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We employ the Stabilizer Rényi Entropy (SRE) to characterize a quantum phase transition that
has so far eluded any standard description and can thus now be explained in terms of the interplay
between its non-stabilizer properties and entanglement. The transition under consideration separates
a region with a unique ground state from one with a degenerate ground state manifold spanned by
states with finite and opposite (intensive) momenta. We show that SRE has a jump at the crossing
points, while the entanglement entropy remains continuous. Moreover, by leveraging a Clifford
circuit mapping, we connect the observed jump in SRE to that occurring between standard and
generalized W-states with finite momenta. This mapping allows us to quantify the SRE discontinuity

analytically.

I. INTRODUCTION

Entanglement has played an important role in impetu-
ously developing our understanding of quantum many-
body systems [T}, 2]. However, over the years, it has be-
come increasingly clear that entanglement alone is not
able to capture every feature that differentiates quantum
from classical systems [3] [4]. The most relevant exam-
ple of this is the fact that entanglement alone does not
guarantee the so-called Quantum Supremacy [5]. Indeed,
several highly entangled quantum states can be obtained
from a fully factorized state by circuits made of Clifford
gates [0, [7], i.e., a series of operations that can be effi-
ciently simulated on a classical computer. Quantum ad-
vantage is attained at the price of non-Clifford resources
and an exponential increment in the difficulty of simulat-
ing a quantum circuit on classical computers [5] [§].

The resource beyond Clifford operations is colloqui-
ally known as magic [9, [I0] and its quantification is
a formidable challenge for quantum information sci-
ence [10]. Recently, a computationally tractable family
of measures of Magic for qubit systems called the Sta-
bilizer Rényi Entropies (SREs) [1I] has been proposed.
For a pure state |¢) defined in a system of L qubits, the
SRE (of order «) is defined as

M) = = log (21 S P 1) |> (1)
P

Here, P = ®Z—L:1 P; runs over all possible Pauli strings,
P, € {0Y,07,0Y,07} with o) representing the identity
operator. It was proven that SREs with Rényi index
greater than or equal to 2 are essentially the unique com-
putable measure of magic for pure quantum states [12].
Among the others, the one with o = 2 has acquired a
prominent role as it is both measurable [I3HI5] and effi-

ciently computable [T6H2T].

The stabilizer entropies provide a way for analyzing
the complexity of quantum states in quantum many-body
systems [22H24]. In gapped local systems, it was found
that the SRE of ground states follows a volume law in
which the slope can be determined using single-spin ex-
pectation values [23]. On the contrary, this local behavior
of the SRE disappears in the presence of long-range cor-
relations that can induce topological frustration in the
system [25H28]. In this work, we make a crucial step fur-
ther, showing how it is possible to exploit the SRE to sig-
nal a phase transition associated with a mirror symmetry
breaking that can be found in the topologically frustrated
(TF) 1D anisotropic Heisenberg model (also known as TF
XYZ model). TF models are characterized by a delocal-
ized excitation, and such a transition is associated with
the acquisition of a non-zero lattice momentum by the
excitation [29]. Being associated with a single delocal-
ized excitation, any local or string order parameter will
at most show a mesoscopic behavior that vanishes in the
thermodynamic limit [26], 29]. In [30], it was argued that
such a transition is a second-order boundary QPT, but
that analysis did not account for the quantization of mo-
mentum. Moreover, we will show that even entanglement
fails to highlight the development of ground states that
violate the mirror symmetry. Therefore, to the best of
our knowledge, this is the first instance of a “pure magic
transition” in a deterministic quantum system at equilib-
rium, even if a shift between local and non-local magic
has been recently observed in the dynamics of random
quantum circuits [14, BIH33].

Non-local features in complex quantum many-body
systems go beyond the paradigm of symmetry breaking
and local order parameters [34]. For this reason, entan-
glement has been extremely successful in describing topo-
logically ordered phases of matter that were previously
thought of as just disordered [35H38§], as entanglement
patterns are non-local. However, they are still limited to
what can be encoded in the reduced-density operators.



From this point of view, the SRE, being obtained from
the Pauli spectrum of the full state, promises to have a
much higher capacity. Here we show that the SRE can
signal the emergence of a ground state with a non-zero
lattice momentum even in the thermodynamic limit.

Following the same reasoning, it is conceivable that
other combinations of strings, with different physical
meanings, could detect this transition. A natural candi-
date in our case is the momentum operator: like the SRE,
when expressed in terms of spin operators, it is non-local
and involves a super-extensive sum of Pauli strings [39].
However, although it would reveal the TF transition in
a disorder-free system, the momentum operator loses a
clear definition once translational invariance is broken.
By contrast, the SRE is always well defined and, as we
show in Appendix D, it appears capable of detecting a
quantum phase transition even in the presence of a de-
fect that explicitly breaks spatial translational symme-
try. Unfortunately, introducing a defect makes the nu-
merical analysis extremely demanding, and so far, we
have not been able to fully characterize the behavior of
the transition in the thermodynamic limit. Nevertheless,
our results clearly demonstrate the SRE’s detection skill.
Hence, thanks to its generality, we pose that the analysis
of SREs can constitute a new, general tool for the study
of unusual phase transitions characterized by non-local
behaviors in complex systems defined in terms of qubits
or qudits [40], in an alternative and complementary way
to entanglement. Thus, our results go well beyond TF
systems, extending, for instance, to all those models char-
acterized by a finite number of excitations, such as the
ANNNI model [41]. In our case, to better understand the
SRE, we exploit a mapping between the lowest energy
states of the TF XYZ chain close to the classical point
(where the Hamiltonian consists of mutually commuting
terms) and generalized W-states in which a phase char-
acterizes each element. As we will show, in the thermo-
dynamic limit, the SRE remains phase-dependent, while
the entanglement and expectation values of any Pauli
string are insensitive to it.

The implications of these results are two-fold: on one
side, it shows that inhomogeneous W-states may have
higher complexity (as measured by SRE) while retain-
ing the same entanglement properties. On the other
hand, generalizing the results in [24] for magic and in [25]
and [27] for entanglement, we will show that for the
ground state of the TF XYZ spin chains, both quanti-
ties can be written as the sum of the contribution from
the corresponding non-frustrated chain and that of the
generalized W-state. In this way, the jump in complex-
ity in the latter due to a finite phase equals that of the
frustrated chain, providing a further link for this elusive
quantum phase transition.
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TABLE 1. Recap of the states used in this work. |Wp) and
|Wp) are respectively the standard and generalized W-states
defined in eq. : they have the same amount of entangle-
ment in the thermodynamic limit, but a different SRE for
finite/zero p. |wo) and |wp) are linear superposition of kink
states as in eq. and can be obtained from their corre-
sponding W-states through the Clifford circuit in eq. .
Therefore, they share the same amount of magic, but not of
entanglement. The ground state of the XYZ chain in Eq.
has amounts of entanglement and magic equal to those of its
non-frustrated (non-universal) counterpart, plus the contri-
bution from the corresponding |wo ) (see Eq. (12)).

II. MAGIC OF A GENERALIZED W STATE

As it is well known, W-states [42] play a pivotal role
in quantum information [43H45] finding applications in
various quantum algorithms, such as Grover’s [40] or
quantum error correction [47, (48], quantum communica-
tion [49], and error detection [50]. The family of gener-
alized W-states that we consider in this paper is the one
that still preserves the invariance under spatial transla-
tion, which reads

L
W) = == >0 e |-)°. @)
j=1

Here, the states |£) are the eigenstates of the Pauli oper-
ator o”, corresponding to eigenvalues +1, and L denotes
the total number of qubits in the system. Moreover p are

the quantized momentum eigenvalues given by p = 2£,

L
with £ being an integer ranging from f% to %

It is easy to see that the entanglement properties of the
states in eq. are independent of p. Indeed, for any bi-
partition, the reduced density matrix admits only two
non-vanishing eigenvalues that coincide with the proba-
bilities that the single excitation, represented by the state
|[+), is in one or the other subset. Such probabilities are
given by (1 +x)/2, where z is the difference in the num-
ber of qubits between the two subsets normalized by L.
Thus, the 2-Rényi entropy at half chains is

412 + (L —1)> —4(L - 1)L

Sa(W)) = —log, o (3)




On the contrary, the expression of the SRE for the
generalized W-states is a function of L and p, and we
evaluated it analytically to be (see Appendix A)

11 — 12L + sin ((2—4L)p)
Mo(p, L) = —1 - sin (2p) 4
2(p7 ) - 0gy 2L3 . ( )

In the limit p — 0 we reach the minimum of eq. and
recover the SRE for the homogeneous W-state:

M (0,L) = 3log, (L) — log, (7L — 6). (5)

Conversely, for £ # 0 we have that eq. becomes

2
M (L”z L)

Note that this expression is independent of ¢, and hence
on p, as long as the latter is non-vanishing: the differ-
ence AMy(L) = My (22(,L) — M5(0, L), represents a
jump in SRE, associated to the state acquiring a non-
zero phase (i.e. momentum), which reduces to log,(7/6)
in the thermodynamic limit.

7L—6
= M5(0,L) + log <> (6)
0 >\6L -6

III. MAGIC PHASE TRANSITION IN A 1-D
FRUSTRATED SPIN-SYSTEM

Let us now introduce our many-body system, the
Hamiltonian of the 1D XYZ chain, with a global mag-
netic field along the z-axis reads

L

L
Hxyz =YY Jaohooy +hY o (7)
n=1

n=1 o

Here and in the following, we will always assume that
Jp = 1 while |J,|, |J;] < 1. As it is well known [25, [39]
[5IH53), this choice, assuming frustrated Boundary Con-
ditions (FBCs), i.e. odd number of spins (L = 2M + 1
for M € N) and periodic boundary conditions (& =
on, 1, ¥n), assures the presence of topological frustra-
tion in the system. The frustration of topological origin
has several interesting consequences on the low-energy
properties of the systems, such as the introduction of
unusual long-range behavior of correlations [26] and the
substitution of a gapped system with one in which the
ground state is part of a band of 2L states [28].

The non-trivial response of an Antiferromagnetic spin
chain to FBC is also witnessed by an excess of bipartite
entanglement beyond the area-law contribution [25] 27,
[54]. While these properties characterize the whole frus-
trated phase, accordingly with [29], assuming J, > —J,
there exists a critical value of the external magnetic field
h* > 0 (see Fig. [1)) such that for |h| < h* the ground
state manifold becomes twofold degenerate and spanned
by states with finite, opposite momenta p # 0. Inter-
estingly, the physics of the whole frustrated phase can
be described in a quasi-particle picture through a single

1.0-1.0

FIG. 1. Value of h* as function of J, and J, (J, is assumed
to be equal to 1) for the Hamiltonian in eq. (7). The data is
obtained numerically, looking at the momentum of the ground
state for a system made of L = 15 spins. For h* > 0, choosing
|[h| < h*, the ground state manifold has a dimension equal to 2
and is spanned by states with finite, opposite momenta p # 0.

delocalized excitation in the ground state of frustrated
chains. While in most cases this excitation carries zero
momentum, below h*, where the ground-state manifold
is at least two-fold degenerate, it has a nonvanishing one.

In the beginning, let us focus on a simple case where
the system can be studied analytically. This case is
represented by the system close to the classical point.
The classical point is when J, is the only non-vanishing
Hamiltonian parameter and eq. reduces to a sum of
mutually commuting terms, i.e., to a classical Hamilto-
nian. Close to this point, exploiting perturbation theory,
we obtain that the elements of the lowest-energy band
can be written as kink states

1 - p /
pr>=ﬁkgle “(1k) + 1K), (8)

where p is the quantized momentum, i.e. p = 27¢/L, with
! = —@,...,% The kinks are embedded within
Néel-ordered states and can be constructed as the union
of two extensive families of states, defined respectively as
k) = T @j2, 03; |-)°" and |K) = TF @2, 03, [+)°"
with k£ and &’ ranging from 1 to L. Here, 7 denotes the
translation operator that shifts the state by one site to
the left.

Turning on J, J, and/or h in the proximity of the
classical point, we can have either a unique or a two-
fold degenerate ground state. In the first case, the lowest
energy is obtained by setting p = 0, while in the other
case, the two ground states display equal but opposite
momenta p. Note that a p = 0 state is invariant under
the reflection of the system with respect to any of its
sites, while a state with finite momentum breaks this
mirror symmetry.

As shown in Appendix B, limiting ourselves to
partitions (A|B) made of connected subsets, regard-



less of their dimensions, the reduced density matrix
pa(p) = Trp(JwpXwp|) admits only 4 non-zero eigenval-
ues:

1
T gr
+ \/(L —2a)?2 4+ 4L(1 + 7y cos(pa)) — 4sin2(pa)) )

A1 (L + 27 cos(pa) + ©)

where a = dim(A) and v = £1. From eq. (9) it is evi-
dent that the momentum-dependent terms scale at most
with the inverse square root of L and thus vanish in the
thermodynamic limit. Therefore, for diverging L, the
entanglement does not depend on p. To provide an ex-
ample, setting a = (L — 1)/2 and evaluating the 2-Rényi
entropy of |wy,) we obtain

14+ L(4+ L)+ 4cos(p)
412

Sa(wp) = —logy (10)
that becomes independent on p when L diverges.

On the contrary, SRE works perfectly to detect the
emergence of a ground state with a finite momentum. To
verify this result, it is enough to observe that the states
in can be obtained from the ones in by apply-
ing to the second the (SRE preserving) Clifford circuit
introduced in Ref. [24]

L—1 M L—1
s=[[cw, .- | [[e3-|BE)oi [[CG+1)TT7
j=1 j=1 j=1

(1)
Here H(j) = %(a;” +0%) is the Hadamard gate on the j-
th qubit, while C(j,1) = exp [¢5(1 — of)(1— of)] is the
CNOT gate on the I-th qubit controlled by the value of
the j-th one and II* = ®]L:1 o7 is the parity operator
along z. Since the states |wp) are obtained from the |WW,)
via a Clifford circuit, they share the same value of magic.
Therefore, when the ground state is unique and carries
zero momentum, its value of the SRE is given by eq. ,
but when the ground state acquires a finite momentum,
it increases by a quantity that stays finite even in the
thermodynamic limit.

To extend this result to the whole frustrated phase,
we show that in the thermodynamic limit, it is possible
to write the SRE of the ground state of a topologically
frustrated spin chain |g7*") as the sum of the SRE of the
ground state of the corresponding non-frustrated model

|gNF> plus the SRE of a gWWs, i.e.
Ma([g7F)) = Ma(|gVF)) + Ma(IW,)). (12)

We prove this decomposition numerically. To perform
a meaningful finite-size scaling analysis, we need system
sizes that go beyond the capabilities of exact diagonaliza-
tion techniques. Larger chains typically involve an expo-
nential increment in the number of correlation functions,
but recently, several methods have been introduced to es-
timate SRE using matrix product states (MPS) represen-
tations [I7, I8, 21]. In our case, the most suited approach
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FIG. 2. The ratio R(p, L) defined in eq. , as a function
of L for different sets of parameters. In both cases, we ob-
serve a power-law convergence of R(p, L) tol for L — oo, as
highlighted in the inset plot, where we plot 1 — R(p, L) as a
function of L™ in log-log scale.

is the one proposed in [21] since its worse scaling with the
MPS bond dimension, compared for instance to [I8], is
compensated by the possibility of avoiding any statistical
sampling on the distribution of Pauli strings. The latter
is problematic since it does not converge easily in the frus-
trated case, due to the emergence of a multi-peaked dis-
tribution for the correlation functions. Therefore, we first
compute the chain’s ground-state chain in the MPS form
using a density matrix renormalization group (DMRG)
algorithm [55H57] and then use it to evaluate its SRE.
We follow this procedure both to determine the ground
state of the topologically frustrated chain ’ gTF >, and the
one of the corresponding non-frustrated model ’ gNFr >,
obtained by inverting the signs of J, and J,,.
In Fig. 2] we plot the quantity

Ma([v""))
MQ( |y NE) ) + Mag(|Wy,) ) 7

that clearly approaches unity as L. — oo hence prov-
ing eq. . The data from this analysis would already
be sufficient to prove that the phase transition associ-
ated with the violation of the mirror symmetry is high-
lighted by a finite gap in the magic. However, it is also
interesting to provide direct verification. Therefore, we
performed a finite-size scaling analysis of the jump in
magic at the transition point h* for several sets of pa-
rameters. To realize this analysis, we fix the values of
the anisotropies, determine numerically A*, and plotted
the difference in the SRE soon after and soon before this
point. In all analyzed cases, the numerical data show a
power-law convergence of the amplitude of the disconti-
nuity to the analytically computed value of log,(7/6), as
shown in Fig.[3] This correction, which is clearly sublead-
ing compared to the leading contribution to the magic
proportional to L, is associated with the fact that the
ground state acquires a nonzero momentum, as can be
seen from the results in the second chapter. More gener-
ally, and at least for one-dimensional systems with short-
range interactions, taking into account also the findings

R(p,L) = (13)



of Ref. [58], we can state that the SRE, as well as other
extensive quantum resources, can be decomposed in the
thermodynamic limit into two contributions, where the
subleading term reflects the topological structure of the
ground-state manifold. Consequently, the analysis of
a quantity such as Eq. provides a way to isolate
this subleading contribution, as further demonstrated in
Ref. [41]. In contrast, the discontinuity in the bipartite
entanglement shows a power-law convergence to 0, im-
plying that, in the thermodynamic limit, it is unable to
highlight the presence of the phase transition. This con-
firms that the SRE witnesses the quantum phase transi-
tion associated with the violation of the mirror symme-
try in topologically frustrated spin chains, which could
therefore be classified as a magic (SRE) transition.

Let us stress that no observable that can be written as
the sum of a finite number of Pauli strings could detect
this phase transition. In fact, in Appendix A, we prove,
for the generalized W states [W,) in eq. (2), that if the
expectation value of a string depends on the phase p,
then it is mesoscopic and vanishes in the thermodynamic
limit. Since the Clifford circuit that transforms states
|W,) into |w,), also maps a Pauli string into another Pauli
string, only operators involving an extensive amount of
Pauli strings can detect a finite momentum p # 0 in the
many-body model.

We further tested the robustness of our results by in-
troducing a local defect in the XY model that explicitly
breaks translation symmetry. Without the defect, the
phase transition marks the change from a unique ground
state to a two-fold degenerate manifold. When the defect
is present, this degeneracy is lifted, and the ground state
becomes generically non-degenerate, with the transition
replaced by a set of crossovers that becomes a dense set
in the thermodynamic limit. In this scenario, conven-
tional diagnostics such as momentum fail, since they rely
on translational invariance. Remarkably, however, as we
can see in Appendix C, the second-order stabilizer Rényi
entropy My continues to show a sharp discontinuity near
the critical point, demonstrating that quantum magic re-
mains a reliable probe of the underlying structural trans-
formation even when the nature of the transition is al-
tered and translational symmetry is broken.

IV. CONCLUSIONS

Summarizing, we introduced a generalization of W-
states that promotes a finite momentum. While preserv-
ing the value of entanglement of the W-states, they pos-
sess a greater degree of complexity as highlighted by the
SRE. This generalization of W-states is extremely rele-
vant in topologically frustrated 1D systems since they can
be mapped, through a Clifford circuit into the elements of
the lowest energy band close to the classical point. Then,
we showed that, since the complexity of the ground states
of topologically frustrated chains can be decomposed as
the sum of a non-frustrated component and that of the
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FIG. 3. Finite-size scaling analysis of the discontinuity in the
SRE (top) and in the entanglement (bottom) for different sets
of anisotropies (J, = 1 in all analyzed cases ). Both quan-
tities show a power-law decay to the thermodynamic values
that are, respectively log,(7/6) and 0. The entanglement is
evaluated with the 2-Rényi entropy, and the data plotted are
associated with the partition (A|B) in which A is a connected
subsystem made of (L — 1)/2 spins.

gW3s, the transition separating the region of zero momen-
tum ground state from that with finite momenta can be
characterized by a discontinuity in SRE. While it was
already shown in other works that the SRE can detect
measurement-induced phase transitions that are not sig-
naled by the entanglement entropy in quantum circuits,
to the best of our knowledge, our result constitutes the
first instance of a quantum phase transition that can only
be witnessed by the SRE in a deterministic system. The
reason behind the fact that only the SRE can capture
this quantum phase transition is probably related to the
fact that the corrections induced by topological frustra-
tion on quantities like the correlation functions typically
decay at least as L~', hence vanishing in the thermody-
namic limit. The SRE, however, involves the sum of the
expectation values of an exponential number of correla-
tion functions and hence can display a finite jump even
in the thermodynamic limit. It is important to stress
once more that, while the Clifford mapping does not pre-
serve the bipartite entanglement entropy and thus those
of gWs and the spin ground states differ, they do not
show discontinuities when a finite momentum appears.

The nature of this transition, being induced by bound-
ary conditions, has remained controversial so far: the re-
sults of this work not only show the first instance of a
discontinuity in SRE not accompanied by a similar one
in the entanglement in a deterministic model, but fur-
ther establish complexity in condensed matter/statistical
physics systems as a detector of unconventional quantum
phase transitions. In addition, our analysis in the pres-
ence of a local defect explicitly breaking translation sym-
metry shows that the SRE remains a robust diagnostic:
even though the defect removes the ground-state degen-
eracy below the critical point and replaces it with a dense
sequence of crossovers, M still displays a sharp discon-
tinuity. This highlights that the sensitivity of SREs to



structural changes in the ground state extends beyond
translationally invariant settings. Of course, additional
instances of such phenomenology are needed to estab-
lish whether complexity is merely a proxy for detecting
transitions (like entanglement entropy) or if it truly cap-
tures something fundamental, such as topological order
parameters.
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Appendix A: Analytic derivations of Stabilizer
Rényi entropy for a Wp state

The main result shown in the main part of the paper
is based on the behavior of the SRE on the family of Wp
states, which is a family that generalizes the well-known
W state. To evaluate the SRE, let us start by recalling
its expression for a generic pure state |1). It reads

Mo([)) = ~log, (;L > <w|7>|w>4>,
P

where the sum runs over all possible Pauli strings P that
can be defined on the system. Taking into account that
any |W,) state can be written as

(A1)

L

1 ; L

W) = —=> el |-)¥ (A2)
\/szl J

we immediately see that to determine the SRE on |WW),),
we have to evaluate the terms

L
= > expluj -

jk=1

] (=|%F o7 Pt | =) (A3)

It is easy to see that in the large majority of cases O(P) =
0, but with two important exceptions. The first exception
is when the Pauli string is made only by the identity

and 0% operators, i.e. when P becomes P’ = ®£:1 o,
where o € {0,2}. In this case, the absolute value of
each O; ;(P’) depends on the number { =0,...,L of of

operators in the string, and it is equal to ||£72||. Taking

into account all the possible combinations of identity and
o® operators, the contribution of these terms becomes

o /L-2\" L
;O(mzz( L )l!(Ll)!'

=0

(A4)

The second exception is represented by the Pauli strings
with only two operators in the set {¢¥, c*}. Within
this hypothesis, the Pauli string can be written as P =
®£:17k¢1-7j o ® (O’BJZ) where o = 0,z while 8, v =y, 2
This contribution comes from the fact that such strings
can shift the |4+) from the site j to the site k& and
vice versa. When S = ~, both these two terms have
the same sign, so giving a contribution proportional
to cos|[(j — k)p]/2L. On the contrary, when 3 # v
they show opposite signs, so contributing proportional
to sin[(j — k)p]/2L. Naming r = j — k and summing over
all possible Pauli strings, we have

O(P") = LL e A5

<><>]

Putting the two non-vanishing contributions together in
the definition of the SRE of order 2, we recover, after
some steps, the following expression

1— 12 + 2LC2p)

M3(Wp) = —log, | — (A6)
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Appendix B: Entanglement Entropies for the w,
states for a generic bipartition made of convex
subsystems

As we have seen in the main text, near the classical
point, the ground state of a topologically frustrated sys-
tem can be well-approximated by a state w, that can be
written in the form

M (k) + |K)), (B1)

|wp) = \/7 ];

Here p is the quantized momentum, ie. p = 27f/L,
with £ = 0,...,L — 1 and L being the (odd) length of
the chain. The kinks are embedded in Neél order states
and are made of the union of two extensive sets of states
defined as

M
k) =T Q) og; [+)°F
=1

M
) =T Qa5 )
j=1



In |£) denote the eigenstates of o associated re-
spectively to the positive/negative eigenvalue in the -
direction, M = (L — 1)/2, while T stands for the trans-
lation operator that shifts the state of the system by one
single site towards the right. For k& = 1 the ferromag-
netic defect is placed between sites 1 and L while with
k > 1 the translation operator moves it around the whole
chain.

Let us now consider a partition of the system A|B in
which both A and B are convex sets, i.e., ensembles of
contiguous spins. From we may recover the reduced
density matrix obtained by projecting w, into A. In the
quite general case a = dim(A) > 2, the reduced density
matrix can be written as follows.

pa = Trp(jwp)Xwpl) (B3)
Q® o® v (® W (®
1 o Q® w(®) v (®)
T | (vt (WOt L b 2cos(ap)
(WOt (V)T 2cos(ap) L —b

In eq. PA is a 2a % 2a square matrix, and b = a—1.
The reduced density matrix p4 is not block diagonal
but has a block structure, and each one of these blocks
has a quite regular structure. To begin, the matrices
0® and Q® are both b x b square matrices. All the
elements of the first are zeros, i.e. 052),71 = 0Vm, n,
while the elements of Q®) obey to the following law

S;),n = exp(—t(m —n)p). On the contrary, both V(®)
and W©® are column vectors made of b rows and one

single column. The n-th element of V(®) can be written
as V¥ = exp(—1(b+ 1 —n)p), while for W we have
W = exp(—t(L — n)p)

Diagonalizing this matrix with the help of Mathemat-
ica, and testing the results so obtained with a purely nu-
merical code, we have found that all the eigenvalues are
zero except four. These four non-vanishing eigenvalues
can be put in the form

1

A, 4= E(L + 27 cos(pa) +

i\/(L —2a)?2 4+ 4L(1 + 7y cos(pa)) — 4sin2(pa)),

(B4)

where v is a dicotomic real parameter of modulus 1, i.e.
v = +1. The four eigenvalues are recovered considering
all the possible combinations of the + sign in front of the
square root and the values of «v. From this expression,
all the different entropic measures of the entanglement
can be easily recovered. A case in which the analyti-
cal expression of the entanglement entropy becomes very
easy is the 2-Rényi entropy that, after some steps, can
be reduced to

L(L+2)—2a(L—a)+2 cos(pa)
212

Sa(a,p)=—log, , (B5)

from which, setting a = (L — 1)/2, we can recover the
result presented in the main text
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FIG. 4. Second-order stabilizer Rényi entropy M2 for the
XY model in the presence of a local defect for different length
L. Even though translation symmetry is broken, My clearly
signals the presence of a phase transition. The data were
obtained considering J, = 0.8, J, = 0.2, and § = 0.05.

Appendix C: Magic Transition whitout invariance
under spatial translation

In this appendix, we investigate how the quantum
phase transition discussed in the main text is affected
by the explicit breaking of translation symmetry. To
this end, we consider the one-dimensional XY model in a
transverse field, which can be obtained from the Hamil-
tonian in Eq. (7)) by setting J, = 0. On top of this, we
introduce a local defect in the interaction by modifying
the coupling on the first bond as

§ (Jpofos + Jyoiod), (C1)
where ¢ quantifies the defect strength. This perturbation
explicitly breaks the spatial translation symmetry of the
system.

The presence of the defect not only breaks translation
symmetry but also qualitatively changes the nature of
the transition. In the translationally invariant case (§ =
0), the critical point separates a region with a unique
ground state from a phase characterized by a two-fold
degenerate ground-state manifold in the thermodynamic
limit. In contrast, when the defect is introduced (§ #
0), the ground state becomes generically non-degenerate.
The only exceptions are a finite set of points—located
strictly below the critical point—where level crossings
between nearly degenerate states occur. The number of
these crossing points increases linearly with system size,
forming a dense set in the thermodynamic limit.

In the absence of the defect, the phase transition
can also be identified by the emergence of a nonzero
ground-state momentum. However, since the introduc-
tion of the defect explicitly breaks translation invari-
ance, momentum is no longer a good quantum num-
ber, and this diagnostic fails. Despite this, quantum
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FIG. 5. Left Panel: Dependence on the position of the
entanglement properties for the states |¢(p,6)) in (DI). The
entanglement is evaluated considering a partition (A|B) where
A is made by (L — 1)/2 contiguous spins of which the first is
k*,p=2r/L and 6 = (L — 1)/4. Left Panel: Dependence of
the amplitude of the oscillations of the entanglement proper-
ties on the dimension of the systems. The difference between
the maximum and the minimum of S(A, k") is plotted as a
function of 1/L to highlight the fact that in the thermody-
namic limit it vanishes.

magic—quantified by the second-order Stabilizer Rényi
entropy Mao—continues to provide a reliable signature of
the underlying transition. As shown in Fig. [l My ex-
hibits a pronounced discontinuity near the critical point,
closely aligned with the location of the transition ob-
served in the translationally invariant case. This indi-
cates that, even in the presence of a defect and the ab-
sence of degeneracy, the system undergoes a structural
transformation that is still captured by quantum magic.

These findings highlight both the robustness of the
phenomenon identified in the main text and the power of
quantum magic as a diagnostic tool. Unlike the momen-
tum and other fine-tuned operators, M, remains sen-
sitive to the nonperturbative structural features of the
many-body ground state—even in systems where trans-
lation symmetry is explicitly broken.

A=551 J,=1,J,=033,/,=0

0.0 0.2 0.4 0.6 0.8 1.0
k/L (k=site where A starts)

FIG. 6. Dependence on the position of the entanglement prop-
erties for the ground states that preserve the mirror symmetry
for different system lengths. The ground states considered in
this plot are obtained by the DMRG algorithm setting J, = 1
and J, = 0.33. With these parameters, the ground states ana-
lyzed are the symmetric linear combination of the two ground
states with momentum equal to p = 27/L. The entanglement
is obtained considering a partition (A|B) where A is made by
(L —1)/2 contiguous spins of which the first is k*.

Appendix D: Incompatible symmetries

In our paper, we considered the breaking of the mirror
symmetry and observed how the violation of this symme-
try, associated with the emergence of finite-momentum
ground states, is evidenced by a finite jump in the value
of the SRE. At the same time, we also observed how
entanglement does not show any response to this phe-
nomenon and, therefore, is not a quantity usable to detect
the breaking of this symmetry and the quantum phase
transition it entails. However, the phenomenology con-
nected to this phase transition is very complex and has
other aspects to highlight.

In fact, among others, the XYZ chain has two symme-
tries that are usually considered as trivial, namely the
translational symmetry and the mirror symmetry that
exchanges sites at the same distance from a reference
point. In general, these two symmetries cannot be diag-
onalized simultaneously, and only states with zero or =«
momentum can be eigenstates of both. However, the 7
momentum is incompatible with the constraint of an odd
number of spins.

Crossing the phase transition at h = h* we have a sud-
den change in ground state degeneracy connected with
the appearance of ground states with finite and opposite
momenta. In a way, the peculiarity of this phase tran-
sition, which renders it different from the usual ones, is
that, after crossing it, it is not possible to select out of the
degenerate ground state manifold a state that respects all
the symmetries of the Hamiltonian.

In the main part of this paper, we consider eigen-
states of the momentum operator that thus break mirror
symmetry: let us now look at eigenstates of the mirror
symmetry, constructed as the symmetric superposition of



states with opposite momenta:

1
lo(p, 0)) = 7

L
_ % S cos(pk — O) (k) + k)
k=1

It is easy to see that |¢(p,6)) does not violate the mirror
symmetry with respect to the site k= 0/p, but it is not
an eigenstate of the spatial translation invariance sym-
metry of the Hamiltonian, as can be easily seen from the
explicit dependence on the modulus cos(pk — ) from the
site index k.

As we can appreciate from the plot in fig. [5] the entan-
glement properties of the state |¢(p,8)) depend on the
value p, but this dependence vanishes while the dimen-
sion of the system diverges. Indeed, in the first panel of
fig. [o| we illustrate the dependence of the Von Neumann
entropy for a convex bipartition (A|B), where A consists
of (L — 1)/2 contiguous spins, on k* that represents the
first spin of the chain in A. The analysis is performed
for chains of varying lengths, assuming p = 27 /L and
0 = (L —1)/4. As the size of the system increases, the
amplitude of the oscillations in the entanglement value
decreases, vanishing in the thermodynamic limit, as can
be appreciated in the second panel of the same figure. A
numerical analysis of the data shows how, for p = 27 /L,
in the limit of large L, this amplitude can be approxi-
mated by const/L where const ~ 4.17. This picture does
not change significantly moving away from this perturba-
tive regime: a similar behavior can be seen in fig. [6] for the
entanglement immediately below the transition point for

(e Nw(p)) + € lw(=p)))  (D1)

the ground state of the spin chain obtained from DMRG.

Finally, we should mention that the XYZ chain also
possesses a Zo symmetry, related to the spin flip symme-
try, and represented by the parity of the magnetization
along the z-axis. For h > h* the ground state has a fixed
parity and is separated from a state with opposite parity
by a gap closing polynomially with the system size [26]
(this should be contrasted with the case without topolog-
ical frustration, where the gap closes exponentially [59]).
Below the phase transition (h < h*), for finite chains the
lowest energy states can have different parities, with fre-
quent level crossings between them as the Hamiltonian
parameters are changed (the first of which always occurs
at h = h*) and for different chain lengths L. Overall, the
gap between opposite parities’ lowest energy states closes
exponentially [29], indicating that in the thermodynamic
limit, the ground state manifold doubles its degeneracy.
Hence, in addition to ground states breaking the mir-
ror and/or translation symmetry, one could also select a
state with indefinite parity to study the phase transition
properties. This choice introduces further complications
and subtleties in the analysis, since the momenta of states
with different parities are shifted by « and thus several
inequivalent scenarios arise, depending on the choice of
ground state. We believe that these subtleties are pe-
culiar to the model under consideration and will be the
subject of a separate work with detailed considerations
on different finite-size scenarios, while the SRE disconti-
nuity we reported in the main part of this paper is a gen-
eral phenomenon that can help in detecting novel types
of phase transitions.
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