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Abstract

Flows are essential to transport resources over large distances. As soon as diffusion
becomes time-limiting, flows are needed. Flows are key for the function of multiple
human organs, from the blood vasculature to the lungs, the digestive tract, the lymphatic
system, and many more. While physics governs the flow dynamics, biology’s response
to flows governs the flow network architecture. We start with the fluid physics of Stokes
flow, the prerequisite to describe the flows in biological flow networks. Then we explore
how the network adaptation dynamics of biological flow networks reorganize network
architecture to minimize flow dissipation or homogenize transport, storing memories of
past flows along the way.
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1 Introduction27

By diffusion, a molecule can cross one micrometer in one millisecond. However, it already28

takes 16 minutes to travel one millimeter and a painstaking 27 hours to cover one centimeter!29

Transport by diffusion is very slow at long distances. To transport molecules over long dis-30

tances, flow networks offer fast and directed delivery. However, while any concentration gra-31

dient triggers diffusion at no cost, generating the pressure gradients that drive flows requires32

energy, not to mention the cost of building the tubes that channel the flows in a particular di-33

rection. Consequently, building efficient flow networks is an investment that requires careful34

planning, but it ultimately gives the crucial advantage of outpacing diffusion.35

Flow networks are a fundamental building block in biology. They are replicated multiple36

times in our organs, including the vasculature, the digestive tract, the lungs, the lymphatic37

system, and many more. Entire organisms, like fungal networks and slime molds, are also38

structured as flow networks. These networks have to be designed to ensure functionality39

while simultaneously reducing costs. When it comes to designing networks, biology funda-40

mentally differs from an engineer building a flow network. First, there is no global design,41

so adjustments to the network architecture can only happen locally based on locally available42

information. Second, we do not know the overall budget plan of a living being and how each43

investment is balanced by whatever function it achieves. Yet, the search for principles that44

constrain the architecture of biological flow networks by their cost, function, and adaptability45

has identified major knobs that determine the network architecture.46

Investigating flow networks in biology is mesmerizing for the artistic eye marveling at47

the beautiful patterns emerging from life. It involves complex physics that is intellectually48

challenging as flows are globally coupled in a flow network, and it uncovers the workings49

and malfunctions of vital organs, like the vasculature. These lecture notes are aimed to guide50

the reader into the general principles of flow networks in biology by spotlighting concepts51

and ideas in specific examples rather than giving an exhaustive review of the literature. The52

examples selected are intended to foster physical intuition in the reader by illustrating concepts53

with analytical derivations and formulas. Sadly, these notes cannot reflect the vivid discussions54

that took place in the lecture hall beyond the utterly picturesque setting facing Mont Blanc at55

Les Houches.56

We start in chapter 2 with a primer on the fluid physics of flows in tubes. We derive the57

Navier-Stokes equations of incompressible, Newtonian fluids; discuss flow in a cylindrical tube58

and the energy dissipated by the flow. Then, we couple the tubes and their flows into a network59

of inter-connected tubes. In chapter 3, we introduce how the concept of minimizing the energy60

dissipated by fluid flow at a finite metabolic cost motivates tube radius adaptation in response61

to local flow shear stress. We derive shear stress adaptation from force balance and map out62

how such adaptation shapes network architecture. In chapter 4, we connect the architecture63

of adaptive flow networks to disordered systems and non-neural information processing by64
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exemplifying how flow shear stress adaptation stores memories of past flow in the network65

architecture. Finally, in chapter 5, we branch out to flow network functions and how functions66

constrain network architecture by discussing distributed production networks and transport67

of resources with flow, before concluding these Lecture Notes.68

2 Flows in tubes and networks69

As fluid physics governs the dynamics of flows in flow networks, we start with a refresher on70

fluid dynamics tailored to tubes and tubular networks. The basis of fluid physics is the Navier-71

Stokes equation, which we derive and solve to obtain the flow in a cylindrical tube, known72

as Poiseuille flow. We move on to determine a flow property of particular interest, the flow73

shear stress, which is instrumental in quantifying the energy dissipated during flow. Finally,74

connecting tubes into a network, we derive how flows in individual tubes are coupled together75

via conservation of fluid volume.76

2.1 Navier-Stokes Equations77

A fluid is well described as a continuum characterized by its density fieldρ(x, t) and its velocity78

field u(x, t) in space x and time t. The dynamics of the fluid are governed by the continuity79

equation and the Navier-Stokes equation, which together provide four equations for the four80

unknowns, the density field and the three components of the velocity field.81

The continuity equation describes mass conservation. In a fluid element, density changes82

due to the in- and out-flux of fluid of density ρ, which can be mathematically written as83

∂ ρ

∂ t
+∇ · (ρu) = 0, (1)

where∇ denotes the gradient operator. If the fluid is incompressible, its density is independent84

of space and time, and Eq. (1) simplifies to85

∂ ρ

∂ t
+∇ · (ρu) =

∂ ρ

∂ t
+ u · (∇ρ)

︸ ︷︷ ︸

= 0 (incompressibility)

+ρ(∇ · u) = 0, (2)

which gives the continuity condition for incompressible fluids,86

∇ · u= 0, (3)

stating that incompressible flows are divergence-free.87

The Navier-Stokes equation follows from the balance of forces acting on a fluid element:88

d(ρu)
d t

︸ ︷︷ ︸

rate of change of momentum

= fb
︸︷︷︸

external body forces

+ ∇ ·σ
︸︷︷︸

internal forces due to deformation

(4)

where fb is the sum of all external forces per unit volume and σ is the stress tensor of the fluid.89
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For incompressible fluids, the left-hand side of the above expression simplifies as follows:90

d(ρu)
d t

=
∂ (ρu)
∂ t

+
∂ (ρu)
∂ x i

∂ x i

∂ t
, (using Einstein’s summation convention)

= u
∂ ρ

∂ t
︸︷︷︸

I

+ρ
∂ u
∂ t
+
∂ x i

∂ t









ρ
∂ u
∂ x i

+ u
∂ ρ

∂ x i
︸ ︷︷ ︸

I I









,

= u









∂ ρ

∂ t
︸︷︷︸

I

+
∂ x i

∂ t
∂ ρ

∂ x i
︸ ︷︷ ︸

I I









︸ ︷︷ ︸

= 0 (incompressibility)

+ρ
∂ u
∂ t
+ρ
∂ x i

∂ t
∂ u
∂ x i

,

= ρ
∂ u
∂ t
+ρ
∂ x i

∂ t
∂ u
∂ x i

,

= ρ
∂ u
∂ t
+ρ(u · ∇)u. (5)

For Newtonian fluids, the stress tensor is defined as91

σ = −PI+µ
�

∇u+ (∇u)T
�

︸ ︷︷ ︸

shear stress, τ̃

, (6)

where P is the pressure field, I is the identity matrix and µ is the viscosity of the fluid. Using92

the definition of the stress tensor, the internal forces due to deformation are written as93

∇ ·σ = −∇P +∇µ
�

∇u+ (∇u)T
�

,

= −∇P +µ∇2u+µ∇(∇ · u)
︸ ︷︷ ︸

= 0 (Eq. (3))

,

= −∇P +µ∇2u. (7)

Combining all the terms together again, one obtains the Navier-Stokes equation for incom-94

pressible, Newtonian fluids:95

ρ
∂ u
∂ t

︸︷︷︸

steadyness

+ρ(u · ∇)u
︸ ︷︷ ︸

inertia

= fb
︸︷︷︸

body forces

− ∇P
︸︷︷︸

pressure force

+ µ∇2u
︸ ︷︷ ︸

viscous force

. (8)

Non-dimensionalizing the Navier-Stokes-Eq. (8) with non-dimensional variables u∗ = u/U ,96

t∗ = t/T , x∗ = x/L, p∗ = P/(ρU2), and assuming fb = 0 identifies two non-dimensional97

numbers that govern fluid dynamics, the Strouhal number St = L/(U T ) and the Reynolds98

number Re = (U L)/γ, where γ = µ/ρ is the kinematic viscosity. The Navier-Stokes-Eq. (8) in99

non-dimensional form is thus written as100

St
∂ u∗

∂ t∗
+ (u∗ · ∇)u∗ = −∇p∗ +

1
Re
∇2u∗. (9)

For small Reynolds number, Re≪ 1, the advective force is much smaller than the viscous force,101

and the Navier-Stokes equation Eq. (8) simplifies to the Stokes equation,102

∂ u
∂ t
= −

1
ρ
∇P + γ∇2u. (10)

iv



SciPost Physics Lecture Notes Submission

Due to their small dimensions and their low flow velocities, flow networks in biology typically103

fall within the realm of small Reynolds numbers. Therefore, the flow velocity field u(x, t) and104

pressure P follow from the Stokes-Eq. (10) and the incompressibility condition, Eq. (3), subject105

to the boundary conditions. For flow in flow networks, the basis is the flow in a cylindrical106

tube.107

2.2 Flow in a tube - Poiseuille flow108

P1 P2

z
r

a

l

Figure 1: Flow profile in a cylindrical tube.
In a cylindrical tube of radius a, length l the
pressure drop ∆P = P1 − P2 drives a parabolic
flow profile known as Poiseuille flow.

Consider a cylindrical tube of radius a109

and length l extending along the longitu-110

dinal axis z, and radial axis r, see Fig. 1.111

At the wall, the flow velocity decays to112

zero, a so-called no-slip boundary condition,113

i.e. u(r = ±a, t) = 0. Solving the Navier-114

Stokes-Eq. (8) for an incompressible Newto-115

nian fluid at steady state velocity yields116

uz = −
(P2 − P1)a2

4µl

�

1−
r2

a2

�

, (11)

and zero velocity in both the angular and ra-117

dial directions. The cross-sectionally aver-118

aged flow velocity, ū, then follows as:119

ū=
1
πa2

∫ a

0

−
(P2 − P1)a2

4µl

�

1−
r2

a2

�

2πr dr,

=⇒ ū= −
(P2 − P1)a2

8µl
. (12)

Defining the flow rate, Q, as the amount of fluid passing per unit time through a cross-sectional120

area, A, relates the flow rate Q to the pressure drop ∆P = (P1 − P2) by the following relation,121

known as the Hagen-Poiseuille law:122

Q = ūA=
∆Pπa4

8µl
,

=⇒ ∆P =
8µl
πa4

Q = RQ =
Q
C

, (13)

where we define R= 1
C =

8µl
πa4 . The pressure drop acts like a gradient in a potential that drives123

the motion of fluid volume. Flow in a tube and tubular networks thereby parallels charge124

transport in electric wires and circuits, see Table 1. In fact, analogous to electrical circuits,125

we identify the hydraulic resistance for fluids as the proportionality constant R that relates the126

pressure drop ∆P and the flow rate Q as ∆P = RQ. Consequently, hydraulic conductance is127

defined as the inverse of hydraulic resistance C = 1/R. For a cylindrical tube with Poiseuille128

flow, R is given by R= 8µl
πa4 . The notion that a fluid resists motion is tied to the shearing of the129

fluid, which arises when adjacent layers move past one another. The resulting shear stresses130

dissipate the energy invested to move the fluid.131

2.3 Shear stress in Poiseuille flow132

To quantify the dissipation caused by friction between layers of fluid moving past each other,133

we need to quantify the shear stress. For a flow of cylindrical symmetry, as in a tube, see Fig. 1,134
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Electric wire Hydraulic tube
Quantity q′, charge V , volume
Quantity flux I , current Q, flow rate
Potential U , electric potential P, pressure

Linear model I = ∆U
R′ , Ohm’s law Q = πa4

8µl∆P, Poiseuille flow

Resistance R′, electric resistance R= 8µl
πa4 , hydraulic resistance

Conductance C ′ = 1/R′ C = 1
R =

πa4

8µl

Table 1: Electric-Hydraulic analogy

the individual components of the shear stress tensor τ̃ of the Newtonian fluid, see Eq. (6), are135

in cylindrical coordinates r, z, θ , defined as136

τr r = 2µ
∂ ur

∂ r
, τθθ = 2µ

�

1
r
∂ uθ
∂ θ
+

ur

r

�

,

τzz = 2µ
∂ uz

∂ z
, τrθ = τθ r = µ

�

∂ ur

∂ θ
+
∂ uθ
∂ r
−

uθ
r

�

,

τrz = τzr = µ
�

∂ ur

∂ z
+
∂ uz

∂ r

�

, τθz = τzθ = µ
�

1
r
∂ uz

∂ θ
+
∂ uθ
∂ z

�

.

Note that by definition, τ̃ is symmetric, see Eq. (6). For Poiseuille flow, the only non-zero
elements in the shear stress tensor are

τrz = τzr = µ
�

∂ ur

∂ z
+
∂ uz

∂ r

�

= µ
∂ uz

∂ r
=
(P2 − P1)r

2l
(employing Eq. (11)).

Consistent with Hagen-Poiseuille flow, fluid is only moving along the tube along z, and thus137

fluid layers are only sheared due to their different velocities in radial directions. The larger the138

radial coordinate of the fluid layer, the larger the difference between the velocities of adjacent139

flow layers and the greater the shear stress. The shear stress is the largest at the tube wall.140

Expressing the shear stress in terms of the flow rate, see Eq. (13), the maximal shear stress141

acting on the tube wall τ is142

τ= −τrz

�

�

r=a =
4Qµ
πa3

. (14)

This wall shear stress plays an important role in biological flow networks, as cells or semi-143

flexible polymer-gels making up the tube wall may respond to the shear stress and drive the144

adaptation of tube radius. The shear stress within the entire cross-section of the tube con-145

tributes to the overall dissipation of energy due to friction between fluid layers.146

2.4 Energy dissipation in Poiseuille flow147

To quantify the energy dissipated by flow of incompressible fluids, we derive the rate of energy148

loss in the fluid per unit volume, known as energy dissipation, by calculating the rate of change149

of kinetic energy in a fluid volume V as follows:150

d
d t

∫

V
dV Ekin =

∫

V
dV
�

∂ Ekin

∂ t
+ (u · ∇)Ekin

�

,

=

∫

V
dV





∂ Ekin

∂ t
+∇ · (Ekinu)− Ekin∇ · u

︸ ︷︷ ︸

=0 (incompressible)



 ,

=

∫

V
dV
∂ Ekin

∂ t
+

∫

S
EkinudS,

vi
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where we employed Gauss’s theorem to transform the volume integral into a surface integral.151

Now the surface integral over the kinetic energy times the flow velocity evaluates to zero if we152

consider the volume to be infinite, or if we assume no-slip boundary conditions. Therefore, the153

total derivative of the kinetic energy is expressed as a partial derivative of the kinetic energy154

as the integrand,155

d
d t

∫

V
dV Ekin =

∫

V
dV
∂ Ekin

∂ t
. (15)

The partial derivative of the kinetic energy can be written as156

∂ Ekin

∂ t
=
∂

∂ t

�

ρu2

2

�

= ρu ·
∂ u
∂ t

. (16)

Now we employ the Navier-Stokes-Eq. (8) for incompressible, Newtonian fluids and solve for157

a fluid that is not subjected to any external forces, to obtain158

∂ Ekin

∂ t
= ρui

∂ ui

∂ t
= ui

�

−u j∂ jui − ∂i P + ∂ jτ ji

�

,

= −u j∂ j

�uiui

2
+ P

�

+ ui∂ jτ ji ,

= −∂ j

h

u j

�uiui

2
+ P

�i

−
�uiui

2
+ P

�

∂ ju j
︸ ︷︷ ︸

=0 (incompressible)

+∂ j(τ jiui)−τ ji∂ jui ,

= ∂ j

h

−u j

�uiui

2
+ P

�

+τ jiui

i

−τ ji∂ jui ,

where we again used Einstein summation. Plugging the result for the partial derivative of the159

kinetic energy back into the integral, we again use Gauss’s theorem to write the total rate of160

change of kinetic energy Eq. (15) as161

∫

V
dV
∂ Ekin

∂ t
=

∫

s

h

−u j

�uiui

2
+ P

�

+τ jiui

i

dS−
∫

V
dV
�

τ ji∂ jui

�

. (17)

As before, the surface integral vanishes to zero if one extends the surface to infinity where the162

velocities vanish, or if one assumes no-slip boundary conditions at the surface. Therefore, the163

total rate of change of kinetic energy, i.e. the energy dissipation, reduces to164

d
d t

∫

V
dV Ekin =

∫

V
dV
∂ Ekin

∂ t
= −

∫

V
dV
�

τ ji∂ jui

�

. (18)

For Poiseuille flow in a cylinder of radius a and length l, Eq. (12), only the shear stressτzr = τrz165

is non-zero, such that the energy dissipation Eq. (18) evaluates to166

d
d t

∫

V
dV Ekin = −

∫ a

0

2πl r drτzr∂ruz = −
∫ a

0

2πl r dr

�

µ

�

∆Pr
2µl

�2
�

= −Q∆P = −
Q2

C
. (19)

Therefore, energy dissipation increases with flow rate Q, but can be compensated for by in-167

creasing the tube’s conductance, C . If possible, the energy dissipation would be minimized168

by increasing the tube’s conductance to infinity, which would, for example, correspond to an169

infinitely large tube radius a. This balance between flow rate and tube conductance will be170

instrumental when investigating flow networks that minimize energy dissipation.171
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2.5 Flows in networks172

To set up the equations for the flows in networks, we build on the electric-hydraulic analogy,173

which extends beyond the single wire-tube analogy to entire networks. In particular, analogous174

to the conservation of charge, the fluid volume is conserved at every network node, known as175

Kirchhoff’s first law. In addition, Kirchhoff’s second law states that the summed pressure drop176

along a closed circuit is zero. To define Kirchhoff’s laws, we label network nodes by i ∈ N177

and refer to individual tubes i j by the nodes they connect, i.e. node i and node j. Thus, the178

flow rate Q i j in a tube i j is given by Q i j = Ci j(Pj − Pi), where Ci j is the hydraulic conductance179

of the tube and Pi and Pj are the pressures at the nodes i and j, respectively. In general,180

the tube conductance Ci j depends on the tube geometry and its boundary conditions which181

determine the flow profile in the tube. For Poiseuille flow in cylindrical tubes, we derived the182

tube conductance to be C = 1
R =

πa4

8µl , see Eq. (13). Now Kirchhoff’s first law states that the183

flow rates at a network node sum to zero:184

qi =
∑

j n.n. i

Q i j =
∑

j n.n. i

Ci j(Pj − Pi) = 0, (20)

where j runs over all the nearest neighbor nodes of i and qi is the total fluid flow through185

node i, which is zero if flow is conserved but can be non-zero if flow is injected or extracted186

from the network at that node. The flows and pressures are coupled across the network as187

they may appear in multiple Kirchhoff conditions of type Eq. (20). As a short-hand, we write188

Kirchhoff’s first law for all nodes in a matrix form listing all node pressures Pi and net node189

flows qi in N -dimensional vectors q⃗ and P⃗, respectively,190







...
qi
...






=





· · ·
... Ci j

...
· · ·











...
Pj
...






, (21)

where Ci j is the conductance of the tube connecting nodes i and j (i ̸= j), and Cii := −
∑

j n.n. i Ci j .191

Eq. (21) can be written more succinctly as192

q⃗ = − L̂ P⃗ (22)

by defining a matrix L̂ with elements193

Li j = −Ci j +

�

∑

k

C jk

�

δi j , (23)

where δi j is the Kronecker delta function. Note that Ci j = C ji is zero when nodes i and j194

are not connected. L̂ is a symmetric positive semi-definite matrix, known as the weighted195

Laplacian of the network. Given the conductance Ci j of every tube within a network and the196

inflows and outflows qi at every network node, inverting the matrix L̂ solves for the pressures197

Pi at every network node. The flow rate across a single network tube Q i j then follows by198

equating Q i j = Ci j(Pi − Pj). However, it should be noted that directly inverting the matrix199

L̂ is not possible, as the system is overdetermined. The reason is that only pressure gradi-200

ents have a physical meaning, and not absolute pressures. Therefore, we need to set one201

nodal pressure as the reference pressure. A typical choice is to set the reference pressure to202

zero, which effectively reduces the linear system to a subsystem that is invertible. Altogether,203

flows throughout the network are fully determined by Kirchhoff’s first law, flow boundary204

conditions, and network geometry specifying tube conductance. If a tube dilates or shrinks205

in diameter, its conductance is altered, which in turn changes the flow rates throughout the206
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network. Therefore, local changes in tube conductance are globally coupled to flows in a flow207

network. Now biological flow networks may respond to local changes in flows and locally alter208

the tube geometry, initiating a global feedback cycle, as those local changes in tube geometry209

affect overall flows and thus change flows in other tubes, which may themselves adapt the tube210

geometry. This global coupling underlies much of the self-organizing capability of biological211

flow networks that we lay out in the following chapters.212

This short primer does not do justice to the beauty of fluid physics and the breadth of213

phenomena that all originate from the Navier-Stokes equation and the continuity equation.214

Wonderful books have been written that go beyond the short introduction here, for example,215

[1–4].216

3 Networks minimizing energy dissipation217

Viscous fluid flow is always associated with the dissipation of energy put into the system to218

generate the pressure gradients that drive the flow. How may a flow network adapt individual219

tube radii to minimize the dissipation of energy and what kind of network architectures arise220

thereby? We review both local and global adaptation rules and the impact of fluctuations in221

flows on the resulting network architecture.222

3.1 The physiological principle of minimal work: Murray’s law223

2a0Q0

2a1

Q1

2a2

Q2

Figure 2: Murray’s law exemplified at a three
tube network node. The tube radius a0 of the
tube with incoming flow Q0 is related to the
radii of the tubes a1 and a2 of outgoing flow Q1
and Q2, respectively, by Murray’s law according
to a3

0 = a3
1 + a3

2, thereby minimizing both dissi-
pation and metabolic cost.

In search of a quantitative description of224

physiology, Cecil D. Murray in 1926 put225

forward the idea that physiology might be226

adapted to minimize work [5]. In particular,227

the human vasculature was well quantified at228

that time to stand the test with a theoretical229

prediction. So Murray proposed that vascu-230

lar networks may minimize energy dissipa-231

tion at a fixed metabolic cost for maintaining232

the network. For a single tube of radius a233

and length l perfused by a fluid of viscosity234

µ at flow rate Q, the cost function H is thus235

the sum of the flow energy dissipation and236

the tube volume:237

H =
8µlQ2

πa4
︸ ︷︷ ︸

dissipation

+ bπa2l
︸ ︷︷ ︸

metabolic cost

, (24)

where b is the metabolic cost per volume per238

unit time. In order to find the optimal tube radius that minimizes both dissipation and239

metabolic cost, the minimum of the cost function with respect to the radius a is evaluated240

to yield a relation between the optimal tube radius and the flow rate:241

∂ H
∂ a
= −

4 · 8µlQ2

πa5
+ 2bπla = 0,

=⇒ Q =
πa3

4

√

√ b
µ

. (25)

Testing such a prediction experimentally would require access not only to the tube geom-242

etry but also to the flow rate or flow velocity, which is typically very hard to obtain. However,243
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Murray realized that the optimal radius prediction may translate to a purely geometric pre-244

diction when considering a network node. At a network node, Kirchhoff’s first law states that245

to conserve fluid volume, flow rates need to sum to zero, see Eq. (20). For a network node246

with one incoming flow, Q0, and two outgoing flows, Q1 and Q2, see Fig. 2, the incoming and247

outgoing flows are exactly balanced. Therefore, via the optimal radius prediction, Eq. (25),248

the radii of the incoming and outgoing tubes are related as follows:249

Q0 =Q1 +Q2,

=⇒
πa3

0

4

√

√ b
µ
=
πa3

1

4

√

√ b
µ
+
πa3

2

4

√

√ b
µ

, (from Eq.(25))

=⇒ a3
0 = a3

1 + a3
2, (26)

under the assumption that all tubes have the same metabolic cost per volume per unit time250

b and the same fluid viscosity µ. The cubic relation of the tube radii is known as Murray’s251

law. An alternative derivation of Murray’s law assumes that the shear stress at the tube wall252

τ= 4Qµ
πa3 is constant at a network node instead of the optimization of tube radius, before again253

relating the flow rates across a network node by Kirchhoff’s law. Murray’s law has since been254

found to agree with vascular networks across very different forms of life; from animals [6–8],255

to plants [7,9] and slime molds [10,11]. Yet, caution should be taken when testing Murray’s256

law against experimental data, as Murray’s law is non-linear in the scaling exponent, skewing257

fluctuations in tube radii, see [10]. Therefore, it is desirable to predict the dynamics of tube258

adaptation during optimization.259

3.2 Tube adaptation by shear stress feedback260

An equation of motion for tube radius dynamics can be derived by assuming that tube radii261

follow the gradient of the cost function towards its minimum in overdamped kinetics [12,13].262

The gradient of the cost function, Eq. (24), herein acts as a force263

F = −
∂ H
∂ a
=

4 · 8µlQ2

πa5
− 2bπla, (27)

that is acting on the dynamics of an overdamped tube radius, where the friction β dominates264

over the inertial term with mass m:265

F =
�
�

��
m

d2a
d t2

︸ ︷︷ ︸

inertia ≈ 0

+ β
da
d t

︸︷︷︸

friction

≈ β
da
d t

, (28)

such that the tube radius dynamics follow from Eq. (27) and Eq. (28),266

da
d t
=

2πla
µβ

�

16µ2Q2

π2a6
− bµ

�

,

=⇒
da
d t
=

2πa

β̃

�

τ2

τ2
0

− 1

�

, (substituting τ=
4Qµ
πa3

from Eq. (14)) (29)

where τ0 =
p

bµ is an effective optimal shear stress and β̃ = β/l b is the time scale of tube267

adaptation. Thus, the tube adaptation dynamics is driven by the shear stress adapting to an268

optimal shear stress τ0. This implies that tubes where the shear stress exceeds the optimal269

shear stress τ0 grow in radius, while those at lower shear stress shrink. Note that the optimal270

shear stress τ0 =
p

bµ increases when the metabolic cost of building the tubes is higher.271
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Therefore, the more expensive the metabolic cost, the less tube diameter growth and the less272

hierarchy in tube radii across a network.273

The ease of an optimization principle comes to light here as tube adaptation dynamics274

directly follow in a few lines from the cost function, and the impact of the balance of costs275

on adaptation dynamics is readily read off. Yet, at the same time, an optimization princi-276

ple occludes the physical meaning of parameters such as the optimal shear stress τ0 and the277

adaptation time scale β̃ , and how changes in physical parameters would affect them. Such278

insight can only be provided when deriving dynamics directly from force balance, yet here it279

is potentially limited to the specific system under consideration.280

3.3 Tube adaptation dynamics from force balance281

For tube adaptation dynamics, both the top-down approach minimizing dissipation at finite282

metabolic cost, and a bottom-up approach deriving tube dynamics from force balance at the283

tube wall yield the same dynamics of Eq. (29). Motivated by direct observation of tube radius284

adaptation dynamics in slime molds, we consider a tube with a thin, visco-elastic tube wall285

[14,15]. Coarse-graining over the short-time tube dynamics in slime molds [14,15], here we286

directly turn to the long-time tube radii adaption. The long-time viscous yielding of the tube287

wall of elastic viscosity η, Poisson ratio ν, and wall thickness e balances the stresses directed288

radially on the tube wall:289

η

(1− ν2)
1
a

da
d t
=

a
e

�

(p− pext) +σactive +
µ

twall

τ2

τ2
c

�

, (30)

where (p − pext) is the hydrostatic pressure difference between the inside and outside of the290

tube, σactive is an active stress in the tube wall that contracts the tube and µτ2

twallτ2
c

is a normal291

stress response due to the flow shear stress acting tangentially to the tube wall [16–19] relative292

to a characteristic shear stress τc and the wall’s characteristic response time twall. The normal293

stress response to a tangential shear is a mechanical property of semi-flexible polymer gels,294

in which the characteristic shear stress τc and characteristic response time twall depend on295

the mechanical properties of the gel, such as porosity and cross-linking. The endothelial cells296

lining the blood vasculature also mount a normal stress in response to tangential shear stress297

[20,21]. Now, identifying the optimal shear stress as−µτ2
0/twallτ

2
c = (p−pext)+σactive and the298

adaptation time scale as β̃ ′ = eητ2
c twall/τ

2
0µ(1−ν

2), we recover the local tube radii adaptation299

dynamics, which follows from the minimization of energy dissipation at a finite metabolic cost300

Eq. (29).301

Experimental recordings of tube radius dynamics and flow shear rate, i.e. shear stress302

normalized by fluid viscosity, in the slime mold Physarum polycephalum reveal that tube radii303

do not respond instantly to flow shear stress, but rather with a time delay [15], see Fig. 3. This304

time delay results in two possible tube radii dynamics, either a continuous decrease in shear305

stress and tube radius until the tube gets vanished, or oscillating spirals of shear stress and tube306

radius about a fixed point of finite shear stress and tube radius. Here, the stable fixed point307

corresponds to the steady-state tube radius predicted by Murray’s law, Eq. (25). Therefore,308

Murray’s law captures well the steady state of biological flow networks. It is noteworthy that309

the small time-delay has a conceptional impact. Due to the delay in response the tube can310

locally contrast current and past flow rate, which enables tubular flow networks to perform311

contrastive learning tasks [22]. Beyond the scope of optimizing network architecture, flow312

shear force adaptation solves complex tasks such as the traveling salesman problem [23].313

Shear force adaptation by analytical form, further, resembles Hebbian adaptation dynamics of314

neurons and embeds adaptive flow networks as an utterly widespread building block of life315

that may exhibit physical learning dynamics [24].316
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Figure 3: Shear stress induces tube radius adaptation with a time delay in the
slime mold Physarum polycephalum. (a) Time-averaged shear rate 〈τ〉/µ dynamics
preceed time-averaged tube radius dynamics d〈a〉/d t with a time delay tdelay. (b)
Deriving the local shear rate within a flow network, the non-linear dynamics of sensed
shear rate τs and tube radius 〈a〉 are mapped out in a phase portrait. Two stable fixed
points (light yellow) constrain tube trajectories to circle in spirals (blue) or shrink
away (pink). Reproduced from (Marbach et. al. (2023) [15]).

3.4 Generalization of metabolic cost scaling317

Originally, Murray’s cost function assumed the metabolic cost to be proportional to the volume318

of the tube, i.e. to grow quadratically in tube radius. However, the metabolic cost may also be319

dominated by the cost for the tube wall only, thus scaling linearly in tube radius. It therefore320

makes sense to introduce a general scaling variable in the metabolic cost [25]. The choice is321

to re-define the metabolic cost in terms of the tube conductance C = πa4

8µl . For Poiseuille flow,322

see Table 1, recasting Murray’s original metabolic cost in Eq. (24)) results in323

bπa2l = b
Æ

8πl3µC1/2. (31)

Introducing γ as a parameter for the scaling exponent of the metabolic cost, the generalized324

cost function Hγ for an entire network is therefore obtained by summing over every tube jk325

connecting nodes j and k in the network [26,27]:326

Hγ =
∑

jk

�

Q2
jk

C jk
+ ξbCγjk

�

, (32)

absorbing other constants into ξ. In this context, a metabolic cost dominated by the tube wall327

would correspond to a scaling with C1/4. In leaf venation networks, photosynthetic activity328

scaling with the leaf area perfused by the venation may suggest scaling exponents between329

1/2 and 1 [12]. This closed expression now describes the cost function of a flow network only330

as function of the flow rates Q i j and the conductance Ci j of each tube. It therefore makes331

sense to also recast tube adaptation dynamics in terms of changes in tube conductance [12],332

dCi j

d t
=

Ci j

β ′

 

Q2
i j

Cγ+1
i j

−τ2
0

!

, (33)

which recovers Eq. (29) for γ = 1/2, i.e. by identifying Q2
i j/C

γ+1
i j with the wall shear stress.333

Note that for simplicity, we throughout assumed networks to consist of tubes of equal length l,334
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only varying in tube radius a. To take into account variation in tube lengths, a tube’s individual335

conductance needs to be normalized by the corresponding tube length, see [12,13,28].336

The cost function Hγ, Eq. (32), and the local conductance adaptation dynamics, Eq. (33),337

represent two entirely different optimization schemes. Minimizing the cost function Hγ is338

global, where knowledge of the entire network state is taken into account in the search for339

the global optimum. The local adaptation dynamics, however, only take into account local340

information of the conductance and the flow rate at the given tube that is adapting. Such341

local adaptation dynamics are, therefore, more likely to be at play in a biological system. Yet,342

we do not expect local dynamics to find the global minimum, but to more likely get stuck in343

local minima.344

3.5 Optimizing network architecture for minimal energy dissipation345

To assess which network architecture minimizes energy dissipation at a finite metabolic cost,346

we first review the task of minimizing the cost function globally, Eq. (32) [25–27, 29]. The347

analytical form of the cost functions allows one to derive a closed expression for the iterative348

adaptation of all network tubes, opening the route for efficient numerical minimization and349

analytical consideration. To derive the global minimization scheme, the metabolic cost per350

volume and time, b, is treated as a Lagrange multiplier which constrains the metabolic cost351

to a fixed value
∑

i j Cγi j = Kγ. Equating the extremum of the cost function Hγ, Eq. (32), with352

respect to the tube conductance Ci j solves for the Lagrange multiplier:353

∂ Hγ
∂ Ci j

= −
Q2

i j

C2
i j

− bξγCγ−1
i j = 0,

=⇒ −bξγ=
Q2

i j

Cγ+1
i j

. (34)

The Lagrange multiplier now also constrains the fixed metabolic cost
∑

i j Cγi j = Kγ by rear-354

ranging,355

=⇒ (Q2
jk)

γ
γ+1 = (−bξγ)

γ
γ+1 Cγjk

=⇒
∑

jk

(Q2
jk)

γ
γ+1 = (−bξγ)

γ
γ+1

∑

jk

Cγjk

=⇒
∑

jk

(Q2
jk)

γ
γ+1 = (−bξγ)

γ
γ+1 Kγ. (35)

Substituting (−bξγ) from Eq. (34) results in a direct expression for the optimal conductance356

at a given flow pattern throughout the network:357

Cγmn = Kγ
(Q2

mn)
γ
γ+1

∑

jk(Q
2
jk)

γ
γ+1

,

=⇒ Cmn = K
(Q2

mn)
1
γ+1

�

∑

i j(Q
2
i j)

γ
γ+1

�1/γ
. (36)

With this expression for the optimal conductance, the global optimization can effectively pro-358

ceed as follows. A network is drawn at a given topology and tube conductance. In- and359

out-flows at nodes are specified, and together with the tube conductance, they determine the360
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Figure 4: Minimal dissipation networks with fluctuating outflows transition
from tree to loopy networks as metabolic cost becomes more and more expen-
sive for large tube radii. In each network, the inflow is at the lower left corner
and all other nodes are outlets with uncorrelated fluctuating flows. The radius of
each tube is proportional to the square root of its conductance. (a) Tree-like net-
work (γ = 0.25). (b) Hierarchical network with loops (γ = 0.75). (c) Network with
many loops and no hierarchical organization (γ = 1.25). Reproduced from Corson
(2010) [26].

flow rates in individual tubes. Then, iteratively, tube conductances are updated according to361

Eq. (36) and the flow rates are re-calculated.362

Flow patterns for minimal dissipation networks are often motivated by leaves where a sin-363

gle inlet at the leaf stalk is servicing the entire leaf venation network with water which evap-364

orates throughout the entire leaf [30]. During leaf venation formation, the opposite transport365

of the plant hormone auxin produced throughout the entire leaf and transported to the plant366

stem lays out the venation pattern [31]. The leaf blade is thus represented by a regular grid367

with a single outflow at a node in the corner of the grid, which is serviced by equal inflows at all368

other network nodes. With such flow boundary conditions, the minimal dissipation network369

at a finite metabolic cost is a tree with tubes that have smaller and smaller radii the further370

they are from the outlet for γ < 1, and for γ > 1, it is a finely reticulated loopy network lacking371

any hierarchy in tube radius [25, 29, 32]. The scaling exponent γ of the metabolic cost here372

determines the cost of large radii. The larger γ is, the more expensive the cost of large radii.373

Thus, hierarchy in tube conductance becomes suppressed at large γ. Numerical optimization374

of the network architecture for γ < 1 typically leads to a local minimum; the global mini-375

mum may only be found on particularly searching the space of tree topologies [25]. Thus, the376

energy landscape of optimal tree architectures is rugged, akin to disordered systems. Alterna-377

tively, coupling cost function minimization to the growth of the tissue underlying the tubular378

network can drastically improve the search for the global optimum [13]. In combination with379

the adaptation dynamics on network nodes, global optima considerably resemble real leaf380

venation networks [33].381

If inflows fluctuate either in time [26] or by moving throughout the network [27], loops ap-382

pear in the network already at γ < 1, see Fig. 4. The alternate routes for transport provided by383

the loops ensure that also large local flows arising from fluctuations can be efficiently trans-384

ported, thereby deviating from the otherwise tree-like optimal network architecture. Loops385

also provide robustness against damage [27, 34]. Notably, the core result that networks are386

tree-like if the cost for very large radii close to the outlet is not exorbitant, i.e. γ < 1, and loopy387

without radii hierarchy otherwise, and that fluctuations in flows introduce loops also at γ < 1,388
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Figure 5: Fluctuations introduce loops also with local adaptation dynamics. In
each network, the inflow is at the lowest node and distributed throughout all nodes
serving as outlets in the remaining network, γ = 1/2. (a) Fixed and equal outflow
at all nodes results in a tree architecture (b) Outlet fluctuate as the tube radii are
adapting, resulting in loops interconnecting the tree architecture. Reproduced from
Hu and Cai (2013) [12].

persists even if we turn to local adaptation dynamics of Eq. (33), see Fig. 5. That local and389

global dynamics result in qualitatively the same network architecture is non-trivial per se, as390

the local adaptation dynamics do not constrain the metabolic cost to a fixed value anymore.391

Instead, a tree-like network has a high dissipation because of the high flow rate through its392

big tubes, but saves on the metabolic cost by vanishing small tubes. On the contrary, reticulate393

networks show low dissipation as flows are distributed and small, but need to invest more in394

metabolic cost, for maintaining all loopy connections [35,36]. However, fluctuations per se do395

not guarantee loops at γ < 1. The more fluctuations are spatially correlated, the more loops396

are suppressed in the network [35]. The lack of loops at large spatial correlations follows as we397

expect to recover the optimal tree architecture at infinite spatial correlations of fluctuations,398

which represents a state of no fluctuations at all.399

4 Memory formation in adaptive flow networks400

Optimization of flow networks for minimal dissipation at a finite metabolic cost revealed a401

rugged energy landscape of disordered systems. Since disordered systems may retain mem-402

ories of the past [37–40], flow networks adapting to minimize dissipation may also imprint403

past flow patterns.404

4.1 Adaptive flow networks retain memory of past inflow405

To test memory formation of past flow patterns, a disk-shaped network is considered, where406

the central node is the sole outlet for the inflows at all other nodes throughout the network.407

As before, inflows fluctuate by stochastically flipping between an open and closed state with a408

time-average inflow of q(0) per node, see Fig. 6. The network adapts at every numerical time409

step as all tube conductances are updated to minimize dissipation at a constant metabolic cost410

Kγ =
∑

i j Cγi j , as derived in the previous chapter in Eq. (36). Initially, metabolic cost is set to411
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Figure 6: Networks with γ = 1/2 undergo memory formation and retrieval. (a)
Network trained by adapting at additional inflow qadd , equally distributed over outer
nodes around θ1 (blue filled), for training duration ttrain. Centered outlet node de-
picted in red. (b) Network subsequently adapted without additional inflow over
waiting time twait. Memory is subsequently probed by applying probing inflow at an-
gle θ2 (empty blue). (c) Power loss E = Hγ over 200 independent simulations versus
(θ2 − θ1) for varying θ2 for trained dataset (red) and for untrained data set (blue).
Reproduced from Bhattacharyya et. al. (2022) [28].

scale as γ = 1/2 to focus on loopy tree-like optimal networks. Now, at network initialization,412

an additional inflow of magnitude qadd(θ1) is applied at few nodes at the network boundary,413

positioned at a chosen radial angle θ1 in the disk-shaped network, see Fig. 6(a), for a duration414

ttrain. The network evolves into a loppy, tree-like architecture with a particularly eminent tree415

architecture towards the additional inflow. Then, the additional inflow is removed and the416

network adapts for a duration twait with the usual stochastic open-close switching of equal417

inflows at all network nodes. The network returns to a seemingly isotropic architecture, see418

Fig. 6(b). However, assessing the retained memory by probing the network at all angles θ2419

with a probing inflow and quantifying the cost function Hγ, one observes that the network420

minimizes the cost function precisely at the angle θ1, where the training stimulus was provided,421

see Fig. 6(c). Thus, memory of past flow is retained in the network’s energy landscape.422

4.2 Mechanism of memory formation423

Quantifying network adaptation dynamics over subsequent numerical times steps δt reveals424

that tubes with low conductances continuously decrease in their conductance, see Fig. 7.425

Therefore, low conductance tubes break the ergodicity of the system, cementing memories426

into the network architecture by shrinking away tubes that cannot regrow. Specifically, tubes427

with conductances above a certain threshold value Cth fluctuate minimally while tubes of con-428

ductance lower than the threshold value shrink in conductance with a power law behavior:429

C(t +δt)
C(t)

≈

¨
�

C(t)
Cth

�ω
C(t)< Cth

1 C(t)≥ Cth.
(37)

This numerical observation can be analytically derived by working through the calculation of430

fluid flows in networks Eq. (21) and the adaptation dynamics Eq. (36) in a network consisting431

of only three tubes, as outlined below. The analytical derivation predicts the power law decay432

of the low conductance tubes with an exponent ω= 1/3, in agreement with numerical obser-433

vations, see Fig. 7(a). To arrive at this analytical result, consider a simple network with three434

nodes where node 1 is the outlet and the other nodes act as inlets, see Fig. 8(a). The inlets435
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Figure 7: Memory formation due to disappearance of low conductance tubes.
(a) Ratio of conductance of two subsequent iterations versus preceding conductance
during adaptation for 3ttrain iterations after training phase of duration ttrain ended.
Above threshold conductance Cth (vertical red dashed line), conductances fluctuate
around |C(t + δt)/C(t)| = 1 (horizontal red dashed line). Low conductance tubes
follow a power law with exponent 1/3 (red line). Only threshold conductance Cth is
stimulus strength specific; compare gray (qadd = 40000q(0)) and color (qadd = 0). (b)
A network adapted for ttrain and (c) the same network trained for longer duration,
4ttrain. Links with conductance smaller than threshold Cth disappear in (c) Repro-
duced from Bhattacharyya et. al. (2022) [28].

are connected to each other and the outlet. Since the optimal network architecture is a tree,436

we expect this small network to adapt into an architecture where the two tubes connecting437

the inlets and the outlet C12 and C13 are much larger than the tube connecting both inlets C23.438

Therefore, deriving the tube adaptation dynamics of the inter-inlet tube C23 should inform us439

about the dynamics of low conductance tubes. Having in mind that the inter-inlet tube adapts440

according to Eq. (36)441

C23(t +δt) =Q23(t)
2/γ+1 ·

K
�

∑

i, j Q i j(t)γ/γ+1
�(1/γ)

, (38)

the flow rate throughout the network is required. Denoting the net inflow at node i by qi and442

pressure at node i by Pi ,the following set of equations using Kirchhoff’s laws from Eq. (21)443

specifies the node pressures,444





q1
q2
q3



=





C13 + C12 −C12 −C13
−C12 C12 + C23 −C23
−C13 −C23 C13 + C23









P1
P2
P3



 .

Since node 1 is the outlet, its pressure is set to zero, P1 = 0, to obtain445

�

C12 + C23 −C23
−C23 C13 + C23

�−1 �
q2
q3

�

=

�

P2
P3

�

, (39)

resulting in a pressure drop between the two inlets equating to:446

P2 − P3 =
C13q2 − C12q3

C13 (C12 + C23) + C12C23
. (40)

Therefore, the flow rate Q23 between the two inlets is given by447

Q23(t) = C23 (P2 − P3) = C23
C13q2 − C12q3

C13 (C12 + C23) + C12C23
≈ C23

C13q2 − C12q3

C13C12
. (41)
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Figure 8: Memory formation limited to networks of γ < 1 metabolic cost scaling.
(a) Simple network of two inlets, node 2 and 3, and a common outlet at node 1
(red dot) used to derive the adaptation dynamics. The network adapts to attain an
architecture that is close to the optimal tree architecture, with a tube of vanishingly
small conductance (dotted line) interconnecting the inlets. (b) Memory formation is
lost when the metabolic cost scales with γ= 1. In this case, all tubes persist and the
power loss E = Hγ in trained and untrained network is identical (inset). Reproduced
from Bhattacharyya et. al. (2022) [28].

Now, taking into account that the conductance of the inter-inlet tube C23 is much smaller448

than the conductances of the tubes connecting to the outlet in the optimal tree architecture,449

C12, C13 ≫ C23, the denominator specifying the flow rate is governed by the product C12C13.450

As this flow in the inter-inlet tube is small compared to the flow rate in the tubes connecting451

to the outlets, the large flows are governed by the inflows at the upstream nodes, respec-452

tively, i.e. Q12 = q2 and Q13 = q3. Note that flows determine tube conductances C12 and C13453

through Eq. (36). Therefore, the flow in the inter-inlet tube at a fluctuation in inflows say at454

q2(t) = q2 +δq with q3(t) = q3 is given by455

Q23(t) = C23(t)

�

q2/γ+1
3 (q2 +δq)− q2/γ+1

2 q3

�

(q2q3)
2/γ+1

�

qγ/γ+1
2 + qγ/γ+1

3

�1/γ

K
. (42)

Inserting this flow rate, Eq. (42), into adaptation for the inter-inlet tube, Eq. (38), the change456

in conductance C(t +δt) relative to its previous conductance C(t) is,457

C23(t +δt)
C23(t)

=
�

1
Cth

�

1−γ
1+γ

C23(t)
1−γ
1+γ , (43)

where Cth is a function of the flow rates, given by [28]458

Cth = K
(q2q3)

4
1−γ2

�

(q2 +δq)
2γ

1+γ + q
2γ

1+γ

3

�

1+γ
γ(1−γ)

�

q
2

1+γ

3 (q2 +δq)− q
2

1+γ

2 q3

�
2

1−γ
�

q
2γ

1+γ

2 + q
2γ

1+γ

3

�
2

γ(1−γ)
. (44)

Inserting γ = 1/2 into Eq. (43), the numerically observed power law of 1/3 is uncovered by459

which the conductances lower than the threshold conductance Cth decay to zero. But there is460

an even more powerful result to be read off from Eq. (43), namely, that for γ≥ 1, tube conduc-461

tances do not decay at all. Therefore, the short analytical derivation predicts that networks462
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with γ ≥ 1 cannot store memories, as ergodicity cannot be broken. Indeed, no memories463

were found on numerically probing networks of γ = 1, see Fig. 8 (b). The large cost of large464

conductances, i.e. large tube radii, at γ ≥ 1, prevents hierarchy in tube radii from forming.465

Yet, for γ < 1, memories of past flows persist, and even multiple flow patterns can be remem-466

bered at the same time [41]. The only limitation is that over time, small conductance tubes467

vanish, thereby effectively aging the network and reducing its ability to store new memories.468

Note that not only flow shear stress adaptation entails memory formation in adaptive flow469

networks. Chemicals released at a specific location in a flow network and dilating tube radii470

where they spread by flow, also imprints lasting memories [42].471

5 Optimizing for distribution and homogeneous supply in flow472

networks473

The tree-like or loopy flow network architectures predicted for minimizing dissipation at a474

finite metabolic cost do reminisce of leaf venation patterns with a hierarchy in vein radii and475

small loopy connections between the big veins. And yet, the success of minimizing dissipa-476

tion at a finite metabolic cost is tied to the flow boundary conditions, namely, a single inlet477

and distributed outlets. On considering a single inlet and a single outlet, say, to describe the478

vasculature pervading an organ, the optimal flow network would simply be a single, chunky479

tube connecting the inlet and the outlet along the shortest path [43]. This so-called “shunt”480

between the inlet and the outlet does not resemble our biological observations of a finely retic-481

ulated network. The minimal dissipation shunt would efficiently transport resources from the482

inlet to the outlet, but the shunt would not transport any resources to the tissue or collect483

products from the tissue. In search for additional or alternative cost functions that flow net-484

works optimize for, here we revisit two exemplary concepts - the optimization for distribution485

and homogeneous supply. In a yet alternative direction to transport and minimal dissipation,486

note that pressure has also been put forward as a local stimulus [44].487

5.1 Optimizing transport in distributed production networks488

Let us consider the vasculature pervading the islets of Langerhans of the pancreas, an assembly489

of cells producing and releasing hormones like insulin into the blood stream around them [45].490

In a coarse-grained representation, the vasculature consists of a single inlet and a single outlet.491

Considering a disk-shaped network with the inlet and the outlet positioned at opposite sides,492

see Fig. 9(a), minimizing for dissipation at a finite metabolic cost results in a single “shunt”,493

see Fig 9(b) along the shortest path between the inlet and the outlet. In the shunt architecture,494

hormones produced far-off the shunt do not enter the blood flow. To capture that the cells’495

product needs to be transported by the blood flow, a measure of transport efficiency might496

be the time it takes to travel along the flow from any cell in the network to the outlet [46].497

Identifying each network node i as a producing cell and associated product travel time Ti to498

the outlet, the function to optimize is the average travel time 〈Ti〉 across all nodes499

〈T 〉=
1
N

∑

i

Ti , (45)

where N is the total number of nodes in the network. As the product is transported with the500

flow rate Q i j downstream toward the outlet, each node’s travel time can be solved recursively501

by summing over the travel time of their next downstream nodes j ∈ Oi and the travel time502

along the tube connecting them Ti j weighted by the flow rates along competing downstream503
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Figure 9: Optimal network architectures under single inlet, single outlet bound-
ary conditions vastly differ. (a) Initial network geometry with a single inlet (left)
and a single outlet (right). (b) Minimizing dissipation at finite metabolic cost pre-
dicts a single “shunt” connecting the inlet and the outlet along the shortest path. (c)
Minimizing average travel time from all network nodes to outlet generates a periph-
ery - center network architecture. Cell colors indicate the average time to the outlet.
Flow lines are colored by pressure, their thickness indicating the absolute value of
the flow rate. Reproduced from Kirkegaard and Sneppen (2020) [46].

routes,504

Ti =

∑

j∈Oi
|Q i j|(T j + Ti j)

∑

j∈Oi
|Q i j|

(46)

where j ∈Oi is the set of nodes that are downstream from node i. Naively, one would evaluate505

the travel time Ti j along a tube i j by the ratio of the length of the tube l and the pervading506

cross-sectionally averaged flow velocity ūi j , which is transformed into a condition on tube507

conductance Ci j and flow rate Q i j as follows:508

Ti j =
l

ūi j
=

lπa2
i j

Q i j
=
Æ

8πµl3

Æ

Ci j

Q i j
, (47)

assuming Poiseuille flow. Given a fixed inflow at the inlet which equals the outflow at the out-509

let, and a fixed and constant tube length l, the travel time is trivially minimized by shrinking510

all tube radii to the lowest possible values, leading to very low conductances throughout the511

network. Diminishing tube conductance, however, comes at the cost of huge energy dissipa-512

tion, scaling inversely with tube conductance, see Eq. (19). Therefore, naive minimization513

of the travel time may not give physically meaningful predictions. Now, minimizing energy514

dissipation at a finite metabolic cost predicts how the optimal tube conductance scales with515

flow rate, see Eq. (36),516

Ci j∝Q
2
γ+1

i j . (48)

Therefore, using the optimal scaling of the tube’s conductances in evaluating the travel time517

Ti j , travel time from all network nodes to the outlet and minimimal dissipation at a finite518

metabolic cost can be balanced [46],519

Ti j ∼
l

|Q i j|
γ
γ+1

. (49)

Together Eqs. (45), (46), and (49) define the optimization problem for transport in distributed520

production networks. Numerically minimizing the average travel time again yields, in general,521
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Figure 10: Optimal networks under minimal flow constraints. Increasing minimal
flow rate at any network node from (a) to (e) at (a) Qmin = 0.042 the network in
Fig. 9(c) the tube conductance of the periphery decreases. Then the extended outlet
in (b) decreases as Qmin is increased to 0.062 and to Qmin = 0.073 in (c). In (d) one
horizontal connection has been removed by introducing kinks at Qmin = 0.078, which
increases the flow in the remaining connections. At yet increasing Qmin = 0.125 (e)
more horizontal connections are removed at the expense of longer, kinky connections.
As Qmin → 1, the global optimum becomes a Hamiltonian path through the nodes.
Reproduced from Kirkegaard and Sneppen (2020) [46].

multiple minima of a rugged cost function landscape. For γ = 1, optimization leads to a pe-522

riphery versus center network archetype, see Fig. 9(c), with high conductance tubes spanning523

the periphery of the network branching out from the inlet and a high conductance tube along524

the center of the network extending to the outlet. This periphery - center architecture does525

indeed resemble the vasculature of pancreatic islets.526

When considering optimal transport, another constraint to consider is the magnitude of527

the flow rate. Experimental studies of vasculature observe a uniform or at least minimal flow528

rate [47–49]. For now, flow rates differ accross tubes in the periphery center architecture, see529

Fig. 9. Despite the flow reaching all parts of the network, flow rates are, for example, larger530

in the center tube than in the tubes servicing it. Requiring a minimum flow rate Qmin would531

constrain the flow through all nodes to be at least bigger than Qmin [46]532

Q i =
∑

j∈Oi

|Q i j| ≥Qmin, ∀i (50)

where i denotes all the nodes in the network. Increasing the minimal flow rate Qmin indeed533

has a drastic impact on the network architecture, first reducing the network radii hierarchy534

in the periphery, then in the center until only parallel connections between inlet and outlet535

persist, Fig. 10. Increasing the minimal flow rate even further then reduces the number of536

parallel connections, thereby increasing the flow rate in each connection until only one long537

tube meanders through all network nodes. Note that for the single meandering tube, not only538

do all tubes have exactly the same flow rate, they also have exactly the same conductance. A539

result that is also obtained when optimizing minimal dissipation networks at a finite metabolic540

cost under a constraint of minimal variations in flow rate [50].541

The example of distributed production networks nicely illustrates that the criterion of min-542

imal dissipation at a finite metabolic cost is too narrow when it comes to the diversity of flow543

network architectures in biology. Yet, the ansatz of minimizing the average travel time suffers544

from one big conceptual draw back: it is a global cost function. A local read-out of information545

at individual tubes to optimize the global average travel time is unclear. Indeed, a minimal546

flow rate could be encoded locally, yet the travel time constraint is here the key to route the547

network through all network nodes. A constraint that fails under minimal flow rate only [50].548

An alternative route is to consider the actual transport dynamics directly.549
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5.2 Transport and absorption in a single tube550

The transport of resources by fluid flow is governed by the advective transport along the551

streamlines of the fluid flow and the diffusion of the molecules independent of flow. De-552

scribing the resources by their concentration c, i.e. the number of molecules per unit volume,553

the concentration evolves according to the advection-diffusion equation, here in cylindrical554

coordinates and laminar flow along a cylindrical tube,555

∂ c
∂ t
+ uz(r)

∂ c
∂ z
= κ

�

1
r
∂

∂ r

�

r
∂ c
∂ r

�

+
∂ 2c
∂ z2

�

, (51)

where κ denotes the molecular diffusivity of the resource molecules. For Poiseuille flow in a556

tube of radius a and cross-sectionally average flow velocity ū the flow velocity driving advection557

is given by u(r, z) = 2
�

1− r2/a2
�

ū. The absorption of resources at the tube wall is represented558

by the following boundary condition:559

κ
∂ c
∂ r

�

�

�

�

r=a
+ νc(a, z, t) = 0, (52)

where ν denotes the metabolite absorption rate at the tube wall. While there is no closed ana-560

lytical solution for c(r, z, t) in Eq. (51), the advection-diffusion equation can be approximated561

by the dynamics of the cross-sectionally averaged concentration c̄(z, t) [51, 52]. This Taylor562

approximation is valid if the time to average out the cross-sectional variations in molecule con-563

centration by diffusion is shorter than the time for advection along the tube, i.e. a2/κ≪ l/ū.564

Also, absorption at the tube walls further introduces gradients in molecule concentration which565

are averaged out by diffusion if the time for diffusion is quicker than the time scale over which566

absorption generates gradients, i.e. a2/κ≪ a/ν. In these limits, one can apply the heuristic567

Taylor dispersion derivation to the case of absorption at the tube wall to arrive at [53],568

∂ c̄
∂ t
= −

2κ
a2

4νa/κ
4+ νa/κ

c̄ −
12+ νa/κ
12+ 3νa/κ

ū
∂ c̄
∂ z
+

�

κ+
12+ νa/κ

12+ 3νa/κ
ū2a2

48κ

�

∂ 2 c̄
∂ z2

. (53)

We readily read off, that the concentration of molecules decays over time, gets advected, and569

diffuses. The effective advection velocity is larger than the cross-sectionally averaged flow570

velocity ū since absorption removes slow molecules close to the tube wall, thereby effectively571

increasing the cross-sectionally averaged velocity of transport. Also, the diffusivity is enhanced572

as the radial gradient in flow velocity between streamlines enhances the longitudinal spread573

of molecules that are diffusively hopping between streamlines. Note, better approximations574

to any desired order can be derived using the center manifold approach [54] that can even575

be compared to exact solutions of the decay of concentration under absorption, advection and576

diffusion [55]. The strength of the heuristic approximation above is that it allows for physical577

intuition into the competing factors driving the absorption of molecules. The steady state of578

the cross-sectionally averaged concentration along a tube of length l is an exponential decay579

from upstream concentration c̄0 [53]:580

c̄(z) = c̄0 exp
�

−α
z
ℓ

�

, where α=
24 · Pe

48+ νa/κ · Pe/S

�√

√

1+ 8 ·
S
Pe
+

3
4
· νa/κ− 1

�

(54)

where the characteristic decay rate is goverened by three non-dimensional parameters, νa/κ,581

the ratio of diffusion to absorption time scale, the Péclet number Pe= ūl/κ, which is the ratio582

between diffusive and advective time scales, and the Damköhler number S= νl/aū, which is583

the ratio between the timescale for absorption ν/a and the time to be advected out of the tube584
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Figure 11: Schematic sketch of resource supply in leaves. (a) Vasculature of a
leaf displaying the primary vein horizontally at the center and secondary veins as
next biggest veins departing from the primary vein, down to the highly inter-webbed
higher order veins. (b) The secondary vein (thick blue) supplies the tubular higher
order vein network with resources and fluid. (c) Xylem vessel network modeled as
network of tubes of varying radius a and fixed length l. Inflow at fluid flow rate Q
and resource flux J from upstream tubes (left). Fluid evaporation through stomata
at the leaf surface modeled by constant outflow Qout at every network node. Re-
source molecules are advected and diffuse within the fluid. In addition, molecules
get absorbed φ along the tube wall into tissue at a constant rate ν. Reproduced from
Meigel and Alim (2018) [53].

l/ū. Recall, that νa/κ≪ 1 to fullfil the Taylor dispersion approximation, rendering the Péclet585

Pe and the Damköhler number S to be the only freely varying non-dimensional parameters.586

The heuristic derivation also accounts for a direct result of the concentration c(r, z, t) and587

thus permits the derivation of the overall flux of molecules absorbed along a tube φ, by inte-588

grating over the tube wall W extending along the length l of the tube, φ = 2πa
∫

W κ
∂ c
∂ r dz.589

The flux of absorbed molecules is to first order a function of the amount of influx of molecules590

J0 = c̄0(ū+κα/l) being advected or diffusing into the tube. Therefore, specifying the absorp-591

tion capacity φ̂ as the ratio of total absorption flux relative to concentration influx is meaning-592

ful: φ̂ = φ/πa2J0 with 0≤ φ̂ ≤ 1. The absorption capacity spans three different regimes as a593

function of the Péclet number Pe and the Damköhler number S [56]. At S≫ 1 and S≫ 1/Pe,594

the decay exponent α is large and every molecule entering the tube gets absorbed. In contrast,595

α is small in both the diffusive regime at Pe≪ S and Pe≪ 1/S, and the advective regime at596

S≪ 1 and S≪ Pe, where the flux of absorbed molecules is roughly given by φ = 2πalνc̄0,597

although due to different physical mechanisms at play [56]. In the most important regime for598

physiological application, the advective regime, where molecules are mainly advected by flow599

along the tubes rather than diffusion, the absorption capacity φ̂ takes a simple expression of600

the form [53]601

φ̂ =
2νl

aū+ 2νl
. (55)

This closed analytical expression gives the immediate insight that large flows impede absorp-602

tion as the molecules travel through the tube way too fast to get absorbed. Notably, the frame-603

work of molecule transport and absorption in a single tube is the building block to address the604

network architecture that optimizes supply.605

xxiii



SciPost Physics Lecture Notes Submission

0.0

1.0

2.0

3.0

4.0

5.0
A

bs
or

pt
io

n 
Low Inflow 

0.0

1.0

2.0

3.0

4.0

5.0

A
bs

or
pt

io
n 

Optimal Inflow 

0.0

1.0

2.0

3.0

4.0

5.0

A
bs

or
pt

io
n 

High Inflow 

Figure 12: Supply patterns are controlled by fluid inflow rates. Supply pattern of a
rectangular tissue section pervaded by a transport network for increasing fluid inflow
rate ranging from (a) Q in = 0.8×10−6mm3s−1, via (b) Q in = 3.2×10−6mm3s−1,to(c)
Q in = 6.4 × 10−6mm3s−1. Resource molecules are absorbed across tube walls into
the tissue. (a,b,c) Supply pattern in every triangulated tissue section given by the
normalized average steady state flux of absorbed resource molecules along neigh-
boring tubes. At low inflow rates (a) resources are absorbed close to inflow and
are not transported through the network while for high inflow rates (c) resources
get flushed through the network for being absorbed mainly at the end. In between
these two cases, an optimal inflow rate with the lowest variance in flux of absorbed
molecules exists (b). Reproduced from Meigel and Alim (2018) [53].

5.3 Optimizing networks for homogeneous supply606

We revisit the venation of leaves as an example. However, now we zoom into the finely inter-607

webbed higher order venation in between the bigger so-called secondary veins, see Fig. 11.608

Here, the fluid enters from the secondary vein into the higher order venation, where the fluid609

evaporates through stomata. Therefore, there are multiple inlets along the secondary veins610

servicing outlet represented by the nodes throughout the higher order venation. As resources611

that are essential for cell maintenance are transported within the stream of flow , the question612

is, which flow and network architecture characteristics are required to ensure homogeneous613

supply of resource molecules transported by the flow.614

Describing the flow along the higher order venation network as Poiseuille flow, the frame-615

work of Eqs. (53) and (55) describes the supply of resources as the flux of absorbed resource616

molecules through the tube walls. Numerically solving for the steady state of supply across a617

network of tubes of uniform radii, the impact of the inflow rate becomes apparent, see Fig. 12.618

At low inflow, the tubes close to the inlets receive a lot of supply and exhaust the molecules619

such that those tubes further off receive nothing anymore. At high inflow, on the contrary,620

the molecules are flushed past the tubes close to the inlet so fast that almost no absorption is621

taking place, and only tubes further on, where flow velocity is reduced due to the evaporation622

of fluid along the way, receive a lot of supply. In between these two extremes, there is a flow623

rate which provides homogeneous supply across all tubes in the network.624

To derive the optimal flow rate that yields uniform supply, we reduce the interlaced net-625

work to a one-dimensional series of M identical tubes of radius a and length l, with their flow626

rates Qm for the m-th tube, see Fig. 13. Resource molecules are transported by the flow which627

is flowing into the first tube at a rate Qin. At each node between two tubes, there is a constant628

outflow Qout, which matches in sum the inflow, i.e. Qout = Qin/M . Due to the evaporation629

modeled as outflow at each network node, the flow rate decreases the further away the tube is630
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1 2 3 M

Qin

Qout Qout Qout

Figure 13: Schematic representation for the derivation of optimal inflow rate
One-dimensional network of M connected tubes at inflow Qin in the first tube and
subsequent outflow Qout at each node. The resource molecules are transported along
with the flow, except that they cannot escape at the nodes. They are either absorbed
in the tube walls or are transported to the next tube.

from the inlet. Therefore, the flow rate of subsequent tubes and their cross-sectional average631

flow velocity is:632

Qm+1 =Qm −Qout,

=⇒ ūm+1 = ūm −
Qout

πa2
= ūm −

Qin

Mπa2
. (56)

Resource molecules do not escape at network nodes, they do not evaporate, they either get633

absorbed or are transported to the next tube. As a result, from the total amount of molecules634

entering a tube m, a fraction φ̂ is absorbed and the remaining fraction (1 − φ̂) enters tube635

(m+ 1). Thus, the flux of absorbed molecules in tube m is given by636

φm = πa2J0φ̂m

m−1
∏

j=1

(1− φ̂ j). (57)

At homogeneous absorption, φm is the same ∀m, which means that also the flux of absorbed637

molecules at subsequent tubes is the same, i.e.,638

m−1
∏

j=1

(1− φ̂ j)φ̂m =
m
∏

j=1

(1− φ̂ j)φ̂m+1

=⇒ φ̂m = (1− φ̂m)φ̂m+1 (58)

Substituting the value of absorption capacity φ̂m from Eq. (55), we get639

2νl
aūm + 2νl

=
aūm

aūm + 2νl
·

2νl
aūm+1 + 2νl

�

∵ 1− φ̂m =
aūm

aūm + 2νl

�

=⇒ 1=
aūm

aūm+1 + 2νl
,

=⇒ ūm+1 = ūm −
2νl
a

.

Comparing with Eq. (56) and equating the decrements, we find that there is an optimal inflow640

rate Q∗in which permits homogeneous absorption:641

Q∗in = 2πalMν, (59)

which is in quantitative agreement with the numerical simulations [53]. The inflow rate642

matches the integrated absorption flux approximated by the wall surface of all tubes 2πalM643

times the absorption rate ν. Numerically adjusting tube radii at non-optimal inflow rate com-644

pensates by reducing tube radii and thus tube wall surface where supply is too high and con-645

versely increases wall surface at tube walls where supply is below average [53]. The biggest646
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lever next to the inflow rate is therefore the tube radius. Therefore, local read-out of resource647

availability and in response local adaptation in tube radius can adjust for local resource de-648

mand [56] and homogeneous supply [57]. Note, however, that homogeneous supply into a649

tissue by adjacent tubes can also be locally regulated by the tissue instead of the tube radii [58].650

Here, tissues inflate proportionally to the amount of resources supplied by the tubes and bal-651

ance their size across a tissue [58].652

Optimization for homogeneous supply is in stark contrast to optimization for energy dissi-653

pation at a finite metabolic cost. At least when considering the typically physiological metabolic654

scaling of γ = 1/2 in Eq. (34), where tree-like network architecture minimizes energy dis-655

sipation. In contrast, optimization for homogeneous supply favors a finely reticulated net-656

works [59]. When optimizing both at the same time, the balance of weights in the cost function657

determines the dominant network architecture [59].658

6 Conclusion659

Without fluid flow, life as we know it would not exist. Fluid flow is a key player in the function660

of biological systems. Yet, understanding the dynamics of flows is challenging as fluid flows661

are inherently coupled over many spatial and temporal scales. The fluids themselves transport662

- possibly active - molecules, are visco-elastic, couple strongly to their surrounding walls, or663

take place in geometrically complex spaces. Placed into biological systems, the dynamics of664

fluid flow can be very complex, as flows impact morphology, biological signaling, and the665

dynamics of development. Here, we focused on flow networks in biology to give a concrete666

idea of how the physics of fluid flows and the self-organization of biology merge into complex667

architecture and function, and yet, can be dissected into conceptual ideas that only require a668

single equation. Understanding flow networks in biology is an amazing example where both669

top-down principles and bottom-up physical equations of motion meet to generate insights into670

the physical principles that make life work. We hope that this example not only demonstrates671

the reason for studying biological physics, but also inspires the reader to devote their own time672

to pondering the role of flows in biology.673
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