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Abstract

Adiabatic theorem and non-adiabatic corrections have been widely applied in modern
quantum technology. Recently, non-adiabatic linear response theory has been developed
to probe the many-body correlations in closed systems. In this work, we generalize the
non-adiabatic linear response theory to open quantum many-body systems. We show
that, similar to the closed case, the first-order deviation from the instantaneous steady
state is memoryless—it depends only on the final parameters and not on the initial state
or ramping path. When ramping the Hamiltonian, the linear response of observables
is governed by the derivative of the retarded Green’s function, as in closed systems. In
contrast, ramping the dissipation gives rise to a different response, characterized by a
high-order correlation function defined in the steady state. Our results offer a compact
and physically transparent formulation of non-adiabatic response in open systems, and
demonstrate that ramping dynamics can serve as a versatile tool for probing many-body
correlations beyond equilibrium.
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1 Introduction21

The adiabatic theorem is one of the most powerful tools in quantum mechanics. It states that22

if a Hamiltonian varies sufficiently slowly, the system remains in its instantaneous eigenstate,23

up to a path-dependent phase factor known as the Berry phase [1]. The adiabatic theorem24

has vast applications in modern quantum technologies. For instance, it enables preparation of25

the desired quantum states in quantum information processes. Moreover, adiabatic processes26

have been designed for the adiabatic quantum computation, which serves an alternative to27

the conventional quantum computing based on quantum circuits [2–4]. Furthermore, during28

adiabatic evolution, eigenstates accumulate extra Berry phases, which are deeply connected29

to a variety of geometric and topological phenomena, including the Aharonov-Bohm effect,30

quantum Hall effects, and the physics of topological materials [5–12].31

Beyond the adiabatic limit, a finite ramping velocity can induce transitions to other in-32

stantaneous non-steady eigenstates, leading to non-adiabatic excitations. Such non-adiabatic33

corrections also inspire studies on interesting ramping dynamics such as Kibble-Zurek scaling34

crossing phase transitions and Thouless topological charge pumping [13–18]. More recently,35

linear response theory beyond adiabatic ramping has been proposed as a powerful tool to36

probe many-body correlations [19]. This approach has already been applied to detect critical37

behavior in experiments with bosonic atoms in optical lattices.38

Recently, the concept of adiabaticity and linear response theory have been generalized39

from closed to open quantum systems [20–49]. The adiabatic approximation and its validity40

in open quantum systems were first proposed in [21]. Beyond the adiabatic limit, the Kibble-41

Zurek mechanism [43, 44, 50] and the Thouless topological pumping have been proposed in42

open systems [37,39,40,42].43

Among these developments, three existing works are particularly relevant to the formula-44

tion of non-adiabatic response theory in open quantum systems. First, Ref. [30] shows that45

in the adiabatic limit, the deviation from the non-equilibrium steady state scales linearly with46

the ramping velocity. However, the deviation is characterized only through matrix norms,47

without resolving how it manifests in measurable quantities such as observables or correla-48

tion functions. Second, Ref. [27] presents a mathematically rigorous recursive expansion for49

non-adiabatic corrections to all orders. However, the expressions are given in a formal inte-50

gral form over the entire evolution path, making them difficult to apply in practice, especially51

in many-body systems. Moreover, the structure of the first-order correction is not isolated or52

interpreted physically. Third, Ref. [31] focuses mainly on the dynamics within a degenerate53

steady-state subspace, analyzing leakage due to non-adiabatic effects. While this work is in-54

sightful for degenerate cases, the non-adiabatic corrections are again formulated in terms of55

complicated integrals that are abstract and not easily connected to experimentally relevant56

observables.57
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In this work, we generalize the non-adiabatic linear response theory from closed to open58

quantum systems governed by Lindblad dynamics [51,52]. Focusing on systems with a unique59

steady state, we show that under slow parameter ramping, the system follows the instanta-60

neous steady state up to a linear correction in the ramping velocity. Our key findings are61

twofold. First, we demonstrate that the first-order correction is memoryless—it depends only62

on the system’s final properties and not on the initial state or the details of the ramping path.63

Second, and more importantly, we derive a concise, universal, and physically transparent ex-64

pression for the deviation in observable expectation values:65

∆O =



Ô(tf)
�

− Tr
�

Ôρ̂ss(tf)
�

= i
∂ G(ω)
∂ω

�

�

�

ω=0
· v + · · · , (1)

where G is a many-body correlation function. While in closed systems the ramping typically66

involves only the Hamiltonian, open systems allow both the Hamiltonian and the dissipa-67

tion operators to be ramped. WWe show that ramping the Hamiltonian yields the standard68

retarded Green’s function G = GR, recovering results known from closed systems [19]. In con-69

trast, ramping the dissipation gives rise to a different response, governed by a higher-order70

steady-state correlation function G = CR. We validate our results in two many-body models:71

the dissipative PXP model and the dissipative Dicke model, and find excellent agreement be-72

tween theory and numerics for both Hamiltonian and dissipative ramping protocols. Finally,73

we show in the Appendix A that exceptional points — where the Lindbladian becomes non-74

diagonalizable — do not affect our conclusions. Our non-adiabatic linear response theory75

provides a practical and broadly applicable framework for probing many-body correlations76

in open systems and for interpreting ramping dynamics in quantum simulation and control77

platforms.78

2 Non-Adiabatic linear response theory79

2.1 Vectorization mapping80

Within a quantum system weakly coupled to a Markovian bath, its dynamics should be de-81

scribed by the Lindblad master equation,82

i∂t ρ̂ =
�

Ĥ, ρ̂
�

+ i
∑

i

κi

�

2Ĵiρ̂Ĵ†
i −
�

Ĵ†
i Ĵi , ρ̂
	�

:= L̂ˆ [ρ̂] , (2)

where ρ̂ is the density matrix of the system, Ĥ is the Hamiltonian dominating the coherent83

dynamics, and Ĵi are the jump operators characterizing dissipation with rates κi . The right-84

hand side defines the Lindbladian superoperator L̂ˆ . We note that, in our convention, the85

Lindbladian includes an imaginary unit factor to make it resemble the Schrödinger equation86

of closed systems. This choice of convention ensures that the eigenvalues of L̂ˆ lie in the lower87

half of the complex plane and are symmetric about the imaginary axis.88

To facilitate analysis, it is convenient to represent the density matrix and the superoperator89

in vectorized form using the Choi–Jamiołkowski isomorphism (also known as vectorization)90

[51, 53]. This mapping transforms superoperators acting on both sides of the density matrix91

into matrices acting linearly on a single vector in an enlarged space.92

Given a complete set of bases of the d-dimensional Hilbert space {|i〉}, the vectorization93

maps an arbitrary operator to a state in the d2-dimensional doubled space, |i〉 〈 j| → | j〉 ⊗ |i〉.94

Accordingly, a density matrix ρ̂ is mapped to a state vector |ρ〉, and any superoperator acting95
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on both sides of the density matrix is now represented by a huge matrix acting on the state,96

ρ̂ =
∑

i, j

ρi, j |i〉 〈 j| → |ρ〉=
∑

i, j

ρi, j | j〉 ⊗ |i〉 . (3)

Âρ̂B̂ →
�

B̂T ⊗ Â
�

|ρ〉 . (4)

Thus, the Lindblad master equation transforms into a Schrödinger-like equation in the doubled97

space: i∂t |ρ〉= L̂ |ρ〉, where L̂ is given by98

L̂ˆ → L̂ =
�

Î ⊗ Ĥ − ĤT ⊗ Î
�

+ i
∑

i

κi

�

2Ĵ∗i ⊗ Ĵi − Î ⊗ Ĵ†
i Ĵi −
�

Ĵ†
i Ĵi

�T
⊗ Î
�

. (5)

And the Hilbert-Schmidt inner product of matrices is mapped to the state inner product,99

Tr
�

ρ̂†
mρ̂n

�

→ 〈ρm|ρn〉 , (6)

which is a useful relation while calculating expectation values. The inverse of the vectorization100

mapping is also direct: reshaping the column vector to a square matrix.101

2.2 First-order correction of density matrix102

Via the vectorization mapping, the Lindblad equation is transformed to a Schrödinger-like103

equation in the doubled space i∂t |ρ〉 = L̂ |ρ〉, where the Lindbladian now serves as a non-104

Hermitian Hamiltonian dominating the evolution of state |ρ〉.105

Let us consider a slow time-dependent change in the parameterλ(t), varying fromλ(ti) = λi106

to λ(tf) = λf over a finite time interval. λ(t) may appear either in the Hamiltonian or in the107

dissipation, which will be specified later. The evolution of the system is then described by a108

time-dependent equation,109

i∂t |ρ (λ(t))〉= L̂ (λ(t)) |ρ (λ(t))〉 . (7)

Generally speaking, a non-Hermitian matrix is not always guaranteed to be diagonalizable.110

In particular, exceptional points (EPs) — where two or more eigenvectors coalesce — can111

arise in the parameter space [54–56]. However, such points form a measure-zero subset in112

matrix space and can be avoided by infinitesimal perturbations of the parameter trajectory.113

Therefore, diagonalizability is the generic case for non-Hermitian matrices encountered in114

practice. Throughout this section, we assume that the Lindbladian is diagonalizable and non-115

degenerate during the ramping process. The behavior near exceptional points is analyzed116

separately in the Appendix A.117

Unlike Hermitian systems, where left and right eigenvectors are Hermitian conjugates of118

each other, a non-Hermitian Lindbladian has distinct left and right eigenvectors, satisfying119

biorthogonality:120

L̂
�

�ρR
m

�

= Em

�

�ρR
m

�

,



ρL
m

�

� L̂= Em




ρL
m

�

� , (8)



ρL
m

�

�ρR
n

�

= δmn , L̂=
∑

m

Em

�

�ρR
m

� 


ρL
m

�

� . (9)

where Em are complex eigenvalues with non-positive imaginary parts,



ρL
m

�

� and
�

�ρR
m

�

are the121

corresponding left and right eigenvectors. Among them, there is always one null eigenvalue122

E0 = 0, corresponding to the unique steady state. Its right eigenvector
�

�ρR
0

�

is the vectorization123

of the steady state density matrix ρ̂R
0 , while its left eigenvector




ρL
0

�

� is Hermitian conjugate124

of the vectorization of the identity matrix Î . The remaining eigenvectors (with Em ̸= 0) do125

not represent valid density matrices, since they are typically traceless. However, this is a126
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natural feature of Lindblad dynamics: any physical density matrix is a linear combination of127

the steady state (with coefficient one to preserve trace, i.e. a0 ≡ 1 in the following expansion)128

and traceless excited modes. This decomposition is consistent with trace preservation.129

We expand the evolving state |ρ (λ(t))〉 with the instantaneous eigenvectors
�

�ρR
m (λ(t))
�

130

as131

|ρ (λ(t))〉 =
∑

m

am (λ(t)) e
−iθm(λ(t))
�

�ρR
m (λ(t))
�

, (10)

where am is a time-dependent coefficient to be determined later on, and θm contains the dy-132

namical phase and the Berry phase (neither necessarily to be real),133

θm (λ) =

∫ λ

λi

dλ′
�

λ̇′−1Em(λ
′)− ϵm(λ

′)
�

, (11)

ϵm(λ
′) =



ρL
m(λ
′)|i∂λ′ |ρR

m(λ
′)
�

. (12)

By substituting Eq.10 to Eq.7 and taking inner product with



ρL
α(λ)
�

�, we obtain the evolu-134

tion of coefficients,135

iȧα(t) = −λ̇
∑

m ̸=α




ρL
α(λ)
�

� i∂λ
�

�ρR
m(λ)
�

e−i(θm−θα)am(t). (13)

Since the ramping velocity λ̇ is assumed to be small 1, we treat it as a perturbative param-136

eter. This allows us to solve the evolution equation for aα(t) using a perturbative expansion137

in powers of λ̇,138

aα(t) = a(0)α (t) + λ̇a(1)α (t) + · · · . (14)

In the following derivation, we keep track of at most the first order. At zeroth order, the139

evolution equation becomes140

iȧ(0)α (t) = 0, (15)

which implies that the zeroth-order coefficients remain constant, a(0)α (t)≡ a(0)α (ti).141

Even though this equation resembles the adiabatic theorem in closed systems, its physical142

interpretation is fundamentally different. In closed systems, adiabaticity guarantees that the143

occupations of eigenstates remain unchanged, due to the preservation of amplitudes up to144

a unit-modulus phase factor. However, in open systems, the non-steady eigenmodes of the145

Lindbladian have eigenvalues with negative imaginary parts. As a result, the dynamical phase146

in Eq.11 leads to exponential decay of all non-steady components:147

lim
λ̇→0

e−i
∫

dλ′λ̇′−1Em ̸=0(λ′) = 0. (16)

Therefore, in this adiabatic limit, all excitations decay away, and the final state must converge148

to the instantaneous steady state, regardless of the initial state. It is consistent with intuition,149

since the ramping evolution takes infinitely long, any population initially in non-steady modes150

vanishes due to their inherent decay at the zeroth order.151

Beyond the zeroth order, the first-order correction satisfies152

iȧ(1)α (t) = −
∑

m ̸=α




ρL
α

�

� i∂λ
�

�ρR
m

�

ei(θα−θm)a(0)m (t), (17)
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which shows that the evolution of a(1)α (t) is coupled to other eigenstates. Integrating Eq.17153

yields:154

a(1)α (t)− a(1)α (ti) =
∑

m ̸=α

§

i

∫ λ

λi

dλ′ λ̇′
−1

ei[θα−θm]



ρL
α|i∂λ′ |ρ

R
m

�

ª

a(0)m (ti). (18)

Applying integration by parts, we approximate the complicated intergral to155

i

∫ λ

λi

dλ′λ̇′
−1

ei[θα−θm]



ρL
α

�

� i∂λ′
�

�ρR
m

�

=

∫ λ

λi

deiθα−iθm



ρL
α

�

� i∂λ′
�

�ρR
m

�

Eα − Em − λ̇′ (ϵα − ϵm)
(19)

≈




ρL
α(λ
′)
�

� i∂λ′
�

�ρR
m(λ
′)
�

eiθα(λ′)−iθm(λ′)

Eα(λ′)− Em(λ′)

�

�

�

�

λ

λi

,

where in the last step we retained only the boundary term but neglected the remaining integral156

term and dropped the λ̇-dependent correction in the denominator, as these contribute only at157

higher order in λ̇ [19]. More discussion about the neglected terms are given in Appendix B.158

Therefore, the coefficient at the first order is159

a(1)α (t) = a(1)α (ti) +
∑

m ̸=α

a(0)m (ti)Wα;m(λ)e
iθα−iθm , (20)

where160

Wα;m(λ) =




ρL
α(λ)
�

� i∂λ
�

�ρR
m(λ)
�

Eα(λ)− Em(λ)
(21)

= −i




ρL
α(λ)
�

�∂λL̂
�

�ρR
m(λ)
�

[Eα(λ)− Em(λ)]
2 ,

where we utilize the Hellmann–Feynman theorem in open quantum systems,



ρL
α(λ)
�

�∂λL̂
�

�ρR
m(λ)
�

161

= (Em − Eα)



ρL
α(λ)
�

�∂λ
�

�ρR
m(λ)
�

.162

Let us simplify Eq.20 further. First, for the coefficient of the steady state (α= 0), by trace163

normalization of the density matrix a0 ≡ 1, it is easy to see a(1)0 (t) ≡ 0. Second, for the164

coefficient of non-steady states (α ̸= 0), the sum over m ̸= 0 vanishes since the exponential165

factors of e−iθm ̸=0 all decay to zero in the adiabatic limit. Although here is a divergent factor166

e+iθα , it is exactly canceled by its counterpart in Eq.10. Therefore, the only non-vanishing167

first-order contribution comes from the term with α ̸= 0 but m = 0, i.e., the excitation from168

the steady state. Importantly, we do not need to assume whether am ̸=0(ti) vanishes, since such169

terms do not affect the first-order correction.170

Combining all of the above, we find that the state at the final time tf is given by:171

|ρ(tf)〉 = e−iθ0(λf) ×





�

�ρR
0(tf)
�

+ v
∑

m ̸=0

Wm;0(λf)
�

�ρR
m(tf)
�



+ · · · . (22)

The global prefactor e−iθ0(λf) corresponds to the Berry phase accumulated by the steady state.172

However, this phase is physically trivial, since the density matrix must remain Hermitian and173

trace-normalized. Consequently, e−iθ0(λf) ≡ 1 as shown in Ref. [31]. The proof follows directly174

from Eq.11 and Eq.12, noting that E0 ≡ 0 and ρ̂L
0 ≡ Î .175

Switching back from the vectorized to the matrix formalism, we obtain the final expression176

for the density matrix:177

ρ̂(tf) = ρ̂R
0(tf) + v
∑

m ̸=0

Wm;0(λf)ρ̂
R
m(tf) + · · · . (23)
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This result clearly shows that the first-order correction is memoryless: it depends only on the178

final value of the control parameter and its velocity, but is independent of the initial state or the179

details of the ramping path. Therefore, as long as the final parameters (and their derivatives)180

are the same, the resulting state after ramping will be identical up to first order. In Appendix181

B, we demonstrate that the second-order correction has path-dependent contributions.182

2.3 First-order correction of observable response183

In this section, we specify the location of the control parameter λ within the Lindbladian and184

compute the expectation value of an observable after the ramping process.185

2.3.1 Ramping Hamiltonian186

We first consider ramping a coherent parameter in the Hamiltonian, such that187

Ĥ(λ(t)) = Ĥ0 +λ(t)V̂ , (24)

where V̂ is a Hermitian operator associated with the ramped term. In the doubled space, the188

corresponding derivative of the Lindbladian matrix with respect to λ is ∂λL̂= Î ⊗ V̂ − V̂ T ⊗ Î .189

Now, suppose we measure an observable Ô at the end of the ramping. The deviation of its190

expectation value from the steady-state value is given by191

∆O = −iv
∑

m ̸=0

Tr
�

Ôρ̂R
m

�

E2
m

Tr
�

ρ̂L†
m

�

V̂ , ρ̂R
0

��

+ · · · , (25)

where Em and ρ̂L,R
0,m are all evaluated at λf.192

The first-order correction coefficient in Eq.25 can be related to the retarded Green’s func-193

tion of the instantaneous steady state governed by the Lindbladian at λf. In the time domain,194

the retarded Green’s function GR(t) is defined as GR(t) = −iΘ(t)

�

Ô(t), V̂ (0)
��

[58]. By195

moving from the Heisenberg picture to the Schrödinger picture and tapplying the eigenmode196

decomposition of the Lindbladian (see Eq.9), the retarded Green’s function can be written as:197

GR(t) = −iΘ(t)Tr
�

Ô(t)
�

V̂ (0), ρ̂R
0

�	

= −iΘ(t)Tr
§

Ôe−iL̂ˆ t
��

V̂ , ρ̂R
0

��

ª

(26)

= −iΘ(t)
∑

m̸=0

Tr
�

Ôρ̂R
m

�

Tr
�

ρ̂L†
m

�

V̂ , ρ̂R
0

��

e−iEm t .

Note that the m = 0 term drops out of the sum, since the left eigenvector ρ̂L
0 = Î and trace of198

a commutator is zero.199

Transforming this expression to the frequency domain via Fourier transform yields the200

Lehmann representation of the retarded Green’s function for open quantum systems:201

GR(ω) =
∑

m ̸=0

Tr
�

Ôρ̂R
m

�

Tr
�

ρ̂L†
m

�

V̂ , ρ̂R
0

��

ω− Em
. (27)

Taking the first derivative with respect to frequency at zero frequency, we obtain:202

∂ GR

∂ω

�

�

�

�

ω=0
=
∑

m ̸=0

−1
E2

m
Tr
�

Ôρ̂R
m

�

Tr
�

ρ̂L†
m

�

V̂ , ρ̂R
0

��

, (28)
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which exactly matches the first-order correction coefficient in Eq.25 except for an imaginary203

unit overall factor. Thus, we obtain the concise relation:204

∆O = i
∂ GR(ω)
∂ω

�

�

�

ω=0
· v + · · · . (29)

This result recovers the known conclusion for closed quantum systems [19], now extended to205

the open-system setting.206

Discussion. Let us discuss several situations where the first-order coefficient may vanish.207

In closed systems, when Ô = V̂ , the retarded Green’s function is an even function of frequency208

due to the real energy spectrum and Hermitian dynamics. This can be seen from its Lehmann209

representation:210

GR(ω) =
∑

m ̸=0

�

|O0m|2

ω− (Em − E0)
−

|O0m|2

ω+ (Em − E0)

�

, (30)

where O0m = 〈φ0|Ô|φm〉 with φm Hamiltonian eigenstates and m = 0 the ground state. The211

evenness of GR(ω) implies that its derivative at zero frequency vanishes, resulting in no first-212

order correction. However, this cancellation generally fails in open systems due to the complex213

spectrum of non-Hermitian dynamics. For simplicity, we illustrate this using a non-Hermitian214

Hamiltonian rather than the full Lindbladian. In such a case, the eigenenergies acquire imag-215

inary parts, and the Green’s function becomes GR(ω) =
∑

m ̸=0

�

|O0m|2
ω−(Em−E0)

− |O0m|2
ω+(Em−E0)∗

�

. The216

complex conjugate in the second term ensures that poles lie in the lower half-plane for dynam-217

ical stability and causality, breaking the symmetry underω→−ω. Because of this asymmetry,218

the derivative at zero frequency does not cancel in general. We will demonstrate an explicit219

example in the 3.1 section.220

There is another symmetry-based condition that can cause the first-order correction to van-221

ish. In closed systems, this occurs when the Hamiltonian possesses an anti-unitary symmetry222

such as time-reversal. While time-reversal symmetry is generally not preserved in Lindbladian223

dynamics, charge-conjugation symmetry is not forbidden. Suppose there exists an anti-unitary224

operator Ĉ such that225

ĈL̂ˆ [•̂]Ĉ−1 = −L̂ˆ [Ĉ•̂Ĉ−1] , Ĉρ̂R
0 Ĉ−1 = ρ̂R

0 , (31)

ĈV̂ Ĉ−1 = ±V̂ , ĈÔĈ−1 = ±Ô, (32)

then the first-order correction vanishes (a proof is provided in the Appendix C).226

Finally, there exists a trivial condition that makes the first-order correction vanish. It is227

an infinite-temperature steady state ρ̂R
0 = Î , which could be achieved by Hermitian jump228

operators.229

2.3.2 Ramping dissipation230

In open quantum systems, it is also possible to change the dissipation. Suppose that we are231

ramping one of the dissipation strengths, λ(t) = κi(t). In the doubled space, the derivative of232

the Lindbladian is:233

∂λL̂= i
�

2Ĵ∗i ⊗ Ĵi − Î ⊗ Ĵ†
i Ĵi −
�

Ĵ†
i Ĵi

�T
⊗ Î
�

. (33)

At the end of ramping tf, the expectation value deviation from steady state of Ô reads:234

∆O = v
∑

m ̸=0

1
E2

m
Tr
�

Ôρ̂R
m

�

× Tr
�

2ρ̂L†
m Ĵiρ̂

R
0 Ĵ†

i − ρ̂
L†
m

�

Ĵ†
i Ĵi , ρ̂

R
0

	�

+ · · · . (34)
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This result is naturally related to a higher-order retarded correlation function often appear-235

ing in non-Hermitian linear response theory [38, 41]. We define the high-order (retarded)236

correlation function as237

CR(t) = −Θ(t)



2Ĵ†
i (0)Ô(t)Ĵi(0)−

�

Ô(t), Ĵ†
i (0)Ĵi(0)
	�

. (35)

Using the cyclic property of the trace (as in Eq.27), its Fourier transform becomes:238

CR(ω) = −
∑

m ̸=0

i
ω− Em

Tr
�

Ôρ̂R
m

�

× Tr
�

2ρ̂L†
m Ĵiρ̂

R
0 Ĵ†

i − ρ̂
L†
m

�

Ĵ†
i Ĵi , ρ̂

R
0

	�

. (36)

Then, the result can be shown as239

∆O = i
∂ CR(ω)
∂ω

�

�

�

ω=0
· v + · · · . (37)

This expression mirrors the structure of Eq. 29 but involves a higher-order correlation function240

arising from dissipative perturbations.241

Discussion. The first-order correction coefficient also vanishes under certain symmetry242

or structural conditions. A trivial case is that if the jump operators Ĵi are Hermitian and the243

steady state is the identity matrix. Alternatively, the correction vanishes if the system possesses244

a charge-conjugation symmetry Ĉ such that245

ĈĴiĈ
−1∝ Ĵi , ĈÔĈ−1 = Ô. (38)

The high-order retarded correlation function CR(t) introduced here also arises in the con-246

text of non-Hermitian linear response theory. Its behavior encodes nontrivial dynamical infor-247

mation. For example, it can distinguish between one-body and two-body loss processes and248

can serve as a diagnostic for the presence of well-defined quasiparticles in the system.249

ti
t (a.u.)

6i1

6f

6i2

6
(t

)
(a

.u
.)

Figure 1: Illustration of our linear ramping protocol for a control parameter λ(t).
Two sets of ramping functions (in different colors) are shown, each with distinct ini-
tial values λi but a shared final value λf. For a given initial value, we may start either
from the corresponding instantaneous steady state or from a non-steady state. Within
each set (i.e., for each color), we compute the post-ramping observable expectation
values as functions of the ramping velocity v (slope).

3 Numerical Verification250

In this section, we numerically test our analytical predictions in several many-body open quan-251

tum systems. We employ linear ramping protocols, where the control parameter evolves with252

a constant velocity λ̇(t)≡ v throughout the ramping process.253
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Figure 2: Deviation of the final observable expectation value 1
N

∑

i〈Ẑi〉 from the
steady-state value in the dissipative PXP model. Numerical results from different
initial states (colored markers) all converge to the analytical first-order correction
(blue solid lines) in the slow-ramping limit. We set system size N = 8. Initial states
include both instantaneous steady states (SS) and staggered Z2 product states. (a)
Ramping the atomic detuning ∆(t) in the Hamiltonian, with final value ∆f = 3, and
fixed dissipation strength κ = 1. The horizontal axis shows the absolute value |v| of
the ramping velocity. Hence, the curves of initial states with λi > λf have opposite
slopes. (b) Ramping the dissipation strength κ(t) with final value κf = 6, keeping
∆= 0.

3.1 Dissipative PXP model254

We first study a dissipative PXP model [59–62], describing a one-dimensional Rydberg atom255

chain with blockade radius equal to the lattice spacing. The Hamiltonian is given by256

ĤPXP =
∑

i

P̂i−1X̂ i P̂i+1 +∆Ẑi , (39)

where P̂i = |g〉i 〈g|i is the projection operator to the ground state, and X̂ i and Ẑi represent the257

corresponding Pauli matrices, ∆ is the detuning. To account for spontaneous emission from258

the Rydberg state, we include Lindblad dissipation with uniform decay rate κ. The full master259

equation reads260

i∂t ρ̂ =
�

ĤPXP, ρ̂
�

+ iκ
∑

i

�

2σ̂−i ρ̂σ̂
+
i −
�

σ̂+i σ̂
−
i , ρ̂
	�

, (40)

where σ̂±i = 1/2
�

X̂ i ± iŶi

�

are the spin raising and lowering operators. We perform our simu-261

lations on a chain of N = 8 atoms with periodic boundary conditions.262
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To start with, we ramp the detuning parameter ∆(t). We measure the bulk magnetization263

m̂z =
∑

i Ẑi/N . This corresponds to the special case Ô = V̂ discussed earlier, where the linear264

correction vanishes in closed systems, but can be finite in open systems. The results of Lind-265

bladian evolution and the first-order correction from Eq.29 are shown in Fig.2 (a). We choose266

two types of initial states: the instantaneous steady state (SS), and a staggered non-steady267

state |Z2〉 = |↑↓↑↓↑↓↑↓〉. In all cases, our analytical prediction matches the numerical results268

very well.269

Next, we consider ramping the dissipation strength κ(t). As shown in Fig.2(b), the first-270

order correction again agrees closely with numerical results, confirming the applicability of271

our response theory to both Hamiltonian and dissipative ramping protocols.272
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Figure 3: Deviation of the final observable 〈n̂〉 from its steady-state value in the dissi-
pative Dicke model. Results from different initial states (colored markers) agree well
with the analytical first-order correction (blue solid lines) in the slow-ramping limit.
We set parameters ωa = 1, ωz = 2, and N = 4. Initial states include instantaneous
steady states (SS) as well as trivial vacuum states |0〉 ⊗ | ↓〉. (a) Ramping the atom-
photon interaction strength g(t), with final value gf = 3, and fixed cavity decay rate
κ= 3. The horizontal axis shows the absolute value |v| of the ramping velocity; tra-
jectories with λi > λf exhibit reversed slopes. (b) Ramping the dissipation strength
κ(t) to a final value κf = 3, while keeping g = 2 fixed.
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3.2 Dissipative Dicke model273

The second model we pick is the dissipative Dicke model [63–68]. It describes a single-mode274

cavity coupled to a collective spin. The Hamiltonian is given by275

ĤDM =ωa â†â+ωz Ŝz +
2g
p

2S
Ŝx

�

â† + â
�

, (41)

where â stands for the cavity mode with frequency ωa, Ŝx ,z are the collective spin operators276

with totoal spin S, ωz represents the effective Zeeman magnetic field, g is the atom-photon277

interaction strength. Since the photons are leaking out of the cavity, the Lindblad equation278

reads279

i∂t ρ̂ =
�

ĤDM, ρ̂
�

+ iκ
�

2âρ̂â† −
�

â†â, ρ̂
	�

, (42)

where κ is the cavity line width. In our simulation, we use S = 2 and photon cutoff of 6.280

First, we choose to ramp g(t) and measure the post-raming photon occupation 〈n̂〉 [Fig.3281

(a)]. As initial states, we use either the instantaneous steady state (SS) or a trivial product282

state |0〉 ⊗ |Sz = −S〉 consisting of the photon vacuum and a fully spin-polarized state. In all283

cases, our numerical results agree well with the analytical first-order correction.284

Next, we ramp the dissipation strength κ(t). The results, shown in Fig. 3(b), again confirm285

the validity of our linear response correction in the slow-ramping limit.286

4 Conclusion287

In summary, we generalized the non-adiabatic linear response theory. By vectorization map-288

ping, the evolution of the density matrix under Lindbladian resembles that of wave function289

under Hamiltonian. In the limit of slow ramping, we expand the coefficients to the first order290

of the ramping velocity. We find the first-order correction is memoryless, that is to say, only291

depends on the final parameters and their derivatives. Then, we explore the observable expec-292

tation value at the end of ramping. Specifically, if the ramping occurs in the Hamiltonian, the293

first-order correction of observable expectation value is similar to in the closed systems, which294

is the derivative of the retarded Green’s function. While we ramp the dissipation, it is related295

to a higher-order correlation function. By numerically solving the evolution of two dissipative296

many-body models as examples, we find this non-adiabatic linear response theory works well297

in the slow ramping regime. Overall, our work provides a framework for probing many-body298

correlations in open quantum systems through controlled ramping, offering a valuable tool for299

quantum simulation experiments.300
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A Discussion about Lindbladian exceptional points during the ramp-304

ing305

In the main text, we assume that the Lindbladian would not encounter any exceptional points306

(EPs) along the ramping path. However, even whether there exist any EPs and where they are307
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in a many-body spectrum are inherently quite challenging questions to answer. Granted that308

we are able to locate where they are, then will these EPs invalidate our conclusion? Fortunately,309

by studying a tractable model, we can show that EPs will not make any difference.310
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Figure 4: (a) By calculating the Lindbladian spectrum of the dissipative qubit model,
We have shown two curves of 2nd-order EPs (blue lines) ending up at a 3rd-order
EP (red point). We simulate the ramping in 3 paths shown in colored arrows. The
shift between Ramp 2 and 3 is exaggerated for readability. (b) Ramp 1: through an
EP. The result about post-ramping observable deviation of




X̂
�

from the steady state
versus the ramping velocity. Red stars represent results from Lindblad evolution. The
corresponding color solid line is our first-order correction. (c) Ramp 2: end at an EP.
(d) Ramp 3: end near an EP.

We investigate a dissipative qubit model with spontaneous decay [56]. This is an appro-311

priate model since the dimension of doubled space is 4, analytical solutions are not excluded312

by Abel–Ruffini theorem. We set the Hamiltonian is Ĥ = σ̂z+d · σ̂x . Considering spontaneous313

decay Ĵ = σ̂− with strength κ, the Lindbladian matrix reads314

L̂=







−2iκ d −d 0
d −2− iκ 0 −d
−d 0 2− iκ d
2iκ −d d 0






. (A.1)

By solving the eigensystem, we draw the exceptional structures on Fig.4. There are two curves315

of second-order EPs ending up at a third-order EP at d = 2
p

2,κ= 6
p

3. The coalescence can-316

not happen on the null eigenvalue (steady state), because the trace of nonsteady eigenstates317

cannot change from 0 to 1 suddenly.318

We test our results in 3 ways: 1. ramping through an EP; 2. ramping ends at an EP; 3.319

ramping ends near an EP.320

1. We ramp d(t) from di = 2 to df = 6 while keeping κ = 30. We find that our first-order321

correction is consistent with Lindblad evolution.322

2. We ramp d(t) from di = 1 to df =
p

2 while keeping κ = 6
p

3. This is the case when323

the 3 non-zero eigenvalues and their eigenvectors coalesce. So our derivation is wrong at the324

very beginning (Eq.10), and the expansion is not complete. Consequently, Eq.23 and Eq.25325

are invalid. Actually, they become ill-defined at EP, since the coalesced left eigenvectors are326

orthogonal to their corresponding right eigenvectors at the EP (also called self-orthogonal). So327
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we cannot find a proper and reasonable way to normalize these eigenvectors. However, the re-328

tarded Green’s function should have its physical meaning and must be well-defined. Although329

as a result of EP, the retarded Green’s function cannot be expressed as a naïve Lehmann spec-330

tral representation in Eq.27. Then we test the Eq.29 by directly calculating GR by definition.331

It indeed gives the correct correction.332

3. We ramp d(t) from di = 1 to df =
p

2 + 0.01 while keeping κ = 6
p

3. Now, Eq.27333

recovers the correct Green’s function. Both corrections from Eq.25 and Eq.29 match each334

other. And we find that they are consistent with Lindblad evolution.335

Discussion. We have indicated that the result given by Eq.29 is continuous and always336

correct. It is because the discontinuity of EP manifests itself on the sudden reduction in the di-337

mension of the eigenspace. However, the evolution should be continuous. It can be calculated338

without performing diagonalization. We can imagine that the ramping evolution is perturbed339

to circumvent those EPs. This is always achievable, since the set of all EPs has zero measure340

in the parameter space. Explicitly, one way to circumvent an EP during the ramping is to skip341

it with a small step,342

T e−i
∫ tf

ti
dtL̂ˆ (t) = lim

ε→0
T e−i
∫ tf

EP+ε dtL̂ˆ (t)e−i
∫ EP−ε

ti
dtL̂ˆ (t)

. (A.2)

All of our derivation is then well-defined and correct for the perturbed evolution. So the final343

observable expectation value or the Green’s function will not be influenced by EPs.344

B Validity of the Linear Approximation345

In the main text, the linear response of the observable with respect to the ramping velocity v346

was derived under the assumption of slow driving. To better understand the regime of validity347

of this approximation and the nature of higher-order corrections, it is helpful to consider a348

formal Taylor expansion of the observable expectation value at the end of the ramping process:349




Ô(tf)
�

=



Ô
�

NESS+αλ̇+ βλ̇
2 + · · · . (B.1)

The linear regime is expected to hold when λ̇≪ α/β . Furthermore, if β diverges, this adia-350

batic condition breaks down entirely, and the linear approximation becomes invalid. However,351

the coefficient β of the second-order term generally depends on the ramping protocol and the352

initial state, and incorporates memory effects. Its behavior is not universal and must be as-353

sessed case by case. As such, it is difficult to evaluate in a universal analytic form.354

To illustrate this point, one can explicitly identify the two terms that are neglected in Eq.355

(16), both of which contribute to the second-order correction in the ramping velocity λ̇. Al-356

though these terms are of order O(λ̇), they appear in the first-order expansion coefficient and357

thus contribute to the second-order correction in the observable.358

The first neglected term originates from the correction to the denominator in the boundary359

terms. It gives rise to a path-independent boundary correction:360

λ̇
[ϵα(λ′)− ϵm(λ′)]ei[θα(λ′)−θm(λ′)]




ρL
α(λ
′)
�

�i∂λ′
�

�ρR
m(λ
′)
�

[Eα(λ′)− Em(λ′)]
2

�

�

�

�

�

λ

λi

. (B.2)

The second neglected term is the remainder from the integration by parts:361

∫ λ

λi

dλ′ ei[θα(λ′)−θm(λ′)] ∂λ′

�


ρL
α(λ
′)
�

�i∂λ′
�

�ρR
m(λ
′)
�

Eα(λ′)− Em(λ′)

�

. (B.3)
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This term is path-dependent and contains an oscillatory integrand. According to the Rie-362

mann–Lebesgue lemma, integrals of smooth functions multiplied by rapidly oscillating phases363

tend to decay as the oscillation frequency increases. In the present context, the phase oscillates364

with a frequency proportional to 1/λ̇, so the integral scales as O(λ̇) in the slow-ramping limit.365

Consequently, the precise boundary of the linear-response regime is protocol-dependent366

and should be evaluated case by case. However, in the slow-ramping limit, once a linear367

regime is identified, the first-order result provides the correct slope. This strategy has proven368

effective in closed systems and is expected to be similarly applicable in open-system dynamics,369

offering practical guidance for experimental implementation.370

C Proof of vanishment of the first-order correction under charge-371

conjugation symmetry372

Here, we give a detailed proof of why the first-order coefficient would vanish under charge-373

conjugation symmetry. This anti-unitary symmetry can be explicitly expressed as Ĉ = ÛK,374

where Û is a unitary operator and K represents the complex conjugate. We focus on the case375

when376

ĈL̂ˆ [•̂]Ĉ−1 = −L̂ˆ [Ĉ•̂Ĉ−1] , Ĉρ̂R
0 Ĉ−1 = ρ̂R

0 , (C.1)

ĈV̂ Ĉ−1 = −V̂ , ĈÔĈ−1 = −Ô. (C.2)

Other cases of different sign or about jump operators Ĵi are similar to generalize.377

Since the Lindbladian commutes with charge-conjugation, so all eigenstates can be classi-378

fied into the following three cases:379

Ĉρ̂R
mĈ−1 = ρ̂R

m, (C.3)

Ĉρ̂R
mĈ−1 = −ρ̂R

m, (C.4)

Ĉρ̂R
mĈ−1 = ρ̂R

m̄ = ρ̂
R†
m , (C.5)

where the first two cases can happen when Re(Em) = 0, ρ̂R
m = ρ̂

R†
m , and in the last case charge380

conjugation would relate ρ̂R
m to its Hermitian conjugate ρ̂R

m̄ = ρ̂
R†
m which is also an eigenstate381

with eigenvalue Em̄ = −E∗m.382

Let us see what will happen to the coefficient,383

∂ GR

∂ω

�

�

�

�

ω=0
=
∑

m ̸=0

−1
E2

m
Tr
�

Ôρ̂R
m

�

Tr
�

ρ̂L†
m

�

V̂ , ρ̂R
0

��

. (C.6)

For the first case, because of the Hermiticity of ρ̂R
m and Ô,384

Tr
�

Ôρ̂R
m

�

= Tr
�

Ô∗ρ̂R∗
m

�

(C.7)

= Tr
�

Û†(−Ô)Û Û†ρ̂R
mÛ
�

= −Tr
�

Ôρ̂R
m

�

= 0.

For the second case, remember ρ̂L
m is also Hermitian and acquires the same minus sign under385
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charge conjugation, and Tr(•̂†) = Tr(•̂)∗ = Tr(•̂∗),386

Tr
�

ρ̂L†
m

�

V̂ , ρ̂R
0

��

= Tr
�

ρ̂L
m

�

V̂ ρ̂R
0 − ρ̂

R
0 V̂
��

(C.8)

= Tr
�

ρ̂L
m

�

ρ̂R
0 V̂ − V̂ ρ̂R

0

��∗

= Tr
�

ρ̂L∗
m

�

ρ̂R∗
0 V̂ ∗ − V̂ ∗ρ̂R∗

0

��

= Tr
�

Û†ρ̂L∗
m Û Û†
�

ρ̂R∗
0 V̂ ∗ − V̂ ∗ρ̂R∗

0

�

Û
�

= Tr
�

−ρ̂L
m

�

−ρ̂R
0 V̂ + V̂ ρ̂R

0

�	

= Tr
�

ρ̂L
m

�

ρ̂R
0 , V̂
��

= 0.

For the third case,387

Tr
�

Ôρ̂R
m

�∗
= Tr
�

Ôρ̂R†
m

�

(C.9)

= Tr
�

Ô∗ρ̂R∗
m

�

= Tr
�

Û†(−Ô)Û Û†ρ̂R†
m Û
�

= −Tr
�

Ôρ̂R†
m

�

= 0.

Thus, the first-order coefficient must vanish.388

A minimal model that can be easy to test is that Ĥ = σ̂x , Ĵ = σ̂−. In this model, charge-389

conjugation is Ĉ= σ̂zK. And operators change their signs under Ĉ: {σ̂x}. Operators invariant390

under Ĉ:
�

σ̂y , σ̂z

	

.391
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