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Abstract

We present a general method for calculating Rényi entropies in the ground state of a
one-dimensional critical system with mixed open boundaries, for an interval starting at one
of its ends. Technically, we consider the case when the boundary operator implementing
the change of boundary conditions is degenerate under the Virasoro algebra. By exploiting
the null-vectors conditions, we derive the ordinary differential equations that govern the
scaling functions associated to the entropies. In particular, we provide an explicit formula
for the second Rényi entropy. Additionally, we identify and compute the leading finite-
size corrections to compare our theoretical results with numerical data for the Ising and
three-state Potts critical chains.
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1 Introduction

The understanding of quantum entanglement has proved to be a research topic of continued and
central interest for physicists working in domains as diverse as high energy physics, condensed
matter theory and quantum information. Entanglement measures have turned out to be useful
diagnostic tools for tensor network algorithms, quantities of interest for the AdS/CFT corre-
spondence, and, most relevantly for the present work, a powerful tool for probing the physics
of quantum many-body systems. With respect to the latter, the study of entanglement has
proved crucial to the study of phase transitions in one-dimensional quantum systems, by al-
lowing their detection and the characterization of their critical exponents and corresponding
central charge |1H4]. Important applications of entanglement are found in higher dimensions
as well. We mention, for two-dimensional systems, the establishment of intrinsic topological
order and various anyonic quantum dimensions [5,/6] and the detection and counting of critical
Dirac fermions [7H10|. Finally, entanglement can also be used in two [11-15] or higher dimen-
sions [16,/17] to reveal gapless interface modes. While the focus on entanglement entropies has
been mostly theoretical, in recent years, experimental proposals as well as actual experiments
have been designed to measure them [18-23].

The basic setup is as follows: one considers a quantum system in a pure state |¥), and a spa-
tial bipartition of said system into two complementary subregions A and B. The entanglement
between them is then encoded in the reduced density matrix ps = Trp|V)(¥| and it can be
quantified through entanglement measures, such as the Rényi entanglement entropies [24-28|

Sn(4) log Tra (pX) (1.1)

“1-N

and in particular the N — 1 limit, corresponding to the well-known von Neumann entropy:
S(A) = —Tra(palogpa) . (1.2)

For strongly correlated quantum systems, the theoretical computation of entanglement entropies
is a technically challenging endeavor. However, if these systems are one-dimensional and critical,
the formidable toolbox of two-dimensional Conformal Field Theory (CFT) is available to tackle
such computations. Arguably the most renowned result obtained in this framework is the
universal asymptotic growth for the ground state entanglement entropy of an interval A of
length ¢ in an infinite system: [1}2,29-32]

Sn(l) ~ = ——— log/¥ (l — o0), (1.3)

where c is the central charge of the one-dimensional critical system under consideration. The
calculation of entanglement entropies through such methods rests on two crucial insights. The
first one is that, for integer values of N, and a subsystem A = U;[u;, v;] built as the union of
some disjoint intervals, the moments of the reduced density matrix Tr 4 (p]X ) can be expressed as
the partition function of an N-sheeted Riemann surface with conical singularities corresponding
to the endpoints of the intervals [u;, v;] [2429]. Such partition functions can be evaluated, with
significant toil, for free theories and some special cases of interacting models [4,33H42]. In
general, however, a second insight is needed to make progress: the replication of the spacetime
of the theory can be “exchanged” for the replication of the target space of the CFT [43-45].
Such a construction, known in the literature as the cyclic orbifold CFT |45|, is built from
the permutation symmetric product of N copies of the original CFT (referred to as the mother
CFT), by modding out the discrete subgroup Zy of cyclic permutations. In this framework, the
conical singularities of the mother CFT defined on the replicated surface are accounted for by



insertions of twist operators [43] in cyclic orbifold correlators. Thus, by computing correlators
of twist operators, one can evaluate Trx (p% ) for a variety of setups. Furthermore, one can
easily adapt this twist operator formalism to encode modified boundary conditions around the
branch points [46], which is fitting for computations of more refined entanglement measures such
as the symmetry-resolved entanglement entropy [47-52] or for explorations of entanglement in
non-unitary systems [46,53].

In this article, we consider the Rényi entanglement entropy in a one-dimensional critical
system, with open boundary condition (BC) a at one end of the chain and /S at the other
end, when the subregion A is a single interval adjacent to one boundary (see Figure . In
the scaling limit, such a critical system is described by a Boundary Conformal Field Theory
(BCFT), with a well-understood [54-57] correspondence between the Virasoro representations
and the conformal boundary conditions, and an algebra of boundary operators that interpolate
between them, namely the boundary condition changing operators (BCCOs) Pled),

«a B

Figure 1: An interval of length ¢ in a 1d critical chain with mixed BC (af) and length L.

The case of identical BCs, namely a = 3, has been thoroughly analysed using either confor-
mal field theory methods [2,32,58-61] or exact free fermion techniques [62H64]. These analyti-
cal studies have been complemented with numerical implementations based on density-matrix
renormalization group (DMRG) techniques [65-H68] and other methods [69]. In that setup, the
determination of the Rényi entanglement entropy reduces to computing a one-point twist func-
tion on the upper half-plane or on the disk, and yields the following universal behaviour, as the
lattice spacing a — 0 (keeping ¢ and L finite) [2]:

(aa),,y ¢ N+1 2L . («l
Sy () TR log —sin( +logga + Cn, (1.4)

where g, is the universal boundary entropy [70] associated to the boundary condition «, and
C is a non-universal constant that does not depend on a.

In the case of mixed boundary conditions « # [, conformal invariance yields the general
form of the Rényi entropy

(aB) N£N+1 % . ﬂj
Sy () 5N log —sin{ = +

1
log F&™ (¢/L) + C, (1.5)
1-N
where F ](\‘,X ) is a universal scaling function, which interpolates smoothly between the values
gL~ and géfN . The aim of the present work is to find an exact determination of this scaling

function for £ € [0, L]. We focus on the situation when the BCCO (%) is degenerate at level two
under the Virasoro algebra, i.e. when ¢(®?) = )5 in the usual Kac notation. Through Cardy’s
doubling trick, the problem then amounts to computing a (chiral) four-point function of the
form (¥150f0Ws) in a cyclic orbifold CFT, where o is the twist operator, and Wiy = (1)19)®V
is the replicated degenerate operator. We perform this calculation in various examples, by
deriving a linear Ordinary Differential Equation (ODE) for this four-point function, through



the use of null-vector conditions under the orbifold Virasoro algebra. We also compute the
leading finite-size corrections to by applying a similar approach to the correlators of the
form (‘11120;0 ¢\1112), where oy is a composite twist operator, associated to a primary operator ¢
in the mother CFT. Typically, ¢ is an “energy-like” operator, i.e. a relevant primary operator
in the invariant sector under the discrete symmetries of the model.

The article is organised as follows. In Section [2| we recall the general setup leading to the
generic form , and we provide a summary of our analytical and numerical results for a
generic BCFT, and for the Ising and three-state Potts critical chains. In Section [3| we quickly
review the cyclic orbifold construction, emphasising its implementation on the upper-half plane,
including the calculation of some OPE structure constants, which are useful for our particular
purpose. In Section [4] we expose the derivation of ODEs for the scaling functions F ](\?‘ A in
various cases. The more technical details are included in the Appendix.

2 Summary of results

2.1 Scaling functions for Rényi entropies

We consider a quantum system at criticality on an open chain of size L, with lattice spacing
a. The left and right ends of the system have distinct boundary conditions, denoted as a and
B, respectively. As the system size becomes sufficiently large, the universal properties of the
bulk are described by a two-dimensional CFT, whereas the behaviour of the boundaries can be
effectively characterised using conformal boundary conditions. Notably, we are excluding any
consideration of subleading corrections resulting from irrelevant boundary perturbations [71-73].
We also assume that the CFT describing the scaling limit of the chain is unitary.

Our goal is to evaluate the entanglement entropy between the interval A = [0,¢] and its
complement B = [(, L], in the ground state, as depicted in Figure [Il The N*" Rényi entropy

S](\?ﬂ ) (¢) is obtained from the lattice partition function on an N-sheeted covering [2|, which, in
the continuum limit, corresponds to a partition function with conical singularities. Alternatively,
one may employ the twist field formalism, as outlined in [74]. In this framework, the N*" Rényi
entropy is determined by the one-point function of the lattice twist operator:

1

S](\?B) (0) = 1-N log(Tlattice) - (2.1)

In the scaling limit the lattice twist operator admits an expansion in terms of increasingly
irrelevant local fields in the corresponding CFT, as discussed around Eq. (2.10). The leading
contribution is governed by the one-point function <0’(£,Z)>(SQLB ) of the twist operator o [74] on

the infinite strip Sz (with imaginary time running along the imaginary axis)

S ={weC, 0 <Re(w) <L}, (2.2)

with conformal BC « (resp. () on the left (resp. right) boundary. The dimension of the twist
operator o is given by [44}45]

c 1
s 1), o)
where c is the central charge. Upon mapping to the upper half plane H via the map
Sp —H
g . (2.4)
w — z(w) = exp(irw/L),



one gets

2hs

(o(w, @) 5P = |27 (o2, 2)) 87 (2.5)

L
On the right-hand side, the upper half-plane H has boundary conditions « for x > 0 and § for
x < 0, as in Fig. [2l The corresponding Rényi entropy reads

@By _ ¢ NA+1 2L ([t 1 (aB) ( int/L —int/L
SN (6)—12 N log —sin| — +1—N10g]:N (e ,€e ), (2.6)

where we reintroduced the lattice spacing a, and the universal function .7-"](\?*8 ) is given by

@) =l A (o2, 2) 5", zel. 27)

For a = 3, the function F J(\?‘ ) reduces to a one-point function on H, or equivalently on the unit
disc D:

FN(=,2) = (o0 = gb 7, (2:8)
[see (3-24)], and one recovers the well-known expression of [2]. In the generic situation
a # B, the function ]:J(\? A is non-trivial. This function tends to a finite constant on each

part of the boundary. Indeed, since the CFT is unitary, the leading behaviour is given by the
bulk-boundary OPE ¢ — 1, which yields

; (aB) > 1-N . (afB) _ 1-N
lim F z2,2) =9, ", lim F 2,Z) = . 2.9
Arg(z)-0" (z2) =g Arg(z)m NV (,2) = g5 (2.9)
o(z, z)
B v(@h)(0) o

Figure 2: Operator insertions for the Zy orbifold BCFT correlators of interest on the upper-half
plane with mixed BC (a for x > 0 and 8 for z < 0 ). There is another BCCO at x = oo, which
is not depicted here.

The leading asymptotic behaviour of the entanglement entropy as the lattice spacing a
approaches zero is captured by , up to an additive constant that is independent of the
boundary condition and arises from the normalisation of the twist operator. When comparing
with a finite-size system, it is necessary to account for various sources of corrections originating
from irrelevant deformations of the Hamiltonian in both the bulk and the boundary [75,76]
or parity effects [77]. Furthermore, it is well established [58}/78] that for open systems, these
finite-size corrections to the entanglement entropy are more pronounced than for a periodic
chain. The most significant corrections arise from the subleading scaling of the lattice twist
operators [46]. Like any other lattice operator, the lattice twist operator ojattice can be expressed,
in the continuum limit, as a local combination of scaling operators

2hs
Tattice ~ Y. Coa™ 7004+ ... (2.10)
¢ primary



where ... denotes the contribution of descendants under the orbifold Virasoro algebra. Here,
a is the lattice spacing, and the constants Cy are non-universal, dimensionful amplitudes. The
sum is over primary operators of the mother theory, and o4 denotes the composite twist operator
[53./79,/46] associated to the primary operator ¢. The conformal dimension of the composite
twist operator is given by

h
hey = ho + —2, (2.11)

N
where hg is the conformal dimension of ¢. Thus, the expectation value of the twist operator
reads, in the scaling limit,

2ho,,
ma a _
<Ulattice(€)>é E Cy <2L ) ]-"](V,i)(z, Z)+ ... (2.12)

¢ primary sin -

where z = exp(iml/L), and the typical scaling function is given by

FND(z2) =1z — 2o los(z, 20", ze M. (2.13)

It obeys the boundary conditions

lim .7:( )( z) = Al gV, lim f](\,¢)( z) = A((fig

-N
2.14
Arg(2)—0 1 Arg(z) s (2.14)

1
ﬁ 9
where Al % and A(ﬁ ) are bulk-boundary OPE coefficients in the mother CFT [see (3.16))].

One can implement the change of boundary conditions by the insertion of the BCCO W(@f) =
(W @BN®N associated to the change of BC a — § on all replicas in the orbifold BCFT:

(00 (00) X 0 (0))

(aB) _
O0r = G (00) @D (0))g

(2.15)

where X denotes any product of bulk operators. An alternative expression for the scaling
functions ) and - can then be obtained through a conformal map from the upper half-
plane H to the unit disk I, namely u — (u — z)/(u — Z). This yields

) (5 (1) (0)T ) (/20
(e = (O )
TR T TEETE

() (1) P (22))

(2.16)

F}\%g)(z, z) =

As is customary with the Zy cyclic orbifold, one possible approach to studying the scaling
function is to work on the N-sheeted branched covering of the base manifold. In this
approach, a three-point function as in the RHS of becomes a disk partition function of the
mother CFT, with the boundary partitioned into 2N connected components, with alternating
boundary conditions « and 3, as described in [58]. This can be generalized to the case of an
excited twist field, yielding the expression

g (IS 9O e (we(z/2)) 6(0))
v (9180 (1)) (2/2) )

D

D (2.17)

where w = exp(2im/N). One of the main limitations of this unfolding method is the dramatic
increase of moduli space. What starts as a simple one-variable problem, involving only the



variable n = z/Z, becomes a more complicated problem with 2N variables. Although, in the
specific case under study, these 2N positions of the operators are not entirely independent,
calculating the 2/N-point correlation functions typically requires treating them as if they were.
As a result, this method is only practical for certain CFTs, where the computation of such
2N-point correlation functions can be carried out explicitly, such as in the Ising model or the
free scalar field [58]. We thus adopt an alternative approach to calculate the scaling function.

Rather than unfolding the correlation function into the cumbersome expression (2.17)), one
can instead operate within the framework of the cyclic orbifold. Cardy’s doubling trick guar-
antees that the correlation function (¥(%%)(c0)os(z,2)¥(@)(0))y is a linear combination of

conformal blocks of the form (50 :
o _
W (o0) g L)
. (2.18)
w(@?)(0) oy(2)

After rescaling and observing that |z — z| = (2 — 2) /i for any z € H, we thus obtain the scaling
function as a linear combination of rescaled conformal blocks:

(8 f
(o) on PN g, /o)
Fa (2:2) = (n=1)"7 " X . n=2z/%. (2.19)
k

w9 (0) (1)

The allowed intermediate states ¥, are in correspondence with untwisted boundary operators
[80], determined by the bulk-boundary OPE o4 — W}, as the operator o4 tends to the boundary
and the boundary OPE plabh) . gBa) _y V.., and the coefficients X} can be related to the
OPE structure constants. Naturally, the complexity is conserved to some extent, and the
main challenge here lies in dealing with orbifold conformal blocks, which are significantly more
intricate than standard Virasoro ones [41,81]. However, it has been shown in [46] that provided
the operators (@5 and/or ¢ are degenerate under the Virasoro algebra in the mother CFT, it
is possible in some cases to derive a linear ODE for these conformal blocks. This is the approach
we follow in this paper, under the assumption that the operator 1(®?) is degenerate at level
two.

2.2 Generic BCFT

We consider a mother CFT with central charge ¢ < 1. We shall use the Kac parameterisation
for the central charge and the conformal dimensions

_,_6-g) _(r—s9?-(1-9)°

c=1—-—— ) hrs -

g 4g

and we denote by ¢,; the primary operator of dimension h,;. As mentioned above, we restrict

our analysis to the particular case when the operator ©(®) has conformal dimension hy = hig =

(3g — 2)/4, in which case we have

,  0<g<1, (2.20)

L2 ) = g L_yplo?) | (2.21)

Under this assumption, we derive a linear ODE for the leading and subleading scaling functions
at N = 2, and for the leading scaling function at N = 3. Using the Frobenius method, the
solutions of these ODEs can always be represented as explicit, exact power series, which in some
cases simplify to well-known special functions, such as hypergeometric functions. The results
presented below are expressed in terms of the parameterisation (see Appendix

L+ vm)?

Flz2) = FC(z/2)], <) = Tayn (2.22)



In polar coordinates, if z = rexp(if), then n = exp(2i0) and ((z/Z) = cos?(6/2). The contribu-
tion to F(z, z) from the conformal block with intermediate state Wy, in the channel Arg(z) — 0
is typically a power-series solution to the ODE, of the form

Fe(¢Q) = (1= )" " an i (1-Q)". (2.23)
n=0

Alternatively, one can work with the basis of solutions { Fi(1—()}, corresponding to the channel
Arg(z) — .

The N = 2 Rényi entropy. For N = 2, we find that, upon the change of variables (2.22)), the
scaling function .7:2(0{5 ) in (2.6)) obeys the hypergeometric ODE (see Appendix. The boundary
conditions (2.9) then determine the function ]-'2(0‘6 ) completely:

Fi'(z,2) = gi' @ <cos2 Z) +95'G (sin2 g) , 0= Arg(z), (2.24)

where the function G is the unique solution of (A.12)) satisfying G(0) = 0 and G(1) = 1. This
function can be expressed in terms of Gauss’s hypergeometric function oF; as

2F1 (9,1 —g529|¢)
2F1(g.1—g;29[1)

where ¢ is related to the central charge through (2.20)), and the exponent in the prefactor reads
hi3 = 2g — 1, which is positive in any unitary CFT|']

G(¢) = ¢ x (2.25)

Any scaling function ]-"Q(Of ) (2.13) contributing to the finite-size corrections of Séa’g ) involves

a composite twist operator o4. For generic ¢, we derive the fourth-order linear ODE for ]-'Z(Of ),
upon the change of variable ([2.22))

(9 — 1)g [16(1 — 29)hq, — 3(3g — 2)(16hs, — 1)C(C — 1] F(C)

+2(g —1)(1—2¢) [(49> — 89+ 3) + 3 (69 — 159 + 10 — 8gh,,) (¢ — 1)] F'(¢) (226

+¢(¢—1) [8(2¢° — g + 3) + (669° — 177g + 120 — 16gh,,)¢(¢ — 1)] F”(Q)
+5(29 = 3)¢3 (¢ = 1)*(1 =20 F"(¢) +2¢*(¢ = 1) FW(¢) = 0.

The local exponents of the ODE at ( — 0 or ( — 1 yield the dimensions of intermediate states
U}, in the conformal blocks (2.19):

1, 1®di3+¢13®1), d13R¢13, P13Q di3. (2.27)

Let us denote by Fi((), Fa(¢), F5(C), F4(¢) the solutions of the ODE corresponding to these
conformal blocks, and normalised so that Fj,(¢) ~ (¢ — 1)"/2 as ¢ — 1. The functions F(¢)
can be described as explicit power series and evaluated numerically to arbitrary precision for
¢ € [0,1], through the Frobenius method. The physical solution then reads, up to an overall
phase factor,

F(20) = MO+ 2 B0+ M B(Q +ME(Q), C=co M52 (aa)

n a non-unitary CFT, the function ]:Z(aﬁ) no longer captures the leading scaling behaviour of the Rényi
entropy, because the most relevant twist operator is a composite twist operator o, (where ¢ is a primary operator
of the mother CFT, with a negative scaling dimension), rather than the bare twist o. However, the solution (|2.24]

) for }'Q(Qﬁ ) remains valid if hiz > 0. If hys < O then the boundary conditions (2.9)) no longer apply, since the
most relevant term of the OPE as z approaches the boundary is o — Wq3.

10



where the constants A, ..., A4 are related to the orbifold OPE structure constants in a simple
manner.

The N = 3 Rényi entropy. For N = 3, the scaling function ]-}Ea'g ) obeys the third-order
ODE upon the change of variable (2.22))

4AB(6A + B +3)(1 — 20)F(C) + 2[9AB — C¢(1 — )] F'(¢)
oA+ B 21— 2001 - OF'(Q + 15301 — PO =0, **)
where
A=g—-1, B=6g—5, C=236A4%+2B%+30AB 184 —3B. (2.30)
The local exponents at { — 0 or { — 1 correspond to the intermediate states
1, 19130 Y13+9Yi301@¢Y13+v13Q0¢Yi13®1), Y13 @113 @ Y13, (2.31)

and féa’g ) is given by a linear combination of the power series solutions F}, Iy, F3.

2.3 The critical Ising model

We consider the critical Ising quantum chain, with free (f) or fixed (+ or —) open BCs. There
are two inequivalent choices with different left and right BCs, namely («,5) = (+,—), and

(@, ) = (+ 1)

The leading behaviour of Rényi entropies for generic IV in the critical Ising model was
previously obtained in [58] through a different approach, and compared to numerical data of
the actual Ising chain obtained using DMRG. It is worth noting that even for relatively large
systems of ~ 107 sites, large deviations were observed between the lattice data and the leading
CFT prediction.

Our method allows to recover the leading CFT contribution to the Rényi entropy (for N = 2
and N = 3), but also to compute the first subleading correction. We observe that the agreement
with the lattice data becomes excellent once this correction is taken into account, even for small
systems of ~ 26 sites accessible to exact diagonalisation.

For N = 2, the scaling functions appearing in the expansion (2.12)) read

f2(+_)(rei9,re*i9) =2 (1 - %sin2 9) , .7-"2(;_)(7'6"9, re*ia) =2 (1 — %sin2 9) ,
39 (2.32)

]:2(+f) (re? re=0) = \/icosg ) fz(,tf)(rewa re”") = V2cos a

The expressions for the leading contribution .7-"2(0[’6 ) agree with the results reported in [58]. As

far as we know, the subleading corrections ]:2(?;5 ) had not been computed previously. We show
in Figure [3| the remarkable agreement between our CFT calculations (which include the leading
and subleading contributions) and the numerical results from the exact diagonalisation of the
Ising Hamiltonian, for the second Rényi entropy of the interval [0,m] in a system of M sites.

To illustrate the large amplitude of finite-size effects, we show in Figure |4 how the CFT
prediction fares against the lattice results with and without the incorporation of the subleading

11
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Figure 3: The second Rényi entropy of the interval [0,m] in the critical Ising chain with two
types of mixed BC, for a chain of size M = 26. In both cases, the interval is adjacent to the
a = + boundary.

term. Even for the curve including both subleading and leading terms in , the agreement
with lattice data becomes worse close to the boundary. This can be traced to the presence of
corrections from descendants of twist operators, which introduce terms of O(M~h<=1) relative
to the bare twist contribution.
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Figure 4: The second Rényi entropy of the interval [0,m] in the critical Ising chain of size
M = 26 with mixed free fixed BC. Inclusion of the subleading term in the expansion (2.12)) is
crucial for obtaining a satisfying agreement between CF'T predictions and lattice results.

We can perform the same kind of analysis for the third Rényi entropies Séaﬂ ),
we obtain the scaling functions

In this case,

Bl e =2 (1= gein®e) AL eren ) = 2(1- Pin’0) (2.33)
]_.?E+f) (rew, re_w) = 2cos 3 }"éJrf)( re—io?) = 2cos 2—39 . .

In Figure [5 we once again compare our CFT calculations (including both the leading and

12



subleading term) with the lattice results for the third Rényi entropy Séaﬁ ), to good agreement

for mixed fixed BC (Fig. and mixed free fixed BC (Fig. fb). As for the N = 2 results,

including the CFT subleading contribution to Séaﬂ ) is necessary to obtain a satisfying match
with the lattice results. Further finite-size corrections in this case decay as O(M~2h</3-1),

As announced in the beginning of the section, our results for the bare twist correlators (for all
configurations of mixed BC) are compatible with the ones of [58]. The subleading contribution
to the Rényi entropies from the excited twist correlator is largely responsible for the mismatch
between the lattice and CFT data in the aforementioned article. Finite-size corrections of this
magnitude can be suppressed only with much larger system sizes M ~ 103 sites [61] .
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Figure 5: The third Rényi entropy of the interval [0, m] in the critical Ising chain with two types
of mixed BC, for a chain of size M = 26. In both cases, the interval is adjacent to the o = +
boundary.

2.4 The critical three-state Potts model

In the three-state Potts quantum chain, we denote by R, G, B the three possible values of each
spin. We consider two types of boundary conditions: fixed (R, G or B), and restricted (GB,
RB or RG). For example, the condition GB means that the boundary spin can take the values
G or B, with equal energy.
The latt; . . (GB,R) .

e lattice expectation value <Ulattlce(€)>SL follows an expansion of the form (2.12]).
Here, the conformal dimensions of twist operators are h, = 1/20 and h,, = 1/4. We estimate
numerically the non-universal amplitudes C, C; by a simple analysis on the critical three-state
Potts chain with periodic boundary conditions.

The scaling function .FQ(GB’R) is obtained by setting ¢ = 6/5 in 1 . The leading

finite-size correction féfB’R) is determined by applying the Frobenius method to the fourth-

order ODE ([2.26)) — see Section @ Remarkably, in this case, only a single intermediate state
U = 1 contributes in the channel associated to Arg(z) — .

Putting everything together, we can compare the lattice computation for the second Rényi
entropy SéGB’R) with our analytic results in Figure We observe that the inclusion of the
subleading term gives an analytic curve that is closer to the lattice data, and in fact matches

it quite well for most of the data points. We have also checked that the discrepancy between
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the CFT and the lattice data is supressed for a system of M = 18 sites, compared to smaller

system sizes.
Firstly, due to the operator content of the D-series Mg 5 CFT, we expect the higher order

corrections to SéGB’R) to have a slower power law decay than in the case of the Ising CFT.
We conjecture that the next-to-subleading contribution will decay as ~ M2+l These
corrections arise from the operators ox and Jél). While }'Q(I;“QGB) can be calculated by a repeat
of the method employed for the subleading term, the correlator involving a descendant twist
operator would require the derivation of a new differential equation, which is beyond the scope

of this work.
Furthermore, the quantum chain sizes we can reach are diminished in the case of the three-

state Potts model, since the size of the space of states grows as ~ 3. This memory constraint
prevents us from reaching sizes at which higher order corrections are suppressed, using our
computational methods. This limitation can be, perhaps, bypassed through the usage of more
sophisticated numerical tools, such as DMRG or tensor network methods, to access system sizes

M for which the unknown higher-order correction terms are further suppressed.
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Figure 6: The second Rényi entropy of the interval [0, m] in the critical three-state Potts chain

of M = 18 sites, with mixed (GB, R) BC.
(@BR) 1y solving the third-order ODE (2:29) for FS¢5),

We obtain the scaling limit of S
, only one intermediate state ¥ = 1 contributes, and we compute the corre-

Like for F32™"
sponding power series by solving the ODE numerically with the Frobenius method. However,
in this case, we do not have access to the leading finite-size correction f?EgB’R), with relative
(GB,R)
3 , and

amplitude M~%15. Thus, our CFT results are limited to the dominant term of S
the comparison with numerical results is expected to be poor. The CFT predictions are shown

in Fig.[7]
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3 The cyclic orbifold in the presence of a boundary

Here we review briefly the cyclic orbifold construction [44,45,80], and we examine specifically
the features of the corresponding orbifold boundary CFT, in the upper-half plane geometry.
We follow the notations of [80].

3.1 The cyclic orbifold construction

Consider the original CF'T model M, which we shall call the mother CFT. The cyclic orbifold
CFT My is obtained by taking IV identical decoupled replicas of M, and allowing for defect
lines along which the copies are connected cyclically.

The underlying algebra for My consists of currents 7 (z), with r € Zy playing the role
of the discrete Fourier index with respect to the cyclic permutation of replicas. The total
energy-momentum tensor of My is given by 7 and the other currents T(") can be viewed as
additional conserved currents in an extended conformal algebra. The associated Laurent modes
are denoted L(mr), where the index m belongs to Z/N. They generate the orbifold Virasoro
algebra OViry

N
(L0, L] = (m = m) L) + Tomm® = 1) bt Ot (3.1)
where ¢ is the central charge of the mother CFT. The invariant subalgebra (of the universal
enveloping algebra) with respect to the Zy action is called the neutral subalgebra Ay. It is
generated by monomials with a vanishing total Fourier index :

AN:<L,<7;;>...L<m’”§), Pty =0 modN>. (3.2)

The orbifold Virasoro algebra and the neutral subalgebra have antiholomorphic counterparts
OViry and Ay, respectively.

In the holomorphic part of the CFT My for prime N, the operator content is classified in
terms of the primary operators under the neutral subalgebra Ay. It is shown in [80] that in the
bulk CFT M y, the corresponding scalar operators form the full set of OViry ® OViry primary
operators which are invariant under cyclic permutations of the replicas. There are three kinds
of An primary operators. The untwisted non-diagonal operators are symmetrised products of

non-identical primary operators ¢1,...,@»xn on the decoupled copies
N-1
[B1,- SN =H# D Pat1 ® -+ @ darn (3.3)
a=0

The untwisted diagonal operators associated to a primary operator ¢ of M are of the form

#LU) - (¢®--@¢) ifo#1

@(O)Z(I):d)@-”@é, o) — ! (3.4)
#I") . 1®---01) if¢=1

where r =1,..., N — 1. The twist operators are the non-local operators inserting the endpoints

of defect lines connecting the replicas cyclically. The bare twist operator ¢ corresponds to a
cyclic permutation a — a + 1 across the defect, with boundary conditions around the branch
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point given by the vacuum state. The composite twist operator associated to the primary
operator ¢ of M is the form [82}53]

04(2) = #lim [6<N—1>h/N 6.1,...,1](z +¢) U(z)] , (3.5)

e—0

where h is the conformal dimension of ¢. For ¢ = 1, one simply sets o1 = 0. The twisted sector
f

of the operator content also includes the conjugate twist operators o & associated to a — a — 1,

and more generally the operators Ugc] associated to a + a + k for k € Z). The orbifold
(r)

Virasoro modes L;,” acting on an untwisted operator must have an integer index m, otherwise
they vanish. In contrast, due to the non-trivial monodromy of 7" around a branch point, the

modes L{) mode acting on o (resp. o) must have an index m € Z—1r/N (resp. m € Z+r/N),

and similarly for o4 and a;r). The following operators are also primary under Ap:

0_((;) _ #L(_”E/N L0y, U(Tﬁ(r) — #L(_’”()N_T)/N . giﬂ (3.6)

forr=1,...,N.

The conformal dimensions of the above operators read

Nhy+1 ifop#1
higr,on) = or £+ hoy he = Nhy, h@(”:{Q ’ ifg=1
N (3.7)
C 1 h¢ r
ho, == < (N2 )42 b = b = ho, +—
» = Ny 24( N>+N 0f) T Moion Zhee Ty

where hy denotes the conformal dimension of ¢. The normalisation factors # in (3.31{3.6|) are
chosen so that the two-point function of any Ay primary operator O on the full plane satisfies

(0(0)0F(1))c = 1.

3.2 The cyclic orbifold on the upper half-plane

To construct the cyclic orbifold BCFT, we will work on the upper half-plane H, with the
boundary along the real axis. We parameterise H by z =  + ¢y with x € R and y > 0, and we
impose the gluing condition on the boundary for the stress-energy tensor components:

7O (z) = T(O)(x) for z€eR, (3.8)

which ensures that the boundary is conformal, i.e. it preserves the total stress-energy tensor [83].
The Zx orbifold, however, has an extended symmetry, and we must choose if and how the
components of the additional currents TU#% are glued at the boundary. Our usage of the
replica trick provides a clear indication for these choices: since we are considering N copies
of the same mother BCFT, we must impose the gluing condition T,(z) = T4 (z) on each of
them. By taking the Fourier transform of this relation, we find that in the orbifold CFT we are
effectively imposing;:

VreZy, VoeR, TW(@)=T"(). (3.9)

This implies that the boundary preserves a full copy of the OViry algebra. By the same
reasoning on CF'T replicas, the physically relevant orbifold boundary states correspond to having
the same conformal BC on the N copies of the mother CFT.

On the upper half-plane, we will set the conformal BC « on the positive real axis x > 0
and the conformal BC 8 on x < 0. To implement such mixed conformal BC in a BCFT, we
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shall work with the formalism of boundary condition changing operators (BCCOs) [54]. These
operators, restricted to live on the boundary, are placed at the points of suture of regions of
different BC. The full operator algebra of a BCFT is then formed by considering the OPEs
between both BCCOs and bulk operators. For a given pair of conformal BCs («, ), there can
be several primary BCCOs implementing the change o — §: we denote such an operator wéaﬁ ),
where h specifies its conformal dimension. The most relevant BCCO implementing o — 3 is
simply referred to as (%),

In the Zx orbifold CFT, we only consider untwisted BCCOs. We define the diagonal BCCOs
as
=P - oy, (3.10)

N times

and likewise for U(®#) while the non-diagonal BCCOs are

N-1
1 § (e} (07
[whv s ?Q/)hN](aﬁ) = \/N w’(“baf)l " ® wl(”LafN ’ (3'11)
a=0

where at least two dimensions h;, h; are distinct. Orbifold correlators with mixed BC are
obtained by inserting the most relevant diagonal BCCOs:

(W5 (00) O1 (21, 71) . .. On(2n, 20) T @ (0))g

<Ol(zl, 51) e On(zn; 5n)>%ﬂ = <\I/(f3a)(oo)\lf(aﬂ)(0)>H : (3-12)

By Cardy’s doubling trick [83./55], such (n+2)-point correlators are given by linear combinations
of the (2n 4 2)-point conformal blocks on the Riemann sphere C with external operators

U(0),01(21),01(21), - -, On(2n), On(zn), ¥(0), (3.13)

where O;(z) is the antiholomorphic counterpart of O;(z). In more precise terms, O; is the
operator conjugate to O; with respect to the symmetry algebra preserved by the boundary [84].
For Zy twist operators, conjugation acts as o4 = 0'3; [43]. For instance, the one-twist function

(o(z 208 = (L (0)a(z TP Oy
H (B(Ba) (00) W(@B) (0))

(3.14)

is given by a linear combination of conformal blocks of the form

\I'(ﬂo‘)(oo) JT(E)
Uy
>—< . (3.15)
v (0) o(2)
The intermediate state ¥y is a diagonal or non-diagonal untwisted boundary operator. It must
be compatible both with the boundary condition «, and the boundary condition 3. For instance,

if Uy, is diagonal, it must be of the form ¥y = ¢y ® - - - ® ¥, where h is such that both BCCOs
1/1,(10‘&) and w,(f A are allowed in the mother CFT.

In the mother BCFT, bulk-boundary and boundary-boundary OPEs read

Oa+iy.x—iy) ~ STATL Q) dn() + (3.16)
h
A R C B R AN R I A C SR C R )
hs
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In (3.16]), ¢ denotes a scalar bulk operator and « is the BC on the real axis. In (3.17)), @Z)}(LOI‘B ) (x1)

and w}(éﬂ (z2) are two BCCOs, with x1 > x9. The ... denote the contributions from the
Virasoro descendants. We write these OPEs in shorthand notation as

D K TR W—>Z¢ : (3.18)
h
The OPE structure constants can be expressed as correlation functions:
AL = (6(/2, =i/ 20n (0D = ($(O)n (1), (3.19)
B, = 1) (00)g?) (14 (0)sr (3.20)

Correspondingly, in the orbifold BCFT, we have the OPEs

; _ 3 ~ (@) hy—2hs (ac)
og(x + iy, x — iy) o (Z:) A% v (29) o WY () 4 ... (3.21)
\Ij [e70%
@)W @)~ D BE (e — @) e s @) L (3.22)
\I,gaw

where the sums in the RHS run over BCCOs of the form Uy, or [¢4,,...,¢p,], and the ...
denote Ay descendants. We write, in short-hand notation

ool > > v, el Z\I/ ) (3.23)

For W(®®) = 1, the structure constants in (3.21)) read
AL = (o)) = gh N, Al =gl N Al (3.24)

where g, is the partition function on the unit disc with BC «. This quantity is also known
as the universal boundary entropy, since it can be written as g, = (0|a), where |a) is the
boundary state associated to the conformal BC «, and |0) is the vacuum state. More generally,
the bulk-boundary structure constant for a twist operator reads

A = gh N NN (0)1 ™ (1)1 (w) - ™ (N )Y (3.25)

in the case when ¥ is a diagonal BCCO, ¥ = W}, (this can be easily extended to non-diagonal
BCCOs).

The structure constants in (3.22) read

(aBa) _ (plaga) \N

By, w0, = (thh?,hk) 7 (3.26)
(afa) (afa)

B‘I’h,‘l’hj,[w%l,..-,lﬁhkl\]] =VN H Bhl,hj,hka (3.27)

4 Differential equations for the scaling functions

In this section, we outline the derivation of the ODEs announced in Sec. following the
approach of [46]. The derivation relies on the null-vector equations satisfied by the orbifold
primary operators.
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4.1 The function (Vi3 -0 - ¥y,) in a generic Z, orbifold

The entropy scaling function ]-'éaﬁ ), given by equation (2.7)), can be expressed in terms of the

Zs orbifold conformal blocks
11112 (OO) \Ifk 0'(1)
Je(n) = >——< , (4.1)
U15(0) a(n)

as in (2.19). In [46], an ODE was obtained for a related object, namely the bulk correlation
function

(T12(c0)a’ (1)o(n, 1) T12(0))c -

Let us recall this derivation, as it will serve as a prototype to derive more involved ODEs in the
present context. In the mother CFT, we have the null-vector conditions

(gL_ —L*)-¢12=0, L_1-1=0, (4.2)

where g is related to the central charge through (2.20)). The above relations translate respectively
into null-vector conditions for the replicated operator

2 2
[29 18— (£9)" (1) } Wiy =0,
(4.3)
918 - L9284 v =0,
and for the twist operator
1
Y, o=0, (4.4)

the latter equation deriving from the induction procedure |45]. Additionally, since ¥i5 is in-
variant by cyclic permutations of copies, we have

LY 0y =0. (4.5)

The first step in the derivation of the ODE starts with the following contour integral along the
close contour C'y, enclosing the singular points 0, 1 and n:

dw (w = 1)/ (w =)' Jj(n, w) (4.6)
Coo

where jk is the modified conformal block

R Ui9(00) U, a(1)
Je(n, w) = >——< ‘ (47)
T(l)(w)L(j% - W12(0) o(n)

This contour integral must vanish, given that the relation (4.5)) yields
Je(n,w) = O(w™3) as w — 00. (4.8)

Moreover, the null-vector relation (4.4)) ensures that the integrand has no pole at w = 1 and
w = 7. The only poles occur at w = 0, as can be read from the OPE

T (w) LG [Wy,) = <w—3L§1)L(:11) +w 2LV LY 4w MY 4 0(1)) Upo) . (4.9)
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Since V9 and o are primary, we have

TOw) LG - [W10) = Y w2LOLEY - [0y, (4.10)
n<1

(T1o] - TV (w) =D w2 (W] - LY, (4.11)

n>0

and

TOw)o(1) = > (w-1)""2LY - 0(1), (4.12)

n<0
T (w)o(n) =Y (w—n) " 2LY o). (4.13)

n<0

As a consequence, the integration contour for (4.6) can be replaced by a contour Cj enclosing
only the singular point 0. The vanishing of this integral yields the orbifold Ward identity

\:[112(00) ‘I’k 0'(1)
>——< =0, (4.14)
p- Wi2(0) o(n)

"
= (%mﬂf{ +a/ (0L + 2 QO)L?)) 29, afw) = (1-w) - w2 (4.15)

where

Using the orbifold commutation relations, we can write
Uio) — % / (0) 7
J | 12> = Oé(O) L—l + « (O)L_l + 2h1oc (0) . |‘I/12> . (4.16)

Inserting the first null-vector condition (4.3]), we obtain

[ [rg) = [2ga(o>L<_°; — a(0) (L@{f +a/(0)L) + 2h12a”(0)} W) . (4.17)

Finally, since the modes LS@)) are simply the Virasoro modes of the orbifold CFT, we can use

the standard procedure to express their action on a correlation function (or conformal block)
as a differential operator. We find that the conformal blocks .J; satisfy the ODE

64g°n”(n — 1)* J"(n) + 16gn(n — 1) [(—14g° + 23g — 6)n + 29(1 — 4g)] J'(n)

(39— 2) [+3(59 — 6)(1 — 29)% + 129(1 — 29)n + 164°(g — 1)] () = 0. (4.18)

The local exponents for J(n) are given by

0 1 00
—2h19 —2hs 2hs — 2h12
—2h19 + hi13/2  —2hs 4+ 2h13 2hs — 2h12 + hi3/2

This corresponds to the intermediate states {1, ®13} in the channel n — 1, and {0, 013} in the
channels 7 — 0 and 1 — oco. Note that, when the mother CFT is a minimal model M, s, one
can check for various values of (p,p’) that these are exactly the intermediate states allowed by
the orbifold fusion rules found in [80], and that they all have multiplicity one.
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Let us now return to the entropy scaling function Féaﬁ ) (2.19). The typical power-series
solutions of the ODE around 1 = 0 or = oo diverge close to the physical domain for 7, namely
the unit circle, and the analogous solutions around 1 = 1 only converge on a portion of the unit
circle. A more convenient choice is the variable (:

C(n) = M (4.19)
4./m
This change of variable offers several advantages. First the ODE remains of Fuchsian type (see
Appendices |A| and . Additionally, the physical domain corresponds to 0 < ¢ < 1, since

CZCOSQ%, 0<t¢<L. (4.20)
This means that ¢ is not only real but also remains in the domain where the Frobenius method
yields convergent power series expansions (both around ¢ = 0 and ¢ = 1). Finally, imposing
the appropriate boundary conditions as £ — 0 and ¢ — L becomes simpler, as these correspond

to ¢ — 1 and ¢ — 0 respectively, whereas both limits collapse to 7 — 1 in the variable 7.

After some elementary algebra (see Appendix , the scaling function is found to satisfy the
following ODE:

CC=1F"(Q) +2(1 —g)(2¢ = 1)F'(¢) + (2= 39)(1 — g) F(¢) = 0. (4.21)

where we have introduced the change of variable .7:2(&6 ) (2,Z) = F[((2/z)]. We recognise the

hypergeometric equation (A.12]) with parameters
3
a=2-3g, b:§f2g. (4.22)

Provided that hy3 > 0 (that is g > 1/2), any holomorphic solution on 0 < ¢ < 1 can be written
as

F) =AG() +pG(1-0), (4.23)

where )\ and p are constants, and

oF1 (9,1 —g;29/ ()
2F1(g, 1 — g5 2g[1)
Indeed, G is given by the function I of Appendix normalised so that G(0) = 0 and G(1) = 1.

As argued in Section the limiting values at £ = 0 and £ = L are given by the boundary
entropies g, ! and gﬂ_1 respectively. This fixes the values of A and u, and we obtain

G(¢) =¥ x

(4.24)

Fy(z,2) = ' GIC(2/2)] + 95" G = C(2/2)]. (4.25)

At g = 1/2, corresponding to a non-unitary CET with central charge ¢ = —2, the local exponents
of (4.21) at ¢ = 0 become degenerate, with value zero, and hence the solution space is spanned
by a hypergeometric function and a function of the form f({)log (, where f is an entire function.

4.2 The function (¥, -0, Vo) in a generic Z, orbifold

We now turn to the universal scaling functions ]-'Q(Of )(z, Z) encoding the subleading corrections
in (2.12)). Such a function corresponds to the conformal blocks

Via(o0)y . oy(1)
Je(n) = >——< : (4.26)
P12(0) ae(n)
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Here we consider the case of a generic composite twist operator oy, with conformal dimension

h=he+ g : (4.27)

where h is the conformal dimension of the operator ¢ in the mother CFT. This means that we
do not assume any null-vector condition on o4, and in particular (4.4) no longer holds. For W1,

by combining the null-vector conditions (4.3) with the commutation relation [L(j%, Lg] = L(P?)),
we obtain the relation

1 3
L0 L0 [wy5) = [2L(_°)1L(E)2 -1 (£9) } [W12) . (4.28)
We obtain two Ward identities by computing the following closed-contour integrals

j{dw(w — 132 (w — )*2J(n, w) and fdw(w — 132w — n)* 2w (g, w), (4.29)

N Pra(00)y g, /7s(1)
Jr(n,w) == >——< . (4.30)
T (w) L) - 915(0) 0

-1

where

Combining these relations, we obtain an equation of the form
AjWz(o0)y g /6(1)
> =0, (4.31)
iy W12(0) a(n)
where p; and \; are elements of the Virasoro subalgebra generated by the modes ng). This
yields a linear ODE of order four on the conformal blocks Ji. In terms of the scaling function

@13) £ (2,2) = FI((2/7)], the ODE reads

(9= 1)g [16(1 — 29)h — 3(3g — 2)(16h — 1)¢(¢ — 1)] F(C)

+2(g — 1)(1 — 20) [(49% — 89+ 3) + 3(69% — 15¢ + 10— 8gR)(¢ — 1)] F'(¢) (4.32)

+C(C—1) [8(292 —5g+3) + (6697 — 177 + 120 — 16gh)C(C — 1)} F(¢)
+5(29 — 3)C3(¢ - D21 =20 F"(¢) +2¢3(¢ - 1P FW(¢) = 0.

This ODE is manifestly invariant under ¢ — 1 — ¢, which reflects the invariance of the rescaled

conformal blocks (1 — 1)?.Jx(n) under n +— 1/7. If we parametrize the conformal dimension of
¢ as h = hyo with A € R, the ODE takes the form

K¢ =DPFOQ) = 329 = 3)[C(¢C - DIP(2¢ - DF"(Q)

T 2(2 — 1) [4(g — 1)(29 — 3) + (64 — 979 + 37¢% — A2)C(C — 1)] F/(()

(g - 1)(1—20) [29 - 3)(20 — 1) + 3(28 — 47g + 20g° — 222)¢(C — 1)] F/(Q)

+(g—1) [5(29 — 1)(8 = 179 + 8¢° = 2)%) +3(3g — 2)(29 — 2 — A)(29 — 2+ N)C(C = V)] F(C).-

(4.33)
The local exponents for F(() are given by
0 1 00
0 0 —4hio
hs hys —4h1p + 1 (4.34)
hi3 his —4hia+ (1+AN)/g

his+1 hig+1 —4h12+(1 —)\)/g
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The correspondence between singular points in the variables n and ( is given by

2
_ ~ (0=l ;
1 (1-2¢) n%1<4’ ) if Imn >0, NG )
Soayn’ 1-1)2 CoSe d (4.35)
n=0 47 ¢~ () if Tmp < 0, "

In particular, the limits Arg(z) — 0 and Arg(z) — 7 are mapped to ¢ — 1 and ¢ — 0,
respectively. In these limits, we have n — 1, and the contribution of Jj to ]—'2(0(; ) (2.19) scales
as (n — 1)"& | which is proportional to (1 — ¢)"¥x/2 and ¢"¥x/2, respectively. Similar relations
can be established for ( — oo, in correspondence with  — 0 and 7 — oo. Hence, the local
exponents (4.34)) correspond to the intermediate states (counted with their multiplicities):

{1,[1,4¢13]), ¥13, P13} in the channels ( -+ 0and ( — 1,
4.36
{O‘)\Vo,O'S()], 032,02} in the channel ( — oco. ( )

Recall that the conformal blocks are labelled by primary operators under the neutral subalgebra

An.

When the mother CFT is a minimal model, one can check on various examples that the orb-
ifold fusion rules derived in [45] from the Verlinde formula are consistent with these intermediate
states.

The physical solution ]__2(0(;5 ) can be written as a linear combination

FD(z,2) = M FL(C) + A2 Fa(Q) + As F3(C) + M Fa(C), (4.37)

where ¢ = ((z/Z), and Fy, Fy, F3, Fy are the holomorphic solutions of (4.32) of the form
o
Fe(¢) = (1= )"/ " arn (1-Q)", (4.38)
n=0

normalised so that aro = 1. The differential equation can be solved via the Frobenius
method, yielding infinite series which are convergent for |1 — (| < 1. By symmetry, a basis of
solutions around ¢ = 0 is simply given by the functions Fi(1 — ¢). In practice, using truncated
series is extremely efficient to evaluate these functions numerically to arbitrary precision.

The last step is to describe a general algorithm for the determination of the coefficients A.
Using the OPEs (3.21]) and (3.22]), one obtains

4 N hy
(@B)(, 5  — 22 T (gl pglasa)
f27¢ (Zy Z) Arg(;)—)(] ; ( 7, ) <AU¢,\I/]€ B\I/12\I/12\I/k + .. ) 5 (439)

where ... denotes the subdominant contributions from the descendant operators. Using (4.35)),
the dominant term of F},(¢) in this limit is [( — 1) /43" ~ [(z — Z)/4i]""x, and thus we obtain
for k=1,2:
_4h () (aBa)
A = 4"k 'Aquiﬂl’k B‘Ilo;gw‘l}k . (4.40)

The determination of As, A4 is less direct, due to the two-fold degeneracy of the intermediate
state U13. We use the alternative expansion

Faol(2,2) = i Fy(1 = Q) + pa Fa(1 = Q) + i Fs(1 = €) + pua Fa (1= ). (4.41)
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Like in the expansion ( — 1, here we have
_ 4h B (Bop) _
pe =40 Ay By Sy, fork=1,2. (4.42)
Using the change of basis

4
Fo(Q) =Y preFe(1 ), (4.43)
=1

and comparing the two expansions of ]-"Q(Of ) (z,Z), we obtain the relations

4
> Nepre = pue - (4.44)
k=1

Setting ¢ = 1,2 in these equations then yields the values of A3, A4 in terms of Ay, Ao, p1, po, and
the coefficients pgs. The latter can be obtained numerically, using the numerical power series
expansions of the functions Fj(¢) and Fy(1—) in the intersection of their convergence domains.

4.3 The function (V5 -0 - ¥y,) in a generic Z3 orbifold

Here, the relevant conformal blocks are of the form

f
\:[112(00) ‘l/k (o (1)
Ju(n) = . (4.45)
W12(0) o(n)
We give the null-vectors of Wis at levels two and three:
12
L(f)z cWyp = 30 Z L(HS)L(ﬂ -Wyg, (4.46)
9 s=0
- 1 o\ 3
LEVLY, W = o [2L<0)1L(”1L‘2)1 +(L%7) } W, (4.47)
for r € {0,1,2}.
To derive an ODE for the conformal blocks, we employ seven orbifold Ward identities,
together with the six null-vector conditions above. To not overload the presentation of this

section with technical details, we relegate the specifics of the derivation to Appendix [C]

We obtain the ODE for the scaling function ]-"éaﬂ ) in the variable ¢ (4.19)

4AB(6A + B +3)(1 — 20)F(C) + 2[9AB — C¢(1 — )] F'(¢)

" 2 2 m (4‘48)
—9(4A+ B =2)(1 —20)¢(1 = QF7(¢) + 18¢°(1 = ¢)"F7(¢) =0,
where
A=g—-1, B=6g-5, (4.49)
and
C =364 +2B% 4+ 30AB — 18A — 3B. (4.50)

For generic (A, B), if C has the above value, then the local exponents for F(() are
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0 1 00

0 0 —24-Z -
2A+1 24+1 -2
i1 By —24

For the above values of (A, B), this gives

0 1 00

0 0 —6h12 + 3h12
his  hiz  —6hiz+ Shia + 3
s s _Ghyg + 2hay

These local exponents correspond to the intermediate states:

{1,[1,¢13,%13], ¥13} in the channels ( -+ 0 and ( — 1,
) (4.51)
{012,075 ,014} in the channel ( — co.

where we use the shorthand notation o5 = 0y, .

From this point on, one can proceed as in the case of ]-'2(0(;'8 ), except that the complication
coming from non-trivial multiplicities of the local exponents is absent.

It is worth pointing out that the existence of this third order ODE was anticipated in [85],
where only a weaker, fourth order ODE had been obtained. This third order ODE is optimal for
generic CFTs, as confirmed by conformal block counting using the orbifold Verlinde formula [80].

5 The critical Ising model

5.1 The quantum chain and the BCFT

The Hamiltonian of the Ising quantum chain with open BC, describing M spins with generic
BC at the boundary, is given by:

M-1 M
H.p=— Z s§s§+1—hz.§f—hoﬁf—h58}z\4, (5.1)
J=1 J=1

where s?’y’z denote Pauli spin operators acting on site j. We denote the lattice spacing by a, so

that the length of the chain is L = Ma. The parameters h,, hg denote external magnetic fields
(in the z direction) acting at the boundary sites j = 1 and j = M. The ground state of this
Hamiltonian is then found by ezact diagonalization (ED) for system sizes M < 26 sites, and
from it, the Rényi entropies are evaluated.

To take the scaling limit of the critical chain, we send M — 00, a — 0 while keeping L = Ma
fixed. In this limit, bulk criticality is achieved for h = 1, while each boundary admits three

critical points hq, hg € {0, £00}, corresponding to free, + and — BC.

From a CFT perspective, the scaling limit of the critical Ising chain with open boundaries
is very well understood. It is described by the BCFT with central charge ¢ = 1/2 and a bulk
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operator spectrum consisting of three primary operators — the identity 1 (h1 = 0), energy &
(he = 0) and spin s (hs = 1/16)— and their descendants [86]. The three boundary critical
points correspond to the three conformal boundary conditions for the Ising BCFT, which, in
the framework of radial quantization on the annulus, allow the construction of the following
physical boundary states [54]:

If) =11) —[e) (free BC), (5.2)
1 1 1
|+) = ﬁ’l» + ﬁ\f» + ﬂb» (fived BC), (5.3)

where |¢)) denotes the Ishibashi state [87] corresponding to the primary operator ¢. The physical
boundary states |a) are in one-to-one correspondence with the primary operators of the bulk
CFTﬂ |f) <> sand |£) <+ 1/e. The boundary operators that interpolate between two conformal
BCs can be inferred from this correspondence [54}89]. The spectrum of primary boundary

operators ngaﬂ ) of the Ising BCFT is summarized in Table

(af) | + | — f
+ 7/11 % 7/’5
— 7!}5 @bl 7/’5
f d}s @Z}s d}la ws

Table 1: Boundary operator spectrum of the Ising BCFT

The ground state entropies read

1
=g = —, =1, 5.4
g+ =9 \/Q gf ( )

and the bulk-boundary OPE coefficients for the energy operator are given by

AN =aT) =1, AY) =1 (5.5)

5.2 Rényi entropies

According to the general discussion (2.12), in the scaling limit with a — 0, the lattice twist
operator admits a local expansion into scaling operators of the corresponding orbifold CFT,
leading to

2hs 2he,
a mTa @ _ Ta a _
<Ulattice<€)>éLﬁ) - () ]:](\7 B) (Z, Z) +C. <> ff(V,f)(Z7 Z) + ... (5.6)

2L sin’% 2L sin’rfz
where
N2 == 2o 2 VD @R = - 2 e g, (6)

and z = exp(iml/L). The amplitudes C7 and C; in are not universal quantities, but they
can be obtained with very high accuracy from a numerical analysis of the infinite Ising chain.
Here one can employ the free fermion techniques of [1] and the well-known analytical results for
the Rényi entropy of an interval in an infinite system [30,2] to obtain numerical fits for C7 and
C¢, with great accuracy.

2This statement is strictly true if the bulk CFT is diagonal, see [88] for a detailed discussion.
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In our computational setup, the system sizes accessible through exact diagonalization are
limited to M < 26 and for technical reasons we only consider even system sizes. With system
sizes of this order of magnitude, finite-size corrections are quite significant. In fact the finite-
size effects are still important even at the much larger system sizes (M ~ 100 sites) accessible
through DMRG methods [58]. The most relevant corrections we have found arise from the
subleading scaling of the lattice twist operator, given in equation . The relative amplitude
of the subleading term with respect to the leading one scales like O (M —2he/N ) Since we do
not have access, numerically, to system sizes large enough to suppress these corrections, it is
necessary to take into account the first two terms in the expansion of to find a good
agreement with the lattice data. Such subleading contributions to the lattice twist operator
have previously been understood, through the path-integral formalism on the corresponding
replicated surface, under the name of “unusual corrections” [76}90].

5.2.1 Scaling functions for the entropy S](\;r_)

In the critical Ising model, the only primary BCCO between the boundary conditions o = +
and 8 = — has dimension h, = 1/2, and thus we denote () = U,. Here, we set g = 4/3
in , so that the central charge is ¢ = 1/2, and hia = 1/2. In the limits Arg(z) — 0
and Arg(z) — m, for any twisted operator o4, the boundary OPEs reduce to 0¢|+ — 1 and

a¢|_ — 1, respectively. As a consequence, for both F ](\,+_) and F ](VJ;_), only the conformal block
with intermediate state ¥y = 1 contributes in the expansion ([2.19)), and thus, in each case, the
scaling function is given by the solution of the ODE associated to the local exponent 0 at { — 1
or ¢ — 0.

The case N = 2. The scaling function .7-"2(+_) obeys the hypergeometric equation (4.21])
C(C=1)F"(¢) = 3(2¢ = DF'(¢) + 5F(¢) = 0. (5.8)

The solution with local exponent 0 at ( — 1 can be determined by the Frobenius method. It
turns out that the linear recursion for the coefficients yields a sequence (a,,) which vanishes for
n > 2. We obtain

F(O=1-(1-0+1-¢0*=1-¢1-0). (5.9)
In terms of the variable § = Arg(z), we have ¢ = cos?(6/2), which yields

F <cos2 Z) =1-1sin%9. (5.10)

The physical solution is then given by F}, up to a multiplicative factor, which is determined by
the BCs ([2.9)). We obtain:

]-'2(+_) (rew, re_i9> =2 (1 — isin2 9) . (5.11)

Similarly, for .7-"2(:_), after setting g = 4/3 and h= he. = 9/32 in the fourth-order equation
(4.32), we consider the solution with local exponent 0, and apply the Frobenius method. This
yields the function

Fi(Q) =1-9¢(1—0). (5.12)
Using the BCs , we obtain

]:2(;7)(7“6"9, re_w) =2 (1 — %Sim2 0) . (5.13)
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The case N = 3. With a similar approach, we solve the third-order ODE (4.48]) and the BCs
(2.9) for }"éJr_), and we obtain

.7:§+7)(7‘ew, re”0) =2 (1- %Sin2 9) . (5.14)

In contrast, we do not have an ODE for fé;_), but we can obtain its expression as follows.

Using the multiplicities found in [80], we have the fusion rules in the Zj orbifold of the Ising
CFT:
o X0, — 1, U, x V¥, -1, U, x 0. — o, (5.15)

Hence, there is only one conformal block of the form (2.18]). This means that the conformal
blocks in the three possible channels are all proportional. For the rescaled conformal blocks, we
have

T (00 ol(1 (0 ol(1
PR X C) G, 20) 0
! ) )
J(n) = x o x o (5.16)
T.(0) oe(n) T, (0) o.(n) U (c0) o-(n)
The local exponents at n — 0 and n — 1 are p = —hy, — ho. + hy2 = —1 and —2h,,
respectively. Hence, the function defined as
K(n) :==n(n— 1) J(n) (5.17)
is an entire function on C. In the limit n — oo, one has
J(n) o gtveTheeThoe o K(p) o p =1, (5.18)

n—00 n—oo

Thus, K(n) is a polynomial of degree two. Due to the symmetry J(1/n) = n?'=.J(n), the
polynomial K(n) is of the form

K(n) =a(n*+1)+by. (5.19)

Using the OPE at n — 1, for generic N

_ 2hs, _
oe(mol(1) = (n— 1)1+ (= 1) 2 7O (1) 4 (5.20)
we obtain the expansion
—9hy, . 2ho. 0) 2y t2
J0) = (= 1) e 27 (W TO]) (g~ 1) Hee 2 4 (521)

The expectation value is easily computed:

(W TO ()W) = N = . (5.22)
This yields
4 .
K(n) =n+g5m—17*=n(1—gsin’0). (5.23)
Finally, by imposing the BC (12.9)), we obtain
]:?E;_)(Tew, re_ie) =2 (1 — % sin® 0) . (5.24)
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5.2.2 Scaling functions for the entropy S](\;rf )

Here also, there is only one primary BCCO between the boundary conditions & = + and 5 = f,
and it has dimension hs = 1/16. Hence, we denote the replicated BCCO as v+ = w,. We
set g = 3/4 in (2.20)), so that ¢ = 1/2 and hy2 = 1/16. Since, in the limit Arg(z) — 0, we have
the OPE 0¢‘ s 1, only the conformal block with intermediate state W, = 1 contributes to
the scaling function.

The case N = 2. The scaling function .7-"2(+f ) obeys the hypergeometric equation (4.21])

C(C—DF(Q) + 120~ VF(¢) - 5F(Q) =0. (5.25)
We perform the change of variable f(6) = F|cos?(6/2)], which yields the regular ODE
F7(0) + & f(0) =0. (5.26)
The unique solution which obeys the BCs ([2.9)) is given by
. . 0
.7-"2(+f) <re’0, re"e) = /2 cos 1 (5.27)

For }-2(;)”)7 we set g = 3/4 and h = he. = 9/32 in the fourth-order equation (4.32)). The
scaling function is then given by

; ; 0
fQ(If) (reza, reﬂa> = /2 cos SZ . (5.28)

Indeed, one can easily verify that it solves the ODE, and obeys the BCs (2.14)).

The case N = 3. For the scaling function .7-'§+f ), the third-order ODE (4.48]) and the BC

(2.9) yield
, , 6
]-“éJrf) (rew, re*w) = 2cos 3" (5.29)

For the scaling function ]-"éjgf ), we have not derived an ODE. In this case, the multiplicities

computed in [80] yield the fusion rules
0e X0z — 1+ [1,e,¢], Uy x Uy — 1+ [1,¢,¢], U, X 0. — 05+ 02 (5.30)

Hence, the space of conformal blocks is two-dimensional. We assume that these conformal blocks
obey a second-order Fuchsian ODE. Then, the above fusion rules yield the local exponents of
the ODE for féjgf), in terms of the variable (:

0 1 o
—_
0 O 3 (5.31)
1 1 2
2 2 3

These are exactly the local exponents of the hypergeometric ODE (A.12), with parameters
a = % and b = 0. Changing variables to ¢ = cos?(6/2), we find that the function cos(26/3)
corresponds to the solution with local exponent 0 at ( — 1. By imposing the BC ([2.14)), we
obtain

, ~ 20
fé:gf) (re‘g, reﬂo> = 2cos 3 (5.32)
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6 The critical three-state Potts model

6.1 The lattice quantum chain

A natural extension of the Ising chain, the three-state Potts model allows the spins at each site
to take one of three possible values {R, G, B}, which we can also conveniently parametrize by
third roots of unity {1, w,w}, with w = exp(27i/3). The Hamiltonian of the three-state Potts
model, tuned to its bulk critical point [91H93] is given by:

M-1 M-1
oa= 0| (570 2i20) 4 X (%)) e e o
j=1 7j=2

where v = /3/(273/2) is the conformal normalization factor [93] and the operators Z; and X;
act at site j as:

0
0

w2

10 010
Z=|0 w . Xx=[(0o01]|. (6.2)
0 0 1 00
The terms H 1(a) and Hz(\f) set the BCs at the ends of the chain. For the purpose of this analysis,
we will set fized BC of type R at site M and restricted boundary conditions of type {G, B} at
site 1 — the spin at site 1 is forbidden from taking the value R. This is implemented through

the boundary terms:

100 0 0
H® =pl 00 0|, HED=p 10|, (6.3)
00 0 0 1

The critical points of interest for the boundaries correspond to h = +oc. However, for any
h > 0, the boundaries will flow towards the same critical points, up to irrelevant boundary
perturbations [94] . These are typically inconsequential when h takes a large positive value.
Alternatively, one can implement |h| = co by simply restricting the local Hilbert spaces of the
boundary sites to exclude the {G, B} and {R} configurations on the left and right boundary,
respectively.

6.2 The boundary CFT

The scaling limit of this critical chain is captured by the D-series BCFT M(6,5) with cen-
tral charge ¢ = 4/5 and a bulk primary operator spectrum that contains the scalar opera-
tors given in Table [2| as well as the non-scalar operators with conformal dimensions (h,h) =
(2/5,7/5),(7/5,2/5),(3,0),(0,3). One can, as shown in Table [2| assign a Zg charge to the
scalar operators, and their respective conformal families, that is consistent with the fusion rules
between them. The conjugation in Table [2| is thus used to distinguish the operators with the
same conformal dimension, but opposite Zs charge.

In the scaling limit, the fixed and restricted boundary critical points will correspond, natu-
rally, to the fixed and restrictedE] conformal boundary states [54,95]. The conformal boundary

3In [54] they are referred to as ”mixed” BC.
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Operator  Conformal dimension Zj charge

1 0 0

€= P12 % 0
X =13 u 0
®14 3 0

S, S]L ¢33 % +1
P, Y1 = day 2 +1

Table 2: Spectrum of scalar primary operators in the three-state Potts CFT.

states are labelled by the primary operators of Table [2| and they can be expressed in terms of
the Ishibashi states |¢)) as

1) = NI + [9) + [9T) + Ale) + |s) +[sT)] (fixed R)
[$) = ML) +wl) +3[$1) + Ale) +wls) +@|sT))] (fixed G)
") = NT(11) + @] +W|W>>) Ale)) + @ls) +wlsT))] (fixed B) (6.4)
le) = NP (IL) + ) + [9T) = A7 (e + [s) + [sT))] (restricted GB) .
|s) = N[X*(J1 >>+w!1/f>>+@!1/1T>>) AN (le) +wls) +@[sT))]  (restricted RB)
|sT) = NI2(11) + @) +wle™) = A7 (le) + @]s) + wlsT)]  (restricted RG),
where
N= 2T, _ ,[Sn(2n/5) (6.5)

V15 5 ~\/ sin(n/5)

Due to the Zs symmetry of the Hamiltonian, we have some freedom to set which confor-
mal boundary state corresponds to the fired boundary condition R in the chain. However,
this uniquely determines the CF'T boundary state that corresponds to the restricted boundary
conditions GB. This can be understood by considering the spectrum of boundary operators
that interpolate between these conformal BC [57], and ensuring the results are consistent with
the underlying Zs symmetry. In our case, choosing fized R < |1) forces us to assign re-
stricted GB < |e). The most relevant boundary operator interpolating between these BCs is

wgB,R) [57], with conformal dimension h, = 2/5.

The ground state degeneracies read [92]

gr = (5 _30\/5> ,  9eB = 2grcos(m/5). (6.6)

6.3 Determination of an entropy scaling function

In this section, we illustrate the calculation of the scaling function F ](\(,1 f ) for N = 2, in the
critical three-state Potts chain with boundary conditions @ = GB on the left boundary and
8 = R on the right. This function determines the subleading contributions to the Rényi entropy
SéGB’R), arising from the composite twist operator o., where ¢ is the energy operator of the
Potts model. Hence, the mother BCFT is the Virasoro minimal model M(6,5), and in Kac

notation, we have € = ¢12.
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Setting g = 6/5 and h = hy + he/2 = 1/4 in ([£.32), we obtain the ODE

— 24[18¢(¢ — 1) + TIF(¢) + 6(2¢ — 1)[44¢(¢ — 1) + TIF'(C)
—30¢(¢ — 1)[9¢(C — 1) + 4]F"(C) + 375[¢(¢ — D)I*(2¢ — FP(C) (6.7)
+250[¢(¢ — DIPFW () = 0.

The Riemann scheme (4.34) yields

8

[$1{[SsIex{[e]

vlpoi~sl~ o ©
cguiNglN o
—_

|
S

The solutions around ¢ = 0 are obtained in terms of a power series, using the Frobenius
method. They take the form

Frl1=¢) =(™*> agnC™,  with apo=1. (6.9)
n=0

To determine the coefficients ay y, it is convenient to rewrite the ODE using the differential
operator = (0. It takes the form

[Po(6) + CPL(6) + (P Pa(0) + (P P3(0)] - F =0, (6.10)
with
Py(0) = —0(50 — 12)(50 — 7)(1060 — 7)
Py(6) = 6(50 — 7)(4 + 216 — 656% + 250%) (6.11)
Py(0) = —3(50 — 8) (18 — 1360 — 956° + 506°) '
P3(0) =20+ 1)(50 —9)(50 — 8)(50 — 3).
The local exponents v are the roots of the characteristic polynomial Py:
7 7 12
_ _ . S 12
Nn=0 m=i5 W=z MU=, (6.12)

and they correspond to the first and second column of . The coefficients ay, ,, are given by
the linear recursion relation (where, by convention, ay, = 0 if n < 0):

Pt n—Dagn—1+ Po(yk +n —2)agn—2+ Ps(ve + 1 — 3)arn—3
Po(ve +n)

Qk.n = (613)
provided Py(yx + n) does not vanish for n > 1. This condition holds except for the case
74 = 3 + 1, which can be traced back to the degenerate fusion oy x 04 — 2¥13. In particular
for F3 we have Py(y3+1) = Pi(y3) =0, and a3 becomes a free parameter (changing the value
of ag1 amounts to adding a multiple of Fy to F3). The actual physical solution corresponds to
a certain choice of a3 1, while Fy is unphysical.

From the above recursion relation one can obtain the series expansion of the all solutions
to a high order with minimal computational cost. For instance, for £ = 1, the first
coefficients ay ,, of the series are

24 98 553 13566 10826144

+ =4 13 299" 3887 167141 203744379"
7703652 423213759 27519615504 5654297376

203744879 14873376167 1234490221861 314101062367~

(6.14)
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The truncated power series are accurate enough to evaluate the functions Fy({) to arbitrary
precision, provided that || does not approach 1 too closely. For values of ¢ near 1, the other
basis of solutions Fj({) can be used instead.

In the determination of the physical scaling function, a huge simplification occurs, since the
boundary condition e = R is incompatible with the boundary operator 113, and hence the OPE
as Arg(z) — 7 simplifies to

0c(2,2)|, = 1B (6.15)

This implies that, out of the four independent solutions to the ODE in the domain || < 1, only
F1(1 — ¢) contributes, and we get

AP0 =m R -0). (6.16)
The constant u; is given by
(R ;(R,R,GB) (R) _ —14(R) (R,R,GB) _
1= AUal 8‘1/12,1,‘1/12 ) ‘Aag,l =9Rr Ag)]_ ) 8‘1’12,1,‘1’12 =1, (617)

where the universal boundary entropy and the bulk-boundary structure constant for € in the
M(6,5) BCFT read, respectively [92,95.96]:

QR:<5_\/5>4, Aiﬁ)=<1+\/5>2. (6.18)

30 2

It may be possible to obtain a simpler ODE by exploiting the null vectors of .. According
to conformal block counting through the orbifold Verlinde formula [45], the optimal ODE is
expected to be of third order. However, we have not derived this optimal ODE; instead, we
work with the generic fourth-order ODE derived earlier.

The fourth order ODE used here for the Potts model is not optimal. Using the optimal
third order ODE would remove the degeneracy of the solution corresponding to the exponent
~v3 and allow to determine directly the physical solution. Alternatively, the physical solution
can be determined by demanding that F3(1 — ) can be expressed as a linear combination of
Fi(C) for k < 3.

7 Conclusion

In this article, we have outlined a general method for computing Rényi entropies in the ground
state of a one-dimensional critical system with mixed open boundaries, specifically for an interval
starting at one of its ends. Given the significant finite size effects in open chains, we also
examined the leading finite-size correction, which results from subleading scaling operators in
the expansion of the lattice twist operators. Within the conformal field theory framework,
this involves computing certain three-point functions on the upper-half plane in the Zy cyclic
orbifold: two boundary condition changing operators, and one twist operator (bare or excited).

To achieve this, we derived Fuchsian differential equations satisfied by these correlation
functions, by exploiting the null-vectors of the twisted and untwisted representations of its
symmetry algebra OViry, along with Ward identities obtained from the additional conserved
currents of the theory. The Frobenius method then systematically provides a way to find
power series solutions to these differential equations. The correlation functions are obtained
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as particular linear combinations of these conformal blocks, with coefficients given by certain
boundary and bulk-boundary structure constants.

Among the cases we have analysed are the leading and subleading contributions to the one-
interval second and third Rényi entropies of the Ising model, and the second Rényi entropy for
the three-state Potts model. We have also derived differential equations for mixed BC twist
correlators in the Zy and Zs orbifolds of generic BCFTs, as well as an explicit solution for the
second Rényi entropy.

We analyzed the CFT results, incorporating the first subleading correction, and compared
them with numerical data for the critical Ising and three-state Potts spin chains. In both
cases, we found remarkable agreement across all mixed boundary condition choices, despite the
constraints of limited system sizes. Expanding to larger system sizes could be possible through
advanced numerical approaches such as DMRG [97],98] or tensor network methods [69].

An important limitation of our method, first identified in [46], is that obtaining a differential
equation becomes increasingly difficult as the Rényi index NN is increased. We have verified, using
the fusion rules in [80], that the expected order of the ODEs grows with N for generic minimal
models, indicating that more orbifold Ward identities will be needed to obtain the ODEs.
Given this growing algebraic complexity with increasing N, it is natural to question whether
the orbifold formulation offers any real advantage over the unfolded picture. In fact, for small
values of NV and a limited number of branch points, it might be feasible to reduce the dependence
on moduli to a single variable even in the unfolded setting. This has been achieved in a few
simple settings, typically when the covering space is a torus [99] or an annulus [61]. However,
the orbifold framework provides a natural and systematic way to perform this reduction: the
symmetry of the covering space and the structure of the twist fields effectively encode the
necessary information, and the problem is automatically recast into a single-variable framework.
This is precisely the motivation behind our use of twist operators, and we believe it represents
the main strength of the approach. Importantly, we believe that the complexity we encounter is
intrinsic to the problem and would arise in the unfolded picture as well—only there it would be
further complicated by the need to navigate a higher-dimensional moduli space. In this regard,
the orbifold method has a clear advantage: the reduction in moduli is built into the formalism,
so only the algebraic (as opposed to geometric) difficulties remain to be tackled.

A possible extension of this work would be to generalize the setup for the calculation of
Rényi entropies of an interval contained in the bulk, with mixed BC. However, in this situation,
one would have to find a partial differential equation that a four-point function with two twist
fields and two BCCOs satisfies. Cardy’s doubling trick tells us that such a correlator is given by
a linear combination of six-point conformal blocks on the complex plane, so the corresponding
differential equation would be partial instead of ordinary.
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Appendix

A Hypergeometric differential equation

In this Appendix, we recall some useful facts about the hypergeometric differential equation.
Euler’s hypergeometric differential equation is given by

n(n—1)f"(n) +[(a+b+1)n—clf'(n) +ab f(n) =0, (A1)

and it has the following Riemann scheme:

0 1 00
0 0 a (A.2)
l—c c—a—-b b

The solutions are constructed using Gauss hypergeometric function

i) = 3 (e

n=0

, (@n=q(qg+1)...(g+n—1). (A.3)

Following the conventions of [100], we give a standard basis of solutions to (A.1)) around the
singular point n = 0:

I =9Fi(a,b;c ,
1(7) 211( | 1) (A4)
L(n)=n "%Fi(b—c+la—c+1;2—c|n),
and around n = 1:
Ki(n) =oF1(a,ba+b—c+1|1—n), (A5)
Ko(n) =1 —-n)%F(c—bec—ajc—a—b+1|1—n). ‘
The two bases of solutions are linearly related by
2
Li(n) =Y PyK;(n), (A.6)
j=1
with the fusing matrix P
- F(C)E(d) ; FI(‘C)FI(*Ed)
P=| "G re s ] (A7)
I'(1-a)I'(1-b) TI'(1—c+a)l'(1—c+d)
and its inverse:
I(1—c)0(1—d) I(c—1)D(1—d)
- —cta —c+b a)'(b
Pl - | T (TR, | 4
I'(1—a)I'(1-b) I'(c—a)l(c—b)

expressed in terms of Euler’s Gamma function I', with d = ¢ —a — b. Note that P~! is obtained
from P by the change (a,b,c,d) — (a,b,1 —d,1 —¢).

If the parameters of the hypergeometric equation satisfy the relation ¢ = a — b+ 1, then the
rescaled function y(n) = n%2f(n) has Riemann scheme

0 1 00
a/2 0 a/2 (A.9)
b—a/2 1-2b b—a/2
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and therefore, it has the same local exponents at 0 and co. Correspondingly, in terms of the
operator ¢ = nd,, the ODE for y reads

(n = 1)0% + by + 1)0 + (26— a)(n — 1)] y(n) =0, (A.10)

and it is invariant under 7 — 1/n. We now introduce the change of variables

2
y(n) = F {(11\/‘?} , (A.11)

which yields the differential equation for the function F'
1
C(C—1DF"(¢) + 520+ 1)(2¢ - DF'(¢)+a(2b—a) F(¢) =0. (A.12)

This is the hypergeometric equation, with modified parameters

~ ~ ~ 1
a=a, b=2b—a, C:b+§' (A.13)

We obtain the two bases of solutions (fl, E) and (I?l, I?Q) to (A.12]), by substituting (a,b,c) —
(a,b,¢) in (A.4HA.5). This yields
L(¢) = 2F1(a,2b — asb+1/2 | ¢), Ki(Q) =
L(C) = CV* R (1/2+a—b,1/2 —a+;3/2-0]C), Ka(¢) =
Let us describe the limiting behaviour of these solutions as ¢ — 0 and ¢ — 1 in the regime
b < 1/2. Clearly one has I;(0) = 1, whereas I3(0) = 0. To study the behaviour at ¢ — 1, we

use the change of basis

Ii(C):ﬁilfl(1*<)+ﬁi2ff2(1*<)v i€{172}7 (A'16)

where ﬁij denotes the matrix element of (A.7) after substituting (a,b,c¢) — (d,b,¢). On the
right-hand side, one has 1;(0) = 1 and I3(0) = 0. Thus we simply get lim¢_,1 1;(¢) = Pi1.

To summarise, in the regime b < 1/2, the functions fl, I, are continuous in ¢ on the interval
[0, 1], with limiting values
~ 1
LLi(0) =1, L(1)=-T(b+1/2)I'(3b+1/2)cosm(a —b), (A.17)
T

R ]

(A.18)

B Change of variable for Fuchsian differential equations

In Appendix [A] we have shown that, if the hypergeometric ODE in the variable 7 is invariant
(after proper rescaling) under 1 — 1/n, then the ODE expressed in the variable

_A+ym)?
C(n) = Tagn (B.1)

is also a hypergeometric ODE, with modified parameters. In the present section, we shall extend
this result to any Fuchsian ODE which is invariant under 7 +— 1/7.
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Consider a generic ODE of Fuchsian type in the variable 7, with singularities at n = 0,1
and oco. That is to say an ODE of the form

(0" (= 1) + 0" — 1) pr(m)0y 4 -+ pa(n)] w(n) =0, (B.2)
where each p;(n) is a polynomial of degree at most j. We assume that the ODE is invariant

under 7 — 1/7.

First, we rewrite the ODE in terms of the operator § = n9,. Using the identity

nWol=00—-1)---(0—j+1), (B.3)

the ODE (B.2)) takes the form

[((n=1)"0" + (n—1)" ()" + -+ + qu(m)] y(n) =0, (B.4)

where each ¢;(n) is a polynomial of degree at most j. Invariance of the ODE under n — 1/
means that g;(n) is of the form

J
G = _qrn",  with g, =qx. (B.5)
k=0

Moreover, for any non-negative integer m, we have
0" T = 2T (20 - 1), (B.6)

where Ty, is the m-th Chebyshev polynomial of the first kind. We can thus rewrite ¢;(n) as

J
g(m) =n"?Q;(¢),  where Q;(¢Q) = qjxTj_2k(2¢ — 1), (B.7)

k=0

and, by construction, @;(¢) is a polynomial of degree at most j, and it is invariant under
¢ — 1 — (. Hence, we can rewrite the ODE (B.2)) as

[(4 (C-1) o+ (4 C(C—l))n1@1(4)9”_1+-~+Qn(0] F()=0,  (BS)

where we have applied the change of functions y(n) = F[((n)]. Now, we need to express the
action of ¢ in terms of d;. Using the relation

¢e—-1

b= 9

ac | (B.9)

one obtains by induction that, for any integer j > 1, 7 is of the form
A J » 2k—j
0 =3 278(0) (VEC-1)) ok, (B.10)
k=1

where each ;;(¢) is a polynomial of degree at most (j — k). The polynomials §;;({) are
determined by the recursion relation

Bu(¢) =1, Bi+1,k(C) = Bik—1(C) + [(2k — 5)(¢C = 1/2) + (¢ — 1)0¢] Bjr(C) , (B.11)
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where by convention () = 01if & ¢ {1,...,j}. Using this recursion, we obtain that f;;(1 —
¢) = (—=1)*B;x(¢). Finally, we introduce the polynomials

Pn(g) = Qn(() , and Pk(() = Z 2j/8j,nfk(C)Qn—j(<) for k = I...,n—1, (B.12)

j=n—k

and we end up with the ODE in the variable (:

[[C(C =10 +[¢(C = D" PUQaE ™ + -+ + PalQ)] F(Q) =0, (B.13)

The ODE (B.13) is Fuchsian, since each Py(() is a polynomial of degree at most k. Moreover,
using the property P(1—¢) = (—1)""*P,(¢), we find that this ODE is invariant under ¢ — 1—.

C Derivation of the ODE for (V5 -0 - ¥yy) in the Z;3 orbifold

We present in this section all the orbifold Ward identities and null-vector conditions we used to
derive the third-order differential equation (2.29)).

The Ward identities

We derive linear relations between correlators of the form

(Wholo" (Do ()| ¥1y), (C.1)

where ¥/, and ¥/, are descendants of W5 under OViry. For this, we consider closed-contour
integrals of the form

de(Z = 1) (z = ) (W (00) T (2) 0 (1) (1) W15(0)) (C.2)

where mg € Z+1r/N, mg € Z—r/N, and my € Z. Applying the Cauchy theorem on the above
integral yields a linear relation of the form

Zap (L) 1 Wr2)(00)a (D () Wla(0) = 3 [ty () (Wha(00) (L) 1,0 (1 () W1 (0)
p=0
+ () {(Wha(00)ar (1) (L) 1,0) ()W 0)) + dy(n) (i (00)0 (D () (L4, ¥12) (0))]
(C.3)
where m1 = —mg —m3 —my — 2, and the functions ay, by, ¢, d,, are the Taylor-series coefficients
of simple power functions of (z,7), whose exponents are defined in terms of my,...,my4. For
instance:

(1 —2)m2 (1 —pz)mst! = Z ap(n) 27, (z —1)m2tl(z —p)mstl = Z dy(n) 2. (C4)

In particular, here we shall set N = 3 and mg, m3 > —1/3, and thus, due to the null-vector

condition L(ji /3

(C.3) vanish.

.o = 0 and its counterpart for of, the first and second terms in the RHS of
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Ward 1 Setting ¥/, = U], = L(ji\lflg, and (my, ma, m3,mq) = (—1,1/3,-1/3,—1) and r = 1
in - yields a linear relation of the form
1 1 1) ,(1 1
ao (W2l (LY)) 0 (Do () L [ W12) + ag (P12l L Lo (1) () L) 1) =

(C.5)
dou<‘I’12!L(f)UT(l)U(??)L(PlL(Pl|‘I’12> + dm<‘I’12!L(11)UT(1)0(77)L(()1)LQ)1\‘1’12> :

Ward 2 Setting ¥}, = Wi, ¥/, = (L(_ll))Q\Illg, (mi1,mg,ms,myg) = (—1,1/3,-1/3,—1) and
r = 1in (C.2)) yields a linear relation of the form
aga (W12 LY o (1) () (L1 W12) =
dop@m\a*(l)a(n)u:(“>3|w12> + dyp(Wiolo (Vo () LG (L2 W 10) (C.6)
+ doyp(Ura|o (1) (n) LY (ED)2 W1 + dypp (W1a]ot (1o () LS (L)1) -

Ward 3 Settlng lII/12 = (L(j%)2\1]127\1},1/2 = \11125 (m17m27m37m4) = (_1)1/37_]—/37_1) and
r = 1in (C.2)) yields a linear relation of the form
Wuw >>2 F()a(n) LY W12) =
ags (1| (L1)P0t (1) ()| ¥12) +a1.3<w12|<L<”>2L%>o (1) ()| ¥12) (C.7)
+ agg (V1o (L) LY 6T (1) () [W12) + agjs (Wi (L) 2L M0t (1)o (1) [W1a) -

Ward 4 Setting U}, = W9, U], = L(_lillllg, (m1,ma,mz,my) = (0,—1/3,1/3,—-2) and r = 2
in (C.2)) yields a linear relation of the form
d0\4<‘1’12|0T(1)0(7})L(3)2L(71)1|‘1’12> + d1\4<‘1’12|0T(1)0(7I)L(E)1L(,1)1|‘1’12>

(C.8)
+ doyy (U1o]ot (D)o () LY LY [W19) + daya (V10|07 (1o () LP LY [012) = 0.

Ward 5 S€tt1ng ll’/lg - L(j%\IJ127\I],1/2 = \11127 (m17m27m37m4) = (_2)_1/37 1/370) and r = 2
in (C.2) yields a linear relation of the form
1) (2 1) (2
aojs (W12l LY LYo (1) () [ 12) + ays( Wz L L o (1) ()| 012)

(OR°]
+ a9 (W1 LV LY ot (1o () [W19) + agjs (W12 L L ot (1o ()| W12) = 0. (€

Ward 6 Setting ¥/, = W1y, U7, = LYW, (my, ma, ms,ma) = (—1,—1/3,1/3,—1) and r = 2
in (C.2) yields a linear relation of the form
2 2
agjs(W12| Lo (1) () LY [W12) = dojg(W1aloT (1) (n) L L [W1)

(C.10)
+ dye(Wialo T (1)o() LY LY [ W1a) + dyj(Wiolo (1o (n) LY LY [W10) .

Ward 7 Setting U}, = U9, U/, = L(_Z%\I/m, (my,ma,mg,my) = (—1,1/3,-1/3,—1) and r = 1
in (C.2)) yields a linear relation of the form

agr(P1o| LYo (1) () L2 [W10) = dojr (P1a]ot (1) () LU L2 101,)

(C.11)
+ dyyr(Uralot (Do (n) LY L) W12) + dyjr (Wia]oT (V) () LY L [W15) .
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The null-vector conditions

The null-vector condition on %19 in the mother CF'T reads

(gL_9 — L*,) - 112 =0. (C.12)
This yields, in the Zy orbifold
N-1
gL' — % STLEL I wy =0, (C.13)
s=0

for any r € Z/N. In the present case, we set N = 3, and we get

(3919 - L0120 — 209 L8] vy = 0, (C.14)
(391 — LELE) 2001wy =0, (C.15)
3912 - LU — 21018 vy = 0. (C.16)

D Orbifold structure constants

In the orbifold BCFT, the operator algebra consists of OPEs of three types. First, there is the
operator subalgebra of bulk operators. We shall not directly use the structure constants of this
subalgebra in this work, but they have been discussed in [45,146,(101,[81]. The second type of
OPE we need to consider in the orbifold BCFT, is the bulk-boundary OPE which encapsulates
the singular behaviour of a bulk field as it approaches a conformal boundary. In our calculations,
we will only need to work with the OPEs of generic (primary) twist field o4(2, Z) approaches a
(diagonal) conformal boundary «:

hy, —2hs
O’¢($, y) y:O ZASO;),\I’;C (2y) Uy @ (\Ilga($) + ... ) (D.l)
k
where the sum runs over all the diagonal primary boundary operators \If,iaa) = ,(Caa) &- - ~®1!J,(€aa),

and the dots stand for their descendants under the neutral subalgebra [80]. We also need to
consider the OPEs of orbifold boundary operators. For generic diagonal BCCOs, this takes the
form

\I/Z('O“B) (171)\1/;,37) (22) xl:m ZBSP%?J]),\I/,C (21 — ‘,I/,Q)hkfhifhj (‘“Ill(cw/) (z2) + - - > (D.2)

for 1 > x9, and where the index k runs over all the primary orbifold BCCOs interpolating
between the conformal boundary conditions « and . In the present work we are only con-
cerned with untwisted boundary fields. The corresponding structure constants B\(I,Oiﬁ \IA’YJ)\P;C are
straightforward to evaluate as they simply factorize into a linear combination of products of
mother BCF'T three-point functions. Therefore, we will focus on the bulk-boundary structure
constants A((;X y,- These structure constants can be computed using factorization and unfolding

arguments, along the lines of [80], [85] and [101].

The main result derived in this appendix is that these orbifold structure constants are given
in terms of the mother theory data by

«

A‘(T(jb)"l’k — gé*N N—thk <¢(0)wl(€aa)(1)wl(€aa) (w) .. .wlgaa) (wN71)>D ' (D.3)

Two particular cases are used in this paper :
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e when W* = 1, this simply becomes

A = gl Al (D.4)

e for N =2 and ® = 1 this simplifies to

Ay, = 02" 27 (Y O (-1) = gt 2 (D5)

provided the field 1, exists on the boundary .

The derivation of (D.3]) can be done in two steps. First, consider the bulk-boundary structure
(o)

constant A 7, which can be expressed as the following one-point function on the unit disk D:

o,1
Agd = (0(0))8 (D.6)
This can be interpreted as the following ratio of mother CFT partition functions:
. _Zoy
(0(0)p = — %, (D.7)
")
D

where Dy denotes the N-th covering of the unit disk with a branch point at the origin. The
branched covering Dy is conformally equivalent to the standard unit disk D, but features a
conical singularity at the origin. A careful treatment of the corresponding conformal anomaly
[102], however, reveals that

z)

N

2\, (D.8)

leading to the result
i| 1-N

(@) = 25"

Additionally, the partition function Z]I(»a) is equal to the ground state degeneracy go = (0]a),
which is defined as the overlap between the vacuum state |0) and the boundary state |«) in the
mother BCFT [92]. Consequently, we have

(D.9)

Al =g (D.10)

This structure constant is responsible for the well-known universal additive correction log g, to

(a)

the boundary entanglement entropy [2]. Consider now the generic structure constant A% U,

which is equal to the following correlation function on the unit disk :

ALy = <a¢(0)w,§a“)(1)>m . (D.11)
Now the ratio of correlation functions
(osw™ )
R (D.12)
(a(0))p

can be interpreted as a correlation function in the mother theory involving N boundary fields

1/1,5:0‘&) and one bulk field ¢ on the N-sheeted branched covering Dy. This covering can be
uniformized to the standard unit disk via the holomorphic map z — z/V, leading to

<U¢(O)‘I’](€aa)(1)> - (o) () (aq) _ ey
SO D _ N~Nhy, <¢(0)¢k D (w) - & @V 1)>D (D.13)
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Substituting (c(0))g = g~ yields the announced result.

We note that the structure constant (D.5)) can also be obtained from the result of [61] for
the twist 2-point function on the unit disc with conformal BC «. This two-point function is

(0(0)o(@))n = g2 27 (|2 (1 = |af*)] 7" Zaja(7) (D.14)

where Z,),(7) is the annulus partition function with boundary conditions o on both boundary
components. The annulus has perimeter 1, and real width —i7/2, where 7 is given by

11 2
.2 Fl 77771;1 - |$|
(o)) = 22 B ) (D.15)
2 1(5757 |l )
The limit |z| — 1 corresponds to 7 — 0 and
. 1— [22\2
G=e 2T~ <1’6$| > —0 (D.16)
Using
Zoja(T) =D ngaxi(=1/7) (D.17)
k

and in the absence of degeneracies (nf, € {0,1}), one finds that the conformal block of

(o0(0)o(z))p corresponding to the bulk-to-boundary fusion o4(x) e (1—|x|?)~2othey Agi)q,k\llk
T|— ’

is proportional to
[lel*(1 = J2*)] " ngoxn(~1/7) (D.18)

and one can read off the corresponding structure constant, namely

2
(ALS,) = a2 2 Senk (D.19)

(670

We thus recover (D.5) when nf = 1.

E Alternative derivation of scaling functions in the Ising CFT

In this section, we will derive the bare and excited twist contributions to the second and third
Rényi entropy in the critical Ising chain with fixed mixed BC aa =+, 8 = —.

In the Ising BCFT, the boundary field that interpolates between the corresponding conformal
BC |£) is the operator ¢§+*), with conformal dimension h = 1/2. The most straightforward
approach to this computation is to use equation , as was done in [58], to obtain the leading
scaling function F ](\,Jr*). Indeed the 2N-points correlation function in the numerator of
can be obtained rather simply using Wick’s theorem, bosonization or even Jack polynomials

[103H107]. This method would apply equally well to the subleading scaling function ]-'](\?:6_).

These computations can also be done in the orbifold formalism. In the Zy orbifold of

this theory, the change in boundary conditions is implemented by the diagonal operator \I/Sf‘)
defined as in (3.10). There the essential observation is that the space of conformal blocks is
one-dimensional for the correlation function

(w1 (00)as(z, 2)WE(0) ) (E.1)
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and is spanned by

Ue(o0)\ al(1)
Fng(n) = >—< : (E2)
\PE(O) J¢(77)

This follows from the trivial fusion rule ¥, x ¥, — 1, coupled to the fact that the fusion channel
Tg X ol — 1 cannot be degenerate (fusion numbers of the form N1 are always equal to one).
The conformal block in the other fusion channel can be obtained from the fusion rules of the
Zy orbifold, found in [45] for N = 2 and in [80] for N prime. We will focus on the cases N = 2
and N = 3. For N = 2 we have

We(o0) o' (1) Ve(o0) ol(1)
o and e (E.3)
v.(0) a(n) v (0) oe(n)
while for N = 3 the blocks are
We(0) o' (1) Ve(0) ol(1)
otV and o (E.A4)
v (0) a(n) v (0) 0=(1)

where a§1) x L_y/30. and o@ o« L, s30. These fusion rules also imply the leading singular
behaviour of the conformal block around the points n € {0, 1,00}. The corresponding exponents
are given in Table

0 1 00
N=2¢=1|-1|—% | -2
N=2¢=¢|-1|—-3%|—%
N=3¢=1|-1| -4 | -5
N=3,¢=¢|-1| -3 | -3

Table 3: Singular behaviour of the conformal block of (E.1)) for different N and twist field
insertions o;(n).

From the exponents around n — 0 and 7 — 1 we can determine the generic form of the
conformal blocks for the four cases enumerated above to be:

Fng(n) =07 (n—1)72" Py 4(n) (E.5)

where Py (1) is a degree 2 polynomial in 7 satisfying

Prg(n) = n*Pg(1/n) (E.6)
This polynomial can be found by comparing with the OPE
2he T 2h% 2
(n—1)"%0y(n)oy(l) =1+ Tc(n - 1)°T1)+... (E.7)
This implies that
-1 2ho, 2
n Png(n) ~1+ Ne (W12 T(1)|W12) (n — 1)7, (n—1) (E.8)
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yielding
Py (1) = 2ha, (1 =) +1. (E.9)
The corresponding scaling functions for N € {2,3} and ¢ € {1,¢} follows

. 2
Feom=va' (1 + 2hg, (/2 =07 11?) > (E.10)
where we used the OPE structure constant of the bulk to boundary fusion o4 — 1, namely
N-1
AP = AT g =2 (E.11)
since AT = AT =1 and g3 = 1/V/2.

More explicitly in terms of § = 7f/L:

}_2(3_)07) B ( sin 0) 7+ cos 2«9 (E.12)
Fit ) =v2 <1 -2 9) 9002\2/95 : 1
FE ) = (1 _ 451;1 9) = o (T+2c0s26) (E.14)
FE ) = (1 - 165;@) = g(l + 8 cos 26) (E.15)
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