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Abstract

We investigated the structure and dynamical behavior of quantum bubbles and vortices
in a two-dimensional uniform Bose quantum liquid. Through effective potential analysis
and numerical calculations, we established the parameter regimes in which these two
quantum states exist, finding that a narrow region below the equilibrium liquid den-
sity allows for their coexistence. In the coexistence region, when bubbles move relative
to the background, increasing velocity induces a topological transition, manifested by
the emergence of vortex-antivortex cores inside the bubble. Moving vortices appear as
vortex-antivortex pairs, and in the entire coexistence region, as well as at slightly higher
densities, these pairs exhibit an anomalous behavior in which the core separation first
decreases with increasing velocity over a certain velocity range, a phenomenon markedly
different from the predictions for Bose gases in mean-field theory. Finally, we analyzed
the excitation energy-velocity relationship and, together with numerical time evolution,
confirmed that both bubbles and vortices remain stable in the region where the excita-
tion energy decreases as velocity increases. These findings provide new insights into the
structure and stability of nonlinear excitations in quantum liquids.
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1 Introduction

Ultradilute Bose quantum liquids, formed by quantum fluctuation-induced liquefaction of
Bose-Einstein condensates (BECs), have attracted considerable attention [ 1-11]. In contrast to
liquid helium, which is stabilized by strong classical van der Waals forces, a distinctive feature
of the system is that the interatomic interactions can be tuned via Feshbach resonances, thereby
allowing control over the properties of the liquid. This tunability renders Bose quantum liquids
an excellent platform for exploring liquid-state physics and the role of quantum fluctuations
in condensates. To date, most studies have focused on self-bound quantum droplets with
finite atom numbers, addressing their collective excitation modes [ 12-17], inter-droplet inter-
actions [18-20], modulational instabilities [21-23], and vortex droplets together with their
stability [24-31]. The emergence of self-bound quantum droplets represents a direct manifes-
tation of fluctuation-induced liquefaction in condensates, constituting one prominent mode of
Bose quantum liquids.

Recently, a novel excitation distinct from self-bound structures has been proposed—termed
the quantum bubble—which appears as a density defect embedded in the uniform liquid while
maintaining a spatially homogeneous phase in the stationary case [32]. Research in one- and
two-dimensional systems has established that bubbles exist within the density range bounded
by the spinodal point and the equilibrium density, but stationary bubbles are always unstable,
either expanding significantly or being filled in [33-36]. Recent studies have demonstrated
the existence of stable traveling vortices in quantum liquids [36]. In contrast, the structural
characteristics of traveling bubbles, as well as the question of whether they can remain stable,
remain unresolved. On the other hand, our findings demonstrate that vortices can also exist in
quantum liquids and, within a certain parameter regime, coexist with bubbles. As both bubbles
and vortices represent defect excitations in the uniform liquid, a systematic study of their
differences and common features may yield valuable insights into how quantum fluctuations
influence the excitation mode of Bose-Einstein condensates.

In this paper, we study the structural and dynamical properties of bubbles and vortices
in two-dimensional quantum liquids. Specifically, effective potential analysis and simulations
reveal bubbles between the spinodal and equilibrium densities, and show that vortices appear
when the background density exceeds a threshold below equilibrium. Notably, in the coex-
istence region of the two quantum states, traveling bubbles undergo a topological transition
once their velocity exceeds a certain critical value, where a pair of vortex-antivortex cores
emerges inside. The traveling vortex manifests as a vortex—antivortex pair, showing a marked
distinction from bubbles at low velocities, while this difference vanishes at high velocities.
Finally, by combining the analysis of excitation energy curves with dynamical evolution, we
determine the velocity ranges over which traveling bubbles and vortices remain stable.

The structure of this paper is as follows: In Sec. 2, we reformulate the model into a New-
tonian form and, through theoretical analysis of the effective potential at different densities,
derive the existence conditions for bubbles and vortices. In Sec. 3, we first present the struc-
tural characteristics of bubbles and vortices obtained numerically, and then discuss the stability
and dynamical properties of bubbles through numerical evolution. Finally, Sec. 4 summarizes
our main findings and outlines possible directions for future research.
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2 Existence regions of bubbles and vortices

We consider a Bose mixture composed of the 3°K spin states |1) = |F,my) = |1,—1) and
[l) =1,0). As demonstrated in existing experiments, at an external magnetic field of about
56.9G, the intraspecies three- d1men51onal scattering lengths are a ~ 37ay,a’ ! l ~ 85a,, while

the interspecies scattering length is a ~ —56q, [5, 6], where aO is the Bohr radius. A tlght
harmonic trap is imposed along 2z w1th osc1llator length [, = 0.1um, satisfying 0 < aT L < ad

< 1, with a®P = ,/a%]ﬁ af]f, so that the system can be reduced to an effective two-dimensional

geometry [2]. Our analysis is restricted to the common-mode (ny = /g, /g1, = W %n)

configuration of the two components; in this case the energy density of a uniform system, in-
cluding the LHY correction due to quantum fluctuations, is given by [2]:

_ mgngy 21 [ v egTTgumn]

8h? AR?

(1

. . . . . . _ 47’[hz S
where m is atom mass, n is uniform liquid density, g,, = e /(@] denotes the in
. . 46 2y lnz(au/aﬁ) .
traspecies coupling constant, A = — is the Euler constant and
P pHng ’ ary/anan xp{- 21n[aﬁ/(anau)]}’ r

ayo is the two-dimensional scattering length between components o and ¢’; the relation
between the two- and three-dimensional scattering lengths satisfies

1/2
Ao’ = (4;“) lzexp |:_Y_\/§ 3?7 :|(O' o _T or l) (2)

where a ~ 0.905 is a constant. The thermodynamic stability condition 32£/9n? > 0 implies
AR?

e?m /g8yl
The zero-pressure condition P = un — & = 0, where u = 9&/dn is uniform liquid chemical
AR?

2m fensy’

ered, the system becomes spatially inhomogeneous. The dynamics are then governed by the
extended Gross-Pitaevskii equation (eGPE), which can be derived via variational minimization
of the total energy [2]:

oV m mgr18ll w*
h— = —— V20 + — 22 |p)?1 . 3
oT 2m R 47hH? ¥ \/Eno ©)

Using a trial wave function ¥, the standard Bogoliubov-de Gennes (BdG) procedure yields the
excitation spectrum [37]:

1=\ [ 2 (L] @

2m | 2m 42 ng

that stable uniform liquids require n > n,, where ng, = is spinodal point density.

potential, yields the equilibrium density ny = When excitation modes are consid-

In the long-wavelength limit p — 0, the spectrum becomes phonon-like, e(p) = cp, where

c= gB”ghlzl n ln( ) is the speed of sound. The healing length is then defined as & = 1/+/2mc,
characterizing the spatlal scale over which the condensate recovers from a perturbation [38].

To simplify analysis, we introduce dimensionless variables (x,y) = (X,Y)/&y, t = T/to,
Y ="/,/n, where § = \/ 8nh*/ (m2gy18,1np) is the healing length at the equilibrium density

and ty = mé (2) /i, which leads to the dimensionless form of the eGPE:

2 = Loy (L) ®
)y,
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where V2 = 3, + dyy- In this rescaled system, the characteristic parameters are given by:
ny = 1,ng = 1/4/e. For the excitation modes in a uniform system, taking into account the
rotational symmetry, we express the wave function as Y)(r, 8) = ¢ (r)eS7#¢ where  is the
dimensionless chemical potential,S = 0,+1,=+2, ... is the winding number, and ¢(r) is a real
radial function satisfying

1d%¢ 1d¢ S2

__1&% 1d¢ 82 s (82
e = 2 dr2 2rdr+2r2¢+¢ln(\/5)' ©

For localized excitation modes on a homogeneous background, the boundary condition lim ¢?
r—oQ0

= n;, holds, where ny, is the background density, and the chemical potential is u = ny, In(ny, / v/€).
By treating r as an effective time and ¢ as the dynamical coordinate, Eq. (6) can be recast
into an effective Newtonian form, describing the motion of a unit-mass particle in a potential
U(¢) under additional forces [33,34,39]: ‘227? = —g—g + Fp, + Fg, where the effective potential
is U(¢) = nyIn(ny/e)p? — %¢4ln(¢>2/e), Fp = —(d¢/dr)/r denotes the additional force
field arising from dimensional effects, and Fs = ¢S2/r? denotes the additional force field due
to rotation. Analyzing the combined effect of the effective potential and the additional force
field helps us identify the excitation modes in the system. Initially, we ignore the influence of

Figure 1: Effective potential U(¢ ) plotted for various values of the background den-
sity ny,. Four representative cases are shown: n;, < ng (black dashed), n; < n;, < n
(red solid), n, = ng (black dash dotted), n;, > ny (blue solid). These regimes cor-
respond to unstable, bubble-supporting, marginal, and vortex-supporting configura-
tions, respectively.

the additional force field and focus on the effective potential U; the effects of Fj, and Fg will be
discussed later. For ny, < ng, the thermodynamic analysis has already revealed that the system
is unstable, which is reflected in the effective potential U by the absence of a confining well;
consequently, no stationary solution is expected to emerge, see the dashed curve in Fig. 1.
For ny < ny, < ng, the potential U exhibits a double-well profile, featuring local maxima at
¢ = £,/n;, and a global maximum at ¢ = 0. To facilitate analysis, we extend the domain of r
to (—oo, 00). In this case, the potential U permits the following configuration: as r — —oo,

4



105

106

107

108

109

110

111

112

113

114

115

116

117

118

119

120

121

122

123

124

125

126

127

128

129

130

131

132

133

134

135

136

137

138

139

140

141

142

143

144

145

146

147

148

149

150

SciPost Physics Submission

¢ = J/mp; at r = 0, ¢ reaches a value ¢, satisfying U(¢y) = U(/np); and as r — 00, ¢
returns to ,/n,. This corresponds to a localized bubble state, as shown by the red solid line
in Fig. 1. At n, = ng, the potential has three global maxima at ¢ = 0 and ¢ = +,/n;,. The
potential allows a configuration where ¢ = ,/n, at r = —00 and ¢ = 0 at r = 00, which
corresponds to a kink solution in one dimension; however, such a configuration does not exist
in our rotationally symmetric two-dimensional system. Still, from a limiting perspective, as
ny — ngy, the ¢ lingers increasingly near 0, until at ny, = n it corresponds to an infinitely ex-
tended bubble; see the black dashed line in Fig. 1. For ny, > ng, the values ¢ = +,/n;, become
the global maxima of the potential. The potential permits a solution where ¢ evolves from
J/Mp at r = —00 to —,/ny, at r = 00. At r = 0, the wavefunction ¢ changes sign, producing
a 7 phase jump. In a one-dimensional system, this corresponds to a dark soliton, while in the
rotationally symmetric two-dimensional system, it corresponds to a vortex solution, where any
line crossing the vortex core diameter shows a 7t phase change across the vortex core.

We now consider the role of the additional force field in the excitation modes. When
r changes from —oo to O, the radial wavefunction ¢ decreases monotonically, resulting in
Fp < 0, which facilitates the decrease of ¢. Hence, for bubble states F¢ = 0, ¢ continues
to decrease beyond ¢, indicating that for the same n;, a bubble localized in both x and
y directions exhibits a lower density compared to a line-like bubble localized only along x.
To conclude, the bubble state exists for ny < n;, < ng. For vortex states, the dimensional
force Fp, consistent with the previous analysis, promotes the decrease of ¢, which lowers the
critical density for vortex excitation. In addition to Fp, one must account for the rotationally
induced force Fg. When r evolves from —oo to 0, ¢ decreases from /. At this stage, since
Fs = ¢S?/r? > 0, it behaves as a repulsive effect that resists the reduction of ¢. The critical
density n* for vortex excitation is jointly determined by Fj and Fg; this mechanism permits
the coexistence of bubbles and vortices in the region n* < n;, < ngy, a prediction confirmed
by subsequent numerical results. The present study focuses on structural differences between
vortices and bubbles; accordingly, in what follows, we restrict attention to the fundamental
vortex with topological charge S = 1, as the results for higher charges are analogous to those
of the fundamental case.

3 Structure, Stability, and Dynamics of Bubbles and Vortices

Above, we theoretically analyzed the density regions in which the two quantum states can
exist. In this section, we present numerical results on the structure, stability, and dynamical
properties of bubbles and vortices. In our subsequent numerical simulations, the spatial grid
size is set to L, = L, = 100 with 10002 discrete points, and periodic boundary conditions are
applied. For the dynamical evolution, the time step is dt = 0.001. Under the experimental
parameters chosen above, &, &~ 4um, t, ~ 8ms, and ny &~ 4x 10°cm™2), the overall condensate
extends over a spatial scale of approximately 400um, with the evolution time on the order of
seconds.

3.1 Stationary bubbles and vortices

As a starting point, and in line with the theoretical analysis above, we examine the case of
excitations at rest with respect to the background. By setting S = 0 and S = 1 in Eq. (6),
the bubble and vortex states can be obtained via the squared-operator iteration method. The
density profiles of the bubble at different values of ny, are illustrated in Fig. 2(a). The results
indicate that the bubble vanishes as n;, — ng; as ny, increases, the minimum density of the
bubble decreases, and a prominent flat-bottom structure forms as n;, — n,. To provide a more
precise description of the bubble structure, we show in Fig. 2(b) how the minimum density of
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------ ny, = 0.65—np, = 0.88 0.7
L2 ) = 0.78--m, = 0.98
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Figure 2: Stationary density profiles and characteristic parameters of bubbles and
vortices at various ny,. (a) Radial density distributions of stationary bubble states
for n, = 0.65 (blue dotted), n;, = 0.78 (orange dashed), n, = 0.88 (yellow solid),
and n;, = 0.98 (purple dash-dotted). (b) Minimum density at the bubble center as
a function of ny,. (c) Radial density distributions of vortices for n, = 0.95 (blue
dashed), n;, = 1.1 (orange solid), and n;, = 1.3 (yellow dash-dotted). (d) Width of
bubbles and vortex cores, along with the corresponding healing length, plotted as
functions of ny,.

the bubble varies with ny,. It can be seen that within the existence regime of the bubble, the
minimum density decreases with increasing ny,. It is important to note that, unlike quantum
vortices, the bubble is a non-topological excitation whose minimum density approaches but
never exactly reaches zero. As both bubbles and vortices represent defect-like excitations on a
uniform background, we define the width 6 of the quantum state as the distance between the
point of maximal density depletion and the location where the density reaches half the back-
ground value, namely, (|1p(00)|? — [40(0)?)/2 = |4 (8)|*> — |4 (0)|%. The results are shown in
Fig. 2(d), where we find that the bubble width first decreases and then increases with increas-
ing ny,. Although the bubble width diverges at both ny and ng, the underlying mechanisms are
different. As previously introduced, the healing length of a condensate quantifies the distance
over which density disturbances return to the background value. The healing length diverges
at ny, = n,, while remaining finite at ny, = ny. Thus, at n;, = ng, the divergence of the bubble
width as a defect excitation is rooted in the intrinsic properties of the condensate. However, at
ny, = ng, the quantum bubble exhibits a large flat-bottom structure that far exceeds the spatial
scale of density recovery; the healing length thus fails to properly characterize the bubble’s

6
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Bubble n;, = 0.9 Bubble n;, = 0.97 Vortex ny, = 0.975

0 02 04 06 08 -T 0 T 0 0.3 0.6 0.9 - 0 ™ 0 0.3 0.6 0.9 - 0 g
[ ! [ . m e S m [ . S m

v=0.1c v=0.1c

v=0.5¢

v=09c v=0.3c

¢
20 (() 20 =20 0 20 -20 0 20 -20 0 20

Figure 3: Panels (al)-(a3) display density and phase patterns of traveling bubble
with v =0.1c, 0.5¢, 0.9¢c and ny, = 0.9. Panels (b1)—-(b3) display density and phase
patterns of bubble with v = 0.1¢, 0.18¢, 0.3c and ny, = 0.975. Panels (c1)-(c3)
display density and phase patterns of vortex dipoles with v =0.1c, 0.18¢, 0.3c and
n, = 0.975.

width.

Fig. 2(c) shows the vortex structures at different ny,, in agreement with our theoretical
expectations; for ny, < ng, vortices and bubbles coexist, and near the critical density n* ~ 0.95,
a pronounced flat-bottom structure emerges. The vortex width is also shown in Fig. 2(d),
where we find that at n*, the vortex exhibits a divergent width while the healing length remains
finite, which is due to the formation of a large flat-bottom structure making the healing length
inadequate to characterize it. At high ny, the vortex rapidly recovers from the core to the
background, and the vortex width becomes proportional to the healing length.

3.2 Traveling bubbles and vortices

The above results demonstrate that the liquid density has a significant influence on the struc-
tures of bubbles and vortices. As both are defect-type excitations on a homogeneous back-
ground, their motion relative to the background breaks the isotropy of the kinetic energy due
to spatially varying velocities, thereby also influencing their structure. Owing to the system’s
rotational symmetry, we may, without loss of generality, assume that the quantum state prop-
agates along the x-direction to the background field. To facilitate the solution, we introduce a
moving coordinate { = x —vt. The wave function can be written as 1 (x, y, t) = ¢ (Z, y)e *,
where ¢ satisfies the equation

2 2
_iva—? +ud =[—%V§+ln(%)|¢|2]¢, @

where V§ = aa_; + aa_;z_ By solving Eq. (7) using the squared-operator iteration method, we
obtain traveling bubble and vortex solutions.

We first consider the regime where only the bubble excitation is present, taking the n;, = 0.9
as an example (see Fig. 3(a)). With increasing velocity, the bubble experiences anisotropic
compression. As the velocity approaches the speed of sound of the condensate, the density
defect gradually vanishes, with the bubble becoming strongly flattened along the direction
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Figure 4: Velocity-dependent core dynamics of traveling bubble states and vortex
dipoles. (a) The dependence of vortex-core spacing on velocity for vortex cores
within traveling bubbles (blue) and for traveling vortices (orange) at n;, = 0.975.
(b) Vortex core separation versus velocity for vortex dipoles at three different values
of ny,. (c) Critical velocities associated with vortex structure transitions as functions of
ny,: velocity at which vortex dipoles annihilate (red), onset velocity for vortex-core
nucleation in traveling bubbles (blue), and velocity corresponding to the maximal
core separation in traveling bubbles (magenta). (d) Characterization of the anoma-
lous non-monotonic dependence of vortex dipole core separation on velocity. The
horizontal axis denotes ny. The left vertical axis (blue) indicates the velocity cor-
responding to the local minimum (solid) and local maximum (dashed) of the core
separation. The right vertical axis (orange) shows the corresponding core separa-
tions at these extrema (solid and dashed, respectively).

of motion and stretched in the transverse direction. The white arrows depict the condensate
current field, given by j = |¢|?V arg(¢). Together with the phase distribution, it becomes
clear that the formation of oppositely circulating vortical flows on both sides of the bubble in
the direction perpendicular to motion, which gradually disappear as the velocity approaches
the speed of sound in the condensate. We next turn to the comparison of bubble and vortex
structures in the coexistence region, and we choose a representative background density of
n, = 0.975. As shown in the left column of Fig. 3(b), the bubble experiences progressive
compression with increasing velocity, and the density defect ultimately disappears as the ve-
locity nears the condensate sound speed, consistent with the low background density case (not
shown at high velocity). However, inspection of the phase distribution reveals that as the ve-
locity increases, a pair of oppositely charged vortex cores—a topological structure— emerges
at the bubble center once a critical velocity V,ppeqr is reached. These vortex cores drift apart
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as the velocity increases further. The vortex cores reach their maximum separation at velocity
Vpm, after which the cores begin to approach each other and eventually annihilate at another
critical velocity veysion- The dependence of the critical velocities Vappears Vbms Vusion O the back-
ground density is illustrated in Fig. 4(c). As the background density decreases, v,ppear and vy,
exhibit an increasing trend, whereas vg ., decreases correspondingly. The three critical ve-
locities converge at ny, = 0.9548,v = 0.2136c. For all background densities below this point,
the bubble fails to produce topological charge.

The traveling vortex states, presented in Fig. 3(c), exhibit vortex-antivortex pair struc-
tures, in agreement with the theoretical framework proposed by Jones et al. As the velocity
increases, the distance between the vortex pair decreases, and at a critical velocity vggon, the
vortex and antivortex cores annihilate, after which the structural distinction between bubbles
and vortices disappears. Fig. 4(a) shows the velocity dependence of the separation between
vortex-antivortex cores and that between the vortex cores generated inside bubbles. Unlike
the bubble case, the distance between the vortex and antivortex cores decreases, then in-
creases, and eventually decreases again with increasing velocity until annihilation, which is in
sharp contrast to the monotonic decrease predicted by mean-field theory. Therefore, we have

)
e}
<0
2
SN
»
3
o
g
S
N !
20 F s - - -np = 1.06 1
4 ~ TScv.e. e =
&: 15+ S~ o - -'~-_._______- ny 17
g T = ~ \.~.~.~'~.
[ﬂ 10F S~ - '*~~.§_~.~.~. d
C ~ - - < - - S~
L © | ]
0.1 0.3 0.5
v/c

Figure 5: Excitation energy as a function of velocity for two types of traveling excita-
tions. (a) Excitation energy of traveling bubble states at n;, = 0.9. (b)(c) Excitation
energy of traveling vortices for n;, = 1(black solid), n, = 1.06(blue dashed), and
ny, = 1.2(red dash-dotted).Red areas correspond to unstable regimes, and green ar-
eas correspond to stable regimes.

further examined traveling vortices at different background densities, focusing on the relation
between vortex core spacing and velocity, as shown in Fig. 4(b). The results indicate that once
ny, exceeds a certain critical value, the distance between vortex cores decreases monotonically
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with increasing velocity. The dependence of the local minimum distance d,,;, between vortex
pairs and the corresponding velocity v,,;,, as well as the local maximum distance d,,,, between
vortex pairs and the corresponding velocity v,,.,, during the coalescence process, is displayed
in Fig. 4(d) as a function of ny,. It can be observed that the velocities corresponding to reaching
the extremal points increase with increasing ny,, while d,,,, and d;, all decrease with increas-
ing ny,. At ny ~ 1.06, d., and d;, coincide, and for n, > 1.06, the distance between vortex
cores decreases monotonically with increasing velocity.

3.3 Dynamical characteristics

After addressing the structural features of quantum bubbles and vortices in homogeneous
quantum liquids, we next focus on their dynamical behavior. We begin by analyzing the dis-

v—O v=0.lc v = 0.5¢
0.5 0.6 0.7 0.8 0.9

(c1)

=0 = 0

40

=50 > 0

40

=70 > 0

40

t=90 = 0

Figure 6: Dynamical evolution of bubble density profiles at n, = 0.9, shown as snap-
shots at different times (see legend). (a) v=10. (b) v =0.1c. (c) v =0.5c.

persion relations of bubbles and vortices, where for an excited state on top of the background,

10
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231 the excitation energy is defined as [37,38]:

E:Q—QG
_ f f |Gy /e) —um | dxdy, ©

232 where Q is the grand potential of the excited state and Q) is the grand potential of the ho-
233 mogeneous system under the same background density. The results are presented in Fig. 5.
234 For bubbles, we find that in all parameter regions where bubbles exist, the dispersion relation
235 exhibits a non-monotonic behavior: the excitation energy first increases and then decreases
236 with velocity, as illustrated in the example with n, = 0.9. For traveling vortices, comparison
237 with Fig. 4(b) shows that in the anomalous region—where the core-to-core distance grows as
238 velocity increases—the excitation energy rises with velocity increases, while in the remaining
regions it decreases as velocity grows.

v = 0.18¢c v=0.2¢ v = 0.22¢
0 0.2 0 .6 0.8 1
I E— |
mp(al)

=0 > 0

4 0
(b1)

-40
40 (b2)
t=120> o 8
-40
40 (b3)
t=180> 0 U
-40
-40 0 40 -40 0 40
i X

Figure 7: Dynamical evolution of traveling vortex density profiles at n;, = 1, shown as
snapshots at different times (see legend). (a) v =0.18¢. (b) v =0.2¢. (¢) v =0.22c.

239
240 Next, we perform numerical simulations of Eq. (5) using the split-operator technique to

221 investigate the dynamical evolution of the associated quantum states. The initial states are

11
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242 taken as the obtained solutions with an additional 3% random perturbation. The results indi-
243 cate that stationary bubbles are always unstable across the entire density range where bubbles
244 can be excited. As an example, Fig. 6(a) shows the snapshots of a bubble at n;, = 0.9 at differ-
245 ent times, revealing that the bubble structure is unstable and expands indefinitely, similar to
26 the instability observed in one-dimensional bubbles. Next, we examine the case of a traveling
247 bubble. Fig. 6(b) presents the density distribution of a bubble at different times for a velocity
28 of v =0.1c. It is observed that the bubble undergoes compression, followed by a breakdown
240 of its structure, and eventually transforms into a faster-traveling bubble. This implies that bub-

bles with higher velocities could exhibit greater stability. As an example, we consider a bubble

-45 0 45 90 135 45 0 45 90 135
i T

Figure 8: Driving traveling bubble by coupling to an impurity atom under external
forcing, with initial conditions n, = 0.9, v = 0.5¢c. (a) During acceleration, the
bubble evolves smoothly and retains a structure consistent with the traveling-bubble
solution. (b) During deceleration, the bubble becomes unstable and undergoes core
expansion.

250

251 at v = 0.5¢. Its density evolution at different times is illustrated in Fig. 6(c). It is evident

252 that at this velocity, the bubble can preserve its structure well, suggesting that bubbles become
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more stable at higher velocities. Considering vortex states with n;, = 1, we select v = 0.18¢
and v = 0.22¢ from the regime where excitation energy decreases with velocity, and v = 0.2¢
from the regime where it increases. Fig. 7 presents the corresponding density snapshots at
various times. The results show that the structures at v = 0.18c and v = 0.22¢ are preserved,
while the one at v = 0.2c experiences a splitting process during time evolution.

These results seem to indicate that both quantum states remain stable in the regime where
the excitation energy decreases with increasing velocity. Therefore, we consider driving a
stable state into both the unstable and stable regimes to investigate its structural changes,
using the following setup: Following the idea proposed in Ref. [40-42], we couple the bubble
to a small number of impurity atoms and apply an external force to the impurities, thereby
driving the bubble through their mutual interaction. This setup transforms the system into a
two-component model:

Y _ 2 2] |¢|2
v + +

i PP In| = o Py,

9

25— vyt P+ Vs, ©
where 1)); denotes the impurity wave function, with |;|?> < 1, and the potential V = —Fx
represents a linear potential, corresponding to a constant external force. We first consider
the acceleration case by setting F = —0.03, since the initial state is in the regime where the

excitation energy decreases with increasing velocity, corresponding to an effective negative
mass. Thus, a negative F is chosen. The time evolution of the system is shown in Fig. 8(a),
where it is evident that the bubble maintains its structural integrity during the acceleration
process. Conversely, when F = 0.03, the bubble is decelerated under the applied force. As
shown in Fig. 8(b), the bubble becomes unstable as its velocity decreases, eventually leading
to the complete breakdown of its structure. We performed simulations for a wider range of
parameters and found the same results in all cases. Therefore, we conclude that both quantum
states remain stable within the regime where the excitation energy decreases with increasing
velocity.

4 Conclusion

We have investigated the structure and dynamics of bubbles and vortex pairs in two-dimensional
Bose quantum liquids. The system is described by the eGPE with LHY corrections. The trav-
eling vortex manifests as a vortex—antivortex pair, showing a marked distinction from bubbles
at low velocities, while this difference vanishes at high velocities. In the region where the two
quantum states coexist, we found that when the velocity of a traveling bubble exceeds a criti-
cal value, its topological properties change, manifested by the formation of vortex-antivortex
cores inside the bubble, which, as the velocity increases, first move apart, then approach each
other, and finally annihilate. We compared traveling vortices under the same parameters, find-
ing that at low speeds their configuration is entirely different; as the velocity increases, the
vortex-antivortex spacing first decreases, then increases, and finally decreases again, and after
annihilation, the structure becomes indistinguishable from that of the bubble. In conventional
Bose gases within the mean-field framework, the vortex-antivortex spacing varies monoton-
ically with velocity, highlighting this as a unique property of vortex excitations in quantum
liquids. Finally, through the combined study of excitation energy curves and dynamical evo-
lution, we confirmed that both traveling bubbles and traveling vortices remain stable in the
region where the excitation energy decreases with increasing velocity. These results provide
guidance for experimental observations as well as for future studies of interactions between
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bubbles, between bubbles and vortices, and beyond.

It is worth noting that our analysis focuses on excitations in a uniform liquid under the
common-mode approximation; in finite-size systems, however, boundary effects become sig-
nificant, and studying their impact on these excitations will further facilitate experimental ob-
servation. Moreover, Bose quantum liquids are intrinsically two-component systems. Beyond
the common-mode approximation, the two components may support even richer structures,
and the existence conditions, configurations, and dynamics of these quantum states remain to
be investigated.
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