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Abstract

We determine the complete trans-series solution for the (non-relativistic) moments of the
rapidity density in the Lieb–Liniger model. The trans-series is written explicitly in terms of a
perturbative basis, which can be obtained from the already known perturbative expansion of
the density by solving several ordinary differential equations. Unknown integration constants
are fixed from Volin’s method. We have checked that our solution satisfies the analytical
consistency requirements including the newly derived resurgence relations and agrees with
the high precision numerical solution. Our results also provides the full analytic trans-series
for the capacitance of the coaxial circular plate capacitor.
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1 Introduction

Two dimensional integrable models play special roles in many branches of physics. In particle
physics they serve as toy models, where strongly interacting, non-perturbative effects can be
tested in simplified circumstances. In some fortunate situations they can even solve four dimen-
sional quantum gauge theories exactly [1]. In statistical physics they provide paradigmic models
where fundamental questions related to phase transitions, thermalization or non-equilibrium dy-
namics can be exactly analysed. Besides the theoretical interest they can also describe strongly
anisotropic solid state systems and show up in cold atom experiments [2, 3].

One of the simplest interacting integrable models is the Lieb–Liniger model [4], which de-
scribes the pointlike interaction of one dimensional bosons. This model served as a guiding ex-
ample of statistical physics, being simple enough to be exactly soluble and complicated enough
to describe non-trivial, in some cases even typical behaviour. This model was the first, where
new ideas and methods were developed and tested the first time. The model was solved by
Bethe ansatz and the ground-state energy in the thermodynamic limit was determined in terms
of a linear integral equation [4] supporting Bogulyubov’s theory. The finite temperature prop-
erties in terms of the thermodynamic Bethe ansatz were developed in [5], which sparked a lot
of interest and research. The investigation of other observables, such as correlation functions,
initiated fundamental developments and an arsenal of new methods [6], which were later used in
many other circumstances. The Lieb–Liniger model is not only a useful toy model of academic
interests, but it can be actually realized in cold atom experiments [2, 3].

One of the main observables is the rapidity density in the zero temperature groundstate,
which satisfies a linear integral equation. Its zeroth moment provides the density, second moment
gives the groundstate energy density, while higher moments are related to the expectation value
of higher conserved charges. The rapidity density also controls the asymptotic behaviour of the
correlation functions [7, 8]. Surprisingly, the very same quantity is directly related to the surface
charge density of the coaxial circular plate capacitor [9]. It also appears in the relativistic O(3)
sigma model, in the case when the model is coupled to an external field. It describes the rapidity
density in the groundstate, when the field is large enough and particles condense [10].

There is no hope to solve analytically the linear integral equation for the rapidity density.
It is straightforward, however to perform a low density expansion. The resulting series has a
finite radius of convergence and gives a good approximation for modest densities. The large
density expansion of the rapidity density is a notoriusly difficult problem, which was achieved
only recently [11, 12] based on the pioneering results of Volin for the O(N) non-linear sigma
models [13, 14]. This expansion, however is only asymptotic, which signals non-perturbative,
exponentially suppressed corrections. The complete answer for the physical quantities is a double
series, i.e. a trans-series, which goes in the perturbative and the non-perturbative corrections.
These corrections were analysed in details for relativistic observables in the related O(3) model
in [15, 16, 17, 18, 19, 20, 21]. The aim of the present paper is to develop the analysis of the
non-relativistic observables to the same depth. These include the complete determination of the
trans-series for the moments of the rapidity density and the investigation of its properties.

The paper is organized as follows: in Section 2 we revise the perturbative large density
expansion in terms of the Fermi momentum of the particles, and generalize it to the higher
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moments of the integral equation. For this we use the so-called running coupling variable [17]
that eliminates unwanted logarithms in the series expansions. Next, we introduce another set
of observables in Section 3 that were useful in solving this problem for the relativistic models
[18, 21, 22] and relate them to the non-relativistic moments mentioned above via differential
equations. Further, we discuss the solution of these ODEs and a way to fix the yet undeter-
mined integration constants. In Section 4 we present the trans-series solution developed for the
relativistic observables and argue that their structure and the differential relations of Section 3
together can be used to deduce a similar trans-series solution for the non-relativistic moments.
Although our argument does not constitute as an analytic proof, we rigorously show in Sub-
section 4.2 (relegating the technical details to Appendix A) that the non-perturbative structure
of our solutions is fully compatible with the system of ODEs in Section 3. Further, it leads
to resurgence relations similar to those found in the relativistic case (see Subsection 4.3). At
this point we leave the mathematical treatment and turn to the physical applications. First,
as a by-product, in Section 5 we connect the trans-series solution of the lowest moment to a
related historical problem in classical electrostatics, namely the capacity of the circular parallel
plate capacitor. To our best knowledge, it is our work alongside [22] that provides the com-
plete analytic expansion of this quantity for small separation of the disks. After this detour
we re-express the energy density and higher moments of the Lieb–Liniger model in terms of an
appropriately chosen and measurable expansion variable g in Section 6. The latter is related
to the number density of the particles and is commonly used in the literature. We validate our
results numerically up to high precision in Section 7. We first confirm the resurgence relation
obtained in Subsection 4.3 from the asymptotics of the coefficients in the perturbative series for
the energy density. We then compare the resummation of the trans-series of this observable to
a high precision direct solution of the Lieb–Liniger integral equation as a reference. Finally, we
repeat a similar, but more elaborate analysis in terms of the physical expansion variable g, and
also for the higher conserved charges. In the end we discuss the results in Section 8 and draw
our conclusions.

2 Perturbative solution of the Lieb–Liniger model

In this section we review the perturbative solution of the Lieb–Liniger model based on [4]. The
Hamiltonian of this model is given by

H = −
N∑
k=1

∂2

∂x2k
+ 2c

∑
1≤j<k≤N

δ(xj − xk) , (1)

with a repulsive interaction c > 0. The system contains N bosonic particles and is of size L
with periodic boundary conditions. Choosing an attractive interaction c < 0 instead would lead
to an integral equation, which is equivalent to that of the Gaudin–Yang model. That model is
of fermionic type, which requires a separate study. See [22] for details. We are interested in the
thermodynamic limit in which the number of particles and the size become large L,N → ∞,
while the density n = N/L is fixed. The integral equation which describes the density of Bethe
roots f(x) in the ground-state is given by

f(x)

2
− 1

2π

∫ B

−B

f(y) dy

(x− y)2 + 1
= 1 . (2)

The physical coupling is related to the density as g2 = c
4π2n

, which is dimensionless, and can be
written as

1

πg2
=

∫ B

−B
f(x) dx . (3)
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The ground state energy density of the model can be obtained from the density of Bethe roots
as

e(g) = 16π5g6
∫ B

−B
x2f(x) dx . (4)

We will be interested in the moments of density of Bethe roots defined by

ϕℓ =

∫ B

−B
x2ℓf(x)dx. (5)

The zeroth moment for ℓ = 0 corresponds to the density, the first for ℓ = 1 to the energy
density, while higher order ones to the vacuum expectation values of higher conserved charges.
We would like to calculate the small-g expansion of these quantities. We will find perturbative
gn and non-perturbative e−1/g corrections, and the complete answer will be a double expansion
in these parameters: a trans-series

ϕℓ =
∞∑
n=0

e−n/gϕ
(n)
ℓ ; ϕ

(n)
ℓ =

∞∑
k=k0(n,ℓ)

ϕ
(n)
ℓ,k g

k. (6)

where the summation starts from an n, ℓ dependent value. The perturbative part is ϕ
(0)
ℓ and the

rest contains the non-perturbative contributions.
Exact perturbative results for small coupling can be obtained by adapting [11, 12], a tech-

nique developed by Volin in [13, 14]. By applying this method, the integral equation (2) is
transformed into algebraic equations which can be solved recursively. As a result, the coeffi-

cients of the perturbative series ϕ
(0)
ℓ can be determined to high orders. In order to do this,

the integral equation is rewritten as a difference equation for the resolvent function R(x). This
resolvent is related to the density of Bethe roots as

R(x) =

∫ B

−B

f(y)

x− y
dy , (7)

which is analytic on the complex plane and is only discontinuous on the interval [−B,B]. The
density of Bethe roots is then given by its jump in this interval:

f(x) = − 1

2πi
(R+(x) −R−(x)) , (8)

where R±(x) = R(x ± iϵ). With the help of the resolvent, the integral equation (2) can be
brought into the form of difference equations [11]. We would like to compute the resolvent R(x)
as a large-B (small-g) expansion. To obtain this expansion, one considers the bulk and the edge
regime of the resolvent, which correspond to the limits

bulk regime: B , x → ∞ with u =
x

B
fixed ,

edge regime: B , x → ∞ with z = 2(x−B) fixed .
(9)

Matching the two asymptotic expansions in the two regimes allows then to find the coefficients
of the respective expansions.

Bulk region. The resolvent in the bulk region for the Lieb–Liniger model was proposed in
[11] as1

RB(x) = −2π
√
x2 −B2 +

∞∑
n=0

∞∑
m=0

n+m+1∑
k=0

cn,m,k

(
x
B

)ϵ(k)
Bm−n−1(x2 −B2)n+

1
2

[
log

(
x−B

x+B

)]k
, (10)

1Note that formula (10) becomes the correct resolvent only if we add a +2πx term, see [11] for details. Then
the expansion in (21) would indeed start with a 1/x term.
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where ϵ(k) = k mod 2. At this point, we should stress that in order to capture non-perturbative
contributions, the resolvent should be of a trans-series form. However, the ansatz above only
captures the perturbative part. Of course, we could extend it by adding contributions that are
exponentially suppressed by powers of e−2πB, but the inverse Laplace transform would mix non-
perturbative orders, making the analysis very complicated. Instead, we borrow results from the
non-perturbative solution of the O(3) model [16] and reinstate the non-perturbative corrections
in Section 4. Thus in this section we calculate ϕℓ only up to the non-perturbative corrections.

The comparison between the bulk and edge regions is done for the inverse Laplace transform
of the resolvent:

R̄(s) =
1

2πi

∫ i∞

−i∞
eszR

(
B +

z

2

)
dz. (11)

In the bulk region, we expand (10) in powers of small z and apply the inverse Laplace transform
to each term of the expansion. After massaging the resulting expressions, we obtain the following
result for the resolvent in the bulk region:

R̄B(s) = −2π
√
B

∞∑
j=0

Γ(32)

Γ(j + 1)Γ(32 − j)

s−j− 3
2

Γ(−j − 1
2)

(4B)−j

+

√
B√
s

∞∑
m=0

∞∑
n=−m

n+m+1∑
t=0

B−msn[log(4Bs)]tVc[n,m, t] ,

(12)

where

Vc[n,m, t] =

n+m+1∑
k=t

m∑
j=max(0,−n)

cn+j,m−j,kF [n, t, k, j] , (13)

and

F [n, t, k, j] = 2−2j(−1)t
Γ(k + 1)

Γ(j + 1)Γ(t+ 1)Γ(k − t+ 1)

× dk−t

dxk−t

[
Γ(−x− n+ 1

2 − j)

Γ(−x+ n+ 1
2)Γ(−x− n+ 1

2 − 2j)

(
1 +

2jϵ(k)

−n− x+ 1
2 − 2j

)]
x=0

, (14)

which now takes a similar form as the one worked out for the O(3) model in [14]. Note that the
first sum in (12) corresponds to the explicitly known leading order term −2π

√
x2 −B2 in (10).

We can bring this term to a form, that resembles the second sum in (12) and finally write the
inverse Laplace transform of the resolvent in the bulk region as

R̄B(s) =

√
B√
s

∞∑
m=0

∞∑
n=−m−1

n+m+1∑
t=0

B−msn[log(4Bs)]t

×
n+m+1∑
k=t

m∑
j=max(0,−n−1)

ĉn+j,m−j,kF [n, t, k, j] .

(15)

Here we introduced the generalised coefficients ĉ. The first term of (12) is captured by extending
the sums to include n+ j = −1 with the coefficients ĉ−1,0,0 = −2π and ĉ−1,a,b = 0 for a ̸= 0 or
b ̸= 0.

Edge region. In the edge region, the resolvent can be parametrized based on the leading order
Wiener–Hopf type solution of the integral equation [11] as

R̄(s) = ΦB(s)

(
1

s
+QB(s)

)
, (16)
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where the functions ΦB(s) and QB(s) are given by

ΦB(s) =

√
πB√
s

exp
[ s
π

log
(πe
s

)]
Γ
( s
π

+ 1
)
,

QB(s) =
1

Bs

∞∑
m=0

m+1∑
n=0

Qn,m+1−n(logB)

Bmsn
.

(17)

We now need to expand this expression in B and s at infinity. After some work, the resolvent
in the edge region can be brought into the following form:

R̄(s) =

√
B√
s

∞∑
m=0

∞∑
j=−m−1

j+m+1∑
i=0

sj

Bm
log(4Bs)iV B0

Q [m, j + 1, i] , (18)

where we introduced

V B0
Q [m, j, i] =

j+m∑
k=0

(
k

i

)
log

(
B0

B

)k−i

VQ[m, j, k] , (19)

with B0 = 1
4πe .

Determining the coefficients. We can now use the recursive algorithm of Volin [13, 14] to
solve for the coefficients. By comparing the expansions for the bulk and edge region, we need
to solve

Vc[m,n, t] = V B0
Q [m,n+ 1, t] , (20)

in order to determine the respective coefficients.

2.1 Extracting the moments

From the definition of the resolvent R(x) in (7), we can see how it is related to the sought for
moments (5)

RB(x) =

∫ ∞

−∞

∑
ℓ≥0

f(y)y2ℓ

x2ℓ+1
dy =

∑
ℓ≥0

ϕℓx
−2ℓ−1 . (21)

The moments can be obtained by expanding the resolvent in the bulk region from eq. (10) at
x = ∞. For instance, from the large x expansion we can easily read off the first few moments:

ϕ0 = ρ = πB2 +
∞∑

m=0

c0,m,0 − 2c0,m,1

Bm−1
,

ϕ1 =
πB4

4
+

∞∑
m=0

(
c1,m,0 − 2c1,m,1

Bm−2
+

1
2c0,m,0 − 5

3c0,m,1 + 4c0,m,2 − 8c0,m,3

Bm−3

)
.

ϕ2 =
πB5

8
+

∞∑
m=0

(
c2,m,0 − 2c2,m,1

Bm−2
+

3
2c1,m,0 − 11

3 c1,m,1 + 4c1,m,2 − 8c1,m,3

Bm−3

+
3
8c0,m,0 − 89

60c0,m,1 + 14
3 c0,m,2 − 12c0,m,3

Bm−5

)
.

(22)

Other moments can be obtained by expanding RB(x) to higher orders. Using the recursive
algorithm, we can determine the coefficients cn,m,k and evaluate the perturbative part of the
moments up to any order in 1/B. However, the number of coefficients contributing to a given
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order in x grows quickly and it becomes laborious to evaluate higher moments. For instance,
for first moments ϕ0 and ϕ1, we find

ϕ0 = πB2 + log

(
16πB

e

)
B +

log(16πB)2 − 2

4π
− 1 − 2 log(16πB)2 + 3ζ3

16π2B
+O(B−2) , (23)

ϕ1 =
πB4

4
+

−7 + 3 log(16πB)

6
B3 +

(
3(−4 + log(16πB)) log(16πB)

8π
+
π

6

)
B2 +O(B) .

These expressions contain log(B) terms and the coefficients to higher orders become rather
bulky. In the analysis of the O(N) sigma models it was found [17], that by introducing a
running coupling v, terms with logB can be resummed. This coupling is defined through

2πB =
1

v
+ log

( v
8e

)
. (24)

Substituting this in the results for the moments, the expressions take a much nicer form. For
example, the first 5 perturbative coefficients of the moments are given by

ϕ0 =
1

π

[
1

4v2
− 1

v
− 1

4
+

1 − 3ζ3
8

v +
5 − 33ζ3

24
v2 +O

(
v3
)]
,

ϕ1 =
1

π3

[
1

64v4
− 5

24v3
+

45 + 4π2

96v2
+

63ζ3 − 32π2 + 51

192v
+

−9ζ3 − 8π2 − 16

192
+O

(
v1
)]
,

ϕ2 =
1

π5

[
1

512v6
− 89

1920v5
+

439 + 24π2

1536v4
+

981ζ3 − 640π2 − 1207

3072v3

+
−41775ζ3 + 576π4 + 7200π2 − 6395

15360v2
+O

(
v−1
)]
,

ϕ3 =
1

π7

[
5

16384v8
− 381

35840v7
+

6949 + 300π2

61440v6
+

−53253 − 14240π2 + 19575ζ3
122880v5

+
41414 + 87800π2 + 4320π4 − 360897ζ3

122880v4
+O

(
v−3
)]
,

ϕ4 =
1

π9

[
7

131072v10
− 25609

10321920v9

+
317027 + 11760π2

8257536v8
+

5258925ζ3 − 4096512π2 − 20887535

82575360v7

+
−153629307ζ3 + 1693440π4 + 43584128π2 + 54842251

82575360v6
+O

(
v−5
)]
.

(25)

3 Differential relations

In the derivations of the next sections we will rely heavily on a method that was developed
[18, 21, 22] to solve the free-energy problem of certain relativistic models, where a similar type
of integral equation appears.2 The ODEs we present in this section were initially developed in
[7, 23] to relate the moments ϕℓ with each other, however, here we will need to combine them
also with their generalizations [18, 21]. Our definitions here may seem ad-hoc, yet the objects we
introduce here will be useful in deriving the full Wiener–Hopf solution to the original problem
in Section 4.

2Most importantly, among these models is the O(3) symmetric non-linear sigma model [17, 21], which has the
same kernel function.
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3.1 Generalized moments

We extend the integral equation (2) by introducing a more general source term:

χα(θ) −
∫ b

−b
K(θ − θ′)χα(θ′)dθ′ = cosh(αx), |θ| ≤ b, (26)

where α ≥ 0 is a real parameter and 1/K(θ) = θ2 +π2. In particular, α = 0 recovers the original
integral equation if we set

b = πB, f(x) = 2χ0(πx). (27)

We can now consider the densities

Oα,β ≡ 1

2π

∫ b

−b
cosh(βθ)χα(θ)dθ, (28)

with β ≥ 0, which are symmetric in α and β. In the α = β = 0 case, we recover the density
ϕ0 = 4O0,0. For generic parameters, Oα,β can be used to generate the generalized moments of
the solution χα(θ):

ϕα;ℓ =
4

π2ℓ
1

2π

∫ b

−b
χα(θ)θ2ℓdθ =

4

π2ℓ
∂2ℓβ Oα,β

∣∣∣∣
β=0

. (29)

For α = 0 they are the usual moments ϕℓ = ϕ0;ℓ. It will also be useful to consider the values of
χα(θ) at the boundaries of the integration range, which we denote as

χα ≡ χα(±b). (30)

From now on, we use a dot to denote the total derivative with respect to b.
Straightforward manipulations (see Appendix A of [21] for the detailed derivations) lead to

the ODEs relating the Oα,β-s and χα-s:

Ȯα,β =
1

π
χαχβ (31)

Öα,β − 2
χ̇α

χα
Ȯα,β + (α2 − β2)Oα,β = 0 (32)

π(α2 − β2)Oα,β = χ̇αχβ − χαχ̇β (33)

χ̈α

χα
− α2 = F. (34)

In the last line, F ≡ χ̈0/χ0 is an universal, α-independent function of b. Not all of these
equations are independent: the second-order differential equations (32), (34) can be derived
from the first-order ones (31), (33).

From (32), we may obtain an expression relating the moment ϕℓ with the previous moment
ϕℓ−1. Taking 2ℓ derivatives with respect to β in (32), then evaluating at α = β = 0 and using
the relation (29), we arrive at [7]

ϕ̈ℓ −
ϕ̈0

ϕ̇0
ϕ̇ℓ = 2ℓ(2ℓ− 1)

ϕℓ−1

π2
, (35)

where we used (31) to rewrite 2χ̇0/χ0 = ϕ̈0/ϕ̇0. This equation can be used recursively to compute
ϕℓ from ϕℓ−1, with initial condition given by ϕ0.

The generalized moments ϕα;ℓ in (29) may be obtained directly from the moments at α = 0.
Indeed, if we take 2ℓ derivatives with respect to β in (31), both at generic α and at α = 0, we
can then combine both equations into the relation

ϕ̇α;ℓ =
χα

χ0
ϕ̇ℓ. (36)
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All the above equations may be used to determine the generalized moments ϕα;ℓ (up to some
integration constants) by taking the number density ρ = ϕ0 as a starting point. Schematically,
the following steps must be taken to compute ϕα;ℓ:

ϕ0

χ0 χα

ϕℓ

ϕα;ℓ

(35)

(36)
(31)

(34)

We will use the above procedure to determine only the perturbative parts of these objects,
rather than their full trans-series. To obtain the full trans-series of the ϕℓ moments, for the
non-perturbative corrections we will also need the perturbative parts of the Oα,β-s as well (these
can be calculated for example via (31) from χα). Clearly, the perturbative parts of the quantities
Oα,β, χα, ϕℓ satisfy the same differential equations as their full expressions.

All of the differential relations are simpler to solve (although longer to express) in terms
of the running coupling v, where after proper normalization (see Section 4) each of the above
objects’ perturbative parts are simply (asymptotic) power serieses of v.

Rewriting (35) in terms of ρ-derivatives, it simplifies as

d2ϕℓ
dρ2

= 2ℓ(2ℓ− 1)
ϕℓ−1

(2χ0)
4 . (37)

Thus the structure of the solution must be the following:

ϕℓ = ϕ̂ℓ + pℓρ+ qℓ, (38)

where ϕ̂ℓ is a particular solution to (37), and we need to fix the constants of the homogeneous
solution pℓ, qℓ from elsewhere. We will turn to this problem in Subsection 3.2, however, there
we will use the variable v instead of ρ.

The works [7, 23] rewrite (35) in terms of the dimensionless parameter γ = c/n = (2πg)2 =
4π/ρ to generate the higher moments

e2ℓ ≡ γ2ℓ+1 ϕℓ
4π
, ℓ > 1 (39)

from existing data for the energy density e = e2 in the following way:

d2

dγ2

(
e2ℓ
γ2ℓ

)
= ℓ(2ℓ− 1)

[
d2

dγ2

(
e2
γ2

)](
e2(ℓ−1)

γ2(ℓ−1)

)
for ℓ > 1. (40)

These relations should provide us a way to study the resurgence relations of the higher moments
directly in the physical coupling based on the trans-series of e. However, the latter itself has to
be calculated from

d2

dγ2

(
e2
γ2

)
=

2π2

(γχ0)4
, (41)

i.e. (37) taken at ℓ = 1. As we will see, the trans-series structure of χ0 is only known in terms of
the running coupling v, and we did not find a way to express it in terms of γ or g explicitly. Thus,
in the next sections we will determine the resurgent properties of ϕℓ in terms of v instead, using
the ϕα;ℓ and Oα,β generalized moments. Then we rewrite it in terms of the physical coupling g
in a direct way (while truncating the trans-series at finite orders).
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3.2 Integration constants

Once we compute the zeroth moment ϕ0 from Volin’s recursive algorithm described in Section 2,
we would like to obtain higher moments ϕℓ using the differential equation (35). As was already
mentioned, a solution ϕℓ to this differential equation has two free parameters and in this section
we will discuss how to fix them.

We recall that the differential equation (35) is written in terms of derivatives with respect
to B, and we would like to rewrite this expression in terms of v derivatives. From the definition
of the v coupling in (24), we easily find

dv

db
= − 2v2

1 − v
. (42)

The chain rule then leads to the following equivalent differential equation:

4v4

(1 − v)2

(
ϕ′′ℓ −

ϕ′′0
ϕ′0
ϕ′ℓ

)
= 2ℓ(2ℓ− 1)

ϕℓ−1

π2
, (43)

where prime denotes derivative with respect to v.

We assume the following perturbative ansatz for the moments3

ϕ
(0)
ℓ =

1

π2ℓ+1

1

v2ℓ+2

∑
k≥0

φ
(0)
ℓ,kv

k. (44)

We cannot prove that ϕ
(0)
ℓ has a regular power series expansion in v without log v terms, but

this is compatible with all the terms we calculated from Volin’s method and justified a posteriori
by comparing to the numerical solution of the problem.

The leading behaviour in v can be deduced e.g. from expanding the leading order term

2π
(
x−

√
x2 −B2

)
of the bulk ansatz for large x, see also the footnote at (10). When plugging

this expression in (43), we obtain the following constraint between the perturbative coefficients:

φ
(0)
ℓ,k =

1

2(2ℓ− k)(2ℓ+ 2 − k)φ
(0)
0,0

[
k∑

j=1

(j − 2)(2ℓ+ 2 + j − k)(2ℓ+ 2j − k)φ
(0)
0,jφ

(0)
ℓ,k−j

− ℓ(2ℓ− 1)

2

(
k∑

j=0

(k − j − 2)φ
(0)
ℓ−1,jφ

(0)
0,k−j − 2

k−1∑
j=0

(k − j − 3)φ
(0)
ℓ−1,jφ

(0)
0,k−1−j

+

k−2∑
j=0

(k − j − 4)φ
(0)
ℓ−1,jφ

(0)
0,k−2−j

)]
. (45)

Note that this result is only valid under the condition k ̸= 2ℓ and k ̸= 2ℓ+ 2, which corresponds

to the coefficients of 1/v2 and v0 in the perturbative expansion of ϕ
(0)
ℓ . These two coefficients

are precisely the two integration constants for solutions to the differential equation (43). One
way to partially address this issue, as discussed in [7], is to consider (45) with ℓ 7→ ℓ + 1 and

3We denote the perturbative coefficients of ϕ
(0)
ℓ in the coupling v as φ

(0)
ℓ,k to avoid confusion with the notation

introduced in (6) for the coefficients of the same quantity in the coupling g.
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solve for the coefficient φ
(0)
ℓ,2ℓ+2 in the resulting expression:

φ
(0)
ℓ,2ℓ+2 = − 1

(ℓ+ 1)(2ℓ+ 1)φ
(0)
0,0

[
2ℓ+2∑
j=1

(j − 2)(j + 2)(2j)φ
(0)
0,jφ

(0)
ℓ+1,2ℓ+2−j

− (ℓ+ 1)(2ℓ+ 1)

2

(
2ℓ+1∑
j=0

(2ℓ− j)φ
(0)
ℓ,jφ

(0)
0,2ℓ+2−j − 2

2ℓ+1∑
j=0

(2ℓ− j − 1)φ
(0)
ℓ,jφ

(0)
0,2ℓ+1−j

+
2ℓ∑
j=0

(2ℓ− j − 2)φ
(0)
ℓ,jφ

(0)
0,2ℓ−j

)]
. (46)

Note that we compute φ
(0)
ℓ,2ℓ+2 using the higher moment coefficients φ

(0)
ℓ+1,j , 0 ≤ j ≤ 2ℓ + 1,

j ̸= 2ℓ, which can be obtained from (45).

We are still left with one undetermined coefficient, φ
(0)
ℓ,2ℓ, in each moment. We have to fix this

remaining coefficient by directly computing the moment ϕℓ up to order 1/v2 with Volin’s recur-
sive algorithm, discussed in Section 2. It is then possible to compute ϕℓ up to any perturbative
order in v using (45) and (46).

4 Wiener–Hopf solution

The integral equation (26) can be solved by the Wiener–Hopf technique [24, 25, 9, 15, 17, 22].
The idea is to extend the integral equation for the whole line by introducing an unknown
function, non-vanishing only outside the interval [−b, b]. Using Fourier transformation the kernel
can be easily inverted. The introduced unknown function and f(x) can be separated by the
different analytical behaviours of their Fourier transform. This requires the following Wiener–
Hopf factorisation:

1

1 − K̃(ω)
= G+(ω)G−(ω), (47)

where K̂(ω) is the Fourier transform of the kernel K(θ) in (26), G+(ω) is an analytic function
on the upper half plane, while G−(ω) = G+(−ω) is analytic on the lower half plane. Explicitly
we have

G+(iκ) =
Γ
(
1 + κ

2

)
√
πκ

e−
κ
2
(lnκ−1−ln 2) =

1√
πκ

+
√
κ(a0 + a1 log κ) + . . . , (48)

where we have also presented the structure of the leading terms in its small κ expansion. The full
trans-series solution of the various observables was obtained in [18] in terms of a perturbatively
defined basis Aα,β. This basis is related to the perturbative part of the observable Oα,β as

O(0)
α,β =

1

4π
G+(iα)G+(iβ)e(α+β)bAα,β. (49)

together with the perturbative parts of χα

χ(0)
α =

1

2
G+(iα)eαbaα, (50)

valid for α ̸= 0, β ̸= 0. Otherwise, the normalization constants are

O(0)
0,β =

1

2π
G+(iβ)eβbA0,β ; O(0) =

1

π
A0,0 ; χ

(0)
0 = a0. (51)

It can be shown from (31) and (34) that they satisfy the following system of differential equations:

(α+ β)Aα,β + Ȧα,β = aαaβ ; äα + 2αȧα = faα, (52)
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for all α, β, where f is the perturbative part of F . These differential equations can be used to
calculate a0 and f from the already determined A0,0, uniquely. Solving the differential equations
for generic α, β we also obtain a unique perturbative solution. The solutions obtained are
meaningful for negative α and β and can be used to express the full non-perturbative solutions.
The two quantities Aα,β and aα are related to each other as limβ→∞ βAα,β = aα. Since G+(0)
is infinite, we need to use a different normalization for A0,β, A0,0 and a0.

The densities Oα,β defined in (28) can be written as a trans-series in terms of the perturbative
quantities Aα,β. For α = 0, β ̸= 0, we have

O0,β =
1

2π

[
G+(iβ)eβbÂ0,β +G−(iβ)e−βbÂ0,−β

]
. (53)

Here and throughout the paper, as an abuse of notation, whenever we write G−(iκ) for κ > 0 we
mean the limit G−(iκ+ 0) that has to be carefully evaluated due to the cut along the positive
imaginary line in G−(ω). For α, β ̸= 0, instead we have

Oα,β =
1

4π

[
G+(iα)G+(iβ)e(α+β)bÂα,β +G−(iα)G+(iβ)e(−α+β)bÂ−α,β

+G+(iα)G−(iβ)e(α−β)bÂα,−β +G−(iα)G−(iβ)e−(α+β)bÂ−α,−β

]
, (54)

where Âα,β can be written as a trans-series in terms of the quantities Aα,β:

Âα,β = Aα,β +

∞∑
r,s=1

Aα,−κrA−κr,−κsA−κs,β,

A−κr,−κs =

∞∑
N=−1

∞∑
j1,j2,...,jN=1

Sκre
−2κrbA−κr,−κj1

Sκj1
e−2κj1

bA−κj1
,−κj2

· · ·SκjN
e−2κjN

bA−κjN
,−κsSκse

−2κsb.

(55)

Here the N = −1 term is formally to be understood as Sκre
−2κrbδ−κr,−κs , while the N = 0

term is simply Sκre
−2κrbA−κr,−κsSκse

−2κsb. This expression involves the poles of the function
σ(ω) = G−(ω)/G+(ω), which are located at κr = 2r, r ∈ Z, r ≥ 1, with residues

Sκr = i
2

(r − 1)! r!

(r
e

)2r
. (56)

evaluated again at iκr + 0.

Similarly, we might write a trans-series for the boundary values in (30):

χα =
1

2
G+(iα)eαbân +

1

2
G−(iα)e−αbâ−α, (57)

where

âα = aα +
∞∑

r,s=1

Aα,−κrA−κr,−κsa−κs . (58)

4.1 Exponential corrections to the moments

We would like to compute exponential corrections to the moments ϕℓ in a similar way to how
the trans-series of the densities are computed in (53), (54) and (55). Specifically, we would like
to take derivatives with respect to β in (54) to obtain the trans-series for the moments. It is

12



instructive to collect the appearance of the β dependence of the various observables. They all
contain the combination

1

2

[
G+(iβ)eβbAα,β +G−(iβ)e−βbAα,−β

]
. (59)

We thus define the perturbative building blocks of the non-relativistic moments Aα;ℓ from its
derivatives

Aα;ℓ = lim
β→0

∂2ℓβ
1

2

[
G+(iβ)eβbAα,β +G−(iβ)e−βbAα,−β

]
. (60)

We will not need the explicit form of these building blocks, but we need to see that they are
well defined and the limit exists. The expression is particularly worrysome as at small β we have
G+(±iβ) ∼ 1/

√
β. Additionally, the β → 0 limit is not well-defined in terms of the perturbative

definition of Aα,β. This is because it is a large b expansion, and this asymptotic series is singular
for α, β → 0 (see e.g. Appendix C of [22]). In order to calculate the correct small β limit of Aα,β

we have to exploit that it satisfies the Wiener–Hopf integral equation at the perturbative level,
see for instance (57,59) in [22]. The small β behaviour then can be calculated following (2.16-
2.19) of [17], which results in the form Aα,β ∼

√
β(b0 + b1 log(β) + . . . . Then one can explicitely

show that in the β → 0 limit of (59) the square-root type singularities of G±(iβ) together with
the logarithms cancel, and the combination has a well-defined limit. We circumvent the explicit
calculations by leveraging that the limit exists, and providing a perturbative definition of Aα;ℓ

based on the ODEs (35) and (36).
In particular, we note that we can construct Aα;ℓ directly from the leading exponential

correction in ϕα;ℓ:

ϕα;ℓ =
4

π2ℓ+1
· 1

2
G+(iα)eαb

[
Aα;ℓ +O

(
e−min(2α,4)b

)]
. (61)

From the differential equation (36), we can derive a new differential equation that relates the
perturbative objects Aα;ℓ:

Ȧα;ℓ + αAα;ℓ =
aα
a0
Ȧ0;ℓ, (62)

where aα was defined in (57) and (58). This equation provides a method to compute exponential

corrections to the moment ϕℓ from its perturbative part, ϕ
(0)
ℓ = 4

π2ℓ+1A0;ℓ.
Using then the relationship (29) between the densities Oα,β and the moments, and applying

it to (53), we obtain

ϕℓ =
4

π2ℓ+1

[
A0;ℓ +

∞∑
r,s=1

A0,−κrA−κr,−κsA−κs;ℓ

]
. (63)

Observe that the perturbative part is simply ϕ
(0)
ℓ = 4

π2ℓ+1A0;ℓ, which we have already calculated.
Using (29) again, but now applying it to the densities with α ̸= 0 in (54), we might write the
analogue of (63) for the generalized moments:

ϕα;ℓ =
4

π2ℓ+1

[
1

2

(
G+(iα)eαbAα;ℓ +G−(iα)e−αbA−α;ℓ

)
+

∞∑
r,s=1

1

2

(
G+(iα)eαbAα,−κr +G−(iα)e−αbA−α,−κr

)
A−κr,−κsA−κs;ℓ

]
. (64)

The differential equation (62) can be rewritten in terms of v derivatives. Using the chain rule
with (42), we find the following equivalent differential equation:

A′
α;ℓ −

1 − v

2v2
αAα;ℓ =

aα
a0
A′

0;ℓ. (65)
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With the perturbative ansatz

Aα;ℓ =
1

v2ℓ+1/2

∑
k≥0

Aα;ℓ,kv
k, (66)

the coefficients that solve (65) are recursively given by

Aα;ℓ,k =
2

α

[(
α

2
+ k − 2ℓ− 3

2

)
Aα;ℓ,k−1 − hℓ,α,k

]
, (67)

where hℓ,α,k are the coefficients defined as

aα
a0
A′

0;ℓ =
1

v2ℓ+5/2

∑
k≥0

hℓ,α,kv
k, (68)

and they can be recursively defined as

hℓ,α,k =
1

a0,0

 k∑
j=0

(k − j − 2ℓ− 2)aα,jφ
(0)
ℓ,k−j −

k∑
j=1

a0,jhℓ,α,k−j

. (69)

The coefficients of aα are

a0 =
1

v1/2

∑
k≥0

a0,kv
k, aα =

∑
k≥0

aα,kv
k, α ̸= 0. (70)

With the perturbative coefficients of Aα;ℓ, we can now construct any exponential correction
of the moment ϕℓ using (63). For example, the trans-series of the first two moments are given
by

ϕ0 =
1

π

[
1

4v2
− 1

v
− 1

4
+

1 − 3ζ3
8

v +
5 − 33ζ3

24
v2 +O

(
v3
)

+

(
32i

v3
− 8i

v2
− 15i

v
− i

211 − 288ζ3
12

− i
5695 − 33216ζ3

192
v +O

(
v2
))
e−2/v

+ 64

(
16 + 64i

v5
− 8 + 40i

v4
− 24 + 91i

2v3
+

−616 − 2419i+ (576 + 2304i)ζ3
48v2

+
−30400 − 120543i+ (148992 + 572928i)ζ3

1536v
+O

(
v0
))
e−4/v +O

(
e−6/v

)]
. (71)

ϕ1 =
1

π3

[
1

64v4
− 5

24v3
+

45 + 4π2

96v2
+

63ζ3 − 32π2 + 51

192v
+

−9ζ3 − 8π2 − 16

192
+O

(
v1
)

+

(
4i

v5
− 25i

v4
+ i

128π2 − 285

8v3
− i

−2016ζ3 + 128π2 − 581

96v2

− i
−29376ζ3 + 3840π2 − 27745

1536v
+O

(
v0
))
e−2/v

+ 64

(
2 + 8i

v7
− 13 + 61i

v6
+

(−168 + 159i) + (128 + 512i)π2

48v5

+
(4032 + 16128i)ζ3 − (512 + 2560i)π2 + (3032 + 18629i)

384v4

)
e−4/v +O

(
e−6/v

)]
. (72)
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4.2 Checking the trans-series solution

In this subsection we argue that, if the perturbative objects Aα,β and aα satisfy the the dif-
ferential equations in (52), then the trans-series (54), (57) of Oα,β, χα, constructed from these
objects, are a solution to the differential equations (31) and (34). In fact, since the differential
equations are not independent it is sufficient to check only (33) and (34). Details on these checks
are given in the Appendices A.2 and A.3, respectively. For the latter one, we also construct the
form of the non-perturbative corrections to F .

Similarly, we aim to prove that the trans-series of ϕℓ constructed in (63) satisfies the differ-
ential equation (35) for any ℓ. For the interested reader, we present the technical details of this
check in Appendix A.4.

For these checks, we substitute the trans-series solutions into the respective equation. Fur-
ther, we assume that the perturbative versions of these equations hold. Since the non-perturbative
corrections are build from the perturbative basis, we can show, that the trans-series ansatz in-
deed solves the equations (31)–(35).

4.3 Alien derivatives and median resummation

In Section 5 of [18], the cancellation of imaginary ambiguities in the resummed trans-series for
Oα,β suggested a formula for the so-called alien derivative4 of the perturbative part Aα,β:

∆κjAα,β = 2SκjAα,−κjA−κj ,β. (74)

This formula was backed by numerics, and also through the work in Section 9 of [21]. Applying
this result to (60), after commuting ∆κj with the β → 0 limit and the derivative, we arrive at

∆κjAα;ℓ = 2SκjAα,−κjA−κj ;ℓ. (75)

We will numerically verify this formula in Section 7.

In a similar fashion as it was done in [18], it can be shown that the Stokes automorphism

S = exp

 ∞∑
j=1

e−2bκj∆κj

 (76)

is able to generate the full5 trans-series of ϕℓ (63) from its perturbative part only:6

S1/2A0;ℓ = ϕℓ. (77)

Since we can only determine Aα,β and Aα;ℓ (the building blocks of the trans-series of ϕℓ)
in terms of asymptotic series, whether the trans-series of ϕℓ indeed reconstructs the correct
function is a remaining question. In Section 7, we test the difference between the lateral Borel
resummation (S+) of the trans-series (63) against a high-precision numerical solution to the

4Here by the notation ∆ω we mean the alien derivative of an asymptotic series in terms of integer powers of
the coupling v, together with a slight modification compared to the standard definition ∆

(st)
ω

∆ω = eωLv−aω∆(st)
ω . (73)

For more details see Appendix B of [21] and also [26] as a review.
5The special alien derivatives ∆α, ∆β of Aα,β are in general non-vanishing (see Appendix C of [21]). By

definition, they should appear in the Stokes automorphism as well, if the latter would act on Aα,β . For Aα;ℓ it
also means that ∆α could be non-vanishing, and thus we had to include it in S. However for the α,β-independent
object A0;ℓ, they should have no effect at all.

6This is in contrast to the energy density of the relativistic O(3) non-linear sigma model, which can be extracted
from O1,1. In this case, the last 3 terms of (54) give exponentially suppressed real contributions that cannot be
recovered from the perturbative part A1,1 by asymptotic analysis.
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integral equation (2) and the moments ϕphysℓ obtained from that solution. Our analysis strongly
suggests complete agreement between the two:

S+(ϕℓ) = ϕphysℓ , (78)

up to the order 10−96 at b = 10.
Note that applying the lateral Borel resummation S+ on the l.h.s. of (77) is then equivalent

to the so-called median resummation of the asymptotic series A0;ℓ. That is, we find that the
moments ϕℓ are resurgent in the strong sense [15, 17], and their perturbative data contains all
the information needed to recover their physical value.

5 Capacitance of a circular parallel plate capacitor

The Lieb–Liniger integral equation is mathematically related to the famous Maxwell–Kirchhoff
disk capacitor problem of electrostatics (see a historical review in [17]). In spite of the fact that
it is more than one and a half centuries old, and seemingly theoretical in nature, the latter has
relevance even in the present day applications, e.g. [27]. For this problem we can also present
now a complete analytic trans-series solution.

We want to calculate the capacitance of two ideally thin conducting disks of radius r in
vacuum, arranged coaxially at a distance d from each other. Love [28] reduced the problem to
finding a solution to the integral equation (26), where the integration interval in (26) is related
to the geometry of the problem by b/π = r/d. The solution to the integral equation encodes the
surface charge density of the plates [29]. The capacitance C (in SI units) is then directly related
to the density O0,0:

C = 4ϵ0dO0,0, (79)

where ϵ0 is the vacuum permittivity.
From (55), we can build the trans-series of this density as [21, 22]

O0,0 =
1

π
Â0,0 =

1

π

[
A0,0 + e−4bS2A

2
0,−2 + e−8b

(
S2
2A

2
0,−2A−2,−2 + S4A

2
0,−4

)
+ O

(
e−12b

)]
. (80)

Using the above expression, we can construct the trans-series of the capacitance in terms of the
coupling v defined in (24). However, we would like to write our results in terms of the variables d
and r that define the geometry of the capacitor. Explicitly, we consider the ratio of the distance
to the circumference of the disk capacitor:

δ ≡ d

2πr
. (81)

The relation between the coupling v and the ratio δ can be derived from (24):

1

δ
= 2b =

1

v
+ log

( v
8e

)
(82)

This expression can be inverted to yield

v =
−1

W−1

(
− 1

8ee
−1/δ

) = δ +O(δ2), 0 ≤ v ≲ 0.21706, (83)

where Wk(z) is the kth branch of the Lambert W function.
Using the relation (83), the trans-series in (80) for the capacitance can now be written in

powers of the small parameters δ and e−2/δ, with the price that this expansion will also contain
logarithms L ≡ − log(δ/8). We obtain the result

C = ϵ0
πr2

d

[
C(0)(δ, L) + δ

∞∑
k=0

C(k)(δ, L)e−2k(1/δ+1)

]
, (84)

16



where the prefactor is the leading order result at small δ, which corresponds to the well-known
formula for the parallel-plate capacitor with small separation. The first few coefficients are given
by

C(0)(δ, L) = 1 + 2(L− 1)δ +
(
L2 − 2

)
δ2 +

1

2

(
2L2 − 1 − 3ζ3

)
δ3 +O(δ4),

C(1)(δ, L) = i

{
2 +

[
2L +

3

2

]
δ +

[
2L +

17

16

]
δ2 +

[
3

2
ζ3 + L

(
15

16
− L

)
+

161

192

]
δ3 +O(δ4)

}
,

C(2)(δ, L) = (1 + 4i) +

(
(1 + 4i)L +

(
1

2
+

3i

2

))
δ +

[
(1 + 4i)L +

(
1

4
+

37i

32

)]
δ2

+

[(
3

4
+ 3i

)
ζ3 − L

((
1

2
+ 2i

)
L−

(
3

4
+

91i

32

))
+

(
43

96
+

1301i

768

)]
δ3 +O(δ4),

C(3)(δ, L) =

(
16

3
+ 13i

)
+

[(
16

3
+ 13i

)
L +

(
2 +

39

12
i

)]
δ

+

[(
16

3
+ 13i

)
L +

(
7

8
+

85i

32

)]
δ2

+

[(
4 +

39i

4

)
ζ3 − L

((
8

3
+

13i

2

)
L−

(
107

24
+

331i

32

))
+

(
383

192
+

637i

128

)]
δ3 +O(δ4).

(85)

Note that the perturbative part was already presented in a similar way in [12], including higher
orders. The leading exponential correction was already obtained in [17], and the first few
coefficients of the real part of the next-to-leading one were measured.7

6 The moments in the physical coupling g

Up to now, all results have been computed in terms of the coupling v defined in (24). In this
coupling, the exponential corrections to the moments can be computed with the expressions (63)
and (55). However, we would like to rewrite the trans-series in terms of the physical coupling
defined in (3).

By definition of the coupling, the zeroth moment can be written in terms of the physical
coupling as

ϕ0 =
1

πg2
. (86)

Higher moments will be written in terms of g by first deriving a trans-series relation between
the original coupling v and the physical coupling g:

v =
∞∑
s=0

e−4n/g
∞∑

k=2−2n−δn,0

v
(n)
k gk. (87)

The coefficients v
(n)
k can be fixed by plugging the above ansatz in the trans-series of ϕ0, given

in (71), and then imposing the constraint (86). In this way, we obtain a system of equations for

the coefficients v
(n)
k . For example, imposing the condition (86) on the coefficients of g−2, g−1

and g0, we find

1

4
(
v
(0)
1

)2 = 1,
2
(
v
(0)
1

)2
+ v

(0)
2

2
(
v
(0)
1

)3 = 0,

(
v
(0)
1

)4 − 4v
(0)
2

(
v
(0)
1

)2 − 3
(
v
(0)
2

)2
+ 2v

(0)
3 v

(0)
1

4
(
v
(0)
1

)4 = 0, (88)

7Typos in exactly these formulas (4.29 and 4.30) are present in the published version of [17], however the
analysis in the running coupling is correct.
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which can be solved for v
(0)
1 , v

(0)
2 and v

(0)
3 . Extending the computation to further powers and

exponential corrections in g, we find the trans-series

v =
g

2
− g2

2
+

3g3

16
+

9 − 3ζ3
64

g4 +
−137 + 42ζ3

768
g5 +O

(
g6
)

+

[
64i

e4
+

104i

e4
g + i

−121 + 48ζ3
2e4

g2 − i
1577 + 912ζ3

48e4
g3 +O

(
g4
)]
e−4/g

+

[
−24576 + 32768i

e8g2
+

34816 − 75776i

e8g

+
(−18944 + 90432i) + (18432 − 24576i)ζ3

e8
+O(g)

]
e−8/g +O

(
e−12/g

)
. (89)

Finally, we can use this result to reexpress any trans-series from the v coupling to the g coupling.
For example, the trans-series of ϕ1, given in (72), can be rewritten as

ϕ1 =
1

π3

[
1

4g4
− 2

3g3
+
π2 − 6

6g2
+

3ζ3 − 4

4g
+

3ζ3 − 4

6
+O

(
g1
)

+

(
−128i

e4g4
− 80i

e4g3
+ i

48ζ3 − 97

e4g2
+ i

1104ζ3 − 1643

24e4g
+O

(
g0
))
e−4/g

+

(
−32768 − 32768i

e8g6
− 4096 + 14336i

e8g5
+

(−24576 + 24576i)ζ3 + (22528 − 33088i)

e8g4

+
(33792 + 7680i)ζ3 + (−21632 − 9940i)

3e8g3
+O

(
g−2
))
e−8/g +O

(
e−12/g

)]
. (90)

We were able to compute the moments ϕ1, ϕ2, ϕ3, ϕ4 and ϕ5 with up to 20 exponential
corrections, with 20 terms in each exponential correction. It is substantially easier to compute
the coefficients numerically (even at high precision), in which case we obtained 20 exponential
corrections, each with 336 terms.8

7 Numerical investigations

In this section we provide extensive checks on our trans-series solution for ϕℓ. We test both the
imaginary and real parts of it.

For the first we use the theory of resurgent functions and verify the coefficients of the lead-
ing, purely imaginary exponential contribution of ϕ1 from the large order asymptotics of the

coefficients of the perturbative part ϕ
(0)
1 in Subsection 7.1.

For the second we take the resummations of the perturbative part and the leading correction
with the so-called Pade–Borel technique, and subtract it from a high-precision direct evaluation
of the TBA in Subsubsection 7.2.1. We show that this difference is compatible with the real
part of the coefficients of the next-to-leading exponential contribution. Then calculating similar
subtractions order-by-order in exponential terms we show that the resummed trans-series indeed
approximates the exact solution exponentially better at each step in Subsubsection 7.2.2, also
in terms of the physical coupling g. Finally we repeat this latter analysis for some of the lowest
higher moments ϕℓ.

7.1 Asymptotic analysis

Here we would like to verify formula (75) for ϕ
(0)
1 = 4π−3A0;1, that is

π3

4
∆2ϕ

(0)
1 = 2S2A0,−2A−2;1 (91)

8For the numerical investigations in Section 7 the first 6 exponential order proved to be sufficient, as the
precision was limited by the Borel resummations’ error around this order of magnitude.

18



numerically, as a demonstration and a consistency check. The moments A0,−2 and A−2;1 can be
obtained from the differential equations (31)-(34) perturbatively as

A0,−2 = − 1

4
√
v

{
1 − v

8
− 31

128
v2 + v3

(
3

8
ζ3 −

937

3072

)
+ v4

(
11

4
ζ3 −

17397

32768

)

+ v5
(

12957

1024
ζ3 +

405

128
ζ5 −

3613649

3932160

)
+O

(
v6
)}

(92)

and

A−2;1 = − 1

32
√
v

{
1

v2
− 49

8v
+

(
32φ

(0)
1,2 −

2367

128

)
+ v

(
−8φ

(0)
1,2 +

39

8
ζ3 +

5447

3072

)
+ v2

(
−31

2
φ
(0)
1,2 +

79

16
ζ3 +

585185

98304

)
+ v3

((
24ζ3 −

937

48

)
φ
(0)
1,2 +

1305

128
ζ5 −

9407

1024
ζ3 +

34943551

3932160

)
+O

(
v4
)}
, (93)

where φ
(0)
1,2 = 15

32 + ζ2
4 is the constant that is not determined by the differential equations (see

the discussion at the end of Subsection (3.2))
Since S2 = 2ie−2, we obtain the r.h.s. of (91) as

2S2A0,−2A−2;1 =
i

32e2

{
1

v3
− 25

4v2
+

8ζ2 − 95
32

v

+
1

384
(−768ζ2 + 2016ζ3 + 581) +

v(−23040ζ2 + 29376ζ3 + 27745)

6144
+

v2
(

6ζ2

(
ζ3 −

211

288

)
+

855ζ5
64

− 695ζ3
64

+
914731

122880

)
+O

(
v3
)}

(94)

To measure the l.h.s. numerically, we calculated 100 coefficients of the perturbative series

ϕ
(0)
1 , and analysed their asymptotics. Their structure was fitted as

φ
(0)
1,n ∼ Y0

Γn+5

2n+5
+ Y1

Γn+4

2n+4
+ Y2

Γn+3

2n+3
+ Y3

Γn+2

2n+2
+ Y4

Γn+1

2n+1
+ Y5

Γn

2n
+ . . . (95)

where Γn+j ≡ Γ(n+ j), and the correct integer shift j in the factorial can be also measured.9

Using the definition of the Borel transform given Appendix B of [21]

Ψ(v) ∼
∑

n≥−Nmin

ψnv
n, ⇒ B(t) =

∑
n≥0

ψn+1

Γn+1
tn (96)

we arrive at

B(t) = Y0
5!

(t− 2)6
− Y1

4!

(t− 2)5
+ Y2

3!

(t− 2)4
− Y3

2!

(t− 2)3
+ Y4

1!

(t− 2)2
− Y5

0!

(t− 2)1
+ . . . , (97)

where each term in (95) - up to this order - corresponds to a (higher order) pole on the Borel
plane. The alien derivative at the closest singularity to the origin is related to the difference of
the lateral Borel resummations

S±(Ψ)(v) =

0∑
n≥−Nmin

ψnv
n +

∫
C±

dt e−t/vB(t), (98)

9These terms corresponds to poles (and for j < 0 to logarithmic cuts) on the Borel-plane - see (97), and
eventually give rise to powers of v in the asymptotic expansion of the alien derivative (100).
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that is, to

e−2/vS+(∆
(st)
2 ϕ

(0)
1 ) = S+(ϕ

(0)
1 ) − S−(ϕ

(0)
1 ) =

(∫
C+

−
∫
C−

)
dt e−t/vB(t), (99)

where the C± contours are running infinitesimally above and below the positive real axis. In
this case the difference of the contours can be shrunk around the singularity at t = 2 and the
residues give the (asymptotic) expansion of the alien derivative

∆
(st)
2 ϕ

(0)
1 ∼ −2πi

(
5∑

k=0

Ykv
k−5 +O(v)

)
. (100)

Converting the above, standard definition of the alien derivative at ω = 2 to the one introduced
in (75) (see the footnote there) we get

∆2 =
( v

8e

)2
∆

(st)
2 . (101)

We have then

∆ϕ
(0)
1 ∼ − iπY0

25e2

(
5∑

k=0

(Yk/Y0)v
k−3 +O(v3)

)
. (102)

To test whether Y0 and the ratios Yk/Y0 agree with the coefficients that can be read off from
(94), we used the method as sketched below.

We divided the coefficients with the leading asymptotics Γn+52
−n in (95), and used Richard-

son extrapolation [30] as a series acceleration method to extract the constant asymptotics. That

is, if one has a series xn known up to a certain order, one can recursively compute x
(s)
n

x(s)n =
1

s

(
(n+ 1 − s)x(s−1)

n − (n+ 1 − 2s)x
(s−1)
n−1

)
, x(0)n ≡ xn (103)

where with each step a correction term will drop out to the constant asymptotics in powers of
n−1:

xn = const.+O(n−1) ⇒ x(s)n = const. +O(n−s−1). (104)

Then the last available term of the acceleration x
(s)
n is a good estimate of the constant. The

order s can be optimized, however for this analysis we used s = 30 in every case.

After measuring Y0 in this way, we can confirm that it indeed agrees with the exact value
Y0 = −4π−4 that can be deduced by comparing (94) and (102) - see Table 1. Knowing this
exact value of Y0 the leading term can be subtracted, and division by Y0Γn+42

−n−4 revealed
the ratio Y1/Y0 after we used Richardson extrapolation again. This ratio again agrees with the
exact value Y1/Y0 = −25/4 up to high precision. These subtractions can then be repeated for
the subleading terms and this allows us to measure Yk/Y0 up to a certain order, that is limited

by the number of coefficients known in φ
(0)
1,n and their precision. For the subtractions at each

step we were using the known exact values from (94) instead of the measured ones, to achieve
higher precision. Nevertheless, the fact that the measured and exact values match, up to several
digits, confirms our analytical result (75).

7.2 Comparison to TBA

7.2.1 In the bootstrap coupling v

At first we provide our readers with a fast and technically simpler check on whether our trans-
series indeed matches the solution of the integral equation. This analysis goes only up to the
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Measured value Exact value

Y0 −0.041063929018738 −4π−4

Y1/Y0 −6.2499999999993 −25/4

Y2/Y0 10.190722534788 4π2/3 − 95/32

Y3/Y0 4.533951440 21ζ3/4 − π2/3 + 581/384

Y4/Y0 4.09461953 153ζ3/32 − 5π2/8 + 27745/6144

Y5/Y0 12.87618 855ζ5/64 + π2(ζ3 − 211/288) − 695ζ3/64 + 914731/122880

Table 1: The asymptotic coefficients of ϕ
(0)
1 as measured by the last value in the 30th Richardson

accelerant, shown up to the digit they match the exact values of the coefficients in ∆2ϕ
(0)
1 . The

first differing digit is also shown in smaller font.

second non-perturbative correction of ϕ1

ϕ1 =
4

π3

{
A0;1 + S2A0,−2A−2;1e

−4b

+
(
S2
2A0,−2A−2,−2A−2;1 + S4A0,−4A−4;1

)
e−8b +O

(
e−12b

)}
. (105)

We calculated the perturbative series of ϕ1 and its first non-perturbative correction—the second
term on the r.h.s. of (105)—up to high orders numerically. That is, using the differential
relations (31)–(34) from the previously generated 336 coefficients [16] obtained for the energy
density (i.e. A1,1) of the O(3) non-linear sigma model via Volin’s method. This requires using
the relations on a route that is different from that sketched in Subsection 3.1 and looks as:

A1,1
(31)→ a1

(34)→ aα →


Aα,β (31) or (32),

Aα,0 (31) or (32),

Aα;ℓ (35) and (36).

(106)

We then resummed both the perturbative part and the first non-perturbative correction via
the Borel–Padé method. That is, after Borel transforming the asymptotic series with finitely
many numerical coefficient, we took its diagonal Padé-approximant, which captures the analytic
structure of the function on the Borel plane. Then, we applied lateral Borel resummation by
numerically integrating the approximant along a semi-infinite line at a finite acute angle to the
positive real line. See e.g. Section 12 of [21] for more details.

The real part of this resummation compares to the high-precision numerical solution of
the TBA. This was obtained with the very efficient method developed in [31]. It is based on
expanding the unknown function of the integral equation on a truncated basis of even Chebyshev
polinomials, and solving a linear system for its expansion coefficients. TBA equations of the
same type can be solved by similar methods for other models [30] too. The efficiency of the
technique in [31] lies in a recursion relation that can be used to accelerate the calculation of the
Lieb–Liniger kernel on the Chebyshev basis. With this method we were able to obtain numeric
solutions in the range 1 ≤ b ≤ 13 with at least 300 digits of precision even for the upper end of
this range, where the algorithm produces the largest relative errors due to the truncation of the
basis.

The difference of the lateral Borel resummation and the numerical TBA is shown in Figure
1. The data points correspond to the values b = 1, 2, . . . , 13. According to (105), this difference
can be approximated by the real part of the lateral resummation of the third term on the r.h.s.,
which corresponds to the contribution proportional to S2

2 ,10 and has the following asymptotic

10The contribution proportional to S4 in (105) is purely imaginary.
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Figure 1: The plot shows that the difference of the resummed trans-series up to the first non-
perturbative order matches the real part contribution of the second non-perturbative order. We
plotted the terms shown in (107) as the solid curve. Note that on the range of the plot, only the
few leading terms of (107) can be verified precisely, approximately up to the O(1) contribution.

expansion:

S2
2A0,−2A−2,−2A−2;1 =

1

128e4

{
1

v3
− 13

2v2
+

8ζ2 − 7
4

v
(107)

+

(
−4ζ2 +

21ζ3
4

+
379

96

)
+

(
−6ζ2 +

69ζ3
16

+
2797

384

)
v

+

(
ζ2

(
6ζ3 −

77

12

)
+

−20820ζ3 + 25650ζ5 + 19403

1920

)
v2 +O

(
v3
)}
.

In the plot, the difference between the lateral Borel resumation and the numerical TBA is
thus divided by its expected magnitude e−8b, and the second non-perturbative correction (the
truncated series in (107)) is plotted against this difference, shown as the solid line. In the range
shown, the two results agree.

To obtain the expansion in (107), we needed to calculate yet another building block in
addition to the ones shown in Subsection 7.1, namely

A−2,−2 = − 1

4
+

v

16
+

11v2

128
+

175v3

1536
+

(
4439

24576
− 27

128
ζ3

)
v4 (108)

+

(
191429

491520
− 1061

512
ζ3

)
v5 +

(
−45119

4096
ζ3 −

3375

1024
ζ5 +

8556971

11796480

)
v6 +O

(
v7
)
.

7.2.2 In the physical coupling g

As mentioned in Section 6, we also calculated the trans-series (63) in the coupling g for the
observables ϕℓ, up to several exponential corrections with 336 perturbative coefficient in each.
This was done numerically, with many (∼ 2500) digits of precision using the same dataset that
we used in Subsubsection 7.2.1.

For demonstrating how our trans-series solution can approximate the physical value, we
chose the normalized quantity

ϵ(g) ≡ 4π3g4ϕ1 = 1 − 8

3
g +O(g2), (109)
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Figure 2: The resummations including more and more non-perturbative (“NP”) corrections
(dashed lines) approximate the high precision numerical value of the TBA (solid black line)
increasingly better, than using only the perturbative part (“PT”). The solid red line shows the
asymptotic series (“asy.”) of the perturbative part ϵ(0)(g) truncated at the g7 term. The Borel
integrals were performed at the specific g values corresponding to b = 0.15, 0.2, 0.25, 0.3, 0.35, 0.4
(see the dots on the dashed lines).

which was also defined in eq. (12) of [31]. We define the transmonomials ϵ(k)(g) as

ϵ(g) = ϵ(0)(g) + ϵ(1)(g)e−4/g + ϵ(2)(g)e−8/g + ϵ(3)(g)e−12/g +O
(
e−16/g

)
, (110)

for which we can compute the asymptotic series of each. With the Borel–Padé method, we
resummed the explicitly shown non-perturbative orders in (110) at a few g values and plotted
the result against a high-precision TBA numerical computation. The latter was obtained for
several b values in the range 0.05 ≤ b ≤ 200 with the method mentioned in Subsubsection 7.2.1,
to get a clear picture on the behaviour of the normalized moment ϵ(g). In Figure 2, as we include
more non-perturbative corrections, the trans-series approximation gets closer and closer to the
physical result.

To further demonstrate our analysis for higher moments ϕ1, ϕ2, . . . , ϕ5, and validate our
trans-series solution with greater confidence, we compare the resummations of several exponen-
tial corrections to the TBA value of these moments at a single value of the coupling. We use
the value g ≃ 0.082485, which corresponds to b = 10. In this case e−4/g ≃ 8.7 × 10−22 and
thus we expect the exponential corrections to give only slight improvements on the value of
the quantities.11 Typically, for each exponential order that we include, the difference to the
physical result is of the order of the next exponential correction, except for the O(e−4/g) term,
whose coefficients in the asymptotic expansion are purely imaginary, and thus only give real
contributions after resummation at higher exponential orders.

At the given value b = 10, the estimated relative error for the moments using the numerical
TBA result12 was of the order of 10−352. According to numerical studies in [21], the error of
the trans-series resummation is dominated by the lateral Borel integration of the perturbative
part, and we estimated it (simply comparing resummations from 336 and 334 coefficients) to be
of the order of 10−101.

11The reason behind that the magnitude of the consecutive exponential corrections in Table 2 are not really
on the order of the powers of this numerical value of e−4/g is the fact that each exponential correction in the
trans-series typically starts with a high inverse power of g, and thus the values of these asymptotic series (even
after resummation) is quite large at this small g coupling.

12The Chebyshev basis of method [31] was truncated at the 1400th polynomial.
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N ϵTBA − Re
∑N

n=0 S
+(ϵ(n))e−4n/g Re S+(ϵ(N+1))e−4(N+1)/g

0 4.9330136472726689303 × 10−39 2 × 4.9330136472726689247 × 10−39 ✓
1 −4.9330136472726689192 × 10−39 − 4.9330136472726689082 × 10−39 ✓
2 −1.1059559294734578167 × 10−56 − 1.1059559294734578146 × 10−56 ✓
3 −2.0936359946260824762 × 10−74 − 2.0936359946260824735 × 10−74 ✓
4 −2.7563259310022551778 × 10−92 − 2.7563259317706920524 × 10−92 ✓

5 7.6843687467000023576 × 10−102 1.8924933533674898747 × 10−110 �

Table 2: Left column: the difference between the resummed trans-series of ϵ(g) truncated at the
N th exponential correction and the high-precision numerics ϵTBA(g). Right column: the next
(missing) exponential correction is shown for comparison. They typically match up to several
orders of magnitude (differing digits are indicated by underlining), except for the N = 0 and
N = 5 rows for different reasons (see the main text).

In Table 2, we show the difference between the physical ϵ value

ϵ(g)
∣∣
b=10

= 0.797357956253398613309700107744484864818045423819490759758659362497

709063650575812428669484098728005702 . . . (111)

and the resummed trans-series truncated at different exponential orders. These results are then
compared to the next exponential correction in the trans-series. The conclusion we can draw
from it is that the next exponential order accounts for the missing part in the trans-series, at
least up to the order of the following exponential correction.13 With this we could show that
at least up to O(e−20/g) our trans-series for ϕ1 must be correct. After subtracting also the
5th exponential correction, we bump into the error level of the Borel–Padé technique for the
perturbative part at the known number of perturbative coefficients, as discussed above. This is
clear from the last line of Table 2, as the magnitude of the 6th exponential correction is much
smaller.

For the higher moments ϕℓ we define similar normalizations ϵℓ as we did for ϕ1 (such that
their small g expansion would start with 1):

ϕℓ ≡
2π(−1)ℓ

(πg)2(ℓ+1)

(
1/2
ℓ+ 1

)
ϵℓ. (112)

We performed the numerical analysis for the other moments as in the case of ϵ(g) ≡ ϵ1(g).
However, for simplicity we only present the subtraction of the first N = 4 exponential terms of
the trans-series for these quantities in Table 3. The values show agreement at least up to the
order 10−96.

13This picture gets further complicated by the fact that the coefficients of the e−4/g term in the trans-series are
purely imaginary, and thus its resummation contributes to the real part only at O(e−8/g). This contribution is
twice the magnitude of the difference of the TBA and the resummation of the perturbative part (as indicated by
the factor 2× in the N = 0 row of Table 2). Thus including it in the sum over non-perturbative terms flips the
sign of the difference, and then only the second, O(e−8/g) term of the tran-series (whose coefficients have already
real parts) can drop this contribution out, reducing the difference to O(e−12/g).

24



ℓ ϵTBA
ℓ − Re

∑4
n=0 S

+(ϵ
(n)
ℓ )e−4n/g Re S+(ϵ

(5)
ℓ )e−20/g

1 −2.7563259310 × 10−92 −2.7563259318 × 10−92

2 −6.6937878880 × 10−92 −6.6937878888 × 10−92

3 −1.0355662003 × 10−91 −1.0355661998 × 10−91

4 −1.2942070432 × 10−91 −1.2942070554 × 10−91

5 −1.4169835167 × 10−91 −1.4169863583 × 10−91

Table 3: Difference between the TBA numerics and the resummation of the trans-series up to
the N = 4 exponential order, for the higher (normalized) moments ϵℓ. The values are presented
along the N = 5 exponential order, in the manner of Table 2.

8 Conclusions

In this paper we presented a solution for the moments of the Lieb–Liniger model including
perturbative and non-perturbative corrections, i.e. a trans-series solution. The perturbative
parts of the moments [11, 12] can be extracted through a method devised by Volin in [13, 14].
Since the integral equation describing the rapidity density has support on the interval [−B,B],
the moments are expressed as a perturbative expansion in 1/B and also contain log(B) terms.
It proved advantageous [17] to introduce a running coupling v, which leads to a cancellation of
the logB terms.

The conserved charges of the Lieb–Liniger model are given by its moments. A second order
differential equation [7] relates the moments ϕℓ and ϕℓ−1, allowing to recursively generate the
higher moments up to integration constants. In fact, there are two integration constants for
each moment; one of these can be fixed through a constraint [7]. The remaining constant is
the coefficient at order 1/v2 in the perturbative expansion and can be obtained by using Volin’s
method [13, 14]. With the constants fixed, we can compute ϕℓ up to arbitrary perturbative
order.

Further, we used the methods developed in [18, 21, 22] for relativistic models to express the
observables Oα,β as a trans-series using a perturbatively defined basis Aα,β. The perturbative
basis Aα,β in turn satisfies a system of differential equations, that allow to construct all basis
elements from one explicitly given element. This element, for instance A0,0, can be determined
using the algorithm of Volin. To write the trans-series solution for the moments, we need
to introduce the generalized moments. This generalization completes the perturbative basis
necessary to construct non-perturbative corrections to the moments. Moreover, we checked that
the trans-series solution is indeed a solution of the set of ODEs for the observables (31)–(34) as
well as (35) for the moments. Let us emphasize again, that this allows us to calculate any moment
as a trans-series to arbitrary order in the coupling v including its non-perturbative corrections
in e−1/v. As an application of the trans-series solution we discussed the disk capacitor problem,
which can be related to the Lieb–Liniger integral equation.

The results we presented were mainly expressed in terms of the coupling v, as it allows
to write equations in a more compact manner. However, the Lieb–Liniger model comes with
a naturally defined physical coupling g2 given in (3), that is proportional to the first moment.
Expressing v in terms of g allowed us to reexpress any moment in terms of the physical coupling.

Finally, we turned to numerical investigations. By analyzing the asymptotic behavior of the

generalized moment ϕ
(0)
1 , we could measure its alien derivative numerically, providing a consis-

tency check of (75). Furthermore, we checked that the trans-series indeed matches the solution
obtained from the thermodynamic Bethe ansatz with high precision, both in the couplings v
and g, respectively. Remarkably, including five non-perturbative orders, we found agreement at
least up to the order 10−96.
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In the recent work [8] the authors analyzed the rapidity distribution in the Lieb–Liniger
model and derived exact relations for its derivatives at the Fermi level, which they evaluated at
weak and strong couplings. Their weak coupling expansion in g was an asymptotic series, which
did not include exponentially suppressed corrections. Thus plugging our trans-series expressions
into their formulas can provide the full non-perturbative results for the sound velocity, the
Luttinger parameter or other interesting observables.

We would like to compare our results also to the interesting conjectures in [32, 33]. Based on
partial resummations of patterns in the large γ expansions of the energy density, the authors of
these papers proposed a heuristic structure for the small γ regime that is analytically different
from the asymptotic expansions studied by us. The relation of these two types of representations
was already pursued in [33] for the Gaudin–Yang model. Figuring out whether this connection
can be extended to the trans-series level might improve on the understanding, how the weak
and strong coupling regimes can be related analytically.

In relativistic models, the source of the analogous non-perturbative corrections is thought
to have physical origin, either in terms of instantons [16, 19] or renormalons [34, 15]. The
first has a semiclassical interpretation related to saddle points of the path integral, and there
are attempts to relate renormalons to them as well [35, 36]. The trans-series of correlation
functions was also connected to vacuum condensates [37]. It is natural to ask whether the
non-perturbative corrections we have calculated can be attributed to semiclassical effects, or
whether they originate from a different physical mechanism. In the closely related Gaudin–Yang
model, the perturbative series is not Borel summable, and the corresponding non-perturbative
corrections scale with even powers of the superconducting gap [11]. Although the perturbative
series in the Lieb–Liniger model is likewise not Borel summable, the situation differs in several
respects: instead of attractive fermions, the system describes repulsive bosons. Consequently,
the excitation spectrum above the finite-density ground state is continuous and lacks a gap.
In a recent work [38], the trans-series expansion for the free energy in a relativistic model was
analysed, revealing two new non-perturbative scales responsible for the corrections. This raises
the intriguing possibility that a similar mechanism may also be relevant here. As discussed in
[39], the Lieb–Liniger model does not admit instanton solutions, and its Borel non-summability
arises instead from renormalon effects. Based on the investigation of its relativistic counterpart,
the O(N) symmetric ϕ4 theory, the authors argued that renormalons in two dimensional theories
are related to the absence of Goldstone bosons (Coleman–Mermin–Wagner theorem). Performing
perturbation theory around the wrong vacuum, IR divergences appear, which can be regulated
and eventually cancelled for physical observables such as for the ground-state energy, [40], but
whose imprint as renormalons is preserved. This was demonstrated at large N by identifying a
set of diagrams, which are IR finite, but contribute to the factorial growth of the perturbative
expansion, see also [41]. In the Lieb–Liniger model the IR finiteness was also checked up to
two loops and the Bethe ansatz result was recovered. However, it is not possible to perform a
large N calculation in the Lieb–Liniger model, and it would be challenging to identify diagrams,
which could provide factorially growing perturbative coefficients. There are non-perturbative
objects that arise as coherent structures in Bose–Einstein condensates, the so-called dark/bright
solitons [42]. They were studied extensively in the Lieb–Liniger case [43, 44], as the classical
solutions of the Gross–Pitaevskii/nonlinear Schrödinger equation that appears in the second
quantized formalism of the bosons. It would be interesting to examine whether these solutions
can have any relevance in the non-perturbative effects we obtained from the TBA description
in this work.
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A More on the checks of the trans-series solution

In this appendix we will introduce some useful notation and fill in some details we omitted in
Section 4.2. Moreover, we will explicitly show that the trans-series ansatz solves the differential
equations (33)–(35). The remaining equations (31) and (32) are not independent.

A.1 Notation and identities

Non-perturbative quantities. To simplify the proofs, it is convenient to define the non-
perturbative objects

Ĉα,β = e(α+β)bÂα,β, Ĉα = eαbâα . (113)

The densities and boundary values can be expressed as

Oα,β =
1

4π

[
G+(iα)G+(iβ)Ĉα,β +G−(iα)G+(iβ)Ĉ−α,β

+G+(iα)G−(iβ)Ĉα,−β +G−(iα)G−(iβ)Ĉ−α,−β

]
,

(114)

χα =
1

2
G+(iα)Ĉα +

1

2
G−(iα)Ĉ−α. (115)

Further, we introduce the shorthand notation

λ̄κ = Sκ e
−2κb ; λα = σ(iα+ 0) e−2αb (116)

with which we can rewrite (55) as

(A)−κr,−κs =
∞∑

N=−1

∞∑
j1,j2,...,jN=1

λ̄κrA−κr,−κj1
λ̄κj1

A−κj1
,−κj2

. . . λ̄κjN
A−κjN

,−κs λ̄κs . (117)

Here the N = −1 term of (A)−κr,−κs is formally to be understood as λ̄κδ−κr,−κs . Explicitly,
(A)−κr,−κs reads

(A)−κr,−κs = λ̄κrδ−κr,−κs

+

∞∑
N=0

∞∑
j1,j2,...,jN=1

λ̄κA−κr,−κj1
λ̄κj1

A−κj1
,−κj2

. . . λ̄κjN
A−κjN

,−κs λ̄κs . (118)

The trans-series for Âα,β and âα can then be written as in (55) and (58), respectively.

Perturbative C’s. Equivalently, we define Cα,β and Cα as the perturbative parts of the above

objects Ĉ, respectively as

Cα,β = e(α+β)bAα,β , Cα = eαbaα . (119)

We will work under the assumption that Cα,β and Cα satisfy the integral equations

Ċα,β = CαCβ , (120)

C̈α − α2Cα = f Cα . (121)
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which is a direct consequence of (52).

Together with (55) these perturbative objects C allow for a more compact notation as we
can write

e(α+β)b
∑
r,s

Aα,−κr(A)−κr,−κsAκs,β =

∑
r,s

Cα,−κr

 ∞∑
N=−1

∞∑
j1,...,jN=1

SκrC−κr,−κj1
Sκj1

C−κj1
,−κj2

. . . C−κjN
,−κsSκs


︸ ︷︷ ︸

(C)−κr,−κs

C−κs,β .

(122)
which in turn is consistent with the definition given in (113) for Ĉ.

Further, note that Ĉα,β can be written as

Ĉα,β = Cα,β +
∑
r,s

Cα,−κr(C)−κr,−κsC−κs,β

= Cα,β +
∑
s

Ĉα,−κsSκsC−κs,β ,
(123)

while for Ĉα = eαbâα we have

Ĉα = Cα +
∑
r,s

Cα,−κr(C)−κr,−κsC−κs

= Cα +
∑
s

Ĉα,−κsSκsC−κs .
(124)

Finally, by definition Ĉ0,0 = Â0,0 and Ĉ0 = â0.

Useful identities. For ˙(C)−κ,−κ′ we obtain

˙(C)−κ,−κ′ =
∞∑

N=0

∞∑
j1,...,jN=1

d

db
SκC−κ,−κj1

Sκj1
C−κj1

,−κj2
. . . C−κjN

,−κ′Sκ′

=
∞∑

N=0

N∑
k=0

∞∑
j1,...,jN=1

SκC−κ,−κj1
. . . Ċ−κjk

,−κjk+1
. . . C−κjN

,−κ′Sκ′

=
∞∑

N=0

N∑
k=0

 ∞∑
j1,...,jk=1

SκC−κ,−κj1
. . . C−κjk

 ∞∑
jk+1,...,jN=1

C−κjk+1
. . . C−κjN

,−κ′Sκ′


=

 ∞∑
ĵ=1

(C)−κ,−κĵ
C−κĵ

 ∞∑
ĵ=1

C−κĵ
(C)−κĵ ,−κ′

 = Ĉ−κĈ−κ′

(125)
Since the building blocks Aα,β are symmetric in their indices, this is also true for Cα,β and hence
the matrix C. Therefore,

∞∑
ĵ=1

C−κĵ
(C)−κĵ ,−κ′ =

∞∑
ĵ=1

(C)−κ′,−κĵ
C−κĵ

. (126)
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Further, we observe that

d

db
Ĉn,−κs Sκs =

d

db

∑
r

(Cn,−κr(C)−κr,−κs)

=
∑
r

C−nC−κr(C)−κr,−κs +
∑
r,t,u

(Cn,−κr(C)−κr,−κtC−κt)(C−κu(C)−κu,−κs)

= Ĉn Ĉ−κs Sκs .

(127)

A.2 The first equation

We start from the equation given in (32). Again we can plug in the trans-series solution (54)
and since this equation holds for every coefficient σ+α it is sufficient to consider

(α2 − β2)Ĉα,β =
˙̂
CαĈβ − ˙̂

CβĈα . (128)

Again, we work under the assumption, that the perturbative part of this equation holds, which
is given by

(α2 − β2)Cα,β = ĊαCβ − ĊβCα . (129)

We will now show that (128) holds by using (129) repeatedly. Let us begin by plugging (123)
into (128) to rewrite it in terms of the perturbative C’s as14

(α2 − β2)
[
Cα,β + Ĉα,−κsC−κs,β

]
=
(
Ċα + ĈαĈ−κrC−κr + Ĉα,−κr Ċ−κr

)
Ĉβ −

(
Ċβ + ĈβĈ−κrC−κr + Ĉβ,−κr Ċ−κr

)
Ĉα

=
(
Ċα + Ĉα,−κr Ċ−κr

)
Ĉβ −

(
Ċβ + Ĉβ,−κr Ċ−κr

)
Ĉα .

(130)

We can now use the perturbative part of the second equation (129) to drop Cα,β and obtain

(α2 − β2)Ĉα,−κsC−κs,β =
(
ĊαĈβ,−κtC−κt + Ĉα,−κr Ċ−κr(Cβ + Ĉβ,−κtC−κt)

)
−
(
ĊβĈα,−κtC−κt + Ĉβ,−κr Ċ−κr(Cα + Ĉα,−κtC−κt)

)
. (131)

Using (129) again, we subtract (κ2s − β2)C−κs,β = Ċ−κsCβ − ĊβC−κs to get

(α2 − κ2s)Ĉα,−κsC−κs,β =
(
ĊαĈβ,−κtC−κt + Ĉα,−κr Ċ−κr( Ĉβ,−κtC−κt)

)
−
(

Ĉβ,−κr Ċ−κr(Cα + Ĉα,−κtC−κt)
)
. (132)

Similarly, we can rewrite Ĉα,−κs = Cα,−κt(C)−κt,−κs and subtract the identity (129) for (α2 −
κ2t )Cα,−κt , resulting in

(κ2t − κ2s)Cα,−κt(C)−κt,−κsC−κs,β = Ĉα,−κtĈβ,−κr

[
Ċ−κtC−κr − Ċ−κrC−κt

]
. (133)

Finally, using (129) once more with Ċ−κtC−κr − Ċ−κrC−κt = (κ2r − κ2t )Cκr,κt leads to

(κ2t − κ2s)Cα,−κt(C)−κt,−κsC−κs,β = (κ2t − κ2s)Ĉα,−κtCκt,κsĈβ,−κs , (134)

which is true and can be seen directly by plugging in the definitions of Ĉα,−κℓ
and C−κt,−κs and

using (126).

14For sake of readability, we leave the sums here implicit and also drop factors of S−κℓ . Whenever there are
two C’s with the same index −κℓ a summation

∑∞
ℓ=1 S−κℓ including the factor S−κℓ should be inserted.
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A.3 The second equation

Here we consider the differential equation (34). The trans-series from (57) can be written in
terms of Ĉ as

χα =
1

2
G+(iα)Ĉα +

1

2
G−(iα)Ĉ−α . (135)

Further, we rewrite the function F as

F = f + f̂ , (136)

where f is the perturbative part and f̂ is the non-perturbative part.
We now turn to the third differential equation (34), which can be written in terms of the

Ĉ’s as
(

¨̂
Cα + σ+α

¨̂
C−α) − α2(Ĉα + σ+α Ĉ−α) = (f + f̂)(Ĉα + σ+α Ĉ−α) . (137)

The expression above once again must hold for each combination of prefactors σ+α and hence it
will be sufficient to consider the equation

C̈α +
d2

db2
(Cα,−κr(C)−κr,−κsC−κs) − α2(Cα + Cα,−κr(C)−κr,−κsC−κs)

= (f + f̂)[Cα + Cα,−κr(C)−κr,−κsC−κs ] , (138)

in the following. We can eliminate f from the right hand side by using (121), leaving us with[
d2

db2
(Cα,−κr(C)−κr,−κs)

]
C−κs + 2

[
d

db
(Cα,−κr(C)−κr,−κs)

]
Ċ−κs

+ (κ2s − α2)Cα,−κr(C)−κr,−κsC−κs = f̂ [Cα + Cα,−κr(C)−κr,−κsC−κs ] . (139)

Performing the differentiation and using the identity from (127) leads to[
˙̂
CαĈ−κs + Ĉα

˙̂
C−κs

]
SκsC−κs + 2ĈαĈ−κsSκsĊ−κs + (κ2s − α2)Ĉα,−κsSκsC−κs

= f̂ [Cα + Cα,−κs(C)−κs,−κsC−κs ] . (140)

Finally, we use (128) to rewrite (κ2s − α2)Ĉα,−κs = Ĉ−κs

˙̂
Cα − Ĉα

˙̂
C−κs . The final result reads[

2Sκs

(
˙̂
C−κsCκs + Ĉ−κsĊκs

)]
Ĉα = f̂ Ĉα , (141)

from which we can read off the solutions for f̂ as

f̂ =
∑
s=1

2Sκs

(
˙̂
C−κrC−κs + Ĉ−κsĊ−κs

)
=
∑
s=1

2Sκs

d

dB
Ĉ−κsC−κs .

(142)

Hence, the non-perturbative part f̂ of F can be expressed in terms of the same building blocks
as the observables.

A.4 The moments

Recall the differential equation relating moments ϕℓ to ϕℓ−1 from (35), which we can also write
as

ϕ̈ℓ − 2
˙̂
C0

Ĉ0

ϕ̇ℓ = 2ℓ(2ℓ− 1)π−2ϕℓ−1 . (143)
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The proposed trans-series for the moments (63) takes then the form

ϕℓ = ϕ
(0)
ℓ +

4

π2ℓ+1

∞∑
s=1

Ĉ0,−κsC−κs;ℓ , (144)

where we introduced Cα;ℓ = eαBAα;ℓ. At the perturbative order, (143) takes the form

ϕ̈
(0)
ℓ − 2

Ċ0

C0
ϕ̇
(0)
ℓ = 2ℓ(2ℓ− 1)π−2ϕ

(0)
ℓ−1 . (145)

A similar equation can be obtained for the generalised moments from (64) and reads

ϕ̈α;ℓ − 2
χ̇α

χα
ϕ̇α;ℓ + α2ϕα;ℓ = 2ℓ(2ℓ− 1)π−2ϕα;ℓ−1 . (146)

Considering only the perturbative part of the equation above we can find the relation for the
Cα,ℓ given as

C̈α;ℓ − 2
Ċα

Cα
Ċα;ℓ + α2Cα;ℓ = 2ℓ(2ℓ− 1)Cα;ℓ−1 . (147)

Finally, we have (36) relating the generalised moments. Restricting to its perturbative part we
have

Ċα;ℓ =
Cα

C0
Ȧ0;ℓ . (148)

We will now show that the trans-series ansatz for the moments solves the corresponding
differential equation by substituting (144) into (143). From this, we obtain

(C0 + Ĉ0,−κsC−κs)∂
2
B(A0;ℓ + Ĉ0,−κrC−κr;ℓ)

− 2[∂B(C0 + Ĉ0,−κsC−κs)][∂B(A0;ℓ + Ĉ0,−κrC−κr;ℓ)]

= 2ℓ(2ℓ− 1)(C0 + Ĉ0,−κsC−κs)(A0;ℓ−1 + Ĉ0,−κrC−κr;ℓ−1) (149)

We can remove the purely perturbative part of the expression above using (145). This yields

Ĉ0,−κsC−κsÄ0;ℓ + Ĉ0∂
2
BĈ0,−κsC−κs;ℓ − 2

˙̂
C0∂BĈ0,−κsC−κs;ℓ − 2(∂BĈ0,−κsC−κs)Ȧ0;ℓ

= 2ℓ(2ℓ− 1)Ĉ0Ĉ0,−κsC−κs;ℓ−1 + 2ℓ(2ℓ− 1)Ĉ0,−κsC−κsA0;ℓ−1 . (150)

Next, we use (145) again with Ĉ0,−κsC−κsÄ0;ℓ = Ĉ0,−κsC−κs [2ℓ(2ℓ − 1)A0;ℓ−1 + 2 Ċ0
C0
Ȧ0;ℓ]. This

allows us to write

2Ĉ0,−κsC−κs

Ċ0

C0
Ȧ0;ℓ + Ĉ0∂

2
BĈ0,−κsC−κs;ℓ − 2

˙̂
C0∂BĈ0,−κsC−κs;ℓ − 2(∂BĈ0,−κsC−κs)Ȧ0;ℓ

= 2ℓ(2ℓ− 1)Ĉ0Ĉ0,−κsC−κs;ℓ−1 . (151)

We can now execute the differentiations with respect to B using the identities from Section A.1.
The result reads

Ĉ0

(
˙̂
C0Ĉ−κsC−κs;ℓ + Ĉ0

˙̂
C−κsC−κs;ℓ + 2Ĉ0Ĉ−κsĊ−κs;ℓ + Ĉ0,−κsC̈−κs;ℓ

)
− 2

˙̂
C0

(
Ĉ0Ĉ−κsC−κs;ℓ + Ĉ0,−κsĊ−κs;ℓ

)
− 2(∂BĈ0,−κsC−κs)Ȧ0;ℓ + 2Ĉ0,−κsC−κs

Ċ0

C0
Ȧ0;ℓ

= 2ℓ(2ℓ− 1)Ĉ0Ĉ0,−κsC−κs;ℓ−1 . (152)
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Applying (147) for C̈−κs;ℓ, we obtain

0 = (Ĉ0)
2
[

˙̂
C−κsC−κs;ℓ + 2Ĉ−κsĊ−κs;ℓ

]
+ Ĉ0Ĉ0,−κs

[
2
Ċ−κs

C−κs

Ċ−κs;ℓ − κ2sC−κs;ℓ

]

− ˙̂
C0Ĉ0Ĉ−κsC−κs;ℓ − 2

˙̂
C0Ĉ0,−κsĊ−κs;ℓ − 2(∂BĈ0,−κsC−κs)Ȧ0;ℓ + 2Ĉ0,−κsC−κs

Ċ0

C0
Ȧ0;ℓ . (153)

Let us now consider the coefficient of C−κs;ℓ, which is given by

C−κs;ℓĈ0

[
Ĉ0

˙̂
C−κs −

˙̂
C0Ĉ−κs − κ2sĈ0,−κs

]
= C−κs;ℓĈ0

[
κ2sĈ−κs,0 − κ2sĈ0,−κs

]
= 0 , (154)

where we used (128) to see that C−κs;ℓ drops from (153). Further, using (36) we can substitute
Ȧ0;ℓ = C0

C−κs
Ċ−κs;ℓ. Hence, (153) simplifies to

0 = 2Ċ−κs;ℓ

[
(Ĉ0)

2Ĉ−κs + Ĉ0Ĉ0,−κs

Ċ−κs

C−κs

− ˙̂
C0Ĉ0,−κs

− (Ĉ0Ĉ−κsC−κs + Ĉ0,−κsĊ−κs)
C0

C−κs

+ Ĉ0,−κsC−κs

Ċ0

C0

C0

C−κs

]

= 2C−κs;ℓ

[(
Ĉ0 − C0

)(
Ĉ0Ĉ−κs + Ĉ0,−κs

Ċ−κs

C−κs

)
−
(

˙̂
C0 − Ċ0

)
Ĉ0,−κs

]

= 2C−κs;ℓ

[(
Ĉ0,−κrC−κr

)(
Ĉ0Ĉ−κs + Ĉ0,−κs

Ċ−κs

C−κs

)

−
(
Ĉ0Ĉ−κrC−κr + Ĉ0,−κr Ċ−κr

)
Ĉ0,−κs

]
,

(155)

where we used Ĉ0 − C0 = Ĉ0,−κrC−κr and
˙̂
C0,−κr = Ĉ0Ĉ−κr . Reordering the terms and ex-

changing r ↔ s in the latter part of the expression results in

0 = 2

[
Ĉ0(C−κs;ℓC−κr − C−κr;ℓC−κs)Ĉ0,−κr Ĉ−κs

+ Ĉ0,−κr Ĉ0,−κs

(
C−κs;ℓ

C−κr

C−κs

− C−κr;ℓ

)
˙̂
C−κs

]
. (156)

Using a generalisation of (148) we can see, that the terms in brackets indeed vanish, since

C−κs;ℓ
C−κr

C−κs

= C−κr;ℓ . (157)

Therefore we conclude that the trans-series ansatz (144) is indeed a solution to the differential
equation for the moments (143).
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