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Abstract

We perform the symmetry resolution of a multipartite entanglement measure, namely
the global entanglement Q introduced by Meyer and Wallach [2002, J. of Math. Phys.,
43, pp. 4273] for all systems of distinguishable particles hosting a locally acting symme-
try. For an ensemble of Haar random states we find agreement with equipartition, with
leading order behaviour and finite size corrections which follow a power law scaling
with the number of local degrees of freedom. Implications of this result for the general
symmetry-resolved multipartite entanglement paradigm are discussed and some possi-
ble experimental verification methods are presented.
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1 Introduction20

Entanglement [1,2], is a fundamental and practical resource leveraged across a large number21

of fields [3, 4]. For example, in quantum information science it plays a central role in error22

correction [5–7], algorithm development [8–11] and enabling quantum supremacy [12–14];23

in condensed matter systems, it is a key resource for studying many-body localization [15–17],24

measurement-induced phase transitions [18–20] and fermionic [21], anyonic [22] and topo-25

logical systems [23], among others. This widespread presence of the effects of entanglement26

stems from its ability to imbue correlations which can spread across large system sizes via27

interactions, generating large-scale effects.28

Central to the study of entanglement is its quantification and measurement [24]. This29

pursuit has given rise to two large, but currently distinct domains of Multipartite Entanglement30

(ME) and Symmetry Resolved Entanglement (SRE). The former extends the classical bipartite31

formulation of entanglement to capture non-local correlations which can arise when three or32

more subsystems are considered [4]. It has been shown that ME can be sensitive to a wider33

range of entanglement classes [25,26] as compared to bipartite measures, making ME a useful34

tool to characterize a broader spectrum of entanglement present in a system. It has also found35

application in the study of symmetry-protected topological (SPT) phases [27,28], where it was36

shown that ME is a necessary feature of these phases, and can act as an identifier of topological37

phases and phase transitions due to sharp changes in its scaling.38

On the other hand, SRE concerns the decomposition of the total entanglement of the sys-39

tem into the contributions from various charge sectors which arise due to the presence of40

symmetries, as a consequence of Nöther’s theorem. SRE has found relevance in the study of41

topological floquet order [29], free bosonic quantum many-body systems [30], noisy quantum42

devices [31], operator entanglement [32], and non-Hermitian systems [33], among others. In43

particular, we highlight the application of SRE in the study of SPT phases [34–37], where it44

has been noted to be a robust order parameter for SPT phases which is theoretically rigorous45

as well as experimentally accessible.46

Given the usefulness of both ME and SRE paradigms in the study and classification of SPT47

phases, we expect that a unified application of the two approaches could lead to a finer, novel,48

and effective approach to study and classify these phases. In particular, it could lead to new49

information about where in charge space do global correlations which define SPT phases live.50

Despite rapid progress on both ME and SRE frontiers, there has been relatively little work51

done on the intersection of the two. Berthiere and Parez [38] have previously investigated52

the symmetry resolution of the reflected entropy. This measure, although defined for a pair of53

physical subsystems, probes the multipartite structure of an enlarged Hilbert space constructed54

from a canonical purification which involves the two physical subsystems and two auxiliary55

‘reflected’ copies. In this respect, it may be considered the first work on multipartite symmetry56

resolution.57

In the present article, we aim to shed light on questions such as "Can a symmetry-resolved58

ME measure provide deeper insights into the characteristics of exotic phases such as SPT59

phases?", and "Does equipartition among charge sectors, which is a ubiquitous feature of bipar-60

tite symmetry resolution, extend to multipartite measures?". In particular, we provide a first61

step towards a general SR-ME paradigm: we perform explicitly the symmetry resolution of62

Meyer and Wallach’s Q measure of global entanglement [39], which is a genuine ME measure.63

We show that for Haar random states, equipartition of Q holds to all orders for systems of dis-64

tinguishable particles hosting a locally acting symmetry, and find explicit finite size corrections65

which follow a power law scaling with the number of local degrees of freedom.66

Our method provides new insights into the structure of ME under symmetries. Most no-67

tably, we find cases where all sector-wise contributions can vanish, and entanglement stems68
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instead from the inter-sector coherences only. Further, we believe our methods and results69

yield themselves well to experimental verification, and we provide an explicit pipeline to ex-70

tract individual sector contributions as well as those from sector coherences.71

In order to ensure that the systems we are studying possess only genuine quantum corre-72

lations and have no thermal correlations, in this work we restrict our attention to pure quan-73

tum states, i.e. states described by a single vector in a complex vector space [40]. This will74

eliminate any possible classical correlations and ensure that the effects seen are purely due75

to quantum effects. Further, it is known to be an NP hard problem to determine whether a76

mixed state is even entangled or not [41–43], and so for the sake of numerical tractability the77

restriction to pure states is crucial.78

This paper is organized as follows: Sec. 2 is dedicated to a brief review of SRE and ME79

(in particular, Meyer and Wallach’s Q measure of global entanglement [39]). Then, in Sec. 380

we perform the symmetry resolution of Q. We support and verify the results obtained in this81

section using numerical simulations in Sec. 4. Further, we provide a detailed discussion of82

the relevant physical interpretations and broader implications of our findings in addition to83

opportunities for future research in Sec. 5. Finally, we conclude in Sec. 6.84

2 Preliminaries85

2.1 Symmetry Resolved Entanglement86

Consider a Hamiltonian H which is invariant under the local action of a group G via a repre-87

sentation R. Let the decomposition of R into irreducible representations Rα take the form88

R=
⊕

α

Rχαα , (1)

where χα are the multiplicities of the irreps Rα. This in turn implies the decomposition of the89

local Hilbert space H as90

H =
⊕

α

Hα, (2)

with91

d = dimH =
∑

α

dimHα =
∑

α

dα. (3)

It is easy to see that92

dα = χα dimRα, (4)

where dimRα is the dimension of the irrep Rα. SRE then asks what the contributions from each93

subspace Hα are to the total entanglement. Operationally, SRE has been proposed to denote94

the entanglement remaining in the system after a measurement of charge on the system [44,95

45] which causes the state to collapse into one of the subspaces Hα. In general, however,96

the sum of such charge-sector contributions to the entanglement is not necessarily equal to97

the total entanglement. Importantly, a lot of entanglement can arise from the interference98

between charge sectors rather then arising from the sectors themselves [41,46,47].99

SRE has been extensively investigated in 1-D spin chain models [44,48–51]. The majority100

of work has been for the the resolution of Abelian symmetries, while that of non-Abelian sym-101

metries has only recently seen progress [52, 53]. In this work, we do not impose Abelian na-102

ture as a requirement on our symmetry. Further, there exist experimental methods of measure-103

ment of SRE and its unique signatures. An explicit, step-by-step such method was presented in104

Ref. [54], and other experimental protocols were proposed and carried out in Refs. [31,32,35].105

A crucial and nearly ubiquitous feature of SRE is that of equipartition. At leading order, it106

has been shown analytically [44,48,49,51,55] for finite/compact non-anomalous symmetries107
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that the entanglement contribution of all charge sectors is the same. In particular, it was shown108

that in a 1+1-D CFT for fermions with a U(1) symmetry, at the quantum critical point, the ln L109

scaling of the entropy (in accordance with the violation of area laws [56–59]) is composed of110 p
ln L contributions from charge sectors, L being the subsystem size [44, 60]. Equipartition111

was interpreted in Ref. [48] as the entanglement contributions from each charge sectors being112

equal, simply with the probability of being in said charge sectors being unequal. However,113

note that there are next-to-leading order corrections [45,49,51,61] from effects such as finite114

system sizes [45,62] and breaking of equipartition depending on the irreducible representation115

of the symmetry group being realized [53,55].116

2.2 Multipartite Entanglement and the Q measure117

On the other hand, ME concerns the quantification of the amount of entanglement in a system118

broken up into 3 or more subsystems. Further, ME measures are likely to be a better indica-119

tor of quantum phase transitions (QPTs), as opposed to conventional bipartite measures. In120

Ref. [63] it was shown that the bipartite entanglement between two lattice sites is zero when121

the distance between them is larger than two spacings. However, at criticality, long-range or-122

der and entanglement is expected and a vanishing bipartite entanglement does not reflect this123

behaviour. In contrast, the entanglement sharing hypothesis [64] argues for the increase of124

ME at the expense of BE near criticality. Indeed, there is much evidence for this claim [65–70],125

providing further support to the need for ME measures in general.126

We turn our attention to a specific ME measure, that introduced by Meyer and Wallach [39]127

based on the behaviour of states which are expected to show structure beyond simple bipar-128

tite entanglement. Dubbed the global entanglement, it is particularly conducive to symmetry129

resolution via a simple algebraic approach, as we demonstrate in Sec. 3. Below we present the130

quantification of this ME measure as presented originally by Meyer and Wallach.131

Denote pure states of an n-qubit system by |b1 b2 . . . bn〉 with bi ∈ {0, 1} denoting the132

spin-up/down states of the qubit. Define a map ι j(b) which acts on the state |b1 b2 . . . bn〉 by133

removing the jth qubit if it matches b ∈ {0,1}, and annihilating it otherwise:134

ι j(b) |b1 b2 . . . bn〉= δbb j
|b1 b2 . . . b̂ j . . . bn〉 , (5)

where b̂ j represents omission. Next, define the squared norm of the wedge product between135

two vectors u and v as136

D(u, v) = ∥u∧ v∥2 =
∑

x<y





ux vy − uy vx







2
, (6)

where ui , vi are components of the vectors u, v. This is equal to 1−F(u, v)where F(u, v) = ∥〈u|v〉∥2137

is the fidelity of states u and v [8]. Finally, in terms of the map ι and the function D(u, v), the138

global entanglement Q of a pure state |ψ〉= |b1 b2 . . . bn〉 is given by139

Q(|ψ〉) =
4
n

∑

j

D(ι j(0) |ψ〉 , ι j(1) |ψ〉). (7)

Physically, the jth term in the sum describes how much the state of the system changes when140

the jth qubit is removed. If the qubit removed was highly entangled with the others, then the141

system states resulting from removing 0 and 1 states of the qubit will differ significantly, and142

will possess higher orthogonality. Thus a low value of Q corresponds to a system with low143

entanglement. The average over qubits ensures that the measure does not prefer a particular144

qubit, and that the measure is truly global. It accounts for the effect of all qubits, and the145

normalization factor of 4 ensures that Q takes value in the unit interval.146
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Brennen [71] showed that the global entanglement Q has an alternative formulation: is147

equal to the average single-qubit linear entropy1 of the system,148

Q = 〈SL〉k = 2〈1− Tr
�

ρ2
i

�

〉k, (8)

where ρk are single-qubit reduced density matrices (RDMs) and 〈·〉k denotes an average over149

all qubits. This allows an easier interpretation to Q, namely the average entanglement of each150

qubit with the remainder of the system. This formulation also shows explicitly that Q is an151

entanglement monotone.152

Further, Q possesses several properties expected of an ME measure [39]: it takes on van-153

ishing values on separable states, and maximal values on states such as the Bell states, the154

GHZ state, and the ground state of a spin-1
2 antiferromagnetic Ising chain which are expected155

to host maximal entanglement [72, 73]. The Q measure is also scalable, which allows for a156

general characterization of the entanglement in a system of qubits independent of the system157

size. In addition, it is also easily calculable, especially in its expression as the average linear158

entropy - yielding itself to easy interpretation as well as numerical analysis. This is further com-159

plemented by the fact that it is a physically relevant measure, and provides genuine physical160

insights into the system under consideration: it was shown in Ref. [74] that Q is a good indi-161

cator of phase transitions. In accordance with previous results on area laws [57–59, 75–83],162

Q takes on a maximum value at the critical point for a spin-1
2 transverse field Ising chain, and163

in general, is as good as the linear and von Neumann entropies2.164

Finally, in line with its physical relevance, we note that Q is also experimentally accessible.165

Brennen [71] showed that the value of Q for a system can be observed without requiring full166

quantum state tomography, instead using more efficient optical lattice techniques. In particu-167

lar, it was shown that only two copies of the system are required to measure Q, while N2 − 1168

copies are needed for full quantum state tomography on an N -dimensional system.169

Q can be generalized to systems composed of d-level particles, where the d = 2 case170

reduces to qubits as discussed above. Since the linear entropy 1− tr
�

ρ2
�

takes values from 0171

to d−1
d for systems living in d-dimensional Hilbert spaces [87, 88], the generalized definition172

of Q becomes [89]173

Q =
d

d − 1

¬

1− Trρ2
k

¶

k
. (9)

In light of the above discussion, we believe that the global entanglement is a very inter-174

esting measure to study in the context of symmetry resolution. We now proceed to formally175

perform the symmetry resolution of the global entanglement Q.176

3 Symmetry resolution of Q177

Consider a lattice of arbitrary physical dimension consisting of particles with spin s, governed178

by a Hamiltonian which exhibits a symmetry under group G. Importantly, we require that the179

symmetry acts locally, i.e. on each particle individually. If it is generated by an operator X on180

a single particle, then the full symmetry acts as
∏

i X i where i is an index over particle sites.181

We assume for now that each site hosts a single particle, and thus the Hilbert space per site182

H is d-dimensional with d = 2s+ 1. For a system of n particles, we find that (see Appendix A183

for details) the sector-wise and interference contributions to the total entanglement for any184

system of distinguishable spins possessing a locally acting symmetry take the form185

Qα =
2d

d − 1

¬

f (d)2 (ρk,α)
¶

k
, (10)

1We chose the normalization of the linear entropy such that it attains a maximum value of unity
2This is expected to hold, at least, for all spin Hamiltonians with nearest-neighbour interactions [84, 85] -

although this can fail for systems with beyond nearest-neighbour interactions [86]
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and186

Qαβ =
2d

d − 1

¬

pk,αpk,β + f (d)2 (ρk,αβ)
¶

k
, (11)

with187

Q =
∑

α

Qα +
∑

α<β

Qαβ . (12)

Here ρk,α = PαρkPα is the reduced density matrix (RDM) of the kth particle after projecting188

onto the charge-α subspace using the corresponding projector Pα, while pk,α = Tr
�

ρk,α

�

is189

the probability of the state to reside in the subspace . Further, ρk,αβ = PαρkPβ + PβρkPα is190

the interference contribution to the RDM of the kth particle, 〈·〉k represents an average over191

particles, and f (d)2 (A) is the sum of all pairwise products of eigenvalues of A:192

f (d)2 (A) =
∑

i< j

λiλ j =
(TrA)2 − Tr
�

A2
�

2
. (13)

Equivalently, it is the coefficient of λd−2 in the characteristic polynomial of A or the sum of all193

principal 2 × 2 minors of A. We now discuss each of the two terms (Eqs. (10) and (11)) in194

more detail.195

3.1 Sector-wise contributions196

Since the sector-wise contributions in Eq. (10) depend solely on f (d)2 (ρk,α), we see from197

Eq. (13) that the quantities of interest are the eigenvalues of ρk,α. In particular, note that198

f (d)2 (ρk,α) - and thus the sector-wise contributions - must vanish completely when rk(ρk,α)≤ 1,199

where rk denotes the rank of the matrix. Using the property200

rk(AB)≤min(rk(A), rk(B)), (14)

we see that rk(ρk,α) ≤ min(rk(Pα), rk(ρk)). There are then two cases3 where intra-sector201

contributions to Q can vanish: rk(ρk) = 1 for all k, or rk(Pα) = 1.202

Since the ρk eigenvalues represent probabilities, rk(ρk) = 1 denotes that the particle at203

site k has only one possible state |ψk〉. If all particles are in such a state, then the state of the204

full system can then be factorized as |ψ〉 =
⊗

k |ψk〉, i.e., the system is in a fully separable205

(non-entangled) state. The global entanglement Q (and indeed, all entanglement monotones)206

vanishes on such states, which explains the vanishing sector-wise contributions.207

The other case, rk(Pα) = 1, is more interesting. Noting that the rank of the projector is208

equal to the dimension of the subspace it projects into, rk(Pα) = dα, the only possible positive209

integer values consistent with Eq. (4) are dim(Rα) = χα = 1, which implies that Pα can have210

unit rank if and only if the corresponding irrep Rα is one-dimensional and occurs with multi-211

plicity χα = 1 in the action of the group G. This implies that the contributions Qα in Eq. (10)212

to the global entanglement Q from charge sectors α vanish if and only if the charge α subspace213

has dimension 1 (equivalently, the dimension dim(Rα) and the multiplicity χα in R are both214

unity).215

This rather surprising result can be understood in terms of the post-charge-measurement216

interpretation of SRE. If the state is projected onto a one-dimensional subspace, it is specified217

fully (up to a global phase) and all information about it is known - leading to vanishing entropy218

and thus no entanglement contribution from that sector. This is, however, not true for charge219

3Note that the case rk(ρk) = 0 for all k is impossible due to the unit-trace constraint on density matrices, and
the rk(Pα) = 0 case is trivial since it implies that representation corresponding to charge α is entirely absent from
the decomposition (1)
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subspaces of dimension larger than one, since projection onto such subspaces fails to fully220

specify the state - generically allowing for entanglement to reside in larger subspaces.221

The above result can be combined with the fact that all complex irreps of Abelian groups222

are one-dimensional (a consequence of Schur’s Lemma), and that the regular representation223

takes the form224

Rreg =
⊕

α

RdimRα
α . (15)

In other words, for a finite Abelian group acting on a system via its regular representation,225

all irreps Rα have dim(Rα) = χα = 1. This immediately leads to the corollary that for a finite226

Abelian symmetry group G acting locally via its regular representation on a system of distin-227

guishable spins, all single-sector contributions to the global entanglement Q vanish. Conse-228

quently, entanglement stems solely from the pairwise interference between sectors and is given229

by Eq. (11). We will verify this numerically in Sec. 4.230

Note further that there is another case where f (d)2 must vanish for all particles k. When231

d = 2, f (d)2 is simply the determinant. In this case, then232

f (d)2 (ρk,α) = det
�

ρk,α

�

= det(Pα)det(ρk)det(Pα). (16)

As long as there is more than one charge sector, the projectors Pα must project into subspaces233

Hα of dimension strictly lower than the dimension of the full single-site Hilbert space H.234

This means their determinant must necessarily vanish, in turn implying vanishing values of235

f (d)2 (ρk,α) by Eq. (16), as well as vanishing sector-wise contributions by Eq. (10). Alternatively,236

this can be seen via Eq. (3), where the only non-trivial (more than one charge sector) partition237

of d = 2 is 2 = 1 + 1, and this restricts the possible local group actions on qubits to have238

dim(Rα) = χα = 1 with only two possible non-trivial charge sectors α,β . We thus see that for239

systems of distinguishable spin-1
2 particles (qubits), all possible local symmetry group actions240

with more than one symmetry sector lead to vanishing contributions Qα to the total global241

entanglement Q.242

In Appendix B we explicitly calculate the individual sector contributions, and show that243

equipartition holds to all orders, showing the leading order behaviour and all relevant correc-244

tions. We find that for a system of n particles of local Hilbert space dimension d, repeatedly245

realized in a pure state chosen randomly over the Bloch hypersphere (Haar random states),246

the individual sector contributions take an average of247

Qα =
dα(dα − 1)
d(d − 1)

�

1− d1−n

1+ d−n

�

. (17)

We see that the contributions depend solely on the dimensions of the local Hilbert space248

and the charge subspace up to leading order, and that it is independent of the symmetry group249

acting on the system. Further, the sub-leading order corrections can be interpreted as finite250

size corrections, since they carry all n-dependence and vanish in the large n limit.251

We recall the discussion of equipartition under symmetry resolution from Sec. 1. Therein252

it was noted that Bonsignori et al. [48] interpreted equipartition as equal contributions from253

each sector, but with the probability of a state to be in each sector being different. In other254

words, the contribution from a charge sector is the product of its intrinsic contribution and255

the probability of the state being in the charge-α sector. However, we have shown earlier that256

it is impossible for a one-dimensional charge subspace to host entanglement, and that dα ≥ 2257

is necessary. In this light, we reinterpret equipartition for the global entanglement Q to mean258

instead equal contributions from each charge sector, but with the probability of entanglement259

being hosted in each sector being different (contrast with Bonsignori et al.’s interpretation).260

This is manifest in Eq. (17) if we write Qα to leading order as
�dα

2

�

/
�d

2

�

: the sector-wise contri-261

butions are precisely the probability of two randomly chosen basis vectors to lie in the same262
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charge sector of dimension dα. We thus conclude that the intrinsic contribution of each charge263

sector is the same, and that Eq. (17) explicitly conforms to the equipartition expectation from264

a symmetry-resolved entanglement measure - albeit with the slightly modified interpretation265

of equipartition.266

In essence, we have related the charge-sector contributions to the (ordered) integer par-267

tition of the local Hilbert space dimension, where each summand denotes the dimension of a268

charge subspace. Below, we see how this extends to the contributions from the interference269

between charge sectors.270

3.2 Interference contributions271

Using analysis similar to that for the sector-wise terms, in Appendix B we calculate the en-272

semble average of the interference contributions for a set of states chosen uniformly over the273

Bloch sphere. We find a form very similar to the sector-wise contributions:274

Qαβ =
2dαdβ

d(d − 1)

�

1− d1−n

1+ d−n

�

. (18)

Interestingly, the finite size correction factor is the same as that for the sector-wise contribu-275

tions, see Eq. (17). Further, the leading order behaviour conforms once again to the modified276

interpretation of equipartition: there are precisely dαdβ ways to choose two basis vectors, one277

from each of the α and β subspaces. The probability is then dαdβ/
�d

2

�

, yielding the leading278

order behaviour of the interference contributions.279

Another interesting observation is that interference contributions (and indeed, the sector-280

contributions as well) arise from the choice of only two basis vectors in the local Hilbert space.281

Algebraically, this arises due to the quadratic ρ-dependence of the purity, and consequently282

of the global entanglement. Physically, this seems to suggest that the global entanglement is283

insensitive to any fundamental three-way entanglement present in nature (i.e. which cannot284

be written in terms of the substituent two-way entanglements), if there exists any.285

In all, this indicates equipartition not only among the charge sector contributions, but in286

the full set of charge-sector and interference contributions. Each contributor has an intrinsic287

value of 2/d(d −1) to leading order, with entanglement being hosted in them in dα(dα−1)/2288

and dαdβ ways for sector-wise and interference contributions respectively. This completes289

extraction of symmetry-resolved contributions to the global entanglement Q. We now proceed290

to verify our results numerically.291

4 Numerical tests292

In this section, we perform numerics on ensembles of Haar random states. These are states293

sampled over a uniform distribution on the surface of the Bloch hypersphere, ensuring that294

they are indeed pure states. They represent benchmark states which are known to saturate295

entanglement measures in the bipartite case [90]. While they are not representative of low296

energy states or ground states of systems, they provide a useful comparison as a maximally297

entangled null model. Haar random states have also been used previously in the study of298

SRE [91, 92], since they isolate the effect of symmetry on the system from other non-trivial299

physical effects such as topological order, boundary modes, etc. This can also be used to com-300

pare against systems which possess such characteristics, and deviations from Haar ensemble301

behaviour can lead to insights on SPT phases [34,36,37] for example, where the added effect302

of topology can be identified with the symmetry-only effect in the Haar model.303

For different values of the tuple (n, d), sets of 500 n-particle states were generated by304

randomly selecting states |ψ〉 =
∑dn

i qi |ui〉 with {|ui〉} being the n-particle basis states. The305

8
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coefficients qi ∈ Cwere selected uniformly over the Bloch hypersphere, ensuring a normalized306

pure state as output. The density matrices and single-particle RDMs for all states were found307

simply by implementing the outer product and partial trace operations successively. These308

objects then allowed us to obtain the individual values of all the terms in Eqs. (10) - (11)309

for each of the samples: f (d)2 (ρk,α) for the sector contributions, and Tr(ρkPα)Tr
�

ρkPβ
�

and310

f (m)2 (ρk,αβ) for the interference contributions.311

To fingerprint our results, we implemented an Abelian symmetry on the generated Haar312

random states. In particular, we imposed a Zm symmetry acting on each particle via a repre-313

sentation as defined in Eq. (3), with all irreps having dimension dimRα = 1 and multiplicities314

obeying
∑m
α=1χα = d. In other words, the ordered partition d =

∑

α dα with dα = χα fully315

determines the action of the symmetry group on the system up to relabelling of basis vectors.316

We first verify the equivalence of three distinct ways of calculating Q: it’s original formula-317

tion as presented by Meyer and Wallach [39], its quantification as the average single-particle318

linear entropy [71] and the symmetry-resolved decomposition presented herein. We find per-319

fect numerical agreement between the Q values for all tested values of m, verifying our ana-320

lytics in Sec. 3. Next, we verify our claim of vanishing sector-wise contributions for χα = 0,1321

and the dependence on general dα as quantified in Eq. (10). For n = 3, 4,5 and for various322

values of dα, we plot the ensemble average of Qα as a function of d in Fig. 1. We find strong323

agreement with the prediction of Eq. (10), when taking into account the finite size corrections.324

We re-emphasize the independence of the results on m, and the vanishing contributions for325

dα = 1.326

Next, we simulate the behaviour of the interference term. As expected from Eq. (11),327

it follows the same d and n dependence as the sector-wise contributions. We find that the328

numerical results and the expectation from Eq. (18) agree to one part in 10−3. We refrain329

from plotting a figure in light of the similarity to Fig. 1.330

5 Discussion331

The above numerical simulations verify our analytical treatment in Sec. 3. In particular, they332

lend strong support to the post-charge-measurement interpretation of SRE and the reinterpre-333

tation of equipartition in terms of the probabilities of entanglement being hosted in a particular334

charge sector. Overall, our treatment conforms to expectations from the symmetry resolution335

of a multipartite entanglement measure without locality, topology or other non-trivial physical336

effects, namely equipartition and lack of dependence on a particular subsystem.337

We stress further that the surprising vanishing of sector-wise contributions in some cases338

is a feature not observed in bipartite SRE. The dependence on the particular subsystem in339

bipartite scenarios implies that the entanglement measured does not reflect the properties of340

the entire system. The restriction of the charge sector to the particular subsystem is blind to the341

global interference within the charge sector which could potentially cancel out all contributions342

from the sector.343

An important assumption in our work is that each lattice site hosts only a single particle. If344

we were to coarse-grain and allow multiple particles per site, the calculation above fails, owing345

to the additional quantum number required to fully describe the system state. The added346

degree of freedom changes the Hilbert space dimension per site, and ignoring it leads to lower347

information about the system. In turn, this leads to higher entropy and thus entanglement, a348

significant part of which can now be hosted within a single site.349

The other assumption made above was that of a locally acting symmetry. In addition350

to allowing definition of local projection operators Pα, it ensures that the RDMs possess a351

block-diagonal structure in the symmetry basis. Locally acting symmetries are also conducive352

9
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Figure 1: Scatter plot of Qα versus d, with the prediction of Eq. (10) laid out in
coloured lines. Each set of three closely spaced lines corresponds to a single value
of dα with varying n. While Qα vanishes for all values of n and d when dα = 1,
higher values of dα generically possess higher entanglement for a given d. Note also
that Qα ̸= 0 for dα = d = 2 arises since there is only one charge sector in that case,
and so does not contradict the prediction of vanishing sector-contributions for qubit
systems with symmetries possessing multiple charge sectors. Further, larger system
sizes n possess higher entanglement, although successive corrections become smaller
with increasing n. Overall, data shows excellent agreement to the prediction, with
standard deviation of ∼ 10−3.

to experiments, since the observables associated to such symmetries often correspond to local353

spin and density operators. These, in turn, are directly measurable in quantum simulators.354

Such measurements have been performed in ultracold atoms using site- and spin-resolved355

probes of magnon dynamics [93] and via quantum gas microscopy [94]. Such measure-356

ments have also been performed in ion traps, fluorescence detection in out-of equilibrium357

spin chains [95,96].358

Further, we believe the results of this work are experimentally verifiable. As mentioned359

in Sec. 2.2, the global entanglement Q is proposed to be measurable with only two copies360

of the state [71]. Combined with the post-charge-measurement interpretation of SRE, this is361

likely the easiest way to reconstruct the single-sector terms. Explicitly, we expect charge mea-362

surements on a pure state followed by measurements of Q on the collapsed state to yield the363

contributions Qα. On the other hand, the value of 〈 f (d)2 (ρk,α)〉k can be estimated using the364

expression of f (d)2 (A) in terms of the traces Tr A and Tr
�

A2
�

. This can be achieved, for exam-365
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Figure 2: Quantum circuit showing the proposed measurement technique for the
interference contributions. The ancillary register, prepared initially in a state |0〉⊗n is
subjected to repeated controlled-Uk,αβ gates, one for each particle in the system |ψ〉.
Such gates entangle the kth ancillary qubit with two copies of the kth system particle
in the α and β charge sectors. Subsequent measurement of the ancillary register
for multiple such experiments allows a full reconstruction of Tr

�

ρkPαρkPβ
�

, in turn
leading to the reconstruction of the full interference term in Eq. (11) when combined
with measurement of pk,α.

ple, using SWAP-gate techniques introduced in Ref. [97] and performed, for example, in [98],366

which allow estimation of linear and non-linear functionals of the RDM without full quantum367

state tomography. Randomized measurements [99] also holds promise as possible experimen-368

tal methods to estimate f (d)2 (ρk,α). A comparison of the measured Qα and 〈 f (d)2 (ρk,α)〉k would369

then be a straightforward experimental test of Eq. (10).370

As for the interference contributions, a charge measurement will fail since it annihilates all371

the interference contributions. However, we detail in Appendix C the theory behind a possible372

experimental verification of Eq. (11), showing that full reconstruction of Qαβ is still possible.373

To do this, we utilize projective measurements to isolate particular interference contributions,374

and a controlled-unitary quantum circuit (see Fig. 2) to reconstruct f (d)2 (ρk,αβ). The full work-375

ing of the circuit is presented in Appendix C.376
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6 Conclusion377

In this work we demonstrated explicitly the symmetry resolution of the global entanglement378

measure Q under the action of local symmetries on spin lattice systems of arbitrary particle spin379

and physical dimension. We characterized the contributions from each charge sector (Eq. (10))380

and from their pairwise interference (Eq. (11)) by transcribing the action of the symmetry381

group on the local Hilbert space to an ordered partition of its total dimension. Importantly,382

we note that the sector-wise contributions vanish whenever the subspace corresponding to the383

charge sector is one-dimensional. We thus conclude that the global entanglement can only384

be hosted in two- or higher-dimensional subspaces. We provide further intuition of this result385

within the post-charge-measurement interpretation of symmetry resolved entanglement.386

In addition, we find that equipartition holds for Haar random states of the entire system387

of n particles, where we reinterpret equipartition to mean equal intrinsic contributions with388

differing probabilities of entanglement being hosted in each sector. This is a modification of a389

similar interpretation proposed previously by Bonsignori et al. [48]. In particular, we find that390

in the limit of large system sizes, the contribution from each charge sector or their pairwise391

interference is equal to the probability of two chosen basis vectors to lie within the subspace392

under consideration (see Eqs. (17) and Eq. (18)). Moreover, we find arbitrarily accurate finite393

size corrections which take the same form for both types of contributions. We verify all our394

claims numerically and find perfect correspondence between theory and numerics.395

Finally, we propose experimental methods to verify our results using the post-charge-396

measurement interpretation of SRE. For the interference contributions (which are destroyed397

upon charge measurement on the system), we propose a quantum circuit which could be im-398

plemented to extract part of the interference contributions which can then be implemented to399

reconstruct the full interference contributions from each pair of charges.400

In comparison to symmetry-resolved bipartite entanglement measures and symmetry-unresolved401

ME measures, SR-ME measures could provide access to knowledge about which sectors carry402

global coherence in SPT phases. In other words, it can shed light on the pattern of global403

coherences conditioned on charge, which could lead to a more nuanced classification of SPT404

phases whose non-trivial characteristics are non-local but charge-dependent.405
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A Appendix: Derivation of sector-wise and interference contribu-416

tions417

In this section we perform explicitly the symmetry resolution of the global entanglement Q.418

As in the main text, consider a Hamiltonian H which describes a system of particles of spin-419

s, invariant under the local action of group G via representation R which decomposes into420

irreps Rα with multiplicities χα according to Eq. (1). For each charge value α, the spectral421

theorem guarantees the existence of single-particle charge subspace projectors Pα, i.e. maps422

Pα : H→Hα which obey the following properties:423

PαPβ = Pβ Pα = 0 ifα ̸= β , (Orthogonality)

P2
α = Pα, (Idempotence)
∑

α

Pα = Im. (Completeness)

For a system in a pure state |ψ〉, consider the density matrix ρ = |ψ〉 〈ψ|, and trace out all424

but the kth particle to obtain the single-particle (d × d) RDMs ρk. Now decompose these into425

sectors using two insertions of the identity and completeness:426

ρk = I2 ρk I2

=
�

∑

α

Pα

�

ρk

�

∑

β

Pβ

�

=
∑

α

PαρkPα +
∑

α<β

PαρkPβ + PβρkPα

:=
∑

α

ρk,α +
∑

α<β

ρint
k,αβ . (A.1)

Here we have defined the sector-wise components of the RDMs ρk,α and the cross-sector in-427

terference terms ρint
k,αβ . Note that in the interference term, each pair (α,β) is counted only428

once since the sum is over α < β , but the term is symmetric due to the symmetric definition of429

ρint
k,αβ . We will drop the superscript ‘int’ hereafter, assuming a two-index ρk,αβ implicitly refers430

to the interference contributions. Recalling now from Eq. (9) that Q depends on the purities431

Trρ2
k , we can use Eq. (A.1) to write432

Trρ2
k = Tr
�

∑

α

ρk,α

�2

+ Tr
�

∑

α<β

ρk,αβ

�2

+ Tr
�

∑

γ,α<β

{ρk,γ,ρk,αβ}
�

, (A.2)

with {a, b} := ab+ ba being the anticommutator. In the final term, the sum can be pulled out433

of the trace by linearity. Then all anticommutators traces are of the form434

Tr{ρk,γ,ρk,αβ}= Tr
�

ρk,γρk,αβ

�

+ Tr
�

ρk,αβρk,γ

�

= Tr
�

PγρkPγPαρkPβ
�

+ Tr
�

PγρkPγPβρkPα
�

+ Tr
�

PαρkPβ PγρkPγ
�

+ Tr
�

PβρkPαPγρkPγ
�

,

all of which must vanish by orthogonality of the projectors and the cyclicity of the trace, since435

α < β and γ can be equal to only one of α,β , if any. Further, note that the first term in Eq. (A.2)436

simplifies as437

Tr
�

∑

α

ρk,α

�2

= Tr
∑

α

ρ2
k,α,

since the cross-terms vanish by orthogonality of the projectors. Similarly, the second term can438

be written as439

Tr
�

∑

α<β

ρk,αβ

�2

= Tr
∑

α<β

ρ2
k,αβ
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by orthogonality and the cyclicity of the trace. While it is possible to simplify further the440

expression ρ2
k,αβ by expanding, we keep it in this form for later simplification and analogy to441

the single-sector purities. Finally, this yields a simple relation between the purities442

Trρ2
k =
∑

α

Trρ2
k,α +
∑

α<β

Trρ2
k,αβ . (A.3)

Using this, we can now write Q from Eq. (9) as443

Q :=
d

d − 1

¬

1− Trρ2
k

¶

k

=
d

d − 1

¬

1−
∑

α

Trρ2
k,α −
∑

α<β

Trρ2
k,αβ

¶

k
,

where the normalization is based on the local Hilbert space dimension. For our final trick,444

we note that upon measurement of the charge, the particle at site k can collapse to a charge445

subspace α with probability pk,α. These probabilities are simply the expectation values of the446

projectors447

pk,α = Tr(Pαρk) = Tr
�

P2
αρk

�

= Tr(PαρkPα) = Tr
�

ρk,α

�

. (A.4)

Further, these probabilities must sum to unity, i.e. 1 =
∑

α pα. On squaring, this yields448

1 =
∑

α p2
k,α + 2
∑

α<β pk,αpk,β . This can also be seen from taking the trace of Eq. (A.1),449

noting that Trρk,αβ vanishes by linearity and cyclicity of the trace. We now substitute this450

expression for unity in our expression for Q to obtain451

Q =
d

d − 1

¬∑

α

p2
k,α + 2
∑

α<β

pk,αpk,β −
∑

α

Trρ2
k,α −
∑

α<β

Trρ2
k,αβ

¶

k

=
d

d − 1

¬∑

α

�

p2
k,α − Trρ2

k,α

�

¶

k
+

d
d − 1

¬∑

α<β

�

2pk,αpk,β − Trρ2
k,αβ

�

¶

k
. (A.5)

Here we have naturally regrouped terms by their symmetry sectors, and we can identify each452

term in Eq. (A.5) as a contribution from a symmetry sector or from their combined interfer-453

ence [100]. Note that this was the initial aim of our symmetry resolution, and we have isolated454

the required contributions. We further simplify this by using Eq. (13), noting simultaneously455

that Tr
�

ρk,αβ

�

= Tr
�

PαρkPβ + PβρkPα
�

= 0. This allows us to write Q from Eq. (A.5) as456

Q =
2d

d − 1

¬∑

α

�

f (d)2 (ρk,α)
�

¶

k
+

2d
d − 1

¬∑

α<β

�

pk,αpk,β + f (d)2 (ρk,αβ)
�

¶

k
. (A.6)

This completes the derivation of Eqs. (11) - (12) in the main text.457

B Appendix: Equipartition and estimation of contributions for Haar458

random states459

Since each of the n sites has a d-dimensional Hilbert space, there are N = dn basis states460

of the full system’s Hilbert space. Denote the charge eigenbasis of this space by {|vi〉} with461

i ∈ {1,2 . . . N}. Let the system be in a state |ψ〉=
∑N

i=1 qi |vi〉where qi ∈ C obey
∑N

i=1 |qi|2 = 1.462

Here and for the numerical simulations in Sec 4, we take these qi to be sampled from a uniform463

distribution over the complex unit sphere with mean zero, i.e. a Haar random distribution.464

This is natural for a randomly selected state of the system.465
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In order to calculate Qα =
2d

d−1 f (d)2 (ρk,α), we write466

〈 f (d)2 (ρk,α)〉k =
­

∑

i< j

µiµ j

·

k
=

1
2

�

(Trρk,α)
2 − Tr
�

ρ2
k,α

�

�

, (B.1)

where µi are the eigenvalues of ρk,α. Further, note that467

(Trρk,α)
2 =
� dα
∑

i=1

σii

�2

=
dα
∑

i=1

σ2
ii +

dα
∑

i ̸= j=1

σiiσ j j , (B.2)

where we denote ρk by σ for brevity of notation. Similarly, we can write the other trace in468

index notation as469

Tr
�

ρ2
k,α

�

=
dα
∑

i, j=1

|σi, j|2 =
dα
∑

i=1

|σii|2 +
dα
∑

i ̸= j=1

|σi j|2, (B.3)

allowing us to express470

〈 f (d)2 (ρk,α)〉k =
1
2

­ dα
∑

i, j=1

(σ2
ii − |σii|2) +

dα
∑

i ̸= j=1

(σiiσ j j − |σi j|2)
·

k
. (B.4)

Since σ = ρk is Hermitian, its diagonal entries are real and σ2
ii = |σii|2. This gives us471

〈 f (d)2 (ρk,α)〉k =
1
2

dα
∑

i ̸= j=1

�

〈σiiσ j j〉k − 〈|σi j|2〉k
�

=
dα(dα − 1)

2

�

〈σiiσ j j〉k − 〈|σi j|2〉k
�

, (B.5)

since there are dα(dα − 1) order pairs (i, j) and all terms in the sum are equal. The traces472

on the right can be found using the second- and fourth-moment identities for Haar random473

distributions [101]474

〈qaq∗b〉k =
δab

N
, 〈qaqbq∗c q∗d〉k =

δacδbd +δadδbc

N(N + 1)
. (B.6)

In particular,475

〈σiiσ j j〉k =
N

d2(N + 1)
, (B.7)

〈|σi j|2〉k =
1

d(N + 1)
. (B.8)

Finally, we can substitute these into our expression for 〈 f (d)2 (ρk,α)〉k, on on simplifying and476

substituting n = dn, we get477

〈 f (d)2 (ρk,α)〉k =
dα(dα − 1)

2
dn−1 − 1
d(dn + 1)

. (B.9)

This yields478

Qα =
2d

d − 1
〈 f (d)2 (ρk,α)〉k =

dα(dα − 1)
d(d − 1)

�

1− d1−n

1+ d−n

�

, (B.10)

as quoted in Eq. (17).479
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For the interference contributions, a similar technique can be used to probe 〈 f (d)2 (ρk,αβ)〉k.480

Since Trρk,αβ = 0, and Trρ2
k,αβ = 2Tr
�

ρkPαρkPβ
�

, we have481

〈 f (d)2 (ρk,αβ)〉k =
1
2

�

− 2〈Tr
�

ρkPαρkPβ
�

〉k
�

= −〈
dα
∑

i=1

dβ
∑

j=1

|ρi j|2〉k (B.11)

Once again, since all terms of the sum are equal and there are dαdβ of such terms in total, we482

see483

〈 f (d)2 (ρk,αβ)〉k = −
dαdβ

d(dn + 1)
. (B.12)

Next, note that484

〈pk,αpk,β〉k = 〈Trρk,α Trρk,β〉k =
dα
∑

i=1

dβ
∑

j=1

〈σiiσ j j〉k = dαdβ
N

d2(N + 1)
=

dαdβ
d2

1
1+ d−n

(B.13)

Finally, using Eq. (11) and substituting both the above averages, we get485

Qαβ =
2d

d − 1

�dαdβ
d2

dn

dn + 1
−

dαdβ
d(dn + 1)

�

=
2dαdβ

d(d − 1)

�

dn

dn + 1
−

d
dn + 1

�

=
2dαdβ

d(d − 1)

�

1− d1−n

1+ d−n

�

. (B.14)

This is precisely Eq. (18) in the main text, and we see that the finite size correction is exactly486

the same as that for the sector-wise contributions Qα487

C Appendix: Experimental protocol to measure interference con-488

tributions489

In this section we describe a possible method to verify Eq. (11). Given a state |ψ〉, we can act490

on each particle by (Pµ + Pν) in order to destroy all contributions but those from sectors µ,ν491

and interference between them. To see this, note that492

ρk→ (Pµ + Pν)ρk(Pµ + Pν) = ρk,µ +ρk,ν +ρk,µν. (C.1)

This further implies that all of pk,α, Tr
�

ρ2
k,α

�

and Tr
�

ρ2
k,αβ

�

remain unchanged if and only if493

α= µ and β = ν. All other values of these quantities vanish, leaving (compare Eq. (A.5))494

Q′ =
d

d − 1

¬

�

p2
k,µ − Trρ2

k,µ

�

¶

k
+

d
d − 1

¬

�

p2
k,ν − Trρ2

k,ν

�

¶

k
+

d
d − 1

¬

�

2pk,µpk,ν − Trρ2
k,µν

�

¶

k

=Qµ +Qν +Qµν. (C.2)

This allows Qµν to be recovered experimentally after measuring all of Q′,Qµ and Qν using495

previously described methods. On the other hand, in order to evaluate the RHS, we need to496

evaluate pk,α and f (d)2 (ρk,αβ) = −Tr
�

ρkPαρkPβ
�

, see Eq. (B.11). While the probabilities pα497

can directly be evaluated by repeated charge measurement on copies of the state, to evaluate498

Tr
�

ρkPαρkPβ
�

we can use the quantum circuit shown in Fig. 2.499
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An ancillary register of n qubits prepared in the state |0〉⊗n is treated with Hadamard gates,500

and two copies of the system state |ψ〉 are subjected to controlled-U operations. In particular,501

the kth ancilla is used as a control for the operator502

Uk,αβ = (Pα ⊗ Pβ) SWAP, (C.3)

which acts on the kth particle of the system as its target. Here SWAP is a two-particle swap503

operator, which acts as504

SWAP(ρA⊗ρB) = ρB ⊗ρA. (C.4)

Together, the kth ancilla and the kth particle evolve under the circuit as505

|0〉 〈0| ⊗ρk ⊗ρk
H⊗1⊗1
−−−−→|+〉 〈+| ⊗ρk ⊗ρk

C−Uk,αβ
−−−−→

1
2

�

|0〉 〈0| ⊗ρk ⊗ρk

+ |0〉 〈1| ⊗ (ρk ⊗ρk)U
†
k,αβ

+ |1〉 〈0| ⊗ Uk,αβ(ρk ⊗ρk)

+ |1〉 〈1| ⊗ Uk,αβ(ρk ⊗ρk)U
†
k,αβ

�

H⊗1⊗1
−−−−→

1
4

�

|0〉 〈0| ⊗
�

(1+ Uk,αβ)(ρk ⊗ρk)(1+ Uk,αβ)
�

+ |0〉 〈1| ⊗
�

(1+ U†
k,αβ)(ρk ⊗ρk)(1+ Uk,αβ)

�

+ |1〉 〈0| ⊗
�

(1− Uk,αβ)(ρk ⊗ρk)(1+ U†
k,αβ)
�

+ |1〉 〈1| ⊗
�

(1− Uk,αβ)(ρk ⊗ρk)(1− U†
k,αβ)
�

�

.

Now, to find the expectation value of the Z measurement, we first need to trace out the506

non-ancillary registers. We get the RDM of the ancilla to be507

ρancilla =
1
2

�

|0〉 〈0|Tr
�

(ρk ⊗ρk)(1+ Uk,αβ)
�

+ |1〉 〈1|Tr
�

(ρk ⊗ρk)(1− Uk,αβ)
�

�

, (C.5)

where we have used the hermiticity of Uk,αβ and the cyclicity of the trace, which causes the508

coefficients of |0〉 〈1| and |1〉 〈0| to vanish. Finally, the expectation value of the Z measurement509

is given by510

〈Z〉= Tr(ρZ)

= Tr
�

(ρk ⊗ρk)Uk,αβ

�

= Tr
�

(ρk ⊗ρk)(Pα ⊗ Pβ) SWAP)
�

= Tr
�

(ρkPα ⊗ρkPβ) SWAP)
�

= Tr
�

ρkPαρkPβ
�

, (C.6)

where we used the identity Tr((A⊗ B) SWAP) = Tr(AB). We see that the result of the mea-511

surement on the kth ancilla is precisely (the negative of) f (d)2 (ρk,αβ). Obtaining results from512

all n ancillary qubits allows us to reconstruct the entire RHS of Eq. (11) when combined with513

measurements of pk,α.514
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