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Quantum Chromodynamics (QCD) governs the strong interactions of hadrons, but extracting its
physical spectrum remains a significant challenge due to its non-perturbative nature. In this Letter,
we introduce a novel data-driven approach that systematically enforces the fundamental principles
of analyticity, crossing symmetry, and unitarity while fitting experimental data. Our Bootstrap
Fit method combines S-matriz Bootstrap techniques with non-convexr numerical optimization, al-
lowing for the construction of a scattering amplitude that adheres to first-principles constraints.
We apply this framework to pion-pion scattering, demonstrating that it accurately reproduces low-
energy predictions from Chiral Perturbation Theory (xPT) while also providing a non-perturbative
determination of the total cross-section that is consistent with experiment.

A key feature of our approach is its ability to dynamically generate physical states, yielding a
spectrum of resonances consistent with QCD. Most notably, we predict the existence of a genuine
doubly charged tetraquark resonance around 2 GeV, which could be observed in B-meson decays at
LHCb. These results establish a robust new pathway for extracting hadronic properties directly

from scattering data while enforcing fundamental physical constraints.

I. INTRODUCTION

g;@gCATTERING amplitudes are fundamental objects in
AXP¥quantum field theory. They contain information
about the interaction among elementary particles and
connect theoretical predictions with experimental obser-
vations. In strongly coupled theories such as Quan-
tum Chromodynamics (QCD), the analytic structure
of scattering amplitudes reveals crucial insights into
hadronic states and resonances. However, extracting pre-
cise physical information from scattering data remains a
formidable challenge due to the inherently strongly cou-
pled nature of QCD at low energies.

The non-perturbative S-matrix Bootstrap [I], 2] pro-
vides a powerful, first-principles framework for studying
hadronic amplitudes in a model-independent way, enforc-
ing key physical constraints such as analyticity, crossing
symmetry, and unitarity. It has been widely used to ex-
plore the spaces of scattering amplitudes, but it has not
yet been applied to directly fit experimental data. In
this work, we take a step in this direction by introduc-
ing the Bootstrap Fit, a method that integrates Boot-
strap methods with non-convex optimization to extract
hadronic properties while maintaining theoretical consis-
tency.

Unlike traditional approaches such as Roy equations
[3, [], which generally rely on fixed ¢ dispersion relations

and can only be used in a limited low-energy domain,
our method offers a fully non-perturbative way to ex-
tract scattering amplitudes at all energies. By enforc-
ing analyticity, crossing symmetry, and unitarity while
fitting experimental data, the Bootstrap Fit provides a
new pathway for modeling strong interactions without re-
lying on perturbation theory and exploring its properties
across all energies.

As a proof of concept, we perform this fit on pion-pion
(mm) scattering, one of the most fundamental processes in
QCD. Pions, as pseudo-Goldstone bosons of chiral sym-
metry breaking, provide an ideal testing ground for non-
perturbative techniques. Using this novel approach, we
achieve the following key results:

(i) Accurate low-energy predictions, consistent with
Chiral Perturbation Theory (xPT).

(ii) Non-perturbative extraction of the total cross-
section, in agreement with experimental data.

(iii) Self-consistent generation of QCD resonances, in-
cluding the well-known states that couple to pions.

(iv) A concrete, experimentally testable prediction:
a genuine doubly charged tetraquark resonance
around 2 GeV, potentially observable in B-meson
decays at LHCb.

Our method offers a systematic, data-driven strategy
for modeling QCD amplitudes while rigorously enforc-
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FIG. 1: The vertical extent of each box represents the
uncertainty in the mass determination, while the horizontal
width corresponds to I'/2 with T" being the particle’s decay
width (uncertainties in the width are not shown). Mass and

width are expressed in the same units. The gray boxes
indicate the experimental spectrum, whereas the red boxes

correspond to our Bootstrap estimate. Particles marked
with an asterisk are still subject to numerical systematics, as
discussed in Section m

ing fundamental constraints. These results pave the way
for future applications of Bootstrap methods in other
hadronic scattering processes.

Our starting point is to consider the scattering ampli-
tude of gapped pions. For simplicity, we choose the units
by setting m, = 1, neglecting isospin-breaking effects. In
this setup, pions belong to the vector representation of
O(3), and the 2 — 2 scattering amplitude 7%7® — 7er?
takes the form:

T (s, t,u)=A(s|t, u)dapd0 - A(t|s, u) 0S8+ A(uls, 1) 6265
(1)

where s, t, u are the Mandelstam variables and s+t+u=4.
By crossing symmetry, we also have A(s|t,u) = A(s|u,t).
Pions are the lightest states of the QCD spectrum. A
two-particle m7 state has G-parity G = +1, and parity
P = (—1)7, where J is the spin of the particle. Only reso-
nances with the same quantum numbers can be produced
in a scattering experiment. In figure [I} the experimen-
tally observed spectrum below 1.4 GeV is represented
with gray boxes, adding only the ps above this energyEI
From the amplitude 7,5%(s, ¢, u) constructed following the
Bootstrap Fit procedure, we predict the spectrum and
the low-energy parameters. In figure |1} we present in red
the Bootstrap estimate of the spectrum. Both the mass
and the width of the resonances match the experimental
measurements, except for those denoted by an asterisk
still affected by numerical systematics. The last column
has the exotic quantum numbers 27 (0T ). There is no

ITo express the spectrum in dimensionless units we use m, = 137.3
MeV, the average between charged and neutral pions.
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FIG. 2: High-energy behavior of the S partial wave phase

shift. The blue curve represents our best fit, while the light

blue region includes amplitudes with suboptimal x? values

(see Section [IV])). The phase shift exhibits a distinctive jump

around s = 200, indicating the presence of a resonance. In
the inset, we extract the mass parameter as m = /s*, where
where s is the location of the zero in the complex s-plane of

S((JQ)(S).AH quantities are expressed in units of m, = 1.

such state in the PDG [5]. With its I = 2 quantum num-
ber, this state is a genuine Tetraquark [6] [7], predicted at
~ 2 GeV with a width of 600 MeV. As a prelude to our
results, in figure 2] we show the predicted phase shift in
the Sy wave. At first glance, it would be difficult to an-
ticipate from the experimental data that the phase shift
would reverse direction at higher energies. This behavior
is a genuine prediction of our Bootstrap procedure which
incorporates full crossing and unitarity of the scattering
amplitude. Before discussing in detail the physics of this
amplitude we shall describe the steps of our strategy.
The rest of this paper is structured as follows. In Sec-
tion [T we discuss the S-matrix Bootstrap ansatz, where
we solve a semi-definite optimization problem to con-
struct a candidate amplitude A% (s|t, u) depending on
a small set of free parameters ©. Section [[T]|describes our
Particle Swarm Optimization (PSO) algorithm, which
minimizes the y? function for the parameters © by com-
paring it with experimental and lattice data. In Section
[[V] we present the results of our Bootstrap Fit. We then
test our amplitude in Section [V] against Chiral Perturba-
tion Theory (xPT) and other experimental data, finding
strong agreement. Finally, in Section [VI} we discuss po-
tential improvements and future research directions.

II. BUILDING THE FIT MODEL

A key element of our methods is the numerical non-
perturbative S-matrix bootstrap. This method was intro-
duced in [T 2] as a way to study the space of amplitude,
deriving bounds on low-energy observables. It has since
been applied in various physical systems [8H25]. Specifi-



cally, its application to the scattering amplitudes of pions
was revived in [26] and extended to the massless case in
[27]. In [28], the authors refined the allowed region found
in [26] using additional positivity constraints at low en-
ergy. By performing hypothesis testing using relative en-
tropy, they selected the region of low energy parameters
that matches QCD low energy data and xPT. In [29],
they extracted the spectrum finding hints of emerging
Regge trajectories. In [30, [31], the authors used several
low energy constraints below the two-particle threshold,
and form factors constraints computed in perturbative
QCD at energy above 2 GeV, to select a region in pa-
rameter space that nicely agrees with experimental phase
shifts and low energy data. Simultaneously, the Boot-
strap of large-N 77 amplitudes was kicked off in [32] and
[33], and generalized by including photons and match-
ing with the chiral anomaly in [34]. Finally, including a
minimal amount of spectrum assumptions, a Bootstrap
candidate for the large-N QCD amplitude was found in
[35].

In the following, we layout the S-matrix Bootstrap con-
struction of the non-perturbative 7m scattering ampli-
tude used in this Letter.

A. The analytic Bootstrap ansatz

We parametrize the pion amplitude with the p-ansatz
[2, 26] constructed to be analytic and crossing symmet-
ricE| For our problem, it is convenient to introduce an ex-
tended version of the p-ansatz, the multi-foliation ansatz.
We call foliation, a sum of the form

Fr(sltyu)=" Y allnpe(s)" (po ()" +po(u)™) +
0<n+m<N
Y Bnpo () po (W) +po (w)" pe (1)), (2)
n4+m<N
1<n<m
where p,(s) = ﬁim Vj:z is a conformal map from the

cut plane to the unit disk with center p,(8—0c) = 0.
FN(s|t,u) is manifestly symmetric in ¢, u which automat-
ically enforces crossing symmetry. The multi-foliation
ansatz is then obtained by summing over different cen-
ters o € X
Aansata |t U

Z]-'N (s|t, u) (3)

oEX

The intuition behind this operation is simple. A sin-
gle foliation F2~ approximates best the amplitude in the
region |s| &~ o. For single-scale problems, tuning o to

2Here we assume maximal analyticity. See [21} [36} [37] for a comple-
mentary Bootstrap approach that uses only the rigorous analyticity
domain proven by Martin [38].

the desired scale is enough to achieve fast convergence
18, 221 F

The pion amplitude is a multi-scale function: it fea-
tures chiral physics at the scale s &~ 1, several sharp reso-
nances of different spin at s Aéc p between s ~ 30 and
s ~ 100, and inelastic effects kicking in at the K K thresh-
old s ~ 50E| Therefore, we choose 3 = {20/3, 30, 50, 86}.
We detail the numerical implementation in Appendix [A]

B. The unitarity constraints

The ansatz is not manifestly unitary for arbitrary

values of the free parameters a( ) and ﬂn m- We impose
unitarity as a numerical constramt on those coefficients.
This is conveniently performed by projecting the ampli-
tude on a set of partial waves diagonalizing the amplitude
in angular momentum and flavor. First, we decompose
the amplitude into the isospin channels

TO(s,t,u) = 3A(s|t,u) + Alt]s, u) + A(uls, ), (4)
TW(s,t,u) = A(t]s,u) — Auls, ), (5)
T (s, t,u) = A(t]s,u) + Aluls, t), (6)

and then project into partial waves

tEI)(s /dCOS@Pg(COSG)T (s,0), (7)

321

where cos@ = 1 + 2t/(s — 4). Finally, unitarity for par-
tial waves becomes the probability conservation condi-

tion |SL£I)| < 1 for any s > 4, any ¢, and I, with
S 141/,

Experimental data show a pronounced inelasticity
around s ~ 50 at the KK threshold where the process
nn — KK goes on-shell, especially in the Sy channel.
The probability conservation must be then replaced by

the stronger condition |S é1)| < nél). We impose this con-
dition as an SDP inequality of the for

@) (me(s) +Im S(s)e Re S(s)s
Uy, = < Re S(s)e Ne(s) — Im S(s)e =0. (8)
As for the functions néI)

(s), we use the mean value of
the phenomenological parametrization for the “big-dip”

3By fast convergence we mean that there is a ¢ which minimizes the
difference between the true amplitude and the foliation |A — FV|
at fixed N.

41t is also possible to consider foliations with different branch points.
This might help to encapsulate the KK threshold, and obtain a
better fit of the data (see also section .

5The effect of inelastic constraints in the S-matrix Bootstrap has
been discussed in [39]. The Bootstrap of full multi-particle pro-
cesses has been only recently developed for branon scattering am-
plitudes in two space-time dimensions [40]. Inelasticities were also
obtained as an output of a Bootstrap procedure in [41].



scenario discussed in [42]E| These functions should be
regarded as an additional phenomenological inputm

C. Soft theorems and Spectrum Assumptions

In [26], it was shown that the low energy parameters
of the pion amplitude, such as scattering lengths, are
well inside the allowed region determined by the general
S-matrix Bootstrap constraints. To restrict the allowed
region, it is necessary to impose additional conditions on
the amplitude. To this end, we consider two types of
constraints: soft theorems, and spectrum assumptions.

Soft theorems are the consequence of spontaneously
broken chiral symmetry. If pions were massless, the am-
plitude would vanish A — 0 when any of the momenta of
the particles become soft. As the pions are massive, this
behavior is corrected by quantum effects and is no longer
exact [44]. Nevertheless, the existence of low energy ze-
roes in the partial waves is a prediction of xPT [45]. For
this reason, we impose that t(()o)(zo) =0, and té2) (22) =0
for some 0 < zg, 29 < 4. We refer to these constraints as
chiral zeroes conditionsﬂ

The physical spectrum is encoded into the position of
pole singularities in the second sheet of the 2 — 2 scat-
tering amplitude. Using the elastic unitarity condition,
it is possible to relate those resonance poles to zeros of
the S-matrix (not the amplitude!) in the first sheet. We

impose several conditions of the form Sél)(s r) = 0, that
we call resonance zeros, where s is the complex mass
squared of the particle, and (¢, I) its quantum numbers.

At this point, it is important to stress that we are ag-
nostic about the values of both the chiral and resonance
zeros. In our construction, we only assume their exis-
tence with the corresponding quantum numbers. Their
numerical values will be a prediction of the fit.

For the spectrum, we only assume the existence of a
part of it. It turns out that to correctly reproduce the
experimental data, we will need to consider at least four
resonance zero constraints, one for the p(770) in the P
wave, the two fo’s in the SOE| and one f5 in the Sy wave.
We will then discover the spectrum by searching for addi-
tional dynamically generated zeros in the partial waves.

SFor simplicity, we do not take into account the error on this
parametrization.

"It would be interesting to consider the general mixed system of
pions and kaons, and obtain the inelasticity as a result of the pro-
cedure. See [10, 12| 43] for S-matrix Bootstrap works on mixed-
amplitudes.

8 At tree-level in xPT: zg = 1/2, and 23 = 2.

9We call the resonances fo, f{, fY, ... to differentiate them. We will
use similar notation in other channels. In the Sy channel, we do
not include the o in this list.
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FIG. 3: The kink from [26] in the scattering length space
{a’” a{"}. The allowed region is in blue. The point with
error bars is the experimental determination, see also Table
[M The blue dot is the position of the kink as a result of our
Bootstrap fit algorithm. On the left, we represent the target
functional for § = 257/18.

D. The target functional

The final step in constructing our fit model is select-
ing the Bootstrap target functional. While there are,
in principle, infinitely many possible choices, not all are
equivalent. For our purposes, we found it convenient to
adopt the approach developed in [26]. To illustrate why,
consider the most general ansatz . Assigning specific

values to the Sy scattering length!'® a(()o) and the chiral
zeros zp and za, we find that the allowed region for the

agl),aéz) scattering lengths exhibits a kink, as shown
in ﬁgure Changing the values of the {a(()o), 20,22} pa-
rameters, it is possible to move this kink closer to the ex-
perimentally measured scattering lengths (the red point
in figure [3)). When this occurs, the extremal amplitude
at the kink closely resembles the pion amplitude.

In this case, the scattering lengths and subleading
threshold coefficients align well with experimental data,
and the corresponding amplitude contains both the o,
and the p resonances. However, although the o position
agrees with the data, the p width is larger than observed
experimentallyﬂ This suggests that by adding the spec-
tral assumption, it may be possible to develop a robust
fit ansatz for the pion amplitude.

The Bootstrap problem formulated to construct the
fit model for the pion amplitude can be summarized as
follows.

10Scattering lengths are defined from the threshold expansion of the
partial amplitudes Retgm(s) = Zk%(ay) + kaED + ...), where
k? = s/4 — 1 is the center of mass momentum.

1'We tried to fine-tune the triplet {a(()o)7 20,22} to match the experi-
mental values of o and p, but without success. We conjecture that
by fine-tuning additional low energy constants it would be possible
to generate the p in the correct position dynamically.



Fit Ansatz
Given 0= {Q,a(()o), 20, zg,mz,mfco,mfcé, m?cz}
Maximize  Obj(6)

in Aansatz(g ¢ )
constr. by téo) (4)=2a (O) t(O)(zo):O t(z)(z2)=0
S1" (m3)=0, 55" (m,)=0
0) 0
S( ( ) ()(m?c2)=0

s>4 MéI)tOforﬂeN,Izo,l,Q (9)
The objective we maximize is given by the linear combi-
nation

Obj(8) = agl) cosf + aéQ) sin 6, (10)
which depends on the angle 6. This objective is a normal
functional and is effective at selecting “kinks” [I1]. To

understand this, note that this objective maximizes the

amplitude in the {ao ,all)} space at a pomt where

the tangent vector is orthogonal to (a g ) cos 0, ao ) sin 0).
At a kink, where multiple tangents exist, many normal
functionals naturally converge to the kink point. For
m < 6 < 37w/2, this functional span the boundary of the
allowed blue region in figure 3| In the left inset, we show
a typical choice of angle 8 that will select the kink in the

(0) (1) 12
{ay”,a;} space

The quantities collectively denoted by © are the pa-
rameters of the fit and the input for the optimiza-
tion problem @D In this problem, four parameters
0, a(()o), Zo, z2 are real, while the mass square are complex.
Their real and imaginary parts correspond respectively
to the physical mass and width of the resonance. In to-
tal, the size of the parameter set in |©] = 12. We solve
this problem using the standard SDPB solver [46, [47].
The corresponding extremal amplitude depends on the
choice of ©. Next, we will explain how to optimize on ©.

III. GRADIENT FREE OPTIMIZATION AND

PARTICLE SWARM

For any choice of ©, the optimal solution of the Boot-
strap problem @D yields a model for the scattering am-
plitude AZ=**“(s|t,u). To choose ©, we construct the

12We different
( ) cos psinf + a((f) sin¢sinf + a(ll) cos 0,
( ) parameter in @ with a new angle ¢. This would lead to an
equ1valent formulation of the Bootstrap ansatz (E) From this view,
it is evident we are moving along the two-dimensional boundary of
the three-dimensional parameter space of the scattering lengths.
This can be generalized by adding an arbitrary number of low
energy observables, which amounts to scanning over a larger space
of amplitudes.

Obj'(6,¢) =

and

could consider a objective

replace the

x%(©) using the Bootstrap amplitude and the experi-
mental data, and we minimize it. The dependence of the
model AZS% (5|t u) is non-linear in ©, hence we expect
the x%(©) to be a non-convex function.

In this Letter, we explore an algorithm especially
suited to this class of problems, the Particle Swarm Op-
timization algorithm (PSO) [48HE| The PSO is a stan-
dard algorithm designed for solving non-convex prob-
lems, with a wide range of applications—see [49] for an
introduction. The PSO is also gradient-free and does not
require the computation of derivatives of the Bootstrap
solution in © [ _

We start with n,, particles at random positions 9(()1) to
which we assign random velocities v(()z).

At step n, we update their positions following the rule

vfj}rl = wol + 17 (0P — X)) 4 cara (0 —Y,,),
o, = e +u,. (11)

The velocity of the i-th particle at step n + 1 is thus a
linear combination of its previous velocity, the distance to
its position with the lowest x2, denoted by X,(f) and the
distance with the overall best position among all particles
Y,,. At each step, we first compute the > (@S)) for each
particle, then evaluate the various parameters to perform
the step.

Three parameters control the algorithm performance:
the inertia w, the cognitive coefficient ¢, and the co-
operation coefficient CQE The convergence property of
the algorithm depends on the choice of these three coef-
ficients[T The details of our implementation of the PSO
algorithm, which contains an additional adaptive velocity
prescription as in [51], can be found in Appendix

IV. BOOTSTRAP FIT RESULTS

(=

using experimental and lattice phase shifts d; *, where
the index 7 stands collectively for the quantum numbers
(Ia e) = {(07 0)7 (17 1)7 (27 0)7 (07 2)}7 and the CNeTEY S; of
the measurement. Our ansatz for the phase shift is ob-
tained by projecting A%*** in partial waves and using
the definition Sg = |Se|exp(2ide).

We construct the x?(0)

>

i€data set

nsatz 2
(O) = % (Si)) (12)

AoTP

13We are grateful to Balt van Rees for pointing out this method.

14 A5 explained in [50], it is possible to efficiently compute the gradient
of a Bootstrap problem solved with the interior point method as
the one implemented in SDPB.

15The r1 2 are random numbers uniformly distributed between [0, 1],
and are drawn at each step.

161n other versions of the algorithm, those parameters can be pro-
moted to be dynamical.
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FIG. 4: The four channels used to fit the pion amplitude. The points respectively in orange and green are experimental and
lattice data. The thick blue curve is the best fit, the light blue cloud is given by all the curves with sub-optimal x?.
(Notation: So stands for the (I,£) = (0,0) channel, P for the (1,1), Sz for the (2,0), and Dy for the (0, 2).

The input data used in (12)) are from [52H56], except
for the Sy wave. The data in the Sy channel above s ~ 20
extracted from the old experiments are often incompati-
ble and suffer from unknown systematic errors. Following
[57], we used ounly a selection of data pointsm Close to
the threshold, the experimental situation was cleared by
the CERN experiment NA48/2 [58]. We also include lat-
tice data from the RBC and UKQCD collaborations in
the Sy and Sy channels extrapolated at the physical pion
mass EQ“E

The result of the Bootstrap fit is shown in figure [4
The orange data points are experimental, the green are
taken from the lattice. The dark blue curve is the best fit
with minimum x2(©) a 40. We do not assign a statistical
meaning to the value of the x2, but take it as a likelihood
measure. The largest contribution to the x? comes from
the P wave, with x? ~ 30, where the experimental error
is almost negligible. We plan to investigate this channel
with more care in the future, replacing the phase shift

17We are grateful to Jose Ramon Pelaez for highlighting this point.
18For the lattice data points, the errors on the phase shift and the
energy are strongly correlated. We do not include this effect in this
work. In this case, we use the isospin symmetric value of the pion
mass my = 135 MeV to express energies in dimensionless units.

data with the determination from the pion form factors
[60) [61], and with lattice extrapolations [62]. The second
largest contribution of order ten is due to the Sy wave.
Here we observe a systematic error in reproducing the
phase above the KK threshold s =~ 50 (the x? below this
energy is of order one). We believe this is due to the lack
of an explicit threshold in our ansatz at that scale, as
corroborated by the slower convergence of the Bootstrap
problem, see also Appendix [A] Both S and D, waves
have x? of order one.

We run the PSO algorithm for Nji, = 60 steps, using
n, = 10 particles. We explore 600 points in the © param-
eter space and at each point, we construct the full ana-
lytic amplitude solving the Bootstrap problem @D To
estimate errors we consider a subset of amplitudes, and
compute the weighted average using the value of the 2.
We observe that 50% of our set have x2 < 100, and 15%
have x? < 50. We compare the errors estimated using
these two cutoffs and find that those obtained with the
looser one are a factor of two larger. The light-blue curves
in figure [4| are drawn from amplitudes with x2?(0) < 50.
In the remainder of this paper, we will follow the same
color scheme.

In the inset in figure 4} we zoom in on the NA48/2 and
lattice data close to the threshold. The point at the kaon
mass s & 12 is from lattice [59]. This point is crucial to



help stabilize the amplitude between the threshold and
the cluster of points around s = 40.

H (C) ‘ Bootstrap Fit ‘ Literature H

al 0.217 + 0.002 0.2196 + 0.0034 [58]

Zo 0.368 + 0.008

2 2.040 £ 0.004

m, (5.546 + 0.005) (5.555 + 0.015)

+i(0.5380.002) +i(0.528 + 0.013)

myy | (7.18420.04)+i(0.26+0.02) | (7.2520.11)+(0.21%0.07)
my | (98 E02)+i(1.7£0.1) | (9.8E0.7)Fi(1.3 £ 0.9)
mys, |(9.2620.03)+i(0.69+0.04) | (9.2620.08)+i(0.73+0.08)
0/m 1.328 £ 0.026

TABLE I: Our estimate of the fit parameter compared and
corresponding values quoted in the literature. Experimental
values of the resonances are given by the PDG average [5].

In Table [l we list our estimate for the fit parameters
and the corresponding errors. The error in this table
is conservative and estimated using all the points with
x2(©) < 100 corresponding to half of the whole dataset
of amplitudes produced.

Beyond the statistical error, there are three more
sources of systematics. The first concerns the conver-
gence of the Bootstrap model A% (s|t, u) in equation
(3) that depends on Nyus the number of free variables
ozn‘f)n, and ,67({77),1 We used two ansatzes respectively with
Nyars = 397 and Nyas = 547. All the results we quote
in this paper are taken from the latter. E The dif-
ference between the fit parameters estimated from the
two ansatzes is comparable with the statistical error un-
less stated otherwise. The second source comes from the
PSO search algorithm, which does not guarantee find-
ing the global minimum. We checked the stability of our
fit by performing different searches varying the search
parameters that produced almost the same result. The
last source of systematics comes from the choice of the
Bootstrap functional. In this case, we have tested an al-
ternative Bootstrap formulation obtaining the same fit.

V. PREDICTIONS

The advantage of our strategy is that the result of the
fit is a full analytic amplitude. Next, we study its prop-
erties away from the region directly constrained by the
fit.

19To demonstrate the numerical robustness of our physical predic-
tions, we performed more runs using different foliation parameters.
The detailed parameters and results are summarized in appendix

8]
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FIG. 5: Partial wave amplitudes tfgl) in the real strip
0 < s < 4. The black line is the Bootstrap prediction,
dashed lines are different approximations from xPT [63].

A. Amplitude below threshold

The xPT expansion is a reliable approximation of the
pion amplitude at low energy. In figure [5] we plot the
partial waves téo), t(()2)7 and tgl) of our best fit (the solid
black line) in the sub-threshold region 0 < s < 4, and we
compare it with perturbation theory [63]. The tree level,

denoted with the dashed green line is given by

(0) - 2s — 1
0 T 327 f2’

(1) _ s—4
Lo 96mf2’

(2)_ 2—s

t —
O T 16mf2’

(13)

where f is the pion decay constant. The higher loop ex-
pressions are more involved and are also plotted in figure
The two chiral zeros zy, and z5 are also visible in the
figure. We emphasize that the only input in this region
is the existence of the two chiral zeros, not their position.

Next, we extract the threshold parameters from our
amplitude and compare them with the values of [64] in
Table [[1l We find a very nice agreement for the leading
and sub-leading threshold coeflicients for all waves below
¢ = 2. The scattering lengths we extract are different for
higher spins but of the same order. It would be interest-
ing to investigate the reason for this discrepancy.
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aP] (—0.432 +0.001) x 10~}
afV] (0.380 +0.002) x 107!
b 0.265 + 0.030

bP | (=0.797 £0.002) x 10~
b1 (0.61+0.02) x 102
P (0.534+0.11) x 102
o] (0.514+0.18) x 1073
all (1.54+0.4) x 101

Literature H

(—0.444 4+ 0.012) x 107+
(0.379 4 0.05) x 107"
0.276 4 0.006
(—0.803 £ 0.012) x 107+
(0.57 £ 0.01) x 1072
(0.175 4 0.003) x 102
(0.170 £ 0.013) x 10~*
(0.56 £ 0.02) x 1074

TABLE II: Except for the values of a$”) taken from [58], all
other threshold parameters are taken from [64].
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FIG. 6: Top panel: Elasticity of the D2 wave as a function
of s/m2. The black line represents the parametrization from
[57]. Bottom panel: Phase shift of the Dy wave compared
with the available experimental data. The green and orange
points correspond to the two possible phase determinations
reported in [56].

B. The D; partial wave

In figure @ we plot the elasticity |S’§2)| and the 552)
phase shift prediction. The color scheme follows the one
defined in figure 4} The data for the phase shift are taken
from [56], orange and green correspond to two possible
determinations. We compare the elasticity profile with
the phenomenological parametrization from [57]. It is
interesting to notice a dip in the unitarity around s ~ 90.
The dip is insensitive to Bootstrap systematics. We think

2.8+ Bootstrap

S

Separate estimates
taken from PDG

0. . I . I . I . I . I
2. 2.5 3. 3.5 4. 4.5

- Rem,

FIG. 7: Determinations of real Rem, and imaginary part
Imm, of the mass of the o. The black ellipse highlighted in
the inset is our Bootstrap determination.

that the emergent particle production in this channel is a
consequence of the inelasticity profile injected in the Dy
wave. This effect is compatible with our expectation that
including mixed amplitudes with kaons and pions might
lead to a correct prediction for the inelasticity.

C. Spectrum

Beyond the spectrum assumed and fitted using the ex-
perimental data, we also observe several zeros dynami-
cally generated in our construction.

We begin by discussing the f,(500) resonance, com-
monly referred to as the 0. We summarize the phe-
nomenological determinations of its position in figure [7]
The pink ellipses denote all the estimates of its complex
mass reported in the PDG since 2001 [5]. The blue el-
lipse is the PDG average. Our estimate is represented by
the black ellipse highlighted in the inset.

To estimate the position of the o we look for a zero
at low energy in the S((JO) S-matrix using the Newton
method. We repeat the operations for all amplitudes
with x2(©) < 50, and perform a weighted average to
predict the mass and determine the error. The red dots
in the inset are the individual determinations from this
sample. Our final estimate is reported in Table [[II} In
figure 8] we also show the density plot for \S(()U)\ in the
upper-half complex s plane. The left-most zero is the o.
In the same plot, we observe two additional resonances
that we identify as the fy(980), and f;(1370).

Our o determination is shifted away from the center
of the PDG average. This is correlated with the lattice
point at s = m3 ~ 12 which was not used in previous
studies, and impacts the growth of the phase in the Sy
wave.

We also find an additional state in the P-wave. The
density plot for the \S?)\ in the upper half s plane is
shown in figure [0 for the best-fit amplitude. The two

black dots are zeros of S:E(l). The left-most zero is iden-
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Mo [(2.09£0.02)17(2.0020.02)| (4.3 £ L.5)+i(3.3 £ 2.6)
m, (9.5 £ 0.6)+(0.55 £ 0.05) | (10.7 £ 0.3)+i(1.45 & 0.05)
Mps | (16.7 £ 0.6)+i(0.7 £0.2) | (12.3 £ 0.1)+i(0.68 £ 0.05)
mr | (14.6 £ 0.3)1i(2.4 £0.1) 7

TABLE III: Experimental values of the resonances are taken

from [5].
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FIG. 8: |S(()O)\ in the upper half complex s plane plotted for
the best-fit amplitude. We highlight with black dots the
three scalar resonances found in this channel.

tified as the p(770) resonance. Its position is fixed by
the fitting procedure. The second black dot on the right
is dynamically generated and has a mass 5% lower than
the experimental determination of the p(1450). However,
its width is half of the experimentally measured value.
This resonance still suffers from systematics: we do not
have the inelasticity profile at this energy, and Nyas of
the Bootstrap problem is not large enough to accurately
describe this region. We suspect that dealing with this
systematics might lead to the correct width in our pro-
cedure.

For higher spins, our amplitude dynamically generates
a spin ¢ = 3 resonance, this is the first sign of Reggeiza-
tion. This is typical in the amplitudes constructed using
the S-matrix Bootstrap where the high energy behavior
instead of being erratic is physical, although it converges
slowly, see also section [VE] The mass of the p3 obtained
is 20% above the experimental value, and its width is
larger. This resonance, however, is still affected by the
convergence of the Bootstrap ansatz, and improving the
numerics might lead to a better agreement

D. The tetraquark

As already indicated in the introduction, examining
the Sy wave reveals an unexpected result. Continuing

20The other possibility is that to obtain the precise Regge trajectory
we might need additional fine-tuning, which can be realized by
enlarging the set of fit parameters or generalizing the Bootstrap
problem we use to construct the amplitude.

o

Re s}

120

20 40 60 80 100

FIG. 9: |Si1)| density profile in the upper half complex s
plane. We highlight with black dots the two p resonances in
our amplitude.
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FIG. 10: Real and imaginary parts of the amplitude in the
S(()z) channel. The error bars indicate the systematic
uncertainties in the line shape of this function arising from
the unknown inelasticity above 1.4 GeV. This error is
comparable to the statistical error of our fit reported in

figure El

the phase shift 6(()2) to high energy, as shown in figure
we observe a broad resonance with isospin I = 2. This in-
dicates the presence of a genuine Tetraquark state [6} [7].
In the physical world, where electric charge is reintro-
duced, such particles would carry a charge of two. Its
mass and width in physical units are respectively 2 GeV
and 600 MeV. It would be intriguing to examine the in-
variant mass distributions of 7*7* in B-meson decays
that provide sufficient energy to reach the 2 GeV scale.
Examples include the decay BT — 7~ 77t [65], which
can be studied at LHCb, as well as similar decays where
the 7~ is replaced by either D~ or K.

We determine the mass and width of the Tetraquark
by locating the zero in the complex s plane in the Sy
wave. This determination is free from Bootstrap-related
systematics, as the amplitude in this channel is well-
converged. However, we have not accounted for inelastic
effects in this region, which could slightly alter the reso-
nance’s position.

In figure we plot the real and imaginary parts of



the partial wave amplitude téQ) as a function of /s mea-

sured in GeV. From an amplitude perspective, this rep-
resents the experimental signal expected in the presence
of a Tetraquark@ The black dashed line separates the
region where we fit the data and incorporates the in-
elasticity profile from the high-energy region, which is
unconstrained. The gray curve represents the elasticity
profile 77((]2)(3) taken from [42]. Above /s = 1.4 GeV, we

set n((f)(s) = 1 in our procedure. For illustrative pur-

poses, we show the amplitude profile using the Sy wave
parametrization Séz)(s) = |S(gz) (s)] exp(2i5(()2)(s)), where
582) is the phase obtained from our best fit, and |S(gz) ()]
is a generic function bounded by n(()z)(s) < |S(gz)(s)| <1,
for s > 1.4 GeV. The lower bound corresponds to the
extrapolation of [42] to higher energies, as shown by the
gray area in figure The blue and red bands depict
how uncertainty in the elasticity function influences the
shape of the amplitude.

It would be interesting to understand the mechanism
behind the emergence of the Tetraquark, using, for in-
stance, the Roy equations [3]. Notably, there is a two-
dimensional example that qualitatively mirrors this sce-
nario: the two-dimensional theory of the QCD flux tube.
In this context, the QCD p is analogous to the axion,
while the o corresponds to the dilaton. The analogy is
striking, as this model features a sharp axion and a broad
dilaton [22]. Furthermore, in [66], it was observed that
crossing symmetry necessitates a broad resonance in the
symmetric channel. A similar mechanism might underlie
the presence of the Tetraquark identified in our ampli-
tude.

&

E. High Energy

Finally, we examine the Regge behavior of our ampli-
tude and compare it with experimental data.

One of the most intriguing recent insights into S-matrix
Bootstrap amplitudes is their emergent high-energy be-
havior. Although the Bootstrap ansatz in approaches
a constant at infinity, there exists an intermediate regime
where the numerical amplitudes align with Regge theory.
Specifically, at large s and fixed ¢, the amplitudes exhibit
the expected behavior A ~ s*() [24] [T7-79).

In figure we compare the experimental total cross
sections for 77~ and 7~ 7~ with those extracted from

21'We thank Alessandro Pilloni for providing insights into the input
required for the experimental data analysis.

22Following the completion of this work, Luiz Vale Silva drew our
attention to the data presented in [67]. Interestingly, the change
in the phase behavior predicted by the Bootstrap and shown in
Figure is consistent with the findings reported in [67]. The mech-
anism underlying this behavior has been studied in [68] [69]. We
are grateful to Luiz Vale Silva for bringing these references to our
attention.
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our best-fit amplitude, shown in blud?|

Im [A(s|t, u) + A(t]s, u)]

Vs(s—4)

Im [A(#]s, u) + A(uls, t)]

Vs(s —4)

The solid blue curve represents our fit with the highest
Nyars = 547, while the light blue curve corresponds to
the best fit with Ny, = 397.

In 0,+,- we observe distinct peak structures corre-
sponding to various resonances in the spectrum, with the
first and most prominent being the p peak. In contrast,
0.— - 18 N0t expected to exhibit resonance-related peaks,
except for the Tetraquark. At asymptotically high ener-
gies, we expect a constant or slightly growing behavior
consistent with the pomeron exchange (see for instance
[80]). As Nyars increases, we expect the Bootstrap ampli-
tude will better approximate this behavior, which is not
explicitly enforced in our ansatz (3]).

Ortn— (S) = y

t=0

t=0

On—m— (S) =

VI. DISCUSSION AND OUTLOOK

This Letter introduces a novel constrained approach
for fitting experimental data. The key advantage of our
method lies in its control over theoretical approxima-
tions. The amplitude model employed is a genuinely
analytic, crossing-symmetric function that satisfies non-
perturbative unitarity. The algorithm combines semi-
definite programming and non-convex optimization tech-
niques: for the Bootstrap component, we use SDPB
[46], [47], while for the particle swarm optimization (PSO),
we implemented a straightforward Mathematica note-
book.

The constructed 7w — 7w amplitude exhibits sev-
eral remarkable features. It reproduces the experimen-
tal data, accurately predicts the G-parity plus spectrum
below 1.4 GeV, aligns with xPT at low energies, and
qualitatively matches the expected behavior in the high-
energy regime. Additionally, the model predicts a res-
onance heavier than the p in the P wave, with a mass
comparable to the real-world p(1450), as well as a spin-
three resonance approximately 20% heavier than the ex-
perimental value. The Dy phase shift and inelasticity
also show good agreement with experimental data and
phenomenological models. In figure we present an
overview of the bootstrap fit procedure, summarizing the
key input data and the corresponding output results.

Interestingly, our analysis predicts a tetraquark state
with a mass of approximately 2 GeV in the I = 2 chan-
nel. This is a fully non-perturbative prediction that, to

23In isospin components Ot o X %(27'(0) + 37 4+ '7'(2>), and

Opm e o TP,
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FIG. 11: Total cross sections for m
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7~ = 7Tr” and 777~ — 77w~ . The gray shaded area is the region where we fit the

data. The blue curve is the best fit for Nyars = 547, in light blue the best fit for Nyars = 397. Above 2 GeV there is still room
to improve numerics, but there is already a very good agreement between Bootstrap and the experimental data [55] [7OH76].

% Experimental phase shifts
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% 1 chiral zeros

% dresonances p(770), f,(980),
fo(1370), £(1270)

Input Output

% Fit for the phase shifts, chiral
Zeros, resonances positions

% Scattering lengths and
effective ranges for any
isospin and spin £ < 2

% S, Sy, Pwaves for 0 < s <4
compatible with yPT

< D, phase shift and inelasticity
compatible with experiments

< Dynamical generation of o,
p(1450), p; resonances, plus a
tetra quark

% 0,+,- and 0, cross sections

FIG. 12: Summary of the bootstrap fit procedure.

our knowledge, has not been proposed in previous mod-
els. Given that our constructed amplitude accurately de-
scribes multiple key features of m7 scattering, this state
presents an ideal candidate for experimental verification,
particularly in B-meson decays at LHCb.

Extensions and Numerical Refinements

Several enhancements could further improve the pion
amplitude model.

1. Incorporating Lattice QCD Data more consistently

including the correlation matrix for the lattice data
in the Sy wave from [59]. This would help refine
the determination of the f;(500) mass parameters,

. Refining the Numerical Optimization.

particularly in resolving the small tension of our
determination with previous Roy equation analyses

1.

. Using the P wave phase shift (551) extracted from

form factors [60, [61] and from lattice QCD extrapo-
lations at the physical pion mass [62] might improve
our determination of the p resonance pole parame-
ters.

. Improving the description of the inelasticity pro-

file by including additional scattering processes,
such as K K scattering and mixed meson channels,
would increase the self-consistency of the fit.

The cur-
rent non-convex optimization procedure can be im-
proved using alternative numerical techniques, in-
cluding hybrid gradient-based methods [82] and
machine learning-assisted approaches.

. Generalizing the Functional Form. The objective

functional in Eq. was constructed based on
heuristic criteria. Exploring alternative formula-
tions including higher-order low-energy constants
in the objective as done in previous S-matrix Boot-
strap studies [16] 17, 19, 20, 27, 29, [83] could
provide a more systematic way to generate self-
consistent amplitudes.

. Adding Form Factors [13] 23,130, 31} [84]. Extending

the system of QFT correlators including form fac-
tors and spectral densities with different chiralities
will allow us to extract the values of QCD conden-
sates and to fit vector and axial spectral densities.



This will give access to axial resonances, without
the inclusion of mixed amplitudes "]

Experimental Implications and Broader Applications

The predicted doubly charged tetraquark resonance at
2 GeV provides an exciting opportunity for direct ex-
perimental confirmation in B decays. Future studies
could focus on dedicated searches in high-energy experi-
ments such as LHCb, BESIII, and Belle I, where doubly-
charged hadronic final states could serve as potential sig-
natures of this state. The Bootstrap prediction of the
amplitude signal in figure [I0] might facilitate the detec-
tion of this state and help the analysis of the experimental
data.

Beyond QCD, the Bootstrap Fit methodology may
have broader applications in strongly coupled field the-
ories. Extending this approach to other two-body scat-
tering processes — such as nucleon-nucleon interactions,
Glueball-Glueball scattering [21], or even classical gravi-
tational amplitudes used in the extraction of waveforms
— could provide new insights into the universal structure
of non-perturbative quantum field theories.

Conclusion

Our results demonstrate that integrating bootstrap
constraints with direct experimental fits provides a
powerful, model-independent framework for extracting
hadronic properties. Unlike traditional dispersion rela-
tion methods, our approach fully incorporates analytic-
ity, unitarity, and crossing symmetry at all energy scales.
This makes it particularly well suited for investigating
strongly interacting theories such as QCD, or strongly
coupled UV completions of the standard model.

Moving forward, an important challenge is to extend
our approach toward rigorous bounds on resonance posi-
tions in the complex s-plane, similar to the methodology
employed in [86] for the Ising Field Theory in 1+1 dimen-
sions. Further, constructing amplitudes that dynamically
generate all resonances without explicit spectral assump-
tions remains an open problem worth investigating.

Ultimately, our study highlights the potential of the
S-matrix Bootstrap not only as a tool for theoretical
constraints but also as a practical means for extract-
ing real-world physical observables in a controlled, non-
perturbative manner. The continued refinement of this
methodology could lead to significant advancements in
the study of strongly coupled quantum field theories
across multiple disciplines.

24Form factors computed using other methods, such as in [85], where
Hamiltonian truncation was employed, could also be used to con-
strain the amplitude.
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Appendix A: Details of the S-matrix bootstrap
numerics

The ansatz used to produce the results of this letter
has multi-foliation ¥ = {20/3,30,50,86}. As discussed
in [22], to best approximate resonant structures it is con-
venient to set the centers of the foliations around their
expected positions. That explains our choice for the set
¥ which is tuned on the expected position of the p(770)
with m? =~ 30, the fo(980) with m?co ~ 50, and the
f2(1260) with m?z ~ 86.

Let us call N = Nyg,3, and M = N,, when o is any
other foliation. To produce the plots in the main text
we used N = 14, and M = 12 for a total of Ny, = 547
variables. We have also performed a second run with
N =12, and M = 10 for a total of Nyas = 397 to check
the systematic due to the size of the ansatz.

To impose the unitarity constraints we project numer-
ically our ansatz into partial waves. We use a union of
grids, one for each foliation. The grid is defined through
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FIG. 13: Real (blue), imaginary (red), and absolute value (green) of the phase shifts for various channels. Thick lines are
from our best numerics with (N, M) = (14, 12), light lines for (N, M) = (12,10). The elasticity profiles used as a constraint

are denoted in black. We do not draw it for the channels where we impose the simple probability conservation |SSI)| <1

the map

oc—(8—0)cos¢
1+coso

s(¢) = (A1)
where 0 < ¢ < 7 is the upper boundary of the unit disk.
We finally discretize ¢ on the roots of the Chebyschev
polynomials

™

o =2

(1 + cos (A2)

)
Npoints + 1 ’
where k& = 1,..., Npoints- The maximum number of
points used is Npoints = 300 for o = 20/3, and Npoints =
150 for all other foliations. We have performed numerical
tests using grids with different numbers of points finding
no significant dependence on it.

We have projected our ansatz onto partial waves
up to spin £ = 12, and run our numerics with both max-
imum spin L.« = 10,12. The reason that we can keep
Lax so low is due to the addition of improved positivity
constraints [18]

Lrnax
In 7D (s,4) =167 > (20+1)P(1+2:5)Imty" (s) > 0
£=0
(A3)
for 0 <t <4, s>4, and I = 0,1,2. By imposing this
condition we constrain the tail of spins higher than L.y
that we do not explicitly bound with numerical unitarity.

In figure we show the partial S-matrices Sy) ob-
tained using two ansatzes respectively with (N, M) =
(14,2) (dark lines), (N, M) = (12,10) (light lines). We
plot their real (blue), imaginary (red), and absolute val-
ues (green). The black solid line is the inelasticity pro-
file due to 7w — KK taken from [42] (for the Sy chan-
nel we assume the big-dip scenario) that we impose up

to s & 100. Above that energy we keep the inequality
1sP <1

The unitarity constraints are sufficiently saturated in
all these channels except for the region around s ~ 100
in the P wave around the position of the p’, and in the
F wave around s ~ 250 at the position of the p3. These
dips in unitarity around resonances are a typical numer-
ical artifact of our finite Nya truncation. It would be
interesting to increase both N and M to higher values
and see if the positions of these particles better align
with their experimental determinations.

Appendix B: Particle Swarm implementation

Here we describe our implementation of the PSO algo-
rithm in detail.

To begin the algorithm, we first choose a search re-
gion in the fit parameter space where we will look for the
minimum of the x?(©) function. Specifically, we select
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FIG. 14: History of the PSO search in the plane (zo, 22). At each step n, we plot in black the positions of the particles and

highlight the best individualistic positions X in blue, and the collective best position Y, in red. As n increases the particles
slowly concentrate around the optimal region. The complete movie can be seen in
https://giphy.com/gifs/Q5mtDePqPtfSqaQI2z.

a region émin < 6 < émax centered around the phe-
nomenological estimates of the fit parameters.

We set the number of particles to n, = 10. This num-
ber represents the size of the “swarm”. The initial posi-
tions of the particles are generated randomly, with val-
ues drawn from a Gaussian distribution centered at the
region’s center, and a variance proportional to its size,
denoted by € = %(émax — émin). Similarly, the initial
velocities of the particles are sampled from a Gaussian
distribution with zero mean and variance €.

We start the algorithm by updating the positions and
velocities of the particles according to equation . Ad-
ditionally, if the particle ¢ moves outside the boundaries
of the box during the update step along some direc-
tion j, we then place it back on the boundary setting

(©51); = (O,

max/min)j with the opposite velocity.
Evaluating x?(0) for a given set of fit parameters is
computationally expensive, as it involves solving an S-
matrix bootstrap problem. To efficiently estimate the
minimum of the y?(0) function in fewer steps, we use
a modified version of the standard PSO, called adaptive
PSO. We use velocity information to adjust the value of

w, as described in [51].

The goal is to adjust the friction parameter w using a
control function. The value of w determines how effec-

tively the swarm explores the parameter space. If w is
too large (of order one), the particles will explore errat-
ically, risking failure to converge on the minimum. If w
is too small, the particles will freeze early, preventing a
broad exploration.

In [51], the authors suggest to look at the total velocity
of the entire swarm at each step n defined as

J
Vo, = E ‘Uv(zl)|’
np|©) =

and compare it with a proposed ideal velocity profile

yideal _ ﬂ 1 i} ™ _
n 2 LT 005

If V,,_y > Videal 'we set w,, = max(w,_1 — Aw, Wmin),
otherwise w, = min(w,—1 + Aw,wmax). In our case,
Wmax = 0.8, Wmin = 0.3, and Aw = 0.1. We also set
c1 = c9 = 1.5.

The expression of V92! contains the parameter Niter
which is the max number of iterations of the search. The
ideal velocity is a monotonic decreasing function that
starts at |e| when n = 0. As we approach the end of the
run when n ~ Njger, the ideal velocity is so small that it
forces the friction to decrease to its minimum value wpyin

(B1)

(B2)


https://giphy.com/gifs/Q5mtDePqPtfSqaQI2z
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FIG. 15: The phase shift 580), 551), 5(()2) for 6 computations with different foliation parameter. See Table E for the detailed
parameters of these computations, as well as the complex mass of corresponding the isospin 2 tetraquark meson. Red:
Experiment data.

hence freezing the search in a neighbor of the global best
found up to that point.

The risk with this approach is that choosing a small
Niter could lead to getting stuck in a local minimum. To
mitigate this, we performed two searches with different
values of Niter = 30 and 60.

Figure shows the projection of particle positions
onto the (zp,22) plane at various steps n during a run
with Njier = 60. Black dots represent the particles’ cur-
rent positions @,(f ) at step n, blue dots indicate each par-
ticle’s best position Xr(f) up to that step, and the red dot
marks the global best position Y;, found by the swarm.
At n = 0, the black and blue dots coincide. The gray
region represents the search domain.

Appendix C: More computations for various
foliation parameters

To test the numerical robustness of our physical pre-
dictions with respect to the choice of basis, we performed
other 6 runs with different foliation parameters. We
fixed meson masses to the best-fit parameters obtained

from the particle swarm optimization. Specifically the
masses of p(770), fo(980), fo(1370), f2(1270) are set
to {5.54426 + 0.538798i,7.14996 + 0.261433:,9.50987 +
1.81665,9.31046 + 0.645446i} respectively. Table
lists the foliation parameters and number of terms in the
ansatz. The resulting phase shifts are shown in Figure
We also found the mass of the isospin-2 tetraquark on the
complex plane, which is reported in the last column of
Table [[V1

These results demonstrate that the spectrum and
phase-shift predictions quoted in the main text are ro-
bust with respect to various foliation parameters. We
also observed slight improvement of local behavior and
convergence once we include the K K singularity.
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Label (N, M) Foliation Loz Nyar I =2 tetraquark mass
N103fo (10,8) {20/3, 30, 50} 12 211  12.6854 + 1.0611:
N12_4fo (12,10) {20/3, 30, 50, 86} 12 397  14.1138 + 2.28349
N12.8fo (12,10) {20/3, 30, 50, 86, 116, 150, 180, 210} 12 757  14.9907 + 2.391451¢
N14.4fo (14,12) {20/3, 30, 50, 86} 12 547 14.4221 + 2.49791
N158fo (15,13) {20/3, 30, 50, 86, 116, 150, 180, 210} 18 1214 15.0575 + 2.4908 %

N14 KK {(4,20/3,14), (4,30, 12), (4,50, 12), (4,86, 12), (52.13,86,4)} 12 565

14.7698 4 2.42318+¢

TABLE IV: Number of terms and foliation parameters for
various computations. In the last row, each triplet {b,o, N}
denotes the branch point position, foliation center, and
number of o and S parameters. The last column is the
complex mass for the isospin 2 tetraquark meson.
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