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Abstract

We propose a new theoretical method to describe the monitored dynamics of bosonic
many-body systems based on the concept of the most likely trajectory. We show how such
trajectory can be identified from the probability distribution of quantum trajectories,
i.e. measurement readouts, and how it successfully captures the monitored dynamics
beyond the average state. We prove the method to be exact in the case of Gaussian
theories and then extend it to the interacting Sine-Gordon model. Although no longer
exact in this framework, the method captures the dynamics through a self-consistent
time-dependent harmonic approximation and reveals an entanglement phase transition
in the steady state from an area-law to a logarithmic-law scaling.
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1 Introduction21

The study of phase transitions in quantum many-body systems has recently witnessed a funda-22

mental new development: the emergence of a novel class of critical phenomena, measurement-23

induced phase transitions (MIPTs) [1–4]. In the simplest scenario, MIPTs arise from the in-24

terplay between unitary dynamics, which tends to build up quantum correlations within the25

many-body system, and quantum measurements, which, in contrast, tend to suppress them.26

The quest to identify and understand this new kind of critical phenomenon, while expand-27

ing rapidly in various directions, has faced fundamental experimental challenges and raised28

methodological and theoretical questions.29

MIPTs need to be studied considering the stochastic nature of quantum measurements [5–30

7], and this leads to a description in terms of quantum trajectories, which represent the31

evolution of the quantum state conditioned on specific realizations of the measurement out-32

comes [8,9]. In general, MIPTs emerge only from non-linear functionals of the system’s state,33

such as the entanglement entropy, its witnesses, or connected correlation functions. These34

quantities require access to beyond-average statistics of quantum trajectories and pose sig-35

nificant challenges from both a theoretical and an experimental points of view. Theoretical36

tools developed to address these issues are mainly drawn from the field of Random Matrix37

Theory [10–12] and disordered systems such as the replica trick [13–18]. On the experimen-38

tal side, a new challenge posed by MIPTs is the full characterization of quantum states (and39

the estimation of complex non-linear quantities) for individual instances of an exponentially40

large set of quantum trajectories, a problem known as post-selection. While there is not a41

general recipe to overcome it, several studies have proposed ways to mitigate it in specific42

settings [19–24].43

Theoretical efforts to study MIPTs have grown in several directions. A substantial body44

of work has focused on quantum circuits, where unitary gates are interspersed with quan-45

tum measurements, and the phase transition is typically tuned by the rate at which mea-46

surements occur in the circuit. Research in this area has explored a variety of frameworks,47

ranging from random circuits [2, 11, 25–27] to Floquet-like settings [1, 28, 29], leading also48

to several of the few experimental realizations of MIPTs [30–32]. Alongside quantum cir-49

cuits, measurement-induced phase transitions have also been studied in the case of many-body50

Hamiltonian systems under monitoring, and this approach has allowed investigations not only51

into the effects of projective measurements but also into the regime of continuous weak mon-52

itoring [33, 34]. Various Hamiltonian systems have been examined, including some of the53

most prototypical models in quantum many-body theory [24, 35–38]. A significant effort has54

focused on fermionic systems, starting from free models [3,13,14,39–41] and moving toward55

more complex, interacting settings [16, 42–44]. Bosonic systems have also been intensively56

studied [45–48], considering also connections to experimental realizations [23, 24]. The nu-57
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merical studies conducted so far have faced the complexity of simulating stochastic dynamics58

for bosonic systems. The highly demanding nature of this task demands the need to approach59

bosonic many-body systems through analytical methods and controlled approximations. A60

more field-theoretical approach to bosons has been recently explored in Ref. [49], where the61

free boson conformal field theory (CFT) on a lattice has been studied through the lens of62

quantum measurements. The dynamics under weak Gaussian measurements of position and63

momentum has been analyzed, revealing interesting differences in quantum correlations de-64

pending on the observable measured. Notably, no measurement-induced phase transition was65

observed in either measurement setting.66

Our paper proposes a new theoretical approach to address bosonic monitored systems.67

The method relies on the concept of the most likely trajectory, which enables the description68

of the monitoring process through a single representative trajectory. By following the dynamics69

of many-body systems along the most-likely trajectory, we obtain deterministic equations of70

motion, significantly reducing the complexity of the full stochastic problem.71

We benchmark this method for Gaussian bosons, for which a closed set of stochastic equa-72

tions of motion exactly describes the dynamics. Although generally difficult to solve, the set of73

equations can be greatly simplified using Wick’s theorem. We show that our method is exact in74

the case of free bosons, where it reproduces the results of Ref. [49]. We use these findings as a75

foundation for extending the approach to the more complex framework of interacting bosons76

under monitoring. In this case, the stochastic nature of monitored quantum dynamics adds77

to the well-known challenges of treating interactions in many-body systems. This typically78

leads to an infinite, unclosed set of coupled stochastic equations of motion, making analytical79

or numerical treatment significantly harder. This deeply affects and makes untractable the80

system central to our study in this paper: the bosonic monitored Sine-Gordon model. On one81

hand, we manage the complexity arising from interactions by using a well-established approx-82

imation, the Self-Consistent Time-Dependent Harmonic Approximation (SCTDHA) [50, 51],83

which maps the model into a quadratic self-consistent time-dependent theory. On the other84

hand, we address the stochastic complexity of the model by applying our most likely trajec-85

tory method. This provides a closed set of deterministic equations, which allow for the de-86

scription of a monitored many-body setting, preserving information about the measurement87

process, and eliminating the complexity associated with the stochastic setting, which consid-88

ers all trajectories. This novel perspective enables us to investigate quantum correlations in89

the model, finding a measurement-induced phase transition associated with a delocalization90

process driven by measurements in the monitored Sine-Gordon model.91

The paper is organized as follows. Section 2 introduces the setting we will use throughout92

the paper and derives the framework of the most-likely trajectory approach, building step-by-93

step the approximation. We then present in Section 3 how the method can exactly reproduce94

the results of the Free Bosons CFT as a benchmark for our method. In Sec. 4, we introduce the95

monitored Sine-Gordon model and the SCTDHA approximation. We carefully study its dynam-96

ical and steady state properties, particularly focusing on the behaviour of quantum correlations97

which signal the presence of a measurement-induced phase transition. Our conclusions about98

the most-likely trajectory approach and its prediction on the Sine-Gordon model are contained99

in Sec. 5.100

2 Most-likely Trajectory Approach101

This Section focuses on the derivation of the most likely trajectory approach for monitored102

dynamics. We will start by defining the continuous monitoring setting we want to address103

in this paper, which involves many independent Gaussian weak measurements. We will then104
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move to the introduction of two important quantities to describe quantum trajectories in this105

context: their conditional and joint probability distributions.106

These objects are the starting points to build our method: we will analyze them carefully107

and identify which trajectory dominates the ensemble generated by the monitored dynamics.108

This leads to the construction of the most-likely trajectory and its use to analyze the monitored109

dynamics of bosonic many-body systems.110

2.1 Measurements setting111

Throughout the paper, we will continuously monitor bosonic systems through Gaussian weak112

measurements [5–7,52,53]. To keep a general description of the most likely trajectory method,113

we will consider measurements of an operator R̂, with the only constraint that its eigenvectors114

should define a complete (or overcomplete) basis for the Hilbert space.115

Measurements in the time interval δt are implemented through the Kraus operator [5]116

M̂r =
�

2γδt
π

�1/4

e−γδt (r−R̂)2 , (1)

where r ∈ R denotes the detection’s readout and γ is the measurement strength. The operator117

describes the superposition of projectors over the eigenvectors of the R̂ operator (R̂ |R〉= R |R〉),118

weighted by a Gaussian factor centered around r. The width of the distribution determines119

the measurement strength γ, which reproduces the projective measurement case in the limit120

γ→∞.121

The repeated application of this operator induces a monitored dynamics. The evolution of122

an initial state |ψ0〉 over an infinitesimal time-step δt is obtained through the action of both123

measurement operator M̂r and the unitary operator Ûδt = e−iδt Ĥ (setting ℏ= 1):124

�

�ψ̃r1

�

= Ûδt M̂r1
|ψ0〉 . (2)

The monitored evolution described in Eq. (2) is non-unitary and leads to an unnormalized125

state, which will be labeled with a tilde:
�

�ψ̃
�

or ˆ̃ρ. The trace of unnormalized staes corresponds126

to the probability of obtaining the measurement outcome r1 conditioned by starting from the127

initial state |ψ0〉:128

P(r1|ψ0) = Tr
��

�ψ̃r1

� 


ψ̃r1

�

�

	

. (3)

This allows to write the evolved physical state as
�

�ψr1

�

=
�

�ψ̃r1

�

/
p

P(r1|ψ0), and can be easily129

generalized to the case of a mixed state.130

The continuous dynamics up to time t, is instead given by131

�

�ψ̃r

�

= lim
δt→0

K= t
δt→∞

K
∏

k=1

�

Ûδt M̂rk

�

|ψ0〉 . (4)

The collection of measurement outcomes {rk}
K
k=1

δt→0
−−−→ r(t ′) (t ′ ∈ [0, t]) constitutes a quan-132

tum trajectory. Notice how now r(tk) corresponds to the measurement outcome for the ap-133

plication of the kth measurement operator. The probability of measuring the trajectory r - i.e.134

the joint probability of the collection of measurement readouts up to time t given the initial135

state - is obtained by tracing the unnormalized fully evolved state.136

P[ r |ψ0; t] = Tr
��

�ψ̃r

� 


ψ̃r

�

�

	

. (5)
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This can be understood in terms of single steps’ conditional probabilities, Eq. (3). For two time137

steps, we have138

P[{r1, r2} |ψ0; t2] = P(r2|r1,ψ0) P(r1|ψ0)

= Tr
�

M̂r2

�

�ψr1

� 


ψr1

�

� M̂r2

	

Tr
��

�ψ̃r1

� 


ψ̃r1

�

�

	

= Tr
�

M̂r2
Ûδt M̂r1

|ψ0〉 〈ψ0| M̂r1
Û†
δt M̂r2

	

. (6)

Repeating this for K = t/δt steps reproduces Eq. (5).139

The conceptual steps made above allow one to define the conditional and joint probability140

distributions for quantum trajectories.141

The conditional probability distribution for obtaining the outcome r given that the sys-142

tem is in the state |ψ〉, can be written in R−representation as143

P(r|ψ) =
�

2γδt
π

�1/2 ∫

dR e−2γδt (r−R)2 |ψ(R)|2, (7)

where ψ(R) = 〈R|ψ〉.144

Having continuous monitoring allows for the expression of the Joint probability distribu-145

tion of a string of readouts up to time t in terms of a Path Integral Formalism [54]. In order146

to derive it, we consider both the operator R̂ and its canonically conjugated operator. Simple147

examples are position measurements R̂= x̂ , with the canonically conjugated p̂ momentum as148

in Ref. [54], or momentum measurements R̂= p̂ with the position x̂ being the conjugate as we149

will consider throughout this paper. Then, in the R−representation, starting from the initial150

state ρ̂0 and taking the continuous limit δt → 0 in equations (4) and (5), we get:151

P[r; t]=

∫

dR0 dR′0 dR ρ(R0,R′0)

∫ R1(t)=R

R1(0)=R0

DR1(t
′)

∫ R2(t)=R

R2(0)=R′0

DR2(t
′) eiS0[R1;t]−iS0[R2;t]+Smeas[R1,R2;t]

Smeas[R1, R2; t] = −γ
∫ t

0

d t ′
�

(r(t ′)− R1(t
′))2 + (r(t ′)− R2(t

′))2
�

(8)

Where S0[R1; t] and S0[R2; t] are the actions (in R−representation) given by unitary dy-152

namics along the forward and backward Keldysh branches. The above expression simply repre-153

sents the evolution of the un-normalized state along the trajectory r(t ′). The effect of the mea-154

surement in this framework corresponds to a coupling of the forward and backward branches155

through the imposition of the same trajectory r(t ′) along the two branches. Details on the156

derivation of the path integral expression can be found in Appendix A. Despite the joint prob-157

ability distribution explicitly depending on the initial state ρ̂0, we omit it in the expression158

P[r; t] to simplify the notation.159

Now, according to Born’s rule, we can compute averages of any trajectory functional F[r]160

over this probability distribution as161

F[r] =

∫

Dr(t ′) P[r; t] F[r], (9)

where the measure of the path integration over trajectories is defined as162

∫

Dr(t ′) = lim
δt→0
K→∞

K
∏

k=1

�

2γδt
π

�1/2∫ +∞

−∞
drk. (10)

The ultimate goal of the study of monitored systems is being able to identify measurement-163

induced phase transitions. The established diagnostics requires the use of the trajectory aver-164

age of non-linear objects in the system state ρ̂r . Typical examples are averages of variances165
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F[r] = Tr
�

Ô2 ρ̂r

	

− Tr
�

Ô ρ̂r

	2
or entropies such as F[r] = −Tr{ρ̂r log ρ̂r}. These objects gen-166

erally have a very complex structure in r(t ′), and the first complication that one usually finds167

in this kind of computation lies in the path integration over the trajectories.168

The tool, which is typically introduced in this context to deal with the complications gener-169

ated by the path integral over trajectories is the Replica Trick [13–18]. It allows simplifications170

of Eq. (9) at the price of considering the dynamics of many copies of the state ρ̂r sharing the171

same sequence of measurement outcomes.172

In the following part of the Section, we will introduce a different method to reduce the173

complexity generated by dealing with the full ensemble of trajectories.174

2.2 The most likely trajectory175

Our idea relies on the study of the structure of the probability distribution we have introduced176

in the previous Section. Specifically, we aim to simplify the complexity of computing aver-177

ages over the whole probability distribution by determining which trajectory dominates the178

distribution and characterizing the monitored dynamics in terms of that trajectory only.179

We first build the most likely trajectory starting from a single time step perspective and180

restoring again the more general setting which measures R̂. Suppose the system is in the state181

|ψ〉, the conditional probability distribution for Gaussian momentum measurements (7) can182

be approximated as183

P(r)∼
�

2γδt
π

�1/2

e−2γδt(r−〈R̂〉ψ)2 . (11)

The conceptual step in this approximation lies in noticing that in eq. (7) the Gaussian e−2γδt(r−R)2
184

will be much broader than the wavefunction’s probability distribution for δt → 0, such that [5]185

|ψ(R)|2 ∼ δ(R−



R̂
�

ψ
), (12)

which holds for unimodal wavefunctions.186

From the previous approximation, we notice that the most likely measurement readout for187

the time step corresponds to r∗ =



R̂
�

ψ
. For Gaussian measurements this also corresponds to188

the average value r =
∫

dr r P(r).189

It is now possible to build the full trajectory out of single time steps:190

r∗(t) = r(t) =



R̂
�

ψ∗(t) (13)

with |ψ∗(t)〉 ∝ lim
δt→0

K=t/δt→∞

K−1
∏

k=1

�

Ûδt M̂r∗k

�

|ψ0〉 . (14)

This means that the most likely trajectory is built using the step-by-step procedure:191

• Select r∗k as the most likely value of the conditional probability distribution for
�

�ψ∗(t ′ −δt)
�

;192

• Impose the evolution of the state to be conditioned on the r∗k value and update the state:193
�

�ψ∗(t ′)
�

∝ Ûδt M̂r∗k

�

�ψ∗(t ′ −δt)
�

194

• Obtain the next step by repeating the whole procedure, starting with the evolved state195
�

�ψ∗(t ′)
�

as new initial state;196

Notice that the conditional probability distribution for r in Eq. (7) can be recast in the197

classic form of Wiener stochastic processes, as the the measurement outcome can be expressed198

as [5,6]199

r =



R̂
�

ψ
+

dW
2
p
γδt

, dW = 0, dW 2 = δt, (15)
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In this framework, following the most likely trajectory means imposing200

dW = dW ∗ = 0 ∀t. (16)

Notice that this implies dW 2 = 0. This differs from the standard Ito rule dW 2 = δt, which201

produces additional deterministic terms in the master equation.202

Once the most likely trajectory is identified, we are able to study the evolution of the system203

conditioned to that trajectory only. The master equation to evolve the quantum state can be204

obtained from a linear expansion in δt of a one-step evolution equation205

ρ̂∗r (t +δt) =
Ûδt M̂r∗ ρ̂r∗(t)M̂r∗Û†

δt

Tr
�

M̂r∗ ρ̂r∗(t)M̂r∗
	 , (17)

which yields for the measurement setting we have introduced:206

˙̂ρ∗(t) = −i
�

Ĥ, ρ̂∗(t)
�

− γ
M
∑

j=1

n

R̂2
j −
¬

R̂2
j

¶

ρ∗(t)
, ρ̂∗(t)
o

+2γ
M
∑

j=1




R̂ j

�

ρ∗(t)

¦

R̂ j −



R̂ j

�

ρ∗(t) , ρ̂
∗(t)
©

. (18)

where we have relabeled ρ̂r∗ as ρ̂∗ for simplicity.207

Notice that the master equation we have obtained is trace preserving by construction, de-208

terministic, and is non-linear in the system’s state. These last aspects are what fundamentally209

makes the most likely trajectory (average trajectory dW = 0) approach different from the210

Lindblad (average state ρ̂) master equation and the state-diffusion master equation (dW = 0,211

dW 2 = δt), which instead considers the full statistics of trajectories and loses information212

about the specific measurement procedure.213

This equation fully captures the power of this approximation: the master equation is now214

deterministic and preserves information about the measurement process.215

Considering the whole evolution, the procedure we have presented is also understood in216

terms of a Saddle Point of the joint probability distribution setting. We consider a more general217

setting, and suppose now to monitor independently a collection of operators R̂i i = 1, .., M , i.e.218

our measurement operator becomes219

M̂r =
M
∏

i=1

M̂ri
, (19)

where r= (r1, ..., rM ) contains the measurement outcomes associated to the independent mea-220

surements of the set of
�

R̂i

	

. Notice that in this context i labels the ith operator and does not221

label time anymore. The generalization of the joint probability distribution in Eq. (8) for M222

independent measurements is trivial and can be found in App. A.223

From the conditional probability setting, we have noticed how the most-likely measure-224

ment outcome also corresponds to the average one, in this case r(t) = r∗(t) =



R̂
�

ψ∗r
. Thus we225

start from a simple case and calculate the average trajectory according to the joint probability226

distribution227

r(t) =

∫

Dr(t ′) r(t) P[r; t], (20)

where t is the final time of the path integral.228

We introduce the fictitious action229

S[r; t] = log P[r; t], (21)

7
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and we proceed via Saddle Point approximation for the integration over r(t).230

r j(t)∼ r∗j (t), with r∗j (τ):
∂ S[r; t]
∂ r(τ)

�

�

�

�

r∗j (τ)
= 0 (22)

As calculated explicitly in App. A one finds:231

r∗(t) =



R̂
�

ρ̂r∗(t)
. (23)

Notice that this result corresponds exactly to what we have found from the conditional prob-232

ability distribution in Eq. (13). When the fictitious action S[r] is quadratic, usually for free233

theories subject to Gaussian measurements, the Saddle Point method is exact. In these cases,234

the most likely trajectory (coinciding with the average in this case) is a good representative235

trajectory of the full ensemble as it dominates it [53,55].236

Additionally, notice how the saddle point approximation we have performed highly de-237

pends on the function we are averaging over. For a general non-linear functional of the quan-238

tum trajectory F[r], the average F[r] =
∫

Dr(t ′) F[r] P[r] might produce a different Saddle239

Point trajectory. However, as long as the structure of F[r]P[r] remains the same of P[r] alone,240

which is usually the case for Gaussian theories as we will see in the next Section, the Saddle241

point will remain the one we found.242

This formalism allows however to go beyond the Saddle Point and consider Gaussian fluctu-243

ations around the Saddle Point solution. We first notice that the Gaussian fluctuations around244

the Saddle point solutions approximate the action up to second order as245

S[r]∼ S[r∗] + 1
2

∫

d t ′d t ′′(r(t ′)− r∗(t ′))S(2) [r∗; t, t ′](r(t ′′)− r∗(t ′′)), (24)

where we have introduced246

S(2)i, j [r
∗; t ′, t ′′] =

∂ 2S[r(t)]
∂ r j(t ′)∂ ri(t ′′)

�

�

�

�

r∗
= −4γδi, jδ(t − t ′) + 16γ2σ++Ri ,R j

(t ′, t ′′). (25)

Above we have defined σ++RiR j
(t, t ′) =
¬

R̂+j (t)R̂
+
i (t
′)
¶

ρ∗
−
¬

R̂+j (t)
¶

ρ∗




R̂+i (t
′)
�

ρ∗
with R̂+ being247

the classical Keldysh component of the field as detailed in App. A. This allows us to estimate248

corrections to the Saddle Point solution for the average trajectory as249

r(t)∼ r∗(t) +∆r = r∗(t) +
q

(r(t)− r∗(t))2. (26)

In general the fluctuations are thus determined by the inverse of S(2)(r∗; t, t ′), which is a250

rather complicated object consisting of both a local term and a term involving two-point251

correlations evaluated along the most likely trajectory itself. However, in the strong mea-252

surements limit, we can consider σ++Ri ,R j
∼ 0 as projective measurements tend to decorrelate253

the field we are measuring, both in time and space. Thus, a good estimate for the fluctua-254

tions in the strong measurement limit is only obtained from to the local part of S(2), yielding255

Ssm(r∗; t, t ′)∼ −4γδi jδ(t − t ′), and a correction to the saddle point solution of the form256

r(t)∼ r∗(t) +∆r = r∗(t) +
A

γ
, (27)

where A amounts to a UV regularization in momentum space. Our approach becomes increas-257

ingly accurate in the strong-measurements limit.258
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Figure 1: Representation for the Free Bosons CFT for the specific case of N = 7. The
picture shows a chain of harmonic oscillators with periodic boundary conditions.
Each oscillator, represented with a red sphere, has its momentum p̂i measured inde-
pendently at each time step from distinct measurement devices.

3 Benchmark: Monitored Free Bosons CFT259

We will start by benchmarking our method against a free theory. We consider a Free Bosons260

model, already studied in Ref. [49]. In his lattice version, the Hamiltonian for N sites reads:261

ĤFB =
ω

2

N
∑

j=1

�

p̂2
j + ( x̂ j+1 − x̂ j)

2 + r2
N x̂2

j

�

, (28)

with r2
N = Ω/N/ω being a cutoff to normalize the spectrum at zero momentum and

�

x̂ j , p̂ j′
�

= iδ j, j′ .262

We consider periodic boundary conditions. The Hamiltonian essentially describes a massless263

model for free bosons and is represented in Fig. 1.264

We consider weak momentum measurements occurring independently at each site by set-265

ting R̂i = p̂i for i = 1, .., N from this Section on. The measurement operator is given by266

M̂r =
N
∏

i=1

M̂ri
=

N
∏

i=1

�

2γδt
π

�1/4

e−γδt(ri−p̂i)2 . (29)

The monitored dynamics is described through the most-likely trajectory approach through the267

simple master equation268

˙̂ρ∗(t) = −i
�

ĤFB, ρ̂∗(t)
�

− γ
N
∑

j=1

n

p̂2
j −
¬

p̂2
j

¶

ρ∗(t)
, ρ̂∗(t)
o

+2γ
N
∑

j=1




p̂ j

�

ρ∗(t)

¦

p̂ j −



p̂ j

�

ρ∗(t) , ρ̂
∗(t)
©

. (30)

Exploiting the Gaussianity of both the measurements and unitary dynamics, we can choose269

as initial state |ψ0〉 a many-body Gaussian state, and describe its evolution through the aver-270

ages 〈 x̂ i〉, 〈p̂i〉 and connected correlations σi, j
x p =

1
2


�

x̂ i , p̂ j

	�

− 〈 x̂ i〉



p̂ j

�

, σi, j
x x , σi, j

pp only, as271

Gaussianity is preserved by this kind of dynamics. Notice moreover that the specifics of the272

initial state do not matter in our case, as we will be interested in the steady-state features only.273
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Figure 2: Logarithmic Negativity for the Free Bosons CFT lattice model, the plot
shows the coefficient for the fit logNN/2 ∼ c log N , which is always non-zero in this
case. Inset: power-law decaying correlations in log-log scale.

Ref. [49] predicts for this specific setting a trajectory-averaged power-law decaying σi, j
pp274

correlations along with a bipartite logarithmic negativity scaling as logN ∼ log N for all mea-275

surement strengths γ, and hence the absence of a measurement-induced phase transition. The276

exact stochastic and trajectory-averaged equations to evolve averages and connected corre-277

lations can be found in Appendix B. An important feature to keep in mind is that this exact278

approach yields, at the level of trajectories, stochastic equations for the averages



x̂ j

�

,



p̂ j

�

279

and deterministic equations for the correlations. This characteristic is peculiar to free bosonic280

systems. We can now try to reproduce the trajectory-averaged results with our method. The281

master equation to evolve the many-body state along the most-likely trajectory is obtained by282

in inserting the Free Bosons Hamiltonian (28) into the master equation derived in Eq. (30).283

Exploiting the Gaussianity through Wick theorem, we can derive the deterministic Heisen-284

berg equations to determine the evolution of averages and correlations:285

∂t 〈 x̂ i〉=ω 〈p̂i〉 (31a)

∂t 〈p̂i〉= −2ω 〈 x̂ i〉+ω (〈 x̂ i+1〉+ 〈 x̂ i−1〉) (31b)

∂tσ
i, j
x x =ω
�

σx p +σpx

�i j − 4γ(σx pσ
T
x p)

i j + γδi j (31c)

∂tσ
i, j
pp =ω
�

−(1+
r2

N

2
)σi, j

x p + (σ
i−1, j
x p +σi+1, j

x p ) + (i↔ j)
�

− 4γ(σ2
pp)

i j (31d)

∂tσ
i, j
x p =ω(σ

i, j
pp − (2+ r2

N )σ
i, j
x x +σ

i, j−1
x x +σi, j+1

x x )− 2γ((σx p +σpx)σpp)
i j (31e)

As can be checked by comparing these equations with Appendix B reporting the exact re-286

sults, the evolution along the most-likely trajectory for a free bosonic system is the same as287

the exact trajectory-averaged equations. In particular, Eq.s (31a), (31b) reproduce exactly288

the trajectory average of the stochastic equations found by [49], and Eq.s (31c)- (31e) repro-289

duce exactly the deterministic equations found in the same Reference. This fact is strikingly290

important: the most likely trajectory fully encodes the properties of the trajectory-averaged291

monitored dynamics of free bosonic systems for what concerns variances. Eq.s (B.2c)- (B.2e)292

contain information about the full stochastic process (characterized by the average dW = 0293

and fluctuations dW 2), while our equations contain information about the average/most-likely294

value only. Yet the equations for the variances are the same and produce exactly the same295

steady-state values.296

10



SciPost Physics Submission

Trivially, our equations also reproduce the exact steady-state predictions of Ref. [49], prov-297

ing again the absence of a measurement-induced phase transition. To show this, we study the298

scaling of σpp correlations and the logarithmic negativity of the steady state of the system in299

Fig. 2. The latter object quantifies the quantum correlations between bipartitions of the system300

and is defined as301

logNN/2 = log
¦

Tr
¦

ρ̂
TN/2

SS

©©

, (32)

where ρ̂
TN/2

SS is the partial transpose of a bipartition of the many-body density matrix in the302

steady-state. The peculiarity of a Gaussian system is that the logarithmic negativity can be303

expressed directly in terms of x̂ j and p̂ j correlations [56–58], as reported in Appendix B.304

These calculations show that our method is exact for free bosonic theories. Having a305

quadratic theory, makes the joint probability distribution P[r; t] quadratic in r in turn. This306

means that the Saddle Point over the fictitious trajectory action S[r; t] is exact, allowing the307

correct identification of the dominant trajectory in the ensemble.308

It should also be noticed that bosonic Gaussian theories can rely on another useful property.309

The calculation we have performed in this section essentially can be summed up in310

Fk[r(t)] =

∫

D r(t ′) Fk[r(t)] P[r; t]∼ Fk[r
∗(t)],

with a = 1,2 and F1[r] =



R̂
�

ρ̂∗
, F2[r] =



R̂
�2
ρ̂∗

. For free theories the structures in r generated311

by the products F1[r(t)]P[r; t] and F2[r(t)]P[r; t] is always the same as in Eq. 25. Thus, the312

(exact) saddle Point which determines the most probable trajectory is also a saddle point for313

F1[r(t)]P[r; t] and F2[r(t)]P[r; t].314

In the remaining part of the paper, we will test and use our method for an interacting sys-315

tem, where the approach is no longer exact. We will characterize it in the bosonic Sine-Gordon316

model framework, highlighting the differences from the non-interacting case and getting some317

novel results within our most likely trajectory approach.318

4 Monitored interating bosons: The Sine-Gordon Model319

4.1 The model320

To explore the applicability of the most likely trajectory approach, we study the monitored321

dynamics of an interacting model content by adding a Sine-Gordon potential [59, 60] to the322

free Gaussian model in Sec. 3. Specifically323

Ĥ = ĤFB + Ĥint,

Ĥint = −
J
α2

N
∑

j=1

cos
�

α x̂ j

�

,
(33)

with ĤFB given in Eq. (28). We monitor the model through weak measurements of the mo-324

mentum operator at each site, described again by the operator from Eq. (29). A representation325

of the model is presented in Fig. 3(a).326

A few comments are in order before analyzing the properties of the model.327

• In the α →∞ we obtain again the Free Bosons CFT model of Ref. [49]. In this limit,328

we know the most-likely trajectory approach to be exact as the model is free.329

• For finite α, the interaction Hamiltonian tends to localize the jth oscillator in one of330

the wells of the cosine potential. Momentum p̂ j measurements tend to delocalize in331
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Figure 3: (a) Truncated representation for the Sine-Gordon model for the specific
case of N = 7. The picture shows a chain of harmonic oscillators with periodic bound-
ary conditions. Each oscillator, represented with a red sphere, is subject indepen-
dently to a cosine potential as shown for the zoomed window and has its momentum
p̂i measured at each time step from distinct measurement devices. (b) Truncated rep-
resentation for the Sine-Gordon model in the SCTDHA for N = 7. The picture shows
a chain of ‘dressed’ harmonic oscillators in periodic boundary conditions. Each os-
cillator, represented with a red sphere, has its own time-dependent effective mass
(the shade in the picture) and has its momentum p̂i measured at each time step from
distinct measurement devices. The zoomed picture shows the modified potential for
a fixed time.

contrast, as shown in the Free Bosons model. We expect these two effects to compete332

and eventually lead to a measurement-induced phase transition.333

The master equation generating the system’s evolution can be directly obtained from Eq. (30)334

adding the interaction Hamiltonian from Eq. (33). As trivial for an interacting theory, the335

Heisenberg equations for x̂ i and p̂i include all the moments of each operator due to the com-336

mutator with Ĥint. The equations cannot be closed anymore at the level of second-order cu-337

mulants as in the case of a free theory.338

This issue is unrelated to the monitoring and, among the various approximations devel-339

oped to address it, we use the Self-Consistent-Time-Dependent Harmonic Approximation (SCT-340

DHA). The SCTDHA is particularly suited to our case since it self-consistently reduces the341

theory to a Gaussian one, where monitoring can be accounted for exactly as in Sec. 3. Specif-342

ically, the SCTDHA approximates self-consistently the evolution generated by the interaction343

term with a quadratic time-dependent one, i.e.344

Ût = e−i(ĤFB+Ĥint)t ∼ e−iĤFB t− i
∫ t

0 d t ′ ˆ̃Hint(t ′). (34)

The method is commonly used in the framework of the Sine-Gordon model and has been tested345

both at equilibrium [50] and out-of-equilibrium in the setting of quantum quenches [51].346
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The time-dependent approximation of the interaction Hamiltonian is347

ˆ̃Hint(t) =
N
∑

j=1

�

f j(t) + g j(t) x̂ j + h j(t) x̂2
j

�

g j(t) =
J
α

e−
α2
2 σ

j, j
x x (t)
�

sin
�

α



x̂ j

�

t

�

−α



x̂ j

�

t cos
�

α



x̂ j

�

t

�

�

h j(t) =
J
2

e−
α2
2 σ

j, j
x x (t) cos
�

α



x̂ j

�

t

�

(35)

where 〈•〉t andσ j j
x x(t) are the average and variance of the x̂ j operator calculated over the state348

at time t. The term
∑

j f j(t) doesn’t affect the dynamics of the system, and for this reason, it349

does not need to be specified.350

A detailed calculation about the derivation of the approximated interaction Hamiltonian351

for our specific model can be found in Appendix C. We report in this section the conceptual352

steps used at each time step to derive the SCTDHA:353

1. A shift of the operators:354

ξ̂ j = x̂ j −



x̂ j

�

t , with



ξ̂ j

�

t = 0.

2. A second-order expansion of the interaction Hamiltonian:355

˜̂H ′int ∼
N
∑

j=1

�

C j(t) + V̂ j(t)ξ̂ j +M̂ j(t)ξ̂
2
j

�

3. A Hartree factorization V̂ j→



V̂ j

�

t , M̂ j→



M̂ j

�

t .356

The expression of the coefficients



V̂ j

�

and



M̂ j

�

, along with the procedure to recast them357

into Eq. (35) can be found in App. C.358

An important consequence of this approximation is that it incorporates the interaction359

effects in the time dependence of the parameters f j , g j , h j while making, at each time step,360

the Hamiltonian fully quadratic. We are now describing a quadratic model of bosons having361

an effective time-dependent mass h j(t) and a time-dependent drive g j(t). We can visualize362

it as in Fig. 4(b). This quadratic effective description of the Sine Gordon model enables the363

closure of the Heisenberg equations at the level of variances of x̂ j and p̂ j operators, as we364

can use Wick theorem to decouple higher moments. We stress that this approximation goes365

beyond a simple quadratic expansion of the interaction Hamiltonian Ĥint ∼ J/α2−J x̂2
j /2 as, at366

each time step, the SCTDHA finds the best quadratic approximation of the exact Hamiltonian,367

taking into account the correlation structure of the state at each time.368

Before starting the analysis of the dynamical and steady-state properties of the Sine-Gordon369

model through the lens of the most-likely trajectory approach, we analyze the equation of370

motions coming from quantum state diffusion to describe the model in the SCTDHA. This will371

immediately highlight the power of the most-likely trajectory approach in solving interacting372

systems.373
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From quantum state diffusion dynamics, we obtain:374

d 〈 x̂ i〉 (dW ) = d tω 〈p̂i〉 + 2
p
γ

N
∑

j=1

dWj σ
ji
x p, (36a)

d 〈p̂i〉 (dW ) = d t
�

−gi(t; dW ) − 2
�

ω + hi(t; dW )
�

〈 x̂ i〉+ω
�

〈 x̂ i+1〉+ 〈 x̂ i−1〉
��

+

+ 2
p
γ

N
∑

j=1

dWj σ
ji
pp, (36b)

∂tσ
i, j
x x(dW ) =ω
�

σx p +σpx

�i j − 4γ(σx pσ
T
x p)

i j + γδi j , (36c)

∂tσ
i, j
pp(dW ) =−ω(2+ r2

N )σ
i, j
x p +
�

ω(σi−1, j
x p +σi+1, j

x p )− 2σi, j
x p h j(t; dW ) + (i↔ j)

�

+

− 4γ(σ2
pp)

i j , (36d)

∂tσ
i, j
x p(dW ) =ω(σi, j

pp − (2+ r2
N )σ

i, j
x x +σ

i, j−1
x x +σi, j+1

x x )− 2h j(t; dW )σi, j
x x+

− 2γ((σx p +σpx)σpp)
i j . (36e)

The key point lies in the stochasticity of 〈 x̂ i〉. The parameters hi and gi of the SCTDHA375

depend crucially on 〈 x̂ i〉 itself, which makes the effective mass and the external drive stochastic376

in turn. Since the correlations σx x , σx p, σpp depend again on the parameters of the SCTDHA,377

we are obtaining stochastic correlations.378

This is a significant aspect of the model we are presenting. We are working with an inter-379

acting model through the SCTDHA lenses: while the Hamiltonian Ĥint is formally Gaussian,380

the self-consistent equations determining the parameters of the quadratic version of the inter-381

action keep information about the interaction, this manifests in the monitored dynamics by382

yielding stochastic equations along trajectories for the correlations, as characteristic of inter-383

acting systems, and in sharp contrast to the free bosons CFT model.384

Having stochastic correlations is thus a result of both the complexities of the monitored385

problem and the presence of interactions. The most important consequence of this fact is that386

now the set of equations (36), despite being close, cannot be solved analytically and requires387

a numerical simulation of the whole body of trajectories.388

The complexity of the problem is significantly reduced by the most-likely trajectory ap-389

proach, as we will see in the next paragraphs.390

4.2 Dynamics391

We will now use the master equation of the SCTDHA in the most-likely trajectory setting,392

adding the transformed interaction Hamiltonian Ĥint→
˜̂Hint to Eq. (30).393

Before proceeding, note the differences between the Free Bosons CFT case and the Sine-394

Gordon model in the SCTDHA. Despite being both quadratic theories, the Sine Gordon model395

presents additional time-dependent terms in the Hamiltonian: the j tth oscillator experiences a396

drive g j(t) and an effective mass given by h j(t). Both terms break the scale invariance, which397

characterizes the free boson CFT model, and this hints at a possible breaking of the logarithmic398

Negativity scaling as log N discussed in [49]. Notice that, coherently with what observed for399

the exact sine Gordon model (33), the limit α→∞ in Eq. (35) suppresses the effective mass400

and drive, resulting again in the Free Boson CFT model.401

From the master equation, we can derive the equations of motion for along the most-402

likely trajectory for 〈 x̂ i〉t , 〈p̂i〉t , σ
i, j
x p(t), σ

i, j
x x(t), σ

i, j
pp(t), which in the context of the SCTDHA403

again fully characterize the system’s many-body state. From now on, we will omit the time-404
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Figure 4: Ratio between trajectory averaged results obtained from quantum state
diffusion and 1000 trajectories, and the results along the most-likely trajectory for
(a) σi,i

x x , (b) σi,i
pp, (c) σi,i

x p. The parameters for the plot are N = 7, ω/J = 1/2,
α= 2.1. The legend is shared among the panels.

dependence of these objects for simplicity. The equations read405

∂t 〈 x̂ i〉=ω 〈p̂i〉 , (37a)

∂t 〈p̂i〉= −gi(t)− 2(ω+ hi(t)) 〈 x̂ i〉+ω (〈 x̂ i+1〉+ 〈 x̂ i−1〉) , (37b)

∂tσ
i, j
x x =ω
�

σx p +σpx

�i j − 4γ(σx pσ
T
x p)

i j + γδi j , (37c)

∂tσ
i, j
pp =
�

−ω(2+ r2
N )σ

i, j
x p +ω(σ

i−1, j
x p +σi+1, j

x p )− 2σi, j
x p h j(t) + (i↔ j)

�

− 4γ(σ2
pp)

i j , (37d)

∂tσ
i, j
x p =ω(σ

i, j
pp − (2+ r2

N )σ
i, j
x x +σ

i, j−1
x x +σi, j+1

x x )− 2h j(t)σ
i, j
x x − 2γ((σx p +σpx)σpp)

i j .

(37e)

Despite the deterministic equations being formally the same as (36), there is a fundamental406

difference as 〈 x̂ i〉 is now deterministic. This makes the effective mass hi(t) and drive gi(t)407

along with all the correlationsσx x , σx p, σpp deterministic in turn. The closed set of equations408

(37) can now be solved analytically, and here lies the power of our approach.409

However, it should be noticed that in contrast with the free case, equations (37) do not410

correspond to the averaged stochastic equations (36), due to the more complex structure in411

the stochastic equations as412

σ
i, j
abhi(t; dW ) ̸= σi j

a,bhi(t; 0), with a, b = x or p. (38)

Nonetheless, the most likely trajectory approximation remains reliable, as can be checked413

in Fig. 4, which reports the comparison between trajectory-averaged correlations and corre-414

lations along the most-likely trajectory along the time evolution. From these plots, it is clear415

that the most likely trajectory approach describes with great accuracy the steady-state of our416

system within the SCTDHA.417

4.3 Steady state properties418

We will now use most-likely trajectory approach within the SCTDHA to discuss the properties419

of the steady state of the Sine Gordon model. We highlight once more the power of the most-420

likely trajectory approach by noticing that it allows to determine the steady state analytically421
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Figure 5: Phase diagram of the model: the color code represents the fitting parame-
ter c such that logN ∼ c log N for ω/J = 1/2. The plot shows the phase transition
between the area-law massive region and the log-law massless region which repro-
duces the Free Bosons CFT results. The dashed line corresponds to the values of γ/J
and α/J used in Figs. 4 and 6. The plot is obtained for ω/J = 1/2.

from Eq.s (37c)- (37e) for any system size, in sharp contrast with the stochastic state diffusion422

approach which would require (i) the generation of a full ensemble of trajectories, (ii) the423

evolution of the correlation matrix from t = 0 to the steady-state for each trajectory, (iii)424

averaging over all the trajectory evolutions and studying the steady state properties.425

The steady-state equations for determining the correlations can be obtained through a426

Fourier transform exploiting translation invariance. To simplify the equations we set, without427

loss of generality, the initial state to have



x̂ j

�

=



p̂ j

�

= 0∀ j.428

σq
x p =σx p =

ω−
p

ω2 + 4γ2

4γ
, (39)

σq
pp =
√

√

−
ω

2γ
σx p

√

√

4 sin (
q
2
)
2
+ r2

N +
J
ω

e−
α2
2 Sx , (40)

σq
x x =
√

√

−
ω

2γ
σx p(1−

4γ
ω
σx p)

1
r

4 sin ( q
2)

2 + r2
N +

J
ω e−

α2
2 Sx

, (41)

Sx =
1
N

∑

q

σq
x x ∼
√

√

−
ω

2γ
σx p(1−

4γ
ω
σx p)

4
π

1
r

r2
N +

J
ω e−

α2
2 Sx + 4

· (42)

· K(
4

4+ r2
N +

J
ω e−

α2
2 Sx

),

where the last equation is needed for self-consistency, and K(•) is the complete elliptic integral429

of the first kind. In particular, Sx defines the steady-state value of the effective mass:430

h j = h=
J
2

e−
α2
2 Sx . (43)

The study of the results of the steady-state equations gives rise to the phase diagram in431

Fig. 5. The phase diagram shows the presence of two regions: a massive, area-law phase432

found for α and γ/J small, and a massless, log-law phase found in the opposite regime.433

The mass properties are obtained from the analysis of the effective mass from the SCT-434

DHA, h j , while the entanglement properties are obtained from the analysis of the half-chain435
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Figure 6: Some steady-state properties for the Sine-Gordon model with ω/J = 1/2.
(a) Momentum-momentum correlations in the main plot for N = 500 and fixed
α = 2.1. The plot is in log-log scale, showing that when the model is massless
(γ/J ≳ 2.64), correlations decrease polynomially, in contrast with lines correspond-
ing to a massive model, which decrease exponentially. Inset: behaviour of the effec-
tive mass vs γ/J for α = 2.1. The vertical dashed line signals γ/J ≳ 2.64, beyond
which h < 10−5. (b) Logarithmic Negativity for fixed α = 2.1 and ω/J = 1/2 for
several measurement strengths, showing the change from area law to log law by
increasing the measurement strength.

logarithmic negativity. Notice how the premises about Gaussian fluctuations introduced in436

Eq. (27), highlight the accuracy of the phase diagram in the strong-measurements limit.437

Analyzing the phase diagram at fixed α, for instance by setting the value indicated by the438

blue dashed line in Fig. 5, one can notice interesting properties of the model. Consistent with439

the localization-delocalization picture proposed at the beginning, we notice that at fixed α, the440

massive region is found for low γ/J . This indicates that the Sine-Gordon potential wins the441

competition with the weak measurements and confines the jth oscillator in one of the wells of442

the cosine. This is expressed by the finite mass of the SCTDHA as the h coefficient is related443

to the second-order expansion at the bottom of the wells of the cosine. In contrast, for higher444

values of γ/J , the stronger measurements do not allow the oscillator to localize in a well of445

the Sine-Gordon potential, resulting in h= 0 as localization is not possible anymore.446

The massive-massless transition, which is how the SCTDHA interprets the delocalization447

process arising from momentum measurements, is signaled not only by changes in the value448

of the effective mass h, but also by the transition between exponentially decaying to power-449

law decaying momentum-momentum correlations, and also by the transition between area450

law and log-law scalings in the logarithmic negativity. This is shown in Fig. 6, displaying451

for α = 2.1 (corresponding to the dashed line in Fig. 5) both the momentum-momentum452

correlation properties, panel (a), and entanglement properties, panel (b).453

Some comments are in order. The results we obtain for α ≫ 1 are consistent with the454

Free Bosons CFT’s results predicted in Ref. [49]. We obtain, as expected, a massless theory455

with power-law decaying correlations and a logarithmic entanglement. Moreover, the phase456

diagram in Fig. 5 shows only a finite set of γ/J values. Increasing them one does not find a457

saturation value for the critical value of α (αC) which signals the transitions, as the steady state458

equations indicate an increasing shrinking of the massive phase with αC → 0. Thus, projective459

measurement would inevitably lead to a total delocalization of the bosons, yielding a massless460

phase only.461
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The most-likely trajectory approach within the SCTDHA is thus predicting some striking462

results for the Sine-Gordon Model: for fixed α, measurements are tuning a transition from a463

massive, localized, area-law region to a massless, delocalized, logarithmic region comprising464

the Free Bosons CFT behaviour. The competition between the Sine-Gordon potential and the465

momentum measurements is, as anticipated, driving a non-trivial change in the behaviour of466

the system.467

4.4 Perturbation theory468

The measurement-induced phase transition we have found for the Sine-Gordon monitored the-469

ory has been obtained following the most likely trajectory approach within the self-consistent470

time-dependent harmonic approximation. In particular, the combination of these two meth-471

ods has allowed us to derive analytical equations to witness the emergence of the monitored472

criticality. While, as proved in Figs. 4, the most-likely trajectory is reliable and its prediction473

can be trusted, it is important to explore the validity of the SCTDHA to confirm the predictions474

made in this Section.475

The SCTDHA has been tested for the Sine-Gordon model at equilibrium and in response476

to quenches, showing a good agreement with exact results [50, 51]. As monitoring goes be-477

yond these settings, the aim is now to understand whether and where the cosine operator is478

relevant for the monitored theory, indicating the appearance of a phase transition. This would479

corroborate the SCTDHA predictions for the monitored Sine-Gordon theory, especially for the480

MIPT found in the previous Section.481

In order to achieve this, we study the monitored Sine-Gordon model in Eq.(33) in pertur-482

bation theory for J ≫ 1, with J being the strength of the Sine-Gordon potential. This yields483

as zeroth-order theory the monitored Free Bosons CFT studied in Sec. 3.484

The object we are interested in calculating is485

Ii, j =



cos (α x̂ i) cos
�

α x̂ j

��

0 , (44)

where 〈•〉0 indicates quantum averages over the steady state of the free bosons CFT with486

momentum measurements. This object is relevant for our purposes as it accounts for both487

the first-order corrections to the average value of the cosine operator and for zeroth-order488

cosine-cosine correlations.489

The cosine-cosine correlations in Eq. (44) can be calculated by exploiting the Gaussian490

nature of the monitored free bosons theory. Introducing the sum and difference operators491

η̂i, j = x̂ i + x̂ j , ϵ̂i, j = x̂ i − x̂ j , which follow a Gaussian theory in turn, we can rewrite492

Ii, j =
1
2

�


cos
�

αη̂i, j

��

0 +



cos
�

α ϵ̂i, j

��

0

�

=
1
2

�

cos
�

α



η̂i, j

�

0

�

e−
1
2α

2σηi j + cos
�

α



ϵ̂i, j

�

0

�

e−
1
2α

2σϵi j

�

, (45)

where we have introduced the variances of the sum and difference operators: σηi j
,σϵi j

. Notice493

that Eq. (45) contains, both in the sum and the difference term, two important factors: a494

cosine factor and an exponential factor. The cosine factors cos
�

α



η̂i, j

�

0

�

and cos
�

α



ϵ̂i, j

�

0

�

are495

stochastic when computed along specific trajectories, as they depend only on averages of x̂ i496

(see App. B). Moreover, exploiting translational invariance, the cosine factors do not explicitly497

depend on the i, j indices. The exponential factors, instead, are purely deterministic as the498

variance equations for the monitored free bosons CFT do not contain stochastic terms.499
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Let us evaluate the deterministic terms first. The arguments of the two exponentials are500

σηi j
= σii

x x +σ
j j
x x + 2σi j

x x =
2
N

∑

q

(1+ cos(q(i − j))) σq
x x , (46)

σϵi j
= σii

x x +σ
j j
x x − 2σi j

x x =
2
N

∑

q

(1− cos(q(i − j))) σq
x x , (47)

where σx x in the steady state can be deduced from Eq. (41) imposing J = 0. Notice that the501

equations for σx x are the same for the stochastic and most likely theories. Evaluating these502

Fourier transforms in the thermodynamic limit and continuous y = i − j ∈ R limit, we obtain503

2
N

∑

q

(1± cos(q y))σq
x x ∼

Γ

π

∫

dq
1± cos(q y)
|q|

e−qΛ =

(

+∞ for σηi j

Γ
π log
�

1+ y2

Λ2

�

for σϵi j

, (48)

where Λ is a UV cutoff and Γ =
q

− ω2γσx p(1−
4γ
ωσx p) with σx p is the steady-state value for504

the σx p =
ω−
p
ω2+4γ2

4γ .505

Thus, the cosine-cosine correlations scale as506

I(y) =
1
2

cosα



ε̂y

�

0

�

Λ2

Λ2 + y2

�
α2 Γ
2π

. (49)

Since translational invariance causes



ε̂y

�

not to depend on y , the scaling of correlations is507

entirely determined by the deterministic terms. In particular, for each trajectory, the steady-508

state contribution of the cosine operator in the action is determined by the convergence of the509

integral
∫

d y
p

I(y) [61,62]. Namely:510

∫

d y

�

Λ2

Λ2 + y2

�
α2 Γ
4π

<∞ ⇐⇒
α2Γ

2π
> 1. (50)

Thus, all the trajectories, including the most likely one, share the same critical line for the511

cosine operator to be relevant. This means that this can be identified as the critical line for the512

monitored theory and proves the goodness of the SCTDHA approximation for our monitored513

theory. The comparison with the results obtained in the previous section are shown in Fig.7(a).514

The SCTDHA and perturbation theory critical lines have an O(1) ratio, proving a qualitative515

agreement with the results from the SCTDHA and highlighting the valifity of the latter for516

describing the monitored steady state of the Sine-Gordon model.517

Interestingly, averaging over trajectories one obtains that the cosine operator is never rel-518

evant as I(y)∝ cos
�

α



ϵ̂y

��

= 0 in the steady state, as shown numerically in Fig.7(b) This519

is consistent with the results that one would obtain by performing the same calculation as520

in this section using the σq
x obtained from the Lindblad equation, which diverges with time521

due to decoherence, and highlight once again the measurement-induced nature of the phase522

transitions we see emerging.523

5 Discussion and Conclusions524

In this paper, we have developed a new method to address the monitored dynamics of many-525

body bosonic systems. The method is based on the concept of the most-likely trajectory, demon-526

strating how the trajectory that dominates the joint probability distribution of quantum tra-527

jectories can effectively describe the full monitored dynamics alone. We have benchmarked528
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Figure 7: (a) Comparison between theoretical results obtained in perturbation the-
ory (green dashed line), and results obtained in the SCTDHA. The critical lines show
qualitatively the same behaviour, confirming the validity of the SCTDHA for the mon-
itored Sine-Gordon model (b) Average over 150 trajectories of the cosine of the dif-
ference operator ϵ̂ (black line), calculated in this case for i = 0, j = N/2. Due to
translational invariance, the same plot would have been obtained for other choices.
The opaque colored lines in the background correspond to the trajectory-results.

our method with free boson CFT, exactly reproducing the results obtained in Ref. [49]. The529

validity of our method in free theories has motivated us to explore its application in inter-530

acting systems, which were previously inaccessible analytically because of the complications531

emerging from interactions and the stochastic nature of the measurement process. Specifically,532

following our most likely trajectory method to the Self-Consistent Time-Dependent Harmonic533

Approximation of the Sine-Gordon model has allowed us to close the equations of motion at534

the level of second moments, and to study the dynamics along a single trajectory. This has535

enabled us to identify deterministically the steady state of the monitored dynamics and to reli-536

ably identify a measurement-induced phase transition in the logarithmic negativity, signaling537

a change from an area-law to a logarithmic scaling of entanglement.538

Our approach has thus proven capable not only of exactly recovering known results in539

free theories but also of revealing new phenomena emerging in interacting systems that were540

previously inaccessible.541

The strength of the method lies in its ability to produce deterministic equations of motion542

that are possible to solve analytically, significantly simplifying the study of monitored quantum543

systems. While we have applied this approach to bosonic systems, it would be important544

to test its applicability in models of a different nature, such as fermionic or spin systems.545

In particular, we expect promising results for semiclassical spin systems, which can often be546

effectively bosonized.547

It would be interesting as well to connect our method to other well-known types of non-548

Hermitian deterministic master equations, such as the no-click or partial monitoring.549
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A Path Integrals with Continuous Measurements557

In this Appendix, we will derive the path-integral expression of the joint probability distribution558

of a quantum trajectory. We can start by expanding Eq. (5) for position measurements with an559

initial state ρ̂(0) =
∫

d x0d x ′0ρ(x0, x ′0) |x0〉



x ′0
�

�, considering for the derivation just a single-560

body framework:561

P(r; t) = lim
δt→0
K→∞

Tr
�

Ûδt M̂rK
Ûδt M̂rK−1

... Ûδt M̂r1
ρ̂(0) M̂r1

Û†
δt ... M̂rK−1

Û†
δt M̂rK

Û†
δt

	

(A.1)

= lim
δt→0
K→∞

∫

d x0d x ′0 d xρ(x0, x ′0) 〈x | Ûδt M̂rK
Ûδt M̂rK−1

... Ûδt M̂r1
|x0〉 · (A.2)

·



x ′0
�

� M̂r1
Û†
δt ... M̂rK−1

Û†
δt M̂rK

Û†
δt |x〉

=

∫

d x0d x ′0 d xρ(x0, x ′0)K(x , t; x0, 0)K∗(x , t; x ′0, 0) (A.3)

In order to build the propagator K(x , t; x00) we can exploit that, according to Hausdorff-562

Campbell-Baker formula, in the limit δt → 0 we can approximate563

e−iδtĤ e−iγδt(r− x̂)2 ∼ e−iδtĤnh = e−iδt(Ĥ−iγ(r− x̂)2). (A.4)

We can thus build the path integral propagator K à la Feynman using the non-Hermitian564

effective Hamiltonian Ĥnh, getting565

K(x , t; x0, 0) =

∫ x(t)=x

x(0)=x0

Dx1(t
′)exp{iSnh} (A.5)

Snh = S0[x1; t] + iγ

∫ t

0

d t ′
�

r(t ′)− x1(t
′)
�2

(A.6)

with S0 being the action related to the Hamiltonian Ĥ.566

The same thing can be done to obtain K∗(x , t; x ′0, 0) taking care of the fact that the unitary567

evolution operator is non-Hermitian, while the measurement operator is in our case Hermitian.568

K∗(x , t; x0, 0) =

∫ x(t)=x

x(0)=x ′0

Dx2(t
′)exp
�

−iSnh′
	

(A.7)

Snh′ = S0[x2; t]− iγ

∫ t

0

d t ′
�

r(t ′)− x2(t
′)
�2

. (A.8)

Notice the change in the sign of the measurement term.569

The fields x1(t) and x2(t) correspond to the forward and backward path fields in Keldysh570

theory, and putting K and K∗ one gets Eq. (8).571
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A.1 Gaussian Fluctuations572

We can now use this formalism to evaluate Gaussian fluctuations around the Saddle Point573

(most-likely) trajectory.574

Consider the following setting (without loss of generality): we study the monitored evolu-575

tion of a many-body system on an N sites lattice, with Hamiltonian Ĥ0 (leading to the action576

S0), subject to R̂i measurements on each site, i = 1, .., N . We will thus use the measurement577

operator with the same structure as in Eq. (29).578

Introducing the N-components classical and quantum Keldysh fields579

R+(t ′) = (R+,1(t ′), ...,R+,N (t ′)), R−(t ′) = (R−,1(t ′), ...,R−,N (t ′))with R+,i =
R1,i+R2,i

2 , R−,i = R1,i−R2,i ,580

the average trajectory can be calculated in representation as581

r j(t) =

∫

Dr(t ′) r j(t) e
S[r;t] (A.9)

S[r; t] = log(P[r; t]) (A.10)

= log
�

∫

dR0 dR′0 dR ρ(R0 +
R′0
2

,R0 −
R′0
2
)

∫ R

R0

DR+(t
′)

∫ 0

R′0

DR−(t
′)·

· eiS0[R+,R−]−γ
∑N

j=1

∫ t
0 d t ′
�

2(r j(t ′)−R+, j(t ′))2+ 1
γR−, j(t ′)2
�
�

The jth Saddle Point trajectory can be found by solving the equation582

∂ S[r; t]
∂ r j(τ)

�

�

�

�

r∗j (τ)
= 0

⇒
−4γ

P[r∗; t]

�

r∗j (τ) P[r
∗; t]−



R̂+, j(τ)
�

˜̂ρr∗

�

= 0 (A.11)

where ˜̂ρr∗(τ) is the un-normalized density matrix evolved along r∗ up to time τ- In particular,583

we find584

r∗j (τ) =



R̂ j

�

ρ̂r∗(τ)
(A.12)

For Gaussian systems, for which the Saddle point is exact, we find r(t) = r∗(t), indicating585

that the trajectory defined in (13) maximizes both the joint and the conditional probability586

distribution.587

We can now evaluate the second-order expansion around the r∗ trajectory:588

S[r; t]∼ S[r∗; t] +
1
2

∫ t

0

d t ′d t ′′ (r∗(t ′)− r(t ′))S(2)[r∗; t ′, t ′′] (r∗(t ′′)− r(t ′′)). (A.13)

The second-order Kernel can be obtained by deriving (A.11) once again:589

∂ 2S[r; t]
∂ r j(t ′)∂ ri(t ′′)

�

�

�

�

r∗
= (A.14)

=
4γ

P[r∗; t]2
(r∗j (t

′)P[r∗, t] +



R̂+, j(t
′)
�

˜̂ρr∗
)(r∗i (t

′′)P[r∗, t] +



R̂+,i(t
′′)
�

˜̂ρr∗
)− 4γδi, jδ(t

′ − t ′′)+

+
16γ2

P[r∗; t]

�

r∗j (t
′)r∗i (t

′′)P[r∗; t]− r∗j (t)



R̂+,i(t
′′)
�

ˆ̃ρr∗
− r∗i (t

′′)



R̂+, j(t
′)
�

ˆ̃ρr∗
+



R̂+,i(t
′′)R̂+, j(t

′)
�

ˆ̃ρr∗

�

= −4γδi, jδ(t
′ − t ′′) + 16γ2
�




R̂+, j(t
′)R̂+,i(t

′′)
�

ρ̂r∗
−



R̂+, j(t
′)
�

ρ̂r∗




R̂+,i(t
′′)
�

ρ̂r∗

�
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Using the brief label590

σ++RiR j
(t ′, t ′′) =



R̂+, j(t
′)R̂+,i(t

′′)
�

ρ̂r∗
−



R̂+, j(t
′)
�

ρ̂r∗




R̂+,i(t
′′)
�

ρ̂r∗
,

we get591

S(2)i j [r
∗; t ′, t ′′] = −4γδi, jδ(t

′ − t ′′) + 16γ2σ++RiR j
(t ′, t ′′). (A.15)

While being exact for quadratic theories like free bosons, this result highlights how the592

most-likely trajectory approach is reliable for interacting theories, depending on the measure-593

ment strength and the classical-field correlations of the operator we are measuring.594

B Exact Results for the Free Bosons CFT595

In this appendix, we report results obtained from the Free Bosons CFT model using a quantum596

state diffusion perspective. This approach gives exact results when averaging over trajectories.597

The Hamiltonian and the measurements we consider are contained in Eqs. (28), (29). The598

master equation describing the evolution along a dW stochastic trajectory is:599

∂ ρ̂(t)
∂ t

= −i
�

ĤFB, ρ̂(t)
�

+ γ
N
∑

j=1

�

p̂ jρ̂(t)p̂ j −
1
2

¦

p̂2
j , ρ̂(t)
©

�

(B.1)

+
p
γ

N
∑

j=1

dWj

�

p̂ j −



p̂ j

�

t , ρ̂(t)
	

.600

Exploiting the Gaussianity for the model, we can write the Heisenberg equations to evolve601

averages and correlations of x̂ i , p̂ j , which close at the level of second-order moments.602

∂t 〈 x̂ i〉=ω 〈p̂i〉+ 2
p
γ

N
∑

j=1

dWj σ
ji
x p (B.2a)

∂t 〈p̂i〉= −2ω 〈 x̂ i〉+ω (〈 x̂ i+1〉+ 〈 x̂ i−1〉) + 2
p
γ

N
∑

j=2

dWj σ
i j
pp (B.2b)

∂tσ
i, j
x x =ω
�

σx p +σpx

�i j − 4γ(σx pσ
T
x p)

i j + γδi j (B.2c)

∂tσ
i, j
pp =ω
�

−(1+
r2

N

2
)σi, j

x p + (σ
i−1, j
x p +σi+1, j

x p ) + (i↔ j)
�

− 4γ(σ2
pp)

i j (B.2d)

∂tσ
i, j
x p =ω(σ

i, j
pp − (2+ r2

N )σ
i, j
x x +σ

i, j−1
x x +σi, j+1

x x )− 2γ((σx p +σpx)σpp)
i j (B.2e)

The Heisenberg equations show that the monitored dynamics along specific trajectories603

obey stochastic trajectories for averages and deterministic equations for correlations. This is a604

peculiarity of free systems, yielding a simple calculation for trajectory-averaged quantities. For605

instance, the logarithmic negativity is determined only in terms of connected correlations and,606

being deterministic in turn, is straightforward to average over trajectories. Indeed, exploiting607

the properties of a Gaussian states [56–58]608

logNN/2 = logTr ρ̂TN/2 =
∑

n

log max
§

1,
1

2νn

ª

, (B.3)
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where ρ̂TN/2 is the partial transpose of a bipartition of the many-body density matrix, and νn609

are the symplectic eigenvalues of the partial transposed covariance matrix.610

The covariance matrix can be written as611

σ =

�

σx x σx p
σpx σpp

�

(B.4)

This is essentially a covariance matrix written on the 2N−dimensional basis r= (x1, ..., xN , p1, ..., pN ).612

Its half-chain partial transpose can be obtained through an operator T N/2 asσTN/2 = T N/2σT N/2,613

where essentially T flips r= (x1, ..., xN , p1, ..., pN/2, ..., pN )→ (x1, ..., xN , p1, ...,−pN/2, ...,−pN ).614

The symplectic diagonalization is instead obtained by taking the non-negative eigen values of615

σ′ = iΩσTN/2 , where616

Ω=

�

ON IN
−IN ON

�

, (B.5)

and ON is a N × N null matrix.617

The half-chain logarithmic negativity for the monitored free bosons CFT has a logarithmic618

behaviour619

logNN/2 ∼ c log N (B.6)

for any value of the measurement strength. Notice that for γ → 0 we reproduce the known620

results for free bosons having unity central charge [63,64].621

C The Self-Consistent-Time-Dependent Harmonic Approximation622

In this Section, we report a detailed calculation to obtain the SCTDHA approximation [50,51]623

of the Hamiltonian of the Sine-Gordon model studied in the main text, expanding the steps624

presented in the main text.625

The SCTDHA consists, first of all, of a shift in the operators, defined at every time step:626

ξ̂ j = x̂ j −



x̂ j

�

t , with



ξ̂ j

�

t = 0 (C.1)

We can now approximate the Hamiltonian in terms of first and second powers of the fluctuation627

operator only:628

˜̂H ′int ∼
N
∑

j=1

�

C j(t) + V̂ j(t)ξ̂ j +M̂ j(t)ξ̂
2
j

�

(C.2)

V̂ j(t) =
∂ Hint

�

x̂ j(t)
�

∂ x̂ j(t)

�

�

�

�

〈 x̂ j〉t+ξ̂ j(t)
(C.3)

M̂ j(t) =
1
2

∂ 2Hint

�

x̂ j(t)
�

∂ x̂ j(t)2

�

�

�

�

〈 x̂ j〉t+ξ̂ j(t)
, (C.4)

and we perform the Hartree factorization: V̂ j(t) →



V̂ j(t)
�

, and M̂ j(t) →



M̂ j(t)
�

.629

Specifically, we get for the first order parameter of the expansion:630




V̂ j(t)
�

=
J
α




sin
�

α



x̂ j

�

t +αξ̂ j

� �

t
(C.5)

=
J
α

cos
�

α



x̂ j

�

t

� 


sin
�

αξ̂ j

��

t +
J
α

sin
�

α



x̂ j

�

t

� 


cos
�

αξ̂ j

��

t

=
J
α

e−
α2
2

¬

ξ̂2
j

¶

t sin
�

α
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The second order is instead631
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where the facts that the Hamiltonian is quadratic in ξ̂ j and



ξ j

�

t = 0∀t have been used to632

carry out the Gaussian averaged in the equations above. Inserting the relation ξ̂ j = x̂ j −



x̂ j

�

t633

and defining634

f j = C j(t) +



x̂ j

�

t

�


M̂ j

�

t




x̂ j
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t −



V̂ j

�

t

�

, (C.7)

g j =



V̂ j

�

t − 2



M̂ j

�

t




x̂ j

�

t , (C.8)

h j =



M̂ j

�

t , (C.9)

one finds the approximated Hamiltonian in Eq. (35).635
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