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Abstract

Herbertsmithite is known as the archetype of a S = 1/2 nearest-neighbor Heisenberg
antiferromagnet on the Kagomé lattice, theoretically presumed to be a quantum gapless
spin liquid. However, more and more experiments reveal that the model suffers from
deviations from the ideal one, evidenced at very low temperatures. This detailed ab ini-
tio study focuses on two such deviations that have never been quantitatively calculated:
the anisotropic exchange interactions and the Heisenberg exchange with extra-plane
magnetic impurities. The Dzyaloshinskii-Moriya interaction is found to have an in-plane
component almost three times larger than the out-of-plane component, but typically
obviated in theoretical studies. Moreover, it is shown that the extra-plane magnetic im-
purities have a strong ferromagnetic interaction (approximatively one third of the main
exchange J1) with the Kagomé magnetic sites. Combined with an estimated occurrence
of these magnetic impurities of∼ 15%, the present results indicate that two-dimensional
magnetic models only describe part of the physics.
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1 Introduction18

The field of frustrated magnetism, in its ongoing search for new layered Mott insulators, re-19

mains fascinated by a now quite old one: Herbertsmithite ZnCu3(OH)6Cl2 [1, 2]. In a first20

approximation, it is described by one of the most puzzling, yet extremely simple Hamiltoni-21

ans: the Heisenberg model, which consists in magnetic exchange couplings of S = 1/2 spins22

on neighboring sites of a Kagomé lattice.23

Already at the classical level, this model remains unordered down to zero temperature24

(classical spin liquid), with an extensive ground state degeneracy due to a flat band of exci-25

tations [3]. This behavior is expected to persist in the quantum case. Thermal and quantum26

fluctuations have been extensively studied, both at the classical [4–8] and at the quantum27

level [9,10], as they are expected to favor certain states, such as the coplanar ones, caused by28

what is known as the order by disorder effect.29

At the quantum level, the exact nature of the S = 1/2 Kagomé antiferromagnet is today30

still an open question, which has stimulated many theoretical and numerical studies (high31

temperature series expansions [11,12], exact diagonalizations [11,13], tensor network meth-32

ods [14–16], mean-field approaches [17], variational studies [18, 19]...). After a time when33

the balance tipped towards a gapped spin liquid, the current trend is towards an algebraic spin34

liquid ground state, with no gap. The U(1) Dirac spin liquid is one such serious candidate.35

Back to Herbertsmithite, the excitement of having a compound that realizes such an inter-36

esting theoretical model has led to increasingly advanced synthesis methods (high quality crys-37

tals [20]) and measurements (specific heat under high magnetic fields [21], NMR magnetic38

susceptibility [22, 23], thermal conductivity, magnetic structure factors via neutron scatter-39

ing [24]). The precision achieved today highlights the inevitable deviations of the compound40

from the ideal theoretical model.41

Many different deviations can occur, and their effect is inevitably strong due to the high42

density of low energy states. For example, further neighbor interactions lift the classical de-43

generacy: second neighbors favor the q = (0,0) or
p

3×
p

3 long-range order, while interac-44

tions beyond second neighbors open a wide range of exotic classical orders, including chiral45

ones [25,26], some of which were eventually realized in other Kagomé compounds [27,28].46

The most widely discussed deviation is the Dzyaloshinskii-Moriya (DM) interaction, ex-47

perimentally detected by ESR [29–31] and encoded in the vector di j . Its origin is relativistic48

as well as that of the symmetric tensor of anisotropy of exchange ¯̄Di j . Once included, the49

anisotropic spin Hamiltonian reads:50

H =
∑

〈i, j〉

�

J1Si · S j + Si · ¯̄Di j · S j + di j · Si ∧ S j

�

(1)
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where i and j are nearest-neighbor magnetic sites. When strong enough, an out-of-plane DM51

vector d⊥i j induces a q = (0,0) in-plane magnetic order, as in the cases of the YCu3(OH)6Cl352

and Cs2Cu3SnF12 compounds [32, 33], while an in-plane DM vector d∥i j induces weak fer-53

romagnetism [34]. Theoretical investigations considering the DM interaction indicate that54

magnetic order appears for |d⊥i j/J1| ≳ 0.1 for out-of-plane vectors [17, 35–38], suggesting a55

smaller value for Herbertsmithite where no long-range magnetic order is observed when the56

temperature tends to zero. The in-plane DM component is expected to be even smaller and is57

mostly neglected in theoretical studies, with notable exceptions [39,40]. Note that this com-58

ponent significantly complicates the problem as the total spin in the out-of-plane direction is59

no longer conserved.60

Another relevant perturbation is the occupation disorder [41], which has important conse-61

quences. Two types of substitutions occur in Herbertsmithite: the first are magnetic vacancies62

within the Kagomé plane, where Cu2+ ions are replaced by Zn2+, and the second is the op-63

posite substitution, where magnetic impurities consisting of Cu2+ replace inter-plane Zn2+.64

While the first type seems to be quite rare, the second one has an occurrence rate of about65

0.15 [23,42,43] with strong effects [44]. However, most theoretical studies are limited to the66

simpler problem of in-plane magnetic vacancies [39, 40, 45–51]. Compared to in-plane mag-67

netic vacancies, inter-plane magnetic sites introduce two additional difficulties into theoretical68

studies: the dimensionality of the problem increases, and an additional, a priori unknown ex-69

change between the impurities and Kagomé magnetic sites arises.70

To allow more predictive and well-oriented theoretical studies, it is important to have71

good estimates of the parameters of the model describing Herbertsmithite. It is known that72

the overall scale is J1 ≃ 180K. DFT calculations have been performed [52] to evaluate eight73

different exchange couplings, including inter-plane ones, but DM, which has been calculated74

for other highly correlated materials [53,54] was never evaluated ab initio up to now in Her-75

bertsmithite. However, ab initio calculations combined with the effective Hamiltonian theory76

allow to extract all interactions of the isotropic and anisotropic spin Hamiltonian [33,55–63].77

In this article, we tackle the first ab initio evaluation of the symmetric anisotropy tensor78

and of the DM vector for Herbertsmithite, as well as the evaluation of the exchange between79

Kagomé Cu2+ sites and Cu2+ inter-plane impurities.80

2 Theory81

The approach used here consists in extracting the local effective interactions of the model82

Hamiltonian of Eq. (1) extended to magnetic exchange interactions between non-nearest-83

neighbors from calculations performed on embedded clusters. The embedded cluster proce-84

dure enables correlated calculations, including relativistic treatment if required, to be carried85

out on small fragments immersed in a realistic representation of the environment. Two types86

of calculations were carried out: i) density functional theory (DFT) calculations on large clus-87

ters of different sizes and shapes to determine the main magnetic couplings between copper88

ions and to check the transferability of the interactions from one cluster to another, ii) ab ini-89

tio calculations based on wave function theory (WFT) including electron correlation effects90

and spin-orbit couplings to determine anisotropic interactions. These last calculations, which91

are very costly from a computational point of view, can only be performed on small clusters92

involving either two or three Cu2+ ions. The Cartesian d-orbitals discussed below are defined93

according to the axes frame given in Fig. 194
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Figure 1: Clusters considered in the DFT calculations: (a) 3-copper cluster, (b) 13-
copper cluster, (c) 12-copper cluster. (a), (b), (c) consider the in-plane copper only.
(d) 7-copper cluster with an inter-plane Cu2+ at the position of the Zn2+ ion.

2.1 Embedded cluster approach95

The embedded cluster procedure takes into account the effects of the crystal environment by96

immersing a fragment of the material in a set of optimized point charges which accurately97

reproduces the Madelung field of the crystal. Total Ion Potentials (TIPs) were used to rep-98

resent the immediate neighboring ions of atoms located on the edge of the explicitly treated99

cluster. The reliability of this procedure to estimate magnetic exchange parameters has been100

established in numerous previous studies, and has even led in some cases to the question-101

ing of commonly used models, followed by the proposal of more appropriate ones [64–66].102

The value of the main magnetic coupling J1 (see Fig. 1) obtained in this local approach was103

compared with that obtained in a periodic calculation (see Sec. 2.4) to check the quality of104

the embedding. Moreover, the stability of the results can be assessed by comparing the pa-105

rameters values obtained for different clusters. These verifications ensure that appropriately106

embedded cluster containing a small number of magnetic centers and their immediate neigh-107

bors provides a sufficiently reliable representation of the material for a correct description of108

the local electronic structure.109

2.2 Broken-symmetry DFT calculations for the determination of isotropic mag-110

netic couplings111

Calculations were performed on four clusters of different sizes and shapes which are depicted112

in Fig. 1. The scheme of the interactions is provided in Fig. 2. Broken-spin symmetry DFT (BS-113

DFT) solutions have been computed by imposing the+1/2 or −1/2 value of the component ms114

of the spin moment in direction z on each copper ion. Their energy differences were assimi-115

lated to those of the Ising Hamiltonian. Such a procedure generates different sets of equations116

from which the magnetic couplings can be extracted. For instance, for the 13-copper, 11 BS-117

DFT solutions have been computed, from which 96 sets of independent equations have been118

generated. Among them, 35 sets calculated from the most antiferromagnetic solutions (re-119

versing 3 or 4 spins from the fully ferromagnetic solution) have been retained as they provide120

consistent values for all the interactions.121

One of our objectives is to determine the coupling between an in-plane magnetic center and122

an inter-plane impurity Cu2+ ion located at the position of the Zn2+. As the local symmetry of123

this Zn2+ ion is C3, the Cu2+ that replaces it is Jahn-Teller active and one can expect a distortion124

of the oxygens (and of their bound hydrogens) coordination sphere. Such a distortion has125
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Figure 2: Scheme of the magnetic couplings for clusters (a), (b), (c) and (d) of Fig. 1.
The J ′′1 and J ′′5 refer to pairs of Cu2+ ions bridged by the oxygens that moved away
from the impurity while for J ′1 and J ′5, the bridging oxygens have moved closer to the
impurity.

already been studied but starting from an octahedron structure around the Cu2+ impurity [67].126

The X-Ray geometry of C3 symmetry is however quite far from the octahedron (two series of127

angles are foundØOCuO= 76.3◦ for oxygens bridging the impurity with two Cu2+ of the same128

plane andØOCuO = 103.7◦ for the complementary angle). Taking the z axis along the C3,129

the Cartesian d-orbitals symmetries are respectively A for dz2 and E for dx2−y2 , dx y , dyz ,130

and dxz . The two highest in energy orbitals which are sharing the hole should have large131

coefficients on dyz , and dxz and small coefficients on dx2−y2 and dx y , as expected from both132

ligand field theory and symmetry point group theory. Indeed, to be degenerate they must133

be of E symmetry and, again for symmetry reasons, the four orbitals can mix. Geometrical134

distortions induced by the Jahn-Teller effect will be studied and the magnetic couplings on the135

optimized structure will then be calculated. One should note that distortions will give rise to136

two different magnetic couplings between the Cu2+ of the x y plane, which will be denoted J ′1137

and J ′′1 , and two different magnetic couplings between the Cu2+ ions in the x y plane and the138

impurity. We will denote these J ′5 and J ′′5 . The various couplings are depicted in Fig. 2.139

2.3 Wave-Function Theory calculations for the determination of anisotropic in-140

teractions141

To extract the anisotropic interactions, we have performed relativistic correlated wave-function142

based ab initio calculations. To check the computational procedure, we first reproduced the143

value of J1, being the leading interaction in this material. For this purpose, we considered the144

embedded cluster (a). We performed Complete Active Space Self Consistent Field (CASSCF)145

calculations to account for non-dynamic correlation effects, i.e. the wave-functions contain at146

least all possible distributions of the magnetic electrons in the magnetic orbitals. The active147

space CAS(9,6) hold 9 electrons in 6 orbitals, namely the three magnetic orbitals of the Cu2+
148

ions and 3 doubly occupied orbitals located on the bridging oxygens. These last orbitals have149

been optimized according to a projection procedure explained in the computational informa-150

tion section 2.4 [68]. Dynamic correlation effects, i.e. the correlation of all other electrons, are151

included through variational calculations using difference dedicated configuration interaction152

on the enlarged CAS (CAS(9,6)+DDCI1) [69], which is one of the most accurate available ab153

initio methods for the calculation of exchange couplings (see Sec. 2.4).154

To determine the two-body (two Cu2+ magnetic centers) anisotropic interactions ¯̄Di j and155

di j , relativistic calculations have been performed on cluster (a). To check the transferability156
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of the extracted parameters, we have considered both the cluster (a) with three Cu2+ ions,157

and a dimer of Cu2+ ions: the cluster (a) where one Cu2+ ion has been replaced by a Zn2+.158

The here-used Spin-Orbit State-Interaction (SO-SI) method [70] has been successfully used159

to determine anisotropic interactions in a wide variety of systems [56,71–74]. It diagonalizes160

the spin-orbit matrix in the basis of all Ms components of the spin states S calculated at the161

CASSCF level. All Cu-3d orbitals were introduced in the active space (see Sec. 2.4). This162

enlarged active space is necessary to account for the SO couplings of the ground spin-orbit163

free state with all excited states of the configuration. To introduce dynamic correlation on all164

states, we performed multireference second-order of perturbation CASPT2 [75] calculations165

and used the dynamically correlated energies of the spin-orbit free states as diagonal elements166

of the SO matrix.167

To extract the symmetric anisotropic exchange tensor components and the DM vector from168

the ab initio results, we used the effective Hamiltonian theory [76, 77]. This theory has been169

specially adapted to the extraction of anisotropic interactions and has been shown to provide170

very reliable values of the parameters of anisotropy in mono- and bi-nuclear complexes [56,171

63, 73, 78–80]. It consists in defining a bijective relation between the target space, made up172

of the states calculated ab initio, and the model space that spans the model Hamiltonian. The173

effective Hamiltonian obeys the following relation:174

HEff |ψ̃i〉= Ei |ψ̃i〉 (2)

where |ψ̃i〉 are the orthogonalized projections of the ab initio SO states |ψi〉 onto the model175

space and Ei are the energies of the SO states calculated ab initio. The numerical matrix of176

the effective Hamiltonian can be calculated from its spectral decomposition:177

HEff =
∑

i

Ei |ψ̃i〉 〈ψ̃i| (3)

and then compared to the analytical matrix of the model Hamiltonian. The extraction is based178

on a term-by-term comparison of numerical matrix elements of the effective Hamiltonian and179

analytical elements of the model Hamiltonian of Eq. (1) that reads:180

H =













J1
4 +

Dzz
4

Dxz−iDyz

2
p

2

Dx x−Dy y−2iDx y
4

dy+idx

2
p

2
Dxz+iDyz

2
p

2
J1
4 −

Dzz
4 +

Dx x+Dy y
4 − Dxz−iDyz

2
p

2
− idz

2
Dx x−Dy y+2iDx y

4 − Dxz+iDyz

2
p

2
J1
4 +

Dzz
4

dy−idx

2
p

2
dy−idx

2
p

2
idz
2

dy+idx

2
p

2
−3J1

4 −
Dzz
4 −

Dx x+Dy y
4













(4)

in the basis {|T+〉 , |T0〉 , |T−〉 , |S〉}, where |T+〉, |T0〉, |T−〉 are the lowest spin-orbit free triplet181

states of respectively Ms = 1, 0 and -1 and |S〉 is the lowest spin-orbit free singlet state; J1182

is the isotropic magnetic exchange. Dx y , Dxz and Dyz are the components of the symmetric183

tensor of exchange anisotropy ¯̄Di j and dx , dy and dz the x , y and z components of the DM184

vector. The DM vector components are directly extracted from the numerical matrix elements185

between the singlet and the three Ms components of the triplet. One may note that these186

components can be expressed asfunctions of the components of the antisymmetric tensor ¯̄Ti j187

of the operator Si · ¯̄Ti j ·S j which is identical to the operator di j ·Si ∧S j provided that dx = Tyz ,188

dy = −Txz and dz = Tx y . This last remark will be useful for identifying non-zero components189

of the vector for symmetry reasons.190

The symmetric exchange tensor is determined from the numerical interactions between191

the triplet components. After diagonalizing the resulting matrix of the tensor and imposing192

a zero trace (i.e. incorporating the trace in the isotropic magnetic coupling), the symmetric193

6
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exchange reduces to two terms only: the axial and rhombic parameters D and E which are194

given by:195

D = DZ Z −
DX X + DY Y

2
(5)

E =
DX X − DY Y

2
(6)

where X , Y and Z are the proper magnetic axes of the symmetric tensor, in which the tensor196

is diagonal and which obey the convention rules: Z is such that DZ Z is the most different197

diagonal element. It is a common practice to choose X such that E is positive and we will198

follow this convention here.199

For the extraction on a triangular fragment involving three Cu2+ ions, the numerical ef-200

fective Hamiltonian matrix was built in the basis of eight spin-orbit-free functions: the four201

Ms = −3/2, −1/2, 1/2, 3/2 components of the quadruplet and the two Ms = −1/2, +1/2202

components of the two doublet states. It allows to determine the three symmetric and anti-203

symmetric (DM) tensors of the three couples of Cu2+ ions.204

2.4 Computational information205

The geometrical structure for all heteroatoms has been taken from the X-Ray study published206

in reference [81].207

Concerning the embedding, effective Core Potential (ECP) (for DFT calculations) and ab208

initio model potentials (AIMP) (for WFT) have been introduced to represent the ions close to209

the atoms of the cluster. We checked the accuracy of the embedding by comparing the B3LYP210

results for the J1 interaction in the embedded cluster and in periodic calculations performed211

with the Crystal code [82] also using the B3LYP [83, 84] functional. The J1 values are in212

perfect agreement: 240K for periodic and 239K for embedded cluster. As we will see below,213

these B3LYP values slightly overestimate the coupling but demonstrate the adequacy of the214

material model adopted in this study. Further details on the embedded cluster method can be215

found in reference [85].216

For the DFT cluster calculations, we used the ORCA code [86] with the def2-TZVP (Triple217

ζ + polarization) basis set [87] for all atoms. The geometry optimizations around the inter-218

plane Cu2+ impurity were performed using the B3LYP functional which is known to provide219

accurate structures in transition metal complexes and oxides.220

For the magnetic couplings calculations, theωB97X-D3 functional [88] has been preferred221

to the B3LYP one as it has been shown to provide better values [89].222

The WFT calculations were carried out with the MOLCAS [90] and CASDI [91] codes.223

We used extended basis sets of ANO-RCC type [92, 93] (6s5p3d2 f for Cu and Zn, 4s3p2d224

for O, 4s3p1d for Cl and 2s1p for H). These basis sets are of similar accuracy to the def2-225

TZVP ones but their use was necessary for the relativistic calculations in the MOLCAS code.226

DDCI3 calculations on the minimal active space (CAS(3,3) for the trimer) are usually recom-227

mended to calculate magnetic couplings. Unfortunately, in this material, the DDCI3 value228

of J1 is underestimated (∼ 80K) due to the very important role of the bridging oxygens in229

the antiferromagnetic contribution to the coupling. We have therefore adopted an alternative230

method which consists in optimizing the bridging oxygen p orbitals as explained in detail in231

reference [68]. From the set of orbitals that was determined in the CAS(3,3)SCF calculations232

for the trimer, we projected the three vectors in the space of the inactive orbitals such that233

three orbitals are generated that are concentrated on the bridging ligands and whose shape is234

optimal for interaction with the active orbitals. The rest of the inactive orbitals was orthogo-235

nalized to these three projected orbitals. The so-obtained p ligand orbitals were then added to236

the active space to define a CAS(9,6). DDCI1 calculations were then performed on the top of237

7
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Figure 3: CAS(4,3)SCF active orbital calculated on a fragment involving two in-plane
copper ions and the optimized oxygen orbital (left) and the two magnetic orbitals
(right).

the active space CAS(9,6) enlarged with the bridging p orbitals of the oxygen. One may note238

that the DDCI1 version of the CASDI code also contains some double excitations with respect239

to the CAS which consist in a single excitation of different spin and/or symmetry inside the240

active space combined with a single excitation also changing the spin and/or the symmetry241

in the inactive spaces. These excitations which are not accounted for in standard codes are242

responsible for the charge and spin polarization effects which are crucial for the calculation of243

magnetic couplings [55].244

To calculate the anisotropic interactions, enlarged active spaces containing all d orbitals245

and their electrons were considered, namely CAS(18,10) for the bi-nuclar fragment of Cu2+
246

and CAS(27,15) for the tri-nuclear one. The orbitals were optimized in a state averaged pro-247

cedure for a well-balanced treatment of all excited states. Dynamic correlation was intro-248

duced at the second–order of perturbation using the CASPT2 method. The DFT orbitals are249

known to be too much delocalized. In order to have a clear representation of the magnetic250

orbitals, a CAS(4,3)SCF calculation was performed on a bi-nuclear fragment to get a picture251

of the magnetic orbitals well-localized on just two copper ions. Their orientation and de-252

composition on metals and ligands are identical to the naked eye, to those obtained with the253

CAS(9,6)SCF obtained for the tri-nuclear fragment. Similarly with the aim of a clear visualiza-254

tion, CAS(4,4)SCF calculations were performed on a tetra-nuclear fragment involving three255

in-plane and one inter-plane copper ions.256

3 Results and discussion257

3.1 Isotropic couplings258

In order to check the valididy of the DFT calculations that will be performed on large clusters,259

we have first computed the main isotropic exchange interaction J1 of the model using wave260

function based calculations on cluster (a). The interaction of J1 = 181.3 K (see Tab. 1) is in261

perfect agreement with values published in the literature and with the one obtained with the262

DFT method for the same cluster, confirming the reliability of the ωB97X-D3 functional. The263

antiferromagnetic nature of this magnetic exchange is due to the super-exchange mechanism264

occurring through the bridging oxygen. Fig. 3 illustrates the contribution of the oxygen 2p265

orbital to the essentially 3d magnetic orbitals of the copper ions.266

For fragment (d), the geometry optimization converges on a distorted structure where the267

two oxygen atoms (and their attached hydrogens) in the yz plane have moved apart (the268

distances are dCu−O = 2.23Å instead of dZn−O = 2.11Å, while the other four oxygens have269

moved closer to Cu2+ impurity (d ′Cu−O = 2.04Å). The lift of degeneracy of the ground state270

results from that of the d orbitals, the essentially dyz one being stabilized by the distancing of271

the ligands in the y direction, in accordance with the ligand field theory. The magnetic orbital272

is hence of dxz nature with a lower contribution of the dx y orbital. The stabilization energy in273

the distorted geometry in comparison to that of C3 symmetry is of 2626 K.274

8
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Figure 4: CAS(4,4)SCF active orbitals calculated for a tetra-nuclear fragment consti-
tuted of three in-plane (below) and an inter-plane (above) copper ions.

Table 1 reports all the computed isotropic exchange couplings obtained for the four clusters275

of Fig. 1. One should note the good transferability of the interaction values when increasing276

the size or changing the shape of the clusters (comparison of clusters (a), (b) and (c)). The277

antiferromagnetic J2 and ferromagnetic J3 and J4 interactions are very weak, in line with the278

long distances between the Cu2+ ions involved in these interactions. Note that the J4 coupling279

is particularly weak despite the distance between the copper ions being identical to that of280

J3. This is because the interactions between the copper ions involved in the exchange pass281

through one copper (and its surrounding oxygens) for J2 and J3, whereas they pass through282

two copper ions in the case of J4.283

The most important result of this series of cluster calculations is the high ferromagnetic284

value of J ′5 and J ′′5 . One may note that there are four J ′′5 and two J ′5 between the inter-plane285

impurity and the in-plane Cu2+ ions with which it interacts, which would result in a mean286

value J̄5 =
4J ′′5 +2J ′5

6 = −64.5 K. Concerning the main interaction J1, it is the opposite: there287

are two J ′1 and one J ′′1 which gives a mean value of J̄1 = 149.6 K. Around the impurities,288

these two types of interactions are of the same order of magnitude which should impact the289

collective properties of the whole material. To obtain insight into the ferromagnetic character290

of the inter-plane couplings, we have plotted in Fig. 4 the magnetic orbital optimized using291

a CAS(4,4)SCF calculation on a tetra-nuclear embedded fragment (obtained by removing the292

three uppermost copper ions of cluster (d) to get a clearer view). The nature of the coupling293

is roughly determined by three ingredients: (i) the orbital overlap increasing the kinetic ex-294

change and hence the antiferromagnetic character of the interaction; (ii) the direct exchange,295

a purely ferromagnetic interaction; and (iii) the spin polarization, that may favor ferro- or296

antiferromagnetism depending on the system [55]. The three active orbitals on the right of297

Fig. 4 are strongly delocalized on the three in-plane copper ions. On the contrary, the orbital298

(left) localized on the impurity shows a very small overlap with the orbitals of the in-plane299

copper ions, excluding a large kinetic exchange contribution. The direct exchange integral is300

generally quite small between distant atoms, and therefore, large values of J ′5 and J ′′5 must be301

attributed to spin polarization. The appearance of such large interactions calls into question302

the validity of considering this material as two-dimensional.303

3.2 Anisotropic interactions304

All anisotropic parameters are reported in Table 2. One may first note the good transferability305

of the parameters extracted from either bi-nuclear or tri-nuclear calculations. The anisotropic306

exchange values of D and E are very small and will have only very little impact on the magnetic307

properties of the system. The proper axes X , Y and Z of this tensor are given in Fig. 5.308

The DM vector components, on the contrary, are non-negligible. The non-zero components309

of the vector can be anticipated from symmetry point group theory applied to the dimer under310

consideration. The dimer represented in Fig. 3 has a Cs symmetry point group, (x y) being the311
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Ji (K) (a)WFT (a) (b) (c) (d)
J1 181.3 178.0 191.2 181.0 –
J ′1 – – – – 92.9
J ′′1 – – – – 262.9
J2 – – 0.5 0.4 –
J3 – – -1.1 -1.0 –
J4 – – -0.1 -0.2 –
J ′5 – – – – -47.5
J ′′5 – – – – -73.0

Table 1: ωB97X-D3/def2-TZVP values of the isotropic exchange interactions and Cu-
Cu distances for the 4 clusters of Fig. 1.

Fragment |d∥i j| |d
⊥
i j| |d| D E

Bi-nuclear 4.73 1.70 5.03 -0.46 0.13
Tri-nuclear 4.73 1.78 5.05 -0.51 0.16

Table 2: In-plane |d∥i j| and out-of-plane |d⊥i j| components of the DM vector, total DM
magnitude |d|, axial D, and rhombic E anisotropic exchange parameters (in Kelvin)
extracted from bi-nuclear and tri-nuclear fragment calculations.

Figure 5: Two views of the proper magnetic axes of the symmetric tensor of
anisotropy calculated for a bi-nuclear fragment. The Z axis points toward the bridg-
ing oxygen while X is the inter-nuclear axis.

symmetry plane. In references [80,94], symmetry rules predict that the non-zero components312

of the antisymmetric tensor are Tyz and Txz in the axis frame where the plane of the Cs group is313

x y . As the reflection plane is (yz) in our axes frame, the non-zero values should be Txz = −dy314

and Tx y = dz (x and z have been exchanged). In the bi-nuclear calculations, we found dx = 0,315

dy = 4.73K and dz = 1.70K. Our results are hence in agreement with the symmetry rules316

predicted for the Cs symmetry point group. One should note that, in the tri-nuclear calculation,317

the DM vectors of the two pairs of Cu2+ ions for which (yz) is not the local symmetry plane318

exhibit three non-zero components. The x , y , z components (in Kelvin) of these vectors are319

d23 = (4.10, 2.36,−1.78), d31 = (−4.10, 2.36,−1.78). For this reason and in order to compare320

the results obtained for a bi-nuclear fragment and the tri-nuclear one, we have chosen to321

define an in-plane x y component |d∥i j| and an out-of-plane one |d⊥i j| (along z). Note that the322

in-plane component |d∥i j| of the DM vector is larger than the out-of-plane one |d⊥i j|. This a323

priori surprising result can, however, be rationalized. Indeed, as demonstrated analytically324

in [57], the physical origin of the DM vector is the hybridization of the metal’s Cartesian d-325

orbitals (here chosen for the bi-nuclear fragment of Fig. 3). The mixing of the d orbitals326
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Figure 6: Picture of the DM vectors on two neighbor triangles of the lattice. The
black arrows between the magnetic centers indicate the order of the first and second
spins in the vector products of the DM interactions. The out-of-plane components
alternate from one triangle to its neighbors and point in the opposite direction to the
position of the oxygens. The angle between the in-plane components of the vectors
within the triangle is 120◦.

conditions the nature of this interaction. The analytical derivation presented in reference [57]327

demonstrates that328

• a mixing between dx2−y2 and dx y or between dxz and dyz generates a dz component,329

• a mixing between dx2−y2 and dxz or between dx y and dyz generates a dy component,330

• a mixing between dx2−y2 and dyz or between dx y and dxz generates a dx component.331

The contribution of the out-of-plane dxz and dyz Cartesian orbitals in the magnetic orbitals is332

clearly evidenced in Fig. 3 and can be appreciated by their coefficients in the magnetic orbitals.333

The expression of one of these magnetic orbitals on the Cartesian d-orbitals of one copper ion334

is: 0.4889dx2−y2 + 0.2120dxz − 0.2841dx y − 0.3666dyz+ coefficients on the ligands orbitals.335

This orbital mixing rationalizes the strong in-plane component of DM vector. Its orientation is336

depicted in Fig. 6, where we may note that its out-of-plane component |d⊥i j| oscillates between337

below and above the (x y) plane of copper ions from one triangle to the next, following the338

alternating positions above and below of the oxygens.339

4 Summary and conclusions340

The embedded cluster model is used to evaluate isotropic and anisotropic exchange interac-341

tions in Herbertsmithite, characterized by S = 1/2 spins located on a Kagomé lattice. The342

leading magnetic interaction is the in-plane nearest neighbor isotropic exchange. This inter-343

action is antiferromagnetic in nature. Its strength is experimentally evaluated to J1 ∼ 180K344

in a Heisenberg Hamiltonian H =
∑

〈i, j〉 Si · S j , i and j being nearest neighbors. Both the DFT345

and WFT values are in close agreement with this experimental result, validating the material346

model and the electronic structure methods used. This is in line with many previous studies347

of exchange interactions in similar compounds, using the same computational techniques.348

Second-neighbor in-plane interactions (and beyond) are all very small and there is no need349

to include these interactions in model studies. Triggered by the experimental evidence for a350
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substantial number of magnetic impurities located between the S = 1/2 Kagomé planes, we351

have also calculated the isotropic exchange between a regular in-plane Cu2+ center and a352

copper ion replacing an inter-plane Zn2+. As the local symmetry around the impurity is C3,353

the two highest in energy orbitals of the Cu2+ ion are degenerate and the the site is Jahn-Teller354

active. The geometry optimization shows a distortion in which four oxygens get closer to the355

Cu2+ ion and two get further away, giving rise to two different couplings J ′5 and J ′′5 between356

the impurity and the in-plane copper ions. Similarly, two couplings J ′′1 and J ′′1 are observed357

between the in-plane ions. The interactions with the impurity turns out to be ferromagnetic358

and far from being negligible, namely J ′5 = −48 K and J ′′5 = −73 K. The commonly used359

models to rationalize the experimental observations only consider in-plane interactions, but360

this out-of-plane interaction questions the validity of a simple bi-dimensional model.361

Concerning the anisotropic interactions, the results indicate that the symmetric anisotropic362

exchange interaction does not contribute in a significant manner to the low-energy spectrum363

of this material. With D and E values smaller than 1 K for the axial and rhombic anisotropic364

exchange parameters respectively, it is not expected that this interaction plays a role in the365

magnetic properties. This is not the case for the Dzyaloshinskii-Moriya vector (or antisym-366

metric tensor of anisotropy). The values extracted from the combination of ab initio WFT367

calculations and effective Hamiltonian theory are on the order of several Kelvin with the in-368

plane component significantly larger than the out-of-plane component. The occurrence of369

these two non-zero components is consistent with symmetry rules. The analysis of the mag-370

netic orbitals shows that there is a sizeable mixing of the dx y and dx2−y2 in plane Cartesian371

orbitals with the dxz and dyz ones in the magnetic orbitals, caused by the out-of-plane position372

of the bridging oxygen ions. This mixing was shown in previous studies to originate in plane373

DM interactions [57]. The three DM pseudo-vectors of the triangles formed by the Cu3-O units374

all point in the direction opposite to the oxygen positions and result in a small net out-of-plane375

interaction that alternately points up and down for neighboring triangles.376

Our calculations thus provide a faithful and quantitative description of the spin Hamilto-377

nian of Herbertsmithite, that is far more complete than the widespread simple nearest neighbor378

Kagomé antiferromagnet. We evidence the importance of two supplementary contributions:379

the out-of-plane DM interaction and a strong ferromagnetic exchange between the Kagomé380

sites and the ∼15% of inter-plane magnetic impurities. These two contributions to the Hamil-381

tonian are theoretically challenging. Their effect on the physics is unclear: DM tends to favor382

long-range order, but only above a threshold value, and the out-of-plane component has been383

far less studied than its in-plane counterpart. On the other side, site disorder probably has384

unsuspected consequences through a cross-over between 2D and 3D physics. We hope this385

study will stimulate theoretical studies of this complex model.386

The results derived here for Herbertsmithite are valid for a substitution rate of the Zn by387

Cu up to 0.66, through the Zn-paratacamite family. But for higher substitution, a structural388

transition has been reported [95], and the fully substituted compounds, so-called clinoata-389

camite, is expected to have different exchanges. A further work will be devoted to the study of390

this material. Another extension of this work could evaluate how the DM interactions in the391

triangles of the Kagomé lattice are affected by the presence of a S = 1/2 ion completing the392

coordination of the bridging oxygen.393

Data availability statement: Data are available on request from the authors.394
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