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1 Introduction

The principal signals of the non-compensating calorimeters employed by the ATLAS experiment [1] at
the Large Hadron Collider (LHC) are clusters of topologically connected cell signals (topo-clusters) that
reconstruct locally deposited energy into a three-dimensional signal object [2]. The calorimeter signals
are calibrated to correctly measure the energy deposited by electromagnetic showers, thus providing no
compensation for the fraction of deposited energy not contributing to the signal in the complex development
of hadronic showers. This leads to on average smaller observed signals for hadrons depositing the same
energy as electrons, positrons, or photons.

In ATLAS, the standard approach to compensate for the hadronic signal deficiencies at the level of individual
topo-clusters is to apply a local hadronic calibration as part of a full calibration chain that also includes
corrections for other effects. This chain is implemented as a four-step sequence of (1) a cluster-by-cluster
signal classification determining the likelihood of the topo-cluster to be of electromagnetic origin, (2) a
hadronic calibration employing a local cell-signal weighting technique giving the chain its name (LCW),
(3) an out-of-cluster correction, and (4) a correction for energy losses in inactive material in the proximity
of the topo-cluster, as detailed in Ref. [2]. All classification probabilities and calibration and correction
scale factors used in this sequence are retrieved from multi-dimensional lookup tables that are calculated
from single particle response simulations. These tables provide averages in bins of observables sensitive
to the nature of the energy deposit and to effects on the signal introduced by the detector geometry, and
its signal formation and extraction characteristics at the topo-cluster location. In addition to bin edge
effects potentially introducing discontinuities of scale factors, the correlations between the observables are
reduced to average relations in this approach. This is expected to introduce limitations to the precision of
the LCW calibration, as the specific relation between the observables used as inputs is lost for any given
topo-cluster.

Modern machine-learning (ML) methods [3] can be used to learn multi-dimensional, continuous calibration
functions without step-like transitions. These functions preserve, and even use, the underlying correlations
between observables, thus promising a more accurate topo-cluster calibration at higher precision. A set
of topo-cluster observables commonly referred to as features provides the inputs to the corresponding
training, and to the inference of the trained model. This set includes physics-motivated data representations
encompassing measures of the topo-cluster signal characteristics, the underlying nature of the energy
deposit, and the signal environment at the LHC.

A one-step training procedure omitting the dedicated topo-cluster classification step was designed in a
previous approach to determine such a function. The results obtained by training a deep neural network
(DNN) to learn the response of individual topo-clusters from which the signal calibration is derived are
presented in Ref. [4]. The performance of the DNN-trained calibration with respect to signal linearity
and resolution was found to yield significant improvements when compared with the standard hadronic
calibration provided in the LCW sequence. Other machine-learning-based approaches to calibrate topo-
clusters use cells in topo-clusters in deep learning networks employing images, graphs, and point clouds.
Those were successfully trained to calibrate single particles in full Monte Carlo (MC) simulations of the
ATLAS detector [5, 6].
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In this paper, results from the application of a Bayesian neural network (BNN) [7–13] for the calibration
of the topo-clusters obtained with full MC simulations of multijet final states of the proton–proton (pp)
collisions at the LHC Run 2 (2015-2018) centre-of-mass energy of

√
𝑠 = 13 TeV are presented. These

simulations encompass physics modelling of the particle-level final state and a detailed detector simulation.
The detector simulation models the signal contributions from pile-up introduced by the high inelastic pp
cross-section, in combination with the high proton beam intensities observed in Run 2.

The BNN is trained to not only predict the response and thus the calibration function cluster-by-cluster,
but to also learn a statistical and a systematic uncertainty component associated with this prediction.
The naming of these uncertainty components in the context of this study reflects expectations for their
respective behaviour and may differ from typical interpretations in calibrations that are derived using
measures of centrality in samples of signal objects, rather than directly determining them for a single object
(topo-cluster) alone. Also not considered here are possible other (systematic) uncertainty contributions
not directly associated with the application of the learned calibration model, including those arising
from residual discrepancies between experimental data and MC simulations. A example of a complete
determination of systematic uncertainties can be found in the jet calibration in ATLAS, with its approach
for LHC Run 2 discussed in detail in Ref. [14].

The predicted statistical uncertainty component captures the dependence of the prediction on the size of
the dataset used for training the BNN, while the systematic uncertainty component provides a measure
for the accuracy of the prediction that cannot be improved by a larger training dataset or more training
cycles (epochs). Depending on the approach to the full local hadronic calibration of topo-clusters, which,
as mentioned before, potentially includes components introduced by the comparison of experimental
data to MC simulations, these uncertainties can provide important contributions to the overall systematic
uncertainty associated with the application of the trained BNN model in the course of such calibration.

The individual uncertainty predictions are available for all topo-clusters with a calibration learned by the
BNN, including those that are not part of the signal of a calibrated physics object like jets or particles. They
can be employed to improve the input signal quality by topo-cluster selections prior to the reconstruction of
particles and jets. In addition to these selections, uncertainty propagations can be applied in bottoms-up
calibration schemes used in the context of the reconstruction of more complex and softer energy flows that
are potentially needed for the measurements of the missing transverse momentum, the soft hadronic recoil
in vector boson production, and other hadronic event shapes, as well as in jet substructure reconstruction
and analysis.

To increase confidence in the uncertainty predictions from the BNN, they are compared to an alternative
uncertainty estimate determined with repulsive ensembles (RE) [15, 16]. Observed large predicted
uncertainties for certain topo-clusters are interpreted in the context of the signal characteristics associated
with complex transition regions in the ATLAS calorimeter system.

The structure of this paper is as follows. In Section 2, the ATLAS detector and the used datasets are
presented. Introduction to the neural-network-based calibration, the features it uses, and the BNN and
RE network architecture and configurations are given in Section 3. In Section 4, the performance of the
calibration is compared to the LCW and the DNN-derived calibrations. Section 5 discusses the validity of
the uncertainties predicted by the BNN in a comparison with the corresponding RE predictions and in the
context of detector signal features. The paper concludes with Section 6.
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2 Experimental setup and simulations

The results presented here are solely obtained with MC simulations that model the setup of the ATLAS
experiment and the signal formation and extraction for the various sub-detectors in great detail. The
emphasis is on the central region of the calorimeter system. It is the most relevant detector component for
the studies presented in this paper, as the topo-clusters used to learn the response and validate the obtained
calibration are collected from calorimeter jets in this region. The only other detector systems contributing
here are the inner tracking detector for the reconstruction of the collision vertices and the dedicated forward
detectors comprising the luminosity measurement system [17] used for the reconstruction of the number of
pile-up collisions.

2.1 The ATLAS detector

The ATLAS detector at the LHC covers nearly the entire solid angle around the pp collision vertex.2
It consists of an inner tracking detector system (ID) surrounded by a thin superconducting solenoid,
electromagnetic and hadronic calorimeters, and a muon spectrometer (MS) incorporating three large
superconducting air-core toroidal magnets.

The calorimeter system provides near full absorption coverage in the pseudorapidity range |𝜂det | < 4.9.
Electromagnetic calorimetry is provided up to |𝜂det | < 3.2 by highly granular barrel (EMB) and endcap
(EMEC) lead/liquid-argon (LAr) calorimeters. An additional thin LAr presampler covers |𝜂det | < 1.8 to
correct for energy losses in material in front of the calorimeters.

Hadron calorimetry up to |𝜂det | < 1.7 is provided by the steel/scintillator-tile (Tile) calorimeter with three
barrel structures (one barrel Tile and two extended barrel Tile calorimeters). The two hadronic endcap
(HEC) copper/LAr calorimeters provide coverage for 1.5 < |𝜂det | < 3.2. Scintillating counters are installed
between the barrel and the extended Tile calorimeters to measure energy losses in this transition region
within 0.8 < |𝜂det | < 1.6 (Tile gap scintillators).

The two forward calorimeters (FCal) cover 3.1 < |𝜂det | < 4.9. Each consists of a copper/LAr module
followed by two tungsten/LAr modules for a total of three longitudinal segments, a setup optimised for
electromagnetic and hadronic energy measurements.

The ATLAS calorimeters feature highly granular readout, with a presampler followed by six longitudinal
readout segments in the barrel region |𝜂det | < 1.5, a presampler up to |𝜂det | = 1.8 and six to seven
longitudinal segments in the endcap region, and three longitudinal segments in the forward region. The
calorimeter has a depth of at least 10𝜆 everywhere, with 𝜆 being the hadronic absorption length. Overall,
it has nearly 200 000 independent readout cells, with the highest lateral granularities found in the EMB and
the EMEC. The software suite described in Ref. [18] is used for the reconstruction and analysis of the MC
simulations. It is in large parts identical to the one used for experimental data.

2 ATLAS uses a right-handed coordinate system with its origin at the nominal interaction point (IP) in the centre of the detector
and the 𝑧-axis along the beam pipe. The 𝑥-axis points from the IP to the centre of the LHC ring, and the 𝑦-axis points upwards.
Polar coordinates (𝑟, 𝜙) are used in the transverse plane, 𝜙 being the azimuthal angle around the 𝑧-axis. The pseudorapidity is
defined in terms of the polar angle 𝜃 as 𝜂 = − ln tan(𝜃/2) and is equal to the rapidity 𝑦 = 1

2 ln
(
𝐸+𝑝𝑧
𝐸−𝑝𝑧

)
in the relativistic limit.

The pseudorapidity 𝜂det in the detector frame of reference follows the definition of 𝜂 with reference to the nominal collision
vertex at (𝑥, 𝑦, 𝑧) = (0, 0, 0). Angular distance is measured in units of Δ𝑅 ≡

√︁
(Δ𝑦)2 + (Δ𝜙)2.
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2.2 Monte Carlo simulations

The fully simulated jet samples were produced according to the description given in Ref. [19]. The
hard-scatter pp interactions were generated at

√
𝑠 = 13 TeV using Pythia 8.230 [20] with the A14 [21]

set of tuned parton shower and underlying event parameters and the NNPDF2.3lo [22] set of parton
distribution functions (PDF).

To simulate the detector signals, the stable particles3 from the generated final state were tracked through
the ATLAS detector using the Geant4 [23] toolkit. The energy deposited in the calorimeters was collected
in the detector simulation and is available for each calorimeter cell and in regions of inactive material. The
signal formation in the various detector systems is modelled following the respective signal extractions
and digitisations in the experiment [24]. The effect of multiple pp interactions in the same (in-time
pile-up) and neighbouring bunch crossings (out-of-time pile-up) was modelled by overlaying the simulated
signals of the hard-scattering event with signals from inelastic minimum bias pp collisions generated with
Pythia 8.186 [25] using the NNPDF2.3lo set of PDFs and the A3 set of tuned parameters [26]. The
number of overlaid pile-up interactions is sampled from the distribution measured in the data during LHC
Run 2.

2.3 Calorimeter signal formation and features

The formation of topo-clusters principally collects calorimeter cells starting from seed cells with highly
significant signals and growing by following cell signal significance patterns within and across calorimeter
modules in three dimensions. The initial clustering is followed by an algorithm splitting large topo-clusters
between local signal maxima, again in three dimensions. The full procedure and the reconstructed
observables associated with the final cluster are detailed in Ref. [2]. This reference also introduces the
LCW calibration that uses signal characteristics, shapes and locations associated with the topo-clusters.

2.3.1 Topo-cluster kinematics

The reconstructed topo-clusters have kinematics that are represented at two scales, the basic electromagnetic
(EM) scale and the calibrated LCW scale. At both scales, topo-clusters are considered to be massless
pseudo-particles. The four-momentum representation PEM

clus of a topo-cluster at the EM scale is given by

PEM
clus = 𝐸EM

clus ·
(
1, cos 𝜙EM

clus/cosh 𝑦EM
clus, sin 𝜙EM

clus/cosh 𝑦EM
clus, tanh 𝑦EM

clus

)
, (1)

where 𝐸EM
clus, 𝑦

EM
clus and 𝜙EM

clus are the cluster energy, rapidity and azimuth reconstructed at the EM scale,
respectively.

The ML calibrations derived in this study are specific for each topo-cluster and focus on the energy deposit
it represents at its location in the calorimeter. There is no attempt to include predictions for the correction
of energy losses outside of the topo-cluster. Such corrections are included in the full LCW chain, though,
see Appendix A for more details.

The hadronically calibrated cluster energy 𝐸had
clus is available from the LCW sequence, before the corrections

for out-of-cluster and inactive material energy losses are applied. It serves as a reference for performance

3 Here particles are considered stable if their proper lifetime 𝜏 is 𝜏 > 10 ps.
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comparisons with the ML calibrations. The expectation is that it represents the energy 𝐸
dep
clus deposited in

the calorimeter cells collected into the topo-cluster,

𝐸EM
clus

hadronic
calibration−−−−−−−−→ 𝐸had

clus = 𝐸
dep
clus

expectation/goal

.

Consequentially, 𝐸had
clus is referred to as the signal at the local hadronic LCW scale, as it is reconstructed in

the context of this calibration but omits further corrections not related to the energy deposit within the
volume of the topo-cluster. Due to the cell signal weighting applied in the hadronic calibration step of the
LCW procedure, typically 𝐸had

clus > 𝐸EM
clus, 𝑦

EM
clus ≠ 𝑦had

clus and 𝜙EM
clus ≠ 𝜙had

clus are expected for all topo-clusters not
classified as purely electromagnetic (EM) based on an EM-likelihood PEM

clus < 1 measure provided in the
classification step of this procedure. The machine-learning-based calibration applies a scale factor for 𝐸EM

clus
to represent 𝐸dep

clus, and as such does not change the topo-cluster direction reconstructed at EM scale.

2.3.2 Simulation data content

The detector simulation provides the relevant truth information that assesses the energy 𝐸
dep
clus deposited

inside the topo-cluster. This is the sum of all energies 𝐸dep
cell deposited in the 𝑁cell

clus clustered cells during the
shower simulation of primary particles emerging directly from the generated hard-scatter interaction,

𝐸
dep
clus =

𝑁 cell
clus∑︁
𝑖=1

𝑤
geo
cell,𝑖𝐸

dep
cell,𝑖 .

The geometrical weight 0 < 𝑤
geo
cell,𝑖 ≤ 1 reflects the fractional contribution of 𝐸dep

cell,𝑖 to the topo-cluster if the
cell 𝑖 is shared with another cluster, with 𝑤

geo
cell,𝑖 = 1 for cells 𝑖 exclusively collected into one topo-cluster.

Within this approach 𝐸
dep
clus is the simulated detector truth that is generated by the energy flow carried by

primary particles into the calorimeter and collected within the constraints introduced by the topo-cluster
algorithm. Thus, cells that have energy deposits from these particles, but are not clustered, do not contribute
to the detector truth of a given final state. Also not included in 𝐸

dep
clus are energies deposited by particles

from in-time pile-up collisions, or any energies deposited by particle generated in nearby bunch crossings
contributing to out-of-time pile-up. Any target for a machine-learned calibration, or any other, which is
constructed from 𝐸

dep
clus thus reflects only the energy deposit generated by the pp interaction of interest,

and not from pile-up interactions. This principally allows determining calibration functions that locally,
at the level of each topo-cluster, mitigate the effect of pile-up on the topo-cluster signal 𝐸EM

clus with these
simulations.

Each 𝐸
dep
cell , and thus by extension the 𝐸

dep
clus it contributes to, comprises visible and invisible energy losses

within the particle shower. The visible energy deposits typically consist of losses through ionisation
and other interactions that potentially contribute to the cell signal 𝐸cell, and thus the topo-cluster signal
𝐸EM

clus. Invisible losses do not have a signal contribution. They include the rest energy of stopped particles,
particles absorbed or decaying without visible energy release, energy invested in (slow) nuclear processes
following an inelastic interaction between incoming shower particles and the matter they traverse. In
addition, all energy invested in invisible particles like neutrinos, which can escape the detector without
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further trace, is included.4 The invisible losses mostly appear in the development of hadronic showers, and
thus are the reason for the non-compensating signal character of the ATLAS calorimeter.

The composition of 𝐸dep
cell , and therefore also 𝐸

dep
clus, is preserved in fractional contributions depending on the

nature of the primary particles that cause the energy release into a cell volume in their interactions with
the matter of the calorimeter. In particular, 𝐸dep

clus can be characterised by the fraction of energy 𝑓
dep,em
clus

deposited by showers from primary electrons/positrons (𝑒±) and photons (𝛾). Within the context of the
studies presented in this paper, the following nomenclature is used to categorise topo-clusters according to
𝑓

dep,em
clus :

Electromagnetic topo-clusters
have at least 90% of 𝐸dep

clus coming from primary 𝑒± or 𝛾, 𝑓 dep,em
clus > 0.9.

Hadronic topo-clusters
have less than 10% of 𝐸dep

clus deposited by primary 𝑒± and 𝛾, 𝑓 dep,em
clus < 0.1.

Composite topo-clusters
have varying fractional contributions to 𝐸

dep
clus from various primary particles such that 0.1 ≤

𝑓
dep,em
clus ≤ 0.9.

This categorisation is not directly used in the training of the machine-learning-based calibrations, as it is
not available for topo-clusters in the experiment. It is useful when evaluating the sensitivity of observables
to the cluster signal origin. More sensitive observables are expected to better reflect the relation between
𝐸

dep
clus and the signal 𝐸EM

clus it generated, which, among other considerations, suggests to include them as
inputs for the calibration training, as further discussed in Section 3.1.2.

2.4 Event observables

The MC simulation samples include pile-up at levels observed in LHC Run 2, which affects the topo-cluster
signal 𝐸EM

clus and thus the calibration. Measurable indicators of the pile-up activity in a given event are
therefore considered for inclusion into the training of the cluster calibration network. The two relevant
observables in data and MC simulations are the number of reconstructed primary vertices 𝑁PV [27] and the
(measured) actual number of pile-up interactions in the event 𝜇. Generally both 𝑁PV and 𝜇 are correlated,
with 𝑁PV providing a direct measure for in-time pile-up activity of each bunch crossing while 𝜇 is also
indicative of the out-of-time pile-up activity.5

4 Within the ATLAS detector simulation, all energy released in the development of particle showers, and not invested into the
production of secondary particles that can be further tracked through the detector setup, is collected at the location where it is
produced. For the energy deposits discussed here, this is the calorimeter cell volume in which the interaction happened. The
concept of stopped particles is implemented in the interaction modelling within Geant4 for particles with energies or ranges
below the corresponding configured thresholds for secondary particle tracking and thus does not necessarily reflect physical
behaviour at the interaction level.

5 For MC simulations, 𝜇 is sampled from the distribution of ⟨𝜇⟩, which is the number of interactions measured over a luminosity
block at the LHC (duration about 30 s to 60 s) divided by the number of proton bunch crossings in this interval (average over all
bunches). Due to this time-integrated construction, ⟨𝜇⟩ provides an average measure for the out-of-time pile-up activity. For
data, 𝜇 is determined from the number of pile-up interactions averaged over all bunches at a fixed position in the bunch train,
again in a luminosity block [17].
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3 Datasets and network setup

3.1 Dataset

The dataset consists of selected topo-clusters reconstructed in MC simulations of full pp collision events at√
𝑠 = 13 TeV with multijet final states. The events are generated and simulated as described in Section 2.2.

The topo-clusters are collected from fully reconstructed calorimeter jets in the central detector region of
ATLAS, as provided by the MC simulations. Each jet establishes a calorimeter volume containing its
topo-cluster constituents. With this, they not only provide a reference phase space for a group of clusters for
future comparisons with experimental data, but also an environment characterised by varying topo-cluster
densities covering many spatial cluster distributions also expected in data.

3.1.1 Final-state objects and phase space

Calorimeter jets are formed from topo-clusters with signals at the EM scale using the anti-𝑘𝑡 algorithm [28]
in FastJet [29] with a radius parameter 𝑅 = 0.4. They are calibrated using the procedures described in
Ref. [14], including pile-up corrections, the MC-simulations-derived jet energy scale (JES) calibration,
and direction corrections. The considered phase space for these jets is motivated by typical analysis
selections and to restrict the data used for the machine-learning calibration to topo-clusters located in
the high-granularity region |𝜂det | < 2.5 of the ATLAS calorimeters, where the expressiveness of their
associated observables is expected to be the highest. It is defined using reconstructed calorimeter jet
kinematics,

𝑝JES
T,jet > 20 GeV and |𝑦JES

jet | < 2.0 , (2)

where 𝑝JES
T,jet is the fully calibrated transverse momentum of the jet, and 𝑦JES

jet is its rapidity after all
corrections.

In the context of this study particle jets in MC simulations are considered as the physics truth generating
the detector truth introduced in Section 2.3.2. They are clustered from stable particles in the generated
particle-level final state of the hard-scatter interaction, with the exception of muons and neutrinos, using
the anti-𝑘𝑡 algorithm with the same radius parameter used for the calorimeter jets. Only calorimeter jets
within an angular distance Δ𝑅 < 0.4 to the nearest particle jet are accepted, to assure a significant amount
of true signal contribution to the topo-clusters they are clustered from. No pile-up-jet tagging or removal is
applied to these simulated and matched calorimeter jets.

The topo-clusters are collected from the simulated calorimeter jets passing the selection above. Given the
jet definition, they are found to be approximately within |𝑦EM

clus − 𝑦JES
jet | ≲ 0.4, with 𝑦EM

clus being the cluster
rapidity reconstructed at the EM signal scale, as introduced in Eq. 1 of Section 2.3.1. To remove clusters
generated by pile-up, all clusters considered for training, testing and validation of the calibration networks
are required to have a true energy content of 𝐸dep

clus > 300 MeV. Most topo-clusters not satisfying this
selection were found to have a high level of randomness in their signal and other associated observables,
with only a weak or no relation to 𝐸

dep
clus at all.6 They are excluded as they are not significantly contributing

to the hadronic final state (and jet) signals in the context of this study.

6 Per ATLAS convention, and following the discussion in Section 2.3.2, the topo-clusters generated purely by pile-up alone have
𝐸

dep
clus = 0. A meaningful target for calibrations requires 𝐸dep

clus > 0, at least.
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The collected sample of topo-clusters is randomised and all information from the jet context is dropped, as
it is not relevant for training the networks and the performance evaluation of the learned calibration.

3.1.2 Feature selection for the calibration training

In addition to the kinematics represented by 𝐸EM
clus and 𝑦EM

clus, each topo-cluster is associated with a set of
observables that are canonically referred to as cluster moments. These are part of the general analysis data
model in ATLAS. The moments were designed to provide signal characteristics including its timing and
significance as well as selected measures indicative of the nature of the energy deposit in the topo-cluster,
together with other measures that have impact on a cluster classification by signal sources and a local
hadronic calibration.

The topo-cluster moments that are expected to be useful for a local calibration are those that establish an
observable space that represents the relation between the signal 𝐸EM

clus and its source 𝐸
dep
clus. This relation can

only be directly established, within the limitations of the models applied, in MC simulations. When using
a selection of these observables for a machine-learning-based multi-dimensional topo-cluster calibration,
not only the individual observables but also the correlations between them are important.

In machine-learning, the inputs to a classification or regression network are often referred to as features.
For learning the calibration, each topo-cluster is represented by a feature set Xclus that serves as input to a
learned calibration network. There are several important aspects to be considered when collecting some of
the features summarised in Table 1 into Xclus. These mostly relay to

1. the expectation for the achievable accuracy of the calibration not only for the MC simulations but
also for the application to experimental data;

2. the expressiveness of each feature with respect to the calorimeter signal source and its reflection in
the signal definition given by the topological cell clustering;

3. and a meaningful feature reconstruction with sufficient resolution for almost all topo-clusters, if not
all, reconstructed to measure the final state of the pp collisions in the ATLAS calorimeters.

Both aspects captured in item 1 and item 2, respectively, are tightly connected. Features with little
sensitivity to the topo-cluster signal source are irrelevant as inputs and are thus omitted. Similarly, the
selection of expressive but highly correlated features may lead to an unnecessarily large numerical system
decreasing the computing performance and potentially introducing a higher level of stochasticity (noise).

The application of the topo-cluster calibration learned from MC simulations to experimental data requires
that the individual features and their correlations are well modelled. This is generally achievable for
individual features that are lower order topo-cluster moments, as documented in Ref. [2]. Several highly
expressive second-order moments are not considered, as they are too sensitive to the (hadronic) shower
modelling and the signal calculation in the simulation including pile-up. In particular, the modelling of
pile-up contributions to these complex observables requires minimum bias physics and detector simulations
to be accurate at often small scales that, at the present state-of-art, have not been achieved in all aspects.
The second order moments that provide measurements of the longitudinal and lateral topo-cluster signal
dispersion (⟨𝔪2

long⟩, ⟨𝔪
2
lat⟩) are included in Xclus, because they were found to be largely insensitive to

modelling issues and pile-up [2]. In addition, the signal compactness measure 𝑝T𝐷 and the energy-squared-
weighted variance of the cell time distribution Varclus(𝑡cell) inside the topo-cluster, both calculated as
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Table 1: The topo-cluster features used in the training of the topo-cluster calibration networks, as summarised in Eq. 3.
The variables are defined in Ref. [2], except for 𝑝T𝐷 and Varclus (𝑡cell) defined in Appendix B. Selected features used
in the LCW calibration approach are indicated.

Category Symbol LCW Comment
Kinematics 𝐸EM

clus yes Signal at the electromagnetic energy scale
𝑦EM

clus yes Rapidity at the electromagnetic energy scale
Signal strength,
time structure

𝜁EM
clus no Signal significance

Varclus(𝑡cell) no Variance of 𝑡cell distribution
Shower depth,
shower shape,
compactness

𝜆clus yes Distance of the centre-of-gravity from the calorimeter front
face (along principal cluster axis)

| ®𝑐clus | no Distance of the centre-of-gravity from the nominal vertex
𝑓emc no Fraction of energy in the electromagnetic calorimeter

⟨𝜌cell⟩ yes Cluster signal density measure
⟨𝔪2

long⟩ no Normalised energy dispersion along the principal cluster
axis

⟨𝔪2
lat⟩ no Normalised energy dispersion perpendicular to the

principal cluster axis
𝑝T𝐷 no Signal compactness measure (inspired by Ref. [30])

Topology 𝑓iso yes Cluster isolation measure
Pile-up 𝑡clus no Signal timing

𝑁PV no Number of reconstructed primary vertices
𝜇 no Number of pile-up interactions per bunch crossing

described in Appendix B.1, are included because by construction they are expected to have little sensitivity
to potential (small scale) modelling issues.

The modelling of the feature correlations can only be evaluated in the context of a full performance study
in which the trained calibration is applied to data, with well defined metrics. This study is out-of-scope for
this method paper.

The final important aspect noted in item 3 in the list above, must be considered when composing Xclus. All
chosen features need to be reconstructed for each cluster in a large sample of topo-clusters in a meaningful
way, with the highest possible resolution. This requires least impact from the topo-cluster formation
algorithm and cell-level detector inefficiencies due to, e.g., insufficient granularity and noise, on their
expressiveness for the calibration. For this reason, the jet phase space, and consequently the topo-cluster
phase space, covered by this proof-of-principle study of the applicability of a ML calibration and the
understanding of its predictions, is restricted to the ATLAS calorimeter region with the highest readout
granularity, as mentioned in Section 3.1.1.

Even within the chosen phase space, very few topo-clusters in the used dataset may still not have enough
cells or suffer from other deficiencies introduced by the detector or the collision environment such that it is
not possible to reconstruct some or all of the features with the highest possible accuracy and precision.
Nevertheless, and mostly to avoid selection biases and thus predict the most universal calibration function

11



for all topo-clusters in the illuminated calorimeter region, these clusters are represented as well in both
training and testing of the calibration network.

The final composition of Xclus contains the 15 features described in Table 1,

Xclus ={
𝐸EM

clus, 𝑦
EM
clus

kinematics

,

signal relevance

𝜁EM
clus, Varclus(𝑡cell), 𝜆clus, | ®𝑐clus |, ⟨𝜌cell⟩, ⟨𝔪2

long⟩, ⟨𝔪
2
lat⟩, 𝑝T𝐷, 𝑓emc

shower nature (position, compactness, signal density and internal time structure)

,

topology (isolation)

𝑓iso, 𝑡clus, 𝑁PV, 𝜇

pile-up

} . (3)

It reflects the guidance discussed above.7 Included are the kinematic variables 𝐸EM
clus and 𝑦EM

clus, both basic
inputs for any calorimeter calibration. Also included are all of the topo-cluster observables employed by
the classification and the hadronic calibration in the LCW sequence, thus removing the need for an explicit
cluster classification but preserving the information entering this step. In addition, the event-level pile-up
measures 𝑁PV and 𝜇 and the topo-cluster isolation measure 𝑓iso are included to represent topological
(varying cluster densities in jets) and environmental (pile-up) effects on the cluster signal. All members of
Xclus are available for both experimental data and MC simulations.

3.2 Topo-cluster calibration training

The hadronic calibration in the LCW sequence aims at the (true) deposited energy 𝐸
dep
clus as a calibration

target. The determination of the local topo-cluster calibration using machine learning techniques introduces
a set of novel aspects. Rather than learning 𝐸

dep
clus with a typical value ranging from O(100 MeV) to

O(1 TeV) directly, the response REM
clus as a function of the feature set Xclus from Eq. 3 is learned for each

topo-cluster in a multi-dimensional regression fit. The target REM
clus is defined as the ratio of the cluster

signal 𝐸EM
clus at EM scale and the deposited energy in the cluster 𝐸dep

clus,

REM
clus = 𝐸EM

clus/𝐸
dep
clus . (4)

It is available in MC simulations for each topo-cluster extracted from the jet and selected according
to the criteria introduced in Section 3.1.1. The significantly reduced value range for REM

clus lowers the
computational effort in the training of the network by reducing the number of epochs, with the promise of a
more accurate and precise calibration.

Both the BNN and the RE learn uncertainties related to the trained calibration for each topo-cluster
individually. These uncertainties allow for a better understanding of (1) detector signal features, (2) possible
signal quality issues in the data, and (3) possible fundamental limitations and other issues associated with
the network training. As further discussed in Section 5.1, they are learned for each topo-cluster to provide
a measure of the accuracy achieved with the trained calibration network.

3.2.1 Training target

In addition to using the topo-cluster response REM
clus as a calibration target, instead of the deposited energy

𝐸
dep
clus that is the direct target of the LCW hadronic calibration, the dedicated classification step characteristic

7 The DNN trained in the context of the studies presented in Ref. [4] employs the same feature set.
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Figure 1: The distributions of the energy 𝐸
dep
clus deposited in topo-clusters are shown in (a) in a stack, for the clusters

categorised as electromagnetic, hadronic or composite by applying the classifications introduced in Section 2.3.2. In
(b), the corresponding stacked distributions for the basic cluster signal 𝐸EM

clus at EM scale are shown. The distributions
of the machine-learning training target, the topo-cluster response REM

clus constructed from 𝐸EM
clus and 𝐸

dep
clus according

to Eq. 4, are shown stacked in (c) for the same three categories. The distributions are filled from the sample of
topo-clusters collected from fully simulated calorimeter jets, as described in Section 3.1.1. The respective lower
panels show the relative contributions from the three categories to the inclusive spectrum. The shaded areas indicated
the statistical errors.

for the LCW procedure is omitted when training the BNN and the RE network. Instead, the features 𝐸EM
clus,

𝑦EM
clus, 𝜆clus and ⟨𝜌cell⟩ ≡ 𝜌clus used in the LCW classification are included, as presented in Table 1 and

Eq. 3. The result of the BNN(RE) training is the individual response prediction RBNN(RE)
clus (Xclus) for a

given topo-cluster with a feature set Xclus, with

RBNN(RE)
clus (Xclus)

trained
= REM

clus(Xclus) , (5)

with REM
clus from Eq. 4. Both networks are independently trained to encode the respective representation

RBNN(RE)
clus of the target REM

clus as a function of Xclus given in Eq. 3. The derivation of the corresponding
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calibrated topo-cluster energy 𝐸
BNN(RE)
clus then employs RBNN(RE)

clus such that

𝐸
BNN(RE)
clus =

𝐸EM
clus

RBNN(RE)
clus (Xclus)

. (6)

Figure 1 shows the complex distributions for 𝐸dep
clus, 𝐸

EM
clus and REM

clus for the three topo-cluster categories
defined in Section 2.3.2. The particular distribution shapes observed for both 𝐸

dep
clus and 𝐸EM

clus are driven
by the multijet final state simulation configuration that determines the incoming flow of particles from
the selected jets in the MC simulations, with its calorimeter representation subjected to the topo-cluster
selection discussed in Section 3.1.1. The distributions provide an integral view on regional hadronic signal
characteristics, like the varying levels of non-compensation across the illuminated topo-cluster rapidity
range.

The contribution of electromagnetic topo-clusters to the 𝐸EM
clus distribution in Figure 1(b) is near constant for

𝐸EM
clus ≲ 2 GeV. The lower 𝐸EM

clus regime is largely populated by hadronic topo-clusters, with their relative
contribution dropping to match the one from composite topo-clusters for 10 GeV ≲ 𝐸EM

clus ≲ 100 GeV.
Composite topo-clusters then dominate in the high signal regime 𝐸EM

clus > 100 GeV, indicating a dominant
contribution from clusters generated by merged showers and shower fragments.

The resulting distributions ofREM
clus shown on Figure 1(c) for the topo-cluster categories depict the complexity

of the calibration task. Small REM
clus ≪ 1 indicate that the contribution of the deposited energy 𝐸

dep
clus to the

topo-cluster signal 𝐸EM
clus is insignificant. This is the case for 𝐸dep

clus predominantly arising from stopped
particles with invisible decay products like neutrinos together with a small fraction of 𝐸dep

clus generating the
signal, or in deep inelastic hadronic interactions where a large amount of invisible energy is produced. In
addition, the shower-generated signal reflecting 𝐸

dep
clus may be suppressed because the total signal 𝐸EM

clus of
the topo-cluster is dominated by negative cell signals from out-of-time pile-up noise [2].

Many of the topo-clusters with large responses REM
clus ≫ 1 have a centre-of-gravity located in the Tile gap

scintillators [31], where the response reflects detector signal characteristics that are not only related to
pile-up. These counters are not calorimeters in that they have no internal absorber structures generating
showers. Their signal 𝐸EM

clus at the EM scale is calibrated to (on average) correct for energy losses in the
inactive materials around them. Consequently, with the definition of REM

clus given in Eq. 4, the deposited
energy 𝐸

dep
clus being small in the absence of an absorber, and the signal 𝐸EM

clus by design representing energies
much larger than 𝐸

dep
clus, a large REM

clus is expected.

The energy loss of particles produced in in-time pile-up interactions, or the secondary particles they
generate by showering in the material around the Tile gap scintillators, is not accounted for in 𝐸

dep
clus that is

conceptionally defined in Section 2.3.2 as the detector truth generated by the final state of the hard scatter
pp interaction. Due to the topo-cluster selection presented in Section 3.1.1, each cluster has a finite part
of its signal 𝐸EM

clus generated by 𝐸
dep
clus > 300 MeV, with the remainder generated by a contribution from

pile-up that is subject to considerable fluctuations. The peak of the REM
clus distribution around REM

clus ≈ 50
manifests these characteristic signal features. It hints at a direct proportionality between 𝐸EM

clus and 𝐸
dep
clus for

the bulk of the topo-clusters population under it, which is expected for the signal from ionisation-only
energy deposits in a scintillating counter.8

8 The energy 𝐸
dep
clus in a Tile gap scintillator only represents the sum of all ionisation losses from charged particles emerging from

the hard scatter interaction and passing through this detector. With the ionisation loss in the thin scintillator being about the
same for each of those particles, within narrow Landau distributions [32, 33], 𝐸dep

clus is expected to be proportional to the number
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Table 2: Summary of the transformations applied to the various observables collected into the feature set Xclus from
Eq. 3, and the target response REM

clus from Eq. 4.

Transformation (preprocessing) Features
Logarithmic (log10) standardisation (Eq. 7) 𝐸EM

clus, 𝜁
EM
clus, Varclus(𝑡cell), 𝜆clus, ⟨𝜌cell⟩

Linear standardisation (Eq. 8) 𝑦EM
clus, | ®𝑐clus |, 𝑓emc, ⟨𝔪2

long⟩, ⟨𝔪
2
lat⟩, 𝑝T𝐷, 𝑓iso, 𝑁PV, 𝜇

Maximum-absolute normalisation (Eq. 9) 𝑡clus

Logarithmic (log10) transformation (Eq. 10) REM
clus

Fluctuating levels of pile-up, in terms of energy flow density and particle types in both prompt emissions
from the interactions in the proton bunch crossing and in the shower development in the materials in
proximity of the Tile gap scintillators caused by those, are dominant contributions to the width and shape
of this peak, aside from possible modulations introduced by the topo-cluster selection applied in this study.
These pile-up-induced response fluctuations arise from the pp bunch-crossing-to-bunch-crossing variations
of the pile-up activity, in combination with the amount of material located between the Tile gap scintillators
and the collision vertex region that comprises calorimeter modules as well as non-instrumented mechanical
structures. This upstream material acts as shielding that, when folded with the particle flow from the
vertex region contributing to the reconstructed jets used for this study, introduces fluctuations of 𝐸EM

clus
(and thus REM

clus) of varying magnitude for topo-clusters between the lower rapidity edge of the Tile gap
scintillator coverage at |𝑦EM

clus | ≈ 0.8 (largest amount of upstream material) and the higher rapidity edge at
|𝑦EM

clus | ≈ 1.8 (lowest amount of upstream material). Some of these observations are revisited in the context
of the predicted uncertainties in Section 5.5.

Larger REM
clus are also observed for some topo-clusters located in the electromagnetic calorimeters, which

are closest to the collision region and thus exposed to the highest flow of particles from pile-up collisions.
Generally, and in extension to the interpretations of the 𝐸

dep
clus and 𝐸EM

clus spectra given above, the complexity
of the REM

clus distributions reflect the incoming particle flow, the collision environment, and the varying
detector geometries and, consequently, the varying calorimeter signal characteristics.

3.2.2 Feature and target transformations and projections

To limit the numerical value range of the network inputs and to create more appropriate (peaked) feature
distributions for the training whenever possible, the features are transformed following three different
procedures. If the spectrum of a feature 𝑥 ∈ Xclus is smoothly falling and 𝑥 > 0 always, 𝑥 is replaced by a
standardised logarithmic representation,

𝑥 →
log10 𝑥 − ⟨log10 𝑥⟩

std(log10 𝑥)
. (7)

Here ⟨log10 𝑥⟩ is the statistical average of the log10 𝑥 distribution from the training sample, and std(log10 𝑥)
denotes the corresponding standard deviation of the transformed features 𝑥.

of charged particles passing through it. This charged particle multiplicity in turn is an indirect measure of energy losses in
inelastic interactions occurring in the inactive material located around the scintillator. Thus, 𝐸dep

clus is approximately proportional
to these losses when induced by particles from the hard scatter final state, but does not capture energy losses induced by charged
particles directly emerging from in-time pile-up interactions or generated in showers generated by these particles.
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Table 3: The architecture and hyper-parameters for both the BNN and the RE network with the three-mode Gaussian
mixture likelihood. Both networks feature a decaying learning rate (LR) implemented by the learning-rate scheduler
StepLR from the PyTorch [34] software tool kit, with LR reduced by a factor 𝛾 at each of the epochs within the
range specified in braces below.

Hyper-parameter Network architecture and setup
Likelihood model Gaussian mixture
Number of mixture modes 𝑁mix 3
Number of hidden layers 4
Number of nodes per layer (input, hidden, and output) {15, 64, 64, 64, 64, 9}
Activation function (inner layers) rectified linear unit (ReLU)
Activation function (last layer) none
Central-value prediction (mean or maximum) maximum of the likelihood
Optimizer and learning rate (LR) Adam [35] with LR = 10−4

Learning-rate scheduler StepLR, epochs {25, 100}, 𝛾 = 0.1
Number of training epochs 150
Training (and inference) batch size 4096 (512)
Dataset size (all selected topo-clusters) 14.5 × 106

Data sample size for training (𝑁train) 8.7 × 106 (60.0%)
Data sample size for validation 5.0 × 105 (3.4%)
Data sample size for testing 5.3 × 106 (36.6%)
Sampling at inference on the test dataset (BNN only, 𝑁) 50 times
Number of ensemble members (RE only, 𝑁) 50

For other distribution shapes, 𝑥 is standardised without additional transformation (linear standardisation),

𝑥 → 𝑥 − ⟨𝑥⟩
std 𝑥

, (8)

where ⟨𝑥⟩ and std 𝑥 are the mean and the standard deviation of the distribution of 𝑥 from the training sample.
An exception is the cluster time 𝑡clus, which is normalised to its maximum absolute value max( |𝑡clus |) found
in the training sample, to keep its sparsity (maximum-absolute normalisation),

𝑡clus →
𝑡clus

max( |𝑡clus |)
. (9)

For the regression target, a simple logarithmic transform is applied to reduce its numerical range further,

REM
clus → log10 REM

clus . (10)

The transformations of the individual features listed in Table 1 and the regression target from Eq. 4 are
summarised in Table 2.
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3.3 Models and network setup

To learn the response given in Eq. 4 as a function of Xclus, both a Bayesian neural network and a repulsive
ensemble are employed. Both are configured with the same network model, with the hyper-parameters
presented in Table 3. They differ significantly in the implementation of the variational approach to
determine the uncertainties, and thus in the set of learned network parameters and the respective loss
functions, as further discussed in Sections 3.3.2 and 3.3.4.

3.3.1 Principle design of a Bayesian neural network

As previously mentioned, Bayesian neural networks do not only predict the target of regressions like the one
exercised in the context of the topo-cluster calibration, but also provide uncertainty predictions associated
with the central value prediction. Figure 2 illustrates the principle setup for the training of the BNN and its
inference on the (test) data.

The most significant deviation of the BNN model from the usual deep neural network design is that the
weights connecting the nodes in adjacent layers are not trained as fixed values, rather they are represented
by learned average values and widths of probability distributions 𝑞(𝜃).9 Here 𝜃 are the trained network
parameters. When the BNN is inferred on test data, these distributions are sampled a fixed number of
times, denoted by 𝑁 and set to 𝑁 = 50 for this result. This is the same as collecting the predictions from 𝑁

different networks trained using the same data, without the need to do this training 𝑁 times. The central
prediction RBNN

clus is then constructed from the 𝑁 sampled predictions such that it reflects the prediction
with the highest probability to represent the target REM

clus, as indicated in Figure 2. The uncertainties are
constructed as indicated in the same figure. They are further discussed in Section 5.

3.3.2 BNN loss function

The loss function employed in the BNN training is designed to maximise the likelihood 𝑝(𝜃 |𝐷train) of the
network parameters 𝜃 to describe the training dataset 𝐷train. This dataset is represented by a vector of target
and feature set pairs

{
REM

clus,Xclus
}
𝑗

for 𝑗 = 1, . . . , 𝑁train topo-clusters,

𝐷train =

({
REM

clus,Xclus
}

1 ,
{
REM

clus,Xclus
}

2 , . . . ,
{
REM

clus,Xclus
}
𝑁train

)
. (11)

The form of 𝑝(𝜃 |𝐷train) is not known a priori. Therefore, and following Bayes’ theorem, the posterior
𝑝(𝐷train |𝜃) that provides the likelihood that 𝐷train describes 𝜃, is maximised instead of 𝑝(𝜃 |𝐷train), as
discussed in Ref. [3]. Assuming a Gaussian likelihood for 𝑝(𝐷train |𝜃) is well motivated, but in case of the
topo-cluster-response predictions, a mixture of 𝑁mix = 3 Gaussian functions is chosen to accommodate
possible deviations from this shape,

𝑝(𝐷train |𝜃) = 𝑝({REM
clus}|𝜃, {Xclus}) =

𝑁train∏
𝑗=1

𝑁mix∑︁
𝑖=1

𝛼𝜃,𝑖 N(REM
clus, 𝑗 |⟨R⟩𝜃,𝑖, 𝜎𝜃,𝑖) . (12)

9 The distributions 𝑞(𝜃) are chosen to be Gaussian functions. This is not required but enhances computational performance
without observable effects on the accuracy of the predictions [11].
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Figure 2: The principal design of the Bayesian neural network (BNN) employed for the regression fits and the
corresponding uncertainty predictions for the topo-cluster calibration. The network on the left is designed such
that the resulting weights linking the nodes of adjacent layers are described by weight functions 𝑞(𝜃) with learned
averages and widths. The inference of the trained model, represented by a set of learned network parameters 𝜃, is
shown on the right, where an ensemble of 𝑁 networks is sampled from 𝑞(𝜃) to generate 𝑁 predictions from the
model. The central prediction RBNN

clus is the mode (most probable value) of the average of 𝑁 probability density
functions 𝑝(R|𝜃𝑠 ,Xclus), where each individual 𝑝(R|𝜃𝑠 ,Xclus) represents the probability that the network describes
the target R = REM

clus for a given topo-cluster with feature set Xclus. Each of the 𝑝(R|𝜃𝑠 ,Xclus) is defined as the
mixture of 𝑖 = 1 . . . 𝑁mix Gaussian distributions with learned means ⟨R⟩𝜃𝑠 ,𝑖 , widths 𝜎𝜃𝑠 ,𝑖 and coefficients 𝛼𝜃𝑠 ,𝑖 , as
introduced in Eq. 12, with 𝑁mix = 3. The averaged function is the normalised sum of all probability density functions
obtained by sampling weights from 𝑞(𝜃) 𝑁 times, with 𝑁 = 50. It is composed of a total of 𝑁 × 𝑁mix Gaussian
distributions. The weighted average response ⟨R⟩𝜃𝑠 is the sum of 𝛼𝜃𝑠 ,𝑖 ⟨R⟩𝜃𝑠 ,𝑖 from the 𝑁mix distributions for each
sample 𝑠. It is needed to predict the systematic (𝜎BNN

syst (Xclus)) and statistical (𝜎BNN
stat (Xclus)) uncertainties, which

are further discussed in Section 5.2. It is calculated for each of the 𝑁 sampled sets of network parameters 𝜃𝑠 to
obtain ⟨R⟩, the mean response averaged over the 𝑁 corresponding ⟨R⟩𝜃𝑠 . This mean is needed exclusively for the
calculation of 𝜎BNN

stat . All calculations are individually performed for any given topo-cluster at inference of the trained
BNN model. The numbers written above some of the edges (links) between nodes are weights sampled from 𝑞(𝜃) at
network inference. They are for illustration only and show the sampling character of the predictions.

Here 𝛼𝜃,𝑖 are the weights with which the Gaussian functions N(REM
clus |⟨R⟩𝜃,𝑖, 𝜎𝜃,𝑖) with mean ⟨R⟩𝜃,𝑖 and

standard deviation 𝜎𝜃,𝑖 contribute to 𝑝(𝐷train |𝜃), with

𝛼𝜃,𝑖 ≥ 0 and
𝑁mix∑︁
𝑖=1

𝛼𝜃,𝑖 = 1 .

All 𝛼𝜃,𝑖, ⟨R⟩𝜃,𝑖 and 𝜎𝜃,𝑖 are predicted by the BNN and are thus functions of Xclus. The mixture weights
𝛼𝜃,𝑖 are forced to be positive and to add up to unity by applying a softmax [36, 37] function.

To find the maximum of 𝑝(𝐷train |𝜃), the negative logarithmic likelihood − log 𝑝(𝐷train |𝜃) is minimised.
As the uncertainties 𝜎𝜃,𝑖 are learned as well, rather than being fixed a-priori, this approach implements a
heteroscedastic loss function that regularises the otherwise prevalent trend of the minimisation to prefer
larger values of 𝜎𝜃,𝑖 in the exponents of the Gaussian functions. Therefore, trivial solutions 𝜎𝜃,𝑖 → ∞
are avoided and the values of 𝜎𝜃,𝑖 are generally restricted to meaningful ranges. The introduction of a
(reverse) Kullback-Leibler divergence 𝐷KL [𝑞(𝜃), 𝑝prior(𝜃)] [38] in the BNN loss function LBNN acts as a
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ridge (L2) regularisation [39] that controls over-fitting and focuses the fit on regions of relevant data,

LBNN = 𝐷KL [𝑞(𝜃), 𝑝prior(𝜃)] −
〈

log 𝑝(𝐷train |𝜃)
〉
𝜃∼𝑞(𝜃)
𝜃 sampled

from 𝑞 (𝜃 )

. (13)

The 𝐷KL [𝑞(𝜃), 𝑝prior(𝜃)] term vanishes when the distribution of learned network parameters 𝑞(𝜃) matches
the prior 𝑝prior(𝜃). Both 𝑞(𝜃) and 𝑝prior(𝜃) are chosen to be Gaussians so that 𝐷KL [𝑞(𝜃), 𝑝prior(𝜃)] can be
calculated analytically. The prior mean and standard deviation are set to zero and one, respectively. The
likelihood 𝑝(𝐷train |𝜃) is taken from Eq. 12 and the network parameters 𝜃 are sampled once from 𝑞(𝜃) to
calculate the average negative logarithmic likelihood term in Eq. 13. More details of the motivation and
the design of LBNN are given in Appendix C.1.

Compared to a regression training without uncertainty predictions, the network output in case of a loss
defined by a single Gaussian function, configured by using 𝑁mix = 1 in Eq. 12, is doubled. It consists
of a local central value function as a representation of the regression target and a local uncertainty map.
Generally, the number of network outputs increases by a factor of 3𝑁mix − 1 for a mixture of 𝑁mix Gaussian
distributions.

The predictions from the BNN are a novel approach to learn uncertainty contributions to calorimeter
signal calibrations. They can represent relevant contributions to the nuisances characterising the overall
systematic uncertainty associated with the application of the learned local (topo-cluster by topo-cluster)
calibration in data and MC simulations. The learned uncertainties also serve as indicators of the detector
signal expressiveness in terms of the measurement of the true energy deposit, as shown in Section 5.5.
They can thus be used as a base for topo-cluster selections to improve the accuracy and precision of the
energy measurement for reconstructed particles inside and outside of jets, and thus the general energy flow
in the final state of the pp collisions at the LHC.

3.3.3 Repulsive ensembles

To gain confidence in the BNN uncertainty predictions for the local topo-cluster calibration, an alternative
and independent model for learning such uncertainties employing a network of repulsive ensembles, is
considered. The basic idea of RE is to determine uncertainties for the learned parameters 𝜃, and consequently
the functions they describe, by forcing ensembles of identically configured training networks to not predict
the same best-fit network parameters, but rather explore the landscape around the corresponding minimum
of the loss. While some variation of the predictions between members of an ensemble of networks can be
observed due to random network initialisation and random training batch selection, there is no explicit
mechanism that guarantees that the full weight space encoding 𝑝(𝐷train |𝜃) is mapped out. It can be shown
that adding a repulsive force (network interaction) to the usual update rule that minimises − log 𝑝(𝐷train |𝜃)
based on gradient descent, maps the weight space completely when applied to all members of the network
ensemble simultaneously at each update 𝑡 → 𝑡 + 1 evolving 𝜃𝑡 → 𝜃𝑡+1. This procedure allows predicting
uncertainties, see e.g., the comprehensive discussion in Ref. [3]. The basic design of the RE training model
is sketched in Figure 3. While the formal determination of the central prediction and the uncertainties
shown in this figure is identical to the one for the BNN shown in Figure 2, the underlying sampling
strategies are fundamentally different. The BNN directly samples in weight space, while the RE samples in
the function space establishing the repulsive force between networks. Some relevant details of the complex
theoretical foundation and the implementation of RE are given in Appendix C.2.
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and uncertainties for a Gaussian mixture model:
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Training: Repulsive term connecting the function space of all N simultaneously trained
networks forces the ensemble to spread out and cover the loss around the actual minimum

Inference: Same formulas as for the BNN, using
the N simultaneously trained ensemble members

1

Figure 3: Schematics describing the design of the repulsive ensemble (RE) model employed for the regression fits
and the corresponding uncertainty predictions of the topo-cluster calibration. An ensemble of 𝑁 networks with
identical configurations is configured. These 𝑁 networks are trained simultaneously with interconnections between
their loss functions acting as repulsive forces between them (shown as spring connectors in the schematic). The
predictions from the 𝑁 networks are collected for each topo-cluster in each processed batch during training. A central
prediction and the uncertainties are calculated in the same way as illustrated in Figure 2 for the BNN, with the same
nomenclature introduced there. The numbers written above some of the edges (links) between nodes illustrate the
learned weights for one of the 𝑁 repulsive ensembles. They are shown to illustrate that each network fits its own
weights within the repulsive action of the loss function.

3.3.4 Repulsive ensemble loss function

The loss function of the RE network is derived from the modified update rule. Its principal form is a sum
of 𝑖 = 1, . . . , 𝑁 terms LRE,𝑖 for an ensemble of 𝑁 networks,

LRE =

𝑁∑︁
𝑖=1

LRE,𝑖 . (14)

Each LRE,𝑖 has three components comprising

1. the negative logarithm of a posterior likelihood 𝑝(𝐷train |𝜃) of Bayes’ theorem representing 𝑝(𝜃 |𝐷train),
the likelihood of the network parameters 𝜃 to describe the training dataset 𝐷train in Eq. 11, similar to
the approach in the design of the BNN loss function in Section 3.3.2;

2. a repulsive term connecting the loss function space of all 𝑁 networks with a given network 𝑖 ∈ [1, 𝑁]
using Gaussian kernels;

3. and a Gaussian prior introduced by the application of Bayes’ theorem when representing 𝑝(𝜃 |𝐷train)
by 𝑝(𝐷train |𝜃), again similar to what is introduced for the BNN in Section 3.3.2.

The gradient of LRE is computed relative to all network parameters 𝜃 in the ensemble. The repulsive term
in item 2 includes a stop-gradient operation on all 𝜃 in the ensemble, to assure valid gradients at each
update. This term and the prior are also normalised by 1/𝑁train to avoid any scaling with the size of the
training sample 𝑁train. More insight on the formalism of the RE loss function is given in Appendix C.3.
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4 Performance evaluations

The performance of the learned topo-cluster responses is fully evaluated for the BNN predictions (RBNN
clus ) by

applying the trained model to a test dataset that has no content overlap with the training dataset. Principal
measures to determine the quality of this calibration are prediction power, the signal linearity and the local
energy resolution. The median is used as a measure of the central tendency of the analysed distributions,
because, unlike the mode, it is analytically accessible without explicit determining (fitting) the shape
of the distribution around the most probable value. The median is also relatively stable with respect to
sample statistics, which can affect the statistical mean when distributions are not symmetric. Emerging
tails in distributions of the prediction power and signal linearity, both introduced as evaluation metrics in
Section 4.1 below, with increasing sample statistics were observed in some cases when evaluating them in
bins of certain features or truth-related variables. These tails lead to observable changes of the means with
increasing sample sizes in these cases, while medians were found to be stable once statistically meaningful
samples were collected.

In addition, the performance of the BNN-derived topo-cluster calibration is compared to the one learned
by the RE. Both calibrations are expected to produce the same central predictions and thus yield the
same median signal linearity and energy resolution. This is a necessary requirement for a meaningful
comparison of the uncertainties predicted by these two models.

4.1 Evaluation metrics

Determining the performance of the ML calibration cluster-by-cluster includes the evaluation of its accuracy
or prediction power, similar to a closure test of a given functional model to predict the target in any
calibration attempt, including non-machine-learning-based ones.10 In addition, the signal linearity achieved
for the ML-calibrated energies are compared with the corresponding ones at other (calibrated) energy
scales by determining their respective proportionality to the energy 𝐸

dep
clus deposited in the topo-cluster.

Both prediction power and signal linearity are trivially connected for each topo-cluster, but show different
distribution shapes for the test variables defined in Sections 4.1.1 and 4.1.2 below, leading to different
measures of both centrality and width.

The energy resolution for individual topo-clusters is determined before any local calibration and after
application of the ML- and the LCW-based calibrations. These corresponding comparisons allow identifying
the best approach to mitigate calorimeter- and collision-environment-induced signal fluctuations affecting
the cluster signal quality. The immediate expectation here is that calibration functions that are highly
sensitive to the signal source yield the best resolution power.

The learned uncertainties are only available from the BNN and the RE network, and are further discussed
in Section 5.

4.1.1 Accuracy of the learned response

To evaluate the accuracy of the ML calibrations, the test dataset is used to compare the outputs R𝜅
clus of the

networks 𝜅 for individual topo-clusters with the respective training target REM
clus. The deviation from an

10 Closure tests are usually performed using the same dataset with which the calibration was derived. In the context of the
machine-learning-derived calibration, an independent dataset is used for this test.
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accurate prediction Δ𝜅
R is introduced as a measure of the prediction power of the trained networks, with

Δ𝜅
R =

R𝜅
clus

REM
clus

− 1 with 𝜅 ∈ {DNN,BNN} . (15)

It is calculated for each cluster in the test dataset with the expectation to approach zero for accurate
predictions (highest prediction power). The prediction power of the DNN is taken from Ref. [4], which
uses the same datasets.

4.1.2 Signal linearity

A fully calibrated calorimeter signal is expected to be directly proportional to a reference energy, which
can be the incoming particle energy or, as in the case of the topo-cluster calibration, the locally deposited
energy 𝐸

dep
clus introduced in Section 2.3.2. The signal linearity can be measured cluster-by-cluster by Δ𝜅

𝐸
,

which quantifies its deviation from perfect linearity by11

Δ𝜅
𝐸 =

𝐸 𝜅
clus

𝐸
dep
clus

− 1 with 𝜅 ∈ {EM, had,DNN,BNN} . (16)

The considered topo-cluster energy scales 𝜅 are the basic EM scale given in Eq. 1, the hadronic (had)
energy scale provided in the LCW sequence presented in Section 2.3.1, and the ML calibrations from the
DNN [4] and the BNN, with the respective response predictions applied according to Eq. 6 in Section 3.2.
The cluster signal at EM scale 𝐸EM

clus is not expected to be linear, due to the non-compensating character of
the ATLAS calorimeters and the absence of corrections for that at this scale. Larger deviations of ΔEM

𝐸

from zero are expected for small 𝐸dep
clus, where ionisations increasingly dominate the energy loss, and in

regimes where pile-up significantly adds to 𝐸EM
clus. Therefore, 𝐸EM

clus is not considered to be calibrated, unlike
all other considered energy scales, in the context of the results presented here. Nevertheless, it provides a
baseline for the signal-related topo-cluster performance.

Calibrated energy scales are supposed to provide signals directly proportional to 𝐸
dep
clus. A residual level

of fluctuations can be expected after topo-cluster calibration, due to the highly stochastic nature of its
response. Nevertheless, the chosen measure of centrality, the median deviation from linearity ⟨Δ𝐸⟩med,
is expected to be zero after calibrations are applied. Any deviation from this expectation can affect the
measurement of final state objects like particles, jets and event shapes composed of topo-clusters in terms
of the introduction of kinematic biases, an increase of systematic uncertainties and a potential degradation
of the resolution.

11 The prediction power represented by ΔR and the signal linearity represented by Δ𝐸 are related by the response definition given
in Eq. 4 and the reconstruction of the calibrated energy given in Eq. 6, such that Δ𝐸 = −ΔR/(ΔR + 1). This generally leads to
two different distributions with possibly different central values, ⟨ΔR⟩med ≠ ⟨Δ𝐸⟩med, and widths for any selected sample of
topo-clusters, and thus to differences in the performance. Only when the response is perfectly learned, indicated by ΔR = 0, a
perfect signal linearity Δ𝐸 = 0 is achieved for a given topo-cluster.
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4.1.3 Relative local energy resolution

The measure of the relative local energy resolution 𝜎𝐸
rel(𝐸

𝜅
clus/𝐸

dep
clus) employs the 68% inter-quantile range

𝑄𝑤
𝑓 =68% and the median of the respective Δ𝜅

𝐸
+ 1 = 𝐸 𝜅

clus/𝐸
dep
clus distribution,

𝜎𝐸
rel(𝐸

𝜅
clus/𝐸

dep
clus) =

𝑄𝑤
𝑓 =68%(𝐸 𝜅

clus/𝐸
dep
clus)

2⟨𝐸 𝜅
clus/𝐸

dep
clus⟩med

with 𝜅 ∈ {EM, had,DNN,BNN} , (17)

on the various energy scales 𝜅. Its construction is based on Eqs. 37 and 39 given in Appendix D.1.

4.2 Prediction power

The prediction power of the ML-learned topo-cluster calibration can be evaluated cluster-by-cluster as
functions of various variables available from MC simulations and as functions of any of the features from
the feature set Xclus used for the training, for both the BNN-derived and the RE-derived calibrations. A
qualitative analysis allows comparing distribution shapes for the predictions from the networks with the
corresponding distributions for the target, without the need to introduce statistical measures that may not
describe the overall distribution well. The quantitative analysis introduces measures for the central values
of these distributions that allow comparing them directly using e.g., ΔR from Eq. 15.

4.2.1 Distribution shapes

A qualitative comparison of the distributions of the training target REM
clus and the predictions from both the

BNN and the RE, all as a function of the energy 𝐸
dep
clus deposited in the topo-cluster, is shown in Figure 4.

The target distribution in Figure 4(a) is reproduced well by both the BNN (Figure 4(b)) and RE (Figure 4(c))
predictions. Some small shifts in the populations between target and predictions can be observed in that the
networks provide a sharper image of regions of higher population density. These indicate that the learned
REM

clus is dominated by the statistically better illuminated regions, thus giving a qualitative impression of the
limitations of the networks to predict outliers. With this respect, both the BNN and the RE network show
very similar behaviour.

Further qualitative analyses of the BNN and RE predictions as functions of selected features used for the
network training of the topo-cluster response are collected in Figure 5. As already observed in Figures 4(b)
and 4(c), the learned responses show some differences at the edges of the densely populated ridges when
compared with the corresponding target distributions and among themselves, and evaluated as a function
of 𝐸EM

clus. This again is a display of statistical dominance of the distribution regions with higher population
densities in the derivation of the predictions.

The complex distributions of REM
clus as a function of the cluster signal fraction in the electromagnetic

calorimeter 𝑓emc shown in Figure 5(d) arise from the response characteristics and the calorimeter geometry.
The near horizontal ridge extending from REM

clus ≈ 0.8 at 𝑓emc = 0 to REM
clus ≈ 1.0 for 𝑓emc = 1 shows the

expected behaviour for a non-compensating calorimeter where a lower 𝑓emc is indicative to an increased
contribution from hadronic showers in topo-clusters exclusively located in the hadronic calorimeter
or extending from the electromagnetic to the hadronic calorimeter. The upper ridge is populated by
topo-clusters with rising REM

clus for decreasing 𝑓emc. It is indicative of topo-clusters with 𝐸
dep
clus predominantly
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Figure 4: The topo-cluster response Rclus is evaluated cluster-by-cluster as a function of the energy 𝐸
dep
clus deposited in

the cluster. In (a), the distribution of the response at EM scale REM
clus (the training target) is shown, while (b) shows

the distribution of the response RBNN
clus predicted by the trained BNN. The corresponding distribution of the response

RRE
clus predicted by the RE is shown in (c). The topo-clusters are extracted from MC simulations, as described in

Section 3.1.1.

generated by ionisations in hadronic showers that increasingly extend into the Tile calorimeters. The
cluster signal 𝐸EM

clus at EM scale overestimates 𝐸dep
clus because these ionizations generate larger signlsl than

electromagnetic showers depositing the same 𝐸
dep
clus in this calorimeter [40, 41].

Figures 5(g)–(i) show the distributions of REM
clus, R

BNN
clus and RRE

clus as a function of the distance of the
topo-cluster centre-of-gravity | ®𝑐clus | from the nominal vertex in ATLAS. The most prominent observed
structure around | ®𝑐clus | ≈ 3900 mm is introduced by the detector geometry. It shows the effect of the
transition from the central barrel to the endcap calorimeters.

The general observation from the comparison of the REM
clus( 𝑓emc) distribution in Figures 5(d)–(f) and the

REM
clus( | ®𝑐clus |) distribution in Figures 5(g)–(i) is that the complex structures of the target distributions are

well reproduced by both the BNN and the RE predictions, with some slightly sharpened edges around
the ridges of higher topo-cluster populations for the predictions due to the statistical dominance of these
regions in the learning.

4.2.2 Central prediction power

Results from a quantitative analysis of the prediction power of the BNN topo-cluster calibration model
are collected in Figure 6. The metric used here is the relative difference ΔR between learned RBNN

clus and
the target REM

clus, as defined in Eq. 15 in Section 4.1.1. It is measured cluster-by-cluster and analysed as
functions of variables from MC simulations and the features in Xclus, using two different measures of
centrality for the resulting ΔR distributions. For example, Figure 6 shows the mean and median prediction
power of the BNN as function of 𝐸dep

clus, 𝐸
EM
clus, 𝑓emc and | ®𝑐clus | and compares those to the median and mean

prediction power of the DNN [4]. The expectation from the particular (different) choices of loss functions
for the BNN and the DNN training is that the mode ⟨ΔR⟩mode ≈ 0 for all ΔR distributions in bins of features.
It is found that ⟨ΔR⟩med ≈ ⟨ΔR⟩mode for both networks and all evaluation scales, with the advantage that
⟨ΔR⟩med is well defined and does not require a particular algorithm or peak shape fit to be determined. The
findings presented in Figure 6 show that the BNN has a similar if not stronger median prediction power
than the DNN for all shown evaluation scales with the exception of 𝐸EM

clus. The mean prediction power is, as
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Figure 5: The distributions of the topo-cluster response REM
clus and the corresponding predictions from the BNN (RBNN

clus )
and the RE (RRE

clus) are evaluated cluster-by-cluster as a function of selected features. The distributions of the training
target REM

clus are shown in (a) as a function of the cluster signal 𝐸EM
clus, in (d) as a function of the cluster signal fraction

𝑓emc in the electromagnetic calorimeter, and in (g) as a function of the distance of the topo-cluster centre-of-gravity
| ®𝑐clus |. The distributions of the predicted responses RBNN

clus and RRE
clus as functions of the same features are respectively

shown in (b), (c) for 𝐸EM
clus, in (e), (f) for 𝑓emc, and in (h), (i) for | ®𝑐clus |. The topo-clusters are extracted from MC

simulations, as described in Section 3.1.1.

expected from the choice of the loss functions for the BNN and the DNN, not as strong as the median for
all evaluation scales.

4.2.3 Network training issues

About 3% of all topo-clusters collected from the simulated calorimeter jets were found to be resistant
to the BNN, RE, and DNN training. These clusters are characterised by a target response REM

clus ≫ 1.
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Figure 6: The mean and median prediction power of the trained BNN (ΔBNN
R ) and the trained DNN (ΔDNN

R ) are
compared as a function of (a) the energy 𝐸

dep
clus deposited in the topo-cluster, (b) the cluster signal 𝐸EM

clus, (c) the
cluster signal fraction in the electromagnetic calorimeter 𝑓emc, and (d) the cluster centre-of-gravity | ®𝑐clus |. The
measures of centrality for the BNN are determined from the corresponding distributions shown in Figure 4(b) and in
Figure 5(b), (e) and (h), while the ones for the DNN are extracted from Ref. [4]. The topo-clusters are collected from
MC simulations, as described in Section 3.1.1. The shaded areas indicate the narrowest range of the respective ΔR
distributions containing 68% of all entries. Statistical uncertainties are indicated by vertical bars if larger than the
symbol size.

This resistance potentially arises from a large pile-up contribution that is not accounted for in 𝐸
dep
clus but

increases 𝐸EM
clus significantly. As the affected topo-clusters are mostly observed in the hadronic calorimeters

with considerably coarser readout geometry than the electromagnetic ones, this signal contribution from
pile-up at the cluster location may not be reflected in the features due to a limited (spatial) resolution.
The consequential lack of precision of the features can lead to a loss of expressiveness concerning the
particular topo-cluster response and thus a severely reduced prediction power. In addition to the location,
this interpretation is supported by the frequency of occurrence of these training-resistant topo-clusters as a
function of pile-up, rising from about 0.2% of all clusters collected at 𝜇 ≃ 0 (no pile-up) to close to 10%
of all clusters collected at 𝜇 ≃ 90 (highest observed pile-up level in the dataset).
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A dedicated neural network was trained to tag the affected topo-clusters and remove them from the training
and test datasets for the results presented in this paper. The ability to efficiently tag them, and to locate
them in certain calorimeter regions under certain pile-up conditions, supports the potential application of
dedicated calibrations and corrections beyond the scope of the study presented here. Further explorations
are under way to address these issues.

4.3 Central calibration performance

The prediction power discussed above is not a sufficient indicator for the accuracy and precision of the
corresponding topo-cluster calibration. The deviation from signal linearity measure Δ𝐸 introduced in
Section 4.1.2 provides a direct scale to determine both, and thus the overall quality of the learned calibration.
This measure can be constructed at various energy scales. For comparisons, the median deviation from
linearity is evaluated for topo-clusters from the test dataset as a function of 𝐸dep

clus and selected features
for the basic EM scale (ΔEM

𝐸
), the LCW hadronic scale (Δhad

𝐸
), the energy scale derived from the DNN

calibration (ΔDNN
𝐸

), and the scale after applying the BNN-learned calibration (ΔBNN
𝐸

).

Figure 7 compares Δ𝐸 on the various energy scales, as a function of selected topo-cluster features and 𝐸
dep
clus.

As seen in Figure 7(a), the BNN-derived calibration extends the region of accurate energy reconstruction
with |⟨ΔBNN

𝐸
⟩med | ≲ 2% for 𝐸dep

clus ≳ 500 MeV down from the next-best calibration based on the DNN
predictions, where a similar median deviation from linearity is reached for 𝐸

dep
clus ≳ 1 GeV. This is a

significant gain of accuracy in the low energy regime.

When evaluated as a function of the topo-cluster signal 𝐸EM
clus, the accuracy of both ML calibrations

is significantly improved compared to the standard LCW-based hadronic calibration and the EM scale
energy reconstruction, as is shown in Figure 7(b). The accuracy is not as high as observed in Figure 7(a),
which is likely due to a residual, unmitigated and highly stochastic contribution to smaller signals that is
mostly introduced by pile-up dominating 𝐸EM

clus in this region. Nevertheless, both machine-learning based
calibrations show significant less deviation from linearity than the standard LCW hadronic energy scale,
which is derived from a calibration that uses 𝐸EM

clus as input as well.

Both 𝐸BNN
clus and 𝐸DNN

clus provide an accurate median measure of 𝐸dep
clus across the illuminated cluster rapidity

𝑦EM
clus space, as shown in Figure 7(c). Some increase of both ⟨ΔBNN

𝐸
⟩med and ⟨ΔDNN

𝐸
⟩med can be observed at

the boundaries of this space at |𝑦EM
clus | ≈ 2.5. The topo-clusters reconstructed at these edges can extend

beyond the |𝜂det | = 2.5 boundary, where the cell readout granularity of the ATLAS calorimeters is reduced
by a factor of four. The increase in cell size potentially reduces the expressiveness of some features for
these clusters. This leads to a loss of central accuracy, mainly due to a loss of sensitivity of the affected
features that mitigate stochastic effects on REM

clus. A larger deviation from linearity measured by ⟨Δhad
𝐸

⟩med at
the hadronic LCW scale, already observed in Figure 7(b) for ⟨Δhad

𝐸
⟩med(𝐸EM

clus), is seen for ⟨Δhad
𝐸

⟩med(𝑦EM
clus)

in Figure 7(c) as well for |𝑦EM
clus | ≲ 2, with maxima for topo-clusters located in the complex calorimeter

transition region at |𝜂det | ≈ 1.5. Both BNN and DNN learned calibrations measure 𝐸
dep
clus in this transition

region well, indicating that the feature expressiveness is sufficient for an accurate calibration.

Figure 7(d) shows the significant deviation from linearity for the basic topo-cluster signal 𝐸EM
clus, and

similarly for 𝐸had
clus, for topo-cluster signal times 𝑡clus reconstructed outside of the bunch crossing time

window of −12.5 ns < 𝑡clus < 12.5 ns. In particular ⟨ΔEM
𝐸

⟩med(𝑡clus) > 1 hints on the cluster response
REM

clus being dominated by out-of-time pile-up signal contributions. This leads to a slightly increased
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Figure 7: The median deviation from linearity ⟨Δ𝐸⟩med for topo-clusters at the basic EM, the LCW hadronic, the
BNN-derived and the DNN-derived energy scales is shown as a function of (a) the energy 𝐸

dep
clus deposited in the

cluster, (b) the cluster signal 𝐸EM
clus, (c) the cluster rapidity reconstructed at the basic EM scale 𝑦EM

clus, and (d) the cluster
signal time 𝑡clus. The topo-clusters are extracted from MC simulations according to the description in Section 3.1.1.
The shaded areas indicate the narrowest range of the respective Δ𝐸 distributions containing 68% of all entries.
Statistical uncertainties are indicated by vertical bars if larger than the symbol size.

⟨Δhad
𝐸

⟩med(𝑡clus) > ⟨ΔEM
𝐸

⟩med(𝑡clus) for |𝑡clus | ≳ 12.5 ns, as the hadronic calibration from LCW is agnostic
to 𝑡clus.

Both BNN and DNN trained calibrations learn REM
clus(𝑡clus) well, which leads to ⟨ΔBNN

𝐸
⟩med( |𝑡clus | <

12.5 ns) ≈ 0 and ⟨ΔDNN
𝐸

⟩med( |𝑡clus | < 12.5 ns) ≈ 0. Outside of this time window, the BNN-derived
calibration shows a near-constant median deviation from linearity by underestimating 𝐸

dep
clus by about 20%.

The DNN-derived calibration shows a better performance for 𝑡clus > 12.5 ns, with a deviation from linearity
within a few percent, indicating that the signal contributions from the following bunch crossings are
mitigated well.

Most of the features in Xclus are not involved in the reconstruction of both 𝐸EM
clus and 𝐸had

clus, at least not directly
as inputs. Extending the dimensionality of the local topo-cluster calibration, which is well supported by
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Figure 8: The median deviation from signal linearity ⟨Δ𝐸⟩med for topo-cluster signals at the basic EM, the LCW
hadronic, the BNN-derived and the DNN-derived energy scales is shown as a function of (a) the cluster signal fraction
in the electromagnetic calorimeter 𝑓emc, (b) the distance of the cluster centre-of-gravity from the nominal collision
vertex | ®𝑐clus |, (c) the number of reconstructed primary vertices 𝑁PV (in-time pile-up measure), and (d) the number of
pile-up collisions in the bunch crossing 𝜇 (out-of-time pile-up measure). The results are achieved with topo-clusters
from the test dataset, extracted as described in Section 3.1.1. The shaded areas indicate the narrowest range of the
respective Δ𝐸 distributions containing 68% of all entries. Statistical uncertainties are indicated by vertical bars if
larger than the symbol size.

the machine learning applications, allows inclusion of information reflecting the cluster source and the
pp collision environment. In addition to the results presented in Figure 7, the devation from linearity is
evaluated cluster-by-cluster for each feature in the full feature space represented in the test dataset. Figure 8
shows a selection of results for some of the features that both the EM scale and the hadronic scale from
LCW are agnostic to. The results for the remaining features are collected in Appendix E.1.

A median calibration accuracy of better than 2% is achieved with both the BNN and the DNN nearly
everywhere, when evaluated over the whole 𝑓emc, | ®𝑐clus |, 𝑁PV and 𝜇 value ranges. This indicates that both
networks learn the response well from these features, even if those features are distributed in a complex way,
as seen for 𝑓emc and | ®𝑐clus | in Figure 6(c) and 6(d), for example. In addition, the presence of a significant
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Figure 9: The relative local energy resolution of topo-clusters at the basic EM, the LCW hadronic, the BNN-derived
and the DNN-derived energy scales, measured using Eq. 17, as a function of (a) the energy deposited in the cluster
𝐸

dep
clus, (b) the basic cluster signal 𝐸EM

clus, (c) the number of reconstructed vertices 𝑁PV, and (d) the number of pile-up
collisions 𝜇 in the bunch crossing. The topo-clusters are extracted from the test dataset as discussed in Section 3.1.1.
Statistical uncertainties are indicated by vertical bars if larger than the symbol size.

pile-up activity that increases the stochasticity of the topo-cluster signal and its features is well mitigated
when the corresponding pile-up measures 𝑁PV and 𝜇 are included in the (ML-learned) calibration.

4.4 Local topo-cluster energy resolution

The relative local energy resolution of topo-clusters is evaluated at the basic EM, the hadronic scale from
LCW, and for the BNN- and DNN-derived calibrations. It is measured using 𝜎𝐸

rel(𝐸
𝜅
clus/𝐸

dep
clus) introduced

in Eq. 17 in Section 4.1.3, where 𝜅 names the energy scale.

Figure 9 shows 𝜎𝐸
rel(𝐸

𝜅
clus/𝐸

dep
clus) as a function of 𝐸dep

clus, 𝐸
EM
clus, and the pile-up measures 𝑁PV and 𝜇. Both

ML calibrations yield a significantly better relative resolution than the standard local hadronic calibration,
together with a significant improvement relative to the EM scale resolution, on all evaluation scales.
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This is expected from the larger number of features entering the BNN and the DNN and the resulting
increased exposure of these calibrations to more information concerning the topo-cluster signal source, in
combination with the exploitation of feature correlations lost for other energy scale calibrations, and the
learned smooth calibration functions.

The steeper downturn of the calibrated signal fluctuations for the BNN-derived calibration observed in
Figure 9(a) for 𝐸dep

clus ≲ 1 GeV indicates that this model best learns the transition of the signal source from
inelastic hadronic interactions to more ionisation-dominated signals.12 This is likely associated with
the use of a Gaussian mixture model for 𝑝(𝐷train |𝜃) in the BNN loss function, as described in Eq. 12
of Section 3.3.2, among other possible differences between the BNN and the DNN. The comparisons
of the individual shapes of the ΔBNN

𝐸
and the ΔDNN

𝐸
distributions in bins of 𝐸

dep
clus show significantly

suppressed tails in case of the BNN-derived calibrations. This is expected for signals from ionisation losses,
which are subject to considerably less intrinsic fluctuations than signals from energy loss mechanisms
occurring in inelastic processes. A representative selection of these comparisons is shown in Figure 19 in
Appendix E.2.

The relative topo-cluster energy resolution after application of the ML-based calibrations is increased,
compared to the corresponding resolutions obtained for the standard energy scales, when analysed as a
function of the in-time pile-up measure 𝑁PV in Figure 9(c), and as a function of the out-of-time pile-up
measure 𝜇 in Figure 9(d). The increased but still partial cluster-by-cluster pile-up mitigation is manifested
by the reduced relative signal fluctuations observed at any given 𝑁PV and 𝜇 when compared with the other
energy scales. The fluctuations after applying the BNN-derived topo-cluster calibration show a more flat
dependence on 𝑁PV than the residual fluctuations after application of the DNN-based calibration, with
a slightly worse performance at low 𝑁PV (low pile-up) but a better performance at higher 𝑁PV (higher
pile-up). A similar, but less pronounced behaviour is observed in Figure 9(d), where the relative energy
resolutions achieved with the BNN- and DNN-derived calibrations are shown as a function of 𝜇.

5 Analyzing the uncertainty predictions

The uncertainty predictions from both the BNN and the RE are based on predictions sampled from a model
representing an ensemble of trained networks. In case of the BNN, this ensemble is formed by sampling the
network parameters at inference from variational distributions with learned parameters, as schematically
laid out in Figure 2 in Section 3.3.1. For the RE, the ensemble is a collection of networks interconnected
by a repulsive term during training, as discussed in Section 3.3.3.

5.1 Predictive uncertainties

Learned uncertainties are usually referred to as predictive uncertainties [10, 43, 44]. They are divided into
two major categories,

1. epistemic or model uncertainties that are related to how machines can learn and what cannot be
learned, and

12 Hadrons can traverse relatively large distances in matter, if their energy is below the typical threshold of about 1 GeV for
inelastic interactions, according to Ref. [42]. This suggests that energy deposits in topo-clusters within 0 < 𝐸

dep
clus ≲ 1 GeV

reflect a significant contribution to 𝐸
dep
clus from energy loss mechanisms not involving hadronic inelastic interactions, like

ionisations by charged particles.
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Table 4: The principal qualitative relation between aleatoric and epistemic predictive uncertainties in machine-learning
applications and the systematic and statistical uncertainty predictions for the topo-cluster calibration. These relations
are context-driven.

Predictive uncertainty Uncertainty
component

Mitigation strategy

Epistemic (model) uncertainties
Network architecture . . . . . . . . . . . . . . . . . . systematic network configuration optimisation
Hyper-parameter choice . . . . . . . . . . . . . . . . systematic network configuration optimisation
Lack of expressitivity of data . . . . . . . . . . . systematic feature choices
Insufficient amount of data . . . . . . . . . . . . . statistical sufficiently large training dataset

Aleatoric (data) uncertainties
Residual level of stochasticity in data . . . . systematic none (irreducible noise)

2. aleatoric or data uncertainties that are related to the residual level of stochasticity in the data that
cannot be mitigated any further by the model.

The expectation is that the epistemic uncertainties, after the final network optimisation for the topo-cluster
calibration, are dominated by contributions inherent to the data that limit what the BNN can learn. In
particular, contributions to these uncertainties are possible from a statistically insufficient coverage of the
whole feature space, or certain regions of it, by topo-clusters in the training dataset. These contributions
are thus expected to largely vanish in the limit of infinite training data and a sufficient number of epochs.
As said above, the aleatoric uncertainties reflect the lack of expressiveness of the data introduced by a
relatively high level of noise predominantly introduced by pile-up that cannot be overcome by increasing
the training dataset or improving the network model.

The predictive uncertainty of a trained network model is a measure for its lack of expressive power arising
from either of the two categories of uncertainties introduced above. This ambiguity can be resolved by
relating the learned uncertainties to the standard categories of statistical and systematic uncertainties that
are usually associated with the application of a calibration model, or with a measurement in general. The
chosen convention here follows the general expectation that the statistical uncertainty vanishes in the limit of
infinite training data, and the systematic uncertainty remains finite at this limit. When evaluating the quality
of the network, both the statistical and the systematic uncertainty contribute to the learned uncertainty as a
systematic component in the sense that evaluating the network many times, without changing the training
dataset size, does not reduce them. They are thus typically considered as external nuisance parameters
associated with the specific network configuration and training conditions. The principal contributions of
the predictive uncertainties to the uncertainty predictions associated with the topo-cluster calibration are
collected in Table 4.

5.2 Uncertainty components

Separately analysing the statistical (𝜎stat) and systematic (𝜎syst) component of the total learned uncertainty
𝜎tot requires a sufficiently large training dataset. It is possible for both the BNN and the RE network
employed here, as they use the same large training dataset introduced in Table 3 of Section 3.3. This means
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Figure 10: The dependence of the predicted uncertainty components on the training dataset size. Shown are the
median uncertainty components discussed in Section 5 for training datasets of varying sizes and their specific
asymptotic behaviours. The topo-clusters used here are collected into training datasets employing the selections
shown in Section 3.1.1. The statistical uncertainties on the medians are indicated as vertical bars when exceeding the
symbol size. The dashed horizontal line indicates the asymptotic limit of the systematic uncertainties.

that

𝜎tot =
√︃
𝜎2

syst + 𝜎2
stat . (18)

Following the previous discussion, 𝜎syst and 𝜎stat are characterised by their behaviour in the limit of an
infinite training dataset size 𝑁train,

𝑁train → ∞ ⇒
{
𝜎syst → const. > 0
𝜎stat → 0 .

With this understanding, 𝜎syst represents the limit of the accuracy to which the model learns to describe the
target with the training data available. In case of a non-deterministic or stochastic target (noisy data) [12],
like REM

clus, limited expressiveness of the network (structure uncertainty) [13], and non-optimal choices of
hyper-parameters (uncertainty in model parameters) can all be interpreted in the spirit of contributions to
the systematic uncertainty inherent to the calibration model and the training data. It has contributions to
both epistemic and aleatoric uncertainty components, as qualitatively summarised in Table 4.

The statistical uncertainty component 𝜎stat is constructed to become insignificantly small with increasing
𝑁train, and is thus expected to become irrelevant for a sufficiently large training dataset. Therefore, 𝜎stat can
be considered as a significant part of the epistemic uncertainties. A brief and more formal introduction to
the calculation of 𝜎syst and 𝜎stat can be found in Appendix D.2.

The asymptotic behaviours of the uncertainty components as a function of the training dataset size are
summarised in Figure 10. The figure shows the two BNN components (𝜎BNN

syst , 𝜎BNN
stat ) and the two RE

(𝜎RE
syst, 𝜎RE

stat) components separately. The results discussed in the following were achieved with a training
dataset where 𝑁train was sufficiently large to assume 𝜎syst ≫ 𝜎stat ⇒ 𝜎tot = 𝜎syst.
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Figure 11: In (a), the relative total uncertainty prediction 𝜎RE
tot /RRE

clus from the RE is shown as a function of the relative
uncertainty 𝜎BNN

tot /RBNN
clus from the BNN. The distribution of the relative difference between the two uncertainties

(𝜎RE
tot − 𝜎BNN

tot )/𝜎BNN
tot is shown in (b). For illustration, the dashed (centre) line indicates the completely unbiased

mean of the distribution, and the dotted lines indicate the 10% range around it. The dashed curve shows the result of
a two-sided fit of Gaussian functions to the distribution, with a common mean 𝜇 and the independently fitted widths
𝜎left and 𝜎right. Both uncertainties are predicted for each topo-cluster in the test dataset. These clusters are collected
from the simulated jets, as described in Section 3.1.1.

5.3 Comparison of the learned uncertainties

The uncertainty predictions provided along with the learned topo-cluster calibration need to be analysed
and interpreted to rule out that they are artefacts introduced by the machine learning model itself. Rather,
they are supposed to reflect limitations in the data that lower the ability of the applied network model to
accurately regress on the target, in addition to limitations introduced by the model itself.

To address these concerns about specific network-introduced artefacts, the individual uncertainty predictions
from the two different network models BNN and RE are directly compared cluster-by-cluster. Figure 11(a)
shows the correlation between the relative learned uncertainties of the BNN (𝜎BNN

tot /RBNN
clus ) and the RE

(𝜎RE
tot /RRE

clus). As by construction the systematic uncertainties are not deterministic, a certain spread can be
expected and is observed. Nevertheless, there is no sign of a bias in this correlation, the two predictions
track each other well.

Figure 11(b) shows the distribution of the relative differences (𝜎RE
tot − 𝜎BNN

tot )/𝜎BNN
tot between the (absolute)

BNN and the RE uncertainty predictions. A two-sided fit of Gaussian functions yields a near symmetric
shape, indicating an agreement between the two estimates at the level of 10%. Differences to the fitted
Gaussian functions in the tails between 10% and 30%, and −30% and −10%, are fairly identical and thus
unbiased. They are expected for highly stochastic data like the response and the reconstructed features from
topo-clusters with significant near-random contributions from the high levels of pile-up experienced in
ATLAS at LHC Run 2 operations. This high level of comparability between the learned uncertainties shows
that those predominately reflect features of the data, and not artefacts introduced by either network.
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Figure 12: The observed pull from the RE training (𝑡RE,log
tot ) is shown as a function of the one from the BNN training

(𝑡BNN,log
tot ) in (a). The inclusive distributions of 𝑡BNN,log

tot and 𝑡
RE,log
tot are compare in (b). Both 𝑡

BNN,log
tot and 𝑡

RE,log
tot are

calculated using Eq. 20, for a test dataset containing topo-clusters collected from full MC simulations, as described
in Section 3.1.1. The dashed vertical line indicates the unbiased centre of the 𝑡log

tot distributions, while the dotted lines
show the ±1 range around it. The dashed curves indicate the two-sided fits of Gaussian functions for each network,
with the common average 𝜇 and the independently fitted widths 𝜎left and 𝜎right. The corresponding fitted quantities
are quoted.

5.4 Uncertainties and data spread

The interpretation from the previous section are augmented with the analysis of the predicted value of the
uncertainty for any given topo-cluster. Such an analysis can be done using the pull 𝑡BNN(RE)

tot ,

𝑡
BNN(RE)
tot (Xclus) =

RBNN(RE)
clus (Xclus) − REM

clus

𝜎
BNN(RE)
tot (Xclus)

, (19)

that measures the difference between the prediction RBNN(RE)
clus from the BNN or RE and the target REM

clus on
a scale defined by the respective predicted uncertainty 𝜎

BNN(RE)
tot . Technically, the training is implemented

such that it produces predictions for log10 R
BNN(RE)
clus for the target representation log10 REM

clus and the
uncertainty 𝜎

BNN (RE),log
tot at this transformed scale. The corresponding pull 𝑡BNN(RE),log

tot is related to the pull
in the linear response space given in Eq. 19,13

𝑡
BNN(RE),log
tot (Xclus) =

log10 R
BNN(RE)
clus (Xclus) − log10 REM

clus

𝜎
BNN (RE),log
tot (Xclus)

≈ ln 10 · log10
RBNN(RE)

clus (Xclus)
REM

clus
·
RBNN(RE)

clus (Xclus)

𝜎
BNN(RE)
tot (Xclus)

= ln 10 · log10
RBNN(RE)

clus (Xclus)
REM

clus
·
(
𝑡
BNN(RE)
tot (Xclus) +

REM
clus

𝜎
BNN(RE)
tot (Xclus)

) . (20)

13 This relation uses 𝜎log
tot ≈ 𝑑 log10 𝑅

𝑑𝑅
· 𝜎tot =

1
ln 10·𝑅 · 𝜎tot.
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Figure 13: The inclusive spectrum of uncertainties 𝜎BNN
tot learned by the BNN. The vertical lines indicate the region

8.5 < 𝜎BNN
tot < 12.0 that is selected to analyse the source of the deviation from the expected smoothly falling

spectrum. The uncertainties are predicted for topo-clusters from test dataset collected from the full MC simulations
as described in Section 3.1.1.

Figure 12 compares this pull in the logarithmic response space for the topo-cluster predictions from the
BNN (𝑡BNN,log

tot ) with the ones from the RE (𝑡RE,log
tot ). Both 𝑡

BNN,log
tot and 𝑡

RE,log
tot are highly correlated, as

shown in Figure 12(a). This indicates that both networks provide near identical pulls cluster-by-cluster, and
is consistent with RBNN

clus ≈ RRE
clus for 𝜎RE

tot /RRE
clus ≈ 𝜎BNN

tot /RBNN
clus observed in the previous Section 5.3.

The pull distribution is expected to be close to a Gaussian distribution, with a central value ⟨𝑡log
tot ⟩ = 0

and a spread measured by its standard deviation of the order of unity, as motivated by the discussion in
Appendix D.3. Figure 12(b) shows that both the 𝑡

BNN,log
tot and the 𝑡

RE,log
tot distributions follow Gaussian

distributions in their bulk parts, with close to symmetric spreads determined by independent two-sided fits
of 𝜎left and 𝜎right to each of these distributions. The asymmetry observed between the tails 𝑡log

tot < 𝜎left,
where some deviations from a Gaussian distribution are observed, and 𝑡

log
tot > 𝜎right, where the distribution

more closely follows a Gaussian distribution, is an artefact introduced by the logarithmic transformation
of the target and the respective predictions. The fitted spreads yield 𝜎left ≈ 𝜎right < 1, indicating that
both 𝜎BNN

tot and 𝜎RE
tot represent a conservative uncertainty estimate safely covering the residual difference

between target and prediction for each topo-cluster. Considering these spreads together with central values
fitted to be close to 𝑡

log
tot = 0, the conclusion from the pull distributions is that both 𝜎BNN

tot and 𝜎RE
tot are fairly

unbiased and conservative uncertainties within expected value ranges.

5.5 Sources of uncertainties

The inclusive spectrum of 𝜎BNN
tot learned by the BNN displayed in Figure 13 shows a rise of the population

of topo-clusters with large uncertainties, deviating from the expected smoothly falling spectrum. The
topo-clusters in the region 8.5 < 𝜎BNN

tot < 12.0 around this emerging peak are investigated to search for
possible reasons for its appearance. They show a large response REM

clus ≫ 1 and a small signal fraction
in the electromagnetic calorimeter. Their centre-of-gravity is mostly located just in front of the endcap
calorimeters, and within 1 ≲ |𝑦EM

clus | ≲ 1.4. This points to the instrumentation of a specific transition range
between ATLAS calorimeters generating the topo-cluster signals.
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Figure 14: In (a), the centre-of-gravity location projected into the ( |𝑧clus |, 𝑟clus) plane is shown for all topo-clusters in
the test dataset. The outlined structures indicate the instrumented area covered by the various ATLAS calorimeters in
this plane. The lines depict selected pseudorapidities 𝜂calo in the calorimeter pointing to transition regions. The
lack of topo-clusters located beyond |𝜂calo | ≳ 2.4 is introduced by the jet selection described in Section 3.1.1. The
location of the centre-of-gravity of topo-clusters with 8.5 < 𝜎BNN

tot < 12.0 found in the same plane is shown in (b).
These are predominantly inside, or in close proximity to, the thin Tile gap scintillators installed in the transition
region between the central and the endcap calorimeters.

Figure 14(a) shows the topo-cluster centre-of-gravity projected into the ( |𝑧clus |, 𝑟clus) plane, where 𝑧clus
is its Cartesian coordinate along the central axis of the ATLAS detector and 𝑟clus is its radial distance
from this central axis, for all clusters in the test dataset. Selecting topo-clusters with 8.5 < 𝜎BNN

tot < 12.0
from this sample yields the ( |𝑧clus |, 𝑟clus)-plane population depicted in Figure 14(b). The response and the
features of these clusters are predominantly derived from signals in the Tile gap scintillator instrumenting
the transition region between the central barrel and the endcap calorimeters. This detector is not a regular
calorimeter in that it does not generate a signal corresponding to the energy loss generated in a (regular)
sampling structure of active and inactive media in a calorimeter cell. Rather, it generates a signal reflecting
the energy losses in the complex distribution of inactive material situated around it. This environment
comprises cryostat walls, mechanical support structures and inner detector services. The energy deposits
in these inactive materials are not considered in REM

clus defined in Eq. 4 of Section 3.2 for the topo-clusters
located here, because they occur outside of calorimeter cells and are thus not accounted for in 𝐸

dep
clus.

As already discussed in Section 3.2.1, the actual signal 𝐸EM
clus of topo-clusters located in the Tile gap

scintillators is predominantly generated by ionisations. Among the sources of these ionisations are
secondary particles produced in the development of showers in the material around it. These showers are
generated by particles emerging from the hard scatter and the in-time pile-up interactions. The latter can
also provide a second and more direct contribution to the signal when directly crossing this transition
region, without previous interaction. The BNN calibration network learns REM

clus from the feature set here,
but the location of the topo-cluster centre-of-gravity suggests very little signal contributions from other
calorimeters and thus to the feature reconstruction. In particular, features related to shower shapes are
expected to be reconstructed with low precision, leading to a significantly reduced expressiveness that
produces predictions with large uncertainties for topo-clusters in this region.

The fact that the BNN learns about these regional detector signal characteristics from the training data
and predicts a large total uncertainty 𝜎BNN

tot that can be understood by relating it to the detector design,
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its signal formation, and its exposure to particles from the final state of the pp collision, suggests that a
meaningful interpretation of 𝜎BNN

tot cluster-by-cluster is possible in e.g., the context of topo-cluster signal
accuracy and precision requirements in a given final-state analysis. Considering the previous discussions,
𝜎RE

tot is expected to reflect the same detector-induced issues.

6 Conclusions

The principal signal of the ATLAS calorimeters are clusters of topologically connected cell signals
(topo-clusters). They are individually calibrated to measure the energy deposited in them using an
uncertainty-aware Bayesian neural network (BNN). This network is designed to predict the response and
the corresponding uncertainty for a topo-cluster as a function of a set of 15 features associated with it.
These features are selected under consideration of expressiveness manifested in their sensitivity to the
signal source at the location of the cluster, their dependence on the detector-specific signal formation
characteristics, and the proton–proton collision environment characterised by pile-up.

The datasets collected for the BNN training, validation and testing comprise topo-clusters collected from
calorimeter jets in full and detailed Monte Carlo simulations of multijet production in proton–proton
collisions at a centre-of-mass energy of

√
𝑠 = 13 TeV, with the ATLAS detector configurations in place

at the time of the LHC Run 2 and with beam conditions generating levels of pile-up observed in this
operational period (2015–2018).

The calibrated signal performance with respect to the deviation from signal linearity and the local relative
energy resolution indicates significant improvements on most relevant evaluation scales, if compared
to the two standard calibrations in ATLAS, the basic electromagnetic topo-cluster calibration and the
table-look-up-based hadronic calibration implemented in the LCW sequence, and to the calibration learned
by a deep neural network (DNN) employing the same features as inputs as the BNN. In particular, the
application of the BNN calibration extends near-perfect signal linearity to a previously underperforming
region populated with topo-clusters with low-energy deposits from particles emerging from the hard
scatter interaction. This calibration also improves the relative energy resolution at cluster level when
compared with the resolution achieved with the DNN-based calibration, which already shows a significant
improvement with respect to the standard calibrations.

The uncertainties predicted by the BNN consist of two components that in the case of the sufficiently large
training dataset used here can be distinguished and respectively interpreted as statistical and systematic
uncertainties. The BNN-learned uncertainties are confirmed using an alternative and independent calibration
network featuring repulsive ensembles (RE), which predicts uncertainties that are cluster-by-cluster identical
within the level of stochasticity in the dataset. An analysis of the pull distributions finds that the uncertainties
from both networks finds them to follow a Gaussian distribution in the bulk, with some small deviations
observed in particular in the low pull tails. The central values are found to be close to zero, indicating an
unbiased pull. The spread of each pull distribution is less than the expected unity, which suggests that the
learned uncertainties are conservative.

Large but appropriate uncertainties of the calibrated energy derived from the BNN response predictions
are observed for topo-clusters located in the insufficiently instrumented transition region between the
central and the endcap calorimeter modules. This shows promise for a potential applications in which
the uncertainty of the calibrated topo-cluster signals can be used as evaluation tool for the signal quality
and thus allow for selections based on accuracy (scale) and precision (resolution) requirements before the
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clusters enter the reconstruction of hadronic final-state objects like particles and jets, and the reconstruction
of hadronic event shapes in general.

This study of the feasibility of the use of uncertainty-aware neural networks for the ATLAS calorimeter
signal calibration in a realistically simulated proton–proton collision environment shows significant potential
for a successful application in the context of physics analyses. The simulation-only results presented
in this paper require investigations beyond these proof-of-principle studies, including the validation and
performance evaluations for the application to experimental data at present day and at significantly increased
future pile-up levels at the LHC. The BNN model and its inputs are deliberately designed to address these
challenges by adapting the derived calibrations accordingly. This is mostly achieved by not using low-level
data like calorimeter cell signals, but rather using features constructed from those as inputs. A potentially
necessary retraining of the BNN in the case of a changing feature phase space due to changing operational
conditions at the LHC is thus possible without the need for major signal reconstruction campaigns.
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Appendix

A Local hadronic calibration sequence
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Figure 15: The LCW calibration sequence. Taken from Ref. [2].

The standard local hadronic calibration for topo-clusters employs cell signal weighting for hadronic
calibration (local cell weighting, LCW), right after the cluster classification estimating the likelihood PEM

clus
of a cluster to be of electromagnetic origin, see sequence diagram shown in Figure 15. The electromagnetic
and hadronic scale factors are applied at cell level such that the effective cell signal weight 𝑤𝜅

cell at each
step 𝜅 after the classification becomes

𝑤𝜅
cell = PEM

clus 𝑤
em-𝜅
cell + (1 − PEM

clus )𝑤
had-𝜅
cell with 𝜅 ∈ {cal, ooc, dm} . (21)

Here PEM
clus is reconstructed in the classification step, and the ‘em’ and ‘had’ prefixes indicate the algorithm

from which the signal weights are derived. The calibrated topo-cluster energies after each LCW calibration
step 𝜅 are reconstructed from sums of weighted cell energies, with weights

𝑤𝜅
cell𝑤

geo
cell𝐸cell ,

applied to the cell signal 𝐸cell at the EM scale. The geometrical weight 𝑤geo
𝐸cell

is 𝑤geo
𝐸cell

< 1 for cells shared
between two topo-clusters, and 𝑤

geo
𝐸cell

= 1 for cells collected into one topo-cluster only.

The topo-cluster energy 𝐸had
clus, which reflects the hadronic calibration applied to the topo-cluster signal

𝐸EM
clus at step 𝜅 = cal after classification, serves as a reference for comparisons with the machine-learned

calibrations and is given by

𝐸had
clus =

𝑁 cell
clus∑︁
𝑖=1

𝑤
geo
cell,𝑖𝐸

EM
cell,𝑖

[
PEM

clus 𝑤
had-em
cell,𝑖 +

(
1 − PEM

clus

)
𝑤had-had

cell,𝑖

]
=

𝑁 cell
clus∑︁
𝑖=1

𝑤cal
cell,𝑖𝐸

EM
cell,𝑖 . (22)

Here 𝑁cell
clus is the total number of cells in the topo-cluster. Typical weights are 𝑤em-cal

cell = 1, as 𝐸cell is already
at EM scale, and 𝑤had-cal

𝐸cell
≥ 1 to calibrate non-compensation (𝑒/ℎ > 1), both used to construct the effective

cell signal weight 𝑤cal
cell at the calibration step. The electromagnetic and hadronic weights applied in the

following correction steps for out-of-cluster and inactive material energy losses are typically larger than
unity. As they depend on the nature of the underlying particle shower, they are typically also not identical
for the respective electromagnetic and hadronic correction.
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B Features

B.1 Feature construction

All features collected into the topo-cluster feature set Xclus defined in Eq. 3 and further described in Table 1
in Section 3.1.2, are documented in Ref. [2], except for the cluster compactness measure 𝑝T𝐷 and the
variance Varclus(𝑡cell) of the cell time distribution within the cluster.

The construction of 𝑝T𝐷 is inspired by a variable introduced in the context of quark-gluon jet tagging in
Ref. [30]. While preserving the naming convention introduced in the original reference, the definition of
𝑝T𝐷 is slightly modified for computational efficiency when considering that clustered calorimeter cells are
directionally in close proximity, by replacing the transverse momenta of the jet constituents in the original
definition by the cell energy 𝐸cell such that

𝑝T𝐷 =

√︃∑
𝑖 |𝐸EM

cell,𝑖>0(𝑤
geo
cell,𝑖𝐸

EM
cell,𝑖)2∑

𝑖 |𝐸EM
cell,𝑖>0 𝑤

geo
cell,𝑖𝐸

EM
cell,𝑖

. (23)

Only cells with energies 𝐸cell > 0 are considered in the sums. By definition, 𝑝T𝐷 is numerically restricted
to 0 < 𝑝T𝐷 ≤ 1.

A compactness of 𝑝T𝐷 → 1 indicates that the energy 𝐸EM
clus of the topo-cluster is increasingly contained in

only one cell. A compactness measure of 𝑝T𝐷 = 1 exact is only possible for a single cell cluster, which
is not expected to happen, due to the topo-cluster formation rules stating that at least all neighbours of a
seed cell are collected [2]. Very small number of cells are possible for topo-clusters at the edges of the
calorimeter, like at the outer circumference of the Tile, the back of the HEC, and the front faces of the
electromagnetic calorimeters EMB and EMEC. A smaller value of 𝑝T𝐷 indicates a disperse distribution of
the energy across the cells in the cluster.

The variance Varclus(𝑡cell) of the cell time (𝑡cell) distribution is given by

Varclus(𝑡cell) = ⟨𝑡2cell⟩ − 𝑡2clus , (24)

where 𝑡cell are the cell times and 𝑡clus is the cluster time. The second moment ⟨𝑡2cell⟩ of the 𝑡cell distribution
for cells collected in the topo-cluster is defined by

⟨𝑡2cell⟩ =
∑

𝑖 |𝜁cell,𝑖>2(𝑤
geo
cell,𝑖𝐸

EM
cell,𝑖)

2 · 𝑡2cell,𝑖∑
𝑖 |𝜁cell,𝑖>2(𝑤

geo
cell,𝑖𝐸

EM
cell,𝑖)2

, (25)

following the definition of 𝑡clus, which is constructed as a first moment of the 𝑡cell distribution [2]. Only
cells with a signal significance (signal-over-noise) of 𝜁cell > 2 are considered when calculating 𝑡clus and
Varclus(𝑡cell).

B.2 Relation of features to topo-cluster nature

The features collected into the feature set Xclus defined in Eq. 3 in Section 3.1.2 are evaluated with respect
to the composition of the topo-cluster signal source 𝐸

dep
clus. For this, feature distributions for the three

categories defined in Section 2.3.2, electromagnetic topo-clusters, hadronic topo-clusters and composite
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Figure 16: Distributions of some of the features given in Eq. 3 for topo-clusters classified as hadronic, electromagnetic
or composite following the definitions given in Section 2.3.2. Distributions are shown for (a) the rapidity 𝑦EM

clus,
(b) the signal significance 𝜁EM

clus, (c) the time 𝑡clus, (d) the variance of the cell time distribution Varclus (𝑡cell), (e) the
distance from the calorimeter front-face 𝜆clus, (f) the distance from the nominal vertex | ®𝑐clus |, (g) the fraction of
energy in the electromagnetic calorimeter 𝑓emc, and (h) the signal density 𝜌clus. The fractional contributions from the
three topo-cluster categories are shown in the respective lower panels of each figure. The shaded regions show the
statistical uncertainties. More information about the definition of Varclus (𝑡cell) is given in Appendix B.1. The other
features are defined in Ref. [2]. An overview on all features is given in Table 1.

topo-clusters, are compared in Figures 16 and 17. Their relative contribution to the corresponding inclusive
distributions is shown in same figures.

As the topo-clusters considered here are extracted from jets, the typical fraction of electromagnetic
topo-clusters in the sample can be estimated. Using the canonical fraction of the jet energy carried by
photons, about 25%, together with the average topo-cluster multiplicity for hadrons shown in Ref. [2] and
the assumption that each photon in a jet generates one cluster, this fraction is about 10%. This estimate is
only given as guideline, as it ignores all full or partial merging of shower signals into one topo-cluster and
all shower signal losses introduced by the topological cell clustering algorithm and its configuration.
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Figure 17: Distributions of some of the features given in Eq. 3 for topo-clusters classified as hadronic, electromagnetic
or composite following the definitions given in Section 2.3.2. Distributions are shown for (a) the longitudinal energy
dispersion ⟨𝔪2

long⟩, (b) the lateral energy dispersion ⟨𝔪2
lat⟩, (c) the compactness measure 𝑝T𝐷, (d) the isolation

measure 𝑓iso, (e) the number of reconstructed vertices 𝑁PV, and (f) the number of pile-up interactions 𝜇. The
fractional contributions from the three topo-cluster categories are shown in the respective lower panels of each figure.
The shaded regions show the statistical uncertainties. More information about the definition of 𝑝T𝐷 is given in
Appendix B.1. The other features are defined in Ref. [2]. An overview on all features is given in Table 1.

Other feature distributions with near-constant contributions from electromagnetic topo-clusters are 𝑦EM
clus

shown in Figure 16(a), 𝑁PV in Figure 17(e) and 𝜇 in Figure 17(f). Those also show approximately constant
contributions from the other topo-cluster categories. This insensitivity to the cluster nature is expected, as
neither 𝑦EM

clus nor 𝑁PV or 𝜇 should show any effect on the composition of the energy deposits, which to first
order only depend on the fragmentation of jets from the hard-scatter interactions. Slight variations may be
introduced by the amount of inactive material in front of the active calorimeter volume that shows some
variations with 𝑦EM

clus. These features are kept in Xclus because they provide sensitivity to changes of the
detector readout geometry, including the varying projection of the particle showers onto the calorimeter
cell geometry and thus the reconstruction of most spatial, compactness and density features, and the
pile-up environment. Among the strongest indicators of the topo-cluster nature are 𝜁EM

clus (Figure 16(b)), the
location measures 𝜆clus (Figure 16(e)) and | ®𝑐clus | (Figure 16(f)), 𝑓emc (Figure 16(g)), 𝜌clus (Figure 16(h)),
the dispersion and compactness measures ⟨𝔪2

long⟩, ⟨𝔪
2
lat⟩ and 𝑝T𝐷 in Figures 17(a)–17(c). These figures all

confirm expectations from electromagnetic and hadronic shower developments in the ATLAS calorimeters.
For example, the contribution of electromagnetic topo-clusters to the 𝑓emc distribution is generated by
the photons in jets, nearly all of which are represented as a single cluster. They are mostly stopped in
the electromagnetic calorimeters. This is in full agreement with the observation that electromagnetic
topo-clusters are more isolated, as they contribute more than 25% of all clusters with 𝑓iso ≳ 0.8, at an
inclusive contribution of about 10%, as discussed above.
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The larger contribution of electromagnetic topo-clusters to the population of higher-density clusters seen in
Figure 16(h) is also well within the expectation of higher-density deposits in electromagnetic showers in the
smaller volume cells of the electromagnetic calorimeters, with a higher signal yield when compared with
hadronic showers. Also as expected, hadronic topo-clusters are dominantly contributing to the population
of clusters deep in the calorimeter, as seen for the | ®𝑐clus | and 𝜆clus distributions in Figures 16(e) and 16(f).
Compact topo-clusters with 𝑝T𝐷 ≳ 0.6 are most likely of hadronic nature, as seen in Figure 17(c). These
compact topo-clusters often have one dominant cell signal, which can occur in the course of the hadronic
shower development in the hadronic calorimeters with their coarse spatial readout granularity and e.g., in
the Tile calorimeter for signals from ionisations by charged hadrons. As already seen, electromagnetic
topo-clusters are much more likely to appear in the highly granular electromagnetic calorimeters, where
despite their high energy loss density signal sharing between cells is very likely, due to the relatively small
cell size, compared to typical electromagnetic shower sizes.

C Network implementations and loss functions

C.1 Bayesian loss function

As discussed in Section 3.3, a Bayesian neural network (BNN) is employed to encode the response
function R(Xclus) = RBNN

clus (Xclus) and its uncertainty over the space of all features sets Xclus found for the
topo-clusters in the training dataset. It is designed to learn R = R(Xclus) as a probability distribution 𝑝(R),
with the mean

⟨R⟩ =
∫

dR R𝑝(R) . (26)

The network encodes the learned probability in weight configurations, conditional on the training data.
The training can be described as constructing a variational approximation [46, 47], replacing 𝑝(𝜃 |𝐷train)
introduced in Section 3.3 with a learned 𝑞(𝜃) such that

𝑝(R) =
∫

d𝜃 𝑝(R|𝜃)𝑝(𝜃 |𝐷train) ≈
∫

d𝜃 𝑝(R|𝜃)𝑞(𝜃) . (27)

The dataset 𝐷train is defined over the feature space containing all possible feature sets Xclus, following the
nomenclature given in Eq. 11 of Section 3.3.2. To learn 𝑞(𝜃), the Kullback-Leibler (KL) [38] divergence
including the Bayesian transform 𝑝(𝜃 |𝐷train) → 𝑝(𝐷train |𝜃)

𝐷KL [𝑞(𝜃), 𝑝(𝜃 |𝐷train)] =
∫

d𝜃 𝑞(𝜃) log
𝑞(𝜃)

𝑝(𝜃 |𝐷train)

=

∫
d𝜃 𝑞(𝜃) log

𝑞(𝜃)𝑝(𝐷train)
𝑝prior(𝜃)𝑝(𝐷train |𝜃)

≈ 𝐷KL [𝑞(𝜃), 𝑝prior(𝜃)] −
∫

d𝜃 𝑞(𝜃) log 𝑝(𝐷train |𝜃)

⟨log 𝑝(𝐷train |𝜃)⟩𝜃∼𝑞 (𝜃 )

(28)

is minimized. The explicit form of 𝑝(𝐷train |𝜃) is given in Eq. 12 in Section 3.3.2.
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The first term in Eq. 28 arises from the prior 𝑝prior(𝜃) and can be viewed as a weight regularisation. The
second term samples from the negative logarithmic likelihood, where the sampling generalises the standard
dropout in neural network training. The BNN loss is then defined as given in Eq. 13,

LBNN = 𝐷KL [𝑞(𝜃), 𝑝prior(𝜃)] −
〈

log 𝑝(𝐷train |𝜃)
〉
𝜃∼𝑞 (𝜃 ) . (29)

A Gaussian distribution is used as a convenient prior 𝑝prior(𝜃). Its width is a hyper-parameter that could
be varied on a performance plateau to make the training more efficient [11]. If the weight distributions
𝑞(𝜃) are also chosen as Gaussian functions, the KL-divergence can be computed analytically. Provided
the network is sufficiently deep, the assumption of independent Gaussian distributions for each network
parameter should not affect its expressiveness.

C.2 Implementation of repulsive ensemble networks

The principle implementation of the repulsive ensemble (RE) network training is described in Ref. [3]. As
already mentioned in Section 3.3.3, RE networks modify the update rule that minimises − log 𝑝(𝜃 |𝐷train)
by gradient descent. This is done by evaluating this update rule for an ensemble of 𝑁 networks and
introduce a repulsive term that forces the ensemble to spread out and cover the loss around the actual
minimum. The repulsive term is designed to increase with the proximity of the network parameters 𝜃 of
a given ensemble member to all other members. It is implemented by a Gaussian kernel 𝑘 (𝜃, 𝜃 𝑗), with
𝑗 = 1, . . . , 𝑁 , such that the update from training step 𝑡 to training step 𝑡 + 1 becomes

𝜃𝑡+1 = 𝜃𝑡 + 𝛼∇𝜃 𝑡 log 𝑝(𝜃 |𝐷train) − 𝛼
∇𝜃 𝑡

∑𝑁
𝑗=1 𝑘 (𝜃𝑡 , 𝜃𝑡𝑗)∑𝑁

𝑖=1 𝑘 (𝜃𝑡 , 𝜃𝑡𝑖 )
. (30)

The first two terms represent the standard network training by gradient descent, with the learning rate 𝛼

and a gradient ∇𝜃 𝑡 reflecting the evolution of the network parameters 𝜃𝑡 at the training step 𝑡 → 𝑡 + 1. The
additional kernel term runs over the 𝑁 networks of an ensemble and defines repulsive ensembles.

Using properties of ordinary differential equations describing the network training as a time evolution and
the unique stationary solution of the Fokker-Planck equation (see e.g., Ref. [48]), it is found that this update
rule leads to an ensemble of networks with parameters sampled from 𝜃 ∼ 𝑝(𝜃 |𝐷train).

To fit a calibration function for topo-clusters, and similar other regression tasks, the function encoded by
the network is of interets, not its latent representation 𝜃 in weight space. For instance, two networks can
encode the same function by permuting the weights, unaffected by a repulsive force in weight space. The
repulsive term therefore needs to act in the space of the actual network outputs RRE

clus(Xclus) = R𝜃 (Xclus)
represented by 𝜃. The update rule in this function space is given by

R𝑡+1 − R𝑡

𝛼
= ∇R𝑡 log 𝑝(R|𝐷train) −

∑
𝑗 ∇R𝑡 𝑘 (R,R 𝑗)∑

𝑗 𝑘 (R,R 𝑗)
. (31)

It is formally similar to the one in the weight space given in Eq. 30.

The network training is still performed in the weight space, so a translation of the function-space update
rule into this space is needed,

𝜃𝑡+1 − 𝜃𝑡

𝛼
= ∇𝜃 𝑡 log 𝑝(𝜃𝑡 |𝐷train) −

𝜕R𝑡

𝜕𝜃𝑡

∑
𝑗 ∇R𝑘 (R𝜃 𝑡 ,R𝜃 𝑡

𝑗
)∑

𝑗 𝑘 (R𝜃 𝑡 ,R𝜃 𝑡
𝑗
) . (32)
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The repulsive kernel in the function space cannot be evaluated, so the function must be evaluated for a
finite batch of topo-clusters represented by points 𝑥 = Xclus in the feature space,

𝜃𝑡+1 − 𝜃𝑡

𝛼
≈ ∇𝜃 𝑡 log 𝑝(𝜃𝑡 |𝐷train) −

∑𝑁
𝑗=1 ∇𝜃 𝑡 𝑘 (R𝜃 𝑡 (𝑥),R𝜃 𝑡

𝑗
(𝑥))∑𝑁

𝑗=1 𝑘 (R𝜃 𝑡 (𝑥),R𝜃 𝑡
𝑗
(𝑥))

. (33)

Here R𝜃 𝑡 (𝑥) in Eqs. 32 and 33 is understood as evaluating the function R for members 𝑥 of 𝐷train at
training step 𝑡.

C.3 Repulsive ensemble loss function

The modified update rule of Eq. 33 can be turned into a loss function for the RE training. Using Bayes’
theorem and neglecting the evidence 𝑝(𝐷train), the likelihood loss measure 𝑝(𝜃 |𝐷train) can be written as

log 𝑝(𝜃 |𝐷train) = log 𝑝(𝐷train |𝜃) −
𝜃2

2𝜎2

exponential of 𝑝prior (𝜃 )

+ const. . (34)

The prior 𝑝prior(𝜃) is chosen to be Gaussian.

For a training dataset of size 𝑁train, split into batches of size 𝑁batch, R𝜃 𝑡 (𝑥) is evaluated as the function of
members 𝑥1, . . . , 𝑥𝑁batch for all batches of the training dataset 𝐷train. The update rule from Eq. 33 can be
rewritten using Eq. 34,

𝜃𝑡+1 − 𝜃𝑡

𝛼
≈ ∇𝜃 𝑡

𝑁train

𝑁batch

𝑁batch∑︁
𝑏=1

log 𝑝(𝑥𝑏 |𝜃) −
∑𝑁

𝑗=1 ∇𝜃 𝑡 𝑘 (R𝜃𝑖 (𝑥),R𝜃 𝑗
(𝑥))∑𝑁

𝑗=1 𝑘 (R𝜃𝑖 (𝑥),R𝜃 𝑗
(𝑥))

− ∇𝜃 𝑡
𝜃2

2𝜎2 . (35)

Based on this rule, the loss function is constructed by inverting the sign in front of the gradient in Eq. 35 and
divide by the training dataset size 𝑁train to remove the scaling with 𝑁train. In addition, not all occurrences
of 𝜃 are inside the gradient, so a stop-gradient operation is introduced, denoted by R 𝜃 𝑗

(𝑥). With this, the
RE loss function is given by

LRE =

𝑁∑︁
𝑖=1

[
− 1
𝑁batch

𝑁batch∑︁
𝑏=1

log 𝑝(𝑥𝑏 |𝜃𝑖)

(1) negative logarithmic likelihood averaged over batch

+

(2) repulsive term in function space

1
𝑁train

∑𝑁
𝑗=1 𝑘 (R𝜃𝑖 (𝑥),R 𝜃 𝑗

(𝑥))∑𝑁
𝑗=1 𝑘 (R 𝜃𝑖 (𝑥),R 𝜃 𝑗

(𝑥))
+ 1
𝑁train

𝜃2
𝑖

2𝜎2

(3) normalised exponent of 𝑝prior (𝜃𝑖 )

]
. (36)

Here the numbers (1), (2) and (3) refer to the discussion of the corresponding terms in Eq. 14 of Section 3.3.4.
The normalised exponent of the prior implements a ridge (L2) regularisation (see, for example, Ref. [39]).
It controls possible over-fitting and focusses the fit on regions of relevant data.

A typical choice for the repulsive term is a Gaussian kernel, with a width given by the median heuristic† [49]
between the 𝑁 ensemble members. It is divided by the training dataset size 𝑁train to remove any scaling
with 𝑁train.

† This is the median of all pairwise distances between 𝜃𝑖 and 𝜃 𝑗 for all 𝑁 ensemble members (𝑖 = 1, . . . , 𝑁 and 𝑗 = 1, . . . , 𝑁).
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D Evaluation metrics

D.1 Performance

For the evaluation of the performance of the machine-learned topo-cluster calibration, distributions of test
variables like the prediction power ΔR defined in Eq. 15 in Section 4.1.1 and the deviation from signal
linearity Δ𝐸 defined in Eq. 16 in Section 4.1.2 are characterised by a measure of the central tendency
and a corresponding measure of their spread. The median value of the distribution is used to express the
central tendency, because it is an unbiased measure that does not require any assumption on the shape of
the distribution (like the mode does) and it shows the least dependence on the sample size, compared with
the statistical average of an asymmetric distribution with developing tails.

The spread is defined by the inter-quantile range 𝑄𝑤
𝑓 =68%,

𝑄𝑤
𝑓 =68% = min(𝑥𝑘 − 𝑥𝑖) = 𝑥

right
𝑞 − 𝑥left

𝑞 such that

∫ 𝑥
right
𝑞

𝑥left
𝑞

d𝑥 𝑝(𝑥)∫ +∞
−∞ d𝑥 𝑝(𝑥)

= 0.68 , (37)

which for any distribution 𝑝(𝑥) is the smallest of all 𝑥 value ranges that contains 68% of the collected
statistics. This range corresponds to the [−1𝜎, +1𝜎] range around the mean of a Gaussian distribution,
and is symmetric around any measure of central tendency in case of symmetric distributions. Here 𝑥left

𝑞

and 𝑥
right
𝑞 are the respective lower and upper limit of the 𝑥-value range defining the inter-quantile region

IQR 𝑓 =68%,

IQR 𝑓 =68% =

[
𝑥left
𝑞 , 𝑥

right
𝑞

]
=

[
𝑥left
𝑞 , 𝑥left

𝑞 +𝑄𝑤
𝑓 =68%

]
. (38)

With the choices of distribution descriptors given above, a measure for the relative energy resolution
𝜎rel can be constructed from the Δ𝐸 distributions that employs both its median ⟨Δ𝐸⟩med and its spread
𝑄𝑤

𝑓 =68%(Δ𝐸),

𝜎rel =
𝑄𝑤

𝑓 =68%(Δ𝐸)
2(⟨Δ𝐸⟩med + 1) . (39)

If Δ𝐸 is distributed following a Gaussian, 𝑄𝑤
𝑓 =68%(Δ𝐸) = 2𝜎(Δ𝐸) such that

𝜎rel =
𝜎(Δ𝐸)
⟨Δ𝐸⟩ + 1

=
𝜎(𝐸BNN(RE)

clus )

⟨𝐸BNN(RE)
clus ⟩

≈
𝜎(𝐸BNN(RE)

clus )

⟨𝐸dep
clus⟩

is the relative energy resolution for calorimeters. Equation 39 can therefore be considered as an appropriate
representation of this resolution.
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D.2 Uncertainties

The learned uncertainties from the BNN are derived by sampling the network parameters 𝜃 and calculating
the variance by

⟨R⟩ =
∫

d𝜃 𝑞(𝜃)⟨R⟩𝜃 with ⟨R⟩𝜃 =

∫
dR R𝑝(R|𝜃) ,

𝜎2
tot =

∫
d𝜃 𝑞(𝜃)

[
⟨R2⟩𝜃 − ⟨R⟩2

𝜃 + (⟨R⟩𝜃 − ⟨R⟩)2] ≡ 𝜎2
syst + 𝜎2

stat .

(40)

Here ⟨R⟩ is the expectation value for the prediction R considering the probability 𝑝(R|𝜃) that the actual 𝜃
represents R, and 𝜎2

tot is the variance associated with this expectation.‡

The total uncertainty 𝜎2
tot factorises into two terms. The first term in Eq. 40 vanishes in the limit of

arbitrarily well-known data, 𝑝(R|𝜃) → 𝛿(RBNN
clus (𝜃) − REM

clus),

𝜎2
syst =

∫
d𝜃 𝑞(𝜃)

[
⟨R2⟩𝜃 − ⟨R⟩2

𝜃

]
. (41)

This uncertainty component approaches a plateau for large training data sets, and is therefore considered
as a systematic uncertainty that cannot be reduced by increasing dataset sizes or the number of training
attempts (epochs). It is predicted for each individual topo-cluster that is calibrated using RBNN

clus .

The second contribution is the 𝜃-sampled variance

𝜎2
stat =

∫
d𝜃 𝑞(𝜃) [⟨R⟩𝜃 − ⟨R⟩]2 . (42)

It vanishes in the limit of perfect training, 𝑞(𝜃) → 𝛿(𝜃 − 𝜃0). This limit can be approached for large
training datasets. This uncertainty component is therefore referred to as statistical.

Contrary to the BNN, where the predictions are sampled in the variational weight space defined by 𝜃

to determine the uncertainties, the RE approach samples the predictions in function space, as briefly
introduced in Appendix C.3. Also in this case, and for sufficient large training datasets like the one used
for the topo-cluster calibration, statistical and systematic uncertainty components can be distinguished and
compared to the ones from the BNN.

D.3 Expectations for the pull distribution

The pull distributions shown in Figure 12(b) can be formally understood, and expectations for its width can
be derived from the following considerations.

Generally, the pull of a learned distribution is defined as

𝑡 (𝑥) = 𝑓𝜃 (𝑥) − 𝑓 (𝑥)
𝜎(𝑥) , (43)

where 𝑓𝜃 (𝑥) is the learned function with parameters 𝜃, 𝑓 (𝑥) the true function encoded in the training data,
and 𝜎(𝑥) is the learned uncertainty. For the calibration training discussed in this paper, 𝑓𝜃 (𝑥) = R𝜃 (Xclus)
for a learned set of network parameters 𝜃 and topo-cluster feature sets Xclus, and 𝑓 (𝑥) = REM

clus(Xclus).
‡ ⟨R⟩2

𝜃
is defined in analogy to ⟨R⟩𝜃 .

49



Ideally, 𝜎(𝑥) captures the absolute value of the deviation of the learned function from the target exactly
and for any 𝑥-value,

𝑓𝜃 (𝑥) = 𝑓 (𝑥) ± 𝜎(𝑥) ⇒ 𝑡 (𝑥) = ±1 . (44)

Alternatively, 𝜎(𝑥) can capture the maximum absolute value of the deviation, but the actual deviation of
𝑓𝜃 (𝑥) from 𝑓 (𝑥) might be smaller. This actual deviation might also follow a flat distribution within the
limits of 𝑡 (𝑥) = ±1,

𝑝( 𝑓𝜃 (𝑥)) =
{

const. 𝑓𝜃 (𝑥) ∈ [ 𝑓 (𝑥) − 𝜎(𝑥), 𝑓 (𝑥) + 𝜎(𝑥)]
0 𝑓𝜃 (𝑥) ∉ [ 𝑓 (𝑥) − 𝜎(𝑥), 𝑓 (𝑥) + 𝜎(𝑥)]

⇒ 𝑝(𝑡 (𝑥)) =
{

const. 𝑡 ∈ [−1, 1]
0 𝑡 ∉ [−1, 1]

. (45)

For a stochastic system like the one represented by the topo-clusters, the learned values 𝑓𝜃 (𝑥) are expected
have a mean ⟨ 𝑓𝜃 (𝑥)⟩ = 𝑓 (𝑥), but with a Gaussian smearing N( 𝑓 (𝑥), 𝜎(𝑥)) with 𝑥-dependent width 𝜎(𝑥)
introduced by the (mostly pile-up) noise,

𝑝( 𝑓𝜃 (𝑥)) = N( 𝑓 (𝑥), 𝜎(𝑥)) ∝ exp
(
− [ 𝑓𝜃 (𝑥) − 𝑓 (𝑥)]2

2𝜎(𝑥)2

)
⇒ 𝑝(𝑡 (𝑥)) = N(0, 1) . (46)

This shows that for a stochastic smearing the pull follows a standard Gaussian distribution.
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E Calibration performance

E.1 Performance in feature space

The deviation from signal linerarity is evaluated before and after local calibrations conprising the hadronic
calibration from LCW, the BNN-derived and the DNN-derived calibrations. Before local calibration,
the topo-cluster signal 𝐸EM

clus is provided on the basic EM scale. As discussed in Section 4.1.2, 𝐸EM
clus is

considered as uncalibrated and cannot be expected to have a direct proportionality with the deposited
energy 𝐸

dep
clus. The topo-cluster energy at the hadronic scale from LCW 𝐸LCW

clus is expected to represent a
calibrated signal, thus it is expected to be calibrated. Both of these scales do not use any of the features
presented here as inputs to their respective signal reconstruction. Both topo-cluster energies calibrated
using the BNN (𝐸BNN

clus ) or the DNN (𝐸DNN
clus ) predictions are expected to show a more linear response, as all

features are used as inputs to their respective networks.

Figure 18 summarises the deviation from linearity for all four signal scales as a function of features only
used for the BNN and DNN predictions.

E.2 Local relative energy resolution

Figure 19 shows the median deviation from linearity ⟨Δ𝐸⟩med for the topo-cluster energy scales after
applying the calibrations learned by the BNN and the DNN, as a function of the energy 𝐸

dep
clus deposited

in the cluster. The slices (a), (b) and (c) show individual distributions of Δ𝐸 in selected bins of 𝐸dep
clus,

with the clear sign of significantly suppressed tails for the BNN-derived calibration at lower 𝐸dep
clus. At

higher 𝐸dep
clus ≳ 600 MeV both predictions show increasingly similar distributions, with ⟨ΔBNN

𝐸
⟩med ≈ 0 and

⟨ΔDNN
𝐸

⟩med < 0 for 𝐸dep
clus ≳ 80 GeV indicating a more accurate median calibration by the trained BNN.
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Figure 18: The median deviation from signal linearity for the topo-cluster at the basic EM scale (⟨ΔEM
𝐸

⟩med), the
hadronic calibration from LCW (⟨Δhad

𝐸
⟩med), and at the BNN-learned (⟨ΔBNN

𝐸
⟩med) and the DNN-learned (⟨ΔDNN

𝐸
⟩med)

calibrated energy scales, evaluated as a function of (a) the longitudinal signal dispersion measure ⟨𝔪2
long⟩, (b)

the lateral signal dispersion measure ⟨𝔪2
lat⟩, (c) the signal compactness measure 𝑝T𝐷 (see Appendix B.1), (d)

the cluster signal density measure 𝜌clus, (e) the cluster signal significance 𝜁EM
clus, (f) the second moment of the

energy-squared-weighted cell time distribution Varclus (𝑡cell) (see Appendix B.1), (g) the distance of the cluster
centre-of-gravity from the calorimeter front face 𝜆clus, and (h) the cluster isolation measure 𝑓iso. The topo-clusters of
the test sample used to produce these results are extracted as described in Section 3.1.1.
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Figure 19: In (a), the median deviation from linearity ⟨Δ𝐸⟩med is shown as a function of the energy deposited in a
topo-cluster 𝐸dep

clus for both the BNN- and the DNN-derived calibrations. The inset shows the shapes of the ΔBNN
𝐸

and
the ΔDNN

𝐸
distributions in Slice (a), for 𝐸dep

clus around 300 MeV. The corresponding distributions for Slice (b) with
𝐸

dep
clus around 2.5 GeV and Slice (c) with 𝐸

dep
clus around 430 GeV are shown in (b) and (c), respectively. The shaded

areas indicate the statistical uncertainties. The topo-clusters from the test dataset used to produce these results are
extracted as described in Section 3.1.1.
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