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Quantum Chromodynamics (QCD) governs the strong interactions of hadrons, but extracting its
physical spectrum remains a significant challenge due to its non-perturbative nature. In this Letter,
we introduce a novel data-driven approach that systematically enforces the fundamental principles
of analyticity, crossing symmetry, and unitarity while fitting experimental data. Our Bootstrap
Fit method combines S-matrix Bootstrap techniques with non-convex numerical optimization, al-
lowing for the construction of a scattering amplitude that adheres to first-principles constraints.
We apply this framework to pion-pion scattering, demonstrating that it accurately reproduces low-
energy predictions from Chiral Perturbation Theory (χPT) while also providing a non-perturbative
determination of the total cross-section that is consistent with experiment.

A key feature of our approach is its ability to dynamically generate physical states, yielding a
spectrum of resonances consistent with QCD. Most notably, we predict the existence of a genuine
doubly charged tetraquark resonance around 2 GeV, which could be observed in B-meson decays at
LHCb. These results establish a robust new pathway for extracting hadronic properties directly
from scattering data while enforcing fundamental physical constraints.

I. INTRODUCTION

S
cattering amplitudes are fundamental objects in
quantum field theory. They contain information

about the interaction among elementary particles and
connect theoretical predictions with experimental obser-
vations. In strongly coupled theories such as Quan-
tum Chromodynamics (QCD), the analytic structure
of scattering amplitudes reveals crucial insights into
hadronic states and resonances. However, extracting pre-
cise physical information from scattering data remains a
formidable challenge due to the inherently strongly cou-
pled nature of QCD at low energies.

The non-perturbative S-matrix Bootstrap [1, 2] pro-
vides a powerful, first-principles framework for studying
hadronic amplitudes in a model-independent way, enforc-
ing key physical constraints such as analyticity, crossing
symmetry, and unitarity. It has been widely used to ex-
plore the spaces of scattering amplitudes, but it has not
yet been applied to directly fit experimental data. In
this work, we take a step in this direction by introduc-
ing the Bootstrap Fit, a method that integrates Boot-
strap methods with non-convex optimization to extract
hadronic properties while maintaining theoretical consis-
tency.

Unlike traditional approaches such as Roy equations
[3, 4], which generally rely on fixed t dispersion relations

and can only be used in a limited low-energy domain,
our method offers a fully non-perturbative way to ex-
tract scattering amplitudes at all energies. By enforc-
ing analyticity, crossing symmetry, and unitarity while
fitting experimental data, the Bootstrap Fit provides a
new pathway for modeling strong interactions without re-
lying on perturbation theory and exploring its properties
across all energies.
As a proof of concept, we perform this fit on pion-pion

(ππ) scattering, one of the most fundamental processes in
QCD. Pions, as pseudo-Goldstone bosons of chiral sym-
metry breaking, provide an ideal testing ground for non-
perturbative techniques. Using this novel approach, we
achieve the following key results:

(i) Accurate low-energy predictions, consistent with
Chiral Perturbation Theory (χPT).

(ii) Non-perturbative extraction of the total cross-
section, in agreement with experimental data.

(iii) Self-consistent generation of QCD resonances, in-
cluding the well-known states that couple to pions.

(iv) A concrete, experimentally testable prediction:
a genuine doubly charged tetraquark resonance
around 2 GeV, potentially observable in B-meson
decays at LHCb.

Our method offers a systematic, data-driven strategy
for modeling QCD amplitudes while rigorously enforc-
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FIG. 1: The vertical extent of each box represents the
uncertainty in the mass determination, while the horizontal
width corresponds to Γ/2 with Γ being the particle’s decay
width (uncertainties in the width are not shown). Mass and

width are expressed in the same units. The gray boxes
indicate the experimental spectrum, whereas the red boxes
correspond to our Bootstrap estimate. Particles marked

with an asterisk are still subject to numerical systematics, as
discussed in Section V.

ing fundamental constraints. These results pave the way
for future applications of Bootstrap methods in other
hadronic scattering processes.

Our starting point is to consider the scattering ampli-
tude of gapped pions. For simplicity, we choose the units
by setting mπ = 1, neglecting isospin-breaking effects. In
this setup, pions belong to the vector representation of
O(3), and the 2 → 2 scattering amplitude πaπb → πcπd

takes the form:

T cd
ab (s, t, u)=A(s|t, u)δabδcd+A(t|s, u)δcaδdb+A(u|s, t)δdaδcb

(1)
where s, t, u are the Mandelstam variables and s+t+u=4.
By crossing symmetry, we also have A(s|t, u) = A(s|u, t).

Pions are the lightest states of the QCD spectrum. A
two-particle ππ state has G-parity G = +1, and parity
P = (−1)J , where J is the spin of the particle. Only reso-
nances with the same quantum numbers can be produced
in a scattering experiment. In figure 1, the experimen-
tally observed spectrum below 1.4 GeV is represented
with gray boxes, adding only the ρ3 above this energy.1

From the amplitude T cd
ab (s, t, u) constructed following the

Bootstrap Fit procedure, we predict the spectrum and
the low-energy parameters. In figure 1, we present in red
the Bootstrap estimate of the spectrum. Both the mass
and the width of the resonances match the experimental
measurements, except for those denoted by an asterisk
still affected by numerical systematics. The last column
has the exotic quantum numbers 2+(0++). There is no

1To express the spectrum in dimensionless units we use mπ = 137.3
MeV, the average between charged and neutral pions.
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FIG. 2: High-energy behavior of the S2 partial wave phase
shift. The blue curve represents our best fit, while the light
blue region includes amplitudes with suboptimal χ2 values
(see Section IV). The phase shift exhibits a distinctive jump
around s ≈ 200, indicating the presence of a resonance. In

the inset, we extract the mass parameter as m =
√
s∗, where

where s∗ is the location of the zero in the complex s-plane of

S
(2)
0 (s).All quantities are expressed in units of mπ = 1.

such state in the PDG [5]. With its I = 2 quantum num-
ber, this state is a genuine Tetraquark [6, 7], predicted at
∼ 2 GeV with a width of 600 MeV. As a prelude to our
results, in figure 2 we show the predicted phase shift in
the S2 wave. At first glance, it would be difficult to an-
ticipate from the experimental data that the phase shift
would reverse direction at higher energies. This behavior
is a genuine prediction of our Bootstrap procedure which
incorporates full crossing and unitarity of the scattering
amplitude. Before discussing in detail the physics of this
amplitude we shall describe the steps of our strategy.
The rest of this paper is structured as follows. In Sec-

tion II, we discuss the S-matrix Bootstrap ansatz, where
we solve a semi-definite optimization problem to con-
struct a candidate amplitudeAansatz

Θ (s|t, u) depending on
a small set of free parameters Θ. Section III describes our
Particle Swarm Optimization (PSO) algorithm, which
minimizes the χ2 function for the parameters Θ by com-
paring it with experimental and lattice data. In Section
IV, we present the results of our Bootstrap Fit. We then
test our amplitude in Section V against Chiral Perturba-
tion Theory (χPT) and other experimental data, finding
strong agreement. Finally, in Section VI, we discuss po-
tential improvements and future research directions.

II. BUILDING THE FIT MODEL

A key element of our methods is the numerical non-
perturbative S-matrix bootstrap. This method was intro-
duced in [1, 2] as a way to study the space of amplitude,
deriving bounds on low-energy observables. It has since
been applied in various physical systems [8–25]. Specifi-
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cally, its application to the scattering amplitudes of pions
was revived in [26] and extended to the massless case in
[27]. In [28], the authors refined the allowed region found
in [26] using additional positivity constraints at low en-
ergy. By performing hypothesis testing using relative en-
tropy, they selected the region of low energy parameters
that matches QCD low energy data and χPT. In [29],
they extracted the spectrum finding hints of emerging
Regge trajectories. In [30, 31], the authors used several
low energy constraints below the two-particle threshold,
and form factors constraints computed in perturbative
QCD at energy above 2 GeV, to select a region in pa-
rameter space that nicely agrees with experimental phase
shifts and low energy data. Simultaneously, the Boot-
strap of large-N ππ amplitudes was kicked off in [32] and
[33], and generalized by including photons and match-
ing with the chiral anomaly in [34]. Finally, including a
minimal amount of spectrum assumptions, a Bootstrap
candidate for the large-N QCD amplitude was found in
[35].

In the following, we layout the S-matrix Bootstrap con-
struction of the non-perturbative ππ scattering ampli-
tude used in this Letter.

A. The analytic Bootstrap ansatz

We parametrize the pion amplitude with the ρ-ansatz
[2, 26] constructed to be analytic and crossing symmet-
ric.2 For our problem, it is convenient to introduce an ex-
tended version of the ρ-ansatz, the multi-foliation ansatz.
We call foliation, a sum of the form

FN
σ (s|t, u)=

∑
0≤n+m≤N

α(σ)
n,mρσ(s)

n(ρσ(t)
m+ρσ(u)

m) +

∑
n+m≤N
1≤n≤m

β(σ)
n,m(ρσ(t)

nρσ(u)
m+ρσ(u)

nρσ(t)
m), (2)

where ρσ(s) =
√
σ−4−

√
4−s√

σ−4+
√
4−s

is a conformal map from the

cut plane to the unit disk with center ρσ(8−σ) = 0.
FN

σ (s|t, u) is manifestly symmetric in t, u which automat-
ically enforces crossing symmetry. The multi-foliation
ansatz is then obtained by summing over different cen-
ters σ ∈ Σ

Aansatz(s|t, u) =
∑
σ∈Σ

FNσ
σ (s|t, u). (3)

The intuition behind this operation is simple. A sin-
gle foliation FN

σ approximates best the amplitude in the
region |s| ≈ σ. For single-scale problems, tuning σ to

2Here we assume maximal analyticity. See [21, 36, 37] for a comple-
mentary Bootstrap approach that uses only the rigorous analyticity
domain proven by Martin [38].

the desired scale is enough to achieve fast convergence
[18, 22].3

The pion amplitude is a multi-scale function: it fea-
tures chiral physics at the scale s ≈ 1, several sharp reso-
nances of different spin at s ∝ Λ2

QCD between s ≈ 30 and

s ≈ 100, and inelastic effects kicking in at theKK̄ thresh-
old s ≈ 50.4 Therefore, we choose Σ = {20/3, 30, 50, 86}.
We detail the numerical implementation in Appendix A.

B. The unitarity constraints

The ansatz (3) is not manifestly unitary for arbitrary

values of the free parameters α
(σ)
n,m and β

(σ)
n,m. We impose

unitarity as a numerical constraint on those coefficients.
This is conveniently performed by projecting the ampli-
tude on a set of partial waves diagonalizing the amplitude
in angular momentum and flavor. First, we decompose
the amplitude into the isospin channels

T (0)(s, t, u) = 3A(s|t, u) +A(t|s, u) +A(u|s, t), (4)

T (1)(s, t, u) = A(t|s, u)−A(u|s, t), (5)

T (2)(s, t, u) = A(t|s, u) +A(u|s, t), (6)

and then project into partial waves

t
(I)
ℓ (s) =

1

32π

∫ 1

−1

d cos θPℓ(cos θ)T (I)(s, θ) , (7)

where cos θ = 1 + 2t/(s − 4). Finally, unitarity for par-
tial waves becomes the probability conservation condi-

tion |S(I)
ℓ | ≤ 1 for any s > 4, any ℓ, and I, with

S
(I)
ℓ = 1 + i

√
s−4
s t

(I)
ℓ .

Experimental data show a pronounced inelasticity
around s ≈ 50 at the KK̄ threshold where the process
ππ → KK̄ goes on-shell, especially in the S0 channel.
The probability conservation must be then replaced by

the stronger condition |S(I)
ℓ | ≤ η

(I)
ℓ . We impose this con-

dition as an SDP inequality of the form5

U (I)
ℓ =

(
ηℓ(s) + ImS(s)ℓ ReS(s)ℓ

ReS(s)ℓ ηℓ(s)− ImS(s)ℓ

)
⪰ 0. (8)

As for the functions η
(I)
ℓ (s), we use the mean value of

the phenomenological parametrization for the “big-dip”

3By fast convergence we mean that there is a σ which minimizes the
difference between the true amplitude and the foliation |A − FN

σ |
at fixed N .

4It is also possible to consider foliations with different branch points.
This might help to encapsulate the KK̄ threshold, and obtain a
better fit of the data (see also section IV).

5The effect of inelastic constraints in the S-matrix Bootstrap has
been discussed in [39]. The Bootstrap of full multi-particle pro-
cesses has been only recently developed for branon scattering am-
plitudes in two space-time dimensions [40]. Inelasticities were also
obtained as an output of a Bootstrap procedure in [41].



4

scenario discussed in [42].6 These functions should be
regarded as an additional phenomenological input.7

C. Soft theorems and Spectrum Assumptions

In [26], it was shown that the low energy parameters
of the pion amplitude, such as scattering lengths, are
well inside the allowed region determined by the general
S-matrix Bootstrap constraints. To restrict the allowed
region, it is necessary to impose additional conditions on
the amplitude. To this end, we consider two types of
constraints: soft theorems, and spectrum assumptions.

Soft theorems are the consequence of spontaneously
broken chiral symmetry. If pions were massless, the am-
plitude would vanish A → 0 when any of the momenta of
the particles become soft. As the pions are massive, this
behavior is corrected by quantum effects and is no longer
exact [44]. Nevertheless, the existence of low energy ze-
roes in the partial waves is a prediction of χPT [45]. For

this reason, we impose that t
(0)
0 (z0) = 0, and t

(2)
0 (z2) = 0

for some 0 ≤ z0, z2 ≤ 4. We refer to these constraints as
chiral zeroes conditions.8

The physical spectrum is encoded into the position of
pole singularities in the second sheet of the 2 → 2 scat-
tering amplitude. Using the elastic unitarity condition,
it is possible to relate those resonance poles to zeros of
the S-matrix (not the amplitude!) in the first sheet. We

impose several conditions of the form S
(I)
ℓ (sR) = 0, that

we call resonance zeros, where sR is the complex mass
squared of the particle, and (ℓ, I) its quantum numbers.

At this point, it is important to stress that we are ag-
nostic about the values of both the chiral and resonance
zeros. In our construction, we only assume their exis-
tence with the corresponding quantum numbers. Their
numerical values will be a prediction of the fit.

For the spectrum, we only assume the existence of a
part of it. It turns out that to correctly reproduce the
experimental data, we will need to consider at least four
resonance zero constraints, one for the ρ(770) in the P
wave, the two f0’s in the S0,

9 and one f2 in the S2 wave.
We will then discover the spectrum by searching for addi-
tional dynamically generated zeros in the partial waves.

6For simplicity, we do not take into account the error on this
parametrization.

7It would be interesting to consider the general mixed system of
pions and kaons, and obtain the inelasticity as a result of the pro-
cedure. See [10, 12, 43] for S-matrix Bootstrap works on mixed-
amplitudes.

8At tree-level in χPT: z0 = 1/2, and z2 = 2.
9We call the resonances f0, f ′

0, f
′′
0 , . . . to differentiate them. We will

use similar notation in other channels. In the S0 channel, we do
not include the σ in this list.
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Bootstrap fit algorithm. On the left, we represent the target

functional for θ = 25π/18.

D. The target functional

The final step in constructing our fit model is select-
ing the Bootstrap target functional. While there are,
in principle, infinitely many possible choices, not all are
equivalent. For our purposes, we found it convenient to
adopt the approach developed in [26]. To illustrate why,
consider the most general ansatz (3). Assigning specific

values to the S0 scattering length10 a
(0)
0 and the chiral

zeros z0 and z2, we find that the allowed region for the

{a(1)1 , a
(2)
0 } scattering lengths exhibits a kink, as shown

in figure 3. Changing the values of the {a(0)0 , z0, z2} pa-
rameters, it is possible to move this kink closer to the ex-
perimentally measured scattering lengths (the red point
in figure 3). When this occurs, the extremal amplitude
at the kink closely resembles the pion amplitude.
In this case, the scattering lengths and subleading

threshold coefficients align well with experimental data,
and the corresponding amplitude contains both the σ,
and the ρ resonances. However, although the σ position
agrees with the data, the ρ width is larger than observed
experimentally.11 This suggests that by adding the spec-
tral assumption, it may be possible to develop a robust
fit ansatz for the pion amplitude.
The Bootstrap problem formulated to construct the

fit model for the pion amplitude can be summarized as
follows.

10Scattering lengths are defined from the threshold expansion of the

partial amplitudes Re t
(I)
ℓ (s) = 2k2ℓ(a

(I)
ℓ + k2b

(I)
ℓ + . . . ), where

k2 = s/4− 1 is the center of mass momentum.
11We tried to fine-tune the triplet {a(0)0 , z0, z2} to match the experi-
mental values of σ and ρ, but without success. We conjecture that
by fine-tuning additional low energy constants it would be possible
to generate the ρ in the correct position dynamically.
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Fit Ansatz

Given Θ = {θ, a(0)0 , z0, z2,m
2
ρ,m

2
f0 ,m

2
f ′
0
,m2

f2}

Maximize
in Aansatz(s,t,u)

Obj(θ)

constr. by t
(0)
0 (4)=2a

(0)
0 , t

(0)
0 (z0)=0, t

(2)
0 (z2)=0

S
(1)
1 (m2

ρ)=0, S
(0)
0 (m2

f0)=0

S
(0)
0 (m2

f ′
0
)=0, S

(0)
2 (m2

f2)=0

s ≥ 4 U (I)
ℓ ⪰ 0 for ℓ ∈ N, I = 0, 1, 2 (9)

The objective we maximize is given by the linear combi-
nation

Obj(θ) = a
(1)
1 cos θ + a

(2)
0 sin θ, (10)

which depends on the angle θ. This objective is a normal
functional and is effective at selecting “kinks” [11]. To
understand this, note that this objective maximizes the

amplitude in the {a(0)0 , a
(1)
1 } space at a point where

the tangent vector is orthogonal to (a
(1)
1 cos θ, a

(2)
0 sin θ).

At a kink, where multiple tangents exist, many normal
functionals naturally converge to the kink point. For
π < θ < 3π/2, this functional span the boundary of the
allowed blue region in figure 3. In the left inset, we show
a typical choice of angle θ that will select the kink in the

{a(0)0 , a
(1)
1 } space.12

The quantities collectively denoted by Θ are the pa-
rameters of the fit and the input for the optimiza-
tion problem (9). In this problem, four parameters

θ, a
(0)
0 , z0, z2 are real, while the mass square are complex.

Their real and imaginary parts correspond respectively
to the physical mass and width of the resonance. In to-
tal, the size of the parameter set in |Θ| = 12. We solve
this problem using the standard SDPB solver [46, 47].
The corresponding extremal amplitude depends on the
choice of Θ. Next, we will explain how to optimize on Θ.

III. GRADIENT FREE OPTIMIZATION AND
PARTICLE SWARM

For any choice of Θ, the optimal solution of the Boot-
strap problem (9) yields a model for the scattering am-
plitude Aansatz

Θ (s|t, u). To choose Θ, we construct the

12We could consider a different objective Obj′(θ, ϕ) =

a
(0)
0 cosϕ sin θ + a

(2)
0 sinϕ sin θ + a

(1)
1 cos θ, and replace the

a
(0)
0 parameter in (9) with a new angle ϕ. This would lead to an

equivalent formulation of the Bootstrap ansatz (9). From this view,
it is evident we are moving along the two-dimensional boundary of
the three-dimensional parameter space of the scattering lengths.
This can be generalized by adding an arbitrary number of low
energy observables, which amounts to scanning over a larger space
of amplitudes.

χ2(Θ) using the Bootstrap amplitude and the experi-
mental data, and we minimize it. The dependence of the
model Aansatz

Θ (s|t, u) is non-linear in Θ, hence we expect
the χ2(Θ) to be a non-convex function.
In this Letter, we explore an algorithm especially

suited to this class of problems, the Particle Swarm Op-
timization algorithm (PSO) [48].13 The PSO is a stan-
dard algorithm designed for solving non-convex prob-
lems, with a wide range of applications—see [49] for an
introduction. The PSO is also gradient-free and does not
require the computation of derivatives of the Bootstrap
solution in Θ.14

We start with np particles at random positions Θ
(i)
0 to

which we assign random velocities v
(i)
0 .

At step n, we update their positions following the rule

v
(i)
n+1 = ωv(i)n + c1r1(Θ

(i)
n −X(i)

n ) + c2r2(Θ
(i)
n − Yn),

Θ
(i)
n+1 = Θ(i)

n + v
(i)
n+1. (11)

The velocity of the i-th particle at step n + 1 is thus a
linear combination of its previous velocity, the distance to

its position with the lowest χ2, denoted by X
(i)
n and the

distance with the overall best position among all particles

Yn. At each step, we first compute the χ2(Θ
(i)
n ) for each

particle, then evaluate the various parameters to perform
the step.
Three parameters control the algorithm performance:

the inertia ω, the cognitive coefficient c1, and the co-
operation coefficient c2.

15 The convergence property of
the algorithm depends on the choice of these three coef-
ficients.16 The details of our implementation of the PSO
algorithm, which contains an additional adaptive velocity
prescription as in [51], can be found in Appendix B.

IV. BOOTSTRAP FIT RESULTS

We construct the χ2(Θ)

χ2(Θ) =
∑

i∈data set

(
δexpi − δAnsatz

Θ (si)

∆δexpi

)2

(12)

using experimental and lattice phase shifts δexpi , where
the index i stands collectively for the quantum numbers
(I, ℓ) = {(0, 0), (1, 1), (2, 0), (0, 2)}, and the energy si of
the measurement. Our ansatz for the phase shift is ob-
tained by projecting Aansatz

Θ in partial waves and using
the definition SΘ = |SΘ| exp(2iδΘ).

13We are grateful to Balt van Rees for pointing out this method.
14As explained in [50], it is possible to efficiently compute the gradient
of a Bootstrap problem solved with the interior point method as
the one implemented in SDPB.

15The r1,2 are random numbers uniformly distributed between [0, 1],
and are drawn at each step.

16In other versions of the algorithm, those parameters can be pro-
moted to be dynamical.
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20
<latexit sha1_base64="RG/AthWm2lEx6WDohkBpsCrAm0U=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pga9eIxiHpAsYXbSmwyZnV1mZoWw5A+8eFDEq3/kzb9xkuxBowUNRVU33V1BIrg2rvvlFJaWV1bXiuuljc2t7Z3y7l5Tx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaObqd96RKV5LB/MOEE/ogPJQ86osdL96UWvXHGr7gzkL/FyUoEc9V75s9uPWRqhNExQrTuemxg/o8pwJnBS6qYaE8pGdIAdSyWNUPvZ7NIJObJKn4SxsiUNmak/JzIaaT2OAtsZUTPUi95U/M/rpCa88jMuk9SgZPNFYSqIicn0bdLnCpkRY0soU9zeStiQKsqMDadkQ/AWX/5LmidV77zq3p1Vatd5HEU4gEM4Bg8uoQa3UIcGMAjhCV7g1Rk5z86b8z5vLTj5zD78gvPxDfXmjPs=</latexit>

36
<latexit sha1_base64="Nz9fPSumlk0vI2pWDyRyG6MqTf4=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Kkmx6LHoxWMV+wFtKJvtpl262YTdiVBC/4EXD4p49R9589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuLaiFg94iThfkSHSoSCUbTSQ63aL5XdijsHWSVeTsqQo9EvffUGMUsjrpBJakzXcxP0M6pRMMmnxV5qeELZmA5511JFI278bH7plJxbZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpyiDcFbfnmVtKoVr1Zx7y/L9Zs8jgKcwhlcgAdXUIc7aEATGITwDK/w5oydF+fd+Vi0rjn5zAn8gfP5A/LgjPk=</latexit>

52
<latexit sha1_base64="Pmps70he4jOKQlQ30Bo3lDFI+Ew=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKjxyDXjxGMQ9IljA76U2GzM4uM7NCWPIHXjwo4tU/8ubfOEn2oNGChqKqm+6uIBFcG9f9cgorq2vrG8XN0tb2zu5eef+gpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxzcxvP6LSPJYPZpKgH9Gh5CFn1Fjp/rLWL1fcqjsH+Uu8nFQgR6Nf/uwNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nr90Sk6sMiBhrGxJQ+bqz4mMRlpPosB2RtSM9LI3E//zuqkJa37GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8st/Seus6l1U3bvzSv06j6MIR3AMp+DBFdThFhrQBAYhPMELvDpj59l5c94XrQUnnzmEX3A+vgH9fY0A</latexit>

68

<latexit sha1_base64="vtgeEYTrJTwkN7a74oSuoj163aY=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBJR6rHoxWMF+wFtKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlhKrg2nvftlDY2t7Z3yrvu3v7B4VHFPW7rJFMMWywRieqGVKPgEluGG4HdVCGNQ4GdcHI39zvPqDRP5KOZphjEdCR5xBk1Vnq4GlSqXs1bgKwTvyBVKNAcVL76w4RlMUrDBNW653upCXKqDGcCZ24/05hSNqEj7FkqaYw6yBeHzsi5VYYkSpQtachC/T2R01jraRzazpiasV715uJ/Xi8z0U2Qc5lmBiVbLooyQUxC5l+TIVfIjJhaQpni9lbCxlRRZmw2rg3BX315nbQva/51zas2boswynAKZ3ABPtShAffQhBYwQHiBN3h3npxX52PZWHKKiRP4A+fzBxYVi5I=</latexit>

4
<latexit sha1_base64="fb3L1wXpdXfAE2aa0sx6dbwvFaM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh5rbL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtGpV77Lq3l9U6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A+tJjPQ=</latexit>

20
<latexit sha1_base64="RG/AthWm2lEx6WDohkBpsCrAm0U=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pga9eIxiHpAsYXbSmwyZnV1mZoWw5A+8eFDEq3/kzb9xkuxBowUNRVU33V1BIrg2rvvlFJaWV1bXiuuljc2t7Z3y7l5Tx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaObqd96RKV5LB/MOEE/ogPJQ86osdL96UWvXHGr7gzkL/FyUoEc9V75s9uPWRqhNExQrTuemxg/o8pwJnBS6qYaE8pGdIAdSyWNUPvZ7NIJObJKn4SxsiUNmak/JzIaaT2OAtsZUTPUi95U/M/rpCa88jMuk9SgZPNFYSqIicn0bdLnCpkRY0soU9zeStiQKsqMDadkQ/AWX/5LmidV77zq3p1Vatd5HEU4gEM4Bg8uoQa3UIcGMAjhCV7g1Rk5z86b8z5vLTj5zD78gvPxDfXmjPs=</latexit>

36
<latexit sha1_base64="Nz9fPSumlk0vI2pWDyRyG6MqTf4=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Kkmx6LHoxWMV+wFtKJvtpl262YTdiVBC/4EXD4p49R9589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuLaiFg94iThfkSHSoSCUbTSQ63aL5XdijsHWSVeTsqQo9EvffUGMUsjrpBJakzXcxP0M6pRMMmnxV5qeELZmA5511JFI278bH7plJxbZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpyiDcFbfnmVtKoVr1Zx7y/L9Zs8jgKcwhlcgAdXUIc7aEATGITwDK/w5oydF+fd+Vi0rjn5zAn8gfP5A/LgjPk=</latexit>

52
<latexit sha1_base64="Pmps70he4jOKQlQ30Bo3lDFI+Ew=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKjxyDXjxGMQ9IljA76U2GzM4uM7NCWPIHXjwo4tU/8ubfOEn2oNGChqKqm+6uIBFcG9f9cgorq2vrG8XN0tb2zu5eef+gpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxzcxvP6LSPJYPZpKgH9Gh5CFn1Fjp/rLWL1fcqjsH+Uu8nFQgR6Nf/uwNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nr90Sk6sMiBhrGxJQ+bqz4mMRlpPosB2RtSM9LI3E//zuqkJa37GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8st/Seus6l1U3bvzSv06j6MIR3AMp+DBFdThFhrQBAYhPMELvDpj59l5c94XrQUnnzmEX3A+vgH9fY0A</latexit>

68
<latexit sha1_base64="/sEJnVk3+o8JvDSQFdT0TnD6+9k=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh9plv1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mlU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMa34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1Uvauqe39Zqd/kcRThBE7hHDy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD/p3jP4=</latexit>

84
<latexit sha1_base64="pudkPm1l18WLXog0DE9u5jliYSM=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFfZE0TJoYxnRmEByhL3NXLJkb+/Y3RNCyE+wsVDE1l9k579xk1yhiQ8GHu/NMDMvTKUwltJvr7Cyura+UdwsbW3v7O6V9w8eTZJpjg2eyES3QmZQCoUNK6zEVqqRxaHEZji8mfrNJ9RGJOrBjlIMYtZXIhKcWSfd+5R2yxVapTOQZeLnpAI56t3yV6eX8CxGZblkxrR9mtpgzLQVXOKk1MkMpowPWR/bjioWownGs1Mn5MQpPRIl2pWyZKb+nhiz2JhRHLrOmNmBWfSm4n9eO7PRVTAWKs0sKj5fFGWS2IRM/yY9oZFbOXKEcS3crYQPmGbcunRKLgR/8eVl8nhW9S+q9O68UrvO4yjCERzDKfhwCTW4hTo0gEMfnuEV3jzpvXjv3se8teDlM4fwB97nD1fajS0=</latexit>

100

<latexit sha1_base64="h9U9GbYOM1m/jysYDrO+Cd6991k=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVtXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBe++MuQ==</latexit>

1

<latexit sha1_base64="yMsISBAlJXnCY/UmYzj6RS7qozc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqtu86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfXOMug==</latexit>

2

<latexit sha1_base64="z8tdvQmQnU87XqMh6VmimW8c8A4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0f6DHoxWMC5gHJEmYnvcmY2dllZlYIS77AiwdFvPpJ3vwbJ8keNLGgoajqprsrSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobuq3nlBpHssHM07Qj+hA8pAzaqxUv+iVym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94VxW3flmu3uZxFOAYTuAMPLiGKtxDDRrAAOEZXuHNeXRenHfnY9664uQzR/AHzucPfveMuw==</latexit>

3

<latexit sha1_base64="h9U9GbYOM1m/jysYDrO+Cd6991k=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVtXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBe++MuQ==</latexit>

1

<latexit sha1_base64="yMsISBAlJXnCY/UmYzj6RS7qozc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqtu86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfXOMug==</latexit>

2

<latexit sha1_base64="vtgeEYTrJTwkN7a74oSuoj163aY=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBJR6rHoxWMF+wFtKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlhKrg2nvftlDY2t7Z3yrvu3v7B4VHFPW7rJFMMWywRieqGVKPgEluGG4HdVCGNQ4GdcHI39zvPqDRP5KOZphjEdCR5xBk1Vnq4GlSqXs1bgKwTvyBVKNAcVL76w4RlMUrDBNW653upCXKqDGcCZ24/05hSNqEj7FkqaYw6yBeHzsi5VYYkSpQtachC/T2R01jraRzazpiasV715uJ/Xi8z0U2Qc5lmBiVbLooyQUxC5l+TIVfIjJhaQpni9lbCxlRRZmw2rg3BX315nbQva/51zas2boswynAKZ3ABPtShAffQhBYwQHiBN3h3npxX52PZWHKKiRP4A+fzBxYVi5I=</latexit>

4
<latexit sha1_base64="fb3L1wXpdXfAE2aa0sx6dbwvFaM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh5rbL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfnmVtGpV77Lq3l9U6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5A+tJjPQ=</latexit>

20
<latexit sha1_base64="RG/AthWm2lEx6WDohkBpsCrAm0U=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pga9eIxiHpAsYXbSmwyZnV1mZoWw5A+8eFDEq3/kzb9xkuxBowUNRVU33V1BIrg2rvvlFJaWV1bXiuuljc2t7Z3y7l5Tx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaObqd96RKV5LB/MOEE/ogPJQ86osdL96UWvXHGr7gzkL/FyUoEc9V75s9uPWRqhNExQrTuemxg/o8pwJnBS6qYaE8pGdIAdSyWNUPvZ7NIJObJKn4SxsiUNmak/JzIaaT2OAtsZUTPUi95U/M/rpCa88jMuk9SgZPNFYSqIicn0bdLnCpkRY0soU9zeStiQKsqMDadkQ/AWX/5LmidV77zq3p1Vatd5HEU4gEM4Bg8uoQa3UIcGMAjhCV7g1Rk5z86b8z5vLTj5zD78gvPxDfXmjPs=</latexit>

36
<latexit sha1_base64="Nz9fPSumlk0vI2pWDyRyG6MqTf4=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Kkmx6LHoxWMV+wFtKJvtpl262YTdiVBC/4EXD4p49R9589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuLaiFg94iThfkSHSoSCUbTSQ63aL5XdijsHWSVeTsqQo9EvffUGMUsjrpBJakzXcxP0M6pRMMmnxV5qeELZmA5511JFI278bH7plJxbZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDaz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpyiDcFbfnmVtKoVr1Zx7y/L9Zs8jgKcwhlcgAdXUIc7aEATGITwDK/w5oydF+fd+Vi0rjn5zAn8gfP5A/LgjPk=</latexit>

52
<latexit sha1_base64="Pmps70he4jOKQlQ30Bo3lDFI+Ew=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKjxyDXjxGMQ9IljA76U2GzM4uM7NCWPIHXjwo4tU/8ubfOEn2oNGChqKqm+6uIBFcG9f9cgorq2vrG8XN0tb2zu5eef+gpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxzcxvP6LSPJYPZpKgH9Gh5CFn1Fjp/rLWL1fcqjsH+Uu8nFQgR6Nf/uwNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nr90Sk6sMiBhrGxJQ+bqz4mMRlpPosB2RtSM9LI3E//zuqkJa37GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8st/Seus6l1U3bvzSv06j6MIR3AMp+DBFdThFhrQBAYhPMELvDpj59l5c94XrQUnnzmEX3A+vgH9fY0A</latexit>

68
<latexit sha1_base64="/sEJnVk3+o8JvDSQFdT0TnD6+9k=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh9plv1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mlU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMa34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1Uvauqe39Zqd/kcRThBE7hHDy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD/p3jP4=</latexit>

84
<latexit sha1_base64="pudkPm1l18WLXog0DE9u5jliYSM=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFfZE0TJoYxnRmEByhL3NXLJkb+/Y3RNCyE+wsVDE1l9k579xk1yhiQ8GHu/NMDMvTKUwltJvr7Cyura+UdwsbW3v7O6V9w8eTZJpjg2eyES3QmZQCoUNK6zEVqqRxaHEZji8mfrNJ9RGJOrBjlIMYtZXIhKcWSfd+5R2yxVapTOQZeLnpAI56t3yV6eX8CxGZblkxrR9mtpgzLQVXOKk1MkMpowPWR/bjioWownGs1Mn5MQpPRIl2pWyZKb+nhiz2JhRHLrOmNmBWfSm4n9eO7PRVTAWKs0sKj5fFGWS2IRM/yY9oZFbOXKEcS3crYQPmGbcunRKLgR/8eVl8nhW9S+q9O68UrvO4yjCERzDKfhwCTW4hTo0gEMfnuEV3jzpvXjv3se8teDlM4fwB97nD1fajS0=</latexit>
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FIG. 4: The four channels used to fit the pion amplitude. The points respectively in orange and green are experimental and
lattice data. The thick blue curve is the best fit, the light blue cloud is given by all the curves with sub-optimal χ2.

(Notation: S0 stands for the (I, ℓ) = (0, 0) channel, P for the (1, 1), S2 for the (2, 0), and D0 for the (0, 2).

The input data used in (12) are from [52–56], except
for the S0 wave. The data in the S0 channel above s ≈ 20
extracted from the old experiments are often incompati-
ble and suffer from unknown systematic errors. Following
[57], we used only a selection of data points.17 Close to
the threshold, the experimental situation was cleared by
the CERN experiment NA48/2 [58]. We also include lat-
tice data from the RBC and UKQCD collaborations in
the S0 and S2 channels extrapolated at the physical pion
mass [59].18

The result of the Bootstrap fit is shown in figure 4.
The orange data points are experimental, the green are
taken from the lattice. The dark blue curve is the best fit
with minimum χ2(Θ) ≈ 40. We do not assign a statistical
meaning to the value of the χ2, but take it as a likelihood
measure. The largest contribution to the χ2 comes from
the P wave, with χ2 ≈ 30, where the experimental error
is almost negligible. We plan to investigate this channel
with more care in the future, replacing the phase shift

17We are grateful to Jose Ramon Pelaez for highlighting this point.
18For the lattice data points, the errors on the phase shift and the
energy are strongly correlated. We do not include this effect in this
work. In this case, we use the isospin symmetric value of the pion
mass mπ = 135 MeV to express energies in dimensionless units.

data with the determination from the pion form factors
[60, 61], and with lattice extrapolations [62]. The second
largest contribution of order ten is due to the S0 wave.
Here we observe a systematic error in reproducing the
phase above the KK̄ threshold s ≈ 50 (the χ2 below this
energy is of order one). We believe this is due to the lack
of an explicit threshold in our ansatz at that scale, as
corroborated by the slower convergence of the Bootstrap
problem, see also Appendix A. Both S2 and D0 waves
have χ2 of order one.

We run the PSO algorithm for Niter = 60 steps, using
np = 10 particles. We explore 600 points in the Θ param-
eter space and at each point, we construct the full ana-
lytic amplitude solving the Bootstrap problem (9). To
estimate errors we consider a subset of amplitudes, and
compute the weighted average using the value of the χ2.
We observe that 50% of our set have χ2 < 100, and 15%
have χ2 < 50. We compare the errors estimated using
these two cutoffs and find that those obtained with the
looser one are a factor of two larger. The light-blue curves
in figure 4 are drawn from amplitudes with χ2(Θ) < 50.
In the remainder of this paper, we will follow the same
color scheme.

In the inset in figure 4, we zoom in on the NA48/2 and
lattice data close to the threshold. The point at the kaon
mass s ≈ 12 is from lattice [59]. This point is crucial to
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help stabilize the amplitude between the threshold and
the cluster of points around s ≈ 40.

Θ Bootstrap Fit Literature

a
(0)
0 0.217± 0.002 0.2196± 0.0034 [58]
z0 0.368± 0.008
z2 2.040± 0.004
mρ (5.546± 0.005) (5.555± 0.015)

+i(0.538±0.002) +i(0.528± 0.013)
mf0 (7.18±0.04)+i(0.26±0.02) (7.25±0.11)+i(0.21±0.07)
mf ′

0
(9.8± 0.2)+i(1.7± 0.1) (9.8± 0.7)+i(1.3± 0.9)

mf2 (9.26±0.03)+i(0.69±0.04) (9.26±0.08)+i(0.73±0.08)
θ/π 1.328± 0.026

TABLE I: Our estimate of the fit parameter compared and
corresponding values quoted in the literature. Experimental
values of the resonances are given by the PDG average [5].

In Table I, we list our estimate for the fit parameters
and the corresponding errors. The error in this table
is conservative and estimated using all the points with
χ2(Θ) < 100 corresponding to half of the whole dataset
of amplitudes produced.

Beyond the statistical error, there are three more
sources of systematics. The first concerns the conver-
gence of the Bootstrap model Aansatz

Θ (s|t, u) in equation
(3) that depends on Nvars the number of free variables

α
(σ)
n,m, and β

(σ)
n,m. We used two ansatzes respectively with

Nvars = 397 and Nvars = 547. All the results we quote
in this paper are taken from the latter. 19. The dif-
ference between the fit parameters estimated from the
two ansatzes is comparable with the statistical error un-
less stated otherwise. The second source comes from the
PSO search algorithm, which does not guarantee find-
ing the global minimum. We checked the stability of our
fit by performing different searches varying the search
parameters that produced almost the same result. The
last source of systematics comes from the choice of the
Bootstrap functional. In this case, we have tested an al-
ternative Bootstrap formulation obtaining the same fit.

V. PREDICTIONS

The advantage of our strategy is that the result of the
fit is a full analytic amplitude. Next, we study its prop-
erties away from the region directly constrained by the
fit.

19To demonstrate the numerical robustness of our physical predic-
tions, we performed more runs using different foliation parameters.
The detailed parameters and results are summarized in appendix
C
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FIG. 5: Partial wave amplitudes t
(I)
ℓ in the real strip

0 < s < 4. The black line is the Bootstrap prediction,
dashed lines are different approximations from χPT [63].

A. Amplitude below threshold

The χPT expansion is a reliable approximation of the
pion amplitude at low energy. In figure 5, we plot the

partial waves t
(0)
0 , t

(2)
0 , and t

(1)
1 of our best fit (the solid

black line) in the sub-threshold region 0 < s < 4, and we
compare it with perturbation theory [63]. The tree level,
denoted with the dashed green line is given by

t
(0)
0 =

2s− 1

32πf2
π

, t
(1)
1 =

s− 4

96πf2
π

, t
(2)
0 =

2− s

16πf2
π

, (13)

where fπ is the pion decay constant. The higher loop ex-
pressions are more involved and are also plotted in figure
5. The two chiral zeros z0, and z2 are also visible in the
figure. We emphasize that the only input in this region
is the existence of the two chiral zeros, not their position.

Next, we extract the threshold parameters from our
amplitude and compare them with the values of [64] in
Table II. We find a very nice agreement for the leading
and sub-leading threshold coefficients for all waves below
ℓ = 2. The scattering lengths we extract are different for
higher spins but of the same order. It would be interest-
ing to investigate the reason for this discrepancy.
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Bootstrap Fit Literature

a
(2)
0 (−0.432± 0.001)× 10−1 (−0.444± 0.012)× 10−1

a
(1)
1 (0.380± 0.002)× 10−1 (0.379± 0.05)× 10−1

b
(0)
0 0.265± 0.030 0.276± 0.006

b
(2)
0 (−0.797± 0.002)× 10−1 (−0.803± 0.012)× 10−1

b
(1)
1 (0.61± 0.02)× 10−2 (0.57± 0.01)× 10−2

a
(0)
2 (0.53± 0.11)× 10−2 (0.175± 0.003)× 10−2

a
(2)
2 (0.51± 0.18)× 10−3 (0.170± 0.013)× 10−3

a
(1)
3 (1.5± 0.4)× 10−4 (0.56± 0.02)× 10−4

TABLE II: Except for the values of a
(2)
0 taken from [58], all

other threshold parameters are taken from [64].
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π
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FIG. 6: Top panel: Elasticity of the D2 wave as a function
of s/m2

π. The black line represents the parametrization from
[57]. Bottom panel: Phase shift of the D2 wave compared

with the available experimental data. The green and orange
points correspond to the two possible phase determinations

reported in [56].

B. The D2 partial wave

In figure 6, we plot the elasticity |S(2)
2 | and the δ

(2)
2

phase shift prediction. The color scheme follows the one
defined in figure 4. The data for the phase shift are taken
from [56], orange and green correspond to two possible
determinations. We compare the elasticity profile with
the phenomenological parametrization from [57]. It is
interesting to notice a dip in the unitarity around s ≈ 90.
The dip is insensitive to Bootstrap systematics. We think

Bootstrap

PDG average

Separate estimates 
taken from PDG

Remσ

Immσ

2. 2.5 3. 3.5 4. 4.5
0.

0.4

0.8

1.2

1.6

2.

2.4

2.8

2.96 2.98 3. 3.02 3.04

2.04

2.06

2.08

2.1

2.12

FIG. 7: Determinations of real Remσ and imaginary part
Immσ of the mass of the σ. The black ellipse highlighted in

the inset is our Bootstrap determination.

that the emergent particle production in this channel is a
consequence of the inelasticity profile injected in the D0

wave. This effect is compatible with our expectation that
including mixed amplitudes with kaons and pions might
lead to a correct prediction for the inelasticity.

C. Spectrum

Beyond the spectrum assumed and fitted using the ex-
perimental data, we also observe several zeros dynami-
cally generated in our construction.
We begin by discussing the f0(500) resonance, com-

monly referred to as the σ. We summarize the phe-
nomenological determinations of its position in figure 7.
The pink ellipses denote all the estimates of its complex
mass reported in the PDG since 2001 [5]. The blue el-
lipse is the PDG average. Our estimate is represented by
the black ellipse highlighted in the inset.
To estimate the position of the σ we look for a zero

at low energy in the S
(0)
0 S-matrix using the Newton

method. We repeat the operations for all amplitudes
with χ2(Θ) < 50, and perform a weighted average to
predict the mass and determine the error. The red dots
in the inset are the individual determinations from this
sample. Our final estimate is reported in Table III. In

figure 8, we also show the density plot for |S(0)
0 | in the

upper-half complex s plane. The left-most zero is the σ.
In the same plot, we observe two additional resonances
that we identify as the f0(980), and f0(1370).
Our σ determination is shifted away from the center

of the PDG average. This is correlated with the lattice
point at s = m2

K ≈ 12 which was not used in previous
studies, and impacts the growth of the phase in the S0

wave.
We also find an additional state in the P -wave. The

density plot for the |S(1)
1 | in the upper half s plane is

shown in figure 9 for the best-fit amplitude. The two

black dots are zeros of S
((1)
1 . The left-most zero is iden-
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Prediction PDG average

mσ (2.99±0.02)+i(2.09±0.02) (4.3± 1.5)+i(3.3± 2.6)
mρ′ (9.5± 0.6)+i(0.55± 0.05) (10.7± 0.3)+i(1.45± 0.05)
mρ3 (16.7± 0.6)+i(0.7± 0.2) (12.3± 0.1)+i(0.68± 0.05)
mT (14.6± 0.3)+i(2.4± 0.1) ?

TABLE III: Experimental values of the resonances are taken
from [5].

Re s

Im s

σ

|S(0)
0 |

f0

f0′ 

FIG. 8: |S(0)
0 | in the upper half complex s plane plotted for

the best-fit amplitude. We highlight with black dots the
three scalar resonances found in this channel.

tified as the ρ(770) resonance. Its position is fixed by
the fitting procedure. The second black dot on the right
is dynamically generated and has a mass 5% lower than
the experimental determination of the ρ(1450). However,
its width is half of the experimentally measured value.
This resonance still suffers from systematics: we do not
have the inelasticity profile at this energy, and Nvars of
the Bootstrap problem is not large enough to accurately
describe this region. We suspect that dealing with this
systematics might lead to the correct width in our pro-
cedure.

For higher spins, our amplitude dynamically generates
a spin ℓ = 3 resonance, this is the first sign of Reggeiza-
tion. This is typical in the amplitudes constructed using
the S-matrix Bootstrap where the high energy behavior
instead of being erratic is physical, although it converges
slowly, see also section VE. The mass of the ρ3 obtained
is 20% above the experimental value, and its width is
larger. This resonance, however, is still affected by the
convergence of the Bootstrap ansatz, and improving the
numerics might lead to a better agreement.20

D. The tetraquark

As already indicated in the introduction, examining
the S2 wave reveals an unexpected result. Continuing

20The other possibility is that to obtain the precise Regge trajectory
we might need additional fine-tuning, which can be realized by
enlarging the set of fit parameters or generalizing the Bootstrap
problem we use to construct the amplitude.

Re s

ρ ρ′ 

|S(1)
1 |

Im s

FIG. 9: |S(1)
1 | density profile in the upper half complex s

plane. We highlight with black dots the two ρ resonances in
our amplitude.
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FIG. 10: Real and imaginary parts of the amplitude in the

S
(2)
0 channel. The error bars indicate the systematic

uncertainties in the line shape of this function arising from
the unknown inelasticity above 1.4 GeV. This error is
comparable to the statistical error of our fit reported in

figure 2.

the phase shift δ
(2)
0 to high energy, as shown in figure 2,

we observe a broad resonance with isospin I = 2. This in-
dicates the presence of a genuine Tetraquark state [6, 7].
In the physical world, where electric charge is reintro-
duced, such particles would carry a charge of two. Its
mass and width in physical units are respectively 2 GeV
and 600 MeV. It would be intriguing to examine the in-
variant mass distributions of π±π± in B-meson decays
that provide sufficient energy to reach the 2 GeV scale.
Examples include the decay B+ → π−π+π+ [65], which
can be studied at LHCb, as well as similar decays where
the π− is replaced by either D− or K−.

We determine the mass and width of the Tetraquark
by locating the zero in the complex s plane in the S2

wave. This determination is free from Bootstrap-related
systematics, as the amplitude in this channel is well-
converged. However, we have not accounted for inelastic
effects in this region, which could slightly alter the reso-
nance’s position.

In figure 10, we plot the real and imaginary parts of
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the partial wave amplitude t
(2)
0 as a function of

√
s mea-

sured in GeV. From an amplitude perspective, this rep-
resents the experimental signal expected in the presence
of a Tetraquark.21 The black dashed line separates the
region where we fit the data and incorporates the in-
elasticity profile from the high-energy region, which is
unconstrained. The gray curve represents the elasticity

profile η
(2)
0 (s) taken from [42]. Above

√
s = 1.4 GeV, we

set η
(2)
0 (s) = 1 in our procedure. For illustrative pur-

poses, we show the amplitude profile using the S2 wave

parametrization S
(2)
0 (s) = |S(2)

0 (s)| exp(2iδ(2)0 (s)), where

δ
(2)
0 is the phase obtained from our best fit, and |S(2)

0 (s)|
is a generic function bounded by η

(2)
0 (s) ≤ |S(2)

0 (s)| ≤ 1,
for s > 1.4 GeV. The lower bound corresponds to the
extrapolation of [42] to higher energies, as shown by the
gray area in figure 10. The blue and red bands depict
how uncertainty in the elasticity function influences the
shape of the amplitude.

It would be interesting to understand the mechanism
behind the emergence of the Tetraquark, using, for in-
stance, the Roy equations [3]. Notably, there is a two-
dimensional example that qualitatively mirrors this sce-
nario: the two-dimensional theory of the QCD flux tube.
In this context, the QCD ρ is analogous to the axion,
while the σ corresponds to the dilaton. The analogy is
striking, as this model features a sharp axion and a broad
dilaton [22]. Furthermore, in [66], it was observed that
crossing symmetry necessitates a broad resonance in the
symmetric channel. A similar mechanism might underlie
the presence of the Tetraquark identified in our ampli-
tude.

22

E. High Energy

Finally, we examine the Regge behavior of our ampli-
tude and compare it with experimental data.

One of the most intriguing recent insights into S-matrix
Bootstrap amplitudes is their emergent high-energy be-
havior. Although the Bootstrap ansatz in (3) approaches
a constant at infinity, there exists an intermediate regime
where the numerical amplitudes align with Regge theory.
Specifically, at large s and fixed t, the amplitudes exhibit
the expected behavior A ∼ sα(t) [24, 77–79].
In figure 11, we compare the experimental total cross

sections for π+π− and π−π− with those extracted from

21We thank Alessandro Pilloni for providing insights into the input
required for the experimental data analysis.

22Following the completion of this work, Luiz Vale Silva drew our
attention to the data presented in [67]. Interestingly, the change
in the phase behavior predicted by the Bootstrap and shown in
Figure 2 is consistent with the findings reported in [67]. The mech-
anism underlying this behavior has been studied in [68, 69]. We
are grateful to Luiz Vale Silva for bringing these references to our
attention.

our best-fit amplitude, shown in blue23

σπ+π−(s) =
Im [A(s|t, u) +A(t|s, u)]√

s(s−4)

∣∣∣∣
t=0

,

σπ−π−(s) =
Im [A(t|s, u) +A(u|s, t)]√

s(s− 4)

∣∣∣∣
t=0

, (14)

The solid blue curve represents our fit with the highest
Nvars = 547, while the light blue curve corresponds to
the best fit with Nvars = 397.
In σπ+π− we observe distinct peak structures corre-

sponding to various resonances in the spectrum, with the
first and most prominent being the ρ peak. In contrast,
σπ−π− is not expected to exhibit resonance-related peaks,
except for the Tetraquark. At asymptotically high ener-
gies, we expect a constant or slightly growing behavior
consistent with the pomeron exchange (see for instance
[80]). As Nvars increases, we expect the Bootstrap ampli-
tude will better approximate this behavior, which is not
explicitly enforced in our ansatz (3).

VI. DISCUSSION AND OUTLOOK

This Letter introduces a novel constrained approach
for fitting experimental data. The key advantage of our
method lies in its control over theoretical approxima-
tions. The amplitude model employed is a genuinely
analytic, crossing-symmetric function that satisfies non-
perturbative unitarity. The algorithm combines semi-
definite programming and non-convex optimization tech-
niques: for the Bootstrap component, we use SDPB
[46, 47], while for the particle swarm optimization (PSO),
we implemented a straightforward Mathematica note-
book.
The constructed ππ → ππ amplitude exhibits sev-

eral remarkable features. It reproduces the experimen-
tal data, accurately predicts the G-parity plus spectrum
below 1.4 GeV, aligns with χPT at low energies, and
qualitatively matches the expected behavior in the high-
energy regime. Additionally, the model predicts a res-
onance heavier than the ρ in the P wave, with a mass
comparable to the real-world ρ(1450), as well as a spin-
three resonance approximately 20% heavier than the ex-
perimental value. The D2 phase shift and inelasticity
also show good agreement with experimental data and
phenomenological models. In figure 12 we present an
overview of the bootstrap fit procedure, summarizing the
key input data and the corresponding output results.
Interestingly, our analysis predicts a tetraquark state

with a mass of approximately 2 GeV in the I = 2 chan-
nel. This is a fully non-perturbative prediction that, to

23In isospin components σπ+π− ∝ 1
6
(2T (0) + 3T (1) + T (2)), and

σπ−π− ∝ T (2).
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FIG. 11: Total cross sections for π+π− → π+π− and π−π− → π−π−. The gray shaded area is the region where we fit the
data. The blue curve is the best fit for Nvars = 547, in light blue the best fit for Nvars = 397. Above 2 GeV there is still room
to improve numerics, but there is already a very good agreement between Bootstrap and the experimental data [55, 70–76].
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FIG. 12: Summary of the bootstrap fit procedure.

our knowledge, has not been proposed in previous mod-
els. Given that our constructed amplitude accurately de-
scribes multiple key features of ππ scattering, this state
presents an ideal candidate for experimental verification,
particularly in B-meson decays at LHCb.

Extensions and Numerical Refinements

Several enhancements could further improve the pion
amplitude model.

1. Incorporating Lattice QCD Data more consistently
including the correlation matrix for the lattice data
in the S0 wave from [59]. This would help refine
the determination of the f0(500) mass parameters,

particularly in resolving the small tension of our
determination with previous Roy equation analyses
[81].

2. Using the P wave phase shift δ
(1)
1 extracted from

form factors [60, 61] and from lattice QCD extrapo-
lations at the physical pion mass [62] might improve
our determination of the ρ resonance pole parame-
ters.

3. Improving the description of the inelasticity pro-
file by including additional scattering processes,
such as KK̄ scattering and mixed meson channels,
would increase the self-consistency of the fit.

4. Refining the Numerical Optimization. The cur-
rent non-convex optimization procedure can be im-
proved using alternative numerical techniques, in-
cluding hybrid gradient-based methods [82] and
machine learning-assisted approaches.

5. Generalizing the Functional Form. The objective
functional in Eq. (10) was constructed based on
heuristic criteria. Exploring alternative formula-
tions including higher-order low-energy constants
in the objective as done in previous S-matrix Boot-
strap studies [16, 17, 19, 20, 27, 29, 83] could
provide a more systematic way to generate self-
consistent amplitudes.

6. Adding Form Factors [13, 23, 30, 31, 84]. Extending
the system of QFT correlators including form fac-
tors and spectral densities with different chiralities
will allow us to extract the values of QCD conden-
sates and to fit vector and axial spectral densities.
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This will give access to axial resonances, without
the inclusion of mixed amplitudes.24

Experimental Implications and Broader Applications

The predicted doubly charged tetraquark resonance at
2 GeV provides an exciting opportunity for direct ex-
perimental confirmation in B decays. Future studies
could focus on dedicated searches in high-energy experi-
ments such as LHCb, BESIII, and Belle II, where doubly-
charged hadronic final states could serve as potential sig-
natures of this state. The Bootstrap prediction of the
amplitude signal in figure 10 might facilitate the detec-
tion of this state and help the analysis of the experimental
data.

Beyond QCD, the Bootstrap Fit methodology may
have broader applications in strongly coupled field the-
ories. Extending this approach to other two-body scat-
tering processes – such as nucleon-nucleon interactions,
Glueball-Glueball scattering [21], or even classical gravi-
tational amplitudes used in the extraction of waveforms
– could provide new insights into the universal structure
of non-perturbative quantum field theories.

Conclusion

Our results demonstrate that integrating bootstrap
constraints with direct experimental fits provides a
powerful, model-independent framework for extracting
hadronic properties. Unlike traditional dispersion rela-
tion methods, our approach fully incorporates analytic-
ity, unitarity, and crossing symmetry at all energy scales.
This makes it particularly well suited for investigating
strongly interacting theories such as QCD, or strongly
coupled UV completions of the standard model.

Moving forward, an important challenge is to extend
our approach toward rigorous bounds on resonance posi-
tions in the complex s-plane, similar to the methodology
employed in [86] for the Ising Field Theory in 1+1 dimen-
sions. Further, constructing amplitudes that dynamically
generate all resonances without explicit spectral assump-
tions remains an open problem worth investigating.

Ultimately, our study highlights the potential of the
S-matrix Bootstrap not only as a tool for theoretical
constraints but also as a practical means for extract-
ing real-world physical observables in a controlled, non-
perturbative manner. The continued refinement of this
methodology could lead to significant advancements in
the study of strongly coupled quantum field theories
across multiple disciplines.

24Form factors computed using other methods, such as in [85], where
Hamiltonian truncation was employed, could also be used to con-
strain the amplitude.
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Appendix A: Details of the S-matrix bootstrap
numerics

The ansatz used to produce the results of this letter
has multi-foliation Σ = {20/3, 30, 50, 86}. As discussed
in [22], to best approximate resonant structures it is con-
venient to set the centers of the foliations around their
expected positions. That explains our choice for the set
Σ which is tuned on the expected position of the ρ(770)
with m2

ρ ≈ 30, the f0(980) with m2
f0

≈ 50, and the

f2(1260) with m2
f2

≈ 86.

Let us call N = N20/3, and M = Nσ, when σ is any
other foliation. To produce the plots in the main text
we used N = 14, and M = 12 for a total of Nvars = 547
variables. We have also performed a second run with
N = 12, and M = 10 for a total of Nvars = 397 to check
the systematic due to the size of the ansatz.

To impose the unitarity constraints we project numer-
ically our ansatz into partial waves. We use a union of
grids, one for each foliation. The grid is defined through
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FIG. 13: Real (blue), imaginary (red), and absolute value (green) of the phase shifts for various channels. Thick lines are
from our best numerics with (N,M) = (14, 12), light lines for (N,M) = (12, 10). The elasticity profiles used as a constraint

are denoted in black. We do not draw it for the channels where we impose the simple probability conservation |S(I)
J | ≤ 1.

the map

s(ϕ) =
σ − (8− σ) cosϕ

1 + cosϕ
(A1)

where 0 ≤ ϕ ≤ π is the upper boundary of the unit disk.
We finally discretize ϕ on the roots of the Chebyschev
polynomials

ϕk =
π

2

(
1 + cos

πk

Npoints + 1

)
, (A2)

where k = 1, . . . , Npoints. The maximum number of
points used is Npoints = 300 for σ = 20/3, and Npoints =
150 for all other foliations. We have performed numerical
tests using grids with different numbers of points finding
no significant dependence on it.

We have projected our ansatz onto partial waves (7)
up to spin ℓ = 12, and run our numerics with both max-
imum spin Lmax = 10, 12. The reason that we can keep
Lmax so low is due to the addition of improved positivity
constraints [18]

Im T (I)(s, t)−16π

Lmax∑
ℓ=0

(2ℓ+1)Pℓ(1+2 t
s−4 )Im t

(I)
ℓ (s) ≥ 0

(A3)
for 0 ≤ t < 4, s > 4, and I = 0, 1, 2. By imposing this
condition we constrain the tail of spins higher than Lmax

that we do not explicitly bound with numerical unitarity.

In figure 13 we show the partial S-matrices S
(I)
J ob-

tained using two ansatzes respectively with (N,M) =
(14, 2) (dark lines), (N,M) = (12, 10) (light lines). We
plot their real (blue), imaginary (red), and absolute val-
ues (green). The black solid line is the inelasticity pro-
file due to ππ → KK̄ taken from [42] (for the S0 chan-
nel we assume the big-dip scenario) that we impose up
to s ≈ 100. Above that energy we keep the inequality

|S(I)
J | ≤ 1.

The unitarity constraints are sufficiently saturated in
all these channels except for the region around s ≈ 100
in the P wave around the position of the ρ′, and in the
F wave around s ≈ 250 at the position of the ρ3. These
dips in unitarity around resonances are a typical numer-
ical artifact of our finite Nvars truncation. It would be
interesting to increase both N and M to higher values
and see if the positions of these particles better align
with their experimental determinations.

Appendix B: Particle Swarm implementation

Here we describe our implementation of the PSO algo-
rithm in detail.

To begin the algorithm, we first choose a search re-
gion in the fit parameter space where we will look for the
minimum of the χ2(Θ) function. Specifically, we select
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FIG. 14: History of the PSO search in the plane (z0, z2). At each step n, we plot in black the positions of the particles and

highlight the best individualistic positions X
(i)
n in blue, and the collective best position Yn in red. As n increases the particles

slowly concentrate around the optimal region. The complete movie can be seen in
https://giphy.com/gifs/Q5mtDePqPtfSqaQI2z.

a region Θ⃗min ≤ Θ⃗ ≤ Θ⃗max centered around the phe-
nomenological estimates of the fit parameters.

We set the number of particles to np = 10. This num-
ber represents the size of the “swarm”. The initial posi-
tions of the particles are generated randomly, with val-
ues drawn from a Gaussian distribution centered at the
region’s center, and a variance proportional to its size,

denoted by ϵ⃗ = 1
2 (Θ⃗max − Θ⃗min). Similarly, the initial

velocities of the particles are sampled from a Gaussian
distribution with zero mean and variance ϵ⃗.

We start the algorithm by updating the positions and
velocities of the particles according to equation (11). Ad-
ditionally, if the particle i moves outside the boundaries
of the box during the update step along some direc-
tion j, we then place it back on the boundary setting

(Θ
(i)
n+1)j = (Θ

(i)
max/min)j with the opposite velocity.

Evaluating χ2(Θ) for a given set of fit parameters is
computationally expensive, as it involves solving an S-
matrix bootstrap problem. To efficiently estimate the
minimum of the χ2(Θ) function in fewer steps, we use
a modified version of the standard PSO, called adaptive
PSO. We use velocity information to adjust the value of
ω, as described in [51].

The goal is to adjust the friction parameter ω using a
control function. The value of ω determines how effec-

tively the swarm explores the parameter space. If ω is
too large (of order one), the particles will explore errat-
ically, risking failure to converge on the minimum. If ω
is too small, the particles will freeze early, preventing a
broad exploration.
In [51], the authors suggest to look at the total velocity

of the entire swarm at each step n defined as

Vn =
1

np|Θ|

np∑
i=1

|v(i)n |, (B1)

and compare it with a proposed ideal velocity profile

Videal
n =

|ϵ|
2

(
1 + cos

(
πn

0.95Niter

))
. (B2)

If Vn−1 ≥ Videal
n , we set ωn = max(ωn−1 −∆ω, ωmin),

otherwise ωn = min(ωn−1 + ∆ω, ωmax). In our case,
ωmax = 0.8, ωmin = 0.3, and ∆ω = 0.1. We also set
c1 = c2 = 1.5.
The expression of Videal contains the parameter Niter

which is the max number of iterations of the search. The
ideal velocity is a monotonic decreasing function that
starts at |ϵ| when n = 0. As we approach the end of the
run when n ∼ Niter, the ideal velocity is so small that it
forces the friction to decrease to its minimum value ωmin

https://giphy.com/gifs/Q5mtDePqPtfSqaQI2z
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FIG. 15: The phase shift δ
(0)
0 , δ

(1)
1 , δ

(2)
0 for 6 computations with different foliation parameter. See Table IV for the detailed

parameters of these computations, as well as the complex mass of corresponding the isospin 2 tetraquark meson. Red:
Experiment data.

hence freezing the search in a neighbor of the global best
found up to that point.

The risk with this approach is that choosing a small
Niter could lead to getting stuck in a local minimum. To
mitigate this, we performed two searches with different
values of Niter = 30 and 60.

Figure 14 shows the projection of particle positions
onto the (z0, z2) plane at various steps n during a run
with Niter = 60. Black dots represent the particles’ cur-

rent positions Θ
(i)
n at step n, blue dots indicate each par-

ticle’s best position X
(i)
n up to that step, and the red dot

marks the global best position Yn found by the swarm.
At n = 0, the black and blue dots coincide. The gray
region represents the search domain.

Appendix C: More computations for various
foliation parameters

To test the numerical robustness of our physical pre-
dictions with respect to the choice of basis, we performed
other 6 runs with different foliation parameters. We
fixed meson masses to the best-fit parameters obtained

from the particle swarm optimization. Specifically the
masses of ρ(770), f0(980), f0(1370), f2(1270) are set
to {5.54426 + 0.538798i, 7.14996 + 0.261433i, 9.50987 +
1.81665i, 9.31046 + 0.645446i} respectively. Table IV
lists the foliation parameters and number of terms in the
ansatz. The resulting phase shifts are shown in Figure 15.
We also found the mass of the isospin-2 tetraquark on the
complex plane, which is reported in the last column of
Table IV.
These results demonstrate that the spectrum and

phase-shift predictions quoted in the main text are ro-
bust with respect to various foliation parameters. We
also observed slight improvement of local behavior and
convergence once we include the KK̄ singularity.
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Label (N,M) Foliation Lmax Nvar I = 2 tetraquark mass
N10 3fo (10, 8) {20/3, 30, 50} 12 211 12.6854 + 1.9611 i
N12 4fo (12, 10) {20/3, 30, 50, 86} 12 397 14.1138 + 2.28349 i
N12 8fo (12, 10) {20/3, 30, 50, 86, 116, 150, 180, 210} 12 757 14.9907 + 2.39145 i
N14 4fo (14, 12) {20/3, 30, 50, 86} 12 547 14.4221 + 2.49791 i
N15 8fo (15, 13) {20/3, 30, 50, 86, 116, 150, 180, 210} 18 1214 15.0575 + 2.4908 i
N14 KK {(4, 20/3, 14), (4, 30, 12), (4, 50, 12), (4, 86, 12), (52.13, 86, 4)} 12 565 14.7698 + 2.42318 i

TABLE IV: Number of terms and foliation parameters for
various computations. In the last row, each triplet {b, σ,N}

denotes the branch point position, foliation center, and
number of α and β parameters. The last column is the

complex mass for the isospin 2 tetraquark meson.
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“Exploring inelasticity in the S-matrix Bootstrap,” Phys.
Lett. B 846, 138225 (2023), arXiv:2301.13219 [hep-th].

[40] Andrea Guerrieri, Alexandre Homrich, and Pedro Vieira,
“Multiparticle Flux Tube S-matrix Bootstrap,” (2024),
arXiv:2404.10812 [hep-th].

[41] Piotr Tourkine and Alexander Zhiboedov, “Scattering
amplitudes from dispersive iterations of unitarity,” JHEP
11, 005 (2023), arXiv:2303.08839 [hep-th].

[42] R. Garcia-Martin, R. Kaminski, J. R. Pelaez, J. Ruiz de
Elvira, and F. J. Yndurain, “The Pion-pion scattering
amplitude. IV: Improved analysis with once subtracted
Roy-like equations up to 1100 MeV,” Phys. Rev. D 83,
074004 (2011), arXiv:1102.2183 [hep-ph].

[43] Andrea L. Guerrieri, Alexandre Homrich, and Pedro
Vieira, “Dual S-matrix bootstrap. Part I. 2D theory,”
JHEP 11, 084 (2020), arXiv:2008.02770 [hep-th].

[44] Stephen L. Adler, “Consistency conditions on the strong
interactions implied by a partially conserved axial vector

current,” Phys. Rev. 137, B1022–B1033 (1965).
[45] Steven Weinberg, “Phenomenological Lagrangians,”

Physica A 96, 327–340 (1979).
[46] David Simmons-Duffin, “A Semidefinite Program Solver

for the Conformal Bootstrap,” JHEP 06, 174 (2015),
arXiv:1502.02033 [hep-th].

[47] Walter Landry and David Simmons-Duffin, “Scal-
ing the semidefinite program solver SDPB,” (2019),
arXiv:1909.09745 [hep-th].

[48] Yuhui Shi and Russell C. Eberhart, “A modified parti-
cle swarm optimizer,” 1998 IEEE International Confer-
ence on Evolutionary Computation Proceedings. IEEE
World Congress on Computational Intelligence (Cat.
No.98TH8360) , 69–73 (1998).

[49] Maurice Clerc, Particle Swarm Optimization (ISTE Ltd,
London, UK, 2006).

[50] Marten Reehorst, Slava Rychkov, David Simmons-
Duffin, Benoit Sirois, Ning Su, and Balt van Rees, “Nav-
igator Function for the Conformal Bootstrap,” SciPost
Phys. 11, 072 (2021), arXiv:2104.09518 [hep-th].

[51] Gang Xu, “An adaptive parameter tuning of particle
swarm optimization algorithm,” Appl. Math. Comput.
219, 4560–4569 (2013).

[52] S.D. Protopopescu, M. Alston-Garnjost, A. Barbaro-
Galtieri, Stanley M. Flatte, J.H. Friedman, T.A. Lasin-
ski, G.R. Lynch, M.S. Rabin, and F.T. Solmitz, “Pi pi
Partial Wave Analysis from Reactions pi+ p —> pi+ pi-
Delta++ and pi+ p —> K+ K- Delta++ at 7.1-GeV/c,”
Phys. Rev. D 7, 1279 (1973).

[53] P. Estabrooks and Alan D. Martin, “pi pi Phase Shift
Analysis Below the K anti-K Threshold,” Nucl. Phys. B
79, 301–316 (1974).

[54] G. Grayer et al., “High Statistics Study of the Reaction
pi- p –> pi- pi+ n: Apparatus, Method of Analysis, and
General Features of Results at 17-GeV/c,” Nucl. Phys.
B 75, 189–245 (1974).

[55] M.J. Losty, V. Chaloupka, A. Ferrando, L. Montanet,
E. Paul, D. Yaffe, A. Zieminski, J. Alitti, B. Gandois,
and J. Louie, “A Study of pi- pi- scattering from pi- p
interactions at 3.93-GeV/c,” Nucl. Phys. B 69, 185–204
(1974).

[56] W. Hoogland et al., “Measurement and Analysis of the
pi+ pi+ System Produced at Small Momentum Transfer
in the Reaction pi+ p —> pi+ pi+ n at 12.5-GeV,” Nucl.
Phys. B 126, 109–123 (1977).

[57] J. R. Pelaez and F. J. Yndurain, “The Pion-pion scat-
tering amplitude,” Phys. Rev. D 71, 074016 (2005),
arXiv:hep-ph/0411334.

[58] J.R. Batley et al. (NA48/2), “Precise tests of low energy
QCD from K(e4)decay properties,” Eur. Phys. J. C 70,
635–657 (2010).

[59] T. Blum et al. (RBC, UKQCD), “Lattice determina-
tion of I=0 and 2 ππ scattering phase shifts with a
physical pion mass,” Phys. Rev. D 104, 114506 (2021),
arXiv:2103.15131 [hep-lat].

[60] J. F. de Troconiz and F. J. Yndurain, “The Hadronic
contributions to the anomalous magnetic moment of the
muon,” Phys. Rev. D 71, 073008 (2005), arXiv:hep-
ph/0402285.

[61] Gilberto Colangelo, Martin Hoferichter, and Peter Stof-
fer, “Two-pion contribution to hadronic vacuum polariza-
tion,” JHEP 02, 006 (2019), arXiv:1810.00007 [hep-ph].

[62] Peter Boyle, Felix Erben, Vera Gülpers, Maxwell T.
Hansen, Fabian Joswig, Nelson Pitanga Lachini, Michael

http://arxiv.org/abs/2408.13132
http://dx.doi.org/10.1103/PhysRevLett.122.241604
http://arxiv.org/abs/1810.12849
http://dx.doi.org/10.1007/JHEP06(2021)088
http://arxiv.org/abs/2011.02802
http://dx.doi.org/10.21468/SciPostPhys.9.5.081
http://dx.doi.org/10.21468/SciPostPhys.9.5.081
http://arxiv.org/abs/2006.12213
http://dx.doi.org/10.21468/SciPostPhys.10.5.122
http://dx.doi.org/10.21468/SciPostPhys.10.5.122
http://arxiv.org/abs/2011.07944
http://dx.doi.org/10.1103/PhysRevLett.133.191601
http://arxiv.org/abs/2309.12402
http://arxiv.org/abs/2403.10772
http://dx.doi.org/10.1007/JHEP08(2022)151
http://arxiv.org/abs/2203.11950
http://arxiv.org/abs/2203.11950
http://dx.doi.org/10.1007/JHEP06(2023)094
http://arxiv.org/abs/2211.12488
http://arxiv.org/abs/2211.12488
http://dx.doi.org/10.1007/JHEP09(2024)039
http://arxiv.org/abs/2307.01246
http://arxiv.org/abs/2307.01246
http://dx.doi.org/10.1007/JHEP09(2024)172
http://dx.doi.org/10.1007/JHEP09(2024)172
http://arxiv.org/abs/2312.15013
http://dx.doi.org/10.1103/PhysRevLett.127.251601
http://dx.doi.org/10.1103/PhysRevLett.127.251601
http://arxiv.org/abs/2106.10257
http://dx.doi.org/10.1103/PhysRevD.110.016007
http://dx.doi.org/10.1103/PhysRevD.110.016007
http://arxiv.org/abs/2311.09283
http://dx.doi.org/10.1007/BF02719361
http://dx.doi.org/10.1007/BF02719361
http://dx.doi.org/10.1016/j.physletb.2023.138225
http://dx.doi.org/10.1016/j.physletb.2023.138225
http://arxiv.org/abs/2301.13219
http://arxiv.org/abs/2404.10812
http://dx.doi.org/10.1007/JHEP11(2023)005
http://dx.doi.org/10.1007/JHEP11(2023)005
http://arxiv.org/abs/2303.08839
http://dx.doi.org/10.1103/PhysRevD.83.074004
http://dx.doi.org/10.1103/PhysRevD.83.074004
http://arxiv.org/abs/1102.2183
http://dx.doi.org/10.1007/JHEP11(2020)084
http://arxiv.org/abs/2008.02770
http://dx.doi.org/10.1103/PhysRev.137.B1022
http://dx.doi.org/10.1016/0378-4371(79)90223-1
http://dx.doi.org/10.1007/JHEP06(2015)174
http://arxiv.org/abs/1502.02033
http://arxiv.org/abs/1909.09745
https://api.semanticscholar.org/CorpusID:16708577
https://api.semanticscholar.org/CorpusID:16708577
https://api.semanticscholar.org/CorpusID:16708577
https://api.semanticscholar.org/CorpusID:16708577
http://dx.doi.org/10.21468/SciPostPhys.11.3.072
http://dx.doi.org/10.21468/SciPostPhys.11.3.072
http://arxiv.org/abs/2104.09518
https://api.semanticscholar.org/CorpusID:1283967
https://api.semanticscholar.org/CorpusID:1283967
http://dx.doi.org/10.1103/PhysRevD.7.1279
http://dx.doi.org/10.1016/0550-3213(74)90488-X
http://dx.doi.org/10.1016/0550-3213(74)90488-X
http://dx.doi.org/10.1016/0550-3213(74)90545-8
http://dx.doi.org/10.1016/0550-3213(74)90545-8
http://dx.doi.org/10.1016/0550-3213(74)90131-X
http://dx.doi.org/10.1016/0550-3213(74)90131-X
http://dx.doi.org/10.1016/0550-3213(77)90154-7
http://dx.doi.org/10.1016/0550-3213(77)90154-7
http://dx.doi.org/10.1103/PhysRevD.71.074016
http://arxiv.org/abs/hep-ph/0411334
http://dx.doi.org/10.1140/epjc/s10052-010-1480-6
http://dx.doi.org/10.1140/epjc/s10052-010-1480-6
http://dx.doi.org/10.1103/PhysRevD.104.114506
http://arxiv.org/abs/2103.15131
http://dx.doi.org/10.1103/PhysRevD.71.073008
http://arxiv.org/abs/hep-ph/0402285
http://arxiv.org/abs/hep-ph/0402285
http://dx.doi.org/10.1007/JHEP02(2019)006
http://arxiv.org/abs/1810.00007


18

Marshall, and Antonin Portelli, “Physical-mass calcu-
lation of ρ(770) and K∗(892) resonance parameters via
ππ and Kπ scattering amplitudes from lattice QCD,”
(2024), arXiv:2406.19193 [hep-lat].

[63] J. Bijnens, G. Colangelo, G. Ecker, J. Gasser, and M.E.
Sainio, “Elastic pi pi scattering to two loops,” Phys. Lett.
B 374, 210–216 (1996), arXiv:hep-ph/9511397.

[64] G. Colangelo, J. Gasser, and H. Leutwyler, “ππ scat-
tering,” Nucl. Phys. B 603, 125–179 (2001), arXiv:hep-
ph/0103088.

[65] Roel Aaij et al. (LHCb), “Amplitude analysis of the
B+ → π+π+π− decay,” Phys. Rev. D 101, 012006
(2020), arXiv:1909.05212 [hep-ex].
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