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Abstract

Fisher information plays a central role in statistics and quantum metrology,

providing the basis for the celebrated Cramér-Rao bound. In this work, we in-
troduce a new information measure based on higher-order Fisher information
and show that it naturally leads to a generalized uncertainty relation for pa-
rameter estimation, which can be regarded as an extension of the Cramér-Rao
bound. As an application, we analyze the case of quantum phase estimation
with a single qubit and compare our theoretical bounds with the well-known
established hierarchical bounds. Finally, we experimentally validate the pro-
posed framework using a photonic platform.
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1 Introduction

The Cramér-Rao bound (CRB) evaluates estimator performance via Fisher Informa-
tion (FI) [1,2]. Helstrom extended this to the quantum domain by replacing probability
functions with density operators [3], leading to the quantum Cramér-Rao inequality, a
quantized version of the classical bound optimized over all quantum measurements [4].
This introduced quantum Fisher information(QFTI), quantifying information encoded in
quantum states. Various extensions such as multiparameter estimation [5], adaptive
Bayesian methods [6], and photonic implementations surpassing the Heisenberg limit [7]
highlight quantum technologies’ potential for precision measurements in applications like
gravitational wave detection and biosensing [8—18,18-21].

The standard estimation error in quantum metrology depends on QFI, which relies
solely on the first-order derivative of the spherical representation of statistical distribu-
tions. This limits its ability to characterize parameters because of its specific regularity
conditions optimally. Recent advancements have addressed this by generalizing quantum
metrology through the Bures metric and linear combinations of general test functions,
enabling the quantization of various well-known bounds [22]. These methods create hier-
archies of frequentist bounds [22-27], including the QCRB. Such developments provide a
more comprehensive framework for parameter estimation, particularly in scenarios where
the QCRB falls short.

In this paper, we propose a generalized form of information derived from FI. This
information can be treated as a score function, and it corresponds to the higher-order
derivative of the spherical representation of estimated probability distributions (see Figure
1). This information naturally leads to a generalized uncertainty relation for metrology.
We apply this framework to quantum phase estimation with a single qubit, deriving an
improved theoretical bound. We compare it with well-established hierarchical bounds,
including QCRB [3,23,24,27], quantum Bhattacharyya bounds [26], quantum Abel bounds
[25], and Gessner-Smerzi bounds [22]. Finally, we validate our method experimentally
using a photonic platform, demonstrating its practical applicability. Despite the non-
additive feature of the present high-order information, our bound demonstrates asymptotic
properties, and the estimation error can be minimized with multiple measurements. We
experimentally validate a quantum phase estimation using a single-photon platform.
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Figure 1: Schematic metrology using Fisher information (up) and both Fisher
information and present high-order information (down). The estimation errors
of parameterized unknown variables can be characterized in terms of different
feature spaces defined by Fisher information and second-order information.

2 Metrology with high-order information

Consider a statistical experiment designed to infer an unknown parameter 6, where
{p(z|f) : 6 € O} represents a family of probability densities for a continuous random
variable X on D € R. For an unbiased estimator é, ie., <é>90 = 0 for all 4y € O,
the estimation error is characterized by using the variance of the estimator given by:
AG? = [ p(x]0)(0— (8)g)%dx, where () = [ p(x]|0)f(x)dz. The classical metrology mainly
depends on the Cramér-Rao inequality that relates the estimation error to the so-called
FI [1,2], which is defined as I = 4 [(99/p(x]0))?dz. Here, FI measures the sensitivity
of the probability density p(x|€) to the changes in the parameter §. As FI depends only
on the first-order derivative of the likelihood function, the standard CRB relies on certain
regularity conditions [1,2]. This limits its applications especially for one-copy scenarios.

To address this problem, we extend the parameter estimation framework to incorporate
higher-order derivatives of the likelihood function, enabling a more comprehensive analysis
of parameter estimation in statistical experiments. Specifically, we use the second-order
derivative of the likelihood function, leading to a new measure of information as

L=4 / (03/p(10))2dz (1)

In the special case of Jy log p(x|6) = 0, the present information of definition (1) corresponds
to the second moment of the second derivative of the log-likelihood function at the true
value. In contrast, the standard FI corresponds to the negative expectation of the second
derivative. Rewriting the form of I as I» = [ p(z|0) {83 Inp(z(0)) + 2 (0p In p(x]6))? ’ dx.
This shows that second-order information captures both the first- and second-order sensi-
tivities of the log-likelihood function, providing a more nuanced measure of the parameter
sensitivity.

Now, we apply the present second-order information to characterize the estimation
error. Given an unbiased estimator 6 of the unknown parameter 6, we show that the
variance of estimation error is bounded from below as follows (See Appendix A):

w3
2

AG? > (2)
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where E; = f(é—@)(@g\ /pe(x))%dz. For the point estimation, the bound can be sharpened

to AG2 > (0 — [|0]|2)* 4, where [|6]|3 = [ 6%da.
The uncertainty relationship of (2) generalizes the CRB by combining the first- and
second-order estimators, offering a more robust framework for parameter estimation in

scenarios where higher-order sensitivities are relevant [28-30].

3 Quantum metrology with high-order information

Given a parameterized density matrix pg, we extend the high-order information (1)
into quantum scenario as:

g:4ﬂ(%¢@f (3)

In the quantum scenario, the probability function is replaced by a density matrix for the
quantum state. This new quantity I incorporates the higher-order sensitivities of the
quantum state with respect to the parameter 6. It can be evaluated using the spectral
decomposition of the density operator py and the symmetric logarithmic derivative (SLD)
formalism [4] (See Appendix C). This extension provides a more detailed characterization
of parameter sensitivity in quantum systems, complementing the standard QFI.

So far, most of the results in quantum metrology reply on the quantum extensions

2
of FI [3,31], defined as QFIL: 1?9 = 4 Tr(aggﬁ) . In the following, we improve the quan-

tum metrology by generalizing the classical high-order information framework to quantum
Systems.

In the case of parameter estimation, consider an estimation operator M := )" h(z) E,
including positive operator-valued measure (POVM) {E,} and an estimation function
h : X = R. The unbiasedness assumption means Tr(Mpg) = >, h(x) Tr(pgE,) = 6. We
quantify the measurement error by using the mean-squared error defined by AM? := Var(é)
= Tr(M?pg) — [Tr(Mpg))®. The optimal performance of measurement and classical post-
processing is then defined via

Vary := . in}f {TI‘(szg) - [Tr(Mpg)]z} (4)

xSy

which should be subject to the unbiasedness assumption.
By incorporating the high-order correlation (3), we show that the variance of the
quantum estimator M can be bounded by:
4E2,
q
2
where Eq is defined by Ej¢ = Tr((M — 0)(9p+/pg)?). The asymptotically saturable con-

dition of this inequality implies that a non-normal distribution different from the normal
distribution of QCRB, see Appendix A.2.

AM? > (5)

4 Thermodynamic metrology with high-order information

Thermodynamic constraints provide a natural setting to investigate the fundamental
limits of quantum systems, where coherence plays a central role in determining perfor-
mance and resource costs [21,32,33]. In this context, we explore how high-order informa-
tion can be employed to analyze thermodynamical parameter estimations.

4
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, Where 8 = kE%T is the inverse temperature

Consider a thermal state p = %e‘ﬁH

(with Boltzmann constant kg), and Z = Tre ## is the partition function. The main
goal is to estimate the temperature that generally involves the heat capacity C,, defined
as: C, = Op(H) = AT—{Z, where AH? denotes the variance of the Hamiltonian, and
kg =1 [34,35]. Note the QFI for temperature estimation is directly proportional to the
specific heat: [7 = %AH 2 = %Cv [34,35]. Suppose the Hamiltonian H is an unbiased
measurement for extracting the temperature of a given thermal state. By applying the
definition of the second-order information (3) and the inequality (5), we show a new

relation of the heat capacity and high-order information as

2
47613
This result enhances understanding of how quantum systems dissipate or retain energy
under thermal fluctuations by correlating the quantum information with thermodynamic
properties.
Now, we show the inequality (10). For a thermal state, we have e~TH — 7 0,

Ore TH = B Zp, and OrTre TH = Z (H). This implies that

=%
1 1g, 1 1 H 1
orp = —ﬁaT(Tre_TH)e T 7 72¢ T
1
= () @

where (H) denotes the expect of the Hamiltonian H with respect to the thermal state,
i.e.,, (H)y = Tr(Hp). The heat capacity [21,36] is then given by
1 2
where AH? denotes the variance of the Hamiltonian and (H*) denotes the expect of the
operator H* with respect to the thermal state, i.e., (H*) = Tr(H"p).
By taking the second derivative of p with respect to the temperature 7', it follows that
2 Lz 2 2 5
8szﬁ(H - AH )P—ﬁHP (8)
with H = H — (H). Since the Hamiltonian H of the defined thermal state is temperature-
independent, H and p are commutative. The second-order quantum information can be
written as

1 2 4
qa _ 4 3 2
I35 = @AH — WAH + ﬁAH (9)
where AH* = Tr(pH”).

Finally, suppose the Hamiltonian H defines an unbiased measurement for extracting

the temperature of a given thermal state. The second-order quantum information, along-
side temperature and heat capacity, satisfies the following inequality

oo 1T = IH| e

10
Y 476718 (10)

This shows how quantum fluctuations are scaled with temperature in thermal states.
It provides a new framework to investigate the thermodynamic properties of quantum
systems using quantum metrology.
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1.2 T - 2
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measurements measurements

Figure 2: The variance of m-shot scenarios by using m independent copies of
the same qubit and joint measurements. The initial Bloch vector is chosen as
ro = 0.99. The rotation axis is n = (0,0, 1). In the m-shot case, the phase is set
as —ZX.

3

5 Application: quantum phase estimation

In this section, we consider a specific application of the proposed theory to quantum
parameter estimation. The goal is to estimate an unknown phase parameter 6 encoded in
a qubit state.

Set the initial single-qubit state as pg = 3 (1 +rg - o), where rg = (rg,7y,7.) is the
Bloch vector with r,(, .y = Tr(poou(y,2)), and o = (04,0y,0,) denotes the Pauli vector.
The qubit undergoes a unitary rotation U () = e~"™?%/2 where the unit vector n defines
the rotation axis. The final state after rotation is pg = U(0)poUT(0) = 3 (1L + 15 - o).

In the following experiments, the initial Bloch vector is chosen as r = (0,7,0) and
the rotation axis is the Pauli z-axis, i.e., n = (0,0,1). We first provide a theoretical
analysis in the case of multiple copies. Then, considering the limitations of our platform in
performing joint multi-qubit measurements, we conduct an experimental validation based
on repeated single-qubit measurements. We compare the proposed theoretical result with
established hierarchical frequentist bounds, including (1) QCRB [37,38], (2) the lowest
order of quantum Barankin bounds (that is, the quantum Hammersley-Chapman-Robbins
bound, here we denote as QHCRB). [22,24,27], and (3) the lowest order of quantum Abel
bounds (here we denote as QAB). [22,25].

5.1 Theoretical analysis for the multi-copy case

To analyze the asymptotic behavior, we analytically compare the bounds for m inde-
pendent copies of the same qubit, denoted as p®™. The present high-order information is
not additive, but repeating joint measurements can reduce the average estimation error, as
illustrated in Figure 2. Here, we optimize the bounds over general joint measurement op-
erators. The measurement operator M is chosen as M = |s)(s|, where |s) = \/% S i),
and |1);) denotes the i-th qubit is in the state |1) and all the other qubits are in the state
|0). This demonstrates that the present bound is tighter than other bounds before reaching
the asymptotic limit, where the maximum-likelihood estimator asymptotically converges.
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5.2 Experimental validation for the Single-qubit case

5.2.1 Experimental setup

State Preparation Operation Tomography

..........................

HWP1

QWP1

PET T T T Ty
LYy N —————

- iH-e

[ TR ————————

. 18 N1 [ s BB g e

LASER QWP HWP IF YVO, DM ATT VMP DPBS PBS PPKTP BS DHWP M FC

Figure 3: Experimental setup, which includes three modules: (a) state prepara-
tion module, (b) white-noise insertion and phase-shift control module, (c¢) quan-
tum state tomography module. In module (a), a pair of maximally polarization-
entangled states is generated by a spontaneous parametric down-conversion
process at the dual-wavelength polarization beam splitter (DPBS). A quarter-
wave plate (QWP1) is then used to prepare the initial single-photon state
|R) = %(|H> +i|V)). To produce the single-photon mixed state, the atten-
uators (ATTSs) are used to regulate the mixed weight p of the states. The density
matrix is constructed via the quantum state tomography module (c). Key opti-
cal elements include half-wave plate (HWP), interference filter (IF), yttrium or-
thovanadate (YVO,), dichromatic mirror (DM), full-wave liquid-crystal variable
wave plate (VWP), polarizing beam splitter (PBS), beam splitter (BS), mirror
(M), dual-wavelength half-wave plate (DHWP), and fiber coupler (FC).

The experiment was conducted using the photonic platform shown in Figure 3. The
experimental setup consists of three primary components: (1) photon source, (2) white-
noise insertion and phase-shift control, and (3) quantum tomography. First, the state-
preparation module generates an initial pure state |®). In the white-noise module (dashed
blue box), the reflected path dephases one photon into a fully mixed state %]I. The attenu-
ators (ATTs) are employed to adjust the weight p of the mixed state. The controllable ro-
tation U(#) is then introduced using a full-wave liquid-crystal variable wave plate (VWP).
In the last part, photon-product measurements are performed by setting the angles of the
optical axes of the half-wave plate (HWP) and the quarter-wave plate (QWP).

In the state preparation module shown in Figure 3, a type-II phase-matched peri-
odically poled KTiOPO4 (PPKTP) crystal with dimensions 15 x 2 x 1 mm? is pumped
with a 36 mW diode laser beam to generate photon pairs with a central wavelength of 810
nm via the process of spontaneous parametric down-conversion (SPDC). HWPI in front
of the PPKTP crystal is used to control the generated photon pairs, which are encoded

1

in the polarization degree of freedom as ﬁﬂH V) + |VH)). One photon acts as a trig-

7
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186 ger, and the other serves as a signal photon which is further transformed into the state
1w |R) = %(\H} +14|V)) by QWP1.
188 To generate a set of noisy states

p(p) = plB) (R + - 2T (1)

189 where I denotes the identity operator of rank 2. As shown in Fig.3, two 50/50 beam
10 splitters (BS) are inserted into the signal branch of the optical setup. In the transmitted
11 path, the photon is prepared in the state |R). In the reflected path, two 2.6 mm yttrium
12 orthovanadate (YVQOy) crystals dephase the single-photon state into the maximally mixed
103 state % The ratio of these two components is controlled by two attenuators (ATTs) at the
19¢ output port of the second BS. After the insertion of white noise, a controllable phase shift
105 0 is introduced using a full-wave liquid crystal variable wave plate (VWP), which results
106 in the final state p(p,0) = U(0)p(p)UT(6).

107 where the rotation is parameterized with a unitary matrix U(6) = =92 The VWP
198 enables rapid phase adjustments, with 6 switching within approximately 2 ms, allowing
199 for real-time adaptive feedback. This photon source achieves high brightness (0.34 MHz)
200 and a collection efficiency of 60%.

201 Tomographic measurements are conducted on single signal photons, employing a post-
202 selection strategy based on 100 sets of photon coincidences. The measurement results
203 are recorded in coincidence with the trigger photons. Utilizing a 3 nm interference filter,
204 the photon source generates up to 15,000 coincidence counts per second. The conditional
205 probability P(a|z) of the outcome a € {—1,+1} is calculated as

Ny

—_— 12
N1+ N (12)

plalz) =
206 where N2 denotes the photon coincidence counts. The density matrix is reconstructed
207 using maximum-likelihood estimation [39].

208 5.2.2 Experiment results

200 We first constructed a set of mixed states p(p) by setting different mixture probabilities
20 {p,1 — p} for photons from two paths in the second module. The prepared state of a
211 single photon can be represented as py = %(]I + rp - o). After the preparation stage, we
212 implemented a phase rotation with # = 7 along the Pauli z-axis, and obtained the output
213 state as py = %(]I +ry- o) with rg = (—rgsinf,rgcosf,0).

214 To experimentally estimate the phase, we first performed the Pauli measurements o,
215 0y, and o, on each prepared photon. We obtained the Pauli vector as rg = ((0y), (o), (02))
26 and further constructed the density matrices of the encoded states. We compared the
217 present bound with well-known quantum bounds, including QCRB [3], quantum Hammersley-
215 Chapman-Robbins bound (QHCRB) [23, 24, 26, 27], and quantum Abel bound (QAB)
20 [22,25].

220 To verify the present bound using the high-order information, we evaluated the second-
221 order information of the phase according to Eq.(3) (see computational details in Appendix
22 D). We finally evaluated the variance according to Eq.(5) by computing the bias parameter
23 [E[I9], which can be achieved by choosing the Pauli measurements. The error bar is
24 evaluated using the experimental data.

25 All the fidelities of prepared initial states exceed 99% according to the formula [40]:

2
F(pexpa pideal) =Tr <\/\/pidea1pexp\/pideal> (13)

8
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Our bound(U)
Our bound(L)
QCRB

0.1 0.2 0.3

Figure 4: Hierarchic bounds of the variance in terms of the length of Pauli vector
ro in both the ideal case (lines) and experimental case (dots). We verify the
hierarchic quantum bounds including QCRB (yellow dashed line) [3], quantum
Hammersley-Chapman-Robbins bound (QHCRB, blue dashed line) [23,24,26,27],
and quantum Abel bound (QAB, green dotted line) [22,25], and the present bound
(red and pink lines). For the red line, we choose Pauli x measurement and get
the value of {Eq} at each data point. For the pink line, we constrain the value of
Erq as the average of {Ejq} at all data points. The initial Pauli vector is choose
as rg = (0,79,0) and the rotation is U(w) along the Pauli z-axis.

(see data in Appendix E). All the estimated bounds of the variances are shown in Figure
4. This implies the following supremacy of the present method. Firstly, the variance from
the present method is greatly larger than all the other bounds when the entropy S(p)
is no more than 2.5. This means that the present method shows great improvement for
quantum phase estimation with limited noise. Moreover, while all the previous bounds
are evaluated from the standard FI, our method depends on the high-order information
of the phase from a new score function. This means that the present score function shows
different features of the estimated phase and provides a great advantage beyond linear
estimators [3,22-27]. Beyond, our method provides another level of error bound with
respect to all the existing hierarchical quantum bounds, with an error bar no more than
0.2657. In experiments, we choose the single photon to verify the QCRB in a one-shot
manner. A further experiment should be interesting by implementing joint measurement
on multiple copies of single particles.

6 Conclusion

In contrast to CRB, the present bound is derived using extendable higher-order deriva-
tives of the estimating function, rather than relying directly on the PDF of the estimated
parameters. While the CRB is particularly effective for PDF's that approximate a normal
distribution, the inclusion of higher-order derivative information in the present method
handles complex distributions well. This approach leverages the attainability condition to
provide deeper insights into the structure and properties of estimators.

Although the present high-order information is not additive, the simulations demon-
strate that the derived estimation bound asymptotically behaves like the FI and converges
to the QCRB for independent and identically distributed data. This asymptotic conver-
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gence underscores its practical utility and effectiveness in applications, particularly in
situations where higher-order information plays a crucial role. Another important chal-
lenge is to incorporate biased estimation scenarios, offering insights into how biases affect
the proposed second-order metric.

In summary, by extending the foundational concepts of FI to incorporate second-
order effects, we have proposed a novel framework that enhances both the theoretical and
practical understanding of classical and quantum estimation processes. Specifically, we
introduced an operational quantity based on the second-order derivative of the estimator,
referred to as the second-order information. This new quantity provides a deeper and more
comprehensive analysis of a system’s behavior when combined with the FI and its quan-
tum extensions, offering valuable insights into estimation processes and their underlying
structures.

Author contributions X.Z. and Y.H. conducted the experiments. M.X.L. conducted
the research. All authors wrote and reviewed the manuscript.

Funding information This work was supported by the National Natural Science Foun-
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Interdisciplinary Research of Southwest Jiaotong University China Interdisciplinary Re-
search of Southwest Jiaotong University China (No0.2682022K.J004), and the Academician
Innovation Platform of Hainan Province.

A Classical metrology with high order information

In this section, we show classical metrology with high-order information and give the
conditions of asymptotic attainability.

A.1 New bound of classical metrology with high order information

Consider a parametric model {py(z) : € Q}, where 6 is a single parameter and €2 is

a subset of R. Define 6 as an unbiased estimator of 6, satisfying Ex[0(X)] = 0 for 6 € Q.
Define the second-order information depending on the second derivative of the root score
function as

I = 4/ (agmfdx, (A1)

where we have assumed the given statistical function py(x) has the second-order derivative.
From the assumption of the unbiased estimation, we obtain

Ex[0(X) — 0] = / (6(2) — 0) po(x)aiz = 0. (A.2)

By taking the derivative of 6, from Leibniz’s Rule, we obtain that

Op /(é(x) — 0)po(x)dx = /(é(x) — 0)0gpo(z)dr — /pg(x)da: =0. (A.3)

This implies that
/ (6(2) — 0)ypo()dz = 1. (A1)

10
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Now, we perform the derivative of # on two sides of Eq.(A.4) and obtain that
/ (é(m) - e) 82py(z)dz — / Bopo(z)dz = 0, (A.5)
which is equivalent to the following equality as
/ (é(l’) - 9) D3pg(z)dx = 0. (A.6)

where we have used the equalities [ pp(x)dz =1 and [ dgpp(z)dx = 0.
For any probability function pg(z) with second-order derivative, it follows that

Rpo(x) = 03(v/pol@)\/po())
2
= 2(Vp(@) "+ 2v/po(@)3/po (). (A7)

Substituting Eq.(A.7) into Eq.(A.6) implies that
[ 6@ =0 (/@) "z + [ 60) - 0)V/pl@0f V() =0, (A9
6@ =0 (/@) "z = [0~ b)) V()0 Vi (29

Consider the left side of Eq.(A.9). Define

Ex[I;(X)] = / (6(z) — 0)I(z, 0)dz, (A.10)

where I(z,0) = (0p+/pa(x))?, which can be regarded as the density of FI. Applying the

Cauchy-Schwarz inequality: [ fgdz < /[ f?dz [ g?dx to the second item of the left side
of Eq.(A.9), we obtain that

' [0 80V i

- %mﬁ N (A11)
where AG? = [(6(z) — 0)?pg(x)dz denotes the variance of the estimation § and I is the

second-order information defined in Eq.(A.1). Combining both Egs.(A.10,A.11) implies
that

~ 2|Ex[I;(X
I
This implies that
~  AEx[I5(X))?
A > ExIX) (A.13)

I

Now, when it comes to a point estimation, we prove the more precise bound for
Ex[I;(X )]2. In fact, by using the Cauchy-Schwarz inequality to the first item of the

11
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left side of Eq.(A.9), it follows that

[0~ 0) (0v/oa(@) "tz = [ 660 (00/mu(a)) " do 6 [ (00/mo(a)) " do
< \//é(:c)2d:1: (89m>4dx - ZH

\//9 2dx aem) d:c> —%11

_CI

/9( )2dxI? — gﬂ

Ny

= cli /é(w)de -0, (A.14)

where ¢y is a constant determined by the integral interval. Adding up Egs.(A.11,A.14)
implies that

0< VAR + C[HH‘;_@I, (A.15)

where [|0]|3 = [ 0(x)?dz.
Similarly, it follows that

o<\/A92\F+c ”9”2 (A.16)

Combining both the inequalities (A.15) and (A.16) yields

212

A% > cr(0 — ||0]]2) (A.17)

This has completed the proof.

A.2 The attainability conditions

In this subsection, we show the conditions of attainability. Specifically, the saturable
condition of the inequality (A.11) is:

~

O /pola) = (0= 0())V/po(a), (A18)

where C' is a constant.
Let \/po(z) = qo(x). It follows that

0—0(x
Bao(a) — L2 () =0, (A.19)
Assume a solution is given by gg(x) = €"?. Substituting into the differential equation
(A.19) gives:
r2em? — 7(0 —00(:6)) e’ =0. (A.20)



SciPost Physics Submission

6—0(z)

310 This implies the characteristic equation as r = &1/ =—&=. This further gives a general
si solution to the homogeneous equation as
0—6(x) 0—0(x)
go(x) =CreV © "4 CheV o 7, (A.21)

sz where C and Cy are arbitrary non-zero constants. So, the final condition is given by
2
0—6(z)
po(x) = ((C’l + Coe %) Vo ) . (A.22)

313 This saturable condition for classical metrology with high-order information implies that

s pg(z) is a non-Gaussian distribution.

-
IS

a5 B Proof of the main result

316 Now, we prove the inequality (5).
317 First, note that
Oopo = Op~/po~/po + /Po0s~/po (B.1)
sis By taking the second derivative of parameter 6 in Eq.(B.1), we obtain that
oo = (9/po)v/po + 2(00/pa)? + \/ps0R /b (B.2)

10 Given an unbiased measurement M, i.e., Tr(Mpg) = 6 for 6 € (0, it shows that Tr(Md2pg) = 0.
o For any quantum state pg we have Trpy = 1 and Tr(‘)gpg = 0. This implies that

3

[¥]

Te(Md2pg) = 0 (B.3)

s with M = M — 6.
322 According to the triangle inequality |z + y| < |z| + |y| we obtain from Eq.(B.2) that

I Te(M(5/po) /o) | + | Te(M/pe03\/Po) | + 2| Tr(M (9p/ps))| = 0 (B.4)

23 Using the Cauchy-Schwarz inequality of |Tr(AB)| < /Tr(AAT)Tr(BBT) for two ma-
4 trices A and B in the first term in the left side of Eq.(B.4), we obtain that

3

]

(V@R v/aa)/on)| < Te(yaaNINT (/) ) Te(93 /o)

= Tr(pgM*)Tr(95/po))? (B.5)
325 Also, we have
Tr(pgM?) = Tr(pgM?) — (TrpgM)? = AM? (B.6)

326 Combining Egs.(B.5) and (B.6), we obtain that

- 2 1
Te(N0F ypa/po)| < {AMPIS (B.7)
327 The second item on the left side of Eq.(B.4) can be calculated in the same way as
N 2 N
I Te(31 /5503 /p3)| < Te(NIp9) T(35/70)? (B.8)
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Combining Eqs.(B.4,B.7,B.8) implies the first result as

4E[19)?

AM? >
13

(B.9)

For the special case of estimating a parameter at a fixed point, the last item in Eq.(B.4)
can be rewritten into

Tr(M(99\/pg)?) < VTrM?2 Tr(ag\/pT;)"‘—ZIq

0
< [Mllpy/ (Tx(0v/po)?)? — ;1
| M]|p— 6

= =i (B.10)

where the inequalities are based on the matrix inequality of (TrA42)? > TrA* for any matrix
A.
Finally, from Eqgs. (B.4,8.10), we obtain the second result as

2 (I9)?

2
> —
AM? 2 (0~ M1

(B.11)

Compared with the quantum Cramér-Rao bound (QCRB) for characterizing an unbi-
ased estimator [3,4], the inequality (5) provides an approach to feature estimation accuracy
by incorporating both the first-order and second-order information. This framework en-
ables a more refined analysis of parameter estimation, and can achieve better precision
than the well-known results in quantum metrology [3,4,41,42], see the following example
of quantum phase estimation.

C Evaluation of high-order quantum information

The standard definition of QFI is given by
F, = (L?) = 2Tr(pL?) [43], where L is so-called symmetric logarithmic derivative (SLD).
Denoting the parameter under the estimation as 8, the SLD operator is determined by the
equation Jpp = %(pL + Lp). We extend the SLD by using the following equation:

00/ = 5 (/AL + Ly/p). (1)

Here, we cannot get the equality of (L) = 0. We employ the Lyapunov representation [44]
to compute the generalized SLD operator. The definition in equation (C.1) is a special
form of the Lyapunov equation. To resolve this equation, we define a function as

f(s) = e VP LemVPS, (C.2)
where f satisfies f(0) = L. The partial derivative of f(s) on s is given by
Dsf(s) = —2e VP (9 /p)e VP5. (C.3)

Integrating both sides of this equation implies that

Floo) = £0) = =2 [ @y Vs (1)

14



350

351

352

353

354

355

356

357

358

359

360

361

362

363

364

365

366

367

368

369

370

371

372

373

374

375

SciPost Physics Submission

When p is full rank, e~V?* trends to zero for s — oo, which implies that f(co) = 0. This
yields to the generalized SLD operator as

L= 2/ e VPS5 (9gy/p)e VPids, (C.5)
0

which provides a basis-independent representation. When p is non-full rank, the gener-
alized SLD operator can be decomposed into four blocks [45], which can follow the same
form as Eq.(C.5).

Moreover, from Eq.(C.1) we obtain that

1
83\/5 = 5(39\/514 + /POy L 4 OgL+/p + Lag\/ﬁ)

= SO, vA} + 5L vA), L), (C.6)

where {-,-} denotes the anti-commutator. By using the spectral decomposition form
p = >_; Nilpi){pi|, the element of generalized SLD operator can be expressed by

_ Og\i 2N — Aj)

L;; = 0ii
TN i Ai + A

(Oopil ), (C.7)

where A;, |¢;) are the i-th eigenvalue and eigenstate of p, respectively. Combining with
Eq.(C.6), one can get the element of 83@, which further implies the evaluation of the
second-order quantum information as

/I ] /) /]

Ig = Z(ng;‘/aij + 2p§/p;-a;|i + p;/pjagh + Qpip; ;) + 4pipjaij
i’j
+2p;ipjbiy; + pivfjag); + 2pip;bj + pipibij), (C.8)

where p; = V/Ai, P} = 9ppi, D = 0ipi, aij = Trlwi) (@il ;) (@jls al; = Tr(lpi)(wil) (J5) (24])'s
bij = Tr(lei){@il)"(le) s )"y a; = Tr(lea)(eil) 1)@l ai; = Tr(lea(eil)”lei) (@;l,
and by; = Tr(|ps) (wil)' (I5) (@5])"-

D Estimating the phase of single qubit

Consider an application of the quantum phase estimation. Given a single qubit along
the Pauli-y axis, its state can be represented by p = %(Il +1rg - 7), where & = (04,0y,02)
is a vector of Pauli matrices, and ro = (0, ro, 0)T with 79 € [0,1]. Suppose it undergoes
a rotation along the Pauli-z axis, denoted as U(f) = e~%=%/2. The final state is given
by p(0) = UB)pUT(H) = %(]1 + ry - &) , where the rotated Bloch vector is given by
rg = cosf(ro — (n-ro)n) + (n-ro)n + sinf(n x rp). The goal is to estimate the phase
parameter 6.

We compare our bound correlated to high-order information with hierarchies of typical
frequentist bounds [22].

According to the result in the main text, we obtain that

4IE[14)?

AM? > ——,
IQ

(D.1)

where E[I) = Tr((M — 0)(dg+/pg)?). As for the qubit state, we obtain that

Ogrg = —sinf(rg— (n-ro)n)+ cosf(n x ry),

—
W o
—

djrg = —cosf(rg— (n-ro)n) —sinf(n x ry).

15
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Figure 5: The tomographic results for all the experimental photon states.

Table 1: Fidelity of experimental single qubit states.

70 0.7500 0.8000 0.8500
Fidelity | 0.9953 + 0.0024 | 0.9956 + 0.0038 | 0.9954 + 0.0030
70 0.9000 0.9500 1.0000
Fidelity | 0.9953 + 0.0049 | 0.9949 + 0.0032 | 0.9955 + 0.0036
Note the single qubit can be decomposed by pg = > A4|+) (¥4 |, where Ay = % and
e (| = (1 £ Tﬁ T) This further implies that
1 1+ |rg] \/1|I’9| \/1+|P0\ \/1|I’9| ry
= - 1 — il
VP = 5 (\/ 2 TV 3 + 2 2 70|
1 14 \/1—\r9| 1
Do = 3 (\/ 2 2 ) gm0
1 1 1-—
d3/pe B (\/—w - \/2\1'9|) (—sinfo, — cosfoy) (D.4)

according to the equality of the high-order information I =

E Experimental data

(V1 + [ro] = /1 —[rg])?

In this section, we supplement some experimental data used in the main text. This
includes quantum state tomography, as shown in Fig.5 and fidelities of each quantum state
for computing the hierarchical frequentist bounds, as shown in Table 1.
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