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We investigate the standard quantum teleportation protocol for a single-qubit state, focusing
on the scenario where the qubit undergoes a class of non-unitary evolution governed by parity-
time (PT)-symmetric non-Hermitian Hamiltonians. Additionally, we examine the case where the
entangled pair shared by Alice and Bob is exposed to a noisy channel. In the P7-symmetric
regime, the teleportation fidelity exhibits time-dependent oscillations. Compared to the conventional
case without non-Hermitian operations, periodic enhancements in fidelity are observed, and we
analytically derive their dependence on the parameters of both the non-Hermitian Hamiltonian
and noisy channel. When the P7 symmetry is broken, the fidelity ceases to oscillate and instead
decays to a steady value. Notably, even in this regime, non-Hermitian operations can yield fidelity
improvements over conventional schemes. We further investigate the teleportation of quantum Fisher
information (QFI) and find that its evolutionary behavior differs from that of fidelity. Analytical
results reveal that QFIs corresponding to different estimated parameters exhibit distinct outcomes
at Bob’s receiving end during teleportation. Furthermore, we derive a trade-off inequality between
fidelity and QFI, offering a theoretical tool to coordinately optimize these two quantities in the

teleportation process.

I. INTRODUCTION

Quantum teleportation [I], a cornerstone of quantum
information science, leverages quantum entanglement [2]
and classical communication to transmit quantum state
information between spatially separated systems. This
process enables the reconstruction of the original quan-
tum state in the receiver without physically transferring
the quantum system [3HI]. It underpins critical applica-
tions in quantum computing, communication, and cryp-
tography [I0HI3]. However, environmental noise poses
significant challenges to its practical implementation [14-
16]. Such noise disrupts the stability of the entangle-
ment and reduces the efficiency of quantum operations,
thereby diminishing the fidelity of transmitted quantum
states [I7THI9]. Theoretical models [20] and experimen-
tal studies [2I] demonstrate that phase-damping noise,
for instance, causes an exponential decay of teleportation
fidelity with increasing distance. Noise channels funda-
mentally determine the range of transmittable quantum
states [20], particularly providing the well-documented
noise-dependent robustness of the entanglement held by
the qubits in quantum teleportation [22].

To mitigate these effects, conventional strategies such
as quantum error correction [23] and entanglement distil-
lation [24] are commonly employed. However, these ap-
proaches often require substantial quantum resources and
involve complex operations [25]. For instance, surface-
code-based error correction can achieve logical error rates
on the order of 10™* [26], but at the cost of quadratic re-
source overhead with increasing code distance [27]. To
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address the challenges of quantum decoherence in open
quantum systems, non-Hermitian systems [28 29] have
gained considerable attention due to their distinctive
physical properties. Theoretical and experimental stud-
ies demonstrate that non-Hermitian operations enhance
the robustness of entanglement distribution in quantum
communication protocols by precisely controlling the evo-
lution of entangled states [30]. Moreover, non-Hermitian
systems offer significant potential for improving mea-
surement precision, thereby advancing quantum sensing
and parameter estimation techniques [3IH33]. A special
class of non-Hermitian systems exhibiting P7 symme-
try can be characterized by real eigenvalue spectra and
predictable quantum evolution, whereas P7T-symmetry-
breaking cases feature complex eigenvalues and nontrivial
dynamics [34]. Therefore, fundamentally distinct dynam-
ical behaviors emerge between the P7T-symmetric and
PT-symmetric-breaking regimes [35H39].

Building upon the unique advantages of non-Hermitian
quantum operations, our research aims to uncover their
potential to enhance teleportation performance in noisy
channels. In this study, we conduct a systematic analy-
sis across three canonical noise channels: phase-damping,
amplitude-damping, and bit-flip channels. We employ a
dual-metric framework, utilizing both fidelity (to quan-
tify state transfer accuracy) and quantum Fisher in-
formation (QFI, to assess parameter estimation preci-
sion) [40] to comprehensively characterize quantum infor-
mation transfer in a non-Hermitian quantum teleporta-
tion protocol. Remarkably, in the P7T -symmetric regime,
periodic enhancements of the teleportation fidelity and
teleported QFT can be found. Through analytical deriva-
tion, we identify the enhancement time regions, which
exhibit dependence on the parameters of non-Hermitian
operations, noisy channels and input states. Notably, dif-
ferent noise channels manifest distinct widths of enhance-
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Figure 1. Quantum teleportation circuit under a non-Hermitian operation. The sender, Alice, holds a quantum state |¢in)
(Eq. [1)) on qubit 1 to be teleported. Alice and the receiver, Bob, share a maximally entangled state on qubits 2 and 3. Alice
applies a CNOT gate, with qubit 1 as the control and qubit 2 as the target, entangling qubit 1 with qubit 2 through an
entanglement swap. She then applies the non-Hermitian Hamiltonian followed by a Hadamard gate on qubit 1. Alice performs
projective measurements on the bases of qubits 1 and 2, and sends the measurement results to Bob via a classical communication
channel. Based on the received classical bits, Bob applies the corresponding unitary operation on qubit 3, reconstructing Alice’s

initial quantum state.

ment windows. We further examine the differences and
connections between the teleportation fidelity and tele-
ported QFI, ultimately establishing a trade-off inequality
relation between these metrics. This theoretical frame-
work provides novel insights into quantum information
transmission during a non-Hermitian quantum telepor-
tation in noisy environments.

The paper is organized as follows: in Sec. [T, we in-
troduce the theoretical framework of quantum telepor-
tation under non-Hermitian operations. In Sec. [Tl we
systematically analyze the fidelity dynamics, examining
both P7T-symmetric and P7T-symmetry-breaking opera-
tions across three decoherence channels: phase-damping
(Sec. , amplitude-damping (Sec. , and bit-flip
channel (Sec. [[IIC). In Sec. we investigate the tele-
ported QFI of parameter ¢ (Sec. and the teloported
QFT of parameter 6 (Sec. in PT-symmetric and
PT-symmetry-breaking regimes. In Sec. [[V.C| we estab-
lish the relationship between fidelity and QFI. Finally,
we conclude our work in Sec. [Vl

II. QUANTUM TELEPORTATION UNDER
NON-HERMITIAN OPERATOR

As illustrated in Fig. |1l Alice possesses a quantum state
to be teleported, which is encoded on qubit 1 as:

|thin) = cos (g) 0)1 + €' sin (Z) 11)1. (1)

Here the parameters § € [0,7] and ¢ € [0,27]. Ini-
tially, a third party Charli prepared and distributed
maximally entangled qubits 2 and 3, with the state
|®5) = (|00)23+|11)23)/v/2, to Alice and Bob. However,
due to inevitable environmental effects, the entanglement
degraded. When considering typical noise channels—
such as phase damping, amplitude damping, and bit-flip

channels—the density matrix of the two maximally en-
tangled qubits degrades into the following X-type density
matrix:

en 0 0 e
0 €22 €23 O
0 e32 €33 O 2)
esr 0 0 ey

P23 =

where the parameters ¢;; depending on the channel pa-
rameters, will be calculated in detail in the following sec-
tions.

In the standard protocol of quantum teleportation, Al-
ice first implements a CNOT gate on qubits 1 and 2, using
qubit 1 as the control bit, thereby entangling qubit 1 and
qubit 2. Subsequently, Alice implements a Hadamard
gate on qubit 1, and performs projective measurements
with the basises {|00),]01),]10),|11)} on qubits 1 and
2. She then transmits the measurement outcomes to Bob
via classical communication. Based on the results, Bob
performs corresponding unitary operations on qubit 3,
reconstructing the output state density matrix as follows:

Pout =

m cos? g + 7 sin? g 1sin O(nze™® 4 nae™) (3)
LsinO(nse’® + mue™*?)  macos® & +msin® g )

with 71 = €11 + €44, M2 = €22 + €33, N3 = €14 + €41, and
Na = €23 + €32. In general, the concept of fidelity can
be employed to evaluate the closeness of the output state
reconstructed by Bob to the input state held by Alice.
The fidelity is defined as F' = (Tr V/PinPout m)z Ide-
ally, the fidelity can attain a value of 1, however, due
to the influence of the noise channel, the fidelity will be
significantly reduced.

In this work, we extend conventional protocols by in-
corporating non-Hermitian operations (the red-dashed-
circular region in Fig.[l)) on qubit 1 and investigate their
beneficial effects on teleportation fidelity in the presence



of noisy channels. Specifically, we consider a simple form
of non-Hermitian Hamiltonian, i.e.,

.E[NH:S((Tz —l—iaaz)7 (4)

where the real number s is a scaling constant, and we
set it to s = 1 throughout this paper. a is a real pa-
rameter and o; (i = x,y, z) are the Pauli operators. No-
tably, Hny exhibits parity-time P77 symmetry, satisfying
[Hng, PT] = 0 where P, T denote the parity and time-
reversal operators, respectively. For two-dimensional sys-
tems, the parity operator is o, and the time-reversal op-
erator acts as complex conjugation. The eigenvalues of
Hyy are given by fw where w = /1 —a2. Evidently,
when |a| < 1, the non-Hermitian Hamiltonian Hypg pos-
sesses real eigenvalues; otherwise, the eigenvalues become
purely imaginary. In the following analysis, we restrict
our consideration to cases where a > 0. Consequently,

the evolution operator Uny = e~ *I~u! can be expressed
as
cos(wt) + 2 sin(wt) — L sin(wt)
Ung = P " .
— = sin(wt) cos(wt) — & sin(wt)

(5)
Thus, Bob reconstructs the output state as

1
NH _ -~

pout - N
N1 1 cos? g —|— Napt2 si]r‘l2 % % sin (9(773671‘(# + 774ei¢)
% sin 0(7736“25 + 77467”’) N2 41 cos? g + 12 sin? g ’
(6)

with V' = pq cos?(0/2) 4 pz sin?(A/2) and the parameters
of p1 and po are determined by the eigenvalues of the
non-Hermitian Hamiltonian Hypg as follows:

For 0 < a < 1, the non-Hermitian Hamiltonian Hyyg
exhibits real eigenvalues, maintaining P7T-symmetry. In
this regime, the associated parameters p; and py are
given by

1 — a? cos (2wt) £ aw sin (2wt)

H12 = 2 , (7)

where p1 corresponds to the “+” sign and po corresponds
to the “—"sign.

When a > 1, the eigenvalues of Hyg become complex,
indicating the breaking of the PT-symmetry. In this case
the parameters p; and psy take the form

1 — a? cosh (2|w|t) F a|w]| sinh (2|w]t)
Hi12 =

, (8)

sign and po corre-

w2
with @y corresponding to the “—”
sponding to the “+” sign.

The exceptional point a = 1 marks the threshold for
PT-symmetry breaking, where the eigenvalues transition
from real to complex, accompanied by the degeneracy of
the eigenstates. For a = 0, the non-Hermitian Hamilto-
nian Hypg reduces to the Hermitian Hamiltonian, restor-
ing the standard quantum mechanical behavior. The ex-
pression in Eq. @ provides a general result of the out-
put state in the teleportation protocol, incorporating a
non-Hermitian operation when the distributed entangled
qubit pair is affected by noisy channels.

IIT. TELEPORTATION FIDELITY

In this section, we will calculate the teleportation fi-
delity in detail [4I], considering both the absence and
presence of non-Hermitian operations. We will analyze
three typical noise channels [42]: the phase damping,
amplitude damping, and bit flip channels, respectively.
In the absence of a non-Hermitian Hamiltonian, the fi-
delity between the output state pout and the input state

Pin = |win><win| [ln Eq ] is given by

N2 +M3—M
2

with the coefficients 7; determined by &; [under Eq. (3)].
This expression provides a general result for the telepor-
tation fidelity corresponding to the X-type density matrix
in Eq. .

When the non-Hermitian operation Uyng is introduced,
the output state becomes p)ii as given in Eq. (6). Con-
sequently, the fidelity in this non-Hermitian protocol, de-
noted by FNH_ can be derived for both the PT-symmetric
[using 1 2 in Eq. ] and PT-symmetry-breaking [using
H1,2 in Eq. ] cases. In order to clarify the impact of
non-Hermitian operation on quantum teleportation, we
define the difference between the two fidelities as

F=m+ sin? 6, (9)

AF=FNT _ | (10)

Clearly, when AF > 0, the non-Hermitian operation
plays a positive role to enhance the teleportation fidelity.
In the following, we will calculate the special conditions
under which non-Hermitian evolutions improve the tele-
portation fidelity for each of the three noise channels.

A. Phase damping channel

We first consider the scenario where the entangled
state ’@;3>7 shared by Alice and Bob, undergoes the
phase damping channel and transforms into

1
by = > EiP|®%) (95| (BT, (11)
i,7=0

where the maximally entangled state is defined as |®3;) =
(]00)23+[11)23)/v/2. The Kraus operators describing the
phase damping channel, locally performed on the two
qubits, are given by EE-D =EfP’® E]PD with i(j) = 0,1,
where

PD __ 1 0 PD _ 0 0
Eo ‘(0 me)’ Ei ‘(0 \ﬁppn)' (12)

Here, ppp € [0,1] is the damping parameter that char-
acterizes the channel strength. Specially, ppp, = 0 indi-
cates the absence of noisy, while p,, = 1 represents to
the strongest noisy effect. The coefficients of the den-
sity matrix in Eq. become €17 = e44 = 1/2, and



€41 = €14 = (1 —ppp) /2. Therefore, the fidelity F in
Eq. @ is obtained as

1
Fpp=1- ipPD Sin2 9, (13)

which clearly demonstrates that increasing channel
strength reduces the teleporatation fidelity. The case
of ppp = 1 corresponds to the purely classical scenario,
where no support is received from quantum entangle-
ment.

By introducing the non-Hermitian operation, the fi-
delity between the output state pII and the input state
Pin is expressed as
2 — 2ppp — p1 — M2 sin? 0
p1 + p2 + (1 — p2)cosf 2

B =1+ . (14)
which depends on the coefficients of the non-Hermitian
Hamiltonian ;2 as defined in Eq. or . Cor-
respondingly, the difference between the non-Hermitian
and Hermitian cases is expressed as

AFpp = Fpll — Fep. (15)

In the following, we analytically and numerically analyze
the difference of the fidelity in order to identify the condi-
tions under which AFpp > 0, i.e., where non-Hermitian
evolution provides an advantage in enhancing the tele-
portation fidelity.

By substituting the expressions of Fpp and Fg%{ into
Eq. with the coefficients 11,5 in Eq. (7)), one can find
the fidelity difference AFpp exhibits periodic oscillations
with time in the P7T-symmetric regime, and the period
is

s
Tpp = — 16
PD (.d7 ( )

which is solely determined by the non-Hermitian parame-
ter w = v/1 — a2. In each period, we derive that the time
region for AFpp > 0 (for the case of cos € > 0) should be

wWppp cOs O

1
tpp € — <k7r,arctan {
w a (1 — ppp)

} + k:7r> , (17)
with £ = 0,1,2,---. If cosf < 0, the upper and lower
bounds of the region should be swapped. The existence of
this time region indicates that, as long as the noisy chan-
nel effect considered for 0 < ppp < 1 and cos@ # 0, the
protocol with PT-symmetric non-Hermitian operations
can provide better teleportation fidelity than the con-
ventional protocol (without non-Hermitian operations).
Moreover, for larger channel strength p, ., the advanta-
geous interval of tpp widens, implying that the positive
effects of non-Hermitian operations become more pro-
nounced in these cases. The expression also reveals that
for approximately (pppcosf)/ (1 —p,,) > 3, increasing
the non-Hermitian parameter ¢ may monotonically in-
crease the width of tpp.

We numerically calculate the fidelity difference and
present the results in Fig. The parameters of the

state to be teleported are chosen as § = 7/3 and ¢ = 0.
We then introduce non-Hermitian operators and calcu-
late AFpp as a function of time ¢. First, the cases of
the non-Hermitian Hamitonian parameter ¢ = 0.2 and
a = 0.5 are shown in Fig. [2| (a) and (b) respectively,
where the non-Hermitian Hamiltonian holds PT sym-
metry. In addition, we examine different phase-damping
channel strengths pp,. The results reveal oscillations of
AFpp over time, and the regions where AFpp > 0 con-
firm the analytical predictions in Eq. (17)). As the chan-
nel strength ppp increases, the amplitude of AFpp in-
creases, and the regions where AFpp > 0 expand. How-
ever, for the case ppp = 0, AFpp remains negative. This
implies that the non-Hermitian teleportation protocol
demonstrates its advantage more clearly when the noisy
channel strength is significant. By comparing Fig. (a)
and Fig. [2](b), we observe that increasing non-Hermitian
parameter a extends the oscillation period Tpp and en-
hances the amplitude of AFpp.

When the non-Hermitian parameter increases into the
PT-symmetry-breaking regime, i.e., a > 1, the fidelity
difference AFpp no longer exhibits periodic oscillations
but instead converges to a steady value, given by

. 1 a

tli{go(AFPD) 2(pPD ot 2 — 1cosf

This implies that under the condition

/a2 —
<1 + cos 9401 1) Pep > 1a (19)
a

the steady value satisfies lim;,oo(AFpp) > 0. For
a certain input state and noise channel, the relation-
ship above allows the selection of an appropriate non-
Hermitian parameter to enhance the teleportation fi-
delity, i.e., AFpp > 0. Fig. 2|(c) illustrates the time
evolution of AFpp driven by the non-Hermitian Hamilto-
nian with a = 4, considering different channel parameters
prp = 0, 0.7, 0.9. For a strong channel ppp, = 0.9 (red
dash-dotted line), AFpp rapidly increases to a steady
value of approximately 0.085 which is consistent with the
analytical results in Eq. .

)sin® 6. (18)

B. Amplitude damping noise channel

We proceed to investigate the case of amplitude damp-
ing channel. The entangled state pa3 shared by Alice and
Bob evolves into

1
phy = Y ESP|0%) (95] (BSP)T, (20)
i,7=0

where the Kraus operators E{;D = EAP E}AD, with
i(j) = 0,1, are defined as

EAD = (1 0 ) . EAD — <8 \/%TD) @)
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Figure 2. Time evolution of the fidelity difference AFpp under the influence of non-Hermitian operators for varying phase
damping parameters p,, and non-Hermitian parameters a. The phase damping noise channel strength is set to p,, = 0 (green
dashed line), p,, = 0.7 (blue solid line), and p,, = 0.9 (red dash-dotted line), while the non-Hermitian parameter takes values
a=0.2 (a), a=0.5 (b), and a = 4 (c). The results highlight the impact of PT-symmetric and symmetry-breaking operations

on the teleportation fidelity.

with the amplitude damping parameter p,p, € [0,1].
Then the coefficients in Eq. become €11 =
(1 +p2AD) /27 €22 = €&33 = (1 _pAD)pAD/Z, €44 =
(1 —pAD)2 /2, and €41 = €14 = (1 — pap) /2. Therefore,
one can obtain the fidelity in Eq. @D as

1
Fap =1—pap +05p + (5

5 — Pap)Papsin?f.  (22)

Obviously, the dependence of Fap on the parameter p,p
is not monotonic. In order to demonstrate the advan-
tages of the quantum protocol, in the following calcula-
tions, we choose the values of the parameter 6 and p,p
such that the fidelity Fap of the standard quantum tele-
portation protocol exceeds that of the classical scheme,
i.e., pap = 1. Therefore, we select the parameters based
on the following condition:

2pap

.2
sin“f > ————.
1+ 2pap

(23)

Whereas, in the non-Hermitian protocol, the fidelity
between the output state pJI and the input state pi, is
given by

FE]ID—I = 1 — Pap +pi];)
+2 — 2pap + (2pap — 2pin — 1) (p1 + p2) sin®

pa + p2 + (p1 — pa) cos 6 2’
(24)
with the coefficients j o defined in Eq. or .
The fidelity difference is
AFap = FYE — Fap. (25)

In this case we can calculate the fidelity difference AFap
in detail and clarify the conditions required to achieve
AFpp > 0.

When the parameter ¢ < 1 of the non-Hermitian
Hamiltonian places the system in the P7T-symmetric

regime, the fidelity difference AFap displays periodic os-
cillations over time with a period Tap = 7m/w. Within
each period, AFap remains positive for times ¢ satisfying
the constraint:

Pap(2Dap — 1)wcos€] . k‘ﬂ') .
a(l = pap)
(26)

The numerical results are shown in Fig. 3] The val-
ues of the parameters 0, ¢, a, pap are chosen the same
as those in Fig. 2] Similar phenomena are found in both
figures, except that in the PT-symmetry regime, such as
a = 0.2 [Fig. [§|(a)] and 0.5 [Fig. [3|(b)], the time inter-
vals for AFap > 0 are shorter in comparison to those in
Fig. [2l This difference can be understood by comparing
the analytical results in Egs. and (26). For channel
values 0 < papppy < 1, it is consistently observed that
the interval of ¢tpp is broader than that for tap.

When the non-Hermitian parameter a > 1, the PT
symmetry is broken, then the fidelity difference AFxp
rapidly converges to its steady value:

1
taDp € — (kﬂ,arctan [
w

. 1 .
tILI?O(AFAD) = §pAD (QPAD - 1) sin? 0

a(2pan — 23, — 1)
2(a+ va? — 1cos®)

Here, it is evident that different values of the channel
parameter p,, correspond to distinct steady values of
AFAp. The dependence of the steady AFap on the pa-
rameters p,p, 6, and a differs significantly from that of
AFpp in Eq. . Additionally, we derive the condi-
tions ensuring the steady value lim; o (AFap) > 0. For
Pap = 1/2, there should be

a+cosfva?—1<0, (28)

while for p,p # 1/2, the condition becomes

Pap(2pap — 1)V a2 —1cost > a(l — pap). (29)

sin?6. (27)
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Figure 3. Time evolution of the fidelity difference AFap under the influence of non-Hermitian operations for varying for varying
amplitude damping noise channel strength p,, and non-Hermitian parameters a. The amplitude damping noise channel strength
is set to pp, = 0 (green dashed line), p,, = 0.7 (blue solid line), and p,, = 0.9 (red dash-dotted line), while the non-Hermitian

parameter takes values a = 0.2 (a), a = 0.5 (b), and a =4 (c).

The numerical results depicted in Fig. [B](c) illustrate
the time evolution of AFap for a = 4 with different
pap = 0,0.7,0.9. In contrast to Fig. (C), a notable
difference is observed: for p,p = 0.7, there is virtually
no time interval where AFap > 0. This implies that the
non-Hermitian approach is significantly less effective for
the amplitude damping channel compared to the phase
damping channel.

C. Bit flip noise channel

In this section, we consider the case of bit flip noise
channel, then the entangled state pa3, shared by Alice
and Bob, evolves into a mixed state, i.e.,

P23 Z EBF

1,j=0

3| (BT, (30)

where the Kraus operators EEF = EzBF®E;»3F with i(j) =
0,1 are defined in tensor product form as

10 01
ESY = \/par (0 1),EFF:1/1—pBF (1 0)’ (31)

with the bit flip probability pgr € [0,1], where pgr =
1/2 corresponds to the maximal channel strength. The
coefficients in Eq . ) then become 17 = €14 = 541 =
€44 = 5—Por+Pip and €2y = €23 = 32 = €33 = Por—Pap-
The ﬁdehty in Eq. @ is derived as

Fgr =1 — 2pgr + 2p§F + (Per — ng) sin® 0. (32)
We find that for all the values of 8 € [0, 7], as long as
per 7# 1/2, the teleportation fidelity Fpp consistently has
Fgr > FBF|pBF:1/2' This indicates that the quantum
protocol (when pgp # 1/2) achieve a higher fidelity than
the classical protocol when the noisy channel reaches its
maximal strength pgr = 1/2, which completely destroys
quantum entanglement.

Subsequently, the fidelity in the non-Hermitian proto-
col is computed between the output state pNII and the
input state pi, as

ngﬁ = 1-2pgr — 2p2BF
1 — 2pgr(1l — por) (cos2¢ — 1)
pa + pig + (g1 — p2) cos 0

~ (2psr = 1)* (11 + p2)
p1 + p2 + (1 — p2)cosf 2

sin? 0

sin® 6

o (33)

with the coefficients ji; 2 defined in Eq. or . A dis-
tinctive feature of FyH compared to Fppl [in Eq. (14)]
and FE [in Eq. ] is its explicit dependence on pa-
rameter ¢, in addition to the parameters pgy, 11,2, and
. When averaging the fidelity over all possible ¢, FRE
simplifies to

FgFH = 1—-2pse + 2p§F
1+ (2psr — 1)° (1 — pg — pao) sin? 6 (34)
pi1 + p2 4 (g1 — po) cos 2

Here we focus on the fidelity difference AFgr defined as
AFgp = Fiy' — Far, (35)

which is a function of 6§ by using Egs. and .
In the PT-symmetry regime, where the non-Hermitian
Hamiltonian parameter a < 1, AFpp displays as a pe-
riodic function of time, similar to AFpp and AFap
with the same period Tgr = 7/w. Within each pe-
riod, the time interval corresponding to positive values
of AFpp > 0 (for the case of cos@ > 0) is given by

2wppr (pBF - 1) C;)S 0] + km, kw) ,
a(l — 2pps + 2p2,)
(36)

while for the case of cos# < 0, the upper and lower bound
should be swapped. It can be observed that the width
of tgr is larger than that of tpp in the phase damping
channel [Eq. ] for 0 < perepy < 1/2, but it becomes

1
tBr € — (arctan [
w
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Figure 4. Time evolution of the fidelity difference AFpr under the influence of non-Hermitian operators for varying bit flip
noise channel strength p,,. and non-Hermitian parameters a. The bit flip noise channel strength is set to py, = 0 (green dashed
line), pgyp = 0.7 (blue solid line), and pg. = 0.9 (red dash-dotted line), while the non-Hermitian parameter takes values a = 0.2

(a), a =0.5 (b), and a = 4 (c).

equal or smaller when 1/2 < pgrppy < 1. This is veri-
fied by comparing the results in Fig. ] and Fig. [l Ad-
ditionally, the width of ¢gp in Eq. (36) is larger than
that of top in the amplitude damping channel [Eq. (26])]
for 0 < pgrapy S 0.6806. However, beyond this region,
i.e., for 0.6806 < pprapy < 1, the width of ¢tgp becomes
smaller than that of tap.

When the non-Hermitian parameter exceeds a > 1,
the PT symmetry is broken. In this regime, the fidelity
difference AFgp no longer exhibits periodic oscillations
but instead converges to a steady value:

lim (AFgp) = sin® 0

t—o00
a(2ppr — 1)? (37)
2(a++va? —1cosf) ]’

X pBF(pBF - 1) -

It can be shown that the steady value in this case is
always negative, i.e., lim;_, oo (AFpr) < 0.

The numerical results are presented in Fig. [df The
input state parameters are chosen as § = 27/3 and
¢ = 0. We numerically investigate the effect of non-
Hermitian operators on the teleportation fidelity under
the initial influence of a bit flip noise channel, as shown
in Fig. @ When the non-Hermitian parameter a < 1,
the non-Hermitian Hamiltonian displays P7T-symmetric
characteristics. The time evolution of the fidelity differ-
ence AFgr is plotted for various bit flip noise channel
strengths ppr, with @ = 0.2 in Fig. [f|(a) and a = 0.5
in Fig. (b) Under PT-symmetric operations, AFgp
exhibits periodic oscillations, with the oscillation period
determined by Tsr = 7/w. The existence of the time in-
terval indicates that P7T-symmetric operations improve
the fidelity of quantum teleportation. Different chan-
nel parameters pgr influence the width of the time inter-
val tgr defined in Eq. and the amplitude of AFgF.
Fig. [4(c) depicts the time evolution of AFgp for a = 4.
In this case, the steady value of AFgr never exceeds zero,
which aligns with the analysis results.

IV. QUANTUM FISHER INFORMATION

Quantum Fisher information (QFI) serves as the fun-
damental quantity that defines the precision limit for pa-
rameter estimation [43H5I]. As such, QFI represents a
critical resource that merits careful consideration in the
context of quantum teleportation. In this work, the tele-
ported QFT will be thoroughly examined as an essential
and complementary aspect of our investigation.

Given the spectral decomposition of a density matrix,
P =2, An|thn)(¢n], the QFI for the parameter o can be
calculated as

o (aaAn)z 2(>\n - )\m)Q 2
Fa= Y, T ;:n m“iﬁnmaﬁ)mﬂ :

An 20 At 20
(38)
Here, the first term can be viewed as the counterpart of
the classical Fisher information, as it only contains the
derivatives of the eigenvalues, which can be regarded as
the counterpart of the probability distribution, and the
second term is purely quantum. On the other hand, a
parameterized state p, in two-dimensional systems can
be represented in terms of the Bloch vector as p, = %(]I—l—
Ty - 3’), where 7 = (14, 720;73a) " With 754 =Tr(pad;).
Then by using the formula of QFI shown in [52], i.e.,

= Fo O o)
R
|0aTa|?,

|7al < 1, (39)
|Fa| =1

Next, we focus on the teleportation of the QFI en-
coded in the input state |1);,) defined in Eq. . Within
the teleportation framework, the initial entangled qubit
pair shared by Alice and Bob is subjected to a noisy
channel, with the phase-damping noise channel serving
as the primary example in this analysis. We explore
the influence of non-Hermitian operations encompassing
both PT-symmetric and P7T -symmetry-breaking Hamil-
tonians, on the teleported QFI associated with the pa-
rameters ¢ and 6, respectively.
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Figure 5. (a), (b), and (c) illustrate the variation of the quantum Fisher information difference AFpp 4 as a function of time ¢
and the state parameter § under PT-symmetric operations. The non-Hermitian parameter a and noise channel strength p,
are set as follows: (a) a = 0.5, ppp, = 0.9; (b) a = 0.9, p., = 0.9; (¢) a = 0.9, p,, = 0.5. For the specific case of § = 27/3,

max

(d) shows how the time interval width Atd,‘ AFpp 450 (blue dashed line) and its corresponding maximum value AFppY, (red

dotted line) depend on the non-Hermitian parameter a with ppp

A. Teleported QFI of Parameter ¢

In the conventional teleportation protocol without
non-Hermitian operators, the teleported QFI for the pa-
rameter ¢ is given by

Frp,p = (1— ppD)2 sin’ 6, (40)

where the channel parameter ppp corresponds to the
phase damping channel in the Eq. . Comparing this
result with the teleportation fidelity in Eq. (12, a no-
table distinction emerges between the teleportation fi-
delity and teleported QFI for ¢. For instance, in the case
of the strongest noisy channel with pp,, = 1, the telepor-
tation fidelity becomes Fpp = 1 — sin? 6/2, whereas the
teleported QFI for ¢ vanishes, i.e., Fpp,¢ = 0. This indi-
cates that while Bob can partially reconstruct the state
under the maximal influence of the noisy channel, he may
not be able to extract the necessary QFI.

Upon introducing non-Hermitian operators, the tele-
ported QFI becomes

(1 — ppp)?sin? @

D) ;
p1 cos? & + ip sin® §)2

F gll){,¢ = ( (41)
where the coeflicients p; o are associated with the non-
Hermitian Hamiltonian, as defined in Eq. or .
While the teleported QFI remains Fpy, = 0 when
pep = 1, the introduction of non-Hermitian operations
enables the extraction of more QFI for other values of

=0.9.

prp.  To quantify the impact of non-Hermitian opera-
tions on the teleported QFI, we define the QFI difference
as

AJTPD,d) = ]:g%{@ - FPD,dr (42)

In the subsequent analysis, we compute AFpp,, for
both PT-symmetric and PT-symmetry-breaking non-
Hermitian operations, and identify the conditions under
which AFpp 4 > 0, indicating that non-Hermitian oper-
ations enhance the teleported QFI.

1. PT-symmetric operations

When the non-Hermitian parameter a < 1, the non-
Hermitian Hamiltonian maintains P7 symmetry. In this
regime, the QFI difference AFpp 4 exhibits periodic os-
cillations [see Fig. (B))] with a period Ty = 7 /w. The oscil-
lation period is determined solely by the non-Hermitian
parameter a and remains unaffected by the noise channel
strength ppp. This is supported by the numerical simu-
lation results shown in Figs. [f|(a) and (b), where for the
same ppp = 0.9, a larger value of a provides a longer oscil-
lation period. On the other hand, comparing Figs. (b)
and (c), when the same value of a (e.g., a = 0.9) is con-
sidered, varying ppp does not alter the oscillation period,
but only affects the amplitude of AFpp 4.

Let us calculate in detail the time interval ¢4 for which
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Figure 6. (a) and (b) illustrate the variation of the quantum Fisher information difference AFpp, 4 with respect to time ¢ and
the state parameter § under P7T-symmetry-breaking operations, with the non-Hermitian parameter set to a = 1.1 and a = 4.0,
respectively. Taking the parameter § = 27/3 as an example, (c) depicts the width of the time interval Atd,‘ AFop as a

»>0

function of the non-Hermitian parameter a, while (d) presents the maximum value AFp5%, of AFpp ¢ as a function of a with

Ppp = 0.9.

AFpp,p > 0, given by
1 w
ty € - (]4;777 kr + arctan[g cos 9]) , (43)

where w = v/1 —a?, cosf >0, and k =0,1,2,---. For
the case of cosf < 0, the upper and lower bound should
be swapped. The existence of this time region indicates
that PT-symmetric operations enhance the teleported
QFI compared to the conventional protocol. Notably, the
time interval ¢4 is independent of the channel parameter
pep- This conclusion is further verified by comparing the
numerical results shown in Figs. [f](b) and (c). Moreover,
based on the Eq. , we find that the width of the width
of the time interval At¢| AFon 450 gradually decreases as
PD,¢

a increases, which is verified by the numerical results of
the blue dashed line in Fig. [5|(d).

Through a comprehensive comparative analysis of the
time intervals ¢4 for QFI in Eq. and tpp for tele-
portation fidelity in Eq. , we observe significant dif-
ferences between them. Specifically, the width of ¢pp is
influenced by the channel parameter prp, whereas the
width of ¢4 remains independent of it. Upon deeper ex-
amination, we find that for ppp, < 1/2, the width of ¢, ex-
ceeds that of tpp; conversely, for ppp > 1/2, the width of
ty becomes smaller. In the special case where per, = 1/2,
the widths of {4 and tpp are identical.

We can also derive the maximum value of AFpp 4 as

(1 — ppp)? sin? fu?

1 — ava2sin® 0 + cos? 9)
(44)
max

which demonstrates that the value of AFE% increases
with larger values of a but decreases with larger values
of pep. Moreover, it can be proved that the maximal
value occurs at the midpoint of each time interval. As
illustrated by the red dotted line in Fig. (d), taking
pep = 0.9 as an example, the maximum value A PD.¢
exhibits a monotonically decreasing function with respect

of the parameter a.

AFmax _

PD,p — ( 2—(1—PPD)2 sin® 0,

2. PT-symmetry-breaking operations

When the non-Hermitian parameter a > 1, the non-
Hermitian Hamiltonian exhibits P7T-symmetry breaking,
then w = /1 — a? becomes an imaginary number. In this
case, the periodic oscillations of QFI disappear. However,
there is a short time interval during which AFpp 4 is
larger than zero, and the time interval is given by

1 a — |w|cosf
ty€ ({0, m/—In|——— 45
¢ < " 2|w [a—i— lw|cosB| )’ (45)
which requires cosf < 0. The maximum value of
AFpp,s, denoted as AFEEY,, follows the same expres-
sion as Eq. @D For a longer time evolution, the non-

Hermitian QFI Fpp,4 tends to zero, and thus the QFI
difference AFpp ¢ converges to a steady value, i.e.,

75li%m (AFpp.y) = —(1 — ppp)?sin? 0, (46)

which is clearly negative. The analytical results are cor-
roborated by numerical simulations presented in Fig. [6]
where different non-Hermitian parameters are consid-
ered: a = 1.1 in Fig. [f|(a) and a = 4.0 in Fig. [6|(b).
Taking 6 = 27/3 as an example, Fig. [6](c) illustrates the
width of the time interval ¢4 denoted by At¢|A}'pD,¢>O

gradually decreases as a increases, while Fig. [6](d) shows
that the maximum value AFEE% (with pep = 0.9) in-
creases with a.

B. Teleported QFI of Parameter 6

In the absence of non-Hermitian operators, we find
that the QFI (Fpp,g) of the parameter 0 is a constant
number, i.e., Fppy = 1, which is independent of the
channel parameter. The phase-damping channel, acting
on the entangled qubits initially distributed to Alice and
Bob, does not influence the teleported QFI of #. This
implies that the QFI can be fully transmitted through



the classical channel in this case. However, when non-
Hermitian operators are introduced, the QFI of 6 be-
comes

P = fr (47)
’ (11 cos? & + po sin? Q)

where p; o are the coeflicients of the non-Hermitian
Hamiltonian defined in Eq. . or . Unlike the Fpp g,
]:PD ¢ is no longer a constant. Notably, both of Fpp g
and ]—'PNSG remain independent on the channel parame-
ter, which contrast with the behavior of the teleported
QFT of ¢. To investigate the conditions under which non-
Hermitian evolution enhances the QFI, we define the dif-
ference in QFT as:

AFppg = FPNS,G — Fpp,o, (48)
and analyze the cases where AFpp g > 0.

When the non-Hermitian parameter a < 1, the QFI
difference AFpp g still displays periodic oscillations with
a period Ty = m/w. Within the first oscillation period,
the time interval where AFpp ¢ > 0 can be derived as

(3575 €(0,Va® +1—a),
o JEE U@ - D), <¢a2+1—a 1),
(07 _TQ)U(_TD%)v (17 va )
(0,35, € (Va*+1+a,+o0),
(49)
with the definition © = tan?(0/2), and
1 aw(l + 0?) + w\/402a% — (1 — 62)2
T = ;arctan [ 1+a3)1-6?) )
2y _ 2,2 _ (1 — O2)2
= larctan aw(l +0?) — w,/402¢% — (1 — ©2)
w (1+a?)(1-02?)
(50)

For subsequent periods, the time interval can be updated
by adding kn/w (k = 1,2,---) to the upper and lower
bounds.

Taking the non-Hermitian parameter a = 0.8 as an
example, Fig. (a) illustrates the evolution of AFpp g
over time for different values of parameter . The regions
where AFpp,g > 0 occur periodically, and these results
are consistent with the analytical results.

When the non-Hermitian parameter a > 1, the PT
symmetry is broken. As time ¢ increases, the QFI differ-
ence AFpp ¢ tends towards a steady value, i.e.,

1
lim (AFppg) = ———— — 1. 51
Jirm (AFep.) (a + |w| cos ) o0

Clearly, if the non-Hermitian parameter a satisfies the
condition:

1+ cos? 6
1 _ 52
<a<1—cos29’ (52)
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then lim; oo (AFpp,g) > 0. Taking the parameter a =
1.01 as an example, Fig. (b) illustrates the evolution of
AFpp,¢ over time for different values of parameter 6. The
regions where AFppy > 0 are evident, demonstrating
that PT-symmetry-breaking operations enhance the QFI
of 6.

Additionally, = we examine the variation of
limy o0 (AFppg) with respect to the parameter a.
Fig. (c) shows that, for § = 27/3, lim;_o(AFpp,g)
initially increases and then decreases as a increases,
reaching a maximum value of (2v/5 + 1)/4 at a = v/5/2.
This indicates that increasing the value of a in the
non-Hermitian Hamiltonian does mnot monotonically
enhance the QFI in this case.

As demonstrated in Sec. [[VB]and Sec. [ITA] the tele-
ported QFI is significantly enhanced by the introduc-
tion of non-Hermitian operations compared to scenarios
where such operations are not employed. This enhance-
ment can be attributed to the fact that non-Hermitian
operations are typically realized through postselection
measurements on the ancilla system, enabling a greater
concentration of QFI within a smaller sample. Namely,
the amplitude of QFT is achieved with a reduced success
probability. It is important to note that when consider-
ing the entire system used to implement non-Hermitian
operations, the total QFI remains unchanged [53H55].

C. Relationship between teleportation fidelity and
teleported QFI

In the scenario we are considering, the teleportation
fidelity and teleported QFI display different behaviors
during the evolution. However, there exists a profound
relationship between the teleportation fidelity and the
teleported QFI. In the case of phase-damping noise chan-
nel, by introducing a non-Hermitian operator, we derive
the analytical expressions for the teleportation fidelity
FN in Eq. as well as the teleported QFI f§g¢ for
the parameter gi) and Fpp) 4 for 6 in Eqs. (4147). Based
on these expressions, we establish the following Inequality

Fpp + %sin20 FoE, - %sin@ FoH, <1, (53)
where the equality holds if and only if u; = ps, corre-
sponding to the condition sin(2wt) = 0. This inequal-
ity characterizes an novel trade-off relation imposed by
the non-Hermitian operation on the teleportation fidelity
and the teleported QFI under the influence of a phase-
damping noise channel. The inequality holds regard-
less of whether P7T symmetry is maintained or broken.
Through this inequality, the relation between the fidelity
and QFI during the teleportation process can be better
understood.

Notably, in the PT-symmetry-breaking case, as time
approaches infinity, the QFI FPN]ID{, » associated with the

parameter ¢ tends to 0 [as derived from Eq. (4], sim-
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Figure 7. (a) and (b) depict the evolution of the quantum Fisher information difference AFpp ¢ for time ¢ and the state param-
eter § under PT-symmetric operations (with the non-Hermitian parameter a = 0.8) and PT-symmetry-breaking operations
(with @ = 1.01), respectively. (c) presents lim_, o (AFpp,0) as a function of the non-Hermitian parameter a. The parameter is

fixed at 6 = 27/3.

plifying the inequality to

1

Jim FOE + 5 sin? 6, /tlingo Fofy < 1. (54)
From Egs. , it is evident that the limited quan-
tum resources in the quantum teleportation process im-
pose a constraint between the teleportation fidelity and
the teleported QFI. These inequality relations indicate
that the variation trends of the fidelity and QF1I for differ-
ent parameters may not align. Notably, in the long-time
limit, the steady value of fidelity may exhibit an inverse
relationship with the steady value of the QFT associated

with 6.

V. CONCLUSION

We investigate the effect of non-Hermitian operations
on the quantum teleportation of a qubit state under the
influence of phase-damping, amplitude-damping, and bit-
flip channel. Our findings reveal that P7T-symmetric
non-Hermitian operations induce periodic enhancement
in teleportation fidelity within certain temporal do-
mains, outperforming conventional teleportation proto-
col. Through analytical derivation, we identify the ad-
vantageous time intervals which are determined by the
non-Hermitian parameter and channel strength. Specifi-
cally, for identical channel strengths ppp(ap), the phase-
damping channel consistently exhibits broader advan-
tageous intervals compared to the amplitude-damping
channel. However, the interval width in the phase-
damping channel surpasses that of the bit-flip channel
only when the channel parameter exceeds 1/2. When
the non-Hermitian parameter enters the P7-symmetry-
breaking regime, the fidelity difference between the non-
Hermitian and conventional approaches converges to a
steady value, eliminating temporal oscillations. We de-
rive an analytical expression for this steady fidelity, which
depends on the non-Hermitian parameter, the channel
parameter, and the initial state parameter.

We further examine the influence of non-Hermitian op-
erations on the teleported quantum Fisher information

(QFT), considering the coefficients 6 and ¢ of the sender’s
quantum state as the parameters to be estimated. Fo-
cusing on the phase-damping noise channel, in the P7T-
symmetric regime, the difference in the teleported QFT of
¢ between the non-Hermitian protocol and conventional
protocol exhibits periodic oscillation over time. We ana-
lytically determine the advantageous time intervals and
the maximum enhancement achievable. In contrast, in
the PT-symmetry-breaking regime, the QFT of ¢ initially
increases before decaying to zero, then the QFI difference
converges to a steady value. The short enhancement in-
terval is also derived analytically. The teleported QFI of
#, however, behaves differently, remaining unaffected by
the noisy channel.

Moreover, we reveal the distinct behaviors between
teleportation fidelity and teleported QFI. Specifically, the
time interval for enhancing teleportation fidelity depends
on the channel strength, whereas the time interval for im-
proving teleported QFT is independent of the channel pa-
rameter. More importantly, we establish an inequality re-
lationship between the teleportion fidelity and teleported
QFI, offering a theoretical foundation for a deeper under-
standing of the quantum teleportation process. Our find-
ings provide novel insights into the role of non-Hermitian
physics in quantum information processing and lay the
groundwork for enhancing the performance of quantum
teleportation.
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