal transformation that transforms MG2 to one of the above matrix groups. We
can choose U0 to have the following form

U0 =
P√
2

(
1 1

1 −1

)
, or U0 =

P√
2

(
−1 1

1 1

)
, or U0 = P

(
1 0

0 1

)
. (70)

To keep MG unchanged V must satisfy

V

(
1 0

0 −1

)
=

(
1 0

0 −1

)
V. (71)

We find that V must be diagonal. Thus V , as an orthogonal matrix, must be signed
diagonal. This gives us the result (68).

20



SciPost Physics Submission

If dim(ρisum) ≥ 8, it is possible that the matrix group of Dρisum(σ)Iθ,Iθ ’s is generated
by the following non-diagonal matrix

±

(
0 −1
1 0

)
(72)

This is because the direct sum decomposition of ρisum contains a dimension-6 irreducible
representation, whose ρ(t) has a 2-dimensional eigenspace. The representation can give
rise to this form of Dρisum(σ)Iθ,Iθ ’s.

The eigenvalues of the matrices are (i ,− i). The most general orthogonal matrices that
transform all non-zero Dρisum(σ)Iθ,Iθ ’s into signed permutations must have the form

U = PVsd

(
1 0

0 1

)
. (73)

If dim(ρisum) ≥ 8, it is also possible that non-zero Dρisum(σ)Iθ,Iθ ’s form the following
matrix group: (

1 0

0 1

)
,

(
−1

2 −
√
3
2√

3
2 −1

2

)
,

(
−1

2

√
3
2

−
√
3
2 −1

2

)
(74)

This is because the direct sum decomposition of ρisum contains a dimension-8 irreducible
representation whose ρ(t) has a 2-dimensional eigenspace, which gives rise to the this
form of Dρisum(σ)Iθ,Iθ ’s. In the above, the eigenvalues of the later two matrices are

±(e i 2π/3, e− i 2π/3). Since a permutation of two elements can only have orders 1 or 2,
the corresponding 2×2 signed permutation matrix can only have eigenvalues 1, −1 or ± i .
Any other eigenvalue is not possible. Thus, there is no orthogonal matrix that can trans-
form the above two matrices into signed permutations. Such ρisum is not a representation
of any modular data.

We also find cases where a 2-by-2 Dρisum(σ)Iθ,Iθ takes one of the following forms (up

to conjugation of signed diagonal matrices):

(
−1+

√
5

4 , 1
2c

3
20

−1
2c

3
20, −1+

√
5

4

)
,

(
−1−

√
5

4 , −1
2c

1
20

1
2c

1
20, −1−

√
5

4

)
,(

1
2 ,

√
3
2

−
√
3
2 , 1

2

)
. We find D4

ρisum
(σ)Iθ,Iθ ̸= id for those matrices. Thus, those Dρisum(σ)Iθ,Iθ

are not similar to any 2-by-2 signed permutation.

5.3 Within a 3-dimensional eigenspace of ρisum(t)

We find cases where a 3-by-3 Dρisum(σ)Iθ,Iθ is given by


1
2 , −

√
3
2 , 0

√
3
2 , 1

2 , 0

0, 0, 1

, whose order is

3 (i.e. cube to identity). Since the trace of the matrix is non-zero, it cannot be similar
to any 3-by-3 order-3 signed permutation matrix (since 3-by-3 order-3 signed permutation
matrices all have zero trace).

There are also cases where 3-by-3 generators ofDρisum(σ)Iθ,Iθ ’s are given by


1, 0, 0

0, −1, 0

0, 0, −1

,
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
1, 0, 0

0, −1
2 ,

√
3
2

0, −
√
3
2 , −1

2

. The second matrix is of order-3 and can only be similar to signed

(1, 2, 3) permutations. The most general orthogonal transformations that transform the
second matrix into signed permutations have a form

U = PVsd


√
3
3 , −

√
6
6 , −

√
2
2√

3
3 ,

√
6
3 , 0

√
3
3 , −

√
6
6 ,

√
2
2

 (75)

where Vsd is a signed diagonal matrix and P a permutation matrix. But those orthogonal
transformations all fail to transform the first matrix into signed permutations. So those
cases are rejected.

There are cases where a 3-by-3 Dρisum(σ)Iθ,Iθ ’s is


1, 0, 0

0, 0, −1
0, 1, 0

. This matrix is of

order-4 and can only be similar to signed (2, 3) permutations. The most general orthogonal
matrices that conjugate this matrix into signed permutation matrices have a form PVsd.

There are also cases where a 3-by-3 Dρisum(σ)Iθ,Iθ ’s is (up to sign and signed permu-

tations)


1, 0, 0

0, −1
2 ,

√
3
2

0, −
√
3
2 , −1

2

. The most general orthogonal transformations that transform

this matrix into signed permutations are given by (75).

5.4 Within a 4-dimensional or 5-dimensional eigenspace of ρisum(t)

Some cases have 4-by-4 Dρisum(σ)Iθ,Iθ ’s generated by the following generators (up to sign
and signed permutations)

1, 0, 0, 0

0, −1, 0, 0

0, 0, −1, 0

0, 0, 0, −1

 ,


1, 0, 0, 0

0, 0, 0, −1
0, 0, −1, 0

0, 1, 0, 0

 (76)

The second matrix is a signed (1, 3)(2, 4) permutation. It can also be transformed into
signed (1, 2, 3, 4) permutation by the following matrix

U = PVsd


1
2 ,

√
2
2 , 1

2 , 0

1
2 , 0, −1

2 , −
√
2
2

1
2 , −

√
2
2 , 1

2 , 0

1
2 , 0, −1

2 ,
√
2
2

 (77)

By this U fails to transform the first matrix into a signed permutation. Thus, the most
general orthogonal transformations that transform the two matrices into signed permuta-
tions have a form U = PVsd.
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Some cases have 4-by-4 Dρisum(σ)Iθ,Iθ ’s generated by the following generators (up to
sign and signed permutations) 

1, 0, 0, 0

0, 0, 0, −1
0, 0, −1, 0

0, 1, 0, 0

 (78)

The most general orthogonal transformations that transform this matrix into signed per-
mutations have a form U = PVsd or (77).

Some cases have 5-by-5 Dρisum(σ)Iθ,Iθ ’s generated by the following generators (up to
sign and signed permutations)

−1, 0, 0, 0, 0

0, 1, 0, 0, 0

0, 0, 1, 0, 0

0, 0, 0, 1, 0

0, 0, 0, 0, 1


,



1, 0, 0, 0, 0

0, 1, 0, 0, 0

0, 0, 0, 0, −1
0, 0, 0, −1, 0

0, 0, 1, 0, 0


(79)

The most general orthogonal transformations that transform this matrix into signed per-
mutations have a form U = PVsd or

U = PVsd



1 0 0 0 0

0 1
2 ,

√
2
2 , 1

2 , 0

0 1
2 , 0, −1

2 , −
√
2
2

0 1
2 , −

√
2
2 , 1

2 , 0

0 1
2 , 0, −1

2 ,
√
2
2


(80)

Some cases have 4-by-4 Dρisum(σ)Iθ,Iθ ’s generated by the following generators (up to
sign and signed permutations)

−1, 0, 0, 0

0, 1, 0, 0

0, 0, 1, 0

0, 0, 0, 1

 ,


1, 0, 0, 0

0, 1, 0, 0

0, 0, −1
2 ,

√
3
2

0, 0, −
√
3
2 , −1

2

 (81)

The second matrix is of order-6 and can only be similar to signed (2, 3, 4) permutations.
The most general orthogonal transformations that transform the second matrix (and the
first matrix) into signed permutations have a form

U = PVsd


1 0 0 0

0
√
3
3 , −

√
6
6 , −

√
2
2

0
√
3
3 ,

√
6
3 , 0

0
√
3
3 , −

√
6
6 ,

√
2
2

 (82)
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5.5 General degenerate cases

In general, the orthogonal matrix U that transform ρisum to a pMD representation ρpMD

ρpMD(t) = Uρisum(t)U
⊤, ρpMD(s) = Uρisum(s)U

⊤, (83)

contains continuous parameters. For example, U may have the following form

U =



√
2 −

√
2 0 0 0 0 0 · · ·

√
2
√
2 0 0 0 0 0 · · ·

0 0 u1 u2 0 0 0 · · ·
0 0 u2 −u1 0 0 0 · · ·
0 0 0 0 u3 u4 u5 · · ·
0 0 0 0 u6 u7 u8 · · ·
0 0 0 0 u9 u10 u11 · · ·
...

...
...

...
...

...
...

. . .


for ρ̃(t) =



θ̃0 0 0 0 0 0 0 · · ·
0 θ̃0 0 0 0 0 · · ·
0 0 θ̃1 0 0 0 0 · · ·
0 0 0 θ̃1 0 0 0 · · ·
0 0 0 0 θ̃2 0 0 · · ·
0 0 0 0 0 θ̃2 0 · · ·
0 0 0 0 0 0 θ̃2 · · ·
...

...
...

...
...

...
...

. . .


,

where ui’s satisfy the following orthogonality conditions:

u21 + u22 − 1 = 0, u23 + u24 + u25 − 1 = 0, u3u6 + u4u7 + u5u8 = 0, · · · (84)

where will be called zero conditions. When Dρ̃(σ) are not signed diagonal matrices with
non-degenerate common eigenspaces, we will assume U to have the general form (84).

Because ui in U are real numbers, different choices of ui’s will give us infinitely many
potential pMD representations ρpMD, and hence infinitely many potential MD representa-
tions ρMD, after a finite number conjugations by signed diagonal matrices. Thus we cannot
check those MD representations one by one to see which of them satisfy Proposition 2.1.
Thus we need to use additional conditions on ui. If we have enough conditions which only
allow a finite numbers of solutions, then we get a finite number of U ’s which lead to a
finite number potential pMD representations.

We will use the following conditions on pMD representations to obtain equations on
ui’s. Those conditions on pMD representations are derived from condition on MD rep-
resentations (see Proposition 2.4), by noticing that a pMD representation is related to a
MD representation via

(ρpMD)ij = vivj(ρMD)ij , vi ∈ {+1,−1} (85)

Proposition 5.3. A pMD representation ρpMD has the following properties:

1. The conductor of the elements of ρpMD(s) divides ord(ρpMD(t)).

2. The number of self dual objects is greater than 0. Thus

Tr(ρ2pMD(s)) ̸= 0. (86)

Since Tr(ρ2pMD(s)) ̸= 0, let us introduce

C =
Tr(ρ2pMD(s))

|Tr(ρ2pMD(s))|
ρ2pMD(s). (87)

The above C is the charge conjugation operator of MTC, i.e. C is a permutation
matrix of order 2. In particular, Tr(C) is the number of self dual objects. Also, for
each eigenvalue θ̃ of ρpMD(t),

Trθ̃(C) ≥ 0, (88)

where Trθ̃ is the trace in the degenerate subspace of ρpMD(t) with eigenvalue θ̃.
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3. If the modular data is integral and ord(ρpMD(t)) = odd, then

Tr(C) =
(
Tr
(
ρ2pMD(s)

))2
= 1, (89)

i.e. the unit object is the only self-dual object.

4. For any Galois conjugation σ in Gal(Qord(ρpMD(t))), there is a permutation of the
indices, i→ σ̂(i), and ϵσ(i) ∈ {1,−1}, such that

σ
(
ρpMD(s)i,j

)
= ϵσ(i)ρpMD(s)σ̂(i),j = ρpMD(s)i,σ̂(j)ϵσ(j) (90)

σ2
(
ρpMD(t)i,i

)
= ρpMD(t)σ̂(i),σ̂(i), (91)

for all i, j.

5. For any integer a coprime to n = ord(ρpMD(t)), we define

DρpMD(a) := ρpMD(t
astbstas−1) = DρpMD(a+ ord(ρpMD(t))),

where ab ≡ 1 mod ord(ρpMD(t)) . (92)

For any σ ∈ Gal(Qn), σ(ζn) = ζan for some unique integer a modulo n. We define

DρpMD(σ) := DρpMD(a) . (93)

By [93, Theorem II], DρpMD : Gal(Qn) = (Zn)
× → GLr(C) is a representation equiv-

alent to the restriction of ρpMD on the diagonal subgroup of SL2(Z/nZ). DρpMD(σ)
in (92) must be a signed permutation

(DρpMD(σ))i,j = ϵσ(i)δσ̂(i),j . (94)

and satisfies

σ(ρpMD(s)) = DρpMD(σ)ρpMD(s) = ρpMD(s)D
⊤
ρpMD

(σ),

σ2(ρpMD(t)) = DρpMD(σ)ρpMD(t)D
⊤
ρpMD

(σ) (95)

6. There exists a u such that ρpMD(s)uu ̸= 0 and

ρpMD(s)ij
ρpMD(s)uu

,
ρpMD(s)ij
ρpMD(s)uj

∈ Oord(T ),
ρpMD(s)ij
ρpMD(s)i′j′

∈ Qord(T ),

ρpMD(s)ui ̸= 0,
1

ρpMD(s)ui
∈ Oord(ρ(t)), ,

Ñ ij
k =

r−1∑
l=0

ρpMD(s)liρpMD(s)ljρpMD(s
−1)lk

ρpMD(s)lu
∈ Z, ∀ i, j, k = 1, 2, . . . , r. (96)

(u corresponds the unit object of MTC. Also see Lemma 5.4.)

7. Let n ∈ N+. The nth pseudo Frobenius-Schur indicator of the i-th simple object

ν̃n(i) =
r∑

l=1

ρpMD(st
ns)luρpMD(st

−ns−1)luρpMD(s
−1)li

ρpMD(s)lu
(97)

is a cyclotomic integer whose conductor divides n and ord(T ). The 1st pseudo
Frobenius-Schur indicator satisfies ν̃1(i) = δiu while the 2nd pseudo Frobenius-Schur
indicator ν̃2(i) satisfies ν̃2(i) ∈ {ρpMD(s

2)ii,−ρpMD(s
2)ii} (see [89–91]). We also

have the identity ν̃n(u) = 1.
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8. D̃ = 1/ρpMD(s)uu is a cyclotomic integer. D̃5/ ord(T ) is an algebraic integer, which

is also a cyclotomic integer. The prime divisors of norm(D̃) and ord(T ) coin-

cide. D̃/d̃i = 1/ρpMD(s)ui are cyclotomic integers (see Lemma 5.4), where d̃i =

ρpMD(s)ui/ρpMD(s)uu. The prime divisors of norm(D̃/d̃i) = norm(1/ρpMD(s)ui) are
part of the prime divisors of ord(T ). This also implies that the prime divisors of

norm(d̃i) = norm(ρpMD(s)ui/ρpMD(s)uu) are part of the prime divisors of ord(T ).

9. If the above conditions are satisfied for choosing an index u as the unit index, then
the above conditions are also satisfied for choosing another index u′ as the unit index,
provided that u and u′ are related by an Galois conjugation: u′ = σ̂(u)

Lemma 5.4. For a pMD representation ρpMD, let s = ρpMD(s), the u-th row of s the unit
row, n = ord(ρpMD(t)), and N = pord(ρpMD(t)). Then 1/suj is a cyclotomic integer in
Qn which divides 1/suu for all j. In particular, the prime factors of norm(1/suj) can only
be part of those of N .

Proof. Let di and D2 be the quantum dimensions and the total quantum dimension of
the modular tensor category that corresponds to a pMD representation ρpMD. Note that

D̃ = 1/suu ∈ Qn and d̃j =
suj
suu
∈ QN , which are cyclotomic integers for all j. D and D̃ differ

only by some 4-th roots of unity. di and d̃i differ only by ±1. Since D/dj is an algebraic
integer and is equal to 1/suj up to a 4-th root of unity, 1/suj is an algebraic integer in
Qn which divides 1/suu as algebraic integers. By the Cauchy theorem, norm(1/suu) has
exactly the same prime factors as those of N . Since norm(1/suj) | norm(1/suu), the prime
factors of norm(1/suj) must be a subcollection of the prime factors of N .

In our computer algebra calculation, the conditions on ui are written as zero conditions
f1(ui) = 0 and f2(ui) = 0 and · · · , where fk(ui) are multi-variable polynomials. Since
those zero conditions must be satisfied simultaneously, we refer to the set of zero conditions
as and-connected zero conditions.

We may have another set zero conditions that must be satisfied simultaneously. But we
only require one of the two sets of zero conditions to be satisfied. Thus the two sets of zero
conditions are connected by “or”, which give rise to or-connected sets of and-connected
zero conditions. Some time, we create and-connected sets of or-connected zero conditions,
and we need to convert them to or-connected sets of and-connected zero conditions. Our
computer code is designed to manage those different logically connected zero conditions.

When we have two zero or-connected conditions, g1(ui) = 0 or h1(ui) = 0, we could
combine them into one zero condition f1(ui) = g1(ui)h1(ui) = 0. But we will not do it.
We will store the zero conditions as or-connected sets of and-connected zero conditions:

[g1(ui) = 0 and f2(ui) = 0 and · · · ]
or [h1(ui) = 0 and f2(ui) = 0 and · · · ]. (98)

Those two sets of zero conditions can be viewed as a factorization of a single set of zero
conditions f1(ui) = 0 and f2(ui) = 0 and · · · . So storing the ui’s conditions as two sets of
and-connected zero conditions allows us to avoid factorizing some algebraic equations (such
as factor f1(ui) = 0 into g1(ui) = 0 or h1(ui) = 0), which is difficult and unreliable for
multi-variable polynomials. This is a strategy that we use in computer algebra calculation
to construct the conditions on ui’s: We try to construct many or-connected sets of and-
connected zero conditions.

We call this stage of calculation as u-stage, where we try to factorize a zero condition
f1(ui) = g1(ui)h1(ui) = 0 into or-connected zero conditions: g1(ui) = 0 or h1(ui) = 0.
To help factorizing, we write GAP code to choose Gröbner basis for the and-connected
zero conditions so that some of the zero conditions to have as few variables as possible.
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When a zero condition contains a single ui variable and if this variable is known to be a
cyclotonic number of a know conductor, then we can factorize the zero condition.

If after factorization, we obtain say

[u1 = 0 and u2 − 1 = 0 and u23 + u24 − 1 = 0 · · · ]

or [u1 −
√
2

2
= 0 and u2 −

√
2

2
= 0 and u23 + u24 − 1 = 0 · · · ], (99)

then u1 and u2 are solved, but u3 and u4 remain unsolved. Since ui are real, the condition
u21+u22 = 0 becomes u1 = 0 and u2 = 0. The condition u21+u22+1 = 0 leads to a rejection.

If we fail to solve all the variables ui, we replace the matrix elements of ρpMD(s) with
ui variable’s by cyclotomic numbers which contain only finite rational variables ri. This is
because the conductor of the matrix elements of ρpMD(s) is ord(ρpMD(t)) which is finite.
At this stage of rational variables (called r-stage), we can utilize addition conditions that
involve Galois conjugations, which we cannot use at the u-stage. Also, the zero condition
like r21 − 2

3 = will lead to a rejection at r-stage.
If we fail to solve all the variable ri, we can go to stage of integer variables ni, the

n-stage, (or we can go to the n-stage directly from the u-stage). This is achieved by
representing ρpMD(s) in terms of cyclotomic integers:

Kij ≡
ρpMD(s)ij
ρpMD(s)uu

∈ Oord(T ), K̃ij ≡
ρpMD(s)ij
ρpMD(s)uj

∈ Oord(T ), Ji ≡
1

ρpMD(s)ui
∈ Oord(ρ(t)).

(100)

From Kij , K̃ij , Ji we can recover ρpMD(s). Since Kij , K̃ij , Ji have finite conductors
ord(ρpMD(t)) or ord(T ), we can replace the elements with ri or ui variables by a finite
number of integer variables ni.

Proposition 5.5. The two matrices K, K̃ and the vector J satisfy the following condi-
tions, which we can use to solve for integer variables ni:

1. From the their definition, we find

Kij = Kji, Kiu = real, KijJj = K̃ijJu. (101)

2. For any integer σ coprime to ord(ρpMD(t)), we have

DρpMD(σ)KJu = ρpMD(t)
σKρpMD(t)

γKρpMD(t)
σ (102)

where γ satisfies σγ = 1 mod ord(ρpMD(t)).

DρpMD(−1)J
2
u = K2, (103)

where DρpMD(σ) = DρpMD(σ + ord(ρpMD(t))) and are signed permutation matrics,

which for a representation of the multiplication group Z×
ord(ρpMD(t)).

3. The Galois conguations:

σ(Ji) =

r−1∑
j=0

Jj(DρpMD(σ)
⊤)ji, σ(K̃ij) =

r−1∑
k=0

K̃ik|(DρpMD(σ)
⊤)kj |,

σ(Kij)Ju =
r−1∑
k=0

DρpMD(σ)ikKkjσ(Ju), σ(K̃ij)Jj =
r−1∑
k=0

DρpMD(σ)ikK̃kjσ(Jj). (104)
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4. If we know |Kiu| = 1 for an index i, then

|Kij | = 1 for all indices j. (105)

5. Pseudo characters of SL2(Z) representation:

JuTr(ρisum(s)Iθ,Iθ) = Tr(KIθ,Iθ),

J2
uTr
(
ρisum(s)Iθ,Iθ′ρisum(s)Iθ′ ,Iθ

)
= Tr

(
KIθ,Iθ′KIθ′ ,Iθ

)
. (106)

Here, Iθ is the set of indices for the degenerate eigenspace of ρpMD(t) with eigenvalue
θ. For example, the matrix KIθ,Iθ′ is a block of the K-matrix that connects Iθ and
Iθ′.

6. Orthogonality conditions:

r−1∑
i=0

1

|Ji|2
= 1,

r−1∑
k=0

KikK
∗
kj = |Ju|2δij ,

r−1∑
k=0

K̃kiK̃
∗
kj = |Ji|2δij ,

r−1∑
k=0

KikK̃
∗
kj = JuJ

∗
i δij

(107)

7. The pseudo fusion coefficients Ñ ij
k :

Ñ ij
k = ρpMD(s)uuρpMD(s)

∗
uu

r−1∑
l=0

ρpMD(s)li
ρpMD(s)uu

ρpMD(s)lj
ρpMD(s)uu

ρpMD(s)
∗
lk

ρpMD(s)∗lu

=

∑r−1
l=0 KilKjlK̃

∗
kl

|Ju|2
∈ Z, (108)

where we have used the fact that
ρpMD(s)uu
ρpMD(s)ul

are real, which leads to
ρpMD(s)uu
ρpMD(s)ul

=
ρpMD(s)∗uu
ρpMD(s)∗ul

.

8. The pseudo Frobenius-Schur indicators ν̃n(i):

ν̃n(i) = |ρpMD(s)uu|4
r∑

l=1

ρpMD(st
ns)lu

(ρpMD(s)uu)2
ρpMD(st

−ns−1)lu
ρpMD(s)uuρpMD(s)∗uu

ρpMD(s)
∗
il

ρpMD(s)∗ul

= |Ju|−4
r∑

l=1

(
KρnpMD(t)K

)
lu

(
Kρ−n

pMD(t)K
∗)

lu
K̃∗

il, (109)

where ν̃1(i) = δiu and ν̃2(i) ∈ {ρpMD(s
2)ii,−ρpMD(s

2)ii}

At n-stage, there are more tricks to solve zero conditions. For example, a zero condition
n1n2 = 10 will lead to or-connected zero conditions:

[n1 = 1 and n2 = 10] or [n1 = −1 and n2 = −10]
or [n1 = 2 and n2 = 5] or [n1 = −2 and n2 = −5]
or [n1 = 5 and n2 = 2] or [n1 = −5 and n2 = −2]
or [n1 = 10 and n2 = 1] or [n1 = −10 and n2 = −1]. (110)

Also, a zero condition n2
1 − n1n2 + n2

2 = 1 of elliptic form will lead to or-connected zero
conditions:

[n1 = 1 and n2 = 1] or [n1 = −1 and n2 = −1]. (111)
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5.6 Some details of computer calculations

5.6.1 Determining DρpMD(σ)

DρpMD(σ) given by Eq. (92) contain the variables ui. The non-zero elements and the ele-
ments containing variables form blocks: Let Iθ be the indices for the degenerate eigenspace
of ρpMD(t) with eigenvalue θ. Only elements in the block DρpMD(σ)Iθ,Iθ′ is non-zero, and
for each fixed Iθ, there exists only one Iθ′ such that DρpMD(σ)Iθ,Iθ′ is non-zero. Also a non-
zero block is always a square matrix. This is because the non-zero block DρpMD(σ)Iθ,Iθ′
connects eigenvalues θ and θ′ = σ2(θ), and the number degenerate eigenvalues for θ and
θ′, mapped into each other by a Galois conjugation, are the same.

We know that the matrix elements of DρpMD(σ) can only take three possible values
0,±1, since DρpMD(σ) are signed permutations. Thus, there are only a finite number of
possible DρpMD(σ). So in the first step, we list all those possible DρpMD(σ)’s. In fact,
the number of possible sets of DρpMD(σ)’s are not many, since many matrix elements of
DρpMD(σ)’s are either equal or differ by sign. When we assign 0,±1 to matrix elements
of DρpMD(σ), we include such correlations. Also, the resulting DρpMD(σ)’s are commuting
signed permutations, which also reduces the number of possible sets of DρpMD(σ)’s. The
computation load can be further reduced if we use the commuting properties of DρpMD(σ)
as early as possible during our determination of the matrix elements of DρpMD(σ).

The number of the possible DρpMD(σ)’s can be further reduced. We note that the
transformation U is block diagonal. The block that contain ui variable’s has a form
UIθ,Iθ , i.e. U only maps the eigenspace Iθ into itself (see (84)). The transformation U
generated by our code has such a property that the block UIθ,Iθ with variable’s corresponds
to the most general orthogonal transformations in the eigenspace Iθ. Those orthogonal
transformations, acting on various eigenspaces, generate signed permutations of the index
i = 0, 1, · · · , r−1. We can define two sets of DρpMD(σ)’s as equivalent if they are connected
by those signed permutations by conjugation. We only need to pick one representative
from each equivalence class.

We pick the representative in the following way. We first pick a σ. Then we only
require DρpMD(σ) for that one σ to satisfy some additional conditions. For a diagonal
block DρpMD(σ)Iθ,Iθ where UIθ,Iθ contain ui variable’s, we require the square matrix D ≡
DρpMD(σ)Iθ,Iθ to satisfy the following conditions (i.e. we can use signed permutations Psgn

and transformation D → PsgnDP−1
sgn to make D to satisfy the following conditions):

1. D is a signed permutation matrix.

2. Di,j = 0 if j ≥ i+ 2.

3. Di,i+1 ∈ {0, 1}, i.e. the possibility of Di,i+1 = −1 is excluded.

4. Dii ≥ Di+1,i+1.

For example, D may take the following form

D =



1 0 0 0 0

0 0 1 0 0

0 0 0 1 0

0 ±1 0 0 0

0 0 0 0 −1


(112)

In other words, we can use UIθ,Iθ to make the upper triangle part of D non-negative.
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Let us define an ordering of the blocks Iθ in such a way that block-level cyclic permu-
tation (Iθ1 , Iθ2 , · · · , Iθn , ) generated by DρpMD(σ)Iθ,Iθ′ satisfies

Iθ1 < Iθ2 , Iθ2 < Iθ3 , · · · , Iθn > Iθ1 . (113)

For an variable-containing off-diagonal block DρpMD(σ)Iθ,Iθ′ with Iθ > Iθ′ where UIθ,Iθ
and UIθ′ ,Iθ′ contain ui variable’s, we require the square matrix D ≡ DρpMD(σ)Iθ,Iθ′ to

satisfy the following conditions: (i.e. we can use two signed permutations Psgn, P̃sgn and

transformation D → PsgnDP̃sgn to make D to satisfy the following conditions):

1. D is an identity matrix.

For an variable-containing off-diagonal block DρpMD(σ)Iθ,Iθ′ with Iθ < Iθ′ where UIθ,Iθ
and UIθ′ ,Iθ′ contain ui variable’s, we require the square matrixD ≡ DρpMD(σ)Iθ,Iθ′ to satisfy
the following conditions (i.e. we can use signed permutations Psgn and transformation
D → PsgnDP−1

sgn to make D to satisfy the following conditions):

1. D is a signed permutation matrix.

2. Di,j = 0 if j ≥ i+ 2.

3. Di,i+1 ∈ {0, 1}, i.e. the possibility of Di,i+1 = −1 is excluded.

4. Dii ≥ Di+1,i+1.

We like to remark that since we have fixed DρpMD(σ)Iθ,Iθ′ with Iθ > Iθ′ to be identity,

the transformation, DρpMD(σ)Iθ,Iθ′ → PsgnDρpMD(σ)Iθ,Iθ′ P̃sgn, that keep DρpMD(σ)Iθ,Iθ′ un-

changed must satisfy P̃sgn = P−1
sgn. Therefore, the transformation on DρpMD(σ)Iθ,Iθ′ with

Iθ < Iθ′ has a form DρpMD(σ)Iθ,Iθ′ → PsgnDρpMD(σ)Iθ,Iθ′P
−1
sgn. For example, D may take

the following form

D =


0 id 0

0 0 id

D̃ 0 0

 (114)

where D̃ is given by (112).
After knowing DρpMD(σ), we can obtain a set of zero conditions on ui’s from Eq. (95),

as well as the zero conditions from the orthogonality conditions of U .

5.6.2 Determining if the MTC is integral

We expand the number possible cases (i.e. the number of or-connected sets of and-
connected zero conditions) further by choosing possible rows of ρpMD(s) to be the unit
row. Certainly, only the row that contain no zero’s can be a unit row.

Then for each case, we can check if (DρpMD(σ))uu = ±1 for all σ. If yes, it means ρpMD

must correspond to a integral MTC, if any. Also, if pord(ρpMD(t)) ∈ {2, 3, 4, 6}, then
ρpMD must correspond to an integral MTC as well, if any. Using such a method, we find
that SL2(Z) representations may give rise to integral MD’s only when the prime divisors
of pord(ρpMD(t)) belong to the sets listed in Table 4. This result will use to construct
integral MTCs (see Section 6.3 for more details).

From now on, for each case, we not only know ρpMD(s) and ρpMD(t), we also know a
possible DρpMD(σ) of them, as well as a possible index u for the unit row, together with a
set of and-connected zero conditions of ui. This allows us to obtain many additional zero
conditions on ui’s for such a case.
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Table 4: We have computed ρpMD(t) of all SL2(Z) representations that may give
rise to non-pointed integral MD’s for each rank. This table lists all the prime
divisors of pord(ρpMD(t)) of those ρpMD’s.

rank prime divisors

2 [ ]

3 [ ]

4 [2]

5 [2,3]

6 [ ]

7 [ ]

8 [2,3]

9 [2,3]

10 [2], [2,3], [2,3,5]

11 [2], [2,3], [2,3,5], [2,5]

12 [2,3], [2,3,5], [2,3,7]

5.6.3 Conditions from Frobenius-Schur indicators

Since we know the index u of the unit row, we can compute the second pseudo Frobenius-
Schur indicator from ρpMD(s):

ν̃2(i) =
r∑

l=1

ρpMD(st
2s)luρpMD(st

−2s−1)luρpMD(s
−1)li

ρpMD(s)lu
. (115)

The 2nd pseudo Frobenius-Schur indicator ν̃2(i) satisfies

ν̃2(i) = ±ρpMD(s
2)ii, ν̃2(u) = 1. (116)

The 2nd pseudo Frobenius-Schur indicator give us important zero conditions on ui’s, which
can effectively help us to determine ui’s and ri’s. However, for more complicated cases
(such as when the number of variables is more then 12), the zero conditions from the
Frobenius-Schur indicator can be too complicated.

We would like to remark that the zero conditions from the Frobenius-Schur indicator
have the form f1(ui)/g1(ui) = 0, where f1(ui) and g1(ui) are multi-variable polynomials.
We convert the condition f1(ui)/g1(ui) = 0 to a zero condition f1(ui) = 0. Such a
conversion may create some fake solutions of ui. We can rule out those fake solutions
later, when we check if the resulting (S, T ) matrices satisfy the conditions for modular
data or not.

5.6.4 Reduce the number of variables

In order to factorize zero conditions, it is important to find a Gröbner basis for and-
connected zero conditions, such that some zero conditions have fewest variables, in partic-
ular single variable. We use the following strategy to find such a Gröbner basis. Consider
a set of and-connected zero conditions [f1(ui) = 0 and f2(ui) = 0 and f2(ui) = 0 · · · ]. We
want to use the ith zero condition fi to transform the ith zero condition fj . Assume fi is
a sum of a few monomials: fi = m1(ui) +m2(ui) +m3(ui). We can use the substitution
m1 → −m2 − m3 to transform the zero condition fj . We can also use the substitution
m2 → −m1−m3 to transform the zero condition fj , etc.. Among all those transformed fj ,
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we select those with fewer variables than that of fj , and replace fj by those transformed
zero conditions. If the one with fewer variables does not exist, we just keep original zero
condition fj .

We perform the calculation for all the pairs fi and fj . We then perform the above
calculation for a few iterations. We have tested this approach and found that this is an
effective way to reduce the number of variables in zero conditions. This method is very
important for our calculations. In particular, if we can obtain zero conditions with only
single variable and if the conductor of the variable is small, then there is an effective
GAP/Singular function to factorize the single-variable polynomials.

We can also use the above substitution approach, try to eliminate some variables by
simply reducing the number of variables that we want to eliminate in zero conditions.

5.6.5 From u-stage to r-stage

We replace the ui-dependent matrix elements of ρpMD(s) with cyclotomic numbers of a
conductor ord(ρpMD(t)). Those cyclotomic numbers are expressed in terms of ri variables,
where ri are the expansion coefficients over a cyclotomic basis. This way, we express
ρpMD(s) in terms of ri variables.

Compare ρpMD(s) in terms of ui and ρpMD(s) in terms of ri, we obtain many u-r
relations. This allows us to convert some ui zero conditions to ri zero conditions, by trying
to eliminate the u-variables. The ui zero conditions that cannot be converted to ri zero
conditions will be dropped. As a result, ri-dependent ρpMD(s) may not be equivalent to the
starting SL2(Z) representation ρisum(s). To partially fix this problem, we re-implement
the SL2(Z) conditions and the Dρ conditions (94), (95), on the ri-dependent ρpMD, to
obtain additional ri zero conditions. We also compute some simple SL2(Z) characters

Tr
θ̃

(
ρ(s)

)
, Tr

θ̃

(
ρ(s)ρ(t)nρ(s)

)
, (117)

for the ρpMD and ρisum representations. Here Trθ is the trace in the eigenspace of ρ(t)

with eigenvalue θ̃. Matching those simple SL2(Z) characters also give us additional ri zero
conditions. This complete our conversion from ui’s to ri’s.

5.6.6 Integer conditions and inverse-pair of integer conditions

In r-stage, 1
ρpMD(s)ui

,
ρpMD(s)ij
ρpMD(s)uj

and
ρpMD(s)ij
ρpMD(s)uu

are cyclotomic integers in term of the rational

ri variables. We can expand the cyclotomic integers in an integral basis of cyclotomic num-
bers. The expansion coefficients are ratios of polynomials of ri with rational coefficients,
which must be equal to integers. This gives us many ri integer conditions of form

f1(ri)

g1(ri)
∈ Z,

f2(ri)

g2(ri)
∈ Z, · · · (118)

If two ri integer conditions,
f1(ri)
g1(ri)

∈ Z, f2(ri)
g2(ri)

∈ Z, satisfy

f1(ri)

g1(ri)

f2(ri)

g2(ri)
= n ∈ Z, (119)

we will call them an inverse-pair of integer conditions. For each inverse-pair of integer
conditions, we can obtain a set of ri zero conditions:

f1(ri)

g1(ri)
= m1 or

f1(ri)

g1(ri)
= −m1 or

f1(ri)

g1(ri)
= m2 or

f1(ri)

g1(ri)
= −m2 or · · · , (120)

where m1, m2, · · · are factors of n.

We note that when ρpMD(s)uu contains no variables, 1
ρpMD(s)ui

and
ρpMD(s)ui
ρpMD(s)uu

are both

cyclotomic integers. They produce inverse-pairs of integer conditions. In particular

norm( 1
ρpMD(s)ui

) and norm(
ρpMD(s)ui
ρpMD(s)uu

) is an inverse-pair of integer conditions.
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5.6.7 Solve ρpMD(s)ui using generalized Egyptian-fraction method

The generalized Egyptian-fraction method described here is an important workhorse in
our calculation. Let {pi} be the set of prime divisors of pord(ρpMD(t)). We note that
norm( 1

ρpMD(s)ui
) are integers, whose prime divisors are contained in {pi}. Similarly, norm( 1

ρpMD(s)uu
)/
∏

pi

is also an integer, whose prime divisors are contained in {pi}. We will try to use such con-
ditions to find possible values of ρpMD(s)ui.

The trick is to introduce variables vi that are reciprocals of positive integers, whose
prime divisors are contained in {pi}. We use those variables to represent norm( 1

ρpMD(s)ui
)

and norm( 1
ρpMD(s)uu

)/
∏

pi:

norm(ρpMD(s)ui) = vi or − vi, for i ̸= u

norm(ρpMD(s)uu)
∏

pi = vu or − vu. (121)

The choices of ± signs produce a lot of cases, and we need handle those cases one by one.
For each case, we combine the zero conditions, norm(ρpMD(s)ui)±vi = 0 and norm(ρpMD(s)uu)

∏
pi±

vu = 0, of vi’s and ri’s, with other zero conditions of ri’s. Then, we use the method out-
lined in Section 5.6.4 to eliminate the ri variables, trying to obtain, as many as possible,
the zero conditions that contain only vi’s.

A zero condition with only vi’s has the following form

c0 + c+1 P
+
1 (vi) + c+2 P

+
2 (vi) + · · · − c−1 P

−
1 (vi)− c−2 P

−
2 (vi) + · · · (122)

where c±i are positive integers, c0 is a non-negative inter, and P±
i (vi) are products of

vi’s. We apply the following generalized Egyptian-fraction method to solve the above zero
conditions:

1. If c0 = 0, the iteration stops, and we only get a single zero condition (122).

2. If c0 > 0, then c−1 P
−
1 (vi) + c−2 P

−
2 (vi) + · · · ≥ c0. Let c−jlargeP

−
jlarge

(vi) be a term

among c−j P
−
j (vi)’s, such that c−jlargeP

−
jlarge

(vi) ≥ c0/N
−, where N− is the number of

terms in c−1 P
−
1 (vi)+c−2 P

−
2 (vi)+· · · . Such a term must exit. Because P−

jlarge
(vi) is the

inverse of a positive integer (whose prime divisors are part of those of pord(ρpMD(t))),
P−
jlarge

(vi) has only a finite number of possible values P−
jlarge

(vi) = 1/n−, where

n− ∈ N, n− ≤
N−c−jlarge

c0
,

the prime divisors of n− are contained in {pi}. (123)

For each possibility, the zero condition (122) is reduced to a zero condition with one
less terms and P−

jlarge
(vi) = 1/n−.

We also need to run through different choices of large term among c−j P
−
j (vi)’s. At

the end, we obtain many or-connected sets of and-connected zero conditions. A set
of and-connected zero conditions contains P−

jlarge
(vi) = 1/n− and the reduced zero

condition from (122), as discussed above.

3. If c0 < 0, then c+1 P
+
1 (vi) + c+2 P

+
2 (vi) + · · · ≥ −c0. We repeat the above calculation

for c+1 P
+
1 (vi)+ c+2 P

+
2 (vi)+ · · · , and obtain many or-connected sets of and-connected

zero conditions. A set of and-connected zero conditions contains P+
jlarge

(vi) = 1/n+

and the reduced zero condition from (122).
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We perform the above calculation, starting from the simplest zero condition of vi’s that
has fewest terms and a non-zero c0. Then we handle the next simplest zero condition of
vi’s. At last, we process the resulting or-connected sets of and-connected zero conditions
of vi’s and ri’s, trying to replace vi’s by ri’s, and convert the zero conditions of vi’s and ri’s
to zero conditions of ri’s. The remaining zero conditions containing vi’s will be ignored.
This will give us or-connected sets of and-connected zero conditions of ri’s.

5.6.8 Integer conditions from norm(ρpMD(s)uu)

We note that 1
ρpMD(s)uu

= ±D or ± iD, where u is the index for the unit row. Therefore

norm( 1
ρpMD(s)uu

) is an integer whose prime divisors coincide with the prime divisors of

pord(ρpMD(t)). At r-stage, norm( 1
ρpMD(s)uu

) is a ratio of two polynomials of ri’s. Some-

times, norm( 1
ρpMD(s)uu

) ∈ Z has only finite numbers of solutions for rational variables ri’s.

We can use this property to solve 1
ρpMD(s)uu

.

In particular, there is a class of cases which is hard to solve. For those cases, ρpMD(s)uu
only depends on a single rational variable r and

ρpMD(s)uu = r −
√
5

10
, norm(

1

ρpMD(s)uu
) =

1

r2 − 1
20

∈ Z (124)

Also the prime divisors of pord(ρpMD(t)) are contained in [2, 3, 5]. This class of cases can
be solved in the following way.

Recall that the ring of algebraic integers of Q(
√
5) is Z[ϕ] where ϕ = 1+

√
5

2 . It is
well-known that the group G of invertible elements in Z[ϕ] is isomorphic to Z2 × Z, and
is given by {±ϕn | n ∈ Z}. Z[

√
5] is a subring of Z[ϕ], and its group G′ of invertible

elements, which is a subgroup of G. Since n = 3 is the smallest positive integer n such
that ϕn ∈ Z[

√
5],

G′ = {±ϕ3n | n ∈ Z} . (125)

Note that ϕ3 = 2 +
√
5 and norm(ϕ3) = −1. Thus, ϕ6 = 9 + 4

√
5 and norm(ϕ6) = 1. If

u, v ∈ N such that u2 − 5v2 = ±1, then

u+ v
√
5 =

{
(2 +

√
5)2n = (9 + 4

√
5)n if u2 − 5v2 = 1,

(2 +
√
5)2n+1 = (2 +

√
5)(9 + 4

√
5)n if u2 − 5v2 = −1 .

(126)

for some positive integer n.

Lemma 5.6. Let u, v be nonzero integers such that v > 0, (u2 − 5v2) | 5 and u = 2a3b5c

for some nonnegative integers a, b, c. Then (u, v) can only be one of the following pairs:

(i) (2,±1), (9,±4) which are the solutions of u2 − 5v2 = ±1.

(ii) (5,±2), (20,±9), (360,±161) which are the solutions of u2 − 5v2 = ±5.

Proof. Since u2 − 5v2 | 5, we have two cases: u2 − 5v2 = ϵ or 5ϵ for some ϵ = ±1.
(i) u2− 5v2 = ϵ. It is immediate to see that 5 ∤ u and so c = 0. Next, we show that a ≤ 2.
Assume to the contrary that a > 2. Then u2 ≡ 0 mod 8, and v must be odd. Thus,
u2 − 5v2 ≡ 3 ̸≡ ϵ mod 8. Therefore, a ≤ 2.
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Now, we show that b ≤ 2. Suppose not. Then b ≥ 3 which implies 3 ∤ v and u ≡ 0
mod 27. Since u2 − 5v2 ≡ −5 ≡ 1 mod 3, ϵ = 1. By (126), we find

2a3b = u =
1

2

(
(9 + 4

√
5)n + (9− 4

√
5)n
)
=

∑
0≤2i≤n

(
n

2i

)
9n−2i · 42i · 5i (127)

≡

{
4n · 5

n
2 mod 27 if n is even,

n · 9 · 4n−1 · 5
n−1
2 mod 27 if n is odd.

(128)

Since the leftmost expression of (127) is divisible by 27, it follows from (128) that n must
be odd and 3 | n. Thus, n = 3k for some positive odd integer k. It follows from (127)
again

2a3b =
1

2

(
(9 + 4

√
5)3k + (9− 4

√
5)3k

)
=

1

2

(
(9 + 4

√
5)3 + (9− 4

√
5)3
)
z = 2889z = 33 · 107 · z

(129)

for some integer z since k is odd. However, this is a contradiction since 107 ∤ 2a3b.
Therefore, b ≤ 2.

Now, we can solve for the integral solutions v of the equations u2 − 5v2 = ±1 for
u = 2a3b with 0 ≤ a, b ≤ 2. The integral solutions to u2 − 5v2 = ±1 are (u, v) = (2,±1)
and (9,±4).
(ii) u2 − 5v2 = 5ϵ. Then 5 divides u (or c ≥ 1), and we have v2 − 5u2 = ±1 where
u = u/5 = 2a3b5c−1.

We first show that c = 1. Assume to the contrary that c > 1. Then u ≡ 0 mod 5. By
(126), there is a positive integer n such that

u =
1

2
√
5

(
(2 +

√
5)n − (2−

√
5)n
)
=

∑
0≤2i+1≤n

(
n

2i+ 1

)
2n−2i−1 · 5i ≡

(
n

1

)
2n−1 mod 5 .

(130)
This implies

(
n
1

)
2n−1 ≡ 0 mod 5 , and hence n = 5k for some integer k. Therefore,

2a3b5c−1 =
1

2
√
5

(
(2 +

√
5)5k − (2−

√
5)5k

)
=

1

2
√
5

(
(2 +

√
5)5 − (2−

√
5)5
)
z = 305z = 5 · 31 · z

(131)

for some integer z, which is absurd. Therefore, c = 1, and so u = 2a3b.
Next, we show that a ≤ 3 and b ≤ 2. If a > 3, then v is odd. Since v2 ̸≡ −1 mod 16,

ϵ = 1 and so
v2 − 5u2 = 1 . (132)

Similarly, if b > 2, then 3 ∤ v. Since v2 ̸≡ −1 mod 27, ϵ = 1. Therefore, (u, v) can only
satisfy (132). It follows from (126) that

u =
1

2
√
5

(
(9 + 4

√
5)n − (9− 4

√
5)n
)
=

∑
0≤2i+1≤n

(
n

2i+ 1

)
9n−2i−1 · 42i+1 · 5i(133)

≡


(
n
1

)
9n−14 mod 16

4n · 5(n−1)/2 mod 27 if n is odd;(
n
1

)
9 · 4n−1 · 5(n−1)/2 mod 27 if n is even.

(134)

If a > 3, u ≡ 0 mod 16. Therefore, n = 4k for some integer k by (134). It follows
from (133) that

2a3b = u =
1

2
√
5

(
(9 + 4

√
5)4k − (9− 4

√
5)4k

)
=

1

2
√
5

(
(9 + 4

√
5)4 − (9− 4

√
5)4
)
· z

= 24327 · 23 · z (135)
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for some integer z but this is absurd. Therefore, a ≤ 3.
If b > 2, u ≡ 0 mod 27. Therefore, n = 6k for some integer k by (134). It follows

from (133) that

2a3b = u =
1

2
√
5

(
(9 + 4

√
5)6k − (9− 4

√
5)6k

)
=

1

2
√
5

(
(9 + 4

√
5)6 − (9− 4

√
5)6
)
· z

= 233317 · 19 · 107 · z (136)

for some integer z but this is absurd. Therefore, b ≤ 2.
Now, we can solve for v of the equations u2 − 5v2 = ±5 for u = 2a · 3b · 5 with

0 ≤ a ≤ 3, 0 ≤ b ≤ 2. The integral solutions to u2 − 5v2 = ±5 are (u, v) = (5,±2),
(20,±9) and (360,±161).

Proposition 5.7. Let r ∈ Q such that (r2− 1
20)

−1 = ϵ · 2α+1 · 3β · 5γ for some nonnegative
integers α, β, γ and ϵ = ±1. Then,

r ∈
{
0,±1

4
,±1

5
,±2

9
,± 9

40
,±161

720

}
. (137)

Proof. It is clear that r = 0 is a solution. Now, we assume r = x
y where x, y are nonzero

coprime integers with y > 0. Then

20y2

y2 − 20x2
= ϵ · 2α+1 · 3β · 5γ , or

10y2

y2 − 20x2
= ϵ · 2α · 3β · 5γ . (138)

Thus, (10−ϵ·2α·3β ·5γ)·y2 = −ϵ·2α+2·3β ·5γ+1·x2. Since x, y are coprime, y2 | 2α+2·3b·5γ+1

or
y = 2a · 3b · 5c (139)

for some nonnegative integers a, b, c such that 2a ≤ α+ 2, 2b ≤ β, 2c ≤ γ + 1.
Equations (138) also imply that y2 − 20x2 divides 10y2 and so y2 − 20x2 divides

200x2. Since x, y are coprime, y2 − 20x2 divides gcd(200x2, 200y2) = 200. Note that if
5 | (y2 − 20x2), 5 | y. Since x, y are coprime, 5 ∤ x and hence y2 − 20x2 ̸≡ 0 mod 25.
Therefore, (y2 − 20x2) | 40.

(i) Suppose y is odd. Then y2 − 20x2 is an odd divisor of 200. Thus, (y2 − 20x2) | 5,
and so (y2 − 5x2) | 5 where x = 2x. It follows from Lemma 5.6 that (y, x) = (9,±4) or
(5,±2). Therefore, r = x

y = ±2
9 or ±1

5 .

(ii) Now we assume y is even. Then y2 − 20x2 is also and x must be odd. Thus,
4 | (y2 − 20x2). If 8 | y2 − 20x2, then 2 |

(
(y2 )

2 − 5x2
)
which implies y

2 is odd. Therefore,

(y2 )
2, 5x2 ≡ 1 mod 4 and so 4 |

(
(y2 )

2 − 5x2
)
or 16 | (y2−20x2), which cannot be a divisor

of 40. As a consequence, we find

y2 − 20x2 = ±4 or ± 20 . (140)

Let y = y/2. These diophantine equations are equivalent to (y2− 5x2) | 5. It follows from
Lemma 5.6 that (y, x) = (2,±1), (20,±9) or (360,±161). Therefore, r = x

y = ±1
4 , ±

9
40 or

±161
720 .

Because r has only a finite number of solutions, thus ρpMD(s)uu only takes a finite
number of possible values, and becomes known. This makes the cases soluble using the
methods of inverse-pair of integer conditions discussed in Section 5.6.6.
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5.6.9 Go to n-stage

We can go to n-stage from r-stage or u-stage, by considering Kij , K̃ij , Ji introduced in

(100). Kij , K̃ij , Ji are cyclotomic integers, and those cyclotomic integers are expressed in
terms of ni variables, where the ni variables are the expansion coefficients of the cyclotomic
integers over an integral basis of cyclotomic numbers. Those ni variables satisfy many
conditions, which are listed in the Proposition 5.5.

5.6.10 Solve bounded ni zero conditions

A ni zero condition is bounded if it has the following form

const.−
∑
{i,j,···

ci,j,···n
ai
i n

aj
j · · · = 0, ai, aj , · · · ∈ 2N, ci,j,··· > 0. (141)

In this case, ni that can satisfy the zero condition have a simple finite range. We can test
each set of ni’s in this finite range to see which set of ni’s are solutions.

5.6.11 Solve bounded ni integer conditions

A simple example of bounded ni integer condition is given by
n2
1

1+n1+n2
1
∈ Z. The integer

condition can be reduced to −1−n1

1+n1+n2
1
∈ Z. The reduced integer condition can be written

as
− 1

n2
1
− 1

n1

1

n2
1
+ 1

n1
+1
∈ Z, which has the form that except a constant term in the denominator,

all other terms has negative powers. In this case, |n1| cannot be too big to satisfy the
integer condition. Thus we check n1 in a finite range to see which values satisfy the integer
condition.

Let us consider a more general example of integer condition

h(n1, n2) =
n1 − n2

1 + n1 + n2
1n2
∈ Z, (142)

which can be rewritten as h(n1, n2) =

1
n1n2

− 1

n2
1

1

n2
1n2

+ 1
n1n2

+1
∈ Z. Except a “1” in the denominator,

all other terms have negative exponents, which indicates that the integer condition is a
bounded integer condition. We then introduce

hmax(n1, n2) =

1
|n1n2| +

1
|n2

1|

− 1
|n2

1n2|
− 1

|n1n2| + 1
(143)

which is obtained from h(n1, n2) by replace ni with |ni|, changing the sign of the terms
in the numerators to “+”, and the sign of the terms in the denominator (except the “1”
term) to “−”, hmax satisfies hmax(n1, n2) ≥ |h(n1, n2)| if hmax(n1, n2) > 0.

We note that when |ni| are large, 0 < hmax(n1, n2) < 1. In this case h(n1, n2) cannot
be integer except h(n1, n2) = 0. Thus we only need to check n1, n2’s in a finite range
to see if h(n1, n2) is integer or not. More specifically, we test n1 = ±1, n2 = ±1. Then
n1 = ±2, n2 = ±1 and n1 = ±1, n2 = ±2, etc, until 0 < hmax(n1, n2) < 1. Those values
of n1, n2 that make h(n1, n2) ∈ Z give us a set of zero conditions [n1 = α1 and n2 =
α2] or [n1 = α′

1 and n2 = α′
2] or · · · , where αi and α′

i are integral constant.
Since we did not check n1 = 0 or n2 = 0, as well as the possibility that h(n1, n2) = 0, we

need to add those possible cases back to the sets of zero conditions. Thus the final sets of
zero conditions are given by [h(n1, n2) = 0] or [n1 = 0] or [n2 = 0] or [n1 = α1 and n2 =
α2] or [n1 = α′

1 and n2 = α′
2] or · · · . Those are the sets of zero conditions obtained from

the bounded integer condition h(n1, n2) ∈ Z.
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6 Classification of integral modular data

6.1 Mathematical results on integral modular categories

Various approaches to classifying integral modular categories have been developed, see,
eg. [95–98]. Here we summarize some of these approaches with an eye towards automation.

Here integral means that the FP-dimension FPdim(Xi) of each simple object is a (nec-
essarily positive) integer. Let C be an integral MTC. Firstly, by [84, Props. 8.23 and 8.24
] every integral category is pseudo-unitary so that one may assume that the dimensions
di are positive integers (equal to FPdim(Xi)), by adjusting the spherical structure if nec-

essary. Assume that 1 = d1 ≤ d2 ≤ · · · ≤ dr and set xr−i+1 := dim(C)
d2i
∈ N. We have the

following:

1. The xi satisfy the (Egyptian fraction) Diophantine equation

1 =
r∑

i=1

1

xi
. (144)

2. By a classical result of Landau [99] eqn (144) has finitely many solutions (x1, . . . , xr) ∈
Nr for fixed r. Indeed k ≤ xk ≤ uk(r−k+1) where uk is Sylvester’s sequence defined
by u1 := 1 and uk := uk−1(uk−1 + 1).

3. For any xi, xj we have that xi
xj

=
d2j
d2i

is a square rational number. In particular if for

some prime p, pk || xi and pm || xj then the parity of k and m are the same (here
ps || b means that ps | b and ps+1 ̸| b).

4. Let T be the T -matrix of C, and let ℘ := {p : p | ord(T )} be the set of primes
dividing ord(T ). By the Cauchy theorem [86] dim(C) =

∏
p∈℘ p

αp where 1 ≤ αp ∈ N.

In particular, if p | xi then p ∈ ℘.

5. Suppose that |℘| ≤ 2. Then there are at least 2 invertible objects, i.e. 1 = d1 = d2.
If p is the minimal prime in ℘ then we have 1 = d1 = · · · = dp. This follows from
the fact [100] that any fusion category of dimension paqb for primes p, q is solvable,
and any solvable fusion category has a non-trivial invertible object.

While the bounds provided by Sylvester’s sequence are doubly exponential, in our
setting the primes dividing xi are restricted to the finite set ℘. For example, if ord(T ) =
2a3b then xi = 2ai3bi for ai, bi bounded by log2(uk(r − k + 1)), a much more practical
bound. For modest sized r, the known bounds on the primes in ℘ make finding solutions
to equation (144), restricted to ℘, reasonably efficient.

In practice we find that it is frequently the case that |℘| ≤ 2, so that we are assured of
having invertible objects. For example by [98,101] every odd dimensional integral modular
category of rank at most 23 must have non-trivial invertible objects–they are all pointed!
The smallest rank for which we are aware of an integral modular category with no non-
trivial invertible objects is 22: this comes from the Drinfeld center of RepA5

. A category
is called perfect if it has no non-trivial invertible objects.

Generally, a fusion category C is G-graded if there is a decomposition as abelian
categories C ∼=

⊕
g Cg such that if Cg⊗Ch ⊂ Cgh, for some group G. The grading is faithful

if each Cg is non-trivial. A useful consequence of a faithful G-grading is that dim(Cg) is
constant for all g: it is equal to dim(C)/|G|. This induces a partition of the simple objects,
and hence the list of dimensions. It is clear that the monoidal unit 1 must lie in the trivial
component Ce, and therefore if X ∈ Cg then X∗ ∈ Cg−1 . Thus, if every object is self-dual,
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any faithful grading group must be an elementary abelian 2-group (but not conversely,
there could be non-self-dual objects in the trivially-graded component).

For a modular category C the largest faithful grading group (called the universal grad-
ing) is isomorphic to the group of isomorphism classes of invertible simple objects (see [102]
for details) so is abelian in this case. Moreover the trivial component with respect to the
universal grading is the adjoint subcategory. A natural way to understand this grading
is by defining, for φ ∈ Â, Cφ to be the abelian subcategory generated by objects X such
that cX,zcz,X = φ(z)Idz⊗X for all z ∈ A.

In general for D ⊂ C ribbon categories, the centralizer of D in C, denoted CC(D), is
the subcategory generated by those Y ∈ C so that cY,XcX,Y = IdX⊗Y for all X ∈ D. For
simple objects X,Y we have that cY,XcX,Y = IdX⊗Y if and only if SX,Y = dXdY . The
centralizer of D in itself CD(D) is sometimes denoted Sym(D) (we avoid the somewhat
vague notationD′ that is sometimes found in the literature). For a MTC C it is known that
the trivial component C0 with respect to the universal grading is the adjoint subcategory,
which is precisely the centralizer CCpt(C) of the pointed subcategory. In particular, the
symmetric center of C0 is Sym(C0) := Cpt ∩ C0 and is both pointed and symmetric. Thus
each simple object Z ∈ Cpt∩C0 is either bosonic or fermionic, i.e. θZ = ±1 and c2Z,Z = Id.

If Z ∈ Sym(C0) is fermionic so that θZ = −1 then for any other object X ∈ C0 we have
Z ⊗X ̸∼= X. Indeed, by (8) for Z invertible in C0 with θZ = −1 we have θZ∗θXSZ∗,X =
dZ⊗XθZ⊗X so that −θX = θZ⊗X . We can often use this fact to show that Cpt ∩ C0 is
Tannakian, i.e., every simple object is bosonic. For example, if there is only one simple
object in C0 of some dimension d, then there can be no fermionic invertible objects in C0.
We can then condense the bosons in C0 to obtain a new MTC D (the modularization of C0:
recall that CC0(C0) = Cpt ∩ C0 and see [103]) with dimension dim(C0)/dim(Cpt ∩ C0). The
modularization is a braided tensor functor F : C0 → D. This yields further constraints.

Another valuable fact is the following:

Lemma 6.1. [104, Theorem 3.2] If D ⊂ C is a subcategory of a modular category C then
dim(C) = dim(D) dim(CC(D)).

Proposition 6.2. Let C be an integral MTC and G(C) = A the group of invertible objects,
so that C has universal grading group A. Then:

(a) If C0 has no non-trivial invertible objects then C0 is itself modular, so that C ∼=
C0 ⊠ Cpt. In particular C is not prime if A is non-trivial.

(b) If C0 has a fermionic invertible object then each d appearing as a dimension of a
simple object in C0 occurs with even multiplicity.

(c) If C0 has a fermionic invertible then after condensing the maximal Tannakian sub-
category of C0 the result is super-modular. Methods found in [96] can be brought to
bear.

(d) If Sym(C0) is Tannakian then every dimension d appearing in Ci for i ̸= 0 must
occur with multiplicity ≥ 2.

(e) If Sym(C0) ∼= Ĝ is Tannakian (G is abelian) then the condensation C0 by G is
modular, i.e. (C0)G = D is modular (the modularization of C0 in [103]). Denote
by F : C0 → D this modularization (or G-de-equivariantization) functor. In this
case G acts on the simple objects of C0 by X 7→ g ⊗X. If StabG(X) is cyclic (for
example if StabG(X) is trivial) then F (X) is a direct sum of |StabG(X)| pairwise
non-isomorphic simple objects [103, Lemme 4.3].

Proof. Proof of (a): Since Sym(C0) is pointed, the hypothesis imply C0 is modular. By
[104, Corollary 3.5] C ∼= C0 ⊠ Cpt.
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Proof of (b): If a fermionic invertible object z ∈ C0 exists and X ∈ C0 has dimension d
then z⊗X ̸∼= X: otherwise eqn (8) implies −θXdX = θz∗θXSz∗,X = dz∗⊗Xθz∗⊗X = dXθX ,
a contradiction.

Proof of (c): This is well-known, see eg. [105].
Proof of (d): Suppose that some Ci with i ̸= 0 has rank 1, i.e., has a single simple

object Y . Then for any simple Z ∈ Cpt we have Z ⊗ Y = Y . Now the balancing equation
(8) we have

θY SZ,Y = θZθY ∗SZ,Y = θY dim(Y ),

so that SZ,Y = dim(Y ) dim(Z) for all Z ∈ Cpt. This implies that Y ∈ C0 contrary to
assumption.

Proof of (e): This is directly taken from [103].

These can be implemented in the computer calculations. To give some idea of how
this works we present a few examples by hand. One useful fact is the following:

Lemma 6.3. If D is a symmetric pointed category of dimension 2k with k ≥ 2 then D

contains an order 2 boson b ̸∼= 1, i.e. an object such that b⊗2 ∼= 1 and θb = 1.

Proof. The twist of each simple (invertible) object θZ = ±1 by (8). If Z2 ∼= 1 and
θZ = −1 for each Z ̸∼= 1 we obtain the (modular) 3 fermion theory [91] as a subcategory,
contradicting D symmetric. So either there is an invertible object W of order 2s with
s ≥ 2 or a non-trivial invertible object U with θU = 1. First consider such a W . the
balancing equation (8) gives:

1 = (θW )(θW ∗)SW,W ∗ = θW 2

so that U = W 2 is a nontrivial invertible object with θU = 1. Thus we reduce to the
second case. Let U be chosen non-trivial with minimal order 2t. We must show t = 1.
Again, (8) implies:

1 = θUθU∗SU,U∗ = θU2 .

Thus by minimality of t we see that U2 ∼= 1, so t = 1.

The following lemma is straight-forward, but useful.

Lemma 6.4. Suppose that the trivial component C0 of an integral MTC C has an invertible
object b with twist θb = 1, and X ∈ Ci for i ̸= 0 is the unique object of dimension d. Then
b and X centralize each other, i.e. Sb,X = d. In particular, if Sym(C0) is Tannakian then
every component Ci must have multiple objects of any given dimension d.

Proof. Since X is the only object in Ci of dimension d, we have z ·X ∼= X for any invertible
z ∈ C0. The balancing equation (8) yields

θbθXSb,X = db∗Xθb∗X = dθX ,

so that Sb,X = d. The second statement follows from the fact that Cpt = CC(C0).

6.2 Applications to some examples

Later in section 6.3, we use some of the above results and SL2(Z) representations to obtain
sets of potential quantum dimensions that include all the integral modular data (see Table
7) via an automated computer calculation. In the following, we will apply the above
general results trying to rule out some of those sets of potential quantum dimensions. In
particular we can deal with all the unrealizable cases in Table 7 directly.
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1. Rank 7

Consider an MTC C with dim(C) = 16, with dimensions partitioned via the grading
as [1, 1, 1, 1], [2], [2], [2] (cf. Table 7). This category does not exist by the results
of [96], which classifies all rank 7 integral categories. To illustrate the power of our
methods we will eliminate this case directly, so that our computational techniques
plus the following short argument reproduces the main result of [96]. Suppose C is
such a MTC. Since C0 is a symmetric pointed category it must contain an order 2
boson b by Lemma 6.3. Now by Lemma 6.4 b centralizes the 2 dimensional simple
objects, and is thus central in C. This contradicts modularity.

2. Rank 8

Suppose we have C with dim(C) = 36, with dimensions partitioned by gradings being
[1, 2, 2, 3], [1, 2, 2, 3]. By Prop. 6.2(c) the trivial component must be modular, which
does not exist due to [91].

3. Rank 9

• Suppose C has dim(C) = 144, and with dimensions partitioned via the grading
as [1, 1, 1, 1, 4, 4], [6], [6], [6] (cf. Table 7). This can be eliminated similarly as
above: let b the boson obtained from Lemma 6.3. Now by Lemma 6.4 b is
central in C, contradicting modularity.

• Suppose C is a 144-dimensional MTC with simple objects of dimensions

[1, 1, 3, 3, 4, 6, 6, 6, 6].

Since C is faithfully Z2 graded the dimensions of the simple objects in C0 must be
[1, 1, 3, 3, 4, 6]. Now the non-trivial invertible Z ∈ C0 must be a boson by Prop.
6.2(b). Now let X1 be a simple object of dimension 4 and X2 a simple object of
dimension 6. We have that Z⊗Xi

∼= Xi for i = 1, 2. By Prop. 6.2(e) we see that
F (Xi) sums of 2 non-isomorphic simple objects, and thus we obtain 4 simple
objects of dimension 2, 2, 3, 3 in the modularization D. Similarly, the objects
Y1, Y2 of dimension 3 in C0 must obey Z ⊗ Y1 ∼= Y2 and so F (Y1) ∼= F (Y2) is a
simple object of dimension 3 in D. Finally, F (Z) ∼= F (1), so that D has simple
objects of dimension 1, 2, 2, 3, 3, 3. But no such modular category exists: it has
dimension 36 and so is solvable but only 1 invertible object–a contradiction.

• Suppose there were a MTC with dim(C) = 288, and dimensions partitioned
via the grading as: [1, 1, 3, 3, 4, 6, 6, 6], [12]. Since there is a unique object of
dimension 4 in the trivial component, the non-trivial invertible object b must
be a boson. As the non-trivial component has only one simple, this contradicts
Prop. 6.2(d).

4. rank 10

• Suppose C is a MTC with dim(C) = 108 and dimensions partitioned as

[1, 1, 2, 2, 2, 2, 6], [3, 3, 6].

By Prop. 6.2(b) and (c) this category does not exist.

• Suppose that C is a MTC with dimensions partitions as: [1, 1, 1, 1, 2, 2, 2], [4], [4], [4]
as in Table 7. By Lemma 6.3 there must be a boson b, which by Lemma 6.4 must
centralize all of the simple objects of dimension 4 as well as C0 contradicting
modularity.

5. rank 11

41



SciPost Physics Submission

• Suppose C is a MTC of dimension 144 with dimensions partitioned via the
grading as: [1, 1, 1, 1, 4, 4], [2, 4, 4], [6], [6] (cf. Table 7). By Lemma 6.3 we have
a boson b in the trivial component. Since b⊗ Y ∼= Y for each of the objects of
dimension 6 they both centralize b. Thus we find that the centralizer CC(⟨b⟩)
has dimension at least 3 · 62 since b is centralized by C0 as well. But this
contradicts Lemma 6.1 since dim(⟨b⟩) · CC(⟨b⟩) ≥ 63 > 144.

• Now suppose that C has dimension 144 with dimensions partitioned as:

[1, 1, 1, 3, 6], [4, 4, 4], [4, 4, 4]

(cf. Table 7). Then clearly the trivial component has a Tannakian subcategory
equivalent to RepZ3

. By Prop. 6.2(e) the modularization of C0 is a rank
7 category of dimension 16 with dimensions [1, 1, 1, 1, 2, 2, 2] which we have
eliminated already.

6. rank 12

By now the methods are familiar so we quickly eliminate the following (cf. Table 7):

• [1, 1, 1, 1, 2, 2, 2, 2, 4], [6], [6], [6] cannot occur as the boson afforded by Lemma
6.3 would be central, by Lemma 6.4, contradicting modularity.

• [[1, 1, 1, 1, 4, 4], [3, 3, 3, 3], [6], [6] cannot occur as the boson afforded by Lemma
6.3 has a centralizer that has dimension more than half of the dimension of the
category, contradicting Lemma 6.1.

• [1, 1, 1, 2, 2, 2, 2, 2, 2, 3], [6], [6] cannot occur as Lemma 6.4 implies that the non-
trivial invertibles are central, contradicting modularity.

6.3 Computer calculation of Integral modular data

The methods outlined in Section 5 can be used to find both integral and non-integral
modular data from SL2(Z) representations. The results are summarized in Section 7.
However, those methods are less effective to integral modular data. For rank 8 and above,
we need to use a different and more effective approach to find integral modular data. The
new approach contains a few steps.

In the first step, from a list all possible SL2(Z) representations that have potential to
produce modular data that we have obtained before, we can obtain a list of prime divisors
℘ of pord(ρ(t)) of those SL2(Z) representations (see Table 5). This information will be
used in the next step.

In the second step, we note that xi ≡ D2/d2i , i = 1, . . . , r are integers for integral
modular data, which satisfy the Egyptian fraction condition (144).

For each rank r, the number of the lists of Egyptian fractions is finite. We use the
following method to obtain all of them. First we assume xi are ordered x1 ≤ x2,≤ · · · ≤ xr.
Suppose we have known a partial list x1, . . . , xk. Then the next integer xk+1 in the list

satisfies 1
xk+1

≥ 1
r−k (1−

∑k
i=1

1
xi
). Thus

xk ≤ xk+1 ≤
r − k

1−
∑k

i=1
1
xi

. (145)

We see that the integer xk+1 only has a finite range of choices. Since here, xi’s are given
by the quantum dimensions of modular tensor category: xi = D2/d2i , the prime divisors of
xk+1 must be a subset of prime divisors of pord(ρ(t)). The range of choices can be greatly
reduced by using this property. Since the known prime divisors of pord(ρ(t)) form small
sets (see Table 5), this allows us to obtain all possible lists of Egyptian fractions, 1/xi’s,
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Table 5: Sets of prime divisors of pord(ρ(t)) of the SL2(Z) representations that
have potential to produce modular data. For each rank, we drop the sets of prime
divisors which are contained in some other sets of prime divisors at that rank.

rank prime divisors

2 [2], [5]

3 [2], [3], [7]

4 [2,5], [3]

5 [2,3], [2,5], [7], [11]

6 [2,3], [2,5], [2,7], [3,5], [3,7], [5,7], [13]

7 [2,3], [2,5], [2,7], [3,5], [3,7], [11]

8 [2,3,5], [2,7], [3,7], [3,11], [13], [17]

9 [2,3,5], [2,3,7], [2,11], [2,13], [3,11], [19]

10 [2,3,5], [2,3,7], [2,11], [2,13], [3,11], [3,13], [5,7], [5,11], [5,13], [7,11], [17]

11 [2,3,5], [2,3,7], [2,3,11], [2,13], [2,17], [3,5,7], [3,13], [5,13], [7,11], [19], [23]

12 [2,3,5], [2,3,7], [2,3,11], [2,3,13], [2,5,7], [2,5,13], [2,17], [3,5,7], [3,7,11], [3,17], [3,19], [5,17]

for each set of prime divisors (of pord(ρ(t))) in Table 5. (Otherwise, the load of computer
calculation is too much for rank 11, 12.)

From xi’s we can get the quantum dimensions di via

di =

√
xr
xi

, D2 =
∑
i

d2i = xr. (146)

This way we obtain sets of potential quantum dimensions of all integral modular data.
When di’s are viewed as quantum dimensions of an integral modular data, they must

satisfy many additional conditions discussed in Section 6.1. We further reduces the sets of
potential quantum dimensions of integral modular data, by using some of those conditions
that can be automated by computer:

Lemma 6.5. • di =
√

xr
xi

must an integer.

• The number Ninv of invertible objects (the number of di = 1’s) divides xr = D2.
C can be decomposed as an Abelian category into Ninv components, such that each
component Ci has the same total quantum dimension D2/Ninv. Either C0 contains
invertible objects, which must be bosons or fermions, or C0 is modular and hence C

is not prime.

• If Ci contains invertible objects, then the set of quantum dimensions in Ci is the
same as that in C0.

• Let Ninv,0 be the number of invertibles in C0. Let Pinv,0 be the product of distinct
prime factors in Ninv,0. Then Pinv,0 divides diNdi, where di is a quantum dimension
in C0 and Ndi is the number of simple objects with dimension di. If one of Ndi is
odd, then invertible objects in C0 must be all bosons, i.e. Sym(C0) is Tannakian.

• If |℘| < 3 and Sym(C0) is Tannakian, then dmin/Ninv,0 ≤ 1, where dmin is the
smallest non-unit dimension in C0.

Proof. The first two statements are immediate. Let us justify the last three.
Let Z ∈ Ci be invertible. Then the map X 7→ Z ·X is a bijection between C0 and Ci.
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Table 6: Sets of prime divisors of D2 (and of pord(ρ(t))) of the reduced sets of
the potential quantum dimensions for integral modular data.

rank prime divisors

2 [2]

3 [3]

4 [2]

5 [5]

6 [2,3]

7 [2], [7]

8 [2], [2,3]

9 [2], [2,3]

10 [2], [2,3], [2,5], [2,3,5]

11 [2], [11], [2,3], [2,5], [2,3,5], [2,3,7]

12 [2,3], [2,3,5], [2,3,7], [2,3,11], [2,3,13]

Let p be a prime dividing Ninv,0 so that Zp acts on the objects of dimension di. If
p = 2 and the corresponding invertible object is a fermion, f then f · X ̸∼= X for each
simple X of dimension di so that Ni is even. If p > 2 the corresponding invertible object
b is bosonic. If p ∤ di then b ·X ̸∼= X since if we condense b the object X would split into
p objects of dimension di/p. Thus the orbit of X under the Zp action must have size p,
and thus Ninv,0 is divisible by p.

The given hypotheses imply that C is solvable, and the de-equivariantization of C0 by
Sym(C0) ∼= Rep(A) is modular and again solvable. Denote this functor by F : C0 → (C0)A.
By solvability (C0)A has a non-trivial invertible object Z. Such an object must appear as
a subobject of F (X) for some non-invertible object X of dimension d, since F (W ) = 1 for

all invertible objects in C0. Using [103, Prop. 4.4] we find that 1 = dim(Z) =
νZ,Xd

|StabA(X)|
where StabA(X) is the X-stabilizer subgroup of A, and νZ,X is the multiplicity of Z in

F (X). Now |A| = Ninv,0, so 1 =
νZ,Xd

|StabA(X)| ≥
d

Ninv,0
≥ dmin

Ninv,0
.

In Table 6, we list the prime divisors of D2 of the reduced sets of the potential quan-
tum dimensions. Note that the prime divisors of D2 coincide with the prime divisors of
pord(ρ(t)), for a modular data (integral or non-integral).

In the third step, we go back to SL2(Z) representations. We find all possibleDρ(σ)’s for
a SL2(Z) representation ρ and examine all possible choices of unit index u. IfDρ(σ)uu = ±1
for all σ’s, then the SL2(Z) representation ρ has a potential to produce integral modular
data, provided that the prime divisors of pord(ρ(t)) is in Table 6 for the given rank. This
leads to Table 4, where the possible sets of prime divisors of pord(ρ(t)) are further reduced.
In this calculation, we also obtain a list of possible ρ(t)’s for each possible set of prime
divisors of pord(ρ(t)) in Table 4. This information is useful for the next step of calculation.

In the fourth step, we compute all possible fusion rings (described by fusion coefficients

N ij
k ) from a set of potential quantum dimensions di’s, via the following equation

didj =
r∑

k=1

N ij
k dk. (147)

Since N ij
k ≥ 0, the number of solutions for the above equation is finite. However, for

higher ranks, such as for rank 10,11,12, the calculation load is too much. We need to find
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ways to make the calculation doable.
One trick is to use the symmetry of N ij

k :

N ij
k = N jk̄

i = N k̄i
j̄ = N īk

j = N j̄ī

k̄
= Nkj̄

i = N ji
k = N k̄j

ī
= N ik̄

j̄ = Nkī
j = N īj̄

k̄
= N j̄k

i , (148)

to reduce the number of variable of N ij
k . But to use this trick, we need to consider all

possible charge conjugations i→ ī, and solve possible fusion rings for each choice of charge
conjugation.

Eq. (147) gives a set of linear equations of the variables. We also have a set quadratic
equations of variables from ∑

m

N ij
mNmk

l =
∑
n

N in
l N jk

n . (149)

We first solve the linear equation with minimal number of variables by search since all
the variables are bounded integers. During the search, we apply the quadratic equations
containing the searching variables to reduce the search. After solved some variables, we
then solve the linear equation with minimal number of remaining variables. Repeating
this process, we can solve all the variables.

The above trick is not enough. We need more tricks. When the potential quantum
dimensions contain multiple 1’s, the corresponding modular data will have multiple in-
vertible objects. In this case, the corresponding modular tensor category is graded by an
Abelian group whose order is given by the number of invertible objects. For example,
[di] = [1, 1, 2, 2, 2, 2, 3, 3] is graded as Z2: C0 = [1, 1, 2, 2, 2, 2], C1 = [3, 3]. In this case
the fusion between the invertible objects in the trivial component C0 is described by an
Abelian group. The fusion between the components are also described by an Abelian
group. Those properties can be used to reduce the calculation.

When the trivial component C0 contain more than one invertible object, those invertible
objects form a symmetric fusion category. Let us first assume all the invertible objects
in C0 are bosons. Then we can condense the bosons bp whose order is a prime divisor of
Ninv, where Ninv is the number of invertible objects in C0. In other words, (bp)

p is the
trivial object if p is a prime divisor of Ninv. The group Zp acts on the simple objects X
of a given fixed dimension d via X 7→ bp ⊗X.

The condensation of bp reduces C0 to a ribbon category C′
0 with several possible di-

mension arrays [d′1, d
′
2, · · · ]. The dimension in C′

0 are obtained in the following way: first,
the number of invertible objects in C′

0 is at least N ′
inv = Ninv/p. If there are p di’s in C0

with the same value d′, then those p di’s might be “combined” into a single d′ in C′
0. Also,

if a quantum dimension di in C0 is divisible by p, then the single di in C0 can “split” into
p degenerate d′ij in C′

0, where d′ij = di/p for j = 1, . . . , p. All the quantum dimensions di
in C0 must either combine or split, as describe above. Otherwise, the original quantum
dimensions [di] do not correspond to any modular tensor category. We can condense all
bp for all the prime divisor of Ninv, using the above method.

At the end, we obtain a list of possible condensation products C′
0’s. Then we try to

compute the possible fusion rings for each set of [d′1, d
′
2, · · · ]. If there is no valid fusion ring

for all the possible condensation products C′
0’s, then the original quantum dimensions [di]

does not corresponds to any modular tensor category where the invertible objects in the
trivial components are all bosons.

If the invertible objects in the trivial components contain fermions, then Ninv must be
even. If Ninv is divisible by 4, then b2 is a boson and we can use the approach described
above to obtain a list of possible condensation products C′

0’s. But here we further require
d′i in C′

0 all have an even degeneracy, since the invertible object in C′
0 must contain the

uncondensed fermions. If the even Ninv is not divisible by 4, then we condensed all the
bp’s, except b2, to obtain a list of possible condensation products. If there is no valid fusion
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Table 7: Lists of all potential quantum dimensions for integral modular tensor cat-
egories. The quantum dimensions are presented as [[d1, d2, · · · ], [d′1, d′2 · · · ], · · · ],
where [d1, d2, · · · ] form the trivial component C0, [d

′
1, d

′
2, · · · ] form the first non-

trvial component C1, etc. Each set of quantum dimensions has one or more valid
fusion rings, but may not correspond to modular data.

rank quantum dimensions

2 [1], [1]

3 [1], [1], [1]

4 [1], [1], [1], [1]

5 [1], [1], [1], [1], [1]

6 [1], [1], [1], [1], [1], [1]

7 [1], [1], [1], [1], [1], [1], [1]

[1, 1, 1, 1], [2], [2], [2]

8 [1], [1], [1], [1], [1], [1], [1], [1]

[1, 1, 2, 2, 2, 2], [3, 3]

9 [1], [1], [1], [1], [1], [1], [1], [1], [1]

[1, 1, 1, 1, 4, 4], [6], [6], [6]

10 [1], [1], [1], [1], [1], [1], [1], [1], [1], [1]

[1, 1, 1, 1, 2, 2, 2], [4], [4], [4]

[1, 1, 1, 3], [2, 2, 2], [2, 2, 2]

11 [1], [1], [1], [1], [1], [1], [1], [1], [1], [1], [1]

[1, 1, 1, 1, 2], [2, 2], [2, 2], [2, 2]

[1, 1, 1, 1, 4, 4], [2, 4, 4], [6], [6]

[1, 1, 1, 3, 6], [4, 4, 4], [4, 4, 4]

12 [1], [1], [1], [1], [1], [1], [1], [1], [1], [1], [1], [1]

[1, 1, 1, 1, 2, 2, 2, 2, 4], [6], [6], [6]

[1, 1, 1, 1, 4, 4], [3, 3, 3, 3], [6], [6]

[1, 1, 1, 2, 2, 2, 2, 2, 2, 3], [6], [6]

ring for all the possible condensation products C′
0’s, then the original quantum dimensions

[di] does not corresponds to any modular tensor category where the invertible objects in
the trivial components contains fermions.

The above condensation consideration is very effective in ruling out many invalid poten-
tial sets of quantum dimensions. However, if the quantum dimensions [d1, d2, · · · ] contain
only a single invertible object (i.e. the unit), the corresponding modular tensor category
will be called perfect. In this case, our above tricks will not apply. For rank 11 and 12,
the computation of the fusion rings from the perfect quantum dimensions is too much for
a current desktop computer to handle.

To solve this problem, we note that for each set of quantum dimensions, di’s, we know
D2 and its prime divisors. For such a set of prime divisors, we know a list of all possible
ρ(t)’s, and the corresponding twists θ̃i’s, that may give rise to integral modular data.

However, we do not know the matching between di’s and θ̃i’s. Thus, we need to find all
permutations in the indices, p’s, such that (di, θ̃p(i)) are the quantum dimension and the
twist of an object in a modular tensor category. In particular, the permutation p must
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satisfy

De iϕ =
∑
i

d2i θ̃p(i). (150)

For all possible ρ(t)’s, we search all possible permutations p to satisfy the above condition.

We can reduce the search by noticing that the twists related by Galois conjugation, θ̃i →
σ2θ̃i = θ̃σ̂(i), correspond to the same value of quantum dimensions.

If no valid permutations can be found for all possible ρ(t)’s, then the set of quantum
dimensions, di’s, does not correspond to any valid integral modular data. This condition
is very effective in ruling out many perfect quantum dimensions. The remaining sets of
quantum dimensions that have not been ruled out are listed in Table 7. We manage to
obtain all the fusion rings for each set of quantum dimensions in Table 7.

In the fifth step, we compute the possible topological spins si (e
i 2πsi are eigenvalues

of the T -matrix) from the obtained fusion ring N ij
k via [92,106–108]∑

r

V r
ijklsr = 0 mod 1 (151)

where

V r
ijkl = N ij

r Nkl
r̄ +N il

r N
jk
r̄ +N ik

r N jl
r̄ − (δir + δjr + δkr + δlr)

∑
m

N ij
mNkl

m̄ . (152)

There are many sets of solutions of si’s, which can be calculated via the Smith normal
form of above V -matrix. For each set of solution, si’s, we can calculate the S-matrix via
(8). We then check if the resulting S, T form a valid modular data. This way, we obtain a
complete list of integral modular data, for rank 12 and below. The results are summarized
in Section 7. We remark that our results coincide with those of [109] for rank 13 and
below, although our methods are somewhat different.

7 Lists of modular data by Galois orbits

By a theorem of Mueger, if C ⊂ D are both modular categories then we have a factorization
C ∼= D⊠D′ where D′ is another modular subcategory. If D has no modular subcategories
it is said to be prime. In this section we list all the prime modular data for ranks 7,8 9,
10, 11 and 12. To save space, we group the modular data by Galois orbits generated by
Galois conjugations. We only list one representative for each Galois orbit. If a Galois orbit
contains unitary modular data (defined by quantum dimensions di ≥ 1), we will choose
the representative to be an unitary one.

A grey entry means that the Galois orbit and the previous Galois orbit are connected
by a change of spherical structure (i.e. the two Galois orbits each contain a modular data,
such that the two modular data are connected by a change of spherical structure). If a
Galois orbit contains no unitary modular data, and one of the non-unitary modular data
is pseudo unitary, we will drop this Galois orbit. Such a Galois orbit is connected to a
Galois orbit with unitary modular data. If a Galois orbit contains a modular data that
is not prime, we will also drop this Galois orbit. The resulting lists are given below. The
list is ordered by D2.

In the list, the T -matrix of the modular data is presented as (s0, s1, · · · ) where Tii =
e i 2πsi , 0 ≤ si < 1. The S-matrix is presented as (S11, S12, S13, · · · ; S22, S23, · · · ). The
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matrix elements of S are given in terms of the following cyclotomic numbers:

ζmn = e2πim/n, cmn = ζmn + ζ−m
n , smn = ζmn − ζ−m

n ,

ξmn = ξm,1
n , ηmn = ηm,1

n , χm
n = χm,1

n , λm
n = λm,1

n ,

ξm,l
n = (ζm2n − ζ−m

2n )/(ζ l2n − ζ−l
2n), ηm,l

n = (ζm2n + ζ−m
2n )/(ζ l2n + ζ−l

2n),

χm,l
n = (ζm2n + ζ−m

2n )/(ζ l2n − ζ−l
2n), λm,l

n = (ζm2n − ζ−m
2n )/(ζ l2n + ζ−l

2n). (153)

Each modular data in the list is labeled by r
ord(T ),fp
c,D2 . For example, 77,8922,7. labels a

modular tensor category with rank r = 7, chiral central charge c = 2, total quantum
dimension D2 = 7.0, order-T ord(T ) = 7, and finger print fp = 892. Here the “finger
print” is given by the first three digits of |

∑
i(s

2
i − 1

4)di|, so that distinct modular tensor
categories are more likely to have distinct labels.

In the table, we also list the realizations of each modular data. Usually, a realization
is given by the modular tensor category of Kac-Moody algebra. For example, SU(5)5
is the modular tensor category of SU(5) level 5 Kac-Moody algebra. PSU(3)5 is the
modular tensor category that is the non-pointed Deligne factor of SU(3)5, i.e. SU(3)5 =
PSU(3)5 ⊠ C(Z5, q). We also use On to represents the modular tensor category of the
U(1)2n orbifold [110]. The modular tensor category from twisted quantum double is
labeled by Dω(G), where G is a finite group and ω in the cocycle twist. The modular
tensor category from twisted Haagerup-Izumi modular data is labeled by Haag(n)m, m =
0,±1, · · · ,±n [111]. Also many modular data are realized as Abelian anyon condensations
[79] of the modular tensor category from Kac-Moody algebra and/or twisted quantum
double. Two constructions closely related to Abelian anyon condensations called zesting
[112, 113] and the condensed fiber product [114] are also useful. Most of the potential
modular data in the lists are realized by modular tensor categories, and are indeed modular
data. There are a few potential modular data whose realizations are not known or not
sure, which will be discussed on Section 8.4.

7.1 Rank 7

1. 77,8922,7. : di = (1.0, 1.0, 1.0, 1.0, 1.0, 1.0, 1.0)

D2 = 7.0 = 7

T = (0, 1
7 ,

1
7 ,

2
7 ,

2
7 ,

4
7 ,

4
7 ),

S = (1, 1, 1, 1, 1, 1, 1; −ζ314, ζ27 , −ζ514, ζ17 , −ζ114, ζ37 ; −ζ314, ζ17 , −ζ514, ζ37 , −ζ114; ζ37 , −ζ114, ζ27 ,
−ζ314; ζ37 , −ζ314, ζ27 ; −ζ514, ζ17 ; −ζ514)

Realization: U(7)1.

2. 732,39627
4 ,27.31

: di = (1.0, 1.0, 1.847, 1.847, 2.414, 2.414, 2.613)

D2 = 27.313 = 16 + 8
√
2

T = (0, 1
2 ,

1
32 ,

1
32 ,

1
4 ,

3
4 ,

21
32 ),

S = (1, 1, c116, c
1
16, 1 +

√
2, 1 +

√
2, c116 + c316; 1, −c116, −c116, 1 +

√
2, 1 +

√
2, −c116 − c316;

(−c116 − c316)i, (c
1
16 + c316)i, −c116, c116, 0; (−c116 − c316)i, −c116, c116, 0; −1, −1, c116 + c316; −1,

−c116 − c316; 0)

Realization: Abelian anyon condensation of SU(6)2 or Sp(12)1 or SU(2)6. One of 4 Z2-zestings

of the spin modular category SU(2)6, see [?].

3. 732,9189
4 ,27.31

: di = (1.0, 1.0, 1.847, 1.847, 2.414, 2.414, 2.613)

D2 = 27.313 = 16 + 8
√
2

T = (0, 1
2 ,

3
32 ,

3
32 ,

1
4 ,

3
4 ,

15
32 ),

S = (1, 1, c116, c
1
16, 1 +

√
2, 1 +

√
2, c116 + c316; 1, −c116, −c116, 1 +

√
2, 1 +

√
2, −c116 − c316;

c116+ c316, −c116− c316, c
1
16, −c116, 0; c116+ c316, c

1
16, −c116, 0; −1, −1, −c116− c316; −1, c116+ c316;

0)
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Realization: Abelian anyon condensation of SU(2)6 or SU(6)2 or Sp(12)1. One of 4 Z2-zestings

of the spin modular category SU(2)6, see [?].

4. 732,15931
4 ,27.31

: di = (1.0, 1.0, 1.847, 1.847, 2.414, 2.414, 2.613)

D2 = 27.313 = 16 + 8
√
2

T = (0, 1
2 ,

5
32 ,

5
32 ,

1
4 ,

3
4 ,

25
32 ),

S = (1, 1, c116, c
1
16, 1 +

√
2, 1 +

√
2, c116 + c316; 1, −c116, −c116, 1 +

√
2, 1 +

√
2, −c116 − c316;

−c116−c316, c116+c316, −c116, c116, 0; −c116−c316, −c116, c116, 0; −1, −1, c116+c316; −1, −c116−c316;
0)

Realization: Abelian anyon condensation of SU(6)2 or Sp(12)1 or SU(2)6. One of 4 Z2-zestings

of the spin modular category SU(2)6, see [?].

5. 732,42713
4 ,27.31

: di = (1.0, 1.0, 1.847, 1.847, 2.414, 2.414, 2.613)

D2 = 27.313 = 16 + 8
√
2

T = (0, 1
2 ,

7
32 ,

7
32 ,

1
4 ,

3
4 ,

19
32 ),

S = (1, 1, c116, c
1
16, 1 +

√
2, 1 +

√
2, c116 + c316; 1, −c116, −c116, 1 +

√
2, 1 +

√
2, −c116 − c316;

(−c116− c316)i, (c
1
16+ c316)i, c

1
16, −c116, 0; (−c116− c316)i, c

1
16, −c116, 0; −1, −1, −c116− c316; −1,

c116 + c316; 0)

Realization: Abelian anyon condensation of SU(2)6 or SU(6)2 or Sp(12)1. One of 4 Z2-zestings

of the spin modular category SU(2)6, see [?].

6. 756,1392,28. : di = (1.0, 1.0, 2.0, 2.0, 2.0, 2.645, 2.645)

D2 = 28.0 = 28

T = (0, 0, 1
7 ,

2
7 ,

4
7 ,

1
8 ,

5
8 ),

S = (1, 1, 2, 2, 2,
√
7,
√
7; 1, 2, 2, 2, −

√
7, −
√
7; 2c27, 2c

1
7, 2c

3
7, 0, 0; 2c37, 2c

2
7, 0, 0; 2c17, 0, 0;√

7, −
√
7;
√
7)

Realization: SO(7)2 or Abelian anyon condensation of O7.

7. 756,6802,28. : di = (1.0, 1.0, 2.0, 2.0, 2.0, 2.645, 2.645)

D2 = 28.0 = 28

T = (0, 0, 1
7 ,

2
7 ,

4
7 ,

3
8 ,

7
8 ),

S = (1, 1, 2, 2, 2,
√
7,
√
7; 1, 2, 2, 2, −

√
7, −
√
7; 2c27, 2c

1
7, 2c

3
7, 0, 0; 2c37, 2c

2
7, 0, 0; 2c17, 0, 0;

−
√
7,
√
7; −

√
7)

Realization: Abelian anyon condensation or Z2-zesting of SO(7)2 or O7.

8. 715,20532
5 ,86.75

: di = (1.0, 1.956, 2.827, 3.574, 4.165, 4.574, 4.783)

D2 = 86.750 = 30 + 15c115 + 15c215 + 15c315
T = (0, 1

5 ,
13
15 , 0,

3
5 ,

2
3 ,

1
5 ),

S = (1, −c715, ξ315, ξ1115 , ξ515, ξ915, ξ715; −ξ1115 , ξ915, −ξ715, ξ515, −ξ315, 1; ξ915, ξ
3
15, 0, −ξ315, −ξ915; 1,

−ξ515, ξ915, c715; −ξ515, 0, ξ515; −ξ915, ξ315; −ξ1115)
Realization: PSU(2)13.

9. 78,2301,93.25 : di = (1.0, 2.414, 2.414, 3.414, 3.414, 4.828, 5.828)

D2 = 93.254 = 48 + 32
√
2

T = (0, 1
2 ,

1
2 ,

1
4 ,

1
4 ,

5
8 , 0),

S = (1, 1 +
√
2, 1 +

√
2, 2 +

√
2, 2 +

√
2, 2 + 2

√
2, 3 + 2

√
2; −1− 2ζ18 − 2ζ28 , −1− 2ζ−1

8 +2ζ28 ,

(−2−
√
2)i, (2 +

√
2)i, 2 + 2

√
2, −1−

√
2; −1− 2ζ18 − 2ζ28 , (2 +

√
2)i, (−2−

√
2)i, 2 + 2

√
2,

−1−
√
2; (2+ 2

√
2)ζ38 , (−2− 2

√
2)ζ18 , 0, 2+

√
2; (2+ 2

√
2)ζ38 , 0, 2+

√
2; 0, −2− 2

√
2; 1)

Realization: PSU(3)5.

10. 711,15730
11 ,135.7

: di = (1.0, 2.918, 3.513, 3.513, 4.601, 5.911, 6.742)

D2 = 135.778 = 55 + 44c111 + 33c211 + 22c311 + 11c411
T = (0, 1

11 ,
4
11 ,

4
11 ,

3
11 ,

6
11 ,

10
11 ),
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S = (1, 2 + c111 + c211 + c311 + c411, ξ
5
11, ξ

5
11, 2 + 2c111 + c211 + c311 + c411, 2 + 2c111 + c211 + c311,

2 + 2c111 +2c211 + c311; 2 + 2c111 +2c211 + c311, −ξ511, −ξ511, 2 + 2c111 + c211 + c311, 1, −2− 2c111 −
c211−c311−c411; s211+2ζ311−ζ−3

11 +ζ411+ζ511, −1−c111−2ζ211−2ζ311+ζ−3
11 −ζ411−ζ511, ξ

5
11, −ξ511,

ξ511; s211+2ζ311−ζ−3
11 +ζ411+ζ511, ξ

5
11, −ξ511, ξ511; −2−c111−c211−c311−c411, −2−2c111−2c211−c311,

1; 2 + 2c111 + c211 + c311 + c411, 2 + c111 + c211 + c311 + c411; −2− 2c111 − c211 − c311)
Realization: PSO(10)3

7.2 Rank 8

1. 816,1231,8. : di = (1.0, 1.0, 1.0, 1.0, 1.0, 1.0, 1.0, 1.0)

D2 = 8.0 = 8

T = (0, 0, 1
4 ,

1
4 ,

1
16 ,

1
16 ,

9
16 ,

9
16 ),

S = (1, 1, 1, 1, 1, 1, 1, 1; 1, 1, 1, −1, −1, −1, −1; −1, −1, −i, i, −i, i; −1, i, −i, i, −i; −ζ38 ,
ζ18 , ζ

3
8 , −ζ18 ; −ζ38 , −ζ18 , ζ38 ; −ζ38 , ζ18 ; −ζ38 )

Realization: U(8)1.

2. 86,2130,36. : di = (1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 3.0, 3.0)

D2 = 36.0 = 36

T = (0, 0, 0, 0, 1
3 ,

2
3 , 0,

1
2 ),

S = (1, 1, 2, 2, 2, 2, 3, 3; 1, 2, 2, 2, 2, −3, −3; 4, −2, −2, −2, 0, 0; 4, −2, −2, 0, 0; −2, 4,
0, 0; −2, 0, 0; 3, −3; 3)

Realization: D(S3)

3. 86,1024,36. : di = (1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 3.0, 3.0)

D2 = 36.0 = 36

T = (0, 0, 1
3 ,

1
3 ,

2
3 ,

2
3 , 0,

1
2 ),

S = (1, 1, 2, 2, 2, 2, 3, 3; 1, 2, 2, 2, 2, −3, −3; −2, 4, −2, −2, 0, 0; −2, −2, −2, 0, 0; −2,
4, 0, 0; −2, 0, 0; −3, 3; −3)

Realization: condensation reductions of Z(NG(Z3 × Z3, 0)) (non-group-theoretical, [115]).

4. 812,1010,36. : di = (1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 3.0, 3.0)

D2 = 36.0 = 36

T = (0, 0, 0, 0, 1
3 ,

2
3 ,

1
4 ,

3
4 ),

S = (1, 1, 2, 2, 2, 2, 3, 3; 1, 2, 2, 2, 2, −3, −3; 4, −2, −2, −2, 0, 0; 4, −2, −2, 0, 0; −2, 4,
0, 0; −2, 0, 0; −3, 3; −3)

Realization: D3(S3).

5. 812,9724,36. : di = (1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 3.0, 3.0)

D2 = 36.0 = 36

T = (0, 0, 1
3 ,

1
3 ,

2
3 ,

2
3 ,

1
4 ,

3
4 ),

S = (1, 1, 2, 2, 2, 2, 3, 3; 1, 2, 2, 2, 2, −3, −3; −2, 4, −2, −2, 0, 0; −2, −2, −2, 0, 0; −2,
4, 0, 0; −2, 0, 0; 3, −3; 3)

Realization: condensation reductions of Z(NG(Z3 × Z3, 0)) (non-group-theoretical, [115]).

6. 818,1620,36. : di = (1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 3.0, 3.0)

D2 = 36.0 = 36

T = (0, 0, 0, 1
9 ,

4
9 ,

7
9 , 0,

1
2 ),

S = (1, 1, 2, 2, 2, 2, 3, 3; 1, 2, 2, 2, 2, −3, −3; 4, −2, −2, −2, 0, 0; 2c29, 2c
4
9, 2c

1
9, 0, 0; 2c19,

2c29, 0, 0; 2c49, 0, 0; 3, −3; 3)
Realization: D4(S3) or SO(9)2.

7. 836,4950,36. : di = (1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 3.0, 3.0)

D2 = 36.0 = 36

T = (0, 0, 0, 1
9 ,

4
9 ,

7
9 ,

1
4 ,

3
4 ),
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S = (1, 1, 2, 2, 2, 2, 3, 3; 1, 2, 2, 2, 2, −3, −3; 4, −2, −2, −2, 0, 0; 2c29, 2c
4
9, 2c

1
9, 0, 0; 2c19,

2c29, 0, 0; 2c49, 0, 0; −3, 3; −3)
Realization: D1(S3).

8. 817,15262
17 ,125.8

: di = (1.0, 1.965, 2.864, 3.666, 4.342, 4.871, 5.234, 5.418)

D2 = 125.874 = 36 + 28c117 + 21c217 + 15c317 + 10c417 + 6c517 + 3c617 + c717
T = (0, 5

17 ,
2
17 ,

8
17 ,

6
17 ,

13
17 ,

12
17 ,

3
17 ),

S = (1, −c817, ξ317, ξ1317 , ξ517, ξ1117 , ξ717, ξ917; −ξ1317 , ξ1117 , −ξ917, ξ717, −ξ517, ξ317, −1; ξ917, ξ
5
17, −c817,

−1, −ξ1317 , −ξ717; −1, −ξ317, ξ717, −ξ1117 , −c817; −ξ917, −ξ1317 , 1, ξ1117 ; c817, ξ
9
17, −ξ317; −c817, −ξ517;

ξ1317)
Realization: PSU(2)15.

9. 813,37036
13 ,223.6

: di = (1.0, 2.941, 4.148, 4.148, 4.712, 6.209, 7.345, 8.55)

D2 = 223.689 = 78 + 65c113 + 52c213 + 39c313 + 26c413 + 13c513
T = (0, 1

13 ,
8
13 ,

8
13 ,

3
13 ,

6
13 ,

10
13 ,

2
13 ),

S = (1, 2+c113+c213+c313+c413+c513, ξ
7
13, ξ

7
13, 2+2c113+c213+c313+c413+c513, 2+2c113+c213+c313+c413,

2 + 2c113 + 2c213 + c313 + c413, 2 + 2c113 + 2c213 + c313; 2 + 2c113 + 2c213 + c313 + c413, −ξ713, −ξ713,
2 + 2c113 + 2c213 + c313, 2 + 2c113 + c213 + c313 + c413 + c513, −1, −2 − 2c113 − c213 − c313 − c413;
−1−c113−c213+c513, 2+2c113+2c213+c313−c513, ξ713, −ξ713, ξ713, −ξ713; −1−c113−c213+c513, ξ

7
13, −ξ713,

ξ713, −ξ713; 1, −2−2c113−2c213−c313−c413, −2−2c113−c213−c313−c413, 2+c113+c213+c313+c413+c513;
−2− c113 − c213 − c313 − c413 − c513, 2 + 2c113 + 2c213 + c313, 1; −2− c113 − c213 − c313 − c413 − c513,
−2− 2c113 − c213 − c313 − c413 − c513; 2 + 2c113 + 2c213 + c313 + c413)

Realization: PSO(12)3.

10. 815,4404,308.4 : di = (1.0, 5.854, 5.854, 5.854, 5.854, 6.854, 7.854, 7.854)

D2 = 308.434 = 315+135
√
5

2

T = (0, 0, 0, 1
3 ,

2
3 , 0,

2
5 ,

3
5 ),

S = (1, 5+3
√
5

2 , 5+3
√
5

2 , 5+3
√
5

2 , 5+3
√
5

2 , 7+3
√
5

2 , 9+3
√
5

2 , 9+3
√
5

2 ; −5−3
√
5, 5+3

√
5

2 , 5+3
√
5

2 , 5+3
√
5

2 ,

− 5+3
√
5

2 , 0, 0; −5 − 3
√
5, 5+3

√
5

2 , 5+3
√
5

2 , − 5+3
√
5

2 , 0, 0; 5+3
√
5

2 , −5 − 3
√
5, − 5+3

√
5

2 , 0, 0;
5+3

√
5

2 , − 5+3
√
5

2 , 0, 0; 1, 9+3
√
5

2 , 9+3
√
5

2 ; 3+3
√
5

2 , −6− 3
√
5; 3+3

√
5

2 )
Realization: condensation reductions of Z(NG(Z5, 5)) [116].

11. 815,1000,308.4 : di = (1.0, 5.854, 5.854, 5.854, 5.854, 6.854, 7.854, 7.854)

D2 = 308.434 = 315+135
√
5

2

T = (0, 1
3 ,

1
3 ,

2
3 ,

2
3 , 0,

1
5 ,

4
5 ),

S = (1, 5+3
√
5

2 , 5+3
√
5

2 , 5+3
√
5

2 , 5+3
√
5

2 , 7+3
√
5

2 , 9+3
√
5

2 , 9+3
√
5

2 ; 5+3
√
5

2 , −5−3
√
5, 5+3

√
5

2 , 5+3
√
5

2 ,

− 5+3
√
5

2 , 0, 0; 5+3
√
5

2 , 5+3
√
5

2 , 5+3
√
5

2 , − 5+3
√
5

2 , 0, 0; 5+3
√
5

2 , −5 − 3
√
5, − 5+3

√
5

2 , 0, 0;
5+3

√
5

2 , − 5+3
√
5

2 , 0, 0; 1, 9+3
√
5

2 , 9+3
√
5

2 ; −6− 3
√
5, 3+3

√
5

2 ; −6− 3
√
5)

Realization: condensation reductions of Z(NG(Z5, 5)) [116].

12. 845,2894,308.4 : di = (1.0, 5.854, 5.854, 5.854, 5.854, 6.854, 7.854, 7.854)

D2 = 308.434 = 315+135
√
5

2

T = (0, 0, 1
9 ,

4
9 ,

7
9 , 0,

2
5 ,

3
5 ),

S = (1, 5+3
√
5

2 , 5+3
√
5

2 , 5+3
√
5

2 , 5+3
√
5

2 , 7+3
√
5

2 , 9+3
√
5

2 , 9+3
√
5

2 ; −5−3
√
5, 5+3

√
5

2 , 5+3
√
5

2 , 5+3
√
5

2 ,

− 5+3
√
5

2 , 0, 0; −3c145 + 3c445 − 4c1045 + 3c1145, 3c
2
45 + c545 + 3c745 + c1045, 3c

1
45 − 3c245 − 3c445 −

c545 − 3c745 + 3c1045 − 3c1145, − 5+3
√
5

2 , 0, 0; 3c145 − 3c245 − 3c445 − c545 − 3c745 + 3c1045 − 3c1145,

−3c145 + 3c445 − 4c1045 + 3c1145, − 5+3
√
5

2 , 0, 0; 3c245 + c545 + 3c745 + c1045, − 5+3
√
5

2 , 0, 0; 1, 9+3
√
5

2 ,
9+3

√
5

2 ; 3+3
√
5

2 , −6− 3
√
5; 3+3

√
5

2 )
Realization: condensation reductions of Z(NG(Z5, 5)) [116].
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7.3 Rank 9

1. 99,6200,9. : di = (1.0, 1.0, 1.0, 1.0, 1.0, 1.0, 1.0, 1.0, 1.0)

D2 = 9.0 = 9

T = (0, 0, 0, 1
9 ,

1
9 ,

4
9 ,

4
9 ,

7
9 ,

7
9 ),

S = (1, 1, 1, 1, 1, 1, 1, 1, 1; 1, 1, −ζ16 , ζ13 , −ζ16 , ζ13 , −ζ16 , ζ13 ; 1, ζ13 , −ζ16 , ζ13 , −ζ16 , ζ13 , −ζ16 ;
−ζ518, ζ29 , ζ49 , −ζ118, ζ19 , −ζ718; −ζ518, −ζ118, ζ49 , −ζ718, ζ19 ; ζ19 , −ζ718, −ζ518, ζ29 ; ζ19 , ζ

2
9 , −ζ518;

ζ49 , −ζ118; ζ49 )
Realization: U(9)1

2. 988,1122,44. : di = (1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 2.0, 3.316, 3.316)

D2 = 44.0 = 44

T = (0, 0, 1
11 ,

3
11 ,

4
11 ,

5
11 ,

9
11 ,

1
8 ,

5
8 ),

S = (1, 1, 2, 2, 2, 2, 2,
√
11,
√
11; 1, 2, 2, 2, 2, 2, −

√
11, −

√
11; 2c211, 2c

1
11, 2c

4
11, 2c

3
11, 2c

5
11,

0, 0; 2c511, 2c
2
11, 2c

4
11, 2c

3
11, 0, 0; 2c311, 2c

5
11, 2c

1
11, 0, 0; 2c111, 2c

2
11, 0, 0; 2c411, 0, 0;

√
11,

−
√
11;
√
11)

Realization: SO(11)2 or Abelian anyon condensation of O11 or SO(22)2.

3. 988,5292,44. : di = (1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 2.0, 3.316, 3.316)

D2 = 44.0 = 44

T = (0, 0, 1
11 ,

3
11 ,

4
11 ,

5
11 ,

9
11 ,

3
8 ,

7
8 ),

S = (1, 1, 2, 2, 2, 2, 2,
√
11,
√
11; 1, 2, 2, 2, 2, 2, −

√
11, −

√
11; 2c211, 2c

1
11, 2c

4
11, 2c

3
11, 2c

5
11,

0, 0; 2c511, 2c
2
11, 2c

4
11, 2c

3
11, 0, 0; 2c311, 2c

5
11, 2c

1
11, 0, 0; 2c111, 2c

2
11, 0, 0; 2c411, 0, 0; −

√
11,√

11; −
√
11)

Realization: Abelian anyon condensation of SO(11)2 or O11 or SO(22)2.

4. 940,30412
5 ,52.36

: di = (1.0, 1.0, 1.902, 1.902, 2.618, 2.618, 3.77, 3.77, 3.236)

D2 = 52.360 = 30 + 10
√
5

T = (0, 0, 3
40 ,

23
40 ,

1
5 ,

1
5 ,

3
8 ,

7
8 ,

3
5 ),

S = (1, 1, c120, c
1
20,

3+
√
5

2 , 3+
√
5

2 , c120 + c320, c
1
20 + c320, 1 +

√
5; 1, −c120, −c120, 3+

√
5

2 , 3+
√
5

2 ,

−c120 − c320, −c120 − c320, 1 +
√
5; c120 + c320, −c120 − c320, −c120 − c320, c

1
20 + c320, c

1
20, −c120, 0;

c120+c320, −c120−c320, c
1
20+c320, −c120, c120, 0; 1, 1, c120, c

1
20, −1−

√
5; 1, −c120, −c120, −1−

√
5;

−c120 − c320, c
1
20 + c320, 0; −c120 − c320, 0; 1 +

√
5)

Realization: SU(2)8. Abelian anyon condensation of SU(8)2 or Sp(18)1.

5. 940,24728
5 ,52.36

: di = (1.0, 1.0, 1.902, 1.902, 2.618, 2.618, 3.77, 3.77, 3.236)

D2 = 52.360 = 30 + 10
√
5

T = (0, 0, 7
40 ,

27
40 ,

4
5 ,

4
5 ,

3
8 ,

7
8 ,

2
5 ),

S = (1, 1, c120, c
1
20,

3+
√
5

2 , 3+
√
5

2 , c120 + c320, c
1
20 + c320, 1 +

√
5; 1, −c120, −c120, 3+

√
5

2 , 3+
√
5

2 ,

−c120 − c320, −c120 − c320, 1 +
√
5; −c120 − c320, c

1
20 + c320, −c120 − c320, c

1
20 + c320, c

1
20, −c120, 0;

−c120 − c320, −c120 − c320, c
1
20 + c320, −c120, c120, 0; 1, 1, c120, c

1
20, −1 −

√
5; 1, −c120, −c120,

−1−
√
5; c120 + c320, −c120 − c320, 0; c120 + c320, 0; 1 +

√
5)

Realization: Abelian anyon condensation of SU(2)8 or SU(8)2 or Sp(18)1.

6. 919,574120
19 ,175.3

: di = (1.0, 1.972, 2.891, 3.731, 4.469, 5.86, 5.563, 5.889, 6.54)

D2 = 175.332 = 45 + 36c119 + 28c219 + 21c319 + 15c419 + 10c519 + 6c619 + 3c719 + c819
T = (0, 4

19 ,
17
19 ,

1
19 ,

13
19 ,

15
19 ,

7
19 ,

8
19 ,

18
19 ),

S = (1, −c919, ξ319, ξ1519 , ξ519, ξ1319 , ξ719, ξ1119 , ξ919; −ξ1519 , ξ1319 , −ξ1119 , ξ919, −ξ719, ξ519, −ξ319, 1; ξ919, ξ
7
19,

ξ1519 , 1, c
9
19, −ξ519, −ξ1119 ; −ξ319, −1, ξ519, −ξ919, ξ1319 , c919; −ξ1319 , −ξ1119 , −ξ319, −c919, ξ719; −c919,

ξ1519 , −ξ919, ξ319; ξ1119 , 1, −ξ1319 ; ξ719, −ξ1519 ; ξ519)

Realization: PSU(2)17. Abelian anyon condensation of SU(2)17 or SU(17)2 or Sp(34)1.

7. 915,71514
5 ,343.2

: di = (1.0, 2.956, 4.783, 4.783, 4.783, 6.401, 7.739, 8.739, 9.357)
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D2 = 343.211 = 105 + 45c115 + 75c215 + 90c315
T = (0, 1

15 ,
1
5 ,

13
15 ,

13
15 ,

2
5 ,

2
3 , 0,

2
5 ),

S = (1, 1+c215+c315, ξ
7
15, ξ

7
15, ξ

7
15, 2+c115+c215+2c315, 2+c115+2c215+2c315, 3+c115+2c215+2c315,

3 + c115 + 2c215 + 3c315; 2 + c115 + 2c215 + 2c315, 2ξ715, −ξ715, −ξ715, 2 + c115 + 2c215 + 2c315,
1 + c215 + c315, −1− c215 − c315, −2− c115 − 2c215 − 2c315; ξ715, ξ

7
15, ξ

7
15, −ξ715, −2ξ715, −ξ715, ξ715;

2− 4ζ115− 2ζ−1
15 + ζ215− 2ζ−2

15 − ζ315+5ζ−3
15 − 5ζ415, −3+3ζ115+ ζ−1

15 − 2ζ215+ ζ−2
15 − 6ζ−3

15 +5ζ415,
−ξ715, ξ715, −ξ715, ξ715; 2 − 4ζ115 − 2ζ−1

15 + ζ215 − 2ζ−2
15 − ζ315 + 5ζ−3

15 − 5ζ415, −ξ715, ξ715, −ξ715,
ξ715; −3− c115 − 2c215 − 2c315, 1 + c215 + c315, 3 + c115 + 2c215 + 3c315, −1; 2 + c115 + 2c215 + 2c315,
−2− c115 − 2c215 − 2c315, −1− c215 − c315; 1, 2 + c115 + c215 + 2c315; −3− c115 − 2c215 − 2c315)

Realization: PSO(14)3.

8. 924,7937,475.1 : di = (1.0, 4.449, 4.449, 5.449, 5.449, 8.898, 8.898, 9.898, 10.898)

D2 = 475.151 = 240 + 96
√
6

T = (0, 1
4 ,

1
4 ,

1
2 ,

1
2 ,

1
3 ,

7
12 , 0,

7
8 ),

S = (1, 2 +
√
6, 2 +

√
6, 3 +

√
6, 3 +

√
6, 4 + 2

√
6, 4 + 2

√
6, 5 + 2

√
6, 6 + 2

√
6; 2ξ724,

2+2c124−2c224−4c324, −2c224−3c324, 2c224+3c324, −4−2
√
6, 4+2

√
6, −2−

√
6, 0; 2ξ724, 2c

2
24+3c324,

−2c224− 3c324, −4− 2
√
6, 4+2

√
6, −2−

√
6, 0; 3+2c124− 2c224− 4c324, 3+2c124+2c224+2c324,

0, 0, 3 +
√
6, −6− 2

√
6; 3 + 2c124 − 2c224 − 4c324, 0, 0, 3 +

√
6, −6− 2

√
6; 4 + 2

√
6, 4 + 2

√
6,

−4− 2
√
6, 0; −4− 2

√
6, −4− 2

√
6, 0; 1, 6 + 2

√
6; 0)

Realization: G(2)4.

9. 912,5676,668.5 : di = (1.0, 6.464, 6.464, 6.464, 6.464, 6.464, 6.464, 13.928, 14.928)

D2 = 668.553 = 336 + 192
√
3

T = (0, 1
2 ,

1
2 ,

1
4 ,

1
4 ,

1
4 ,

1
4 , 0,

2
3 ),

S = (1, 3 + 2
√
3, 3 + 2

√
3, 3 + 2

√
3, 3 + 2

√
3, 3 + 2

√
3, 3 + 2

√
3, 7 + 4

√
3, 8 + 4

√
3; −7 +

4ζ112 − 8ζ−1
12 +8ζ212, 1− 8ζ112 +4ζ−1

12 − 8ζ212, 3 + 2
√
3, 3 + 2

√
3, 3 + 2

√
3, 3 + 2

√
3, −3− 2

√
3,

0; −7 + 4ζ112 − 8ζ−1
12 + 8ζ212, 3 + 2

√
3, 3 + 2

√
3, 3 + 2

√
3, 3 + 2

√
3, −3− 2

√
3, 0; 9 + 6

√
3,

−3− 2
√
3, −3− 2

√
3, −3− 2

√
3, −3− 2

√
3, 0; 9 + 6

√
3, −3− 2

√
3, −3− 2

√
3, −3− 2

√
3,

0; 9 + 6
√
3, −3− 2

√
3, −3− 2

√
3, 0; 9 + 6

√
3, −3− 2

√
3, 0; 1, 8 + 4

√
3; −8− 4

√
3)

Realization: Z3-algebra condensation of SU(3)9 (see also [117].)

7.4 Rank 10

1. 1048,9453,24. : di = (1.0, 1.0, 1.0, 1.0, 1.732, 1.732, 1.732, 1.732, 2.0, 2.0)

D2 = 24.0 = 24

T = (0, 0, 1
4 ,

1
4 ,

3
16 ,

3
16 ,

11
16 ,

11
16 ,

1
3 ,

7
12 ),

S = (1, 1, 1, 1,
√
3,
√
3,
√
3,
√
3, 2, 2; 1, 1, 1, −

√
3, −
√
3, −
√
3, −
√
3, 2, 2; −1, −1, (−

√
3)i,

(
√
3)i, (−

√
3)i, (

√
3)i, 2, −2; −1, (

√
3)i, (−

√
3)i, (

√
3)i, (−

√
3)i, 2, −2; −

√
3ζ38 ,

√
3ζ18 ,√

3ζ38 , −
√
3ζ18 , 0, 0; −

√
3ζ38 , −

√
3ζ18 ,

√
3ζ38 , 0, 0; −

√
3ζ38 ,

√
3ζ18 , 0, 0; −

√
3ζ38 , 0, 0; −2,

−2; 2)

Realization: Abelian anyon condensation of SU(2)4 or O3 or SU(4)2 or Sp(8)1 or

2. 1048,7217,24. : di = (1.0, 1.0, 1.0, 1.0, 1.732, 1.732, 1.732, 1.732, 2.0, 2.0)

D2 = 24.0 = 24

T = (0, 0, 1
4 ,

1
4 ,

3
16 ,

3
16 ,

11
16 ,

11
16 ,

2
3 ,

11
12 ),

S = (1, 1, 1, 1,
√
3,
√
3,
√
3,
√
3, 2, 2; 1, 1, 1, −

√
3, −
√
3, −
√
3, −
√
3, 2, 2; −1, −1, (−

√
3)i,

(
√
3)i, (−

√
3)i, (

√
3)i, 2, −2; −1, (

√
3)i, (−

√
3)i, (

√
3)i, (−

√
3)i, 2, −2;

√
3ζ38 , −

√
3ζ18 ,

−
√
3ζ38 ,

√
3ζ18 , 0, 0;

√
3ζ38 ,

√
3ζ18 , −

√
3ζ38 , 0, 0;

√
3ζ38 , −

√
3ζ18 , 0, 0;

√
3ζ38 , 0, 0; −2, −2;

2)

Realization: Abelian anyon condensation of SU(4)2 or Sp(8)1 or SU(2)4 or O3.

3. 106,1524,36. : di = (1.0, 1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0, 3.0)

D2 = 36.0 = 36

T = (0, 0, 0, 0, 0, 1
3 ,

1
3 ,

2
3 ,

2
3 ,

1
2 ),
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S = (1, 1, 1, 2, 2, 2, 2, 2, 2, 3; 1, 1, −2ζ16 , 2ζ13 , −2ζ16 , 2ζ13 , −2ζ16 , 2ζ13 , 3; 1, 2ζ13 , −2ζ16 , 2ζ13 ,
−2ζ16 , 2ζ13 , −2ζ16 , 3; −2, −2, 2ζ16 , −2ζ13 , −2ζ13 , 2ζ16 , 0; −2, −2ζ13 , 2ζ16 , 2ζ16 , −2ζ13 , 0; −2ζ13 ,
2ζ16 , −2, −2, 0; −2ζ13 , −2, −2, 0; 2ζ16 , −2ζ13 , 0; 2ζ16 , 0; −3)

Realization: SU(3)3.

4. 1018,4904,36. : di = (1.0, 1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0, 3.0)

D2 = 36.0 = 36

T = (0, 0, 0, 1
9 ,

1
9 ,

4
9 ,

4
9 ,

7
9 ,

7
9 ,

1
2 ),

S = (1, 1, 1, 2, 2, 2, 2, 2, 2, 3; 1, 1, −2ζ16 , 2ζ13 , −2ζ16 , 2ζ13 , −2ζ16 , 2ζ13 , 3; 1, 2ζ13 , −2ζ16 , 2ζ13 ,
−2ζ16 , 2ζ13 , −2ζ16 , 3; 2ζ518, −2ζ29 , −2ζ49 , 2ζ118, −2ζ19 , 2ζ718, 0; 2ζ518, 2ζ

1
18, −2ζ49 , 2ζ718, −2ζ19 , 0;

−2ζ19 , 2ζ718, 2ζ518, −2ζ29 , 0; −2ζ19 , −2ζ29 , 2ζ518, 0; −2ζ49 , 2ζ118, 0; −2ζ49 , 0; −3)
Realization: Zesting or Abelian anyon condensation of SU(3)3 [113].

5. 1026,2470,52. : di = (1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0, 3.605, 3.605)

D2 = 52.0 = 52

T = (0, 0, 1
13 ,

3
13 ,

4
13 ,

9
13 ,

10
13 ,

12
13 , 0,

1
2 ),

S = (1, 1, 2, 2, 2, 2, 2, 2,
√
13,
√
13; 1, 2, 2, 2, 2, 2, 2, −

√
13, −

√
13; 2c213, 2c

5
13, 2c

4
13, 2c

6
13,

2c113, 2c
3
13, 0, 0; 2c613, 2c

3
13, 2c

2
13, 2c

4
13, 2c

1
13, 0, 0; 2c513, 2c

1
13, 2c

2
13, 2c

6
13, 0, 0; 2c513, 2c

3
13,

2c413, 0, 0; 2c613, 2c
5
13, 0, 0; 2c213, 0, 0;

√
13, −

√
13;
√
13)

Realization: Abelian anyon condensation of SO(26)2 or O13.

6. 1026,8624,52. : di = (1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0, 3.605, 3.605)

D2 = 52.0 = 52

T = (0, 0, 2
13 ,

5
13 ,

6
13 ,

7
13 ,

8
13 ,

11
13 , 0,

1
2 ),

S = (1, 1, 2, 2, 2, 2, 2, 2,
√
13,
√
13; 1, 2, 2, 2, 2, 2, 2, −

√
13, −

√
13; 2c413, 2c

1
13, 2c

3
13, 2c

2
13,

2c513, 2c
6
13, 0, 0; 2c313, 2c

4
13, 2c

6
13, 2c

2
13, 2c

5
13, 0, 0; 2c113, 2c

5
13, 2c

6
13, 2c

2
13, 0, 0; 2c113, 2c

4
13,

2c313, 0, 0; 2c313, 2c
1
13, 0, 0; 2c413, 0, 0; −

√
13,
√
13; −

√
13)

Realization: Abelian anyon condensation of SO(13)2.

7. 1052,1100,52. : di = (1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0, 3.605, 3.605)

D2 = 52.0 = 52

T = (0, 0, 1
13 ,

3
13 ,

4
13 ,

9
13 ,

10
13 ,

12
13 ,

1
4 ,

3
4 ),

S = (1, 1, 2, 2, 2, 2, 2, 2,
√
13,
√
13; 1, 2, 2, 2, 2, 2, 2, −

√
13, −

√
13; 2c213, 2c

5
13, 2c

4
13, 2c

6
13,

2c113, 2c
3
13, 0, 0; 2c613, 2c

3
13, 2c

2
13, 2c

4
13, 2c

1
13, 0, 0; 2c513, 2c

1
13, 2c

2
13, 2c

6
13, 0, 0; 2c513, 2c

3
13,

2c413, 0, 0; 2c613, 2c
5
13, 0, 0; 2c213, 0, 0; −

√
13,
√
13; −

√
13)

Realization: Abelian anyon condensation of SO(26)2 or O13.

8. 1052,4894,52. : di = (1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0, 3.605, 3.605)

D2 = 52.0 = 52

T = (0, 0, 2
13 ,

5
13 ,

6
13 ,

7
13 ,

8
13 ,

11
13 ,

1
4 ,

3
4 ),

S = (1, 1, 2, 2, 2, 2, 2, 2,
√
13,
√
13; 1, 2, 2, 2, 2, 2, 2, −

√
13, −

√
13; 2c413, 2c

1
13, 2c

3
13, 2c

2
13,

2c513, 2c
6
13, 0, 0; 2c313, 2c

4
13, 2c

6
13, 2c

2
13, 2c

5
13, 0, 0; 2c113, 2c

5
13, 2c

6
13, 2c

2
13, 0, 0; 2c113, 2c

4
13,

2c313, 0, 0; 2c313, 2c
1
13, 0, 0; 2c413, 0, 0;

√
13, −

√
13;
√
13)

Realization: SO(13)2.

9. 1012,3116,89.56 : di = (1.0, 1.0, 2.732, 2.732, 2.732, 2.732, 2.732, 3.732, 3.732, 4.732)

D2 = 89.569 = 48 + 24
√
3

T = (0, 1
2 , 0,

1
3 ,

1
3 ,

1
3 ,

5
6 , 0,

1
2 ,

3
4 ),

S = (1, 1, 1 +
√
3, 1 +

√
3, 1 +

√
3, 1 +

√
3, 1 +

√
3, 2 +

√
3, 2 +

√
3, 3 +

√
3; 1, −1 −

√
3,

1 +
√
3, −1−

√
3, −1−

√
3, 1 +

√
3, 2 +

√
3, 2 +

√
3, −3−

√
3; 0, −2− 2

√
3, 0, 0, 2 + 2

√
3,

−1−
√
3, 1 +

√
3, 0; 1 +

√
3, 1 +

√
3, 1 +

√
3, 1 +

√
3, −1−

√
3, −1−

√
3, 0; (−3−

√
3)i,

(3+
√
3)i, −1−

√
3, −1−

√
3, 1+

√
3, 0; (−3−

√
3)i, −1−

√
3, −1−

√
3, 1+

√
3, 0; 1+

√
3,

−1−
√
3, −1−

√
3, 0; 1, 1, 3 +

√
3; 1, −3−

√
3; 0)

Realization: Abelian anyon condensation [79] of SO(5)3 or Sp(4)3 or Sp(6)2.

10. 1012,1550,89.56 : di = (1.0, 1.0, 2.732, 2.732, 2.732, 2.732, 2.732, 3.732, 3.732, 4.732)
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D2 = 89.569 = 48 + 24
√
3

T = (0, 1
2 ,

1
3 ,

1
4 ,

5
6 ,

7
12 ,

7
12 , 0,

1
2 , 0),

S = (1, 1, 1+
√
3, 1+

√
3, 1+

√
3, 1+

√
3, 1+

√
3, 2+

√
3, 2+

√
3, 3+

√
3; 1, 1+

√
3, −1−

√
3,

1 +
√
3, −1−

√
3, −1−

√
3, 2 +

√
3, 2 +

√
3, −3−

√
3; 1 +

√
3, −2− 2

√
3, 1 +

√
3, 1 +

√
3,

1 +
√
3, −1 −

√
3, −1 −

√
3, 0; 0, 2 + 2

√
3, 0, 0, −1 −

√
3, 1 +

√
3, 0; 1 +

√
3, −1 −

√
3,

−1 −
√
3, −1 −

√
3, −1 −

√
3, 0; (3 +

√
3)i, (−3 −

√
3)i, −1 −

√
3, 1 +

√
3, 0; (3 +

√
3)i,

−1−
√
3, 1 +

√
3, 0; 1, 1, 3 +

√
3; 1, −3−

√
3; 0)

Realization: Abelian anyon condensation of SO(5)3 or Sp(4)3 or Sp(6)2.

11. 1012,8224,89.56 : di = (1.0, 1.0, 2.732, 2.732, 2.732, 2.732, 2.732, 3.732, 3.732, 4.732)

D2 = 89.569 = 48 + 24
√
3

T = (0, 1
2 ,

1
3 ,

3
4 ,

5
6 ,

1
12 ,

1
12 , 0,

1
2 ,

1
2 ),

S = (1, 1, 1+
√
3, 1+

√
3, 1+

√
3, 1+

√
3, 1+

√
3, 2+

√
3, 2+

√
3, 3+

√
3; 1, 1+

√
3, −1−

√
3,

1 +
√
3, −1−

√
3, −1−

√
3, 2 +

√
3, 2 +

√
3, −3−

√
3; 1 +

√
3, −2− 2

√
3, 1 +

√
3, 1 +

√
3,

1 +
√
3, −1 −

√
3, −1 −

√
3, 0; 0, 2 + 2

√
3, 0, 0, −1 −

√
3, 1 +

√
3, 0; 1 +

√
3, −1 −

√
3,

−1 −
√
3, −1 −

√
3, −1 −

√
3, 0; (3 +

√
3)i, (−3 −

√
3)i, −1 −

√
3, 1 +

√
3, 0; (3 +

√
3)i,

−1−
√
3, 1 +

√
3, 0; 1, 1, 3 +

√
3; 1, −3−

√
3; 0)

Realization: Abelian anyon condensation of SO(5)3 or Sp(4)3 or Sp(6)2.

12. 1012,1192,89.56 : di = (1.0, 1.0, 2.732, 2.732, 2.732, 2.732, 2.732, 3.732, 3.732, 4.732)

D2 = 89.569 = 48 + 24
√
3

T = (0, 1
2 ,

1
2 ,

1
3 ,

5
6 ,

5
6 ,

5
6 , 0,

1
2 ,

1
4 ),

S = (1, 1, 1 +
√
3, 1 +

√
3, 1 +

√
3, 1 +

√
3, 1 +

√
3, 2 +

√
3, 2 +

√
3, 3 +

√
3; 1, −1 −

√
3,

1 +
√
3, 1 +

√
3, −1−

√
3, −1−

√
3, 2 +

√
3, 2 +

√
3, −3−

√
3; 0, −2− 2

√
3, 2 + 2

√
3, 0,

0, −1 −
√
3, 1 +

√
3, 0; 1 +

√
3, 1 +

√
3, 1 +

√
3, 1 +

√
3, −1 −

√
3, −1 −

√
3, 0; 1 +

√
3,

−1 −
√
3, −1 −

√
3, −1 −

√
3, −1 −

√
3, 0; (−3 −

√
3)i, (3 +

√
3)i, −1 −

√
3, 1 +

√
3, 0;

(−3−
√
3)i, −1−

√
3, 1 +

√
3, 0; 1, 1, 3 +

√
3; 1, −3−

√
3; 0)

Realization: Abelian anyon condensation of SO(5)3 or Sp(4)3 or Sp(6)2.

13. 1024,1237,89.56 : di = (1.0, 1.0, 2.732, 2.732, 2.732, 2.732, 2.732, 3.732, 3.732, 4.732)

D2 = 89.569 = 48 + 24
√
3

T = (0, 1
2 ,

1
3 ,

5
6 ,

1
8 ,

11
24 ,

11
24 , 0,

1
2 ,

7
8 ),

S = (1, 1, 1+
√
3, 1+

√
3, 1+

√
3, 1+

√
3, 1+

√
3, 2+

√
3, 2+

√
3, 3+

√
3; 1, 1+

√
3, 1+

√
3,

−1−
√
3, −1−

√
3, −1−

√
3, 2+

√
3, 2+

√
3, −3−

√
3; 1+

√
3, 1+

√
3, −2− 2

√
3, 1+

√
3,

1 +
√
3, −1−

√
3, −1−

√
3, 0; 1 +

√
3, 2 + 2

√
3, −1−

√
3, −1−

√
3, −1−

√
3, −1−

√
3, 0;

0, 0, 0, −1 −
√
3, 1 +

√
3, 0; −3 −

√
3, 3 +

√
3, −1 −

√
3, 1 +

√
3, 0; −3 −

√
3, −1 −

√
3,

1 +
√
3, 0; 1, 1, 3 +

√
3; 1, −3−

√
3; 0)

Realization: Abelian anyon condensation of SO(5)3 or Sp(4)3 or Sp(6)2.

14. 1024,3801,89.56 : di = (1.0, 1.0, 2.732, 2.732, 2.732, 2.732, 2.732, 3.732, 3.732, 4.732)

D2 = 89.569 = 48 + 24
√
3

T = (0, 1
2 ,

1
3 ,

5
6 ,

3
8 ,

17
24 ,

17
24 , 0,

1
2 ,

1
8 ),

S = (1, 1, 1+
√
3, 1+

√
3, 1+

√
3, 1+

√
3, 1+

√
3, 2+

√
3, 2+

√
3, 3+

√
3; 1, 1+

√
3, 1+

√
3,

−1−
√
3, −1−

√
3, −1−

√
3, 2+

√
3, 2+

√
3, −3−

√
3; 1+

√
3, 1+

√
3, −2− 2

√
3, 1+

√
3,

1 +
√
3, −1 −

√
3, −1 −

√
3, 0; 1 +

√
3, 2 + 2

√
3, −1 −

√
3, −1 −

√
3, −1 −

√
3, −1 −

√
3,

0; 0, 0, 0, −1−
√
3, 1 +

√
3, 0; 3 +

√
3, −3−

√
3, −1−

√
3, 1 +

√
3, 0; 3 +

√
3, −1−

√
3,

1 +
√
3, 0; 1, 1, 3 +

√
3; 1, −3−

√
3; 0)

Realization: Sp(6)2.

15. 1021,14526
7 ,236.3

: di = (1.0, 1.977, 2.911, 3.779, 4.563, 5.245, 5.810, 6.245, 6.541, 6.690)

D2 = 236.341 = 42 + 42c121 + 42c221 + 21c321 + 21c421 + 21c521
T = (0, 2

7 ,
2
21 ,

3
7 ,

2
7 ,

2
3 ,

4
7 , 0,

20
21 ,

3
7 ),
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S = (1, −c1021, ξ321, ξ1721 , ξ521, ξ1521 , ξ721, ξ1321 , ξ921, ξ1121 ; −ξ1721 , ξ1521 , −ξ1321 , ξ1121 , −ξ921, ξ721, −ξ521, ξ321,
−1; ξ921, ξ

9
21, ξ

15
21 , ξ

3
21, 0, −ξ321, −ξ1521 , −ξ921; −ξ521, 1, ξ321, −ξ721, ξ1121 , −ξ1521 , −c1021; −ξ1721 , −ξ921,

−ξ721, c1021, ξ321, ξ1321 ; ξ1521 , 0, −ξ1521 , ξ921, −ξ321; ξ721, ξ
7
21, 0, −ξ721; 1, −ξ921, ξ1721 ; −ξ321, ξ1521 ; −ξ521)

Realization: PSU(2)19.

16. 1017,52248
17 ,499.2

: di = (1.0, 2.965, 4.830, 5.418, 5.418, 6.531, 8.9, 9.214, 10.106, 10.653)

D2 = 499.210 = 136 + 119c117 + 102c217 + 85c317 + 68c417 + 51c517 + 34c617 + 17c717
T = (0, 1

17 ,
3
17 ,

2
17 ,

2
17 ,

6
17 ,

10
17 ,

15
17 ,

4
17 ,

11
17 ),

S = (1, 2 + c117 + c217 + c317 + c417 + c517 + c617 + c717, 2 + 2c117 + c217 + c317 + c417 + c517 + c617 + c717,
ξ917, ξ917, 2 + 2c117 + c217 + c317 + c417 + c517 + c617, 2 + 2c117 + 2c217 + c317 + c417 + c517 + c617,
2+2c117+2c217+ c317+ c417+ c517, 2+2c117+2c217+2c317+ c417+ c517, 2+2c117+2c217+2c317+ c417;
2+2c117+2c217+c317+c417+c517+c617, 2+2c117+2c217+2c317+c417, −ξ917, −ξ917, 2+2c117+2c217+
2c317+c417+c517, 2+2c117+c217+c317+c417+c517+c617, 1, −2−2c117−c217−c317−c417−c517−c617−c717,
−2−2c117−2c217−c317−c417−c517; 2+2c117+2c217+c317+c417+c517+c617, ξ

9
17, ξ

9
17, −1, −2−2c117−

2c217−c317−c417−c517, −2−2c117−2c217−2c317−c417−c517, −2−c117−c217−c317−c417−c517−c617−c717,
2+2c117+c217+c317+c417+c517+c617; 4+3c117+3c217+2c317+2c417+2c517+c617, −3−2c117−2c217−
c317−c417−2c517−c617, −ξ917, ξ917, −ξ917, ξ917, −ξ917; 4+3c117+3c217+2c317+2c417+2c517+c617, −ξ917,
ξ917, −ξ917, ξ917, −ξ917; −2−2c117−2c217−2c317−c417, −2−2c117−c217−c317−c417−c517−c617−c717,
2+2c117+2c217+ c317+ c417+ c517+ c617, 2+2c117+2c217+ c317+ c417+ c517, −2− c117− c217− c317−
c417−c517−c617−c717; 2+2c117+2c217+2c317+c417+c517, 2+c117+c217+c317+c417+c517+c617+c717,
−2−2c117−2c217−2c317−c417, −1; −2−2c117−2c217−2c317−c417, 2+2c117+c217+c317+c417+c517+c617,
2 + 2c117 + c217 + c317 + c417 + c517 + c617 + c717; 1, −2 − 2c117 − 2c217 − c317 − c417 − c517 − c617;
2 + 2c117 + 2c217 + 2c317 + c417 + c517)

Realization: PSO(16)3. Abelian anyon condensation of E(8)4.

17. 1014,3520,537.4 : di = (1.0, 3.493, 4.493, 4.493, 5.603, 5.603, 9.97, 10.97, 10.97, 11.591)

D2 = 537.478 = 308 + 224c17 + 112c27
T = (0, 0, 2

7 ,
5
7 ,

3
7 ,

4
7 , 0,

1
7 ,

6
7 ,

1
2 ),

S = (1, 1+2c17, 2ξ
3
7 , 2ξ

3
7 , 4+2c17+2c27, 4+2c17+2c27, 5+4c17+2c27, 6+4c17+2c27, 6+4c17+2c27,

5+6c17+2c27; −5− 4c17− 2c27, −4− 2c17− 2c27, −4− 2c17− 2c27, 6+4c17+2c27, 6+4c17+2c27, 1,
2ξ37 , 2ξ

3
7 , −5− 6c17 − 2c27; −2ξ37 , 6 + 6c17 + 2c27, 4 + 4c17 + 2c27, −4− 2c17 − 2c27, 6 + 4c17 + 2c27,

−6−4c17−2c27, −2c17, 0; −2ξ37 , −4−2c17−2c27, 4+4c17+2c27, 6+4c17+2c27, −2c17, −6−4c17−2c27,
0; 6+4c17+2c27, 2c

1
7, −2ξ37 , −6− 6c17− 2c27, 2ξ

3
7 , 0; 6+4c17+2c27, −2ξ37 , 2ξ37 , −6− 6c17− 2c27,

0; −1− 2c17, 4 + 2c17 + 2c27, 4 + 2c17 + 2c27, −5− 6c17 − 2c27; −4− 2c17 − 2c27, 4 + 4c17 + 2c27, 0;
−4− 2c17 − 2c27, 0; 5 + 6c17 + 2c27)

Realization: Sp(6)3.

18. 1077,2986,684.3 : di = (1.0, 7.887, 7.887, 7.887, 7.887, 7.887, 8.887, 9.887, 9.887, 9.887)

D2 = 684.336 = 693+77
√
77

2

T = (0, 1
11 ,

3
11 ,

4
11 ,

5
11 ,

9
11 , 0,

3
7 ,

5
7 ,

6
7 ),

S = (1, 7+
√
77

2 , 7+
√
77

2 , 7+
√
77

2 , 7+
√
77

2 , 7+
√
77

2 , 9+
√
77

2 , 11+
√
77

2 , 11+
√
77

2 , 11+
√
77

2 ; −1 − 2c177 +

c277 − c377 − c477 + c577 + 2c677 − c777 − c877 + c977 − 2c1077 − c1177 + c1277 − 4c1477 − c1577 + 3c1677 + 2c1777 −
c1877 + c1977 − c2177 − c2277 − c2377 + c2877 − c2977, −2 + 2c277 − 2c377 − 2c477 + 2c577 − 2c677 − 6c777 −
2c877 + 2c977 − 2c1177 + 2c1277 − c1477 − 2c1577 − 2c1777 − 3c1877 + 2c1977 − 2c2277 + 2c2377 − c2677 − c2877 − 3c2977,
1+2c177+c677+c777−2c977+2c1077−2c1377+c1477+c1677+c1777+2c2177+2c2377−2c2477−2c2877, −1+c177+2c977+
c1077+2c1377−c1477+2c1877−4c2177+c2377+2c2477+2c2677−c2877+2c2977, 5−2c277+2c377+2c477−2c577+4c777+
2c877−c977+2c1177−2c1277+c1377+4c1477+2c1577−2c1677−2c1977+3c2177+2c2277−2c2377+c2477−2c2677+3c2877,

− 7+
√
77

2 , 0, 0, 0; 5−2c277+2c377+2c477−2c577+4c777+2c877−c977+2c1177−2c1277+c1377+4c1477+2c1577−
2c1677−2c1977+3c2177+2c2277−2c2377+c2477−2c2677+3c2877, −1−2c177+c277−c377−c477+c577+2c677−c777−
c877 + c977− 2c1077− c1177 + c1277− 4c1477− c1577 +3c1677 +2c1777− c1877 + c1977− c2177− c2277− c2377 + c2877− c2977,
1 + 2c177 + c677 + c777 − 2c977 + 2c1077 − 2c1377 + c1477 + c1677 + c1777 + 2c2177 + 2c2377 − 2c2477 − 2c2877,

−1 + c177 + 2c977 + c1077 + 2c1377 − c1477 + 2c1877 − 4c2177 + c2377 + 2c2477 + 2c2677 − c2877 + 2c2977, − 7+
√
77

2 ,

0, 0, 0; −1 + c177 + 2c977 + c1077 + 2c1377 − c1477 + 2c1877 − 4c2177 + c2377 + 2c2477 + 2c2677 − c2877 + 2c2977,
5−2c277+2c377+2c477−2c577+4c777+2c877−c977+2c1177−2c1277+c1377+4c1477+2c1577−2c1677−2c1977+
3c2177+2c2277−2c2377+c2477−2c2677+3c2877, −2+2c277−2c377−2c477+2c577−2c677−6c777−2c877+2c977−
2c1177 +2c1277− c1477− 2c1577− 2c1777− 3c1877 +2c1977− 2c2277 +2c2377− c2677− c2877− 3c2977, − 7+

√
77

2 , 0, 0, 0;
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−2+ 2c277− 2c377− 2c477 +2c577− 2c677− 6c777− 2c877 +2c977− 2c1177 +2c1277− c1477− 2c1577− 2c1777−
3c1877+2c1977−2c2277+2c2377−c2677−c2877−3c2977, −1−2c177+c277−c377−c477+c577+2c677−c777−c877+

c977−2c1077−c1177+c1277−4c1477−c1577+3c1677+2c1777−c1877+c1977−c2177−c2277−c2377+c2877−c2977, − 7+
√
77

2 ,

0, 0, 0; 1+ 2c177 + c677 + c777− 2c977 +2c1077− 2c1377 + c1477 + c1677 + c1777 +2c2177 +2c2377− 2c2477− 2c2877,

− 7+
√
77

2 , 0, 0, 0; 1, 11+
√
77

2 , 11+
√
77

2 , 11+
√
77

2 ; 1+3c477+2c777−2c977+c1077+7c1177+2c1577−2c1677+
c1777+2c1877−2c1977+ c2277−2c2377+ c2477+ c2577+2c2677+2c2977, −1+ c177+ c277− c377−3c477+ c577+ c677−
c777− c877+ c977−2c1077−2c1177+ c1277+ c1377− c1477+ c1677−2c1777− c1877+5c2277+ c2377−2c2477−3c2577− c2977,
−4−2c177−2c277+2c377+ c477−2c577−2c677+ c777+2c877− c977−4c1177−2c1277−2c1377+2c1477− c1577−
c1677 + c1877 + c1977 − 5c2277 − c2377 + 2c2577 − c2677 + c2977; −4− 2c177 − 2c277 + 2c377 + c477 − 2c577 − 2c677 +
c777+2c877−c977−4c1177−2c1277−2c1377+2c1477−c1577−c1677+c1877+c1977−5c2277−c2377+2c2577−c2677+c2977,
1+3c477+2c777−2c977+c1077+7c1177+2c1577−2c1677+c1777+2c1877−2c1977+c2277−2c2377+c2477+c2577+2c2677+2c2977;
−1+ c177 + c277− c377− 3c477 + c577 + c677− c777− c877 + c977− 2c1077− 2c1177 + c1277 + c1377− c1477 + c1677−
2c1777 − c1877 + 5c2277 + c2377 − 2c2477 − 3c2577 − c2977)

Realization: condensation reductions of Z(NG(Z7, 7)).

19. 1010,1684,1435. : di = (1.0, 9.472, 9.472, 9.472, 9.472, 9.472, 9.472, 16.944, 16.944, 17.944)

D2 = 1435.541 = 720 + 320
√
5

T = (0, 1
2 ,

1
2 ,

1
2 ,

1
2 ,

1
2 ,

1
2 ,

1
5 ,

4
5 , 0),

S = (1, 5 + 2
√
5, 5 + 2

√
5, 5 + 2

√
5, 5 + 2

√
5, 5 + 2

√
5, 5 + 2

√
5, 8 + 4

√
5, 8 + 4

√
5, 9 + 4

√
5;

15+ 6
√
5, −5− 2

√
5, −5− 2

√
5, −5− 2

√
5, −5− 2

√
5, −5− 2

√
5, 0, 0, 5 + 2

√
5; 15+ 6

√
5,

−5− 2
√
5, −5− 2

√
5, −5− 2

√
5, −5− 2

√
5, 0, 0, 5+ 2

√
5; 15+ 6

√
5, −5− 2

√
5, −5− 2

√
5,

−5−2
√
5, 0, 0, 5+2

√
5; 15+6

√
5, −5−2

√
5, −5−2

√
5, 0, 0, 5+2

√
5; 15+6

√
5, −5−2

√
5,

0, 0, 5+2
√
5; 15+6

√
5, 0, 0, 5+2

√
5; 14+6

√
5, −6−2

√
5, −8−4

√
5; 14+6

√
5, −8−4

√
5;

1)
Realization: Condensation of Z5 bosons in SU(5)5, see [117].

20. 1020,6760,1435. : di = (1.0, 9.472, 9.472, 9.472, 9.472, 9.472, 9.472, 16.944, 16.944, 17.944)

D2 = 1435.541 = 720 + 320
√
5

T = (0, 0, 0, 1
4 ,

1
4 ,

3
4 ,

3
4 ,

2
5 ,

3
5 , 0),

S = (1, 5 + 2
√
5, 5 + 2

√
5, 5 + 2

√
5, 5 + 2

√
5, 5 + 2

√
5, 5 + 2

√
5, 8 + 4

√
5, 8 + 4

√
5, 9 + 4

√
5;

15+ 6
√
5, −5− 2

√
5, −5− 2

√
5, −5− 2

√
5, −5− 2

√
5, −5− 2

√
5, 0, 0, 5 + 2

√
5; 15+ 6

√
5,

−5 − 2
√
5, −5 − 2

√
5, −5 − 2

√
5, −5 − 2

√
5, 0, 0, 5 + 2

√
5; −3 − 6s120 − 4c220 + 14s320,

−3+6s120−4c220−14s320, 5+2
√
5, 5+2

√
5, 0, 0, 5+2

√
5; −3−6s120−4c220+14s320, 5+2

√
5,

5 + 2
√
5, 0, 0, 5 + 2

√
5; −3 + 6s120 − 4c220 − 14s320, −3− 6s120 − 4c220 + 14s320, 0, 0, 5 + 2

√
5;

−3 + 6s120 − 4c220 − 14s320, 0, 0, 5 + 2
√
5; −6 − 2

√
5, 14 + 6

√
5, −8 − 4

√
5; −6 − 2

√
5,

−8− 4
√
5; 1)

Realization: Condensation reductions of Z(NG(Z4 × Z4, 16)), see [118].

21. 1011,37260
11 ,43.10

: di = (1.0, 0.309, 1.682, 1.830, 2.397, 2.918, −1.88, −1.309, −2.513, −3.513)

D2 = 43.108 = 33 + 11c111 + 11c211 + 11c311 + 11c411
T = (0, 4

11 ,
10
11 ,

1
11 ,

7
11 ,

5
11 ,

2
11 ,

6
11 ,

3
11 ,

9
11 ),

S = (1, −1 − c411, c
1
11, 1 + c211, 1 + c111 + c311, 2 + c111 + c211 + c311 + c411, −1 − c111 − c311 − c411,

c411, −c111 − c211, −ξ511; −c411, ξ511, c111, 1 + c111 + c311 + c411, 1 + c211, 2 + c111 + c211 + c311 + c411,
1+ c111+ c311, 1, c

1
11+ c211; −1− c111− c311− c411, −1− c111− c311, −1, −c411, −1− c411, c

1
11+ c211,

1+ c211, −2− c111− c211− c311− c411; −c411, c111+ c211, −1− c411, 1, −ξ511, 2+ c111+ c211+ c311+ c411,
1+ c111+ c311+ c411; 1+ c211, −ξ511, −c111, 2+ c111+ c211+ c311+ c411, c

4
11, −1− c411; 1, −c111− c211,

−c111, −1−c111−c311−c411, 1+c111+c311; ξ511, −1−c211, −1−c111−c311, c411; −1−c111−c311−c411,
1 + c411, 1; ξ511, −c111; 1 + c211)

Realization: PSO(5) 5
2
, i.e. the adjoint subcategory of the non-unitary braided fusion category

SO(5) 5
2
corresponding to Uqso5 with q = eπi/11, see [119].

7.5 Rank 11

1. 1111,5682,11. : di = (1.0, 1.0, 1.0, 1.0, 1.0, 1.0, 1.0, 1.0, 1.0, 1.0, 1.0)

D2 = 11.0 = 11
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T = (0, 1
11 ,

1
11 ,

3
11 ,

3
11 ,

4
11 ,

4
11 ,

5
11 ,

5
11 ,

9
11 ,

9
11 ),

S = (1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1; −ζ722, ζ211, −ζ922, ζ111, −ζ322, ζ411, −ζ522, ζ311, −ζ122, ζ511; −ζ722,
ζ111, −ζ922, ζ411, −ζ322, ζ311, −ζ522, ζ511, −ζ122; ζ511, −ζ122, −ζ722, ζ211, ζ411, −ζ322, ζ311, −ζ522; ζ511,
ζ211, −ζ722, −ζ322, ζ411, −ζ522, ζ311; ζ311, −ζ522, ζ511, −ζ122, ζ111, −ζ922; ζ311, −ζ122, ζ511, −ζ922, ζ111;
ζ111, −ζ922, −ζ722, ζ211; ζ111, ζ

2
11, −ζ722; ζ411, −ζ322; ζ411)

Realization: U(11)1.

2. 1116,2451,32. : di = (1.0, 1.0, 1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0)

D2 = 32.0 = 32

T = (0, 0, 0, 0, 1
4 ,

1
16 ,

1
16 ,

1
16 ,

9
16 ,

9
16 ,

9
16 ),

S = (1, 1, 1, 1, 2, 2, 2, 2, 2, 2, 2; 1, 1, 1, 2, −2, −2, 2, −2, −2, 2; 1, 1, 2, −2, 2, −2, −2, 2,
−2; 1, 2, 2, −2, −2, 2, −2, −2; −4, 0, 0, 0, 0, 0, 0; 2

√
2, 0, 0, −2

√
2, 0, 0; 2

√
2, 0, 0,

−2
√
2, 0; 2

√
2, 0, 0, −2

√
2; 2
√
2, 0, 0; 2

√
2, 0; 2

√
2)

Realization: O4 or SO(16)2 or Abelian anyon condensations of D3(Q8).

3. 1116,1571,32. : di = (1.0, 1.0, 1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0)

D2 = 32.0 = 32

T = (0, 0, 0, 0, 1
4 ,

1
16 ,

1
16 ,

5
16 ,

9
16 ,

9
16 ,

13
16 ),

S = (1, 1, 1, 1, 2, 2, 2, 2, 2, 2, 2; 1, 1, 1, 2, −2, −2, 2, −2, −2, 2; 1, 1, 2, −2, 2, −2, −2, 2,
−2; 1, 2, 2, −2, −2, 2, −2, −2; −4, 0, 0, 0, 0, 0, 0; 2

√
2, 0, 0, −2

√
2, 0, 0; 2

√
2, 0, 0,

−2
√
2, 0; −2

√
2, 0, 0, 2

√
2; 2
√
2, 0, 0; 2

√
2, 0; −2

√
2)

Realization: Abelian anyon condensations of O4 or D1(Q8) or D3(Q8).

4. 11120,1572,60. : di = (1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0, 3.872, 3.872)

D2 = 60.0 = 60

T = (0, 0, 1
3 ,

1
5 ,

4
5 ,

2
15 ,

2
15 ,

8
15 ,

8
15 ,

1
8 ,

5
8 ),

S = (1, 1, 2, 2, 2, 2, 2, 2, 2,
√
15,
√
15; 1, 2, 2, 2, 2, 2, 2, 2, −

√
15, −

√
15; −2, 4, 4, −2, −2,

−2, −2, 0, 0; −1−
√
5, −1 +

√
5, −1 +

√
5, −1 +

√
5, −1−

√
5, −1−

√
5, 0, 0; −1−

√
5,

−1−
√
5, −1−

√
5, −1 +

√
5, −1 +

√
5, 0, 0; 2c415, 2c

1
15, 2c

7
15, 2c

2
15, 0, 0; 2c415, 2c

2
15, 2c

7
15,

0, 0; 2c115, 2c
4
15, 0, 0; 2c115, 0, 0;

√
15, −

√
15;
√
15)

Connected to the orbit of 11120,3642,60. via a change of spherical structure.

Realization: Galois conjugation of SO(15)2.

5. 11120,3642,60. : di = (1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0, 3.872, 3.872)

D2 = 60.0 = 60

T = (0, 0, 1
3 ,

1
5 ,

4
5 ,

2
15 ,

2
15 ,

8
15 ,

8
15 ,

3
8 ,

7
8 ),

S = (1, 1, 2, 2, 2, 2, 2, 2, 2,
√
15,
√
15; 1, 2, 2, 2, 2, 2, 2, 2, −

√
15, −

√
15; −2, 4, 4, −2, −2,

−2, −2, 0, 0; −1−
√
5, −1 +

√
5, −1 +

√
5, −1 +

√
5, −1−

√
5, −1−

√
5, 0, 0; −1−

√
5,

−1−
√
5, −1−

√
5, −1 +

√
5, −1 +

√
5, 0, 0; 2c415, 2c

1
15, 2c

7
15, 2c

2
15, 0, 0; 2c415, 2c

2
15, 2c

7
15,

0, 0; 2c115, 2c
4
15, 0, 0; 2c115, 0, 0; −

√
15,
√
15; −

√
15)

Connected to the orbit of 11120,1572,60. via a change of spherical structure.

Realization: Galois conjugation of Abelian anyon condensation of SO(30)2.

6. 1148,10813
2 ,89.56

: di = (1.0, 1.0, 1.931, 1.931, 2.732, 2.732, 3.346, 3.346, 3.732, 3.732, 3.863)

D2 = 89.569 = 48 + 24
√
3

T = (0, 1
2 ,

1
16 ,

1
16 ,

1
3 ,

5
6 ,

13
16 ,

13
16 , 0,

1
2 ,

19
48 ),

S = (1, 1, c124, c
1
24, 1 +

√
3, 1 +

√
3, 3+3

√
3√

6
, 3+3

√
3√

6
, 2 +

√
3, 2 +

√
3, 2c124; 1, −c124, −c124,

1+
√
3, 1+

√
3, −3−3

√
3√

6
, −3−3

√
3√

6
, 2+

√
3, 2+

√
3, −2c124; (−3−3

√
3√

6
)i, ( 3+3

√
3√

6
)i, −2c124, 2c124,

( 3+3
√
3√

6
)i, (−3−3

√
3√

6
)i, −c124, c124, 0; (−3−3

√
3√

6
)i, −2c124, 2c124, (−3−3

√
3√

6
)i, ( 3+3

√
3√

6
)i, −c124, c124,

0; 1 +
√
3, 1 +

√
3, 0, 0, −1−

√
3, −1−

√
3, 2c124; 1 +

√
3, 0, 0, −1−

√
3, −1−

√
3, −2c124;

( 3+3
√
3√

6
)i, (−3−3

√
3√

6
)i, 3+3

√
3√

6
, −3−3

√
3√

6
, 0; ( 3+3

√
3√

6
)i, 3+3

√
3√

6
, −3−3

√
3√

6
, 0; 1, 1, −2c124; 1, 2c124;

0)

Connected to the orbit of 1148,6287
2 ,89.56

via a change of spherical structure.

58



SciPost Physics Submission

Realization: Abelian anyon condensation of SU(2)10 or SU(10)2 or Sp(20)1.

7. 1148,6287
2 ,89.56

: di = (1.0, 1.0, 1.931, 1.931, 2.732, 2.732, 3.346, 3.346, 3.732, 3.732, 3.863)

D2 = 89.569 = 48 + 24
√
3

T = (0, 1
2 ,

3
16 ,

3
16 ,

2
3 ,

1
6 ,

7
16 ,

7
16 , 0,

1
2 ,

41
48 ),

S = (1, 1, c124, c
1
24, 1 +

√
3, 1 +

√
3, 3+3

√
3√

6
, 3+3

√
3√

6
, 2 +

√
3, 2 +

√
3, 2c124; 1, −c124, −c124,

1+
√
3, 1+

√
3, −3−3

√
3√

6
, −3−3

√
3√

6
, 2+

√
3, 2+

√
3, −2c124; (−3−3

√
3√

6
)i, ( 3+3

√
3√

6
)i, −2c124, 2c124,

( 3+3
√
3√

6
)i, (−3−3

√
3√

6
)i, −c124, c124, 0; (−3−3

√
3√

6
)i, −2c124, 2c124, (−3−3

√
3√

6
)i, ( 3+3

√
3√

6
)i, −c124, c124,

0; 1 +
√
3, 1 +

√
3, 0, 0, −1−

√
3, −1−

√
3, 2c124; 1 +

√
3, 0, 0, −1−

√
3, −1−

√
3, −2c124;

( 3+3
√
3√

6
)i, (−3−3

√
3√

6
)i, 3+3

√
3√

6
, −3−3

√
3√

6
, 0; ( 3+3

√
3√

6
)i, 3+3

√
3√

6
, −3−3

√
3√

6
, 0; 1, 1, −2c124; 1, 2c124;

0)

Connected to the orbit of 1148,10813
2 ,89.56

via a change of spherical structure.

Realization: Abelian anyon condensation of SU(2)10 or SU(10)2 or Sp(20)1.

8. 1148,2145
2 ,89.56

: di = (1.0, 1.0, 1.931, 1.931, 2.732, 2.732, 3.346, 3.346, 3.732, 3.732, 3.863)

D2 = 89.569 = 48 + 24
√
3

T = (0, 1
2 ,

1
16 ,

1
16 ,

2
3 ,

1
6 ,

5
16 ,

5
16 , 0,

1
2 ,

35
48 ),

S = (1, 1, c124, c
1
24, 1+

√
3, 1+

√
3, 3+3

√
3√

6
, 3+3

√
3√

6
, 2+

√
3, 2+

√
3, 2c124; 1, −c124, −c124, 1+

√
3,

1 +
√
3, −3−3

√
3√

6
, −3−3

√
3√

6
, 2 +

√
3, 2 +

√
3, −2c124; 3+3

√
3√

6
, −3−3

√
3√

6
, −2c124, 2c124, −3−3

√
3√

6
,

3+3
√
3√

6
, −c124, c124, 0; 3+3

√
3√

6
, −2c124, 2c124, 3+3

√
3√

6
, −3−3

√
3√

6
, −c124, c124, 0; 1 +

√
3, 1 +

√
3,

0, 0, −1 −
√
3, −1 −

√
3, 2c124; 1 +

√
3, 0, 0, −1 −

√
3, −1 −

√
3, −2c124; −3−3

√
3√

6
, 3+3

√
3√

6
,

3+3
√
3√

6
, −3−3

√
3√

6
, 0; −3−3

√
3√

6
, 3+3

√
3√

6
, −3−3

√
3√

6
, 0; 1, 1, −2c124; 1, 2c124; 0)

Connected to the orbit of 1148,31115
2 ,89.56

via a change of spherical structure.

Realization: SU(2)10 or Abelian anyon condensation of SU(10)2 or Sp(20)1.

9. 1148,31115
2 ,89.56

: di = (1.0, 1.0, 1.931, 1.931, 2.732, 2.732, 3.346, 3.346, 3.732, 3.732, 3.863)

D2 = 89.569 = 48 + 24
√
3

T = (0, 1
2 ,

3
16 ,

3
16 ,

1
3 ,

5
6 ,

15
16 ,

15
16 , 0,

1
2 ,

25
48 ),

S = (1, 1, c124, c
1
24, 1+

√
3, 1+

√
3, 3+3

√
3√

6
, 3+3

√
3√

6
, 2+

√
3, 2+

√
3, 2c124; 1, −c124, −c124, 1+

√
3,

1 +
√
3, −3−3

√
3√

6
, −3−3

√
3√

6
, 2 +

√
3, 2 +

√
3, −2c124; −3−3

√
3√

6
, 3+3

√
3√

6
, −2c124, 2c124, −3−3

√
3√

6
,

3+3
√
3√

6
, −c124, c124, 0; −3−3

√
3√

6
, −2c124, 2c124, 3+3

√
3√

6
, −3−3

√
3√

6
, −c124, c124, 0; 1 +

√
3, 1 +

√
3,

0, 0, −1 −
√
3, −1 −

√
3, 2c124; 1 +

√
3, 0, 0, −1 −

√
3, −1 −

√
3, −2c124; 3+3

√
3√

6
, −3−3

√
3√

6
,

3+3
√
3√

6
, −3−3

√
3√

6
, 0; 3+3

√
3√

6
, 3+3

√
3√

6
, −3−3

√
3√

6
, 0; 1, 1, −2c124; 1, 2c124; 0)

Connected to the orbit of 1148,2145
2 ,89.56

via a change of spherical structure.

Realization: Abelian anyon condensation of SU(2)10 or SU(10)2 or Sp(20)1.

10. 1123,306144
23 ,310.1

: di = (1.0, 1.981, 2.925, 3.815, 4.634, 5.367, 5.999, 6.520, 6.919, 7.190, 7.326)

D2 = 310.117 = 66 + 55c123 + 45c223 + 36c323 + 28c423 + 21c523 + 15c623 + 10c723 + 6c823 + 3c923 + c1023
T = (0, 5

23 ,
21
23 ,

2
23 ,

17
23 ,

20
23 ,

11
23 ,

13
23 ,

3
23 ,

4
23 ,

16
23 ),

S = (1, −c1123, ξ323, ξ1923 , ξ523, ξ1723 , ξ723, ξ1523 , ξ923, ξ1323 , ξ1123 ; −ξ1923 , ξ1723 , −ξ1523 , ξ1323 , −ξ1123 , ξ923, −ξ723,
ξ523, −ξ323, 1; ξ923, ξ

11
23 , ξ

15
23 , ξ

5
23, −c1123, −1, −ξ1923 , −ξ723, −ξ1323 ; −ξ723, ξ323, 1, −ξ523, ξ923, −ξ1323 ,

ξ1723 , c
11
23; c1123, −ξ723, −ξ1123 , −ξ1723 , −1, ξ1923 , ξ923; ξ1323 , −ξ1923 , c1123, ξ1523 , −ξ923, ξ323; ξ323, ξ

13
23 , ξ

17
23 ,

−1, −ξ1523 ; −ξ523, −ξ323, ξ1123 , −ξ1923 ; −ξ1123 , c1123, ξ723; −ξ1523 , ξ523; −ξ1723)
Realization: Abelian anyon condensation of SU(2)21 or SU(21)2 or Sp(42)1.

11. 1119,30654
19 ,696.5

: di = (1.0, 2.972, 4.864, 6.54, 6.54, 6.623, 8.201, 9.556, 10.650, 11.453, 11.944)

D2 = 696.547 = 171 + 152c119 + 133c219 + 114c319 + 95c419 + 76c519 + 57c619 + 38c719 + 19c819
T = (0, 1

19 ,
3
19 ,

7
19 ,

7
19 ,

6
19 ,

10
19 ,

15
19 ,

2
19 ,

9
19 ,

17
19 ),
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S = (1, 2+c119+c219+c319+c419+c519+c619+c719+c819, 2+2c119+c219+c319+c419+c519+c619+c719+c819, ξ
9
19,

ξ919, 2+2c119+c219+c319+c419+c519+c619+c719, 2+2c119+2c219+c319+c419+c519+c619+c719, 2+2c119+
2c219+c319+c419+c519+c619, 2+2c119+2c219+2c319+c419+c519+c619, 2+2c119+2c219+2c319+c419+c519,
2+2c119+2c219+2c319+2c419+c519; 2+2c119+2c219+c319+c419+c519+c619+c719, 2+2c119+2c219+2c319+
c419+c519, −ξ919, −ξ919, 2+2c119+2c219+2c319+2c419+c519, 2+2c119+2c219+c319+c419+c519+c619,
2+2c119+c219+c319+c419+c519+c619+c719+c819, −1, −2−2c119−c219−c319−c419−c519−c619−c719,
−2− 2c119 − 2c219 − 2c319 − c419 − c519 − c619; 2 + 2c119 + 2c219 + 2c319 + c419 + c519 + c619, ξ

9
19, ξ

9
19,

2 + c119 + c219 + c319 + c419 + c519 + c619 + c719 + c819, −2− 2c119 − c219 − c319 − c419 − c519 − c619 − c719,
−2−2c119−2c219−2c319−2c419−c519, −2−2c119−2c219−c319−c419−c519−c619, −1, 2+2c119+2c219+
c319+c419+c519+c619+c719; s119+s219+s319+s419+2ζ519−ζ−5

19 +ζ619+2ζ719−ζ−7
19 +2ζ819−ζ−8

19 +ζ919,
−1−2ζ119−2ζ219−2ζ319−2ζ419−2ζ519+ζ−5

19 −ζ619−2ζ719+ζ−7
19 −2ζ819+ζ−8

19 −ζ919, −ξ919, ξ919, −ξ919,
ξ919, −ξ919, ξ919; s119+ s219+ s319+ s419+2ζ519− ζ−5

19 + ζ619+2ζ719− ζ−7
19 +2ζ819− ζ−8

19 + ζ919, −ξ919,
ξ919, −ξ919, ξ919, −ξ919, ξ919; −2− 2c119− 2c219− c319− c419− c519− c619, −2− 2c119− 2c219− 2c319−
c419−c519−c619, 1, 2+2c119+2c219+2c319+c419+c519, 2+2c119+2c219+c319+c419+c519+c619+c719,
−2−2c119−c219−c319−c419−c519−c619−c719−c819; 2+2c119+c219+c319+c419+c519+c619+c719+c819,
2 + 2c119 + 2c219 + 2c319 + c419 + c519, −2 − c119 − c219 − c319 − c419 − c519 − c619 − c719 − c819,
−2 − 2c119 − 2c219 − 2c319 − 2c419 − c519, 1; −2 − 2c119 − c219 − c319 − c419 − c519 − c619 − c719,
−2 − 2c119 − 2c219 − c319 − c419 − c519 − c619 − c719, 2 + 2c119 + 2c219 + 2c319 + c419 + c519 + c619,
2 + c119 + c219 + c319 + c419 + c519 + c619 + c719 + c819; 2 + 2c119 + 2c219 + 2c319 + 2c419 + c519,
−2−2c119− c219− c319− c419− c519− c619− c719− c819, −2−2c119− c219− c319− c419− c519− c619− c719;
−2 − c119 − c219 − c319 − c419 − c519 − c619 − c719 − c819, 2 + 2c119 + 2c219 + c319 + c419 + c519 + c619;
−2− 2c119 − 2c219 − 2c319 − c419 − c519)

Realization: Abelian anyon condensation of SO(18)3.

12. 1148,6343,1337. : di = (1.0, 6.464, 6.464, 7.464, 7.464, 12.928, 12.928, 12.928, 13.928, 14.928, 14.928)

D2 = 1337.107 = 672 + 384
√
3

T = (0, 0, 0, 1
4 ,

1
4 ,

3
4 ,

3
16 ,

11
16 , 0,

1
3 ,

7
12 ),

S = (1, 3 + 2
√
3, 3 + 2

√
3, 4 + 2

√
3, 4 + 2

√
3, 6 + 4

√
3, 6 + 4

√
3, 6 + 4

√
3, 7 + 4

√
3, 8 + 4

√
3,

8+4
√
3; −7+4ζ112−8ζ−1

12 +8ζ212, 1−8ζ112+4ζ−1
12 −8ζ212, (−6−4

√
3)i, (6+4

√
3)i, −6−4

√
3,

6 + 4
√
3, 6 + 4

√
3, −3 − 2

√
3, 0, 0; −7 + 4ζ112 − 8ζ−1

12 + 8ζ212, (6 + 4
√
3)i, (−6 − 4

√
3)i,

−6− 4
√
3, 6+ 4

√
3, 6+ 4

√
3, −3− 2

√
3, 0, 0; (−8− 4

√
3)ζ16 , (8+ 4

√
3)ζ13 , 0, 0, 0, 4+ 2

√
3,

8 + 4
√
3, −8− 4

√
3; (−8− 4

√
3)ζ16 , 0, 0, 0, 4 + 2

√
3, 8 + 4

√
3, −8− 4

√
3; 12 + 8

√
3, 0, 0,

−6− 4
√
3, 0, 0; 24+12

√
3√

6
, −24−12

√
3√

6
, −6− 4

√
3, 0, 0; 24+12

√
3√

6
, −6− 4

√
3, 0, 0; 1, 8+ 4

√
3,

8 + 4
√
3; −8− 4

√
3, −8− 4

√
3; 8 + 4

√
3)

Realization: may be condensation reductions of Z(NG(Z12, 12)).

13. 1135,58132
5 ,1964.

: di = (1.0, 8.807, 8.807, 8.807, 11.632, 13.250, 14.250, 14.250, 14.250, 19.822, 20.440)

D2 = 1964.590 = 910−280c135+280c235+280c335+175c435+280c535−105c635+490c735−280c835+
175c935 + 280c1035

T = (0, 2
35 ,

22
35 ,

32
35 ,

1
5 , 0,

3
7 ,

5
7 ,

6
7 ,

3
5 ,

1
5 ),

S = (1, 4−c135+c235+c335+c435+c535+2c735−c835+c935+c1035, 4−c135+c235+c335+c435+c535+2c735−c835+
c935+c1035, 4−c135+c235+c335+c435+c535+2c735−c835+c935+c1035, 5−2c135+2c235+2c335+c435+2c535−
c635+3c735−2c835+c935+2c1035, 6−2c135+2c235+2c335+c435+2c535−c635+4c735−2c835+c935+2c1035,
7−2c135+2c235+2c335+c435+2c535−c635+4c735−2c835+c935+2c1035, 7−2c135+2c235+2c335+c435+2c535−
c635+4c735−2c835+c935+2c1035, 7−2c135+2c235+2c335+c435+2c535−c635+4c735−2c835+c935+2c1035,
9−3c135+3c235+3c335+2c435+3c535−c635+4c735−3c835+2c935+3c1035, 9−3c135+3c235+3c335+2c435+
3c535−c635+5c735−3c835+2c935+3c1035; 1−c135+4c235−2c335+c435+2c535−c635+c735+2c935−3c1035+2c1135,
1+5c135+4c335+3c435+c535+4c635+2c835+3c1035+c1135, 5−6c135−2c235−3c435−c535−4c635+3c735−
4c835 − c935 + 2c1035 − 3c1135, 7− 2c135 + 2c235 + 2c335 + c435 + 2c535 − c635 + 4c735 − 2c835 + c935 + 2c1035,
4−c135+c235+c335+c435+c535+2c735−c835+c935+c1035, −1−3c135−2c335−2c435−c535−2c635−c835−2c1035,
−3+4c135+c235+2c435+c535+2c635−2c735+2c835+c935−c1035+2c1135, −2c235+c335−c435−c535−2c935+
2c1035−2c1135, 0, −7+2c135−2c235−2c335−c435−2c535+c635−4c735+2c835−c935−2c1035; 5−6c135−2c235−
3c435−c535−4c635+3c735−4c835−c935+2c1035−3c1135, 1−c135+4c235−2c335+c435+2c535−c635+c735+2c935−
3c1035+2c1135, 7−2c135+2c235+2c335+c435+2c535−c635+4c735−2c835+c935+2c1035, 4−c135+c235+c335+
c435+c535+2c735−c835+c935+c1035, −3+4c135+c235+2c435+c535+2c635−2c735+2c835+c935−c1035+2c1135,
−2c235+ c335− c435− c535− 2c935 +2c1035− 2c1135, −1− 3c135− 2c335− 2c435− c535− 2c635− c835− 2c1035,
0, −7+2c135−2c235−2c335−c435−2c535+c635−4c735+2c835−c935−2c1035; 1+5c135+4c335+3c435+
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c535+4c635+2c835+3c1035+c1135, 7−2c135+2c235+2c335+c435+2c535−c635+4c735−2c835+c935+2c1035,
4−c135+c235+c335+c435+c535+2c735−c835+c935+c1035, −2c235+c335−c435−c535−2c935+2c1035−2c1135,
−1− 3c135− 2c335− 2c435− c535− 2c635− c835− 2c1035, −3+4c135 + c235 +2c435 + c535 +2c635− 2c735 +
2c835+ c935− c1035+2c1135, 0, −7+2c135− 2c235− 2c335− c435− 2c535+ c635− 4c735+2c835− c935− 2c1035;
−6+2c135−2c235−2c335− c435−2c535+ c635−4c735+2c835− c935−2c1035, −9+3c135−3c235−3c335−
2c435−3c535+c635−5c735+3c835−2c935−3c1035, −4+c135−c235−c335−c435−c535−2c735+c835−c935−c1035,
−4+c135−c235−c335−c435−c535−2c735+c835−c935−c1035, −4+c135−c235−c335−c435−c535−2c735+
c835 − c935 − c1035, 9− 3c135 + 3c235 + 3c335 + 2c435 + 3c535 − c635 + 4c735 − 3c835 + 2c935 + 3c1035, 1; 1,
7−2c135+2c235+2c335+c435+2c535−c635+4c735−2c835+c935+2c1035, 7−2c135+2c235+2c335+c435+2c535−
c635+4c735−2c835+c935+2c1035, 7−2c135+2c235+2c335+c435+2c535−c635+4c735−2c835+c935+2c1035,
−9 + 3c135 − 3c235 − 3c335 − 2c435 − 3c535 + c635 − 4c735 + 3c835 − 2c935 − 3c1035, −5 + 2c135 − 2c235 −
2c335− c435−2c535+ c635−3c735+2c835− c935−2c1035; −5+6c135+2c235+3c435+ c535+4c635−3c735+
4c835 + c935 − 2c1035 + 3c1135, −1 + c135 − 4c235 + 2c335 − c435 − 2c535 + c635 − c735 − 2c935 + 3c1035 − 2c1135,
−1 − 5c135 − 4c335 − 3c435 − c535 − 4c635 − 2c835 − 3c1035 − c1135, 0, 4 − c135 + c235 + c335 + c435 +
c535 + 2c735 − c835 + c935 + c1035; −1 − 5c135 − 4c335 − 3c435 − c535 − 4c635 − 2c835 − 3c1035 − c1135,
−5+ 6c135 +2c235 +3c435 + c535 +4c635− 3c735 +4c835 + c935− 2c1035 +3c1135, 0, 4− c135 + c235 + c335 +
c435+c535+2c735−c835+c935+c1035; −1+c135−4c235+2c335−c435−2c535+c635−c735−2c935+3c1035−2c1135,
0, 4−c135+c235+c335+c435+c535+2c735−c835+c935+c1035; −9+3c135−3c235−3c335−2c435−3c535+
c635−4c735+3c835−2c935−3c1035, 9−3c135+3c235+3c335+2c435+3c535−c635+4c735−3c835+2c935+3c1035;
−6 + 2c135 − 2c235 − 2c335 − c435 − 2c535 + c635 − 4c735 + 2c835 − c935 − 2c1035)

Realization: unknown

7.6 Rank 12

1. 1280,1901,40. : di = (1.0, 1.0, 1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 2.236, 2.236, 2.236, 2.236)

D2 = 40.0 = 40

T = (0, 0, 1
4 ,

1
4 ,

1
5 ,

4
5 ,

1
20 ,

9
20 ,

1
16 ,

1
16 ,

9
16 ,

9
16 ),

S = (1, 1, 1, 1, 2, 2, 2, 2,
√
5,
√
5,
√
5,
√
5; 1, 1, 1, 2, 2, 2, 2, −

√
5, −
√
5, −
√
5, −
√
5; −1,

−1, 2, 2, −2, −2, (−
√
5)i, (

√
5)i, (−

√
5)i, (

√
5)i; −1, 2, 2, −2, −2, (

√
5)i, (−

√
5)i, (

√
5)i,

(−
√
5)i; −1−

√
5, −1 +

√
5, −1 +

√
5, −1−

√
5, 0, 0, 0, 0; −1−

√
5, −1−

√
5, −1 +

√
5,

0, 0, 0, 0; 1 +
√
5, 1 −

√
5, 0, 0, 0, 0; 1 +

√
5, 0, 0, 0, 0; −

√
5ζ38 ,

√
5ζ18 ,

√
5ζ38 , −

√
5ζ18 ;

−
√
5ζ38 , −

√
5ζ18 ,

√
5ζ38 ; −

√
5ζ38 ,

√
5ζ18 ; −

√
5ζ38 )

Connected to the orbit of 1280,3485,40. via a change of spherical structure.

Realization: SO(10)2 (see [120, Section 3] for explicit data) or anyon condensation of O5.

2. 1280,3485,40. : di = (1.0, 1.0, 1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 2.236, 2.236, 2.236, 2.236)

D2 = 40.0 = 40

T = (0, 0, 1
4 ,

1
4 ,

2
5 ,

3
5 ,

13
20 ,

17
20 ,

1
16 ,

1
16 ,

9
16 ,

9
16 ),

S = (1, 1, 1, 1, 2, 2, 2, 2,
√
5,
√
5,
√
5,
√
5; 1, 1, 1, 2, 2, 2, 2, −

√
5, −
√
5, −
√
5, −
√
5; −1,

−1, 2, 2, −2, −2, (−
√
5)i, (

√
5)i, (−

√
5)i, (

√
5)i; −1, 2, 2, −2, −2, (

√
5)i, (−

√
5)i, (

√
5)i,

(−
√
5)i; −1+

√
5, −1−

√
5, −1+

√
5, −1−

√
5, 0, 0, 0, 0; −1+

√
5, −1−

√
5, −1+

√
5, 0,

0, 0, 0; 1−
√
5, 1+

√
5, 0, 0, 0, 0; 1−

√
5, 0, 0, 0, 0;

√
5ζ38 , −

√
5ζ18 , −

√
5ζ38 ,

√
5ζ18 ;

√
5ζ38 ,√

5ζ18 , −
√
5ζ38 ;

√
5ζ38 , −

√
5ζ18 ;

√
5ζ38 )

Connected to the orbit of 1280,1901,40. via a change of spherical structure.

Realization: Abelian anyon condensation of SO(5)2.

3. 1234,1160,68. : di = (1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0, 4.123, 4.123)

D2 = 68.0 = 68

T = (0, 0, 1
17 ,

2
17 ,

4
17 ,

8
17 ,

9
17 ,

13
17 ,

15
17 ,

16
17 , 0,

1
2 ),

S = (1, 1, 2, 2, 2, 2, 2, 2, 2, 2,
√
17,
√
17; 1, 2, 2, 2, 2, 2, 2, 2, 2, −

√
17, −

√
17; 2c217, 2c

5
17,

2c417, 2c
7
17, 2c

6
17, 2c

1
17, 2c

3
17, 2c

8
17, 0, 0; 2c417, 2c

7
17, 2c

8
17, 2c

2
17, 2c

6
17, 2c

1
17, 2c

3
17, 0, 0; 2c817,

2c317, 2c
5
17, 2c

2
17, 2c

6
17, 2c

1
17, 0, 0; 2c117, 2c

4
17, 2c

5
17, 2c

2
17, 2c

6
17, 0, 0; 2c117, 2c

3
17, 2c

8
17, 2c

7
17, 0,

0; 2c817, 2c
7
17, 2c

4
17, 0, 0; 2c417, 2c

5
17, 0, 0; 2c217, 0, 0;

√
17, −

√
17;
√
17)

Connected to the orbit of 1234,8244,68. via a change of spherical structure.

Realization: SO(17)2, or Abelian anyon condensation of SO(17)2, O17.
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4. 1234,8244,68. : di = (1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0, 4.123, 4.123)

D2 = 68.0 = 68

T = (0, 0, 3
17 ,

5
17 ,

6
17 ,

7
17 ,

10
17 ,

11
17 ,

12
17 ,

14
17 , 0,

1
2 ),

S = (1, 1, 2, 2, 2, 2, 2, 2, 2, 2,
√
17,
√
17; 1, 2, 2, 2, 2, 2, 2, 2, 2, −

√
17, −

√
17; 2c617, 2c

3
17,

2c217, 2c
4
17, 2c

1
17, 2c

8
17, 2c

5
17, 2c

7
17, 0, 0; 2c717, 2c

1
17, 2c

2
17, 2c

8
17, 2c

4
17, 2c

6
17, 2c

5
17, 0, 0; 2c517,

2c717, 2c
6
17, 2c

3
17, 2c

4
17, 2c

8
17, 0, 0; 2c317, 2c

5
17, 2c

6
17, 2c

8
17, 2c

1
17, 0, 0; 2c317, 2c

7
17, 2c

2
17, 2c

4
17, 0,

0; 2c517, 2c
1
17, 2c

2
17, 0, 0; 2c717, 2c

3
17, 0, 0; 2c617, 0, 0; −

√
17,
√
17; −

√
17)

Connected to the orbit of 1234,1160,68. via a change of spherical structure.

Realization: SO(17)2 with a Galois conjugation and a change of spherical structure.

5. 1268,1660,68. : di = (1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0, 4.123, 4.123)

D2 = 68.0 = 68

T = (0, 0, 1
17 ,

2
17 ,

4
17 ,

8
17 ,

9
17 ,

13
17 ,

15
17 ,

16
17 ,

1
4 ,

3
4 ),

S = (1, 1, 2, 2, 2, 2, 2, 2, 2, 2,
√
17,
√
17; 1, 2, 2, 2, 2, 2, 2, 2, 2, −

√
17, −

√
17; 2c217, 2c

5
17,

2c417, 2c
7
17, 2c

6
17, 2c

1
17, 2c

3
17, 2c

8
17, 0, 0; 2c417, 2c

7
17, 2c

8
17, 2c

2
17, 2c

6
17, 2c

1
17, 2c

3
17, 0, 0; 2c817,

2c317, 2c
5
17, 2c

2
17, 2c

6
17, 2c

1
17, 0, 0; 2c117, 2c

4
17, 2c

5
17, 2c

2
17, 2c

6
17, 0, 0; 2c117, 2c

3
17, 2c

8
17, 2c

7
17, 0,

0; 2c817, 2c
7
17, 2c

4
17, 0, 0; 2c417, 2c

5
17, 0, 0; 2c217, 0, 0; −

√
17,
√
17; −

√
17)

Connected to the orbit of 1268,7214,68. via a change of spherical structure.

Realization: Abelian anyon condensation of SO(17)2, SO(17)2 or O17.

6. 1268,7214,68. : di = (1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0, 2.0, 4.123, 4.123)

D2 = 68.0 = 68

T = (0, 0, 3
17 ,

5
17 ,

6
17 ,

7
17 ,

10
17 ,

11
17 ,

12
17 ,

14
17 ,

1
4 ,

3
4 ),

S = (1, 1, 2, 2, 2, 2, 2, 2, 2, 2,
√
17,
√
17; 1, 2, 2, 2, 2, 2, 2, 2, 2, −

√
17, −

√
17; 2c617, 2c

3
17,

2c217, 2c
4
17, 2c

1
17, 2c

8
17, 2c

5
17, 2c

7
17, 0, 0; 2c717, 2c

1
17, 2c

2
17, 2c

8
17, 2c

4
17, 2c

6
17, 2c

5
17, 0, 0; 2c517,

2c717, 2c
6
17, 2c

3
17, 2c

4
17, 2c

8
17, 0, 0; 2c317, 2c

5
17, 2c

6
17, 2c

8
17, 2c

1
17, 0, 0; 2c317, 2c

7
17, 2c

2
17, 2c

4
17, 0,

0; 2c517, 2c
1
17, 2c

2
17, 0, 0; 2c717, 2c

3
17, 0, 0; 2c617, 0, 0;

√
17, −

√
17;
√
17)

Connected to the orbit of 1268,1660,68. via a change of spherical structure.

Realization: anyon condensation of SO(17)2 with a Galois conjugation and a change of spherical
structure.

7. 1248,1204,144. : di = (1.0, 1.0, 2.0, 3.0, 3.0, 4.0, 4.0, 4.0, 4.242, 4.242, 4.242, 4.242)

D2 = 144.0 = 144

T = (0, 0, 0, 1
2 ,

1
2 , 0,

1
3 ,

2
3 ,

1
16 ,

7
16 ,

9
16 ,

15
16 ),

S = (1, 1, 2, 3, 3, 4, 4, 4, 3
√
2, 3
√
2, 3
√
2, 3
√
2; 1, 2, 3, 3, 4, 4, 4, −3

√
2, −3

√
2, −3

√
2, −3

√
2;

4, 6, 6, −4, −4, −4, 0, 0, 0, 0; −3, −3, 0, 0, 0, −3
√
2, 3
√
2, −3

√
2, 3
√
2; −3, 0, 0, 0, 3

√
2,

−3
√
2, 3
√
2, −3

√
2; −8, 4, 4, 0, 0, 0, 0; 4, −8, 0, 0, 0, 0; 4, 0, 0, 0, 0; 0, 6, 0, −6; 0, −6,

0; 0, 6; 0)

Connected to the orbit of 1248,6504,144. via a change of spherical structure.

Realization: S3-gauging of the rank-4 3-fermion MTC 42,2504,4. with a different minimal modular
extension.

8. 1248,6504,144. : di = (1.0, 1.0, 2.0, 3.0, 3.0, 4.0, 4.0, 4.0, 4.242, 4.242, 4.242, 4.242)

D2 = 144.0 = 144

T = (0, 0, 0, 1
2 ,

1
2 , 0,

1
3 ,

2
3 ,

3
16 ,

5
16 ,

11
16 ,

13
16 ),

S = (1, 1, 2, 3, 3, 4, 4, 4, 3
√
2, 3
√
2, 3
√
2, 3
√
2; 1, 2, 3, 3, 4, 4, 4, −3

√
2, −3

√
2, −3

√
2, −3

√
2;

4, 6, 6, −4, −4, −4, 0, 0, 0, 0; −3, −3, 0, 0, 0, −3
√
2, 3
√
2, −3

√
2, 3
√
2; −3, 0, 0, 0, 3

√
2,

−3
√
2, 3
√
2, −3

√
2; −8, 4, 4, 0, 0, 0, 0; 4, −8, 0, 0, 0, 0; 4, 0, 0, 0, 0; 0, 6, 0, −6; 0, −6,

0; 0, 6; 0)

Connected to the orbit of 1248,1204,144. via a change of spherical structure.

Realization: S3-gauging of the rank-4 3-fermion MTC 42,2504,4. with a different minimal modular

extension. Also constructed by condensing the diagonal copy of Rep(S3) in C⊠Rep(DωS3) where

C is 12144,9164,144. .
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9. 12144,9164,144. : di = (1.0, 1.0, 2.0, 3.0, 3.0, 4.0, 4.0, 4.0, 4.242, 4.242, 4.242, 4.242)

D2 = 144.0 = 144

T = (0, 0, 0, 1
2 ,

1
2 ,

1
9 ,

4
9 ,

7
9 ,

1
16 ,

7
16 ,

9
16 ,

15
16 ),

S = (1, 1, 2, 3, 3, 4, 4, 4, 3
√
2, 3
√
2, 3
√
2, 3
√
2; 1, 2, 3, 3, 4, 4, 4, −3

√
2, −3

√
2, −3

√
2, −3

√
2;

4, 6, 6, −4, −4, −4, 0, 0, 0, 0; −3, −3, 0, 0, 0, −3
√
2, 3
√
2, −3

√
2, 3
√
2; −3, 0, 0, 0, 3

√
2,

−3
√
2, 3
√
2, −3

√
2; −4c29, −4c49, −4c19, 0, 0, 0, 0; −4c19, −4c29, 0, 0, 0, 0; −4c49, 0, 0, 0, 0;

0, 6, 0, −6; 0, −6, 0; 0, 6; 0)

Connected to the orbit of 12144,3864,144. via a change of spherical structure.

Realization: S3-gauging of the rank-4 3-fermion MTC 42,2504,4. , see [121].

10. 12144,3864,144. : di = (1.0, 1.0, 2.0, 3.0, 3.0, 4.0, 4.0, 4.0, 4.242, 4.242, 4.242, 4.242)

D2 = 144.0 = 144

T = (0, 0, 0, 1
2 ,

1
2 ,

1
9 ,

4
9 ,

7
9 ,

3
16 ,

5
16 ,

11
16 ,

13
16 ),

S = (1, 1, 2, 3, 3, 4, 4, 4, 3
√
2, 3
√
2, 3
√
2, 3
√
2; 1, 2, 3, 3, 4, 4, 4, −3

√
2, −3

√
2, −3

√
2, −3

√
2;

4, 6, 6, −4, −4, −4, 0, 0, 0, 0; −3, −3, 0, 0, 0, −3
√
2, 3
√
2, −3

√
2, 3
√
2; −3, 0, 0, 0, 3

√
2,

−3
√
2, 3
√
2, −3

√
2; −4c29, −4c49, −4c19, 0, 0, 0, 0; −4c19, −4c29, 0, 0, 0, 0; −4c49, 0, 0, 0, 0;

0, 6, 0, −6; 0, −6, 0; 0, 6; 0)

Connected to the orbit of 12144,9164,144. via a change of spherical structure.

Realization: S3-gauging of the rank-4 3-fermion MTC 42,2504,4. with a different minimal modular
extension.

11. 1225,28594
25 ,397.8

: di = (1.0, 1.984, 2.937, 3.843, 4.689, 5.461, 6.147, 6.736, 7.219, 7.588, 7.837, 7.962)

D2 = 397.875 = 75 + 65c125 + 55c225 + 45c325 + 35c425 + 25c15 + 20c625 + 15c725 + 10c825 + 5c925
T = (0, 7

25 ,
2
25 ,

2
5 ,

6
25 ,

3
5 ,

12
25 ,

22
25 ,

4
5 ,

6
25 ,

1
5 ,

17
25 ),

S = (1, −c1225, ξ325, ξ2125 , ξ525, ξ1925 , ξ725, ξ1725 , ξ925, 1+
√
5

2 ξ525, ξ
11
25 , ξ

13
25 ; −ξ2125 , ξ1925 , −ξ1725 , 1+

√
5

2 ξ525,

−ξ1325 , ξ1125 , −ξ925, ξ725, −ξ525, ξ325, −1; ξ925, ξ
13
25 ,

1+
√
5

2 ξ525, ξ
7
25, ξ

21
25 , 1, c

12
25, −ξ525, −ξ1725 , −ξ1125 ;

−ξ925, ξ525, −1, −ξ325, ξ725, −ξ1125 , 1+
√
5

2 ξ525, −ξ1925 , −c1225; 0, −ξ525, − 1+
√
5

2 ξ525, − 1+
√
5

2 ξ525, −ξ525,
0, ξ525,

1+
√
5

2 ξ525; ξ1125 , −ξ1725 , −c1225, ξ2125 , − 1+
√
5

2 ξ525, ξ
9
25, −ξ325; −1, ξ1925 , ξ1325 , ξ525, c1225, −ξ925;

−ξ1125 , ξ325, ξ525, −ξ1325 , ξ2125 ; −ξ1925 , − 1+
√
5

2 ξ525, −1, ξ1725 ; 0, 1+
√
5

2 ξ525, −ξ525; ξ2125 , −ξ725; ξ1925)
Realization: Abelian anyon condensation of SU(2)23.

12. 1210,12722
5 ,495.9

: di = (1.0, 2.618, 2.618, 4.236, 4.236, 5.236, 5.236, 5.854, 8.472, 8.472, 9.472, 11.90)

D2 = 495.967 = 250 + 110
√
5

T = (0, 1
5 ,

1
5 , 0, 0,

2
5 ,

2
5 ,

7
10 ,

4
5 ,

4
5 ,

1
2 ,

1
5 ),

S = (1, 3+
√
5

2 , 3+
√
5

2 , 2+
√
5, 2+

√
5, 3+

√
5, 3+

√
5, 5+3

√
5

2 , 4+2
√
5, 4+2

√
5, 5+2

√
5, 11+5

√
5

2 ;

1 + 4ζ15 + 4ζ25 + 2ζ35 , −3− 4ζ15 − 2ζ25 , −3− 4ζ15 − ζ25 + ζ35 , 1 + 4ζ15 + 5ζ25 + 3ζ35 , −(3−
√
5)ζ25 ,

(3 +
√
5)ζ110, 5 + 2

√
5, (4 + 2

√
5)ζ310, −(4− 2

√
5)ζ15 , − 5+3

√
5

2 , 2 +
√
5; 1 + 4ζ15 + 4ζ25 + 2ζ35 ,

1 + 4ζ15 +5ζ25 +3ζ35 , −3− 4ζ15 − ζ25 + ζ35 , (3 +
√
5)ζ110, −(3−

√
5)ζ25 , 5 + 2

√
5, −(4− 2

√
5)ζ15 ,

(4 + 2
√
5)ζ310, − 5+3

√
5

2 , 2 +
√
5; 3 + 4ζ15 + 2ζ25 , −1 − 4ζ15 − 4ζ25 − 2ζ35 , −(4 − 2

√
5)ζ15 ,

(4+2
√
5)ζ310,

5+3
√
5

2 , (3+
√
5)ζ25 , −(3−

√
5)ζ110, 5+2

√
5, − 3+

√
5

2 ; 3+4ζ15+2ζ25 , (4+2
√
5)ζ310,

−(4−2
√
5)ζ15 ,

5+3
√
5

2 , −(3−
√
5)ζ110, (3+

√
5)ζ25 , 5+2

√
5, − 3+

√
5

2 ; −(4−2
√
5)ζ110, (4+2

√
5)ζ25 ,

0, −(3−
√
5)ζ15 , (3 +

√
5)ζ310, 0, 4 + 2

√
5; −(4− 2

√
5)ζ110, 0, (3 +

√
5)ζ310, −(3−

√
5)ζ15 , 0,

4 + 2
√
5; 5 + 2

√
5, 0, 0, − 5+3

√
5

2 , −5 − 2
√
5; −(4 − 2

√
5)ζ25 , (4 + 2

√
5)ζ110, 0, −3 −

√
5;

−(4− 2
√
5)ζ25 , 0, −3−

√
5; −5− 2

√
5, 5+3

√
5

2 ; −1)
Realization: Abelian anyon condensation of SU(7)3.

13. 1221,32420
7 ,940.0

: di = (1.0, 2.977, 4.888, 6.690, 6.690, 6.690, 8.343, 9.809, 11.56, 12.56, 12.786,

13.232)

D2 = 940.87 = 105 + 147c121 + 189c221 + 105c17 + 126c421 + 126c521
T = (0, 1

21 ,
1
7 ,

2
7 ,

13
21 ,

13
21 ,

10
21 ,

5
7 , 0,

1
3 ,

5
7 ,

1
7 ),
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S = (1, ξ342, ξ
5
42, ξ

11
21 , ξ

11
21 , ξ

11
21 , ξ

9
42, ξ

11
42 ,

5+
√
21

2 ξ16,221 , ξ1542 , ξ
17
42 , ξ

19
42 ; ξ942, ξ

15
42 , 2ξ

11
21 , −ξ1121 , −ξ1121 ,

ξ1542 , ξ
9
42, ξ

3
42, −ξ342, −ξ942, −ξ1542 ; ξ1742 , ξ

11
21 , ξ

11
21 , ξ

11
21 , −ξ342, − 5+

√
21

2 ξ16,221 , −ξ1942 , −ξ942, 1, ξ1142 ;
−ξ1121 , −ξ1121 , −ξ1121 , −2ξ1121 , −ξ1121 , ξ1121 , 2ξ1121 , ξ1121 , −ξ1121 ; 1−

√
21

2 ξ1121 ,
1+

√
21

2 ξ1121 , ξ
11
21 , −ξ1121 , ξ1121 ,

−ξ1121 , ξ1121 , −ξ1121 ; 1−
√
21

2 ξ1121 , ξ
11
21 , −ξ1121 , ξ1121 , −ξ1121 , ξ1121 , −ξ1121 ; −ξ342, ξ1542 , ξ942, −ξ942, −ξ1542 , ξ342;

ξ542, −ξ1742 , −ξ342, ξ1942 , 1; 1, ξ1542 , −ξ1142 , −ξ542; −ξ1542 , ξ342, ξ942; ξ542, − 5+
√
21

2 ξ16,221 ; ξ1742)

Realization: Abelian anyon condensation of SO(20)3.

14. 1239,4064,1276. : di = (1.0, 9.908, 9.908, 9.908, 9.908, 9.908, 9.908, 10.908, 11.908, 11.908, 11.908,

11.908)

D2 = 1276.274 = 1287+351
√
13

2

T = (0, 1
13 ,

3
13 ,

4
13 ,

9
13 ,

10
13 ,

12
13 , 0,

1
3 ,

1
3 ,

2
3 ,

2
3 ),

S = (1, 9+3
√
13

2 , 9+3
√
13

2 , 9+3
√
13

2 , 9+3
√
13

2 , 9+3
√
13

2 , 9+3
√
13

2 , 11+3
√
13

2 , 13+3
√
13

2 , 13+3
√
13

2 , 13+3
√
13

2 ,
13+3

√
13

2 ; − 9+3
√
13

2 c213, − 9+3
√
13

2 c513, − 9+3
√
13

2 c413, − 9+3
√
13

2 c613, − 9+3
√
13

2 c113, − 9+3
√
13

2 c313,

− 9+3
√
13

2 , 0, 0, 0, 0; − 9+3
√
13

2 c613, − 9+3
√
13

2 c313, − 9+3
√
13

2 c213, − 9+3
√
13

2 c413, − 9+3
√
13

2 c113,

− 9+3
√
13

2 , 0, 0, 0, 0; − 9+3
√
13

2 c513, − 9+3
√
13

2 c113, − 9+3
√
13

2 c213, − 9+3
√
13

2 c613, − 9+3
√
13

2 , 0, 0, 0,

0; − 9+3
√
13

2 c513, − 9+3
√
13

2 c313, − 9+3
√
13

2 c413, − 9+3
√
13

2 , 0, 0, 0, 0; − 9+3
√
13

2 c613, − 9+3
√
13

2 c513,

− 9+3
√
13

2 , 0, 0, 0, 0; − 9+3
√
13

2 c213, − 9+3
√
13

2 , 0, 0, 0, 0; 1, 13+3
√
13

2 , 13+3
√
13

2 , 13+3
√
13

2 ,
13+3

√
13

2 ; − 13+3
√
13

2 , 13 + 3
√
13, − 13+3

√
13

2 , − 13+3
√
13

2 ; − 13+3
√
13

2 , − 13+3
√
13

2 , − 13+3
√
13

2 ;

− 13+3
√
13

2 , 13 + 3
√
13; − 13+3

√
13

2 )
Realization: May be related to condensation reductions of categories of the form Z(NG(Z3 ×

Z3, 9)).

15. 1239,5600,1276. : di = (1.0, 9.908, 9.908, 9.908, 9.908, 9.908, 9.908, 10.908, 11.908, 11.908, 11.908,

11.908)

D2 = 1276.274 = 1287+351
√
13

2

T = (0, 2
13 ,

5
13 ,

6
13 ,

7
13 ,

8
13 ,

11
13 , 0, 0, 0,

1
3 ,

2
3 ),

S = (1, 9+3
√
13

2 , 9+3
√
13

2 , 9+3
√
13

2 , 9+3
√
13

2 , 9+3
√
13

2 , 9+3
√
13

2 , 11+3
√
13

2 , 13+3
√
13

2 , 13+3
√
13

2 , 13+3
√
13

2 ,
13+3

√
13

2 ; − 9+3
√
13

2 c413, − 9+3
√
13

2 c113, − 9+3
√
13

2 c313, − 9+3
√
13

2 c213, − 9+3
√
13

2 c513, − 9+3
√
13

2 c613,

− 9+3
√
13

2 , 0, 0, 0, 0; − 9+3
√
13

2 c313, − 9+3
√
13

2 c413, − 9+3
√
13

2 c613, − 9+3
√
13

2 c213, − 9+3
√
13

2 c513,

− 9+3
√
13

2 , 0, 0, 0, 0; − 9+3
√
13

2 c113, − 9+3
√
13

2 c513, − 9+3
√
13

2 c613, − 9+3
√
13

2 c213, − 9+3
√
13

2 , 0, 0, 0,

0; − 9+3
√
13

2 c113, − 9+3
√
13

2 c413, − 9+3
√
13

2 c313, − 9+3
√
13

2 , 0, 0, 0, 0; − 9+3
√
13

2 c313, − 9+3
√
13

2 c113,

− 9+3
√
13

2 , 0, 0, 0, 0; − 9+3
√
13

2 c413, − 9+3
√
13

2 , 0, 0, 0, 0; 1, 13+3
√
13

2 , 13+3
√
13

2 , 13+3
√
13

2 ,
13+3

√
13

2 ; 13 + 3
√
13, − 13+3

√
13

2 , − 13+3
√
13

2 , − 13+3
√
13

2 ; 13 + 3
√
13, − 13+3

√
13

2 , − 13+3
√
13

2 ;

− 13+3
√
13

2 , 13 + 3
√
13; − 13+3

√
13

2 )
Realization: Haag(1)0.

16. 12117,2510,1276. : di = (1.0, 9.908, 9.908, 9.908, 9.908, 9.908, 9.908, 10.908, 11.908, 11.908, 11.908,

11.908)

D2 = 1276.274 = 1287+351
√
13

2

T = (0, 2
13 ,

5
13 ,

6
13 ,

7
13 ,

8
13 ,

11
13 , 0, 0,

1
9 ,

4
9 ,

7
9 ),

S = (1, 9+3
√
13

2 , 9+3
√
13

2 , 9+3
√
13

2 , 9+3
√
13

2 , 9+3
√
13

2 , 9+3
√
13

2 , 11+3
√
13

2 , 13+3
√
13

2 , 13+3
√
13

2 , 13+3
√
13

2 ,
13+3

√
13

2 ; − 9+3
√
13

2 c413, − 9+3
√
13

2 c113, − 9+3
√
13

2 c313, − 9+3
√
13

2 c213, − 9+3
√
13

2 c513, − 9+3
√
13

2 c613,

− 9+3
√
13

2 , 0, 0, 0, 0; − 9+3
√
13

2 c313, − 9+3
√
13

2 c413, − 9+3
√
13

2 c613, − 9+3
√
13

2 c213, − 9+3
√
13

2 c513,

− 9+3
√
13

2 , 0, 0, 0, 0; − 9+3
√
13

2 c113, − 9+3
√
13

2 c513, − 9+3
√
13

2 c613, − 9+3
√
13

2 c213, − 9+3
√
13

2 , 0, 0, 0,

0; − 9+3
√
13

2 c113, − 9+3
√
13

2 c413, − 9+3
√
13

2 c313, − 9+3
√
13

2 , 0, 0, 0, 0; − 9+3
√
13

2 c313, − 9+3
√
13

2 c113,

− 9+3
√
13

2 , 0, 0, 0, 0; − 9+3
√
13

2 c413, − 9+3
√
13

2 , 0, 0, 0, 0; 1, 13+3
√
13

2 , 13+3
√
13

2 , 13+3
√
13

2 ,
13+3

√
13

2 ; 13 + 3
√
13, − 13+3

√
13

2 , − 13+3
√
13

2 , − 13+3
√
13

2 ; 13+3
√
13

2 c29,
13+3

√
13

2 c49,
13+3

√
13

2 c19;
13+3

√
13

2 c19,
13+3

√
13

2 c29;
13+3

√
13

2 c49)
Realization: Haag(1)1.
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17. 1227,11570
9 ,1996.

: di = (1.0, 4.932, 6.811, 7.562, 10.270, 11.585, 11.802, 14.369, 15.369, 16.734, 17.82,

21.773)

D2 = 1996.556 = 243 + 243c127 + 243c227 + 243c19 + 243c427 + 216c527 + 162c29 + 108c727 + 54c827
T = (0, 2

9 ,
4
9 ,

23
27 ,

1
9 ,

14
27 ,

5
9 ,

2
3 ,

1
3 ,

8
9 ,

7
9 ,

5
27 ),

S = (1, ξ554, ξ
7
54, 1+ c127+ c227+ c19+ c427+ c527+ c727+ c827, ξ

11
54 , 2+ c127+ c227+ c19+2c427+2c527+ c29,

ξ1354 , ξ1754 , ξ1954 , ξ2354 , ξ2554 , 2 + 3c127 + 3c227 + 3c19 + 2c427 + 2c527 + 2c29 + c727 + c827; ξ2554 , ξ1954 ,
−2− c127− c227− c19−2c427−2c527− c29, −1, 2+3c127+3c227+3c19+2c427+2c527+2c29+ c727+ c827,
−ξ1154 , −ξ2354 , −ξ1354 , ξ754, ξ1754 , −1− c127− c227− c19− c427− c527− c727− c827; ξ554, 2 + 3c127 +3c227 +
3c19 +2c427 +2c527 +2c29 + c727 + c827, −ξ2354 , 1+ c127 + c227 + c19 + c427 + c527 + c727 + c827, −ξ1754 , ξ1154 ,
ξ2554 , 1, −ξ1354 , −2− c127 − c227 − c19 − 2c427 − 2c527 − c29; 0, 2 + 3c127 + 3c227 + 3c19 + 2c427 + 2c527 +
2c29+c727+c827, 0, −2−c127−c227−c19−2c427−2c527−c29, 1+c127+c227+c19+c427+c527+c727+c827,
−1− c127 − c227 − c19 − c427 − c527 − c727 − c827, 2 + c127 + c227 + c19 +2c427 +2c527 + c29, −2− 3c127 −
3c227−3c19−2c427−2c527−2c29− c727− c827, 0; ξ1354 , 1+ c127+ c227+ c19+ c427+ c527+ c727+ c827, ξ

19
54 ,

−ξ2554 , −ξ754, ξ1754 , −ξ554, −2− c127− c227− c19−2c427−2c527− c29; 0, 2+3c127+3c227+3c19+2c427+
2c527+2c29+c727+c827, 2+c127+c227+c19+2c427+2c527+c29, −2−c127−c227−c19−2c427−2c527−c29,
−2−3c127−3c227−3c19−2c427−2c527−2c29−c727−c827, −1−c127−c227−c19−c427−c527−c727−c827,
0; −ξ754, ξ554, ξ2354 , −ξ2554 , 1, −1− c127− c227− c19− c427− c527− c727− c827; −ξ1954 , −1, −ξ1354 , −ξ754,
2 + 3c127 + 3c227 + 3c19 + 2c427 + 2c527 + 2c29 + c727 + c827; ξ1754 , ξ

5
54, ξ

11
54 , −2− 3c127 − 3c227 − 3c19 −

2c427 − 2c527 − 2c29 − c727 − c827; −ξ1154 , ξ1954 , 1 + c127 + c227 + c19 + c427 + c527 + c727 + c827; −ξ2354 ,
2 + c127 + c227 + c19 + 2c427 + 2c527 + c29; 0)

Realization: G(2)5.

18. 1221,4640,3926. : di = (1.0, 12.146, 12.146, 13.146, 14.146, 15.146, 15.146, 20.887, 20.887, 20.887,

27.293, 27.293)

D2 = 3926.660 = 2142 + 1701c17 + 756c27
T = (0, 3

7 ,
4
7 , 0, 0,

1
7 ,

6
7 , 0,

1
3 ,

2
3 ,

2
7 ,

5
7 ),

S = (1, 3ξ514, 3ξ
5
14, 7+6c17+3c27, 8+6c17+3c27, 9+6c17+3c27, 9+6c17+3c27, 11+9c17+3c27, 11+9c17+3c27,

11 + 9c17 + 3c27, 15 + 12c17 + 6c27, 15 + 12c17 + 6c27; 15 + 12c17 + 6c27, 3ξ
3
7 , −15 − 12c17 − 6c27,

−9−6c17−3c27, 18+15c17+6c27, −3ξ514, 0, 0, 0, −12−9c17−3c27, 9+6c17+3c27; 15+12c17+6c27,
−15−12c17−6c27, −9−6c17−3c27, −3ξ514, 18+15c17+6c27, 0, 0, 0, 9+6c17+3c27, −12−9c17−3c27;
−8− 6c17− 3c27, −1, 3ξ514, 3ξ514, 11+9c17 +3c27, 11+9c17 +3c27, 11+9c17 +3c27, −9− 6c17− 3c27,
−9−6c17−3c27; 7+6c17+3c27, 15+12c17+6c27, 15+12c17+6c27, −11−9c17−3c27, −11−9c17−3c27,
−11− 9c17− 3c27, 3ξ

5
14, 3ξ

5
14; −9− 6c17− 3c27, 12+ 9c17 +3c27, 0, 0, 0, −15− 12c17− 6c27, −3ξ37 ;

−9−6c17−3c27, 0, 0, 0, −3ξ37 , −15−12c17−6c27; 22+18c17+6c27, −11−9c17−3c27, −11−9c17−3c27,
0, 0; −11− 9c17 − 3c27, 22 + 18c17 + 6c27, 0, 0; −11− 9c17 − 3c27, 0, 0; −3ξ514, 18 + 15c17 + 6c27;
−3ξ514)

Realization: unknown

19. 1263,7740,3926. : di = (1.0, 12.146, 12.146, 13.146, 14.146, 15.146, 15.146, 20.887, 20.887, 20.887,

27.293, 27.293)

D2 = 3926.660 = 2142 + 1701c17 + 756c27
T = (0, 3

7 ,
4
7 , 0, 0,

1
7 ,

6
7 ,

1
9 ,

4
9 ,

7
9 ,

2
7 ,

5
7 ),

S = (1, 3ξ514, 3ξ
5
14, 7+6c17+3c27, 8+6c17+3c27, 9+6c17+3c27, 9+6c17+3c27, 11+9c17+3c27, 11+9c17+3c27,

11 + 9c17 + 3c27, 15 + 12c17 + 6c27, 15 + 12c17 + 6c27; 15 + 12c17 + 6c27, 3ξ
3
7 , −15 − 12c17 − 6c27,

−9−6c17−3c27, 18+15c17+6c27, −3ξ514, 0, 0, 0, −12−9c17−3c27, 9+6c17+3c27; 15+12c17+6c27,
−15−12c17−6c27, −9−6c17−3c27, −3ξ514, 18+15c17+6c27, 0, 0, 0, 9+6c17+3c27, −12−9c17−3c27;
−8− 6c17− 3c27, −1, 3ξ514, 3ξ514, 11+9c17 +3c27, 11+9c17 +3c27, 11+9c17 +3c27, −9− 6c17− 3c27,
−9−6c17−3c27; 7+6c17+3c27, 15+12c17+6c27, 15+12c17+6c27, −11−9c17−3c27, −11−9c17−3c27,
−11− 9c17− 3c27, 3ξ

5
14, 3ξ

5
14; −9− 6c17− 3c27, 12+ 9c17 +3c27, 0, 0, 0, −15− 12c17− 6c27, −3ξ37 ;

−9−6c17−3c27, 0, 0, 0, −3ξ37 , −15−12c17−6c27; 9c163−9c263+3c463−9c19+9c863+6c1063−3c1163+2c29−
9c1663+9c1763, −9c163−2c19−9c863−6c1063−2c29−6c1763, 9c

2
63−3c463+11c19+3c1163+9c1663−3c1763, 0, 0;

9c263−3c463+11c19+3c1163+9c1663−3c1763, 9c163−9c263+3c463−9c19+9c863+6c1063−3c1163+2c29−9c1663+9c1763,
0, 0; −9c163 − 2c19 − 9c863 − 6c1063 − 2c29 − 6c1763, 0, 0; −3ξ514, 18 + 15c17 + 6c27; −3ξ514)

Realization: unknown
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8 Realizations of exotic modular data

We find some potential modular data that cannot be realized by modular tensor categories
from Kac-Moody algebra or twisted quantum doubles, nor from their Abelian anyon con-
densations [79], their Galois conjugation, and their change of spherical structure. We refer
to those potential modular data as exotic potential modular data.

All the exotic potential modular data that we found are listed below:

1. two Galois orbits of rank-8 modular data represented by 86,1024,36. and 812,9724,36. with

D2 = 36,

2. three Galois orbits of rank-8 modular data with D2 ≈ 308.434,

3. one Galois orbit of rank-10 modular data represented by 1020,6760,1435. withD2 ≈ 1435.541,

4. two Galois orbits of rank-11 modular data with D2 ≈ 1337.107 and D2 ≈ 1964.590,

5. four Galois orbits of rank-12 modular data with D2 = 144 (which contain six unitary
modular data).

6. one Galois orbit of rank-12 modular data represented by 1239,4064,1276. withD2 ≈ 1276.274.

7. two Galois orbits of rank-12 modular data with D2 ≈ 3926.660.

In the following, we will discuss the realizations of those exotic potential modular data,
to see if they are actually exotic modular data that can realized by some modular tensor
categories.

8.1 Near-Group fusion categories and their centers

The main references for near-group categories and their centers are [116, 122]. We repro-
duce their results for the reader’s convenience.

Let G be a finite group of order |G| and m a non-negative integer. A near-group
category of type G+m is a rank |G|+ 1 fusion category with simple objects labeled by
elements g ∈ G and an additional simple object ρ such that the fusion rules are given by
the group operation in G, gρ = ρg = ρ for all g ∈ G, and ρ ⊗ ρ = mρ +

∑
g∈G g. While

the near-group fusion rule of type G+m is well-defined, not all are associated with fusion
categories. We denote the (possibly empty) class of fusion categories of near-group type
G+m by NG(G,m). In the literature, one typically finds results in the unitary setting, so
we will focus on this situation. It is known [116, Theorem 2] that, in order for NG(G,m)
to contain an unitary fusion category with H2(G,R/Z) = 0, the only possible values of m
are |G| − 1 or k|G| for some non-negative integer k. The Tambara-Yamagami categories
are the near-group fusion categories with m = 0, which are classified in [123].

To construct/classify unitary near-group fusion categories, one must solve a system of
non-linear equations [122], which is computationally strenuous. A precise statement for
G abelian can be found in [122, Theorem 5.3] and [116, Corollary 5]. In the abelian case
one first chooses a non-degenerate symmetric bicharacter ⟨ , ⟩ on G, which facilitates the
solution method found in [116, 122]. Realizations have been found for near-group fusion
rules of the following types, for example:

1. A+ 0 for all abelian groups A [123]

2. A+ |A| for A abelian and |A| ≤ 13 [116]

3. ZN +N for N ≤ 30, except N = 19, 29. [124].

4. Z3 + 6 see [125] who attributes this to Liu and Snyder, [126].
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5. G+ 2k with G and extra-special 2-group of order |G| = 22k+1. [125, Therem 6.1].

If it is true that there are finitely many fusion categories of each rank, as is true in the
braided setting [127], there should be no near-group categories of type G+m for m above
some bound. For example there are no unitary near-group categories of the following
types:

1. Z2 +m m ≥ 3 [128],

2. (Z2)
k +m with k ≥ 3 and m ̸= 0 [129],

3. Z3 +m m ≥ 7 [130],

4. G+m where G is non-abelian, except when G is an extra-special 2-group as described
above [125].

The modular data of the center Z(C) of a near group-category C can sometimes be
obtained, but it is computationally difficult (employing tube algebra or Cuntz algebra
methods, [122,125]).

If C is a unitary near-group fusion category of type A + |A| for an abelian group A,
formulae for the modular data are found in [116], see [131] for some explicit computations.
In this case we have the following facts about D := Z(C), where C is of type A+N where
|A| = N :

1. The rank of D is N(N + 3)

2. The dimensions of simple objects in D are 1, d, d+ 1, d+ 2 where d := N+
√
N2+4N
2 .

3. There are N invertible objects,

4. N simple objects of dimension d+ 1,

5.
(
N
2

)
simple objects of dimension d+ 2, and

6. N(N + 3)/2 simple objects of dimension d.

7. dim(D) = (N + d2)2,

8. the pointed part of D is a ribbon fusion category of the form C(A, q) where q is a
quadratic form given by q(a) = ⟨a, a⟩ with ⟨, ⟩ a non-degenerate symmetric bicharac-
ter on A. In particular the S-matrix for the pointed subcategory has entries ⟨a, b⟩−2

and the T -matrix has entries δa,b⟨a, b⟩.

The last point completely characterizes the pointed subcategory of D, without the need
of further computation. Using the results of [116] it can be shown (cf. [131, Section 2.4])
that if C is a near-group unitary fusion category of type A + |A| for |A| = N odd, then
the rank N pointed subcategory C(A, q) of D is modular, and thus D ∼= C(A, q) ⊠ F

where F is a modular category. Moreover, F has rank (N + 3) and dimension D2 =
N(N+4)

2

(
N +

√
N (N + 4) + 2

)
, with no non-trivial invertible objects. When |A| is even,

one often finds that D contains invertible bosons, which can be condensed.
In the following we address the question of realizability of several of our modular data

via centers of near-group categories. In some cases this leads to definitive constructions,
while in other we provide strong evidence of realizability.

1. One obtains rank 8 modular categories as the non-pointed Deligne factor of Z(C) for
C a near-group category of type Z3 × Z3 + 0. These provide definitive realizations
for the two modular data of the form 86,1024,36. and 812,9724,36. .
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2. One also obtains rank 8 modular categories as the non-pointed Deligne factor of Z(C)
for C a near-group category of type Z5+5. These provide definitive realizations for
the three modular data of the form 815,xy,308.4 (note that there are exactly 3 near-group
categories of type Z5 + 5 in [116]).

3. The case of C being a near-group category of type Z3 + 6 is relevant to us. It exists
by [125], but we do not know many details about D = Z(C) other than its dimension:
144·(7+4

√
3). One can show directly thatD contains a modular pointed subcategory

with fusion rules like Z3, so that D ∼= F⊠C(Z3, q) where F is a modular category of
dimension 48 · (7 + 4

√
3) ≈ 668.553, and hence a candidate for a realization of the

potential modular data 912,5676,668.5. For our purposes it is sufficient to show that D has
rank 27, which is a special case of [132, Conj. 7.6] see Example 7.1.7(1) in the same
reference. We have verified that our modular data coincides with the conjectural
data provided in [132]. On the other hand, it is shown in [117] the existence of a

category with the same rank and dimensions as 912,5676,668.5 by condensing the Z3-bosons

in SU(3)9, providing a definitive realization. We find that SU(3)−9 ⊠ 912,5676,668.5 has
9 potential Lagrangian condensable algebras, supporting the above realization.

4. Similarly as the rank 8 case above, one obtains rank 10 modular categories as the
non-pointed Deligne factor of Z(C) for C a near-group category of type Z7 + 7.

These provide definitive realizations for the modular data 1077,2986,684.3 (there is one
fusion category of type Z7 + 7 in [116] up to complex conjugation).

5. Consider D = Z(C) where C is a near-group fusion category of type A + |A| for
A = Z4 × Z4 with symmetric bicharacter ⟨(a, b), (c, d)⟩ = (ζ4)

ac−bd where ζ4 =
eπi/2. D has dimension 5 · 210 · (9 + 4

√
5) and rank 304. We find a Tannakian

pointed subcategory P ⊂ D with fusion rules like Z4 × Z2, generated by (1, 1)
and (2, 0). Note that ⟨(1, 0), (1, 1)⟩−2 = (ζ4)

−2 = −1, so that (1, 0) is not in the
centralizer of P. Thus the condensation [DZ4×Z4 ]0 has no invertible objects and has

dimension 5·210·(9+4
√
5)

82
≈ 1435.541. This method was used to confirm that we have

a realization of modular data 1020,6760,1435. in [118], providing a definitive construction
for this modular data. It is also found to be the center of a rank 4 fusion category,
see [133] On the other hand, the modular data 1010,1684,1435. looks very similar, but is
realized by quantum groups: a Z5 boson condensation of SU(5)5.

6. Another example is the following: Consider a fusion category C of near-group type
Z12 + 12 (which exists, by [116]). In this case we find that D = Z(C) a modular
category of rank 180 and dimension 482 · (7 + 4

√
3). By example 2.5 of [131] We see

that D ∼= F⊠C(Z3, q) for some quadratic form q on Z3. Now F contains an invertible
boson b with b⊗b ∼= 1 so that we obtain a modular category [FZ2 ]0 by condensation.
Moreover, computations as in [131] show that [FZ2 ]0 factors as B ⊗ C(Z2, q

′) where
B is a modular category of dimension 96 · (7+4

√
3) ≈ 1337.107510. A more detailed

analysis is necessary, but this is a strong evidence that this provides a candidate
realization of potential modular data 1148,6343,1337..

7. The potential modular data 1239,4064,1276. is similar to that of 1239,5600,1276. which is realized
by means of the center of the even part of the Haagerup subfactor. As the latter
may also be obtained from the center of the near-group category NG(Z3 × Z3, 9),
this suggests a similar construction for this potential modular data, and therefore is
a candidate realization. Indeed, in [116] there are 2 distinct near-group categories
associated with Z3 × Z3.
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8.2 Realizations via minimal modular extensions

The theory of minimal modular extensions could explain the multiplicity of a collection of
similar but not identical modular tensor categories. Let C be a modular tensor category
which contains a fusion subcategory F such that the Frobenius-Perron dimension of C is
the product of FPdim(F) and the FP-dimension of the Müger center E of F. In this case,
C is called a minimal modular extension of F (cf. [134]). Note that E is a symmetric fusion
category, and so E is equivalent as braided fusion categories to the representation category
of a finite group G, which is uniquely determined by E. According to the theorem of [135],
the set of equivalent classes of the minimal modular extensions of F is a torsor of the
3rd cohomology group H3(G,U(1)) of G. In fact, there is a faithful transitive action of
H3(G,U(1)) on the set of minimal modular extensions of F by condensing E of the Deligne
product of C and the center Z(V ecωG) of the pointed category V ecωG for any cohomology
class ω in H3(G,U(1)). In particular, if a minimal modular extension of F shows up in
the list, one should find exactly the number of classes in the group H3(G,U(1)).

It is quite routine to check a given modular data is a minimal extension of one of its
fusion subcategory. We consider the six rank 12 modular data of FPdim D2 = 144 in our
list as examples. Let C be an MTC whose modular data is any of these rank 12 data.
One can see immediately that there are 3 bosons but one of them is nonabelian. It is can
check from the fusion rules computed from the S-matrix that these three objects form
a Tannakian subcategory E of dimension 6. It has to be the representation category of
the symmetric group S3. Using the modular data again, we see that the simple objects of
dimension 3 together with the simple object of E form a fusion subcategory F of dimension
24. By considering the twists of the simple objects of F, we can confirm that E is the Mg̈er
center of F and so C is a minimal modular extension of F. Since H3(S3, U(1)) is a cyclic
group of order 6, there are exactly 6 minimal modular extensions of F, and they are all
there.

The two rank 12 dimension D2 = 68 modular data, 1234,1160,68. and 1268,1660,68. , are minimal
modular extensions C of its integral fusion subcategory F, whose Müger center is obviously
a fusion subcategory generated by the abelian boson. A fusion category of FP-dimension
2 can only be equivalent to the representation category of the cyclic group G of order 2.
Since H3(G,U(1)) is also a cyclic group of order 2, there are exactly two such minimal
modular extensions.

8.3 Gauging and Zesting

Some of the modular data realizations are related to other more familiar categories by
means of well-studied constructions such as gauging [121] and zesting [112, 136]. For

example 12144,9164,144. was first constructed by gauging, and 1018,4904,36. was first constructed by
zesting. The condensed fiber product [114] is related to zesting and the minimal modular
construction described above. We briefly describe gauging and zesting mathematically,
referring the interested reader to loc. cit. for details.

Gauging is a 2 step process. One begins with a MTC C with an action of a finite group
G by braided tensor autoequivalences. For example the rank 4 theory known as 3-fermions
with fusion rules like Z2×Z2 and non-trivial objects having twist−1 admits an action of S3,
by permuting the 3 nontrivial objects. Then, assuming certain cohomological obstructions
vanish, one constructs a G-crossed braided fusion category D as a G-extension of C. There
are typically choices to be made in this step, which are parametrized by cohomological
data. Then one takes the G-equivariantization DG of D. This will be a modular category
of dimension dim(C) ·|G|2 and will contain a symmetric subcategory equivalent to Rep(G).
It is often easy to see that a given modular category is a gauging, by looking for these
signatures. Of course if one has modular data with these signatures this helps in the search
for a realization, which must then be constructed explicitly by gauging.
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Table 8: A list of potential modular data (one for each Galois orbit) whose
realization are unknown or not definitively constructed.

rordT,fp
c,D2 si di

1148,6343,1337. 0, 0, 0, 1
4 ,

1
4 ,

3
4 ,

3
16 ,

11
16 , 0,

1
3 ,

7
12 1, 3 + 2

√
3, 3 + 2

√
3, 4 + 2

√
3, 4 + 2

√
3, 6 + 4

√
3, 6 + 4

√
3,

6 + 4
√
3, 7 + 4

√
3, 8 + 4

√
3, 8 + 4

√
3 (see Section 8.1)

1135,58132
5 ,1964.

0, 2
35 ,

22
35 ,

32
35 ,

1
5 , 0,

3
7 ,

5
7 ,

6
7 ,

3
5 ,

1
5 1.0, 8.807, 8.807, 8.807, 11.632, 13.250, 14.250, 14.250, 14.250,

19.822, 20.440 (for algebraic expressions, see Section 1.3)

1239,4064,1276. 0, 1
13 ,

3
13 ,

4
13 ,

9
13 ,

10
13 ,

12
13 , 0,

1
3 ,

1
3 ,

2
3 ,

2
3 1, 9+3

√
13

2 , 9+3
√
13

2 , 9+3
√
13

2 , 9+3
√
13

2 , 9+3
√
13

2 , 9+3
√
13

2 , 11+3
√
13

2 ,
13+3

√
13

2 , 13+3
√
13

2 , 13+3
√
13

2 , 13+3
√
13

2

1221,4640,3926. 0, 3
7 ,

4
7 , 0, 0,

1
7 ,

6
7 , 0,

1
3 ,

2
3 ,

2
7 ,

5
7 1, 3ξ514, 3ξ514, 7 + 6c17 + 3c27, 8 + 6c17 + 3c27, 9 + 6c17 + 3c27,

9 + 6c17 + 3c27, 11 + 9c17 + 3c27, 11 + 9c17 + 3c27, 11 + 9c17 + 3c27,
15 + 12c17 + 6c27, 15 + 12c17 + 6c27

1263,7740,3926. 0, 3
7 ,

4
7 , 0, 0,

1
7 ,

6
7 ,

1
9 ,

4
9 ,

7
9 ,

2
7 ,

5
7 1, 3ξ514, 3ξ514, 7 + 6c17 + 3c27, 8 + 6c17 + 3c27, 9 + 6c17 + 3c27,

9 + 6c17 + 3c27, 11 + 9c17 + 3c27, 11 + 9c17 + 3c27, 11 + 9c17 + 3c27,
15 + 12c17 + 6c27, 15 + 12c17 + 6c27

Zesting is similarly a process that uses cohomological data to build a new category out
of a given one. In this case the set up is that one has an A-graded MTC with a pointed (i.e.,
abelian) subcategory B in the trivial component (here A is necessarily an abelian group).

For example SU(3)3 i.e., 106,1524,36. is Z3-graded and the trivial component contains the
pointed subcategory Rep(Z3). Then one can twist the fusion rules component-wise, using
a 2-cocycle on A with values in B. This requires adjustment of the associativity constraints
component-wise by a 3-cochain. In some cases the resulting category admits a braiding,
which is obtained by adjusting the braiding in C, again component-wise. Finally, one may
typically adjust the twists to obtain a ribbon fusion category–which will be modular under
some mild conditions. This all requires choices at each stage, but is quite explicit.

More recently, some instances of the zesting procedure has been explained in more
physically relevant terms, called the condensed fiber product [114]. This is also related
to the minimal modular extension torsor described above. Here one takes two A-graded
modular categories D and C with a common pointed symmetric subcategory B in the trivial
components D0 and C0, and condenses the Tannakian diagonal subcategory Rep(B) ∼=
∆(B) ⊂ B ⊠ B in D ⊠ C, for some finite abelian group B. The Tannakian subcategory
∆(B) centralizes the fiber product

⊕
aDa ⊠ Ca, so that ([D ⊠ C]B)0 is again a modular

category. If D is pointed with dim(D) = |B|2 then the condensed fiber product coincides
with zesting. This is also related to the construction of anyon condensation found in [137].

8.4 Potential modular data whose realizations are unknown

Table 8 lists the potential modular data whose realizations are still unknown or unsure.
Those potential modular data have different fusion rings from the the modular tensor
categories generated from Kac-Moody algebra and twisted quantum doubles, plus Abelian
anyon condensations. Those data may correspond to new modular tensor categories, or
they are fake modular data. For the rank-11 data 1148,6343,1337., we have some evidence that they
can be realized by centers of near-group fusion categories, followed by some condensation
reductions.

In order to gain some understanding, in this section, we are going compute the potential
condensible algebra A = ⊕iAi(di, si) (see Appendix E) for those potential modular data.
Here (di, si) is the ith simple object, labeled by its quantum dimension di and topological
spin si.

1. Potential modular data 1148,6343,1337. has no Lagrangian condensible algebra since
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the central charge c ̸= 0. It has one potential condensible algebra A = (1, 0) ⊕
(7 + 4

√
3, 0). The condensation of anyon (7 + 4

√
3, 0) reduces the modular data

1148,6343,1337. to the modular data 612,5343,6 = 24,4371,2 ⊠33,5272,3 – a pointed Z2⊠Z3 MTC, since

1148,6343,1337. ⊠ 612,5343,6 has Lagrangian condensible algebras.

2. Potential modular data 1135,58132
5
,1964.

(see Section 1.3 for a more detailed descrition)

has no Lagrangian condensible algebra. It has one potential condensible algebra A =
(1, 0) ⊕ (13.250, 0). The condensation of anyon (13.250, 0) should reduce 1135,58132

5
,1964.

to an unitary modular data with D2 = 35−7
√
5

2 = 9.6737. But there are no unitary

modular data with D2 = 35−7
√
5

2 = 9.6737 based on our classification. Thus A =

(1, 0) ⊕ (13.250, 0) is a fake condensible algebra, and 1135,58132
5
,1964.

has no condensible

algebra.

3. Potential modular data 1239,4064,1276. has no Lagrangian condensible algebra. It has

one potential condensible algebra A = (1, 0) ⊕ (11+3
√
13

2 , 0). The condensation of

anyon (11+3
√
13

2 , 0) should reduce the modular data 1239,4064,1276. to the modular data

93,2774,9 = 93,2774,9 = 33,5272,3 ⊠ 33,5272,3 – a pointed Z3 ⊠ Z3 MTC. We remark that 1239,4064,1276.
is related to Haagerup-Izumi modular data. They share the same set of quantum
dimension di. Also, 12

39,406
4,1276. has a Z2×Z2 automorphism, generated exchanging two

simple objects with (d, s) = (13+3
√
13

2 , 13), and exchanging two simple objects with

(d, s) = (13+3
√
13

2 , 23).

4. Potential modular data 1221,4640,3926. has no Lagrangian condensible algebra. It has
three potential condensible algebra

A1 = (1, 0)⊕ (8 + 6c17 + 3c27, 0),

A2 = (1, 0)⊕ (11 + 9c17 + 3c27, 0),

A3 = (1, 0)⊕ (7 + 6c17 + 3c27, 0)⊕ (8 + 6c17 + 3c27, 0)⊕ (11 + 9c17 + 3c27, 0). (154)

The condensation of A1 should reduce 1221,4640,3926. to an unitary modular data with

D2 = 14 − 7c27 = 17.1152. The condensation of A2 should reduce 1221,4640,3926. to an

unitary modular data with D2 = 35 − 14c17 + 21c27 = 8.1964. The condensation

of A3 should reduce 1221,4640,3926. to an unitary modular data with D2 = 49 − 28c17 +

28c27 = 1.6233. There are some modular data with D2 = 14 − 7c27 = 17.1152 and
D2 = 35 − 14c17 + 21c27 = 8.1964 at rank 9. But all those modular data are not
unitary. There is no unitary modular data with D2 = 49 − 28c17 + 28c27 = 1.6233.

Thus A1,2,3 are fake condensible algebras, and 1221,4640,3926. has no condensible algebra.

5. Potential modular data 1263,7740,3926. has no Lagrangian condensible algebra. It has

one potential condensible algebra A = (1, 0)⊕(8+6c17+3c27, 0). The condensation of

anyon (8+6c17+3c27, 0) should reduce 1263,7740,3926. to an unitary modular data with D2 =

14− 7c27 = 17.1152. There are some modular data with D2 = 14− 7c27 = 17.1152 at
rank 9. But all those modular data are not unitary. ThusA = (1, 0)⊕(8+6c17+3c27, 0)

is a fake condensible algebra, and 1263,7740,3926. has no condensible algebra.
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R

ε

A
M

QFT QFT
ano

Figure 1: The isomorphism ε (i.e. the transparent domain wall in space-time)
between two anomaly-free (gapped or gapless) quantum field theories, QFT and

QFTano ⊠M R̃, describes an low energy equivalence of the two quantum field
theories, below the energy gap of the bulk topological order M and its gapped
boundary R̃ [70]. Such an equivalence (called an isomorphic holographic decom-
position) exposes the emergent symmetry in the quantum field theory QFT . The

emergent symmetry is described by the fusion higher category R̃ that describes
the excitations on the gapped boundary R̃, and will be referred to as R̃-category
symmetry. The gapped boundary R̃ is induced by Lagrangian condensable alge-
bra Ã. The holo-equivalent class of the emergent symmetries, by definition, is
described by a braided fusion higher category M that describes the excitations
in the bulk topological order M. The bulk topological order M will be referred
to as the symTO, which is a topological order with gappable boundary.

9 Classify symmetries via symTOs (i.e. UMTCs in the triv-
ial Witt class)

We used to think symmetries are described by groups. In recent years, we realized that
the low energy emergent symmetry in a quantum field theory QFT can be a generalized
symmetry beyond group and higher group. It turns out that finite generalized symmetries
can all be described by higher fusion categories.

One way to obtain such a result is through the isomorphic holographic decomposition in
Fig. 1, which was introduced to define homomorphism between quantum field theories [70].
If a quantum field theory QFT has an isomorphic holographic decomposition in Fig. 1,
then we say that the quantum field theory QFT has a R̃-category symmetry. Thus a
generalized symmetry is described by a fusion higher category R̃, which describes the
excitations on the gapped boundary R̃ of the bulk topological order M = Z(R̃) in Fig. 1.

Here Z is the generalized Drinfeld center that maps the fusion higher category R̃ to the
braided fusion higher category M that describes the excitations in the bulk topological
order.

The connection between boundary symmetry and bulk topological order was observed
in Ref. [138], where it was shown that topological entanglement entropy arises from a
boundary conservation law rooted in the bulk topological order. This connection was
later confirmed through numerical calculations [139]. A systematic theory of symme-
try topological-order (sym/TO) correspondence was developed via holographic picture of
emergent non-invertible gravitational anomaly [70,71,140], holographic picture of duality
[141,142], which lead to holographic picture of generalized symmetry [9,66,67,72–74,143].
Symm/TO correspondence is also closely related to topological Wick rotation introduced
in Ref. [140,144,145], which summarizes a mathematical theory on how bulk can determine
boundary.

A notion of holo-equivalence between symmetries was introduced in [9, 61, 66]. Holo-
equivalent symmetries impose the same constraint on the dynamical properties of the
associated systems within the symmetric sub Hilbert spaces. Thus holo-equivalent sym-
metries are indistinguishable if we ignore the sectors with non-zero total symmetry charge.
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The holo-equivalent class of the above R̃-category symmetry is described by the bulk M

in Fig. 1, which will be referred to as the symTO of R̃-category symmetry. SymTOs are
classified by topological orders M with gappable boundary.

For bosonic systems in 1-dimensional space, the holo-equivalent classes of the gener-
alized symmetries are classified by UMTCs in trivial Witt class. The symmetries in a
holo-equivalent class described by an UMTC M are classified by the gapped boundaries
(i.e. fusion categories R̃) of M: M = Z(R̃). In this section, we are going to use the clas-
sification of UMTCs to classify symTOs via UMTCs in trivial Witt class, which in turn
classify (generalized) symmetries in 1-dimensional space.

How to determine if a UMTC is in the trivial Witt class or not? We know some
necessary conditions for a UMTC to be in the trivial Witt class. One set of necessary
conditions is the higher central charges [80]. Another set of necessary conditions comes
from Lagrangian condensable algebra [146], which is summarized in Appendix E. We
apply these two sets of necessary conditions and find the potential Witt-trivial UMTCs.
By examining them one by one, we find that those potential Witt-trivial UMTCs are
actually in trivial Witt class.

Witt-trivial UMTCs do not exist for rank 2, 3, 5, 6, 7, 11. In the following we list Witt-
trivial UMTCs (i.e. symTOs) for rank 4, 8, 9, 10, 12. We also list the composite objects
A =

⊕
iAi i (where i are simple objects and Ai ∈ N) that give rise to the Lagrangian

condensable algebras. Actually, in next a few subsections, the composite object A is listed
by its expansion coefficients Ai. We note that a Lagrangian condensable algebra Ã gives
rise to a gapped boundary R̃ and a R̃-category symmetry in the holo-equivalence class of
the symTO.

When R̃ is a local fusion category, it will describe an anomaly-free symmetry [9]. A

R̃-category symmetry is anomaly-free if the Lagrangian condensable algebra Ã =
⊕

i Ãi

that induces R̃ has a dual Lagrangian condensable algebra A =
⊕

iAi such that∑
i

AiÃi = 1. (155)

We will also indicate such an anomaly-free symmetry.

9.1 Rank 4

1. 42,7500,4. : di = (1.0, 1.0, 1.0, 1.0)

D2 = 4.0 = 4

T = (0, 0, 0, 12),

S = (1, 1, 1, 1; 1, −1, −1; 1, −1; 1)
The holo-equivalence class of two symmetries.
Lagrangian condensible algebra Ai:
(1, 1, 0, 0) → VecZ2-category symmetry = Z2 symmetry
(1, 0, 1, 0) → RepZ2

-category symmetry. Isomorphic to the above symmetry.

2. 44,3750,4. : di = (1.0, 1.0, 1.0, 1.0)

D2 = 4.0 = 4

T = (0, 0, 14 ,
3
4),

S = (1, 1, 1, 1; 1, −1, −1; −1, 1; −1)
Factors = 24,4371,2. ⊠ 24,6257,2.
The holo-equivalence class of one symmetry.
Lagrangian condensible algebra Ai:
(1, 1, 0, 0) → R̃semion-category symmetry = anomalous Z2 symmetry
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3. 45,8720,13.09 : di = (1.0, 1.618, 1.618, 2.618)

D2 = 13.90 = 15+5
√
5

2

T = (0, 25 ,
3
5 , 0),

S = (1, 1+
√
5

2 , 1+
√
5

2 , 3+
√
5

2 ; −1, 3+
√
5

2 , −1+
√
5

2 ; −1, −1+
√
5

2 ; 1)

Factors = 25,39514
5
,3.618

⊠ 25,72026
5
,3.618

The holo-equivalence class of one symmetry.
Lagrangian condensible algebra Ai:
(1, 0, 0, 1) → R̃Fib-category symmetry (beyond algebraic symmetry of Ref. [9])

The holo-equivalent class of symmetries described by the symTO 44,3750,4. (the double-
semion topological order)) contains one symmetry, since the symTO has only one con-
densable algebra Ai = (1, 1, 0, 0). The condensable algebra gives rise to a fusion category

R̃ = R̃semion ← 24,4371,2. , the fusion category of a single semion10, whose Drinfeld center gives

rise to the symTO 44,3750,4. . Such a symTO describes a single symmetry, the anomalous Z2

symmetry [147,148].

Although the symTO 42,7500,4. (the Z2 topological order) has two condensable algebra
Ai = (1, 1, 0, 0) and Ai = (1, 0, 1, 0), the holo-equivalent class of symmetries described by
the symTO contains only one symmetry. The condensable algebra Ai = (1, 1, 0, 0) gives

rise to a boundary described by fusion category VecZ2 : 4
2,750
0,4. = Z(VecZ2) [149,150]. Thus,

this condensable algebra gives rise to the VecZ2-category symmetry, which is nothing but
the usual Z2 symmetry. The condensable algebra Ai = (1, 0, 1, 0) gives rise to a boundary

described by fusion category RepZ2
: 42,7500,4. = Z(RepZ2

), and gives rise to RepZ2
-category

symmetry, which corresponds to the dual of the Z2 symmetry [59, 151]. Since Z2 is an
Abelian group, the Z2 symmetry is isomorphic to the dual Z2 symmetry. Therefore, the
holo-equivalent class M = 42,7500,4. contains only one symmetry.

The holo-equivalent class of symmetries described by the symTO 45,8720,13.09 (the double-
Fibonacci topological order) also contains one symmetry. The symTO is Drinfeld center

of fusion category R̃ = R̃Fib ← 25,39514
5
,3.618

, the fusion category of a single Fibonacci anyon.

Such a symTO corresponds to an non-invertible symmetry in 1-dimensional space that
is beyond group theory description. It is also beyond the algebraic symmetry introduced
in [9], since it is anomalous. This anomalous non-invertible symmetry can appear as a low
energy emergent symmetry [152].

9.2 Rank 8

1. 86,2130,36. : di = (1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 3.0, 3.0)

D2 = 36.0 = 36

T = (0, 0, 0, 0, 13 ,
2
3 , 0,

1
2),

S = (1, 1, 2, 2, 2, 2, 3, 3; 1, 2, 2, 2, 2, −3, −3; 4, −2, −2, −2, 0, 0; 4, −2, −2, 0, 0;
−2, 4, 0, 0; −2, 0, 0; 3, −3; 3)

The holo-equivalence class of two symmetries.
Lagrangian condensible algebra Ai:
(1, 1, 2, 0, 0, 0, 0, 0) → VecS3-category symmetry = S3 symmetry
(1, 1, 0, 2, 0, 0, 0, 0) → a symmetry isomorphic to the one above.
(1, 0, 0, 1, 0, 0, 1, 0) → RepS3

-category symmetry = dual S3 symmetry

10R̃ ←M means that the fusion category R̃ is the fusion category formed by the objects in the braided

fusion category M, i.e. ← is the forgetful functor which ignores the braiding. In this case the center of R̃
is given by Z(R̃) = M⊠M.
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(1, 0, 1, 0, 0, 0, 1, 0) → a symmetry isomorphic to the one above.

2. 812,1010,36. : di = (1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 3.0, 3.0)

D2 = 36.0 = 36

T = (0, 0, 0, 0, 13 ,
2
3 ,

1
4 ,

3
4),

S = (1, 1, 2, 2, 2, 2, 3, 3; 1, 2, 2, 2, 2, −3, −3; 4, −2, −2, −2, 0, 0; 4, −2, −2, 0, 0;
−2, 4, 0, 0; −2, 0, 0; −3, 3; −3)

The holo-equivalence class of one symmetry
Lagrangian condensible algebra Ai:

(1, 1, 2, 0, 0, 0, 0, 0) → anomalous S
(3)
3 symmetry

(1, 1, 0, 2, 0, 0, 0, 0) → a symmetry isomorphic to the one above.

3. 818,1620,36. : di = (1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 3.0, 3.0)

D2 = 36.0 = 36

T = (0, 0, 0, 19 ,
4
9 ,

7
9 , 0,

1
2),

S = (1, 1, 2, 2, 2, 2, 3, 3; 1, 2, 2, 2, 2, −3, −3; 4, −2, −2, −2, 0, 0; 2c29, 2c
4
9, 2c

1
9, 0,

0; 2c19, 2c
2
9, 0, 0; 2c49, 0, 0; 3, −3; 3)

The holo-equivalence class of two symmetries
Lagrangian condensible algebra Ai:

(1, 1, 2, 0, 0, 0, 0, 0) → anomalous S
(4)
3 symmetry

(1, 0, 1, 0, 0, 0, 1, 0) → an anomalous non-invertible symmetry

4. 818,9530,36. : di = (1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 3.0, 3.0)

D2 = 36.0 = 36

T = (0, 0, 0, 29 ,
5
9 ,

8
9 , 0,

1
2),

S = (1, 1, 2, 2, 2, 2, 3, 3; 1, 2, 2, 2, 2, −3, −3; 4, −2, −2, −2, 0, 0; 2c49, 2c
2
9, 2c

1
9, 0,

0; 2c19, 2c
4
9, 0, 0; 2c29, 0, 0; 3, −3; 3)

The holo-equivalence class of two symmetries
Lagrangian condensible algebra Ai:

(1, 1, 2, 0, 0, 0, 0, 0) → anomalous S
(2)
3 symmetry

(1, 0, 1, 0, 0, 0, 1, 0) → an anomalous non-invertible symmetry

5. 836,4950,36. : di = (1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 3.0, 3.0)

D2 = 36.0 = 36

T = (0, 0, 0, 19 ,
4
9 ,

7
9 ,

1
4 ,

3
4),

S = (1, 1, 2, 2, 2, 2, 3, 3; 1, 2, 2, 2, 2, −3, −3; 4, −2, −2, −2, 0, 0; 2c29, 2c
4
9, 2c

1
9, 0,

0; 2c19, 2c
2
9, 0, 0; 2c49, 0, 0; −3, 3; −3)

The holo-equivalence class of one symmetry
Lagrangian condensible algebra Ai:

(1, 1, 2, 0, 0, 0, 0, 0) → anomalous S
(1)
3 symmetry

6. 836,1710,36. : di = (1.0, 1.0, 2.0, 2.0, 2.0, 2.0, 3.0, 3.0)

D2 = 36.0 = 36

T = (0, 0, 0, 29 ,
5
9 ,

8
9 ,

1
4 ,

3
4),

S = (1, 1, 2, 2, 2, 2, 3, 3; 1, 2, 2, 2, 2, −3, −3; 4, −2, −2, −2, 0, 0; 2c49, 2c
2
9, 2c

1
9, 0,

0; 2c19, 2c
4
9, 0, 0; 2c29, 0, 0; −3, 3; −3)

The holo-equivalence class of one symmetry
Lagrangian condensible algebra Ai:
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(1, 1, 2, 0, 0, 0, 0, 0) → anomalous S
(5)
3 symmetry

There are 6 symTOs at rank 8, giving rise to 6 holo-equivalent classes of symmetries.
Each class contains an anomalous S3-symmetry denoted as Sω

3 . In 1-dimensional space, the
S3-symmetry can have 6 types of anomalies ω ∈ H3(S3;R/Z) = Z6 [39] which correspond
to the 6 symTOs.

The first symTO 86,2130,36. is the S3-gauge theory in 2-dimensional space. One of its
condensable algebra Ai = (1, 1, 2, 0, 0, 0, 0, 0) gives rise to a fusion category VecS3 . Thus
the condensable algebra Ai = (1, 1, 2, 0, 0, 0, 0, 0) gives rise to a VecS3-category symmetry,
which is nothing but the usual S3 symmetry.

The condensable algebra Ai = (1, 0, 0, 1, 0, 0, 1, 0) gives rise to a fusion category RepS3
.

Thus the condensable algebra Ai = (1, 0, 0, 1, 0, 0, 1, 0) gives rise to a holo-equivalent sym-
metry – RepS3

-category symmetry, which was called dual S3 symmetry in Ref. [9, 72],
and is a non-invertible algebraic symmetry. It is interesting to see an ordinary group-like
symmetry is holo-equivalent to a non-invertible algebraic symmetry.

We note that the symTO 86,2130,36. has an automorphism of exchanging simple objects
i = 3 and i = 4. The other two Lagrangian condensable algebras are related to the
previous two by this automorphism. Thus, the other two condensable algebras also give
rise to S3 symmetry and dual S3 symmetry, respectively. The symTO 812,1010,36. also has
an automorphism of exchanging simple objects i = 3 and i = 4. Its two Lagrangian
condensable algebras are related by this automorphism. Such two Lagrangian condensable
algebras give rise to the same fusion category R̃ and the same R̃-category symmetry.

Other rank-8 symTOs are Dijkgraaf-Witten S3-gauge theories in 2-dimensional space.
The corresponding holo-equivalence classes contain anomalous Sω

3 symmetry and anoma-
lous non-invertible symmetry. For more discussions, see Ref. [152].

9.3 Rank 9

1. 93,1130,9. : di = (1.0, 1.0, 1.0, 1.0, 1.0, 1.0, 1.0, 1.0, 1.0)

D2 = 9.0 = 9

T = (0, 0, 0, 0, 0, 13 ,
1
3 ,

2
3 ,

2
3),

S = (1, 1, 1, 1, 1, 1, 1, 1, 1; 1, 1, −ζ16 , ζ13 , −ζ16 , ζ13 , −ζ16 , ζ13 ; 1, ζ13 , −ζ16 , ζ13 , −ζ16 , ζ13 ,
−ζ16 ; 1, 1, −ζ16 , ζ13 , ζ13 , −ζ16 ; 1, ζ13 , −ζ16 , −ζ16 , ζ13 ; ζ13 , −ζ16 , 1, 1; ζ13 , 1, 1; −ζ16 , ζ13 ;
−ζ16 )

Factors = 33,5272,3. ⊠ 33,1386,3.
The holo-equivalence class of one symmetry
Lagrangian condensible algebra Ai:
(1, 1, 1, 0, 0, 0, 0, 0, 0) → VecZ3-category symmetry = Z3 symmetry
(1, 0, 0, 1, 1, 0, 0, 0, 0)→RepZ3

-category symmetry. Isomorphic to the above symmetry.

2. 99,6200,9. : di = (1.0, 1.0, 1.0, 1.0, 1.0, 1.0, 1.0, 1.0, 1.0)

D2 = 9.0 = 9

T = (0, 0, 0, 19 ,
1
9 ,

4
9 ,

4
9 ,

7
9 ,

7
9),

S = (1, 1, 1, 1, 1, 1, 1, 1, 1; 1, 1, −ζ16 , ζ13 , −ζ16 , ζ13 , −ζ16 , ζ13 ; 1, ζ13 , −ζ16 , ζ13 , −ζ16 , ζ13 ,
−ζ16 ; −ζ518, ζ29 , ζ49 , −ζ118, ζ19 , −ζ718; −ζ518, −ζ118, ζ49 , −ζ718, ζ19 ; ζ19 , −ζ718, −ζ518, ζ29 ;
ζ19 , ζ

2
9 , −ζ518; ζ49 , −ζ118; ζ49 )

The holo-equivalence class of one symmetry
Lagrangian condensible algebra Ai:

(1, 1, 1, 0, 0, 0, 0, 0, 0) → anomalous Z(1)
3 symmetry

3. 99,4620,9. : di = (1.0, 1.0, 1.0, 1.0, 1.0, 1.0, 1.0, 1.0, 1.0)
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D2 = 9.0 = 9

T = (0, 0, 0, 29 ,
2
9 ,

5
9 ,

5
9 ,

8
9 ,

8
9),

S = (1, 1, 1, 1, 1, 1, 1, 1, 1; 1, 1, −ζ16 , ζ13 , −ζ16 , ζ13 , −ζ16 , ζ13 ; 1, ζ13 , −ζ16 , ζ13 , −ζ16 , ζ13 ,
−ζ16 ; −ζ118, ζ49 , ζ29 , −ζ518, −ζ718, ζ19 ; −ζ118, −ζ518, ζ29 , ζ19 , −ζ718; −ζ718, ζ19 , −ζ118, ζ49 ;
−ζ718, ζ49 , −ζ118; ζ29 , −ζ518; ζ29 )

The holo-equivalence class of one symmetry
Lagrangian condensible algebra Ai:

(1, 1, 1, 0, 0, 0, 0, 0, 0) → anomalous Z(2)
3 symmetry

4. 916,4470,16. : di = (1.0, 1.0, 1.0, 1.0, 1.414, 1.414, 1.414, 1.414, 2.0)

D2 = 16.0 = 16

T = (0, 0, 12 ,
1
2 ,

1
16 ,

7
16 ,

9
16 ,

15
16 , 0),

S = (1, 1, 1, 1,
√
2,
√
2,
√
2,
√
2, 2; 1, 1, 1, −

√
2, −
√
2, −
√
2, −
√
2, 2; 1, 1, −

√
2,√

2, −
√
2,
√
2, −2; 1,

√
2, −
√
2,
√
2, −
√
2, −2; 0, −2, 0, 2, 0; 0, 2, 0, 0; 0, −2,

0; 0, 0; 0)

Factors = 316,5981
2
,4.

⊠ 316,63915
2
,4.

The holo-equivalence class of one symmetry
Lagrangian condensible algebra Ai:
(1, 1, 0, 0, 0, 0, 0, 0, 1) → anomalous non-invertible R̃Ising-category symmetry

5. 916,6240,16. : di = (1.0, 1.0, 1.0, 1.0, 1.414, 1.414, 1.414, 1.414, 2.0)

D2 = 16.0 = 16

T = (0, 0, 12 ,
1
2 ,

3
16 ,

5
16 ,

11
16 ,

13
16 , 0),

S = (1, 1, 1, 1,
√
2,
√
2,
√
2,
√
2, 2; 1, 1, 1, −

√
2, −
√
2, −
√
2, −
√
2, 2; 1, 1, −

√
2,√

2, −
√
2,
√
2, −2; 1,

√
2, −
√
2,
√
2, −
√
2, −2; 0, −2, 0, 2, 0; 0, 2, 0, 0; 0, −2,

0; 0, 0; 0)

Factors = 316,5533
2
,4.

⊠ 316,33013
2
,4.

The holo-equivalence class of one symmetry
Lagrangian condensible algebra Ai:
(1, 1, 0, 0, 0, 0, 0, 0, 1) → anomalous non-invertible R̃twIsing-category symmetry

6. 97,1610,86.41 : di = (1.0, 1.801, 1.801, 2.246, 2.246, 3.246, 4.48, 4.48, 5.48)

D2 = 86.413 = 49 + 35c17 + 14c27
T = (0, 17 ,

6
7 ,

2
7 ,

5
7 , 0,

3
7 ,

4
7 , 0),

S = (1, −c37, −c37, ξ37 , ξ37 , 2 + c17, 2 + 2c17 + c27, 2 + 2c17 + c27, 3 + 2c17 + c27; −ξ37 , 2 + c17,
2+2c17+c27, 1, −2−2c17−c27, −3−2c17−c27, −c37, ξ37 ; −ξ37 , 1, 2+2c17+c27, −2−2c17−c27,
−c37, −3−2c17− c27, ξ

3
7 ; c37, 3+2c17+ c27, −c37, −2− c17, ξ

3
7 , −2−2c17− c27; c37, −c37, ξ37 ,

−2− c17, −2− 2c17− c27; 3 + 2c17 + c27, −ξ37 , −ξ37 , 1; 2 + 2c17 + c27, 1, c
3
7; 2 + 2c17 + c27,

c37; 2 + c17)

Factors = 37,79048
7
,9.295

⊠ 37,2458
7
,9.295

The holo-equivalence class of one symmetry
Lagrangian condensible algebra Ai:
(1, 0, 0, 0, 0, 1, 0, 0, 1) → anomalous non-invertible R̃PSU(2)5-category symmetry

At rank 9, the first Abelian symTO 93,1130,9. is the Drinfeld center of VecZ3 . The cor-
responding holo-equivalent class of symmetries contains Z3 symmetry. The other two
Abelian symTOs correspond to two holo-equivalent classes of symmetries which contain
anomalous Z3 symmetries.
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The symTO 916,4470,16. is the Drinfeld center of Ising fusion category R̃Ising ← 316,5981
2
,4.

of

rank 3: 916,4470,16. = Z(R̃Ising). Therefore, 9
16,447
0,16. describes the holo-equivalent class of R̃Ising-

category symmetry, which is a non-invertible symmetry beyond the algebraic symmetry
of Ref. [9]. Such a symmetry was referred to as Ze

2 ∨ Zm
2 ∨ Zem

2 symmetry in Ref. [33]. It
contains a Zm

2 , and a dual of Zm
2 symmetry which is the Ze

2 symmetry. It also contains

a Zem
2 duality symmetry that exchanges Ze

2 and Zm
2 . This non-invertible R̃Ising-category

symmetry is important since it is the maximal emergent symmetry at the Ising critical
point. In fact the self dual Ising model on 1-dimensional lattice

H = −
∑
i

ZiZi+1 +Xi (156)

has this R̃Ising-category symmetry realized exactly, after projecting into the Z2 symmetric
sub-Hilbert space [72].

In fact, the Ising fusion category R̃Ising is the fusion category that describes the fusion

of the symmetry defects of the R̃Ising-category symmetry [9,58]. With this understating, we

can conclude that such a R̃Ising-category symmetry is not anomaly-free. This is because
the fusion category that describes the fusion of the symmetry defects of an anomaly-
free symmetry must a local fusion category [9, 61], whose objects must all have integral

quantum dimension. Since, R̃Ising has non-integral quantum dimensions, it cannot be an
anomaly-free symmetry. In fact, there is no local fusion category whose Drinfeld center is
the symTO 916,4470,16. . Thus the holo-equivalent class of symmetries for this symTO 916,4470,16.
contains no anomaly-free symmetries.

The symTOs 916,6240,16. and 97,1610,86.41 also have a property that the holo-equivalent class of
symmetries for the symTOs contain no anomaly-free symmetries. The holo-equivalent class
of symTO 916,6240,16. contains a R̃twIsing-category symmetry, where the twisted-Ising fusion

category R̃twIsing is given by R̃twIsing ← 316,5533
2
,4.

. The holo-equivalent class of symTO

97,1610,86.41 contains a R̃PSU(2)5-category symmetry, where the fusion category R̃PSU(2)5 is

given by R̃PSU(2)5 ← 37,2458
7
,9.295

. Here 37,2458
7
,9.295

= PSU(2)5 is the non-pointed Deligne factor

of braided fusion category SU(2)5: SU(2)5 = PSU(2)5 ⊠Mpointed.

9.4 Rank 10

1. 1012,1550,89.56 : di = (1.0, 1.0, 2.732, 2.732, 2.732, 2.732, 2.732, 3.732, 3.732, 4.732)

D2 = 89.569 = 48 + 24
√
3

T = (0, 12 ,
1
3 ,

1
4 ,

5
6 ,

7
12 ,

7
12 , 0,

1
2 , 0),

S = (1, 1, 1+
√
3, 1+

√
3, 1+

√
3, 1+

√
3, 1+

√
3, 2+

√
3, 2+

√
3, 3+

√
3; 1, 1+

√
3,

−1−
√
3, 1+

√
3, −1−

√
3, −1−

√
3, 2+

√
3, 2+

√
3, −3−

√
3; 1+

√
3, −2− 2

√
3,

1+
√
3, 1+

√
3, 1+

√
3, −1−

√
3, −1−

√
3, 0; 0, 2+2

√
3, 0, 0, −1−

√
3, 1+

√
3, 0;

1+
√
3, −1−

√
3, −1−

√
3, −1−

√
3, −1−

√
3, 0; (3+

√
3)i, (−3−

√
3)i, −1−

√
3,

1 +
√
3, 0; (3 +

√
3)i, −1−

√
3, 1 +

√
3, 0; 1, 1, 3 +

√
3; 1, −3−

√
3; 0)

The holo-equivalence class of R̃ 1
2
E(6)-category symmetry

Lagrangian condensible algebra Ai:
(1, 0, 0, 0, 0, 0, 0, 1, 0, 1) → R̃ 1

2
E(6)-category symmetry

2. 1012,2000,89.56 : di = (1.0, 1.0, 2.732, 2.732, 2.732, 2.732, 2.732, 3.732, 3.732, 4.732)

D2 = 89.569 = 48 + 24
√
3

T = (0, 12 ,
2
3 ,

3
4 ,

1
6 ,

5
12 ,

5
12 , 0,

1
2 , 0),
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S = (1, 1, 1+
√
3, 1+

√
3, 1+

√
3, 1+

√
3, 1+

√
3, 2+

√
3, 2+

√
3, 3+

√
3; 1, 1+

√
3,

−1−
√
3, 1+

√
3, −1−

√
3, −1−

√
3, 2+

√
3, 2+

√
3, −3−

√
3; 1+

√
3, −2− 2

√
3,

1+
√
3, 1+

√
3, 1+

√
3, −1−

√
3, −1−

√
3, 0; 0, 2+2

√
3, 0, 0, −1−

√
3, 1+

√
3, 0;

1+
√
3, −1−

√
3, −1−

√
3, −1−

√
3, −1−

√
3, 0; (−3−

√
3)i, (3+

√
3)i, −1−

√
3,

1 +
√
3, 0; (−3−

√
3)i, −1−

√
3, 1 +

√
3, 0; 1, 1, 3 +

√
3; 1, −3−

√
3; 0)

The holo-equivalence class of R̃ 1
2
E(6)

-category symmetry

Lagrangian condensible algebra Ai:
(1, 0, 0, 0, 0, 0, 0, 1, 0, 1) → R̃ 1

2
E(6)

-category symmetry

3. 1020,6760,1435. : di = (1.0, 9.472, 9.472, 9.472, 9.472, 9.472, 9.472, 16.944, 16.944, 17.944)

D2 = 1435.541 = 720 + 320
√
5

T = (0, 0, 0, 14 ,
1
4 ,

3
4 ,

3
4 ,

2
5 ,

3
5 , 0),

S = (1, 5 + 2
√
5, 5 + 2

√
5, 5 + 2

√
5, 5 + 2

√
5, 5 + 2

√
5, 5 + 2

√
5, 8 + 4

√
5, 8 + 4

√
5,

9 + 4
√
5; 15 + 6

√
5, −5− 2

√
5, −5− 2

√
5, −5− 2

√
5, −5− 2

√
5, −5− 2

√
5, 0, 0,

5 + 2
√
5; 15 + 6

√
5, −5 − 2

√
5, −5 − 2

√
5, −5 − 2

√
5, −5 − 2

√
5, 0, 0, 5 + 2

√
5;

−3− 6s120− 4c220+14s320, −3+6s120− 4c220− 14s320, 5+ 2
√
5, 5+2

√
5, 0, 0, 5+2

√
5;

−3−6s120−4c220+14s320, 5+2
√
5, 5+2

√
5, 0, 0, 5+2

√
5; −3+6s120−4c220−14s320,

−3 − 6s120 − 4c220 + 14s320, 0, 0, 5 + 2
√
5; −3 + 6s120 − 4c220 − 14s320, 0, 0, 5 + 2

√
5;

−6− 2
√
5, 14 + 6

√
5, −8− 4

√
5; −6− 2

√
5, −8− 4

√
5; 1)

The holo-equivalence class of two symmetries
Lagrangian condensible algebra Ai:
(1, 2, 0, 0, 0, 0, 0, 0, 0, 1) → an anomalous non-invertible symmetry
(1, 0, 2, 0, 0, 0, 0, 0, 0, 1) → a symmetry isomorphic to the one above.
(1, 1, 1, 0, 0, 0, 0, 0, 0, 1) → an anomalous non-invertible symmetry

The first rank 10 symTO 1012,1550,89.56 has only one condensable algebraAi = (1, 0, 0, 0, 0, 0, 0, 1, 0, 1).

Thus the symTO is the Drinfeld center of only one fusion category, the so called 1
2E(6)

fusion category R̃ 1
2
E(6) [153]. The holo-equivalent class of symmetries for this symTO con-

tains only one symmetry which is the anomalous non-invertible R̃ 1
2
E(6)-category symmetry

and is beyond the algebraic symmetry of Ref. [9]. The second rank 10 symTO 1012,2000,89.56 is

the complex conjugation of the first, which contains R̃ 1
2
E(6)

-category symmetry.

The third rank 10 symTO 1020,6760,1435. is a condensation reduction of Z(C) for some C ∈
NG(Z4 × Z4, 16), as described in Section 8, see [118]. Such a symTO has a Z2 × Z2

automorphism group generated by the following exchanges of simple objects i = 4↔ i = 5)
and i = 6↔ i = 7). The symTO appears to have three gapped boundaries, that give rise

to only two non-invertible R̃-category symmetries, due to the automorphisms.

9.5 Rank 12

1. 1239,5600,1276. : di = (1.0, 9.908, 9.908, 9.908, 9.908, 9.908, 9.908, 10.908, 11.908, 11.908,
11.908, 11.908)

D2 = 1276.274 = 1287+351
√
13

2

T = (0, 2
13 ,

5
13 ,

6
13 ,

7
13 ,

8
13 ,

11
13 , 0, 0, 0,

1
3 ,

2
3),

S = (1, 9+3
√
13

2 , 9+3
√
13

2 , 9+3
√
13

2 , 9+3
√
13

2 , 9+3
√
13

2 , 9+3
√
13

2 , 11+3
√
13

2 , 13+3
√
13

2 , 13+3
√
13

2 ,
13+3

√
13

2 , 13+3
√
13

2 ; −9+3
√
13

2 c413, −9+3
√
13

2 c113, −9+3
√
13

2 c313, −9+3
√
13

2 c213, −9+3
√
13

2 c513,

−9+3
√
13

2 c613, −9+3
√
13

2 , 0, 0, 0, 0; −9+3
√
13

2 c313, −9+3
√
13

2 c413, −9+3
√
13

2 c613, −9+3
√
13

2 c213,

−9+3
√
13

2 c513, −9+3
√
13

2 , 0, 0, 0, 0; −9+3
√
13

2 c113, −9+3
√
13

2 c513, −9+3
√
13

2 c613, −9+3
√
13

2 c213,
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−9+3
√
13

2 , 0, 0, 0, 0; −9+3
√
13

2 c113, −9+3
√
13

2 c413, −9+3
√
13

2 c313, −9+3
√
13

2 , 0, 0, 0, 0;

−9+3
√
13

2 c313, −9+3
√
13

2 c113, −9+3
√
13

2 , 0, 0, 0, 0; −9+3
√
13

2 c413, −9+3
√
13

2 , 0, 0, 0, 0; 1,
13+3

√
13

2 , 13+3
√
13

2 , 13+3
√
13

2 , 13+3
√
13

2 ; 13 + 3
√
13, −13+3

√
13

2 , −13+3
√
13

2 , −13+3
√
13

2 ;

13 + 3
√
13, −13+3

√
13

2 , −13+3
√
13

2 ; −13+3
√
13

2 , 13 + 3
√
13; −13+3

√
13

2 )
The holo-equivalent class of two symmetries.
Lagrangian condensible algebra Ai:
(1, 0, 0, 0, 0, 0, 0, 1, 2, 0, 0, 0) → an anomalous non-invertible symmetry
(1, 0, 0, 0, 0, 0, 0, 1, 0, 2, 0, 0) → a symmetry isomorphic to the one above
(1, 0, 0, 0, 0, 0, 0, 1, 1, 1, 0, 0) → an anomalous non-invertible symmetry

2. 12117,2510,1276. : di = (1.0, 9.908, 9.908, 9.908, 9.908, 9.908, 9.908, 10.908, 11.908, 11.908,
11.908, 11.908)

D2 = 1276.274 = 1287+351
√
13

2

T = (0, 2
13 ,

5
13 ,

6
13 ,

7
13 ,

8
13 ,

11
13 , 0, 0,

1
9 ,

4
9 ,

7
9),

S = (1, 9+3
√
13

2 , 9+3
√
13

2 , 9+3
√
13

2 , 9+3
√
13

2 , 9+3
√
13

2 , 9+3
√
13

2 , 11+3
√
13

2 , 13+3
√
13

2 , 13+3
√
13

2 ,
13+3

√
13

2 , 13+3
√
13

2 ; −9+3
√
13

2 c413, −9+3
√
13

2 c113, −9+3
√
13

2 c313, −9+3
√
13

2 c213, −9+3
√
13

2 c513,

−9+3
√
13

2 c613, −9+3
√
13

2 , 0, 0, 0, 0; −9+3
√
13

2 c313, −9+3
√
13

2 c413, −9+3
√
13

2 c613, −9+3
√
13

2 c213,

−9+3
√
13

2 c513, −9+3
√
13

2 , 0, 0, 0, 0; −9+3
√
13

2 c113, −9+3
√
13

2 c513, −9+3
√
13

2 c613, −9+3
√
13

2 c213,

−9+3
√
13

2 , 0, 0, 0, 0; −9+3
√
13

2 c113, −9+3
√
13

2 c413, −9+3
√
13

2 c313, −9+3
√
13

2 , 0, 0, 0, 0;

−9+3
√
13

2 c313, −9+3
√
13

2 c113, −9+3
√
13

2 , 0, 0, 0, 0; −9+3
√
13

2 c413, −9+3
√
13

2 , 0, 0, 0, 0; 1,
13+3

√
13

2 , 13+3
√
13

2 , 13+3
√
13

2 , 13+3
√
13

2 ; 13 + 3
√
13, −13+3

√
13

2 , −13+3
√
13

2 , −13+3
√
13

2 ;
13+3

√
13

2 c29,
13+3

√
13

2 c49,
13+3

√
13

2 c19;
13+3

√
13

2 c19,
13+3

√
13

2 c29;
13+3

√
13

2 c49)
The holo-equivalent class of one symmetry.
Lagrangian condensible algebra Ai:
(1, 0, 0, 0, 0, 0, 0, 1, 2, 0, 0, 0) → an anomalous non-invertible symmetry

3. 12117,1450,1276. : di = (1.0, 9.908, 9.908, 9.908, 9.908, 9.908, 9.908, 10.908, 11.908, 11.908,
11.908, 11.908)

D2 = 1276.274 = 1287+351
√
13

2

T = (0, 2
13 ,

5
13 ,

6
13 ,

7
13 ,

8
13 ,

11
13 , 0, 0,

2
9 ,

5
9 ,

8
9),

S = (1, 9+3
√
13

2 , 9+3
√
13

2 , 9+3
√
13

2 , 9+3
√
13

2 , 9+3
√
13

2 , 9+3
√
13

2 , 11+3
√
13

2 , 13+3
√
13

2 , 13+3
√
13

2 ,
13+3

√
13

2 , 13+3
√
13

2 ; −9+3
√
13

2 c413, −9+3
√
13

2 c113, −9+3
√
13

2 c313, −9+3
√
13

2 c213, −9+3
√
13

2 c513,

−9+3
√
13

2 c613, −9+3
√
13

2 , 0, 0, 0, 0; −9+3
√
13

2 c313, −9+3
√
13

2 c413, −9+3
√
13

2 c613, −9+3
√
13

2 c213,

−9+3
√
13

2 c513, −9+3
√
13

2 , 0, 0, 0, 0; −9+3
√
13

2 c113, −9+3
√
13

2 c513, −9+3
√
13

2 c613, −9+3
√
13

2 c213,

−9+3
√
13

2 , 0, 0, 0, 0; −9+3
√
13

2 c113, −9+3
√
13

2 c413, −9+3
√
13

2 c313, −9+3
√
13

2 , 0, 0, 0, 0;

−9+3
√
13

2 c313, −9+3
√
13

2 c113, −9+3
√
13

2 , 0, 0, 0, 0; −9+3
√
13

2 c413, −9+3
√
13

2 , 0, 0, 0, 0; 1,
13+3

√
13

2 , 13+3
√
13

2 , 13+3
√
13

2 , 13+3
√
13

2 ; 13 + 3
√
13, −13+3

√
13

2 , −13+3
√
13

2 , −13+3
√
13

2 ;
13+3

√
13

2 c49,
13+3

√
13

2 c29,
13+3

√
13

2 c19;
13+3

√
13

2 c19,
13+3

√
13

2 c49;
13+3

√
13

2 c29)
The holo-equivalent class of one symmetry.
Lagrangian condensible algebra Ai:
(1, 0, 0, 0, 0, 0, 0, 1, 2, 0, 0, 0) → an anomalous non-invertible symmetry

The first rank 12 symTO 1239,5600,1276. is the Haagerup-Izumi MTC Haag(1)0, which has
three condensable algebras. Its holo-equivalent class contains only two symmetries, due to
an automorphism that exchange two simple objects i = 9 ↔ i = 10. The other two rank
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12 symTOs are the Haagerup-Izumi MTC Haag(1)1 and Haag(1)−1. Their corresponding
holo-equivalent classes each contains one anomalous non-invertible symmetry.
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A d-number and 1/ρpMD(s)ui

The unit row of ρpMD(s) has an useful property that 1/ρpMD(s)ui are the so called d-
numbers.

Definition A.1. Let K/Q be a Galois extension and OK the ring of algebraic integers in
K. An element x ∈ QK is called a d-number if for any σ ∈ Gal(K/Q), σ(x) = xu for
some unit u ∈ OK .

Theorem A.2. Let K be a subfield of Q(ζpℓ) such that [K : Q] = q is a prime number.
Let OK be the ring of algebraic integers in K. Then x ∈ OK is a d-number if and only if

x = nuav for some integer n, unit u ∈ OK , a = 0, . . . , q−1 where v = Norm
Q(ζ

pℓ
)

K (1−ζpℓ).
If σ is a generator of Gal(Q(ζpℓ)/Q), then

v = (1− ζpℓ)σ
q(1− ζpℓ)σ

2q(1− ζpℓ) · · ·σpℓ−1(p−1)−q(1− ζpℓ).

Proof. Note that σ(1 − ζpℓ) = (1 − ζpℓ)u
′ for some unit u′ in Z[ζpℓ ], and K is the fixed

field of ⟨σq⟩ by Galois correspondence. So v ∈ K and σ(v) = vu for some unit u ∈ OK .
Direct verification shows that x = nvau for some integer n, unit u ∈ OK , a = 0, . . . , q − 1
is a d-number.

Conversely, let x ∈ OK be a d-number. Then σ(x) = xu′ for some unit u′ ∈ OK . Thus

xq = mu′′ for some unit u′′ ∈ OK where m = |Norm(x)|. Let m = pk00 pk11 · · · p
kl
l be the

prime factorization of m, where p0 = p and k0 ≥ 0. Since OK is a Dedekind domain, for
each i > 0,

(pi) = Pei
i,1 · · ·P

ei
i,gi

for some conjugate distinct prime ideals Pi,1, . . . ,Pi,gi of OK and eifigi = q where fi =
logpi |OK/Pi,1|. Since q is prime and p is the only totally ramified prime, ei < q for i > 0.
Since q is a prime number, ei = 1 and hence (pi) = Pi,1 · · ·Pi,gi for i > 0. The prime ideal
factorization of (p) in OK is (p) = Pq

0 where P0 = (u). Thus, we have

(xq) = (x)q = (m) = Pqk0
0 Pk1

1,1 · · ·P
k1
1,g1
· · ·Pkl

l,1 · · ·P
kl
l,gl

and hence
(x) = Pα0

0 P
α1,1

1,1 · · ·P
α1,g1
1,g1

· · ·Pαl,1

l,1 · · ·P
αl,gl
l,gl
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for some nonnegative integers α0, αi,j . By the unique factorizations of primes ideals, we
have

qα0 = qk0, qαi,j = ki for i = 1, . . . , l.

Thus, α0 = k0 and αi,j = αi,1 for i > 0. Hence,

(x) = Pk0
0 (p1)

α1,1 · · · (pl)αl,1

and so
x = vk0p

α1,1

1 · · · pαl,1

l u′′′

for some unit u′′′ ∈ OK . Since (vq) = (p), x = nvau for some integer n, u an unit in OK

and 0 ≤ a ≤ q − 1.

Corollary A.3. Let K = Q(
√
5). Then x ∈ OK is a d-number if and only if b x = nu or

x = n
√
5u for some integer n and an unit u ∈ OK .

Proof. One can apply the preceding theorem as [K : Q] = 2 and K is a subfield of Q(ζ5).
Let σ ∈ Gal(Q(ζ5)/Q). Then σ2 is the complex conjugation and so

v = (1− ζ5)σ
2(1− ζ5) = 2− 2 cos(2π/5) =

√
5u′

for some unit u′ ∈ QK . Now, the result follows immediately from Theorem A.2.

Corollary A.4. Let K = Q(cos(2π/7)). Then x ∈ OK is a d-number if and only if
x = nvau for some integer n, unit u ∈ OK , a = 0, 1, 2, where v = 2− 2 cos(2π/7).

Proof. One can apply the preceding theorem as [K : Q] = 3 and K is the real subfield of
Q(ζ7). The assignment σ : ζ7 7→ ζ37 defines a generator Gal(Q(ζ7)/Q). Since 7− 1 = 6,

v = (1− ζ7)σ
3(1− ζ7) = (1− ζ7)(1− ζ−1

7 ) = 2− 2 cos(2π/7).

Now, the result follows from Theorem A.2.

Using the above results, we find that a d-number has the following explicit expression
for simple conductors. When conductor cnd = 1, all the d-numbers are given by

δ = n, n ∈ Z. (157)

When conductor cnd = 3, all the d-numbers are given by

δ = nζm3 , n ∈ Z, m = 0, 1, 2. (158)

When conductor cnd = 4, all the d-numbers are given by

δ = nζm4 , n ∈ Z, m = 0, 1, 2, 3. (159)

When conductor cnd = 5, all the d-numbers are given by

δ = n(ζ10 − 1)kζm10v
a, n, k ∈ Z, m = 0, 1, 2, 3, 4, 5, 6, 7, 8, 9

v = ζ10 − ζ−1
10 , a = 0, 1, 2, 3. (160)

All real d-numbers of conductor 5 are given by

δ = n(
1 +
√
5

2
)kv2a, n, k ∈ Z, a = 0, 1 (161)
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We note that the generic complex δ has the following form

δ = n(ζ10 − 1)kζm10v
a = n(ζ20 − ζ−1

20 )kζ2m+k
20 va (162)

where ζ20− ζ−1
20 and v = ζ10− ζ−1

10 are imaginary. ζ2m+k
20 is real if 2m+ k mod 10 = 0 and

it is imaginary if 2m+ k mod 10 = 5. In order for δ to be imaginary, (ζ20 − ζ−1
20 )kζ2m+k

20

must be real or imaginary, since va is real or imaginary. When (ζ20 − ζ−1
20 )kζ2m+k

20 is real
or imaginary, it turns out that it can only be real. Thus va must be imaginary and a must
be odd. This leads to the following result: all imaginary d-numbers of conductor 5 are
given by

δ =

{
n(ζ20 − ζ−1

20 )2kv2a+1

n i(ζ20 − ζ−1
20 )2k+1v2a+1

(163)

We can rewrite (163) as

δ = n(iζ20 − iζ−1
20 )kv2a+1 or δ = n(

1 +
√
5

2
)k(
√
5)av, a = 0, 1 (164)

Thus all the imaginary d-numbers can be obtain from the real one by multiply a factor v.
When conductor cnd = 7, all the d-numbers are given by

δ = n(ζ14 − 1)k(ζ314 − 1)lζm14v
a, n, k, l ∈ Z, m = 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13

v = ζ14 − ζ−1
14 , a = 0, 1, 2, 3, 4, 5. (165)

If δ is real, then

δ = n(2 cos(4π/7)k(2 cos(4π/7) + 1)lua, n, k, l ∈ Z

u = (1− ζ7)(1− ζ−1
7 ) = 2− 2 cos(2π/7), a = 0, 1, 2, 3, 4, 5. (166)

We will use those results in next a few sections.

B Rank-12 representation-347

Among 5288 SL2(Z) representations that we considered at rank 12, the 347th representa-
tion is a difficult one for our GAP code to handle. The 347th representation is given by:
s̃ =(0, 0, 25 ,

2
5 ,

3
5 ,

3
5 ,

1
5 ,

1
5 ,

1
5 ,

4
5 ,

4
5 ,

4
5). ρ̃(s) =


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5
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5
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√
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√
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√
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√
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√
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5
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√

5
10

s15,
1
5
s15, 0, − 1

5
s25, 0, 0,

√
2

5
s110, 0, 0, −

√
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√
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√
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√
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√
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√
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√

5
10

s15, − 3−
√
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5
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√

5
10

s15, − 1+
√

5
10

s15, 0, 0√
2

5
s110,

√
2

5
s15, −

√
2

5
s15, 0,

√
2

5
s110, 0, 0, 1
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s15, 0, 0, 1
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s25, 0

0, 0, 0, 0, 0, 0,
√

5
5

s15, 0, 0, 0, 0, 5−
√

5
10

s15


(167)

We use an orthogonal matrix U to transform the representation ρ̃ into pMD representation
ρpMD = Uρ̃U †. We start by finding all possible DρpMD(s)(σ)’s. We find that there is only
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one possible DρpMD(s)(σ) (up to equivalence), generated by

DρpMD(σ = 2) =



0, −1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0

1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0

0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0

0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0

0, 0, −1, 0, 0, 0, 0, 0, 0, 0, 0, 0

0, 0, 0, −1, 0, 0, 0, 0, 0, 0, 0, 0

0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0

0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0

0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1

0, 0, 0, 0, 0, 0, −1, 0, 0, 0, 0, 0

0, 0, 0, 0, 0, 0, 0, −1, 0, 0, 0, 0

0, 0, 0, 0, 0, 0, 0, 0, −1, 0, 0, 0



(168)

There are six possible choices of unit row u = 1, 3, 5, 7, 8, 9 (up to equivalence). We
will only describe two cases, u = 1 and u = 9 here. The u = 3, 5 cases are similar to u = 1
case. The u = 7, 8 cases are similar to u = 9 case.

For the u = 1 case and at r-stage, we have ρpMD(s) =
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(169)

where only column 1, 2, 3, 4 are displayed. The Galois conjugation and the action of
DρpMD(σ) on ρpMD(s) simply ρpMD(s) to have the above form. The SL2(Z) conditions,
the simple SL2(Z) character conditions (117), and the orthogonality conditions of ρpMD(s)
lead to many zero conditions on the r-variables. But those zero conditions are not enough
to determine the r-variables.

The make progress, we note that 1/ρpMD(s)uu is a d-number with conductor 5. The
number of d-numbers of conductor 5 is infinite. If 1/ρpMD(s)uu contained only one r-
variable, the number of d-numbers of such a single-r form could be finite (see Section
5.6.8). However, for our case, 1/ρpMD(s)uu contains two r-variables, the number of d-
numbers of such a two-r form turn out to be infinite.

To make the infinite possibility finite, we manage to isolate a zero condition − 2
25 +

r2168 + r2167 = 0 involving the variables in ρpMD(s)uu. With this additional zero condition,
we find, through an extensive search, that in order for the two variables r168 and r167 to
satisfy − 2

25 + r2168 + r2167 = 0 and to make 1/ρpMD(s)uu a d-number, they can only take
the following eight sets of possible values

(r168, r167) = (−7/25, 1/25), (−1/5, −1/5), (−1/5, 1/5), (−1/25, −7/25),
(1/25, 7/25), (1/5, −1/5), (1/5, 1/5), (7/25, −1/25). (170)

This allows us to determine ρpMD(s)uu. We stress that such a result is a conjecture at this
stage, because our extensive search is still a finte one. To see how extensive is our search,
a complicated (r168, r167) in our search is given by

(r168, r167) =
(225851433717

390625
,
956722026041

390625

)
(171)
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Once the value of ρpMD(s)uu is known, we can construct many inverse-pairs of inte-
ger conditions as decribed in Section 5.6.6. We find that those inverse-pairs of integer
conditions all lead to contradictions. So the above eight solutions are all rejected.

Next, we consider the u = 9 case. We have ρpMD(s) =
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where only column 3, 4, 9 are displayed. 1/ρpMD(s)ui are d-number of conductor 5 for all
i’s. The number of possible values of 1/ρpMD(s)uu is infinite. To make the number of
possible values finite, we need to isolate zero condition for the variables r167 and r168 in
ρpMD(s)uu. But we fail to isolate such zero condition.

To make progress, we consider variables in ρpMD(s)ij for i, j ∈ {3, 4, 9}, which are
(r104, r120, r127, r128, r135, r136, r167, r168). We isolate the following zero conditions for
those variables:

9

5
r120 + 9r2120 + r2104 = 0 and − 2

25
+

1

10
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10
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10
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(173)

Also the following expressions of those variables must be cyclotomic integers:
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−3−
√
5

4 s15r168 −
1+

√
5

4 s15r167
= cyc-int,

−3−
√
5

10 s15 − 5−
√
5

2 s15r120

−3−
√
5

4 s15r168 −
1+

√
5

4 s15r167
= cyc-int,

1

−3−
√
5

4 s15r136 −
1+

√
5

4 s15r135
= cyc-int,

−3−
√
5

4 s15r136 − 1+
√
5

4 s15r135

−3−
√
5

4 s15r168 −
1+

√
5

4 s15r167
= cyc-int,

1
5s

1
5 +

5−
√
5

2 s15r120

−3−
√
5

4 s15r168 −
1+

√
5

4 s15r167
= cyc-int,

5−
√
5

6 s15r104

−3−
√
5

4 s15r168 −
1+

√
5

4 s15r167
= cyc-int,

5−
√
5

6 s15r104

−3−
√
5

4 s15r136 −
1+

√
5

4 s15r135
= cyc-int,

5−
√
5

6 s15r104

−1+
√
5

4 s15r128 +
3−

√
5

4 s15r127
= cyc-int, (174)

Although the number of possible values for the three inverse d-numbers, ρpMD(s)ui,
i = 3, 4, 9, is infinite, through an extensive research, we conjecture that none of the three
combined d-numbers can satisfy the two sets of conditions (173) and (174). We note that,
once we know r127, r128, r135, r136, r167, r168, we obtain a linear relation betwen r104 and
r120, from the zero conditions (173). We find that such a linear relation, together with
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the qudratic relation 9
5r120 + 9r2120 + r2104 = 0, only leads to a few solutions of r104 and

r120. Those solutions are rejected by the cyclotomic-integer conditions (174). To see how
extensive is our search, a complicated (r168, r167) in our search is given by

(r168, r167) =
(
− 3571

78125
,−15127

78125

)
(175)

C Rank-12 representation-333

The rank 12, 333th representation is also hard for our GAP code. The 333th representation
is given by: s̃ =(15 ,

1
5 ,

2
5 ,

2
5 ,

3
5 ,

3
5 ,

4
5 ,

4
5 , 0, 0, 0, 0) and ρ̃(s) =

3−
√

5
10

, 0, − 1+
√

5
5

, 0, − 1−
√

5
5

, 0, − 3+
√

5
10

, 0,
√

6
5

, 0, 0, 0

0, − 5+
√

5
10

, 0, 0, 0, 0, 0, − 5−
√

5
10

, 0, 0, 0, −
√

10
5

− 1+
√

5
5

, 0, 3+
√

5
10

, 0, 3−
√

5
10

, 0, 1−
√

5
5

, 0,
√

6
5

, 0, 0, 0

0, 0, 0, − 5−
√

5
10

, 0, − 5+
√

5
10

, 0, 0, 0, 0, −
√

10
5

, 0

− 1−
√

5
5

, 0, 3−
√

5
10

, 0, 3+
√

5
10

, 0, 1+
√

5
5

, 0,
√

6
5

, 0, 0, 0

0, 0, 0, − 5+
√

5
10

, 0, − 5−
√

5
10

, 0, 0, 0, 0,
√

10
5

, 0

− 3+
√

5
10

, 0, 1−
√

5
5

, 0, 1+
√

5
5

, 0, 3−
√

5
10

, 0, −
√

6
5

, 0, 0, 0

0, − 5−
√

5
10

, 0, 0, 0, 0, 0, − 5+
√

5
10

, 0, 0, 0,
√

10
5√

6
5

, 0,
√

6
5

, 0,
√

6
5

, 0, −
√

6
5

, 0, − 1
5
, 0, 0, 0

0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0

0, 0, 0, −
√

10
5

, 0,
√

10
5

, 0, 0, 0, 0, −
√

5
5

, 0

0, −
√

10
5

, 0, 0, 0, 0, 0,
√

10
5

, 0, 0, 0,
√

5
5


(176)

At r-stage, there are 117 cases from different possible DρpMD(σ)’s, different possible unit
index u and different or-connected zero conditions. For some cases, ρpMD(s)uu contain
only one r variable. In this case, 1/ρpMD(s)uu can only take a finite number of possible
values in order for it to be a d-number of conductor 5 (see Section 5.6.8).

For some other cases, ρpMD(s)uu contain two r variables. We will discuss one such case
here. Other two-variable cases are similar. One of the two-variable case has ρpMD(s) =



− 3+
√

5
10

+ r109, −r57, · · · 1−
√

5
2

r144 − r141,
1+

√
5

2
r144 − r141,

1−
√

5
2

r8 − r5,
1+

√
5

2
r8 − r5

−r57,
1−

√
5

10
− r109, · · · 1+

√
5

2
r136 − r133,

1−
√

5
2

r136 − r133, − 1+
√

5
2

r32 + r29, − 1−
√

5
2

r32 + r29
1+

√
5

2
r56, − 1+

√
5

2
r80, · · · − 1−

√
5

2
r128 + r125, − 1+

√
5

2
r128 + r125,

1−
√

5
2

r28 − r25,
1+

√
5

2
r28 − r25

− 1+
√

5
2

r68,
1+

√
5

2
r76, · · · 1+

√
5

2
r120 − r117,

1−
√

5
2

r120 − r117, − 1+
√

5
2

r20 + r17, − 1−
√

5
2

r20 + r17
1−

√
5

2
r56, − 1−

√
5

2
r80, · · · − 1+

√
5

2
r128 + r125, − 1−

√
5

2
r128 + r125,

1+
√

5
2

r28 − r25,
1−

√
5

2
r28 − r25

− 1−
√

5
2

r68,
1−

√
5

2
r76, · · · 1−

√
5

2
r120 − r117,

1+
√

5
2

r120 − r117, − 1−
√

5
2

r20 + r17, − 1+
√

5
2

r20 + r17

− 3−
√

5
10

+ r109, −r57, · · · 1+
√

5
2

r144 − r141,
1−

√
5

2
r144 − r141,

1+
√

5
2

r8 − r5,
1−

√
5

2
r8 − r5

r57, − 1+
√

5
10

+ r109, · · · − 1−
√

5
2

r136 + r133, − 1+
√

5
2

r136 + r133,
1−

√
5

2
r32 − r29,

1+
√

5
2

r32 − r29
1−

√
5

2
r144 − r141,

1+
√

5
2

r136 − r133, · · · 1+
√

5
2

r160 − r157,
1−

√
5

2
r160 − r157, − 1−

√
5

2
r152 + r149, − 1+

√
5

2
r152 + r149

1+
√

5
2

r144 − r141,
1−

√
5

2
r136 − r133, · · · 1−

√
5

2
r160 − r157,

1+
√

5
2

r160 − r157, − 1+
√

5
2

r152 + r149, − 1−
√

5
2

r152 + r149
1−

√
5

2
r8 − r5, − 1+

√
5

2
r32 + r29, · · · − 1−

√
5

2
r152 + r149, − 1+

√
5

2
r152 + r149,

2
5

− 1+
√

5
2

r160 + r157,
2
5

− 1−
√

5
2

r160 + r157
1+

√
5

2
r8 − r5, − 1−

√
5

2
r32 + r29, · · · − 1+

√
5

2
r152 + r149, − 1−

√
5

2
r152 + r149,

2
5

− 1−
√

5
2

r160 + r157,
2
5

− 1+
√

5
2

r160 + r157


(177)

where only column 1, 2, 9, 10, 11, 12 are displayed. 1/ρpMD(s)ui are d-number of conductor
5 for all i’s. The number of possible values of 1/ρpMD(s)uu is infinite. To make the number
of possible values finite, we need to isolate zero condition for the variables r157 and r160
in ρpMD(s)uu. But we fail to isolate such zero condition.

To make progress, consider variables in ρpMD(s)ij for i, j ∈ {1, 2, 9}, which are r57,
r109, r133, r136, r141, r144, r157, r160. We isolate the following zero conditions for those
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variables:

− 3

25
− 2

5
r109 + r2109 + r257 = 0 and − 2

25
− 2

5
r160 + r2144 + r2136 = 0 and

− 3

25
− 3

5
r160 +

1

5
r109 + 2r2144 + r109r160 = 0 and

3

5
r136 − r109r136 + r57r144 = 0 and

1

5
r144 + r109r144 + r57r136 = 0 and − 3

25
− 1

5
r157 + r2144 − 2r141r144 + r2141 + r2133 = 0 and

− 3

25
r136 −

3

5
r136r160 +

1

5
r109r136 + 2r136r

2
144 + r109r136r160 = 0 and = 0 and

− 1

25
− 1

5
r160 + r2144 − r141r144 + r133r136 = 0 and

− 1

5
r144 +

3

5
r141 + r109r144 − r109r141 + r57r133 = 0 and

1

5
r136 +

1

5
r133 − r109r136 + r109r133 + r57r141 (178)

Although the number of possible values for the three inverse d-numbers, ρpMD(s)ui, i =
1, 2, 9, is infinite, through an extensive research, we conjecture that there are only 12 sets
of solutions can satisfy the zero conditions (178):

(r[160], r[157], r[144], r[141], r[136], r[133], r[109], r[57]) (179)

= (−1

5
,−1

5
, 0,−1

5
, 0,−1

5
,
1

5
,−2

5
), (−1

5
,−1

5
, 0,−1

5
, 0,

1

5
,
1

5
,
2

5
), (−1

5
,−1

5
, 0,

1

5
, 0,−1

5
,
1

5
,
2

5
),

(−1

5
,−1

5
, 0,

1

5
, 0,

1

5
,
1

5
,−2

5
), (

1

5
,−1

5
,−2

5
,−1

5
, 0,−1

5
, 0), (

1

5
,−1

5
,−2

5
,−1

5
,
1

5
,−1

5
, 0),

(
1

5
,−1

5
, 0,−1

5
,−2

5
,−1

5
,
3

5
, 0), (

1

5
,−1

5
, 0,−1

5
,
2

5
,
1

5
,
3

5
, 0), (

1

5
,−1

5
, 0,

1

5
,−2

5
,−1

5
,
3

5
, 0),

(
1

5
,−1

5
, 0,

1

5
,
2

5
,
1

5
,
3

5
, 0), (

1

5
,−1

5
,
2

5
,
1

5
, 0,−1

5
,−1

5
, 0), (

1

5
,−1

5
,
2

5
,
1

5
, 0,

1

5
,−1

5
, 0)

Once the value of ρpMD(s)uu is known, we can construct many inverse-pairs of integer con-
ditions as decribed in Section 5.6.6. We find that those inverse-pairs of integer conditions
all lead to contradictions. So the above 12 solutions are all rejected.

D Rank-12 representation-3246

The rank 12, 3246th representation has s̃ = (0, 0, 12 , 0,
1
7 ,

2
7 ,

3
7 ,

4
7 ,

5
7 ,

6
7 , 0, 0). At r-stage, there

is only one case with unit row u = 8 and ρpMD(s) =

· · · r73, r73, r73, r19, r25

· · · −( 1
3

− c17)r72 − ( 1
3

− c27)r71, −( 1
3

− c27)r72 + ( 2
3

+ c17 + c27)r71, ( 2
3

+ c17 + c27)r72 − ( 1
3

− c17)r71, 0, 0

· · · ( 2
3

+ c17 + c27)r72 − ( 1
3

− c17)r71, −( 1
3

− c17)r72 − ( 1
3

− c27)r71, −( 1
3

− c27)r72 + ( 2
3

+ c17 + c27)r71, 0, 0

· · · ( 1
3

+ c27)r72 − ( 2
3

− c17 − c27)r71, −( 2
3

− c17 − c27)r72 + ( 1
3

+ c17)r71, ( 1
3

+ c17)r72 + ( 1
3

+ c27)r71, 0, 0

· · · ( 1
3

+ c27)r72 − ( 2
3

− c17 − c27)r71, −( 2
3

− c17 − c27)r72 + ( 1
3

+ c17)r71, ( 1
3

+ c17)r72 + ( 1
3

+ c27)r71, 0, 0

· · · −( 2
3

− c17 − c27)r72 + ( 1
3

+ c17)r71, ( 1
3

+ c17)r72 + ( 1
3

+ c27)r71, ( 1
3

+ c27)r72 − ( 2
3

− c17 − c27)r71, 0, 0

· · · ( 1
3

+ c17)r72 + ( 1
3

+ c27)r71, ( 1
3

+ c27)r72 − ( 2
3

− c17 − c27)r71, −( 2
3

− c17 − c27)r72 + ( 1
3

+ c17)r71, 0, 0

· · · c27r84 + c37r83 + r79, c37r84 + c17r83 + r79, c17r84 + c27r83 + r79, −r43, −r49

· · · c37r84 + c17r83 + r79, c17r84 + c27r83 + r79, c27r84 + c37r83 + r79, −r43, −r49

· · · c17r84 + c27r83 + r79, c27r84 + c37r83 + r79, c37r84 + c17r83 + r79, −r43, −r49

· · · −r43, −r43, −r43,
3
2

+ r84 + r83 − 3r79 + r13, −r1

· · · −r49, −r49, −r49, −r1, −r13


(180)

where only column 8, 9, 10, 11, 12 are displayed. 1/ρpMD(s)ui are d-number of conductor 7
for all i’s. The number of possible values of 1/ρpMD(s)uu is infinite. To make the number
of possible values finite, we need to isolate zero condition for the variables r[79], r83, and
r84 in ρpMD(s)uu. However, the isolated zero conditions are not enough to make number
of possible values finite.
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To make progress, we isolate zero condition for the variables r79, r83, r84, plus one
more variable. We obtain the following zero conditions:

− 1

49
+ r284 − r83r84 + r283 = 0, and − 1

49
r84 −

1

49
r83 + r384 + r383 = 0, and

− 1

49
r84 + r384 − r83r

2
84 + r283r84 = 0, and − 2

49
− 1

7
r84 +

2

7
r83 + r272 = 0, and

− 2

49
− 1

7
r84 −

1

7
r83 + r271 = 0, and − 1

6
− 1

6
r84 −

1

6
r83 +

1

2
r79 + r273 = 0. (181)

Although the number of possible values for the inverse d-number ρpMD(s)uu is infinite,
through an extensive search, we conjecture that there are only three sets of solutions can
satisfy the zero conditions (181):

(r84, r83, r79) = (−1

7
, 0,− 3

14
), (0,−1

7
,− 3

14
), (

1

7
,
1

7
,− 1

14
). (182)

To see how extensive is our search, an complicated triple (r84, r83, r79) in our search is
given by

(r84, r83, r79) =
(127603558175

100352
,
459867333397

200704
,−16225407395

28672

)
. (183)

We remark that we search for possible d-numbers 1/ρpMD(s)uu, i.e. search for different
values of r84, r83, r79. But the zero condition with an extra variable, say, −1

6 −
1
6r84 −

1
6r83 +

1
2r79 + r273 = 0 is still useful. When (r84, r83, r79) = (17 ,

1
7 ,−

1
14), the zero condition

−1
6 −

1
6r84 −

1
6r83 + 1

2r79 + r273 = −1/4 + r273 has solutions for r73 = ±1/2. But when

(r84, r83, r79) = (17 ,
1
7 ,

1
14), the zero condition −1

6 −
1
6r84 −

1
6r83 +

1
2r79 + r273 = −5/28 + r273

has no solution for a rational r73. This is why the zero condition with one extra variable
can still reject most possible values of the d-numbers.

Once the value of ρpMD(s)uu is known, we can construct many inverse-pairs of inte-
ger conditions as descried in Section 5.6.6. We find that those inverse-pairs of integer
conditions all lead to contradictions. So the above three solutions are all rejected.

The rank 12 representation-1372 and representation-3251 can be handled in a similar
way.

E Condensable algebras, boundaries, and domain walls

Let us use a, b, c to label the simple objects in a modular tensor category (MTC) M. M

is characterized by modular matrices S̃M = (S̃ab
M ) and T̃M = (T̃ ab

M ), whose indices are

labeled by the simple objects. S̃M, T̃M are unitary matrices that generate a representation
of SL(2,Zn), where n is the smallest integer that satisfy T̃n

M = id. We call n as the order

of T̃M and denote it as n = ord(T̃M). T̃M is a diagonal matrix and S̃M is a symmetric
matrix.

From S̃M and T̃M, we define normalized S, T -matrices

SM = S̃M/S̃11
M , TM = T̃M/T̃ 11

M . (184)

Let da be the quantum dimension of simple object a, which is given by da = (SM)a1. Let
sa be the topological spin of simple object a, which is given by e i 2πsa = (TM)aa. The total
dimension of M is defined as D2

M ≡
∑

a∈M d2a. Also let dA be the quantum dimension of
the condensable algebra A, i.e. if

A =
⊕
a∈M

Aaa (185)
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then dA =
∑

aA
ada. Similarly, we use i, j, k to label the simple object in M/A, where

M/A is the MTC obtained from M by condensing A. Following the above, we can define

S̃M/A = (S̃ij
M/A

), T̃M/A = (T̃ ij
M/A

), SM/A , TM/A , as well as di, si, and D2
M/A

. Then we have

the following properties

• The distinct si’s form a subset of {sa | a ∈M}.

• DM = DM/AdA. DM, DM/A , dA are cyclotomic integers.

• Aa in A are non-negative integers, Aa = Aā, and A1 = 1.

• For a ∈ A (i.e. for Aa ̸= 0), the corresponding sa = 0 mod 1.

• if a, b ∈ A, then at least one of the fusion products in a⊗ b must be contained in A,
i.e. ∃c ∈ A such that a⊗ b = c⊕ · · · .

Now, let us assume A to be Lagrangian, then the A-condensed boundary of M is
gapped. Let us use x to label the (simple) excitations on the gapped boundary. If we
bring a bulk excitation a to such a boundary and fuse it with a boundary excitation y, it
will become a (composite) boundary excitation

a⊗ y =
⊕
x

May
x x, May

x ∈ N. (186)

Then Aa is given by Aa = Ma
1 , where Ma

x ≡ Ma1
x . In other words, Aa ̸= 0 means that

a condenses on the boundary (i.e. the bulk a can become the null excitation 1 on the
boundary).

The boundary excitations form a fusion category, denoted as F . We can fuse a, b in
bulk to c, and then fuse c to the boundary. Or we can fuse a, b in bulk to the boundary
to get x, y, and then fuse x, y on boundary to z. The two ways of fusion should give rise
to the same result. This requires Ma

x to satisfy∑
c

Nab
M,cM

c
x =

∑
y,z

Ma
yM

b
zN

yz
B,x (187)

where Nab
M,c describes the fusion ring of the bulk excitations in M and Nxy

B,z describes the
fusion ring of the boundary excitations.

Taking x = 1, (187) reduces to∑
c

Nab
M,cA

c = AaAb +
∑
x ̸=1

Ma
xM

b
x̄ (188)

Since Ma
x ≥ 0, we obtain an additional condition on Aa∑

c

Nab
M,cA

c ≥ AaAb. (189)

From the conservation of quantum dimensions, we have

da =
∑
x

Ma
xdx = Aa +

∑
x ̸=1

Ma
xdx. (190)

This implies that, if da ̸=integer,
∑

x ̸=1M
a
xdx ≥ 1, or

Aa ≤ da − δ(da), (191)
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where δ(da) is defined as

δ(x) =

{
0 if x ∈ Z

1 if x ̸∈ Z
(192)

By writing
∑

y =
∑

y=1+
∑

y ̸=1 in (187), we find∑
c

Nab
M,cM

c
x = AaM b

x +
∑
y ̸=1,z

Ma
yM

b
zN

yz
B,x. (193)

Noticing that da −Aa =
∑

x ̸=1M
a
xdx. We multiply dx and sum over x ̸= 1 in the above∑

c,x

Nab
M,c(dc −Ac) = Aa(db −Ab) +

∑
y ̸=1,z,x ̸=1

Ma
yM

b
zN

yz
B,xdx

= Aa(db −Ab) +
∑
x̸=1

Ma
xA

bdx +
∑

y ̸=1,z ̸=1,x ̸=1

Ma
yM

b
zN

yz
B,xdx

≥ Aa(db −Ab) +Ab(da −Aa). (194)

Taking b = ā in (188), we find∑
c

Naā
M,cA

c ≥ (Aa)2 + δ(da). (195)

Summarizing the above discussions and adding a modular covariant condition, we have

A = D−1
M SMA, A = TMA,

Aa ≤ da − δ(da), DM = dA =
∑
a

daA
a,

AaAb ≤
∑
c

Nab
M,cA

c − δa,b̄δ(da),
∑
c,x

Nab
M,c(dc −Ac) ≥ Aa(db −Ab) +Ab(da −Aa),

(196)

where A = (A1, · · · , Aa, · · · )⊤.
Now, let us assume A not to be Lagrangian. In this case, the condensation of A

will change M to a non-trivial M/A. Let us consider the domain wall between M and

M/A. Such a domain wall can be viewed as a boundary of M ⊠ M/A topological order
formed by stacking M and the spatial reflection of M/A. Since the domain wall, and hence
the boundary, is gapped, there must be a Lagrangian condensable algebra AM⊠M/A

in

M⊠M/A, whose condensation gives rise to the gapped boundary. Let

AM⊠M/A
=

⊕
a∈M, i∈M/A

Aai a⊗ i, (197)

then the matrix A = (Aai) satisfies

D−1
M SMA = AD−1

M/A
SM/A , TMA = ATM/A , Aai ≤ dadi − δ(dadi), (198)

AaiAbj ≤
∑
c,k

Nab
M,cN

ij
M/A,kA

ck − δa,b̄δi,j̄δ(dadi)∑
c,x

Nab
M,cN

ij
M/A,k(dcdk −Ack) ≥ Aai(dbdj −Abj) +Abj(dadi −Aai)
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The above conditions only require the domain wall between M and M/A to be gapped.
However, since M and M/A are related by a condensation of A, there is a special domain
wall (called the canonical domain wall) that satisfies the following condition:

For any i, there exists an a such that Aai ̸= 0. (199)

The above, together with TMA = ATM/A , impies that the eigenvalues of TM/A are also
eigenvalues of TM.

The canonical domain wall can be viewed as AM→M/A-condensed boundary of M with

AM→M/A =
⊕

Aa1a. (200)

We note that anyon a in M condenses on the canonical domain wall between M and M/A,

if and only if Aa1 ̸= 0. This implies that

AM→M/A = A, Aa = Aa1. (201)

The domain wall can also be viewed as AM/A→M-condensed boundary of M/A with

AM/A→M =
⊕

A1ii. (202)

Since M/A comes from a condensation of M, the canonical domain wall must be an 1-
condensed boundary of M/A, i.e.

AM/A→M = 1, A1i = δ1,i. (203)

We can obtain more conditions on Aa. From (198), we find

DM/A

DM

∑
b∈M

(SM)abAbi =
∑

j∈M/A

Aaj(SM/A)
ji, (204)

Setting a = 1 in the above, we find that

DM/A

DM

∑
b∈M

dbA
bi = di, (205)

or

DM = DM/A

∑
b∈M

dbA
b. (206)

Eq. (204) also implies∑
b∈M(SM)abAbi∑

b∈M dbAb
=

∑
j∈M/A

Aaj(SM/A)
ji = cyclotomic integer, for all a ∈M, i ∈M/A

(207)

Setting i = 1 in the above, we find that A =
⊕

aA
aa must satisfies∑

b∈M(SM)abAb∑
b∈M dbAb

=
∑

j∈M/A

Aajdj = cyclotomic integer for all a ∈M (208)
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Setting i = j = 1 in (198), we also obtain

Aa ≤ da − δ(da),

AaAb ≤
∑
c

Nab
M,cA

c − δa,āδ(da)∑
c

Nab
M,c(dc −Ac) ≥ Aa(db −Ab) +Ab(da −Aa) (209)

We also have

D−1
M (SM)abA

b = AaiD−1
M/A

(SM/A)i1, (TM)abA
b = Aai(TM/A)i1, (210)

which only leads to a weak condition on the vector A = (A1, · · · , Aa, · · · )⊤

TMA = A. (211)

To summarize, a condensable algebra Aa, which may not a Lagrangian, must satisfies

TMA = A, δa1 ≤ Aa ≤ da − δ(da),
DM∑

b∈M dbAb
= DM/A = d-number ≥ 1,∑

b∈M(SM)abAb∑
b∈M dbAb

= cyclotomic integer > 0, for all a ∈M, (212)∑
c

Nab
M,cA

c −AaAb − δa,b̄δ(da) ≥ 0, (da −Aa)(db −Ab)− (
∑
c

Nab
M,cA

c −AaAb) ≥ 0.

The last condition comes from
∑

cN
ab
M,c(dc − Ac) ≥ Aa(db − Ab) + Ab(da − Aa). The last

two conditions in (212) imply that

Aadb +Abda + 2δa,b̄δ(da) ≤
∑
c

Nab
M,cA

c + dadb linear in Aa

(da −Aa)(db −Ab)− δa,b̄δ(da) ≥ 0 independent of Nab
M,c. (213)
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