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We present “torchGDM?”, a numerical framework for nano-optical simulations based on the Green’s Dyadic
Method (GDM). This toolkit combines a hybrid approach, allowing for both fully discretized nano-structures
and structures approximated by sets of effective electric and magnetic dipoles. It supports simulations in three
dimensions and for infinitely long, two-dimensional structures. This capability is particularly suited for multi-
scale modeling, enabling accurate near-field calculations within or around a discretized structure embedded in
a complex environment of scatterers represented by effective models. Importantly, torchGDM is entirely imple-
mented in PyTorch, a well-optimized and GPU-enabled automatic differentiation framework. This allows for
the efficient calculation of exact derivatives of any simulated observable with respect to various inputs, includ-
ing positions, wavelengths or permittivity, but also intermediate parameters like Green’s tensor components,
which can be interesting for physics informed deep learning applications. We anticipate that this toolkit will be
valuable for applications merging nano-photonics and machine learning, as well as for solving nano-photonic
optimization and inverse problems, such as the global design and characterization of metasurfaces, where opti-

cal interactions between structures are critical.
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I. INTRODUCTION

Although Maxwell’s equations are known for more than
one and a half centuries, nano-optics simulations are noto-
riously difficult to solve and often require important com-
putational resources. This is especially true for multi-scale
simulations, which require accurate results at different length
scales.!

Gustav Mie expanded the fields scattered by spherical par-
ticles in multipolar contributions using spherical harmonics.?
Such multipole decomposition of electromagnetic fields is
today also frequently used for particles of non-spherical
geometries,3‘6 which is the theoretical foundation of the T-
matrix method.”"!2 Likewise, effective electric (ED) and mag-
netic dipole (MD) point-polarizabilities are a commonly used
semi-analytical model, appealing thanks to its formal sim-
plicity. It can be used to describe large assemblies of nano-
scatterers, in cases where the truncation of the multipole
expansion at the dipole order is valid.'>~'® However, these
methods allow a description only outside of a circumscrib-
ing sphere around non-spherical particles. Earlier attempts to
overcome this problem only offered partial solutions to the
problem. !’

Therefore, semi-analytical methods like the T-matrix ap-
proach imply limitations for certain use-cases. Examples are
dense arrays of non-spherical particles where the circumscrib-
ing spheres overlap, or scenarios with illumination by local
emitters like fluorescent molecules or quantum dots close to
the particles or inside the circumscribing sphere, or when in-
ternal fields are required. For perfect periodic systems, lo-
cal emitters also pose a challenge. A phased-array scanning
method can be used to decompose the dipole field in periodic
contributions, however this technique is algorithmically and

computationally very demanding.'3-20

Recently proposed methods like the global polarizabil-
ity matrix method (“GPM”)?*! or the topological skeleton
of multiple-multipoles®” distribute several multipolar sources
across the particle. However, at least inside the volume of the
nanostructures such models remain approximative.

To overcome these limitations, we propose to combine the
semi-analytical “GPM” method with a volume integral ap-
proach, the Green’s Dyadic Method (GDM).>*?* In our de-
scription, particles can be either represented by sets of effec-
tive electric and magnetic point dipole pairs (GPM),> or as
a volume discretization (in 2D: surface discretization). The
latter is strongly inspired by our former GDM implemen-
tation “pyGDM™?%27_ Dipole emitters can be used as il-
lumination source, and the photonic local density of states
(LDOS) and Green’s tensors in complex environments can be
calculated >

The first peculiarity of our “TorchGDM” toolkit is that both
types of particle representations (effective polarizability mod-
els and volume discretizations) can be mixed in a single multi-
scale simulation. The second particularity is that torchGDM
is fully implemented in the automatic differentiation (autodiff
or “AD”) framework PyTorch, making any simulation entirely
differentiable with respect to any input (like positions, wave-
length, permittivity, ...) or intermediate variables (e.g. Green’s
tensor components).

AD can be seen as a generalization of the adjoint
method,>*3¢ and promises great benefits compared to con-
ventional global optimization methods for solving nano-
photonics inverse problems such as design tasks, field retrieval
or mode extraction’”*! In particular, we foresee applications
for large-scale inverse problems with complex optical behav-
ior such as the design of metasurfaces or complex media.*>~4¢



A. Similar software

Before we describe torchGDM in detail, we want to give a
non-exhaustive selection of electrodynamics simulation meth-
ods, briefly discuss their pros and cons, and provide a selec-
tion of openly available toolkits.

1. Surface integral method

Best for single particle simulations, can handle complex
shapes. Possibility to implement solver schemes with guar-
anteed convergence. Usually too computationally heavy for
many-particle simulations.

* Null-field method, NFM-DS (fortran)*’. Useful for cal-
culating T-matrices of non-spherical particles.

* MNPBEM (matlab)**-. Feature rich toolbox, strong
focus on fast-electron simulations (electron energy loss
spectroscopy, cathodoluminescence).

+ nanobem (matlab)®'. Very stable tool for simulation of
individual nano-particles. Supports stratified environ-
ment. Convergence is guaranteed through the Galerkin
method.

» NGSolve (c++, python)’>. A generic framework for
PDE solving. Includes a boundary element package for
solving the Helmholtz equation. Also supports shape
differentiation’>.

2. Discrete Dipole Approximation - iterative solver

Good for single particle simulations. Convergence is not guar-
anteed and it can show unexpected convergence problems. It
is possible to improve the accuracy for instance using filter-
ing techniques>*. Improvements have also been suggested for
specific applications such as high aspect ratio particles>, high
index dielectric materials>®, or periodic structures®’. With the
iterative solver, each incident field configuration needs an in-
dividual simulation run, therefore it can be expensive for mul-
tiple illuminations.

* DDSCAT (fortran)*®. Well tested, established soft-
ware.

« IFDDA (fortran, C++)%°. Supports fully retarded multi-
layer environment and periodic structures. Several tools
for microscopy applications. Graphical user interface.

« ADDA (C, GPU support)®"-%2.  Very efficient imple-
mentation. Various extensions like substrate simula-
tions or GPU acceleration.

3. Discrete Dipole Approximation - direct solver

Good for single particle. In principle, same as iterative DDA,
but limited to smaller particle sizes and reduced accuracy,

due to discretization limitations. Very well suited for multi-
illumination simulations, because the inverted coupling sys-
tem can be reused. Simple to implement.

» pyGDM (python, GPU support)’®2’. Only volume dis-
cretization and electric-electric response supported.

« CEMD (Julia, GPU support)®®.  Coupled electric-
electric and magnetic-magnetic polarizabilities, how-
ever no mixed terms supported. Volume discretization
possible, but without self-terms, therefore less stable.

4.  T-matrix method

Best for large multi particle simulations. Only solves the cou-
pling between particles. Single particle t-matrices need to be
calculated beforehand. Particles must not be closer than their
circumscribing spheres. To the best of our knowledge, so far
no automatic differentiation implementation exists.

» Treams (python, cython)®*%3. Modern and clean toolkit
with focus on 1D, 2D and 3D periodic structures.

+ Smuthi (python, GPU support)'?. Feature rich and ac-
cessible python API, focus on simulations in layered en-
vironment.

5. RCWA

Fourier modal method. Best for periodic structures, possibly
in layered systems. Not ideal for single particles due to im-
plicit periodic assumption. Very efficient in 1D and 2D, as
well as for simple 3D structures. Expensive for complex 3D
structures. Can show convergence problems in structures with
complex interfaces (like dielectric/metal).

¢ Reticolo (matlab)“. Feature rich, well developed, ex-
tensively tested.

» MEENT (python)®’. Support for automatic differentia-
tion via jax and pytorch backends.

« FMMAX (python)®®. Support for automatic differenti-
ation via jax.

» nannos (python)®. Support for automatic differentia-
tion via various backends.

6. FDTD

Very general method. Well suited for single particles and pe-
riodic simulations, as well as for larger models thanks to a
friendly scaling behavior. Evanescent fields or strong gradi-
ents require fine meshes and can pose convergence problems.
A simple FDTD code is easy to implement.

* MEEP (python)’?. The open source FDTD reference
toolkit. Very versatile and complete.



« FDTDX (python)’!. Written in JAX, it supports (multi)
GPU acceleration and automatic differentiation.

7. This work

The here presented tool “TorchGDM” implements a hybrid
coupled dipole method that allows to combine volume dis-
cretizations as in the discrete dipole approximation (in the fol-
lowing we will call it the Green’s Dyadic Method, GDM24),
with effective point source models, like effective electric/mag-
netic dipole polarizabilities> and global polarizability matri-
ces (GPMs).?! GPMs allow efficient and accurate modelling
of large particles and calculation of near-fields also inside the
circumscribing sphere of non-spherical particles. TorchGDM
supports 3D as well as 2D simulations. With the exception
of an interface to the “treams” T-Matrix toolkit, the code is
entirely written using “PyTorch” as backend, a popular auto-
matic differentiation framework from the deep learning com-
munity. This allows to calculate derivatives of any possible
observable with respect to arbitrary input or intermediate pa-
rameters. Finally, PyTorch offers full GPU support, simula-
tions can therefore be run on accelerator hardware with no
additional effort.

The most important capabilities are:

e 2D and 3D simulations

* Volume discretized particle models

* Effective dipoles based particle models

* Overlapping circumscribing spheres of effective models
* Combining particle types for multi-scale simulations

* Various far-field observables (complex far-field, total
and differential cross sections, radiation patterns, exact
multipole decomposition)

* Various near-field observables (electric and magnetic
near-fields, fields inside discretized structures, chiral-
ity, Poynting vector, energy flux, field gradients, LDOS,
Green’s tensors, multipole decomposition)

* Automatic differentiation of any simulation calculation
(with very few exceptions, see section II G)

e Various visualization tools

« Interfaces to external T-Matrix and Mie tool (“treams”)
for effective model creation (not AD compatible)

We believe that torchGDM will be particularly useful at
medium size or multi-scale scattering problems, in cases
where derivatives are required. Examples include design tasks
like metasurface design, for instance when more than next-
neighbor interactions are relevant for an accurate description.
AD may also be useful in problems where a numerical model
is to be fitted to experimental results. The differentiability can
also be used to train neural networks within the simulation

description, for example to learn effective Green’s tensors or
structure models.

In the future, further automatic differentiable components
may be added. Possible developments include differentiable
Mie theory or T-Matrix support, or wavefront propagation
via the angular spectrum method. Layered media or periodic
structures would also be interesting future developments, that
could be added through Green’s tensors as additional environ-
ment classes without the need to modify the main code itself.
Finally, the full inversion scheme currently limits torchGDM
to roughly 10000 coupled dipoles. This could be improved
through iterative solver schemes. This could also be modu-
larly implemented as alternative linear system class.

II. FORMALISM AND IMPLEMENTATION

In the following we use cgs units, as well as a compact no-
tation for electromagnetic fields, similar to the one used by
Sersic et al.”> The dependency on the frequency @ is omitted
for the sake of readability. Here we start from the electromag-
netic Lippmann-Schwinger equation, that can be derived from
the wave equations for the electric and magnetic field:>’-"3

nn:mm+AGmwﬂwnmw. ()

F(r) = (Ex,Ey,E;,Hy,Hy, H,)" is a 6-vector containing the
complex, total electric and magnetic field at r, Fy is the in-
cident field in same notation. X is a (6 x 6) tensor containing
the local electric and magnetic susceptibilities

[ Xee(r) Xop(r)
xm_(n&ﬂxmﬁo' o

Note that in natural materials, typically only X, (r) # 0. Fi-
nally, G is the (6 x 6)-Green’s Dyad describing light propa-
gation from a point source in the environment:

(EI%?)) =G(r,r) (11131((1:’))) . 3)

It is composed of the electric, magnetic and mixed Green’s
tensors (for the vacuum solutions of the Green’s tensors in 3d
and 2d, see Ref.’):

“4)

E / Em /
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G (r,r') GH™(r,r)

The superscripts indicate the type of field (electric “E” or
magnetic “H”) at location r, and the type of dipole source
(electric “p” or magnetic “m”) at location r/, linked by the
respective sub-tensor.

Through volume discretization on a regular grid into N

mesh cells, we obtain a linear system of 6N x 6N equations:

F(l’i) :FO(ri)+iG(ri,l‘j)ajF(l'j). ®))
Jj=1
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FIG. 1. (a) Reference system and angular conventions in torchGDM.
(b) Sketch of the global polarizability matrix (GPM) effective model
formalism.2! A GPM describes a particle through a set of local
(dark blue) and non-local polarizabilities.This means, the incident
field at one specific polarizability location induces electric and mag-
netic dipole moments at all polarizability locations in the GPM. (c-d)
available structure types for (c) 3D and (d) 2D simulations. In addi-
tion to discretized structures, effective dipole models are supported
that may contain several non-local dipoles (global polarizability ma-
trix, “GPM” (b)), or a single pair of an electric and a magnetic dipole
(“dp pair”). Effective models can be extracted from discretized struc-
tures, T-Matrices or from Mie theory. Note that the Mie and T-Matrix
extractions are not AD compatible.

Equation (5) introduces effective (6 x 6) dipolar point-
polarizabilities @; for each position r;. These polarizabilities
are tensorial proportionality coefficients between the electric
and magnetic fields and the locally induced electric and mag-
netic dipole moments p and m at location r;:
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Numerical solution Equation (5) can be solved numeri-

cally with standard inversion methods like LU decomposition,

by reformulating it into matrix form:°

™=

Fo(r;) = ) F(r)) {51‘;1 —G(r;, rj)ajF(fj)} )]

1

J

where I is the identity tensor.

Note that automatic differentiation of the LU decompo-
sition algorithm is numerically stable, which has also been
demonstrated in the context of the coupled dipoles formalism
in recent literature.”*7>

A. Volume discretization polarizabilities

TorchGDM treats two cases of polarizabilities: polarizabil-
ities of mesh cells within a volume discretization and effective
polarizabilities describing an entire nanostructure.

Natural materials respond only to the electric field of
light,76 therefore in the case of discretization mesh cells, only
o,z # 0. The polarizabilities are proportional to the volume
(or in 2D simulations the surface) of the mesh cell and to the
electric susceptibility of the material.>*”” These polarizabil-
ities are furthermore normalized by an additional factor that
depends on the grid type. For a 3D discretization using cubic
mesh cells of volume @, the polarizability writes

&
oy = Fee ®)

where d is the effective side length of a volume (or surface)
element. So far, torchgdm supports cubic (3D), hexagonal
(3D) and square (2D) lattice discretization (see figure 1c-d).
For details, see Ref.?’

Self-terms To treat the divergence of the Green’s tensor at
r =’ (in a discretization when i = j), G needs to be replaced
in Eq. (5) by so-called “self-terms”

SEp SEm
G(r,r)=S= < ) ©)

SHp SHm

For physical polarizabilities of mesh cells that compose a dis-
cretized structure, only SFP £ 0. It depends on the grid and
dimension of the problem, for a 3d cubic discretization lat-
tice, the self-term is:

4r

SEP = 1——
3‘C~‘envd3

(10)

With the identity tensor 1. For the self-terms of the other sup-
ported discretization lattice types, see the appendix of refer-
ence’’. It is worth noting that the here used diagonal self-
terms represent only the most important correction of the
Green’s tensor divergence. The accuracy of the volume dis-
cretization can be further increased by including off-diagonal
self-correction terms’®.

For effective point polarizabilities that describe an entire

particle, the self-terms are set to zero.
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FIG. 2. Extraction of an effective polarizability model from a discretized structure. (a) define a set of illuminations. (b) simulate the full
fields for each illumination. (c) for each simulation, extract the effective electric and magnetic dipole moments of the response. (d) optimize
the effective polarizability to represent as closely as possible the different dipole moments.

B. Extraction of effective models

As alternative to discretization polarizabilities, TorchGDM
supports effective polarizability models, that describe the op-
tical response of a structure in a compact model. TorchGDM
implements the concept of “Global Polarizability Matrix”
(GPM), similar to the idea of the T-Matrix approach, but using
several spatially distributed, non-local electric and magnetic
effective dipoles instead of higher order multipoles at a single
expansion point. The advantage is that near-fields can be ac-
curately described also within the circumscribing sphere. The
concept is schematically depicted in figure 1b, for details we
refer the reader to the original paper by Bertrand et al.>! The
most simple case of a GPM is a single effective point (3D)
or line (2D) polarizability, representing an entire (sufficiently
small) nanostructure. If the response cannot be truncated af-
ter the dipole order, multiple effective electric and magnetic
dipole pairs can be distributed inside the structure to obtain
a valid approximation. The different available structure types
are illustrated in figure 1c-d.

An effective model can be extracted from a discretized
structure, using the structure class methods convert_to_gpm
and, for the specific case of a single pair of point dipoles,
convert_to_effective_polarizability_pair. These
functions take as required argument the extraction wave-
lengths (wavelengths). “GPM” extraction also requires an
argument “r_gpm”, which accepts either the number of effec-
tive dipole pairs to use, or a list of their positions. These func-
tions return a new structure instance (3D-point or 2D-line ef-
fective polarizability structure), that can directly be integrated
in a torchGDM simulation and combined with all other types
of structures.

The effective models are generally dependent also on the
angle of incidence and therefore have no exact solution. In
consequence, the extraction of the effective polarizability
models is an ill-posed inverse problem. We solve it in the

following way: We illuminate the discretized structure with
a set of N different illuminations. By default, a combination
of plane waves with different polarizations and incident an-
gles and several local sources are used. The local sources are
placed on random positions close to the surface (extraction
from discretized nanostructures) or close to the circumscrib-
ing sphere / circle (extraction from Mie and T-Matrices). Op-
tionally, also a list of user-defined illuminations can be used.

The procedure to extract an effective polarizability model
for an arbitrary nanostructure is depicted in figure 2 by the
example of a single point dipole pair polarizability model.
The procedure works identically when using N dipole pairs in
the GPM case, except that the effective model . becomes
a 6N x 6N matrix. In a first step we simulate the response
of the fully discretized structure for all chosen illuminations.
Subsequently, the effective electric and magnetic dipole mo-
ments are extracted. To this end we solve a secondary inverse
problem: We optimize the electric and magnetic dipole mo-
ments such that the mismatch between scattered fields from
full simulations and from the effective dipoles is minimized at
a large number of probe positions. By default, again random
positions close to the particle surface are used (or on a cir-
cumscribing sphere/circle when using Mie or T-Matrix). Op-
tionally, the probe positions may also be explicitly provided
by the user. This procedure is analog to what was described in
related literature.”’” Note that in the specific case of a single
effective dipole pair in 3D, we extract the dipole moments via
exact multipole decomposition for the different illuminations
since this provides the best accuracy.’~

After this operation we have a set of N illuminations
Eyj(ro), Ho;j(ro) and N associated sets of M electric and
magnetic dipole moments p;;, m;;, where i indicates the illu-
mination index and j the specific effective dipole. We com-
bine these fields and moments into 2 matrices of (N x M,6)
elements each, denoted as Fp for the combined electric and
magnetic illumination fields, and P for the combined dipole



moments. To obtain the effective polarizability model, we
now need to solve the following minimization problems:

min aeffFo—PH , (11)
Qeff 2
where ||...]||2 is the L, norm. We solve this linear problem

using the pseudoinverse F0+ of the illumination field, which
yields the optimal effective polarizability tensors to represent
the full dipolar response:

Ot =Fy P, (12)

Please note that a warning is triggered if the L, residual is
larger than an empirically found threshold (which can also
be manually set by the user). In this case, the structure is
probably too large and different illumination directions lead
to different dipole moments, which cannot be represented in
the model. To solve such issues, one should increase the num-
ber of effective dipoles for the particle model. Be aware that
this only tests the residuals of the minimization problem. The
model may still work badly with other illuminations than used
during the extraction. Therefore, the accuracy of effective
models should always be tested in a small scattering simula-
tion. This can be done automatically, by passing the parameter
test_accuracy=True to the extraction function. This will
provide a relative error with respect to cross sections and near-
fields obtained from a full simulation (or a T-Matrix calcula-
tion), estimating the fidelity of the effective model approxi-
mation.

C. Effective polarizabilities of spherical and cylindrical
core-shell particles and T-Matrices

TorchGDM contains also a tool to obtain effective polar-
izability models for spherical and cylindrical core-shell par-
ticles as well as for arbitrary 3D and 2D T-Matrices in a ho-
mogeneous environment of real refractive index nepy. GPM
models of Mie spheres, cylinders and T-Matrices are obtained
using the scattered field matching technique described above.
It is possible to use other Maxwell solvers to extract an ef-
fective model, either through the simulated illumination and
scattered fields, or via a detour by first extracting the T-Matrix
of a nanostructure®®, and convert this through TorchGDM’s
interface to “treams” into a global polarizability matrix effec-
tive model.

The model for a single pair of point dipoles can be obtained
using the Mie scattering coefficients a, and b, (see figure lc-
d).382 In the 3D case, we get:

Q=10 G

P 2 kgnem, (13)
P L
2 kgnd

while in the 2D case, we have for TE polarization (electric

field perpendicular to the infinite axis):

TE 71' a
®p pE = p k(z) "
TE 2i b

%D,mH ) 2
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and for TM polarization (electric field along the infinite axis):

i ap
%= 7 13
0
v _ 2 bo (1)
Gpma = p 7k8”§nv

ko = 21/ Ay is the vacuum wave number and 7 the imaginary
number.

Without limiting generality, in torchGDM the infinite axis
of 2D simulations is set to be along the Cartesian y axis.

It is also possible to manually define effective polarizabili-
ties, for example using Lorentzian lineshapes.®?

It is important to note that the Mie and T-Matrix tools are
internally using the software “treams”®*, and are therefore not
compatible with automatic differentiation.

D. Hybrid discretization GDM

As mentioned before, torchGDM allows to arbitrarily com-
bine structures approximated by effective point polarizability
models and volume discretizations. In practice, we write our
system of coupled equations (5) by separating all electric and
all magnetic fields, as illustrated in figure 3. Technically this
facilitates removal of rows and columns of zero magnetic po-
larizability from the system of equations, to reduce the mem-
ory footprint and computational cost for inversion.

E. Observables

So far, torchGDM comes with implementations for the fol-
lowing observables:

* Near- and far-fields. Scattered fields are calculated
by repropagation of the dipole moments using equa-
tion (5).

Internal fields. Only inside discretized structures. Tech-
nically they are available only at the exact locations of
the discretization cells. Fields at non-meshpoint posi-
tions are interpolated with 1/R weights using the inter-
nal fields within a 2 steps radius.

* Derived quantities from the fields, such as Poynting
vector, energy flux, or near-field chirality.

Field gradients (via automatic differentiation).

e Total extinction,
sections.®*

absorption and scattering cross
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mented as in Ref.* The multipole expansion of the ex-
tinction cross section is implemented following Ref.3
Caution: Due to non-orthogonality of the modal basis
for non-spherical structures, there can be cross-talk be-
tween multipoles in the extinction cross section. The
TLY, = exchange of energy between non-orthogonal multipole
X Ol = Oefrr = contributions can lead to the extinction coefficients for
e o (O‘sz %H) individual expansion terms becoming negative. The
( ) sum however needs to be always positive. This is dis-
Vo V. a L cussed in more detail in works by Evlyukhin et al.36%7

Oome Oy
Oome Oamp

Effective polarizabilities at non pre-calculated wave-
. ; lengths are interpolated using bi-linear interpolation. A
S warning is shown in these cases.

The total scattering and absorption cross sections of
GPM effective models can right now not be calculated
with the optical theorem, only the extinction cross sec-
tion works correctly with GPM models (models with

<
=
)
o
<)
=}
‘3
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L]

3NKG  3NK6 more that 1 effective dipole pair). The effective dipoles
E. in these GPMs are non-local: each dipole moment is
Ope | | G2pE H ;V a function of the illumination fields also at all other
Olame Hf | Xome E dipoles’ locations. This non-local response renders the
| | computation of the work that the field exerts on the ef-
Ev Ev E fective dipoles complicated, and we have not imple-
mented this so far. Currently, to obtain the scattering
50‘1 Oy — E; Hy ) ( ;e'f ([::; C(El) E'l cross section, integration of the farfield scattering on a
ol =) \m*H ! spherical surface is necessary. Absorption can then be
Eo» Ope — E, H, ) (O,‘;l;g) self ) E; obtained as Gyps = Oext — Osca fr-
Ho» ' m3y || Ye H,
6x3N ox6  6x6 e Materials  permittivities ~ from literature  are
supported using the “yaml” format from
FIG. 3. (a) Example 3D geometry. A discretized structure V with N https://refractiveindex.info/.8% Either tabulated data or
cubic volume elements v; (orange) is coupled to two other structures Sellmeier models are supported so far. The permittivity
(green and blue), represented each by a pair of electric-electric and data is bi-linearly interpolated between tabulated
magnetic-magnetic effective polarizabilities @ and Qegrr. (b) 2D wavelengths.
projection of the geometry. (c) Mixed polarizability linear coupled
system, as solved in torchGDM (by inversion of the coupling matrix). * 2D Green’s tensors: Due to current PyTorch limitations,
Hankel functions are evaluated using a combination of
Bessel functions and recurrence relations. A technical
» Total and differential scattered intensity via reprop- consequence is that only integer order and purely real
agation (more accurate for very small absorptive arguments are supported so far. This can be limiting for
particles).'* example in applications that require integration along

. . . complex frequencies in 2D simulations.
¢ Electric and magnetic LDOS and Green’s tensors in P 4

complex, nano-structured environment.”-%> * Using a list of many small structures in a simulation is
not efficient in the current implementation. TorchGDM
tries to optimize structures by combining similar types
of responses before evaluation, but the used algorithm is

simplistic. It is best practice to try to avoid using large

» Exact multipole decomposition of 3D polarization dis-
tribution inside a discretized nanostructure, as well
as the multipole decomposition of the scattering® and

extinction®® cross sections. . . .
lists of many small structures, i.e. combine as many
* Derivatives of any observable with respect to any input effective dipoles in one structure object as possible.
parameter via PyTorch’s automatic differentiation inter- « Due to memory transfer overhead, the GPU solver is
face. less efficient for small structures (see figure 7).
* Field gradients require differentiation of many output
F. Implementation technical details values with respect to many input values (field compo-
nents at multiple positions). Autograd is typically not
e The exact 3D multipole decomposition and the de- efficient in such cases (neither backward mode nor for-

composition of the scattering cross sections are imple- ward mode). However, PyTorch offers a composable


https://refractiveindex.info/

functions transforms module “torch.func”, which al-
lows very efficient calculation of jacobians through au-
tomatic vectorization. Since torch.func is still in
beta, torchgdm implements as a fallback alternative
field gradients based on finite differences. Both meth-
ods yield similar accuracy and are automatically differ-
entiable. Field gradient calculation may of course be
also implemented using PyTorch autodiff. This will be
generally slow due to the requirement of building many
computational graphs, but it may be interesting in some
cases, for example to evaluate higher order derivatives
with high accuracy.

By default, for a fixed wavelength all illumination field
configurations are batch-evaluated in parallel by the dif-
ferent post-processing utilities. Especially for larger
simulations this can lead to out-of-memory (OOM)
errors. All concerned functions therefore support a
batch_size argument, allowing to reduce the number
of samples evaluated in parallel. If OOM errors occur,
batch size needs to be reduced. TorchGDM will auto-
matically restart failed calculations using a batch size
of 1. However, this is most likely not the performance
optimal configuration either. In cases of limited avail-
able memory it may therefore be worth to manually test
adequate values for the batch-size.

* Most methods evaluate by default all observables
(electric field, magnetic field, scattered and total
fields, extinction, absorption, all multipoles, etc.).
If only a single value is needed this is obviously
not performance optimal. When evaluation speed
is critical (for example in an optimization loop),
there exist private routines for evaluation of individ-
ual observables (e.g postproc.crosssect.ecs or
postproc.fields._nearfield_e). For such use-
cases, see the detailed online API documentation.

G. Automatic differentiation limitations

TorchGDM is entirely written in PyTorch, but some tools
use external libraries or act as interfaces to third party soft-
ware. In consequence, these functions are not compatible with
automatic differentiation. We give here a list of the function-
alities that are not fully torch AD-capable:

* Mie theory: All tools that use Mie theory interface with
“treams”® and thus do not support AD. For a simula-
tion workflow this means that Mie scattering sections
are not AD-capable at all. These tools are meant to
serve as a comparison or benchmark baseline. Mie-
based core-shell effective models can be included in an
autodiff workflow after their non-AD capable initializa-
tion.

 T-matrix conversion also uses “treams”®* and does not

support AD. T-Matrix based effective structure models
can be included in an autodiff workflow after their non-
AD capable initialization.
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FIG. 4. TorchGDM main package structure. The entire toolkit is

built around the Simulation class, which is a container for the
structure, environment and illumination descriptions and manages
the simulation. It also provides access to the most relevant post pro-
cessing and visualization functions. Blue: Subpackages and mod-
ules. Black/gray: Classes.

* In the case when only an integer number of effective
dipoles is given for GPM conversion, torchGDM uses
spectral clustering from the “scikit-learn”® library to
distribute effective sources inside the particle geometry.
This is not AD compatible. The user can specify the
effective dipole locations manually as a list of positions.
In this case, GPM extraction is autodifferentiable.

It is possible to load an image and convert it into a
torchGDM discretized structure. However, the function
“tg.struct3d.from_image” uses “PIL” to load and
pre-process the image file, and therefore this operation
is not autodiff capable.

H. Package structure

We limit the presentation here to the basic package struc-
ture and the main classes. The most relevant elements of the
interface are listed and discussed in the appendix A. For a full
technical documentation we refer the reader to the online doc-
umentation at https://gitlab.com/wiechapeter/torchgdm.
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FIG. 5. Gallery of the main features of torchGDM. a) Structures can be arbitrarily composed of discretized geometries (here a dielectric
prism) and effective models (here small gold nano-rods and a dielectric disc). b) Electric and magnetic near fields. c) Field gradients, either
calculated via automatic differentiation or by finite differences (faster). d) Partial, electric and magnetic Local density of states as well as
Green'’s tensors. e) Rasterscan simulations with scanning illuminations. Here, a focused Gaussian (through NA 1.4, linear X-polarization) is
raster-scanned across the structure and the scattered far-field intensity is plotted for each beam position. f) Internal fields can be obtained for
all discretized structures. g) Radiation patterns (here: cut through XY plane). h) Cross section spectra. i) Exact multipole decomposition
(discretized structures only). Here, the multipole decomposition (up to quadrupoles) of the contribution of the discretized SizNy triangular
structure to the scattering cross section is plotted. j) Near-field enhancement spectra (here 100 nm below the center of the triangle). All 2D
plots show an area of 800 x 800 nm2. Except for the LDOS and rasterscan examples, the illumination is a plane wave in the structure plane,

coming from the positive Y axis, with linear polarization along X. Single wavelength results are calculated at Ay = 550nm. The host medium
is vacuum.

Main classes: There are two main classes, defined
at the top level of torchGDM. The first top-level class
“tg.Simulation ” provides an API for all simulation
related postprocessing and visualization functionality of
torchGDM. Complex fields (near- and far-field) are gen-
erally returned as instances of the second top-level class
“tg.Field ”, which provides an API for various post-
processing and visualizations related to the electromagnetic
fields.

Results:  While electromagnetic fields are returned as in-
stances of the tg.Field class, other results are usually re-

Subpackages: TorchGDM is divided in the following sub-
packages, that organize the different building blocks of a typ-
ical simulation (see also figure 4):

* tg.env: Defines an environment for a simulation, in-
cluding the illumination light source.

* tg.struct2d: 2D structure classes and geometric
primitives as well as a mesher for surface discretized
models.

* tg.struct3d: 3D structure classes and geometric
primitives as well as cubic and hexagonal mesher for
volume discretized models.

* tg.materials: Provides an interface to refractivein-
dex.info tabulated materials.’® TorchGDM includes a
selection of database entries, but refractiveindex.info
database record can be loaded from downloaded
“.yaml” files.

* tg.postproc: Postprocessing tools to calculate physi-
cal observables from a simulation.

* tg.tools: Various tools for geometry manipulation,
batch evaluation, interpolation, etc.

* tg.visu: Visualization tools (2D with matplotlib,”
3D with PyVista®!).

turned in dictionaries, for which torchGDM tries to maintain
a consistent nomenclature. Observables related to the scat-
tered, total and incident field are returned in dictionary keys
carrying the suffixes “sca”, “tot” and “inc”, respectively. Scat-
tering, extinction and absorption cross widths (2D) and cross
sections (3D) are indicated by suffixes “scs”, “ecs”, “acs”.
API:  Most functions are accessible through an object ori-
ented interface from the torchGDM classes, but also through
a functional interface in the different subpackages. For a de-
tailed discussion of all submodules, functions and class meth-
ods, please see Appendix A or the online API documentation
(https://gitlab.com/wiechapeter/torchgdm).

III. EXAMPLES

In the following, we demonstrate the key features of
torchGDM by a choice of a few examples. Their full codes,
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minimum full example
import torch

import matplotlib.pyplot as plt
import torchgdm as tg

# - vacuum environment

env = tg.env.EnvHomogeneous3D (env_material=1.0)

# - illumination field(s)

plane_wave = tg.env.freespace_3d.PlaneWave (
eOp=1.0, e0s=0.0

2 )

# - discretized structure

structure = tg.struct3d.StructDiscretizedCubic3D (
discretization_config=tg.struct3d.volume.cube(1=8),
step=30,
materials=tg.materials.MatDatabase("GaN"),

)

# - define and run simulation

sim = tg.Simulation(
structures=[structurel,
illumination_fields=[plane_wave],
environment=env,

wavelengths=torch.linspace (550.0, 950.0, 100),

)

sim.plot_structure ()

# run the simulation
sim.run ()

# calculate cross sections
cs_results = sim.get_spectra_crosssections()

# plot

plt.plot(
tg.to_np(cs_results["wavelengths"]),
tg.to_np(cs_results["ecs"]),

plt.show ()

Listing 1. Minimum example script. The plots generated by the
script (structure and spectrum) are shown in Fig. 6.

as well as further examples can be found in the online docu-
mentation.

A. Capabilities

To give an overview of what can be done with torchGDM,
some of the core capabilities are summarized in figure 5. An
extensive list of all implemented observables is given in the
Appendix or in the online documentation. All shown calcula-
tions are fully compatible with PyTorch automatic differenti-
ation.

So far, only homogeneous media are supported, but
torchGDM can be easily extended without modification of the
core code through custom environment classes. An example
showing how to implement a host medium with a dielectric in-
terface through a mirror dipole approximation is given in the
online documentation.

B. Minimum Example

Listing 1 showcases a code example for a simple scattering
simulation. It sets up a 3D vacuum environment and a linear
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FIG. 6. Spectrum obtained by the minimum example in
listing 1. The inset shows the structure plot, generated by
sim.plot_structure().

polarization plane wave illumination. As structure, a dielec-
tric nano-cube is created, made from Gallium Nitride, with a
side length of 8 x 30 nm steps. This is wrapped into a simu-
lation, that is evaluated at 100 distinct wavelengths between
Ao = 550 nm and A9 = 950 nm. After running the simulation,
the extinction cross section spectrum is calculated and plotted,
shown in figure 6.

C. Benchmarks
Runtime and memory consumption

Figure 7a shows a benchmark of runtime vs number of sim-
ulated dipoles for evaluation on a single CPU core (blue), us-
ing 16 CPU cores (orange) and using a CUDA GPU (green).
Note that by default all available CPU cores are used, the sin-
gle core example is for illustration of the parallelization effi-
ciency, which lies somewhere between 0.5 and 0.8, depending
on the system. While communication overhead slows down
CUDA for small simulations, from a few 100 dipoles on, run-
ning simulations on GPU is by far the most efficient choice.

Figure 7b shows the memory requirement, which is identi-
cal for whichever hardware is used. Because so far torchGDM
only implements a full solver, the memory requirement in-
creases with N? (N being the number of dipoles). This limits
the possible size to around 10,000-15,000 dipoles. In the fu-
ture we might implement an iterative solver to enable larger
simulations.

Figure 8 shows the performance impact if using automatic
differentiation (on CPU). The required compute (Fig. 8a) ap-
proximately doubles due to the backward pass calculation, but
it does not depend significantly on the type and number of
derivatives. The required memory (Fig. 8b) increases also,
and more memory is necessary the more partial derivatives
are to be calculated.
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FIG. 7. Benchmark without automatic differentiation. a)

TorchGDM calculation time per wavelength on a single CPU core
(blue), on 16 CPU cores (orange) as well as using a CUDA GPU
(green). b) memory requirement (CPU: RAM, GPU: VRAM) for the
same configurations. CPU is an AMD Threadripper 3970X, GPU is
an NVIDIA RTX 4090.

Accuracy of effective dipole models

Figure 9 demonstrates the accuracy of the global polariz-
ability matrix effective models for a complicated 2D scat-
terer, using a difficult illumination. The structure is shown
in figure 9a, it is made of a lossless dielectric with € =9,
and is placed in vacuum. The discretized model consists of
a bit more than 3700 dipoles, the equivalent effective model
is made from 20 dipole pairs, corresponding to a reduction
of roughly x100. The illumination is a line dipole along Y,
placed within a notch of the geometry. The location of the
local light source is well within the circumscribing circle of
the particle, thus this situation cannot be modelled with con-
ventional T-Matrix in vector spherical harmonics expansion.
Figure 9b shows an excellent agreement between the farfield
scattering patterns of the discretized model vs the global po-
larizability matrix. Figure 9c-d compare the electric nearfield
intensity maps of the two cases. Outside of the extraction
probe and source locations (green and red dots in Fig. 9a),
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b) memory requirement for the same configurations. The bench-
marks are done on 8§ CPU cores. Trends are similar for GPU tim-
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benchmarks in figure 7.

the near-fields are very accurately modelled by the GPM (also
within the circumscribing circle).

Comparison with Mie theory

Figure 10 demonstrates the accuracy for a single scatterer
by a comparison of full discretization and Mie-based effective
polarizability models with analytical Mie theory. Figure 10a
shows the case of a 3D GaN sphere, Fig. 10b shows results for
an infinite GaN cylinder (2D), both placed in vacuum. Simu-
lations using effective polarizability models are matching Mie
theory, the simple dipole-only models of course are valid only
until higher order modes occur. The discretized simulations
have the highest error, which is due to imperfect spherical ap-
proximation of the geometry with the coarse discretization.
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FIG. 9.  Demonstration of the accuracy of the effective models
in comparison with the full discretization of a complex 2D nanos-
tructure. (a) Sketch of the geometry and the effective model (black
markers). Red and green markers indicate, respectively, the source
and probe locations used for the effective model extraction. The full
discretization is composed of roughly 3700 dipoles on a 2D square
mesh with a step of 14.2 nm. The effective GPM structure is a global
polarizability matrix (GPM) based on 20 dipole pairs. The structure
is placed in vacuum and is made of a lossless dielectric with € = 9.
It is illuminated by a line dipole oscillating along the Y axis, placed
at the location indicated by the blue marker. (b) Radiation pattern of
full discretization (solid blue line) vs effective dipole model (dashed
orange line). (c) Total electric nearfield intensity calculated from
the discretized structure. (d) Same as (c) but calculated using the
effective model. White markers indicate the GPM effective dipole
locations.

Comparison with the T-matrix method

The coupled effective dipole description is formally iden-
tical to the T-matrix method at dipolar order. Therefore, us-
ing small enough spheres described by polarizabilities derived
from analytical Mie theory, torchGDM results exactly match
Mie theory. On the other hand, GPMs with multiple dipoles
per structure are empirical models, obtained by matching the
scattered fields outside of the particle and therefore will not
exactly match Mie theory or T-Matrix calculations. However,
in practice the errors are generally very low in the order of
1073 or less. Keep in mind that when using volume dis-
cretization for polarizability model extraction, the accuracy
cannot exceed the fidelity of the discretized simulation. The
additional error depends primarily on the number of dipoles in
an effective model. Using 10 to 15 dipole pairs is a good rule
of thumb to get a very good effective model even for larger
structures. A comparison to the T-matrix method is shown in
figure 11, further examples comparing 2D and 3D geometries
with T-matrix calculations as well as a demonstration how ef-
fective models can be obtained from T-matrices are available
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FIG. 10. Polarizability extraction accuracy: Mie theory (solid blue
lines) is compared to discretization (green, dashed), global polariz-
ability matrix (GPM, orange dashed) and a dipole-pair model (red,
dotted). (a) 3D case of a sphere and (b) 2D case of an infinite
cylinder. The diameters of the sphere and of the cylinder are both
D =450 nm. The embedding environment is vacuum, and the mate-
rial is Gallium Nitride (GaN) in both cases. (a) Cubic discretization
with step of 25nm. (b) Square discretization with step 15nm. The
illumination is a linearly polarized plane wave. In (b) polarization
is along the cylinder axis (transverse magnetic, TM). The effective
polarizability models are obtained from Mie theory. The 3D GPM
model uses 15 dipole pairs, the 2D GPM uses 5 dipole pairs. The sin-
gle effective dipole approximation (“Of”) is valid only in the long
wavelength region.

in the online documentation.

D. Example: Bound States in the Continuum

Arrays of effective structures can be used to simulate lattice
effects in limited size periodic structures, such as bound states
in the continuum (BICs), which are inaccessible from the far-
field. Through symmetry breaking these states (then “quasi
BICs”) can become accessible. We demonstrate the possi-
bility to simulate this by reproducing recently reported results
from Dong et al.,”> where small assymetries are introduced by
an opposite tilting angle of neighbor structures within a unit
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method. A random arrangement of dielectric spheres (&pn = 9) in
vacuum (&qy = 1) with radii of 80 nm, 100 nm and 120 nm is lay-
ing in the XY plane. The ensemble is illuminated from the left by a
plane wave with Ay = 800 nm wavelength. The electric field intensity
is calculated at zo = —250nm below the plane of the sphere centers,
using different methods. (a) T-matrix method using “treams”, (b)
fully discretized (cubic, step of 20nm) and (c) using effective ED,
MD dipole pairs. Shown areas are 5 x 5um?. The colormaps are
normalized to the same scale in all panels.

cell of the lattice. This symmetry breaking allows coupling of
a far-field source to the quasi-BIC, as shown in figure 12.

While it is common practice to use the coupled dipole
method for simulation of (quasi-)BICs,%’94 torchGDM offers
two particularities: (1) the possibility to use automatic differ-
entiation, which is interesting e.g. for stability tests, illumi-
nation engineering or design optimization. (2) the possibility
to fully discretize some of the elements, which enables to per-
form simulations with local sources like quantum emitters or
fast electron beams, in very close proximity or even within a
single structure, e.g. in a quasi-BIC supporting lattice.
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FIG. 12. Normal incidence plane wave illumination. Unit cells are
shown in the insets, the full simulated structure consists of 15 x 15
unit cells (in total 900 elliptical structures).

automatic differentiation usage
# - set require gradients

wavelengths = torch.as_tensor ([700])
wavelengths.requires_grad = True

# - define and run simulation
sim = tg.Simulation(

wavelengths=wavelengths
)

sim.run ()

# - calculate *anything*, e.g. the ecs:

res_ext = tg.postproc.crosssect.ecs(
sim, wavelength=wavelengths [0]

)

ecs = res_ext["ecs"]

# - gradient:

ecs.backward ()

decs_dwl = wavelengths.grad[0]

d ecs / d wavelength:

Listing 2. Autograd example code. This code is used for the gradient
based search of the closest resonance in Fig. 13.

E. Example: Autograd for resonance search

The key capability of torchGDM is automatic differentia-
tion through any simulation. Technically, this is simply using
pytorch’s autodiff (AD) mechanism, and therefore works ex-
actly as any other application of pytorch’s autograd.

PyTorch’s AD can be applied to any continuous variable
that occurs in any calculation. As a simple example, we
demonstrate in listing 2 how to use automatic differentiation
on the illumination wavelength to find resonances of a pho-
tonic nanostructure (see figure 13).

F. Example: Huygens metalens optimization

The multiscale capabilities of TorchGDM together with
automatic differentiation are interesting for optimization ap-
plications of photonic structures with complicated response
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FIG. 13. Automatic differentiation for resonance search: The gra-
dient of the extinction cross section with respect to the wavelength
is iteratively calculated via AD to find the wavelength of maximum
Ocxt (orange markers). The full spectrum is shown for comparison
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and/or long-range optical interactions. We demonstrate the
potential of automatic differentiation for design tasks in fig-
ure 14, which shows how a diffractive lens, composed of di-
electric cuboids, is created, by applying AD on the field inten-
sity at the target focus position with respect to the positions
of all the structures. The structures are initially on a perfect
lattice. The optimization converges to a concentric structure
which efficiently focuses the incoming plane wave.

A related application, where this approach seems extremely
promising are Huygens metasurfaces, composed of dipolar
resonant nanostructures. They are very difficult to design,
conventional lookup tables typically don’t work, because of
the strong dependence of the electric and magnetic dipole
modes to the local field of varying neighbors.”> TorchGDM
can use automatic differentiation for an inverse design based
on a holistic description of the full structure with all optical
interactions taken into account.

G. Example: Mixed discretization. Quantum emitter within a
hollow nanostructure close to many scatterers

As said before, next to automatic differentiation, the second
key particularity of torchGDM is the possibility to combine
effective polarizability models and fully discretized structures
in the same simulation. Listing 3 below shows how to define
such a simulation.

This method allows for example, to place a local emitter
like a fluorescent molecule or a quantum dot, very close to
a nanostructure of complex shape, which itself lies within a
large, macroscopic assembly of many nanostructures, e.g. a
periodic array or some other arrangement. The nanostruc-
ture(s) that is(are) closest to the local light source, can be fully
discretized, while the structures farther from the source can be
excellently approximated each with an effective polarizability
model.

14

hybrid mesh / eff. dipole simulation

2 # - setup
3 env = tg.env.freespace_3d.EnvHomogeneous3D (env_material
=1.0)
wl = 600.0
e_inc = tg.env.freespace_3d.PlaneWave ()
7 # - discretized structure
mat = tg.materials.MatConstant (eps=6.0)

10

3 # - eff.

7 struct_eff += [150,

struct_mesh = tg.struct3d.StructDiscretizedCubic3D(
tg.struct3d.volume.cube(8), step=15, materials=mat

)

pola. structure
struct_eff = struct_mesh.convert_to_gpm(
r_gpm=5, wavelengths=wl, environment=env

450, 0] # move structure

# - create a mixed simulation

sim_mixed = tg.simulationASimulation(
structures=[struct_mesh, struct_eff],
environment=env,
illumination_fields=e_inc,
wavelengths=wl,

)

sim_mixed.run ()

Listing 3. Simple mixed discretization simulation setup example.

Figure 15 demonstrates this scenario by the example of a lo-
cal emitter coupled to a plasmonic split-ring resonator, which
is in the center of an optical corral composed of resonant di-
electric rods.’>?” Such a system is typically difficult to de-
scribe because of the different involved scales: The emitter’s
emission and the plasmonic response require fine discretiza-
tion, but also the contributions of the optical Corral are essen-
tial for the global optical response (Fig. 15a). The T-Matrix
method cannot be used because the emitter lies within the cir-
cumscribing sphere of the split ring structure. A global polar-
izability matrix can in principle be used to describe the split-
ring antenna with the local light source (Fig. 15c,e), however,
optimizing the extraction process such that the emitter field
within the gap is correctly modeled would require manual op-
timization of the GPM extraction procedure. TorchGDM’s
automatic GPM fit gives a model that offers only a qualita-
tive agreement (Fig. 15¢,e). A mixed discretization however,
reproduces the full simulation with errors of the order of +1%
(Fig. 15b,d).

H. Example: Full fields of large structure assemblies via
iterative hybrid discretization evaluation

As a final example, we demonstrate in figure 16 how mixed
effective polarizability / discretization simulations can be used
to recover full fields from very large simulations. We consider
a large assembly of N complex shape particles (here L-shaped
silicon corners), that have by themselves a complex optical re-
sponse including higher order contributions like quadrupoles.
We extract an effective GPM model for the L-shape, consist-
ing in six dipole pairs, which approximates accurately the op-
tical response. However, the drawback of the GPM model
is, that internal fields cannot be accessed. But we can use
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Inset areas are 6.4 x 6.4um?. (b) field intensity map of the final design in the focal plane (parallel to XY at z = —4000 nm). (c) field intensity
map in the XZ plane (parallel to the illumination propagation direction). Both maps show areas of 9 x 9um?. Illumination is an x-polarized
normal incident plane wave from the positive towards the negative z-axis, in vacuum, wavelength Ay = 775 nm.
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FIG. 15. Example of a “mixed discretization” simulation. An optical corral composed of resonant dielectric nano-rods (¢ = 10) contains a
plasmonic split-ring resonator (made from silver). The system is in vacuum, illuminated by an electric dipole emitter (red cross) in the gap
of the split ring with A9 = 500 nm. (a-c) Total electric field intensity maps 100 nm below the structure surface. Panel (a) shows the fully
discretized simulation. Replacing the dielectric rods by global polarizability matrices and keeping the split-ring in full discretization (b) gives
an excellent approximation to the full simulation, with errors well below £1% (d). On the other hand, replacing also the split-ring by an
effective GPM model (here: 20 dipole pairs), merely gives a qualitative approximation (c) with errors up to 40% (e).

TorchGDM’s capability to combine different structure types IV. CONCLUSIONS
in a single simulation, in order to recover the full fields. To do
so, we run a simulation where the closest neighbors around
a considered structure are fully discretized, to obtain the best
possible accuracy for close neighbor interactions. Structures
farther away than a specific distance (here we arbitrarily chose
1.25 x Ap), are described by an effective polarizability model
(see Fig. 16a). Running N simulations, one “centered” on
each nano-structure, we finally recover a very accurate ap-
proximation (< 0.5 % relative error, see Fig. 16b) for the full
internal fields of all nanotructures. Those full fields can fur-
thermore be used to calculate the scattered fields of the full
ensemble at a higher accuracy than with the GPM approxi-
mation alone (see figures 16b-g). This technique allows to
recover full fields of otherwise prohibitively large geometries.

In conclusion, in this work we presented “TorchGDM”,
a python toolkit for 2D and 3D electrodynamic scattering
simulations, with focus on nano-optics applications. The
toolkit has two main particularities: (1) TorchGDM supports
mixed simulations combining volume discretized structures
with Global Polarizability Matrix models (multiple, non-local
electric/magnetic effective dipoles). These “GPMs” are sim-
ilar to the T-Matrix approach, but can model fields also in-
side the circumscribing sphere around a particle. We believe
that this will be very useful for multi-scale simulations. (2)
TorchGDM is fully written in PyTorch, a modern automatic
differentiation framework. This makes any calculation differ-
entiable. We forsee that this has great implications for various
applications such as design optimization, sensing or pulse-
shaping. It also means that the toolkit is directly compatible
with deep learning models, opening various perspectives in
this context, such as physics informed learning. Finally, every
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FIG. 16. Example of full field evaluation in large, complex structure assemblies with iterative, mixed discretization simulations. (a) Sketch
of the procedure, “focusing” on each structure separately and performing a mixed discretization simulation. One simulation per structure
is performed, the full fields are eventually combined. The geometry in this example consists of 20 L-shaped silicon structures, each with
arm lengths of 300 nm (long arm) and 200 nm (short arm). The width and height of the structure are 100 nm and 125 nm, respectively. The
structures are positioned on a randomly perturbed grid, with random rotation angles. The GPM model consists of 6 effective dipole pairs.
(b) statistics of the error of the reconstructed full fields, the standard deviation is below 0.5%. (c-e) Field intensity maps at 75 nm below the
structure bottom surface. Calculated (c) with a single, fully discretized simulation. (d) with the iterative, mixed discretization procedure.
(e) with all structures modelled as GPMs. The zoom insets on the right show an 700 x 800 nm? large area, cut through the center plane of
the nano-structures on a logarithmic colorscale, demonstrating the faithful reconstruction of near- and internal fields. Nearfields within the
circumscribing sphere are also well reproduced with only GPMs. Illumination is an x-polarized plane wave incident from the positive towards
the negative y-axis in vacuum, wavelength Ay = 550 nm. (f-g) show electric and magnetic field intensity profiles very close (25 nm) above the
structure surface (evaluated along the dotted vertical line indicated in the field maps).
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The source code of torchGDM is available at the dedicated
git repository under https://gitlab.com/wiechapeter/torchgdm.
It is also available on the PyPi repository
https://pypi.org/project/torchgdm/ and can be conveniently
. et s s APPENDIX
installed via “pip” (pip install torchgdm). It was tested
with python version 3.9 to 3.12 on linux, windows and Mac.

A. APIDETAILS
ONLINE DOCUMENTATION

We present in this appendix the most relevant elements of
Extensive online documentation can be found at the torchGDM interface. For a full technical documentation
https://homepages.laas.fr/pwiecha/torchgdm_doc/. we refer the reader to the online documentation.


https://gitlab.com/wiechapeter/torchgdm
https://pypi.org/project/torchgdm/
https://homepages.laas.fr/pwiecha/torchgdm_doc/

1. Main classes and their methods

There are two main classes, defined at the top level of
torchGDM. The first top-level class “ tg.Simulation ” pro-
vides an API for all simulation related postprocessing and vi-
sualization functionality of torchGDM. Complex fields (near-
and far-field) are generally returned as instances of the sec-
ond top-level class “ tg.Field ”, which provides an API for
various post-processing and visualizations related to the elec-
tromagnetic fields. All those functions are also accessible
through a functional interface. Here we limit the description
to the object oriented APIL.

The tg.Simulation class

The Simulation class is first of all a container for all
parts that describe the simulation. As depicted in figure 4,
these ingredients are passed to the Simulation upon cre-
ation, and are:

e structures: a list of structures (which by themselves
contain their materials or polarizabilities).

* environment:
tg.env).

the simulation environment (from

e illumination_fields: a list of illumination fields
(available inside the respective environment’s submod-
ule).

* wavelengths: the evaluation wavelengths (in nm).

The Simulation class manages the solver. The solver class
is defined in the module tg.linearsystem, and is called in
the simulation through the method

* run() Runs the scattering simulation

No manual configuration is required as currently only a full
inversion is implemented, limiting the size of the simulation
to around 10000 dipoles. Furthermore, several convenience
operations are provided by the Simulation class

e copy () Returns a copy of the simulation, optionally
with all structures shifted by a vector.

e add_struct () Adds a structure to the simulation.

e delete_struct () Deletes a structure from the simu-
lation.

e combine() Combines several simulations together,
conserving any pre-calculated fields. Wavelengths and
illuminations of both simulations must match.

e split () Splits off one of the structures into a separate
simulation object.
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Finally, the Simulation class provides an interface for ac-
cessing the simulation results as well as for post-processing
and visualization. There are two generic methods, that need
to be provided with an evaluation function from the postpro-
cessing subpackage tg.postproc:

e get_spectra(func): Generic spectrum calculation
for a given evaluation function “func”, calculated at all
available wavelengths.

e get_rasterscan(func): (for position-varying illu-
minations like a focused Gaussian or point sources)
Calculates a rasterscan for a given observable at a spe-
cific wavelength, by evaluating all illumination posi-
tions.

Further post processing methods can be categorized into “sin-
gle wavelength” and “spectrum” evaluation. Following meth-
ods evaluate observables at a single, specified wavelength:

* get_crosssections(): Returns cross sections at a
specific wavelength (extinction, scattering and absorp-
tion).

* get_farfield() or get_£ff(): Returns electric and
magnetic fields for given probe locations in the far-field
region.

* get_nearfield() or get_nf (): Returns electric and
magnetic fields (total, scattered and incident) for given
probe locations in the near-field region. Outside of the
source zone via repropagation. Inside of structures, via
interpolation from the fields at the meshpoint locations.

* get_nearfield_intensity_efield(): Computes
the electric field intensity at given positions in the
nearfield region.

* get_nearfield_intensity_hfield(): Computes
the magnetic field intensity at given positions in the
nearfield region.

* get_chirality(): Calculates the nearfield chirality
at a given wavelength and positions.

* get_poynting(): Calculates the Poynting vector for
total, scattered and incident fields at a given wavelength
and positions.

e get_energy_flux(): Returns the time averaged
Poynting vector for total, scattered and incident fields
at a given wavelength and positions.

e get_field_gradients(): Returns gradients of the
nearfields inside or in proximity of the modeled struc-
ture at a given wavelength and positions.

e get_green(): Computes the Green’s tensor of the
complex environment defined by the modeled struc-
tures.

e get_ldos(): Computes the electric and magnetic
LDOS of the complex environment defined by the mod-
eled structures.



* get_geometric_crossection(): Returns a set of
geometric cross sections for all modelled structures (in
2
nm°).

Spectral evaluation of specific observables (at all wavelengths
defined in the simulation):

* get_spectra_crosssections(): Returns cross sec-
tion spectra (extinction, scattering and absorption).

e get_spectra_nf(): Returns spectra of complex
nearfields at given positions. A Field instance is re-
turned for each wavelength.

* get_spectra_nf_intensity_e(): Computes spec-
tra of electric field intensities in the nearfield region,
integrated over probe points.

* get_spectra_nf_intensity_h(): Computes spec-
tra of magnetic field intensities in the nearfield region,
integrated over probe points.

* get_spectra_ff_intensity(): Computes spectra
of integrated total, scattered and incident far-field in-
tensities.

e get_spectra_chirality():
the field chirality.

Calculates spectra of

* get_spectra_multipole(): Calculates the spectra
for the exact multipole moments to quadrupole order.
Optionally the long-wavelength approximation can be
used.>?

* get_spectra_multipole_scs(): Calculates the
scattering cross section spectra for the exact multipole
moments till quadrupole order.

* get_spectra_multipole_ecs(): Calculates the ex-
tinction cross section spectra for the exact multipole
moments till quadrupole order.

* get_spectra_ldos(): Computes the LDOS spectra.

* get_spectra_green(): Computes spectra of the
Green’s tensor for the full simulation system.

The Simulation class also contains methods for visualiza-
tion of the structure or internal fields:

e plot_structure(): Plots 2D projection of the struc-
ture(s).

e plot_contour(): Plots a 2D projection of the con-
tour(s) of the structure(s).

* plot_structure_3D(): Plots the structure(s) in 3D.

e plot_efield_vectors_inside():
Quiver plot of the electric field inside.

2D projected

* plot_hfield_vectors_inside():
Quiver plot of the magnetic field inside.

2D projected
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* plot_efield_vectors_inside_3D(): 3D Quiver
plot of the electric field inside.
e plot_hfield_vectors_inside_3D(): 3D Quiver

plot of the magnetic field inside.

Classes in tg.materials

Contains the class MatConstant for fixed permit-
tivity materials and the class MatDatabase for tabu-
lated or Sellmeier permittivity models, compatible with
yaml files from refractiveindex.info.5%® MatDatabase
can either be called using the name of one of the ma-
terials available in TorchGDM (can be obtained us-
ing tg.materials.list_available_materials()),
or by specifying the path name pointing to a yaml
file from a refractiveindex.info full database entry
(MatDatabase (yaml_file=path_to_file)).

The former two classes implement isotropic materials. An
example showing how anisotropic permittivities can be imple-
mented is given by the class MatTi02 for the birefringent per-
mittivity of crystalline TiO, (see the online documentation).

Available methods:

* get_epsilon(wavelength): Returns the complex
permittivity tensor at “wavelength” (in nm).

e plot_epsilon(): Plots the permittivity spectrum.

* plot_refractive_index(): Plots the spectrum of
the refractive index n = /€.

Classes in tg.env

two environment are available: a ho-

3D environment is implemented through
tg.env.EnvHomogeneous3D . A homo-
geneous 2D environment is available with the class
tg.env.EnvHomogeneous2D  (assuming an infinite
axis along y). Furthermore, each environment comes with
its own set of illumination fields (see below). The so far
implemented environment only support an isotropic, lossless
host medium. As mentioned above, all simulations can
contain a mix of volume discretized particles and effective
point-polarizabilities.

All environment classes provide various methods for
Green’s tensor evaluation. For a detailed documentation we
refer the interested reader to the online documentation, which
describes every available method. The most relevant method
is the full Green’s tensor retrieval:

Currently,
mogeneous
the class

e get_G_6x6(): Returns full electric magnetic dipole
Green’s tensor. Internally, to fill the full tensor, this calls
the above four separate methods.


https://refractiveindex.info
https://refractiveindex.info

Illumination classes

TorchGDM contains various illumination field definitions.
The illumination classes are defined in a module inc_fields
inside the corresponding environment subpackage. All illumi-
nation classes provide a method for field evaluation:

e get_field(r, wavelength, environment): Re-
turns a Field instance with the electric and magnetic
fields.

All illumination classes implement further methods for
separate E and H-field evaluation (get_efield and
get_hfield), among others. A complete description can be
found in the online documentation.

2D Illuminations in tg.env. freespace_2D. inc_field

e PlaneWave : A plane wave. Supports any kind of po-
larization and oblique incident angles in the XZ and YZ
planes. Note: if the parallel wave vector component
along the infinite y-axis is non-zero (for oblique inci-
dence in the YZ plane), this needs to be defined also in
the environment class (the 2D Green’s tensor depends
on the corresponding wavevector component®>’). If the
parallel wavevector components of field and environ-
ment don’t match, an error will be raised.

¢ ElectricLineDipole :
source, infinite along Y.

An electric line dipole

* MagneticLineDipole :
source, infinite along Y.

A magnetic line dipole

3D [lluminations in tg. env. freespace_3D.inc_field

e PlaneWave : A plane wave. Supports any kind of po-
larization and oblique incident angles in the XZ and YZ
planes.

* GaussianParaxial : A paraxial focused Gaussian
beam. Includes E-field divergence correction for tight
focus.5?® Supports any kind of polarization, variable
spotsize and focal position, as well as oblique incident
angles in the XZ plane.

* ElectricDipole : An electric dipole point source.

* MagneticDipole : A magnetic dipole point source.

Classes in tg.struct2d and tg.struct3d

The different structure classes available in TorchGDM are
depicted in figure lc-d. 2D structure classes are defined in
tg.struct2d, where a square lattice surface discretization
and several effective models are implemented:
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e StructDiscretized2D : main surface discretization
class

e StructDiscretizedSquare2D : surface square lat-
tice discretized structure

e StructGPM2D : main 2D GPM class
e StructTMatrixGPM2D : GPM from 2D T-Matrix

e StructMieCylinderGPM2D : cylindrical GPM from
Mie theory

* StructMieCylinderEffPola2D :
fective model from Mie theory

dipole order ef-

3D structures are defined in tg. struct3d, containing:

e StructDiscretized3D : main volume discretization
class

e StructDiscretizedCubic3D : cubic lattice volume
discretized structure

* StructDiscretizedHexagonal3D : hexagonal lat-
tice volume discretized structure

¢ StructGPM3D : main 3D GPM class
e StructTMatrixGPM3D : GPM from 3D T-Matrix

e StructMieSphereGPM3D : spherical GPM from Mie
theory

e StructMieSphereEffPola3D : dipole order effec-
tive model from Mie theory

All structure classes offer a unified interface for geometry
manipulations and plotting. Available methods are:

e copy(): Returns a copy of the structure. For cre-
ation of multiple identical structures, this accepts as op-
tional argument a list “positions” of 3D locations to
which the copied structure(s) is (are) moved. Option-
ally, also “rotation_angles” for each of the copies
can be specified. If both lists are given, they need to be
of equal length.

e translate(vector) Returns a copy of the structure,
shifted by the input vector.

rotate(alpha) Returns a copy of the structure, ro-
tated clockwise by angle “alpha”. The rotation axis is
given by the optional argument axis, which defaults to
"z". By default, the location of the rotation axis is the
origin, it can be set to another location using the argu-
ment center.

e combine(other): Combines the structure with an
“other” structure, that needs to be of same type.

* plot (): Plots a 2D projection of the structure



* plot_contour(): Plots a 2D projection of the struc-
ture’s contour

* plot_3D(): Plots the structure in 3D

Structure manipulations are also accessible through python
addition. For example, combining two structures (of same
type!) can be done using the python “+” operator:

struct_combined = structl + struct2.

Translating a structure by a vector (Ax, Ay, Az) can be done by
python adding of a list of 3 elements:

struct_shifted = struct + [Ax, Ay, Az].

Finally, structure classes implement a unified interface to ac-
cess polarizability tensors and self terms. For a complete de-
scription of all functions, please see the online documentation.
The most relevant methods are:

* get_polarizability_6x6(): Returns a set of the
full magneto-electric polarizability tensors (6x6) for
each meshpoint of the modeled structure. In case of
a GPM effective model with N dipole pairs, each struc-
ture’s non-local global polarizability matrix is of size
(6N x 6N).

e get_selfterm_6x6(): Returns a set of the full
magneto-electric self-term tensors (6x6) for each mesh-
point of the modeled structure.

Effective polarizability extraction Discretized structures
support conversion to effective line (2D) or point (3D) po-
larizability models, using the following methods, which are
provided by all discretized structure classes:

e convert_to_gpm(r_gpm),

where r_gpm can be either a number (number of dipole pairs
automatically distributed inside the structure), or a list of man-
ually defined positions for the effective dipole pairs. Note that
if a number is given for r_gpm, the extraction is not autodiff
compatible because and external clustering algorithm will be
used. Conversion to a single effective electric and magnetic
dipole pair is possible via:

e convert_to_effective_polarizability_pair().

Both functions require the argument “wavelengths”, deter-
mining all the wavelengths that shall be calculated, as well
as the argument “environment”, to specify the surrounding
medium for the effective model.

2. Results format

Electromagnetic fields are returned in instances of the
tg.Field class. Other results are usually returned in dic-
tionaries, for which torchGDM tries to maintain a consistent
nomenclature. Observables related to the scattered, total and
incident field are returned in dictionary keys carrying the suf-
fixes “sca”, “tot” and “inc”, respectively. Scattering, extinc-
tion and absorption cross widths (2D) and cross sections (3D)

LEIT3 EE T3 2

are indicated by suffixes “scs”, “ecs”, “acs
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tg.Field class

The field class contains the complex electric and magnetic
fields as well as the positions and optionally surface elements
of each location (for definitions on regular grids). It provides
various post processing methods, the most relevant are:

* get_efield(): Returns the complex electric field at
all evaluation positions.

get_hfield(): Returns the complex magnetic field at
all evaluation positions.

get_efield_intensity(): Returns the electric field
intensity at all evaluation positions.

get_hfield_intensity(): Returns the magnetic
field intensity at all evaluation positions.

get_poynting(): Returns the complex Poynting vec-
tor at all evaluation positions.

get_energy_flux(): Returns the energy flux by cal-
culating time-averaged Poynting vector at all evaluation
positions.

get_chirality(): Returns the near-field chirality at
all evaluation positions.

get_integrated_efield_intensity(): Returns
the electric field intensity integrated over all evaluation
positions. If available this uses the optional surface (or
line) elements.

get_integrated_hfield_intensity(): Returns
the magnetic field intensity integrated over all evalua-
tion positions. If available this uses the optional surface
(or line) elements.

If two Field instances are defined on exactly the same po-
sitions, the complex fields can be added (or subtracted) using
the python “+” (respectively “-”’) operator:

field_superposed = fieldl + field2.

Furthermore, the Field class offers several visualization
methods:

e plot_efield_amplitude(): 2D plot of the ampli-
tude of (either real or imaginary part) of one Cartesian
electric field component at all evaluation positions.

plot_efield_vectors(): 2D quiver plot of the spec-
ified projection of the electric vector field real/imagi-
nary part.

plot_efield_intensity(): 2D plot of the electric
field intensity at all evaluation positions.

plot_efield_vectors3d(): 3D quiver plot for the
electric vector field at all evaluation positions.

plot_hfield_amplitude(): 2D plot of the ampli-
tude of (either real or imaginary part) of one Cartesian
magnetic field component at all evaluation positions.



e plot_hfield_vectors(): 2D quiver plot of the spec-
ified projection of the magnetic vector field real/imagi-
nary part.

* plot_hfield_intensity(): 2D plot of the magnetic
field intensity at all evaluation positions.

e plot_hfield_vectors3d(): 3D quiver plot for the
magnetic vector field at all evaluation positions.

* plot_energy_flux_vectors(): 2D quiver plot of
the time-averaged Poynting vector projection.

* plot_energy_flux_streamlines(): Plots the
streamlines for the time-averaged Poynting vector.

3. Postprocessing

The most relevant postprocessing routines are wrapped into
the Simulation and Field classes (see above). They are
also accessible through a functional API in the tg.postproc
subpackage, which contains the following modules:

* tg.postproc.crosssect: Calculation of extinction,
absorption and scattering cross sections (in nm?)

* tg.postproc.fields: Scattered fields and their gra-
dients in the near-field and far-field zone

* tg.postproc.multipole: exact multipole decompo-
sition of the optical response

* tg.postproc.green: Green’s tensors and LDOS

4. Further tools

The subpackage tg.tools contains several modules that
provide mostly technical tools for tasks such as interpola-
tion, batch processing, geometry transformations or evalu-
ation of pyTorch-compatible special functions. Mie theory
helper functions are found in the tg.tools.mie module:

* mie_ab_sphere_3d: Mie scattering coefficients of a
core-shell sphere (3D).

* mie_ab_cylinder_2d: Mie scattering coefficients of
a core-shell infinite cylinder (2D).
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* mie_crosssections_sphere_3d: Mie cross sections
for a core-shell sphere (3D).

* mie_crosssections_cylinder_2d: Mie cross sec-
tions for a core-shell infinite cylinder (2D).

Furthermore, tools to work with T-Matrices (via “treams”S%%)
are available in tg.tools.tmatrix:
e cylindrical_wave_source_treams: Cylindrical

wave source as used for conversion of 2D T-Matrices
to 2D GPM structures.

* spherical_wave_source_treams: Spherical wave
source as used for conversion of 3D T-Matrices to GPM
structures.

e convert_tmatrix2D_to_GPM: convert a set of spec-
tral 2D T-Matrices to a 2D GPM structure.

e convert_tmatrix3D_to_GPM: convert a set of spec-
tral 3D T-Matrices to a 3D GPM structure.

As said before, please note that the Mie and T-Matrix modules
use “treams”,3%* which does not support automatic differenti-
ation.

Helper functions to create probe positions in 1D (lines) or
2D (planes) are available in the tg.tools.geometry mod-

ule:

* coordinate_map_1d:
along a line.

Cartesian equidistant points

coordinate_map_1d_circular: Cartesian coordi-
nates for points on a circle around the origin in the xz
plane with equidistant angular steps.

sample_random_circular: Random points in Carte-
sian coordinates on an r = 1 circle.

coordinate_map_2d: Cartesian equidistant points on
rectangular 2d area.

coordinate_map_2d_spherical: Cartesian coordi-
nates of points on a spherical screen around the origin
with fixed angular steps.

* sample_random_spherical: Random points in
Cartesian coordinates on an r = 1 sphere.

For a complete description of all tools, modules and functions,
please visit the online documentation.

*
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