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Abstract

We derive exact equations governing the large-scale dynamics of hard rods, including
effects on the diffusive scale that go beyond ballistic transport. Diffusive scale correc-
tions are the first-order terms in the hydrodynamic gradient expansion and we obtain
them through an explicit microscopic calculation of the dynamics of hard rods. We show
that they differ significantly from the prediction of Navier-Stokes hydrodynamics, as the
correct hydrodynamics description is instead given by two coupled equations, giving
respectively the evolution of the one point functions and of the connected two-point cor-
relations. The resulting equations are time-reversible and reduce to the usual Navier-
Stokes hydrodynamic equations in the limit of near-equilibrium evolution. This repre-
sents the first exact microscopic calculation showing how ballistic dynamics generates
long-range correlations, in agreement with general results from the recently developed
ballistic macroscopic fluctuation theory, and showing how such long range-correlations
directly affect the diffusive scale hydrodynamic terms, in agreement with, and clarifying,
recent related results.
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1 Introduction

Understanding many-body dynamics is among the most challenging problems in contemporary
physics. Real-world systems are typically large, composed of many interacting particles, and
observed over time scales far exceeding the typical interaction time. While a wide array of
numerical and analytical methods exists for studying few-body systems, large-scale systems
out of equilibrium often remain beyond the reach of direct simulation.

An important theoretical tool in this context is the hydrodynamic approximation, which
forgoes the description of individual particles in favor of densities of conserved quantities (e.g.
particle number, momentum, and energy). These densities obey continuity equations whose
simplest forms are the Euler and Navier–Stokes equations. Because these continuum equations
are significantly simpler than the underlying microscopic dynamics, they provide a key starting
point for analytical and numerical investigations.

Despite the empirical success of hydrodynamics, there is still no universally accepted deriva-
tion of these equations from a microscopic description. The standard approach relies on the
principle of maximum entropy, which posits that, at each point in space, the system can be ap-
proximated by a thermal (local equilibrium) state. Even if this principle captures the general
structure of the hydrodynamic equations, it relies on thermodynamic quantities that are model
dependent and notoriously difficult to calculate. As a result, one cannot generally assess the
accuracy of hydrodynamics for a specific microscopic model, echoing one of Hilbert’s famous
open problems.

In certain integrable one-dimensional models, an infinite number of conserved quantities
allows for exact calculation of these thermodynamic coefficients. Such systems can be de-
scribed by generalized hydrodynamics (GHD) [2,3] (see for instance the reviews [4–6]). One
of the simplest nontrivial examples is the hard rods model, see for example [7–11], consisting
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of classical rods (or spheres) of diameter a in one dimension. Its Euler GHD equation reads

∂tρ(t, x , p) + ∂x

�

veff(t, x , p)ρ(t, x , p)
�

= 0, (1)

where ρ(t, x , p) is the density of particles (at macroscopic time t, macroscopic position x , and
momentum p), and

veff(t, x , p) =
p− a
∫

dq qρ(t, x , q)

1− a
∫

dq ρ(t, x , q)
(2)

is the effective velocity arising from particle–particle interactions. This equation was first de-
rived in [12] and rigorously proven in [13]. Its diffusive scale extension—often referred to as
the Navier–Stokes GHD—was obtained in [14]:

∂tρ(t, x , p) + ∂x

�

veff(t, x , p)ρ(t, x , p)
�

=
1
2ℓ
∂x

�∫

dq D(p, q)∂xρ(t, x , q)

�

, (3)

where

D(p, q) =
a2

1− a
∫

dq ρ(t, x , q)

�

δ(p− q)

∫

dq′ ρ(t, x , q′) |p− q′| − ρ(t, x , p) |p− q|
�

(4)

is the diffusion matrix. Hence, the diffusive scale equation (3) is indeed a diffusive equa-
tion. Here, ℓ ≫ 1 is the ratio between the macroscopic and microscopic scales: the large-ℓ
expansion is obtained by scaling distances in the inhomogeneous initial state by ℓ, and set-
ting x , t = ℓxmicro,ℓtmicro where xmicro, tmicro are space-time positions of observables in micro-
scopic, fixed coordinates.

In the Euler scaling limit (ℓ→∞), the right-hand side vanishes, reducing the description
to the Euler equation. However, in the large-ℓ region, the diffusive correction is physically
important because it encodes entropy production, implying relaxation. In [14], the Navier–
Stokes GHD equation was rigorously proven for short times t → 0+ for certain classes of initial
local equilibrium states. The short-time validity is typically expected to extend to all times, as
one assumes the system’s state at all times to be correctly approximated by the process of local
relaxation from local equilibrium states. One thus explains relaxation on hydrodynamic time
scales by local entropy maximization.

One can incorporate integrability-breaking external potentials into the hard rods model;
in such cases, the Navier–Stokes GHD framework predicts that thermal states survive as the
unique long-time attractors. This scenario is confirmed numerically for many potentials, but a
notable exception is the harmonic potential, where the system relaxes yet does not approach a
thermal state [15,16]. This discrepancy, combined with the recent observations of anomalous
fluctuations at diffusive scales in integrable systems [17–21], indicates a breakdown of the
usual thermalization argument in harmonic traps [22, 23], raising doubts about the general
validity of the Navier–Stokes GHD approach.

In this work, we reexamine the Navier–Stokes GHD equation in the hard rods model and
show that the standard derivation fails to remain valid beyond infinitesimally short (macro-
scopic) times. The crucial reason is the emergence of long-range correlations during the dy-
namics, as first established in [24, 25]. These violate the assumption that at all times, the
system can be described by local relaxation from local equilibrium states. Indeed, although
averages of local observables, in the ℓ →∞ limit, still tend to the values they take in local
equilibrium states, as required for Euler-scale hydrodynamics, spatial correlations of local ob-
servables receive 1/ℓ corrections. Such long-range, 1/ℓ spatial correlations are simply absent
in local equilibrium states, and not described by relaxation of local observables; yet they affect
the diffusive scale in (3) (see also our companion paper [1]).
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We derive, in the hard rods model, a new equation directly from the microscopic model.
Unlike the standard Navier–Stokes GHD, it consists of a coupled system involving both the
one-point function (the particle density) and the two-point correlation function. This is the
specialisation to the hard rods model of the general equations proposed in our companion
paper [1]. This new theory is fully time-reversal invariant and therefore does not produce
an intrinsic arrow of time. Consequently, it fails to describe thermalization as it is usually
understood.

The remainder of this paper is organized as follows. In Section 2, we discuss the family of
hard rods states under consideration, namely those with typical large deviation scaling. This
assumption is natural in hydrodynamics and includes, for example, standard local equilibrium
states. In Section 3, we outline the main steps of our microscopic derivation, with additional
technical details provided in Appendix A. Finally, in Section 4, we compare our analytical
results against extensive numerical simulations to confirm the new picture.

1.1 Summary of the main results

The main result of our paper is that the Navier-Stokes equation for the dynamics of hard rods
must be corrected by an additional, non-trivial term compared to Eq (3). In particular, we focus
on the quasiparticles description of this model, defined as the tracers of hard rods velocities.
The additional term involves the long-range correlations: the two-point correlations of the
density of quasiparticles at macroscopically small, but microscopically large, distances

C(t, x , p, y, q) = lim
ℓ→∞

ℓ 〈ρe(t, x , p)ρe(t, y, q)〉c , (5)

CLR(t, x , p, y, q) = lim
ε→0+

C(t, x , p, y, q)θ (|x − y| − ε) , (6)

where the empirical density is defined as the observed density of a single realization of the
stochastic sample

ρe(x , p) = 1
ℓ

∑

i

δ(x − x i)δ(p− pi) . (7)

The correlation function C(t, x , p, y, q) is the Euler scaling limit [25, 26] of the equal-time
correlation function of the empirical density in the state 〈· · · 〉, which depends implicitly on
the macroscopic variation length ℓ, and the time t. The limit defining CLR(t, x , p, y, q) serves
to omit the delta-function part of C(t, x , p, y, q), which represent, in macroscopic coordinates
and under Euler scaling, the correlations at microscopic distances.

For the quantity ρ(t, x , p) = 〈ρe(t, x , p)〉, we obtain the following hydrodynamic equation,
up to, including, the diffusive scale 1/ℓ:

∂tρ(t, x , p) = −∂x(v
eff(t, x , p)ρ(t, x , p)) + 1

2ℓ∂x

�∫

dq D(p, q)∂xρ(t, x , q)

�

+

+ 1
ℓ∂x

�

a1dr(t,x)
(2π)2

∫

dq (q− p)Cn
LR(t, x − veff(t, x , p)0+, p, x − veff(x , q)0+, q)

�

+O(1/ℓ2). (8)

Importantly, the second term on RHS comes from the local GGE correlations and coincides
with the NS diffusion present in Eq. (3). Here, Cn(x1, p1, x2, p2) is the two-point correlation
function in normal modes

Cn(t, x1, p1, x2, p2) =
(2π)2

1dr(t,x1)1dr(t,x2)
∫

dq1 dq2

�

δ(p1 − q1) + aρ(t,x1,p1)
1dr(x1)

��

δ(p2 − q2) + aρ(t,x2,p2)
1dr(t,x2)

�

C(t, x1, q1, x2, q2) (9)
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and we defined 1dr(t, x) = 1− a
∫

dqρ(t, x , q). Notably, the equation can also be written as

∂tρ(t, x , p) + ∂x(v
eff(t, x , p)ρ(t, x , p)) = −1

ℓ∂x

�

a
(2π)2

∫

dq p−q
1dr(t,x)C

n
LR,sym(t, x , p, q)

�

+O
�

1/ℓ2
�

(10)

where Cn
LR,sym(x , p, q) is the symmetric part of the two-point correlation function

Cn
LR,sym(t, x , p, q) = 1

2

�

Cn(t, x − 0+, p, x , q) + Cn(t, x + 0+, p, x , q)
�

. (11)

Eq. (8) or equivalently Eq. (10) together with the well-known evolution equation (56) for the
correlation function [26], form a closed set of two coupled equations.

As in [14], Eq. (8) is valid, starting from any slowly varying initial state (at time, say, t = 0),
for the forward macroscopic derivative ∂tρ(t, x , p) = limε→0+(ρ(t+ε, x , p)−ρ(t, x , p))/εwhere
the 1/ℓ expansion is performed before the ε → 0+ limit. It is obtained by a physical con-
struction similar to that of [14]: the local current observables are evaluated by relaxation
from the state on macroscopic time slice t, to macroscopic time t + 0+. It is current observ-
ables at t + 0+ that form the right-hand side. But the difference with [14] is that the state
at time t is not assumed to be in local equilibrium, i.e. locally described by a generalized
Gibbs ensemble (GGE) and otherwise uncorrelated. Rather, long-range correlations are taken
into account. This is important, as these are known to develop over time [24]. The quantity
Cn

LR(t, x − veff(x , p)0+, p, x − veff(x , q)0+, q) in the second term of order 1/ℓ on the right-hand
side of (8) is the correlation in the state on time slice t. Note that it is evaluated at small,
∝ 0+ macroscopic distances (after the limit ℓ→∞ has been taken). That is,

Cn
LR(t, x − veff(x , p)0+, p, x − veff(x , q)0+, q) =

lim
ε→0+

lim
l→∞

ℓ



ρe(t, x − veff(x , p)ε, p)ρe(t, y − veff(y, q)ε, q)
�c

. (12)

This is how the result depends on the long-range correlations of the state at time t.
The simplified expression in (10) is valid for the left-hand side being the instantaneous

time derivative instead of the forward macroscopic time derivative (see Subsection 1.3): in
∂tρ(t, x , p) = limε→0+(ρ(t + ε, x , p)−ρ(t, x , p))/ε the ε→ 0+ limit is performed before the
1/ℓ expansion. It reproduces the macroscopic derivative in (8) because no matter the initial
state, the system relaxes immediately (i.e. faster than macroscopic time) to a “dynamically
stable manifold”, by developing appropriate long-range correlations such that the right-hand
side of (10), on this stable manifold, amounts to the two 1/ℓ terms on the right-hand side
of (8) (see Subsection 1.2). Unlike (8), where the long-range correlations appear as an ad-
ditional correction to Navier-Stokes GHD (3), in the alternative (10) the standard diffusion
term is absent. This clearly indicates new physics behind the diffusive scale, outlined in our
companion paper [1]. Currents simply take their Euler-scale form plus a term controlled by
long-range correlations, giving Eq. (10) for instantaneous time derivatives of densities. The
diffusive-scale corrections to the currents are therefore entirely obtained from the corrections
these new long-range correlations give to averages of currents, in sharp contrast to the usual
procedure.

Crucially, we find that it is incorrect to obtain the currents at time t + 0+, that determine
the forward derivative of densities, by performing a relaxation process from some assumed local-
equilibrium state at time t.

The new equations (8), (10) differ in many ways from the previous (3). We highlight two
important differences:
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1. The diffusive scale dynamics requires a higher amount of information than in the Navier-
Stokes equation, being intrinsically dependent on both one- and two- point functions in
a system of two coupled equations. The solution to the Euler-scale hydrodynamic equa-
tion for conserved densities enters the evolution equation for the two-point correlation
function, and its solution then enters the evolution equation for the diffusive scale hy-
drodynamic equation.

2. The new equations are symmetric under time-reversal (see section 3.5). Therefore, en-
tropy cannot be always increasing. This is in stark contrast to (3), which is demonstrated
to produce monotonously non-decreasing (and generically increasing) entropy. In par-
ticular the diffusive scale hydrodynamic equation is not a diffusive equation.

1.2 Behavior for local equilibrium states and dynamically stable manifold

An important special case is when the system is in a local equilibrium state (say at time t = 0),
where no long-range correlations are present, i.e. macroscopically separated regions are fully
uncorrelated. Indeed, since there are no long-range correlations in a local equilibrium state,
at t = 0 (8) correctly reduces to (3). This is an important consistency check, as in [14], the
validity of Eq. (3) was rigorously proven for (a subfamily of) local equilibrium states.

Eq. (10) indicates correctly that instantaneous currents do not receive diffusive scale cor-
rections in local equilibrium states: the right-hand side vanishes as Cn

LR,sym(x , p, q) = 0 in
such states. However, this does not provide the forward macroscopic time derivative of den-
sities. This is because local equilibrium states are unstable in time. To see this we can expand
Cn

LR(t, x , p, y, q) for short times (see Appendix D and Eq. (14) in [1]):

Cn
LR(t, x , p, y, q)
�

�

y≈x ,t≈0 =
a
2 1dr(x)
�

∂xρ(x , p)ρ(x , q)−ρ(x , p)∂xρ(x , q)
�

×

×
�

sgn(y − x)− sgn(y − x + (veff(x , p)− veff(y, q))t)
�

+O
�

t2
�

. (13)

We see that immediately (faster than macroscopic time) a finite jump of the long-range cor-
relations at x = y appears. We interpret this as a “relaxation” towards a “dynamically stable
manifold” of states with non-trivial long-range correlations. In fact, for all times t the long-
range correlations of any state in the dynamically stable manifold have a jump, fixed by the
local one-point function [1,27]:

CLR(t, x , p, y, q)
�

�

y≈x =
a
2 1dr(t, x)
�

∂xρ(t, x , p)ρ(t, x , q)−

−ρ(t, x , p)∂xρ(t, x , q)
�

sgn(y − x) + (continuous). (14)

Here (continuous) represents a possible additive term, continuous at x = y .
The right-hand side of Eq. (10) must be evaluated in this “dynamically stable manifold” in

order to obtain macroscopic variations1. The macroscopic forward derivative at time t = 0 is
obtained if the right hand side of (10) is evaluated at t = 0+ (i.e. after the relaxation to the
“stable manifold”), see section 3.4 for more explanations.

1.3 Relation to derivation in [1]

The subtle difference between (8) and (10) highlights the difference in spirit between this
work and our companion paper [1]: The general theory developed in [1] reduces to (10) for
hard rods. This provides an independent check for the physical assumptions in [1].

1We note that the term involving long-range correlations in (8) has the particularity that it is invariant un-
der such sudden formation of long-range correlations from the initial state; although it is affected by their slow
variations over time.
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In [1] the instantaneous current is computed: at t = 0, there is no diffusive scale correction
to the current. However, this current is not useful for predicting the quasi-particle density after
a short macroscopic time, because the diffusive scale correction of the current is discontinuous
from t = 0→ 0+. In this work on the other hand we do not evaluate the instantaneous current,
but instead take the macroscopic forward time derivative of the quasi-particle density. In this
sense (8) can be seen as a forward time averaging of (10). This forward time averaging
does not affect the equation unless at those special times, like t = 0, where the current is
discontinuous. While (10) is always time-symmetric, the forward time averaging of (8) makes
(8) formally break time reversal symmetry at these special times.

Note that despite these physical differences at these special times, the two PDE’s (8) and
(10) are both mathematically equivalent. They only differ on a measure zero set in time, hence
their solutions are equal.

2 The hydrodynamic state

In hydrodynamics, the initial state is typically chosen as an average over an ensemble of initial
configurations, described by a probability measure ϱ over the phase-space. Natural states from
the perspective of GHD are, for instance, local equilibrium states (in macroscopic coordinates):

dϱ =
1
Z

1ΣN
(x1, . . . , xN )e

−
∑

i β(x i ,pi) dN x dN p . (15)

Here 1ΣN
(x1, . . . , xN ) excludes unphysical states from the measure, being 1ΣN

(x1, . . . , xN ) = 1
if no two hard rods overlap, and 1ΣN

(x1, . . . , xN ) = 0 if at least two overlap:

1ΣN
(x1, . . . , xN ) =

�

1 (|x i − x j|> a/ℓ ∀ i ̸= j)
0 (otherwise).

(16)

If β(x , p) = β(p) does not depend on x , this describes an stationary state (a generalised Gibbs
ensemble, GGE) with generalized inverse temperatures encoded within the function β(p).
On the other hand, if β(x , p) is space dependent, the state is a non-equilibrium state on the
macroscopic scale ℓ, while still behaving as a GGE on microscopic scales. The central object
of GHD is the quasi-particle density

ρ(x , p) = 〈ρe(x , p)〉 , (17)

which is the average of the empirical density of particles

ρe(x , p) = 1
ℓ

∑

i

δ(x − x i)δ(p− pi) (18)

over this probability measure ϱ, denoted by 〈. . .〉. While ρe(x , p) is a ‘spiky’ function, after
averaging over (15) it becomes a smooth function as ℓ→∞. On the Euler scale (i.e. including
only O
�

ℓ0
�

=O(1) terms), the GHD equation is a closed equation describing the evolution of
the quasi-particle density.

As a matter of fact, a basic assumption behind hydrodynamics states that the connected
correlation functions (also called cumulants) of ρe(x , p) show large deviation scaling:

〈ρe(x1, p1) . . .ρe(xk, pk)〉
c ∼ 1/ℓk−1. (19)

For instance, this scaling is satisfied by the states (15). For such a reason, the Euler scale
equation (1) only depend on ρ(x , p); all higher connected correlation functions vanish as
ℓ→∞.

Assumption 1 We assume that the state satisfies the large deviation scaling as ℓ→∞, i.e. (19).

7
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Figure 1: Explanation of long range correlations: As time evolves (see (22)) two hard
rods (in this case the blue and the orange one), become correlated because they in-
teract with the same particles between them. If the number of particles between
them is lower, then they will travel less far, if they are higher, both will travel fur-
ther. Since the density of particles in a region fluctuates around its mean value, this
means that particles which travel through the same region become correlated. In the
hydrodynamic limit, this can then be observed as non-trivial long-range correlations
of the density.

2.1 The connected two-point correlation function

In this paper we aim to derive the diffusive scale equation including O(1/ℓ) terms and, hence,
to describe the state using the first two connected correlation functionsρ(x , p) and 〈ρe(x , p)ρe(y, q)〉c,
being all higher order correlations negligible.

Firstly, it is important to observe that the two point connected correlation function has the
following general form:

C(x , p, y, q) = ℓ 〈ρe(x , p)ρe(y, q)〉c = δ(x − y)CGGE(x , p, q) + CLR(x , p, y, q) +O(1/ℓ) , (20)

where

CGGE(x , p, q) = ρ(x , p)δ(p− q) +ρ(x , p)ρ(x , q)

�

−2a+ a2

∫

dq′ρ(x , q′)

�

(21)

are the correlations of the GGE that corresponds to the local quasi-particle density ρ(x , p).
CLR(x , p, y, q) are long range correlations in the system, which are piecewise smooth functions
that can present jumps [1, 27]. In the typical scenario, the initial state only present non-long
range correlations (which is the case in local equilibrium states (15)), while the long range
correlations are developed during time-evolution. In Fig. 1, we give a pictorial representation
of the mechanism behind the creation of long range correlations.

Assumption 2 We assume that the connected two-point correlation function is of the form (20).
In particular, this is satisfied for all times t if the evolution starts from a local equilibrium state
(15), whose connected two-point correlations function evolution can be computed explicitly (see
Appendix D).
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dp dq q C(x, p, y = 0.7, q, t = 1)

Theory
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Figure 2: Integrated correlations
∫

dp dq qC(x , y, p, q, t) at y = 0.7 and t = 1, as
function of x . The initial state is defined in Eq. (61). The black circles represent
the numerical simulation (which are done as described in section 4), while the red
curve the theoretical prediction, see Appendix D. This figure shows how the system
developed long range correlations during the dynamics and that they are perfectly
captured by the theory. Also, at x = y , we observe a discontinuity. For numerical
simulation we use the same data as in [1].

While the delta part CGGE(x , p, q) follows the evolution of ρ(x , p), being a constant func-
tional of particles density, the long range contribution CLR(x , p, y, q)will evolve non-trivially [1,
24,25,27] (we give the full evolution formula in Appendix D). Since hard rods are described by
a local theory, only the behavior at x ≈ y can affect the diffusive scale equation. Interestingly,
the long range correlations have a jump, given by (14), at this point (see Fig.2) [1,27].

Let us remark that, microscopically, for x/ℓ ≈ y/ℓ the correlations are always finite, but
present a complicated exponentially fast decay [28] (see Appendix F). Instead, at macroscopic
scales, after the coarse graining they emerge as the δ(x − y) contribution. However, as ap-
parent from our derivation, the hydrodynamic theory on diffusive scale does not need any
information about the microscopical structure of two point correlations, except for its symme-
try under exchange of x and y (following from PT symmetry).

Assumption 3 The microscopic shape giving rise to the singular δ(x − y) term in (20) is micro-
scopically symmetric in x − y as ℓ→∞.

Remark 1 We chose the singular part of the correlations to be given by the GGE correlations since
this is a natural physical choice (it is satisfied for instance by the local GGE states (15)). However,
in principle our derivation can be straight-forwardly adapted to initial states, where the singular
part is given by other local correlation functions. In this case the resulting diffusive scale GHD
equation will be different.

3 Derivation of the diffusive scale equation

The aim of this paper is to derive the emergent evolution equation for hard rods in the Euler
scaling limit ℓ → ∞ (described more detailed below) which will be correct up to diffusive
order, i.e. up to including O(1/ℓ).

9
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For clarity, let us consider temporarily space-time coordinates to be on microscopic scale.
As a matter of fact, the solution to the microscopic system is explicitly known in hard rods [12]:
Given the initial (microscopic) positions x i and momenta pi of N hard rods with length a, the
trajectory of a (tracer) particle i is given by

x i(t) = x i + pi t + a
∑

j ̸=i

θ ( x̂ i + pi t − x̂ j − p j t)− θ ( x̂ i − x̂ j), (22)

where the so called contracted coordinates are

x̂ i = x i − a
∑

j ̸=i

θ (x i − x j). (23)

Remark 2 Physical hard rods exchange their momenta during collisions. However, it is often
convenient to additionally exchange both particles (this is merely a relabeling). In this way,
particles keep their momenta during scattering, but exchange their positions. As is conventional,
in the following, we refer to this picture’s particles, as the quasiparticle of the hard rods model.
Equation (22) describes the so called tracer dynamics.

Remark 3 The intuitive idea behind (22) is as follows (see for instance [12,29]): The contracted
coordinates x̂ i represents the physically available space, i.e. the left most particle keeps its position,
the first particle gets shifted by −a, the second one by −2a and so on. In these x̂ coordinates the
evolution is free, i.e. x̂ i(t) = x̂ i + pi t. After evolving to time t, one has to order the particles
again in x̂ space and undo the contraction, i.e. the left most particle remains put, the first one
gets shifted by +a, the second one by +2a and so on. This is implemented in (22).

We now specify the Euler scaling limit: we are interested in situations where the particle
number N , the length-scale of observation ℓ and the time-scale of observation T are sent to
infinity, while keeping their ratios fixed N ∼ ℓ ∼ T →∞. First, let us rescale time and space
to macroscopic quantities x i → x iℓ, x̂ i → x̂ iℓ and t → tℓ. In terms of rescaled variables, Eq.
(22) and (23) read:

x i(t) = x i + pi t +
a
ℓ

∑

j ̸=i

θ ( x̂ i + pi t − x̂ j − p j t)− θ ( x̂ i − x̂ j) , (24)

x̂ i = x i −
a
ℓ

∑

j ̸=i

θ (x i − x j). (25)

The latter effectively amounts to rescaling the rod size a→ a/ℓ. From now on we will always
consider macroscopic coordinates.

3.1 Derivation of the time-evolution

We now consider the evolved particles positions (24) and average it over the initial state. In
particular we aim to express it in terms of quasi-particle density:

ρ(t, x , p) = 〈ρe(t, x , p)〉=

®

1
ℓ

∑

i

δ(x − x i(t))δ(p− pi)

¸

. (26)

Also, it is convenient to integrate it against a test function φ(x , p):
∫

dx dpρ(t, x , p)φ(x , p) =

®

1
ℓ

∑

i

φ(x i(t), pi)

¸

=

N
ℓ φ(x1(t), p1)
�

=

∫

dx1 dp1ρ(x1, p1) 〈φ(Xe(t, x1, p1), p1)|x1, p1〉 . (27)

10
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Here 〈. . . |x1, p1〉 is the conditional expectation value given known values of x1 and p1, and

Xe(t, x1, p1) = x1 + p1 t + a
ℓ

∑

j ̸=1

θ ( x̂1 + p1 t − x̂ j − p j t)− θ ( x̂1 − x̂ j) (28)

is the trajectory of a particle starting at x1, p1. Since φ(x , p) is a smooth function in x we can
expand around x = 〈Xe(t, x1, p1)|x1, p1〉:
∫

dx dpρ(t, x , p)φ(x , p) =

∫

dx1 dp1

�

ρ(x1, p1)φ(〈Xe(t, x1, p1)|x1, p1〉 , p1)+

+ 1
2ρ(x1, p1)∂

2
x φ(〈Xe(t, x1, p1)|x1, p1〉 , p1)Var[Xe(t, x1, p1)|x1, p1]

�

+O
�

1/ℓ2
�

. (29)

Here we used the assumption on the scaling of higher-order correlation functions of the particle
density to neglect all terms beyond the variance

Var[Xe(t, x1, p1)|x1, p1] =



(Xe(t, x1, p1)− 〈Xe(t, x1, p1)|x1, p1〉)2|x1, p1

�

∼ 1/ℓ. (30)

Next, let us expand 〈Xe(t, x1, p1)|x1, p1〉 in 1/ℓ:

〈Xe(t, x1, p1)|x1, p1〉= X (t, x1, p1) +
1
ℓ∆X (t, x1, p1) +O

�

1/ℓ2
�

. (31)

In Appendix A we give the formulas for X (t, x1, p1) and ∆X (t, x , p), see (A.14) and (A.15).
Note that the formula for the Euler scale trajectory is

X (t, x1, p1) = x1 + p1 t + a

∫

dx2 dp2ρ(x2, p2)(θ (X̂ (x1)− X̂ (x2) + (p1 − p2)t)− θ (x1 − x2)),

(32)

where

X̂ (x) = x − a

∫ x

−∞
dy dqρ(y), (33)

is simply the continuous limit of (24). Inserting Eq (31) into (29) we have:
∫

dx dpρ(t, x , p)φ(x , p) =

∫

dx1 dp1ρ(x1, p1)φ(X (t, x1, p1), p1)

+ 1
ℓ

∫

dx1 dp1ρ(x1, p1)∂xφ(X (t, x1, p1), p1)∆X (t, x1, p1)

+ 1
2

∫

dx1 dp1ρ(x1, p1)∂
2
x φ(X (t, x1, p1), p1)Var[Xe(t, x1, p1)|x1, p1] +O

�

1/ℓ2
�

.

(34)

Here X (t, x , p) is the Euler-scale GHD characteristic. Indeed, on the Euler scale particles follow
deterministic trajectories. When going to diffusive scale there are two more effects that need
to be taken into account. First, due to the fluctuations in the initial state the distribution of a
particle at time t becomes a Gaussian with width

p

Var[Xe(t, x1, p1)|x1, p1]∼ 1/
p
ℓ. Second,

there is also a deterministic shift of order 1/ℓ to the mean value of the Gaussian, described
by ∆X (t, x1, p1). If both ∆X (t, x1, p1) and Var[Xe(t, x1, p1)|x1, p1] are known for all x1 and
p1 it fully describes the particle trajectories on the diffusive scale and in turn also determines
ρ(t, x , p). Indeed, denoting X−1(t, x , p) the inverse function to X (t, x , p) and removing the
test function from Eq. (34), we find

ρ(t, x , p) = ρE(t, x , p)− 1
ℓ∂x(ρ(t, x , p)∆X (t, X−1(t, x , p), p))

+ 1
2ℓ∂

2
x (ρ(t, x , p)V (t, X−1(t, x , p), p)) +O

�

1/ℓ2
�

, (35)

11
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where we defined the Euler scale evolved quasi-particle density

ρE(t, x , p) = ρ(X−1(t, x , p), p)
dX−1(t, x , p)

dx
, (36)

and where we used Var[Xe(t, x1, p1)|x1, p1] =
1
ℓV (t, x1, p1)+O

�

1/ℓ2
�

. In Appendix A, Eq. (A.16),
we give the formula for V (t, x , p).

3.2 Obtaining the diffusive scale equation

Eq. (35) gives the quasi-particle distribution ρ(t, x , p) on the diffusive scale for an arbitrary
time t. In the following, we derive the diffusive scale PDE having Eq. (35) as solution.

In order to derive an evolution equation from the solution (35), we need to study the
behavior at time t → 0+. First, let us note that:

lim
t→0+

X (t, x , p) = x , lim
t→0+

∆X (t, x , p) = 0, lim
t→0+

V (t, x , p) = 0, (37)

which are derived in appendix A. This implies that

lim
t→0
ρ(t, x , p) = ρ(x , p) = ρ(0, x , p) +O

�

1/ℓ2
�

. (38)

This statement might seem trivial, but it is important to stress that it is not. In fact, it is trivial
only at a microscopic time, i.e. taking t → 0+ before ℓ→∞. However, in our derivation, we
first send ℓ→∞ while keeping t on finite Euler scale and then consider t → 0+. This way we
can probe the system only at long microscopic times. A failure of (37) would physically mean
that the system locally equilibrates before any Euler-scale time. The fact (37) is true, is ulti-
mately connected to the fact that we choose a state with local GGE correlations as initial state.
In fact, even if our derivation can formally be applied to initial states with non-equilibrium
local correlations, it would bring immediate local equilibration before any Euler scale evolu-
tion happens. As a conclusion, at t = 0+ the state is expected to present local equilibrium
correlations, independently from the precise shape at t = 0. As a consequence, we can always
consider initial states that satisfy (37).

Let us now take the time derivative of (35) to obtain:

lim
t→0+

∂tρ(t, x , p) = −∂x(∂t X (0
+, x , p)ρ(x , p))− 1

ℓ∂x(ρ(x , p)∂t∆X (0+, x , p))

+ 1
2ℓ∂

2
x (ρ(x , p)∂t V (0

+, x , p)) +O
�

1/ℓ2
�

, (39)

where veff(x , p) = limt→0+ ∂t X (t, x , p) is the effective velocity of a GHD characteristic.
This equation finally gives the evolution equation of ρ(t, x , p) at time t = 0. However, as

time evolves our main assumptions 1, 2 and 3 remain valid, in particular the one-point and
two-point functions are the only information required to characterise the state on the diffusive
scale. Hence, we can assume that (39) holds at all times. This assumption is verified by our
numerical simulations, see Fig. 5

Taking the time derivative of (32) and sending t → 0+, we recover the well-known formula
for the effective velocity

∂t X (0
+, x , p) = veff(x , p) =

p− d
∫

dq qρ(x , q)

1− d
∫

dqρ(x , q)
. (40)

The expressions for the 1/ℓ correction terms are more complicated and are derived in Appendix
A. In general we can split them into two parts, one stems from the singular GGE part of the

12
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correlations (21) and the other from the long range part of the correlations:

∂t∆X (0+, x , p) = ∂t∆X local(0
+, x , p) + ∂t∆XLR(0

+, x , p) , (41)

∂t V (0
+, x , p) = ∂t Vlocal(0

+, x , p) + ∂t VLR(0
+, x , p). (42)

The contributions from the local GGE correlations are

∂t∆X local(0
+, x , p) = a2

∫

dq

�

∂xρ(x , p) + a
21dr(x)ρ(x , q)

∫

dq′ ∂xρ(x , q′)

�

|p−q|
1dr(x) , (43)

∂t Vlocal(0
+, x , p) = a2

∫

dqρ(x , q) |p−q|
1dr(x) , (44)

where 1dr(x) = 1− d
∫

dqρ(x , q). The long range correlations give rise to:

∂t∆XLR(0
+, x , p) = a

∫

dq p−q
1dr(x)ρ(x ,p)

∫

dp′ dq′
�

δ(p′ − p) + aρ(x ,p)
1dr(x)

�

×

×
�

δ(q′ − q) + aρ(x ,q)
1dr(x)

�

CLR(x − veff(x , p)0+, p′, x − veff(x , q)0+, q′)

= a1dr(x)
(2π)2

∫

dq p−q
ρ(x ,p)C

n
LR(x − veff(x , p)0+, p, x − veff(x , q)0+, q) ,

(45)

∂t VLR(0
+, x , p) = 0. (46)

In (45) we introduced the correlations of n(x , p) = 2πρ(x , p)/1dr (see Appendix A (A.32)):

Cn(x , p, y, q) = 〈n(x , p)n(y, q)〉c = δ(x − y)Cn(x , p, q) + Cn
LR(x , p, y, q). (47)

Note the point splitting implied by the 0+, which determines the choice of side at the jump
of CLR(x , p, y, q) at x = y . The physical meaning is simple: For finite t the correlations are
evaluated at the origin of the GHD characteristics, which for t → 0 is approximately given by
x − veff(x , p)t.

We can insert these expressions into (39) and find the following diffusive scale equation:

∂tρ(x , p) = −∂x(v
eff(x , p)ρ(x , p)) + 1

2ℓ∂x

�∫

dq D(p, q)∂xρ(x , q)

�

+

+ 1
ℓ∂x

�

a1dr(x)
(2π)2

∫

dq (q− p)Cn
LR(x − veff(x , p)0+, p, x − veff(x , q)0+, q)

�

. (48)

In the last expression (48), the second term in RHS comes from the local GGE correlations and
coincides, as expected, with the usual diffusion matrix in a GGE state:

D(p, q) = a2

1dr(x)

�

δ(p− q)

∫

dq′ρ(x , q′)|p− q′| −ρ(x , p)|p− q|
�

. (49)

The other term is the novel contribution which comes from the long range correlations. It is
important to observe that the point-splitting in the correlation function shows how to treat the
discontinuity in the correlation function, see (14). Since the long range correlations present a
jump at x = y , we can split them locally into a symmetric and an antisymmetric part:

Cn
LR(x , p, y, q)
�

�

x≈y = Cn
LR,sym(x , p, q) + sgn(y − x)Cn

LR,asym(x , p, q)

= 1
2

�

Cn
LR(x − 0+, p, x , q) + Cn

LR(x + 0+, p, x , q)
�

+ 1
2 sgn(y − x)
�

Cn
LR(x − 0+, p, x , q)− Cn

LR(x + 0+, p, x , q)
�

.

(50)

13
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As explicitly derived in Appendix D, the jump has the following form:

Cn
LR,asym(x , p, q) = a

21dr(x)2 (2π)
2[∂xρ(x , p)ρ(x , q)− ∂xρ(x , q)ρ(x , p)]. (51)

Inserting this formula into Eq.(8), we find that this produces a term that exactly cancels the
original Kubo diffusion (49). Therefore, the diffusive scale GHD equation can be also written
as:

∂tρ(x , p) = −∂x(v
eff(x , p)ρ(x , p)) + 1

ℓ∂x

�

a
(2π)2

∫

dq q−p
1dr(x)C

n
LR,sym(x , p, q)

�

. (52)

This is the main result of this paper. In this form the diffusion does not depend on any singular
parts of the correlations anymore, only on the continuous part of the long range correlations.
Note that we already know that the solution to this equation is given by (35).

Remark 4 The fact that the jump contribution exactly cancels the contribution from the singular
GGE correlations is quite interesting. The reason for this cancellation is more evident in our
more heuristic and more general derivation [1]: There the fact that the singular GGE correlations
and the jump do not affect the diffusive scale dynamics is due to fluid-cell averaging. From the
perspective of fluid-cell averaging only the current on the boundary of the fluid-cell is important for
the dynamics of the total charge inside the fluid-cell. However, the jump and the GGE correlations
are fully contained inside a fluid-cell, hence they should not be able to “affect” the dynamics. As
shown in [1], this property is believed to be universal for integrable models. In fact, as shown
in [30, 31], a similar effect arises more generally in linearly degenerate systems: there, a non-
zero standard diffusion term does appear due to an emergent noise, but is controlled by a Kubo
formula from which “quadratic charge” contributions, representing long-range correlations, have
been projected out.

3.3 Evolution equation of correlation functions

We see that the equation for ρ(x , p) requires the knowledge of the correlations at time t. It is
well-known that these satisfy the linearized Euler equations in both components [26]

∂t 〈ρe(t, x , p)ρe(s, y, q)〉c + ∂x

�∫

dk
δ j(t, x , p)
δρ(k)

〈ρe(t, x , k)ρe(s, y, q)〉c
�

= 0 (53)

∂s 〈ρe(t, x , p)ρe(s, y, q)〉c + ∂y

�∫

dk
δ j(s, y, q)
δρ(k)

〈ρe(t, x , p)ρe(s, y, k)〉c
�

= 0, (54)

where j(x , p) = veff(x , p)ρ(x , p). In particular, the so called flux Jacobian can be explicitly
expressed as

δ j(x , p)
δρ(k)

= veff(x , p)δ(p− k)−
akρ(x , p)

1dr(x)
+ a

veff(x , p)ρ(x , p)
1dr(x)

. (55)

Hence, we find the equation

∂t C(x , p, y, q) + ∂x

�∫

dk
δ j(t, x , p)
δρ(k)

C(x , k, y, q)

�

+ ∂y

�∫

dk
δ j(t, y, q)
δρ(k)

C(x , p, y, k)c
�

= 0.

(56)
Here we see that (52) and (56) are a closed set of equations, which both together form the
diffusive scale GHD equations.

Alternatively, the correlation functions can also be computed explicitly at time t, see Ap-
pendix D.
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3.4 Relation to Boldrighini-Suhov results

Boldrighini and Suhov, in [14], derived a Navier-Stokes diffusive scale equation for the hard
rods model with the following expression:

∂tρ(x , p) = −∂x(v
eff(x , p)ρ(x , p)) + 1

2ℓ∂x

�∫

dq D(p, q)∂xρ(x , q)

�

. (57)

However, as motivated in this paper and in [1], their result only applies to states with a constant
particle density

∫

dqρ(x , q) and no long range correlations. For such states, the last part of (8)
vanishes, due to the absence of long range correlations, and only the usual Kubo-type diffusion
(49) exists. This formula, therefore, agrees with (57).

However, evolving such a state for any small t > 0, long range correlations will be de-
veloped. Therefore, at any time t = 0+, Eq. (52) is expected to predict the correct time
evolution of the state. And, indeed, this also gives rise to the same formula as (57). We derive
in appendix D that in this case

Cn
LR,sym(t = 0+, x , p, q) =

=
a(2π)2

21dr(t, x)2
sgn(p− q)[ρ(0, x , p)∂xρ(0, x , q)−ρ(0, x , q)∂xρ(0, x , p)], (58)

which after inserting into (52) indeed reproduces (57).
Note that this shows that the local equilibrium correlations, where no long range corre-

lations are present, are unstable from the perspective of GHD. At any other Euler time t > 0
the long range correlations appear instantly. This shape has to build up on time-scales much
smaller than the Euler-scale. This can be seen as a local ‘equilibration’, not to a local equilib-
rium state, but rather to a stable fully out of equilibrium state (the jump of the correlations
violates PT symmetry, thus making it an out-of-equilibrium state).

3.5 Time-reversibility

In (3) the entropy

S[ρ] =

∫

dx dpρ(x , p) log ρ(x ,p)
1dr(x) , (59)

is always non-decreasing in time. This means that there is an ‘arrow of time’, which allows
for the distinction between forward and backward time evolution (entropy increase is forward
time evolution, entropy decrease is backward time evolution)

However, the new diffusive scale GHD equations (52) and (56) are fully time-reversible:
Time-reversal symmetry means t →−t and p→−p, which further implies

ρ(x , p)→ ρ(x ,−p) , veff(x , p)→−veff(x , p) , Cn(x , p; y, q)→ Cn(x ,−p; y,−q) . (60)

It is easy to see that with these replacements (52) and (56) remain invariant. The time-reversal
symmetry also prevents the existence of an always non-decreasing entropy and thus, in these
equations there is no ‘arrow of time’.

The intuitive reason for this is as follows: entropy increase is associated to loss of informa-
tion. In (3) the implicit assumption is that all information except for the one-point function
immediately is lost due to thermalization. Therefore, time evolution is not reversible. In the
correct theory (52) and (56), on the other hand we need to consider both the one-point and
two-point function. This way all relevant information about this system is available at all times
and hence the time-evolution is reversible.

15



SciPost Physics Submission

0

1

2

〈p0〉

t = 0.00

1.0

1.5

t = 0.50

1.0

1.5

2.0

t = 1.00

1.0

1.5

2.0
t = 1.50

1.0

1.5

t = 2.00

−1

0

1

〈p1〉
−1

0

1

−1

0

1

−1

0

1

−1

0

1

0.5

1.0

〈p2〉
0.6

0.8

1.0

1.1

1.2

1.2

1.4

1.2

1.4

1.6

−5 0 5

x

−1

0

1

〈p3〉

Theory Numerics

−5 0 5

x

−1

0

1

−5 0 5

x

−1

0

1

−5 0 5

x

−1

0

1

−5 0 5

x

−1

0

1

Figure 3: Evolution of n-moments 〈pn〉(x , t) of hard rods velocity distribution
from the initial state (61) as a function of space, for n ∈ {0, 1,2, 3} and for
t ∈ {0,0.5, 1,1, 5,2}. Empty circles represent the numerical simulation of the hard
rods gas with ℓ = 200, while red lines represent the theoretical prediction of Eq.
(32). The numerical data are averaged over an ensemble of 3× 106 different real-
izations.

4 Numerical simulation

In this section we compare the exact solution derived in Sec. 3 with numerical simulations of
the hard rods dynamics. In particular, we consider an initial local GGE state (3) determined
by the following space varying particle density

ρ(x , p, t = 0) = exp
�

−(p+ tanh(x))2/2σ
�

/
p

2πσ , (61)

where, as in the previous sections, x and t represent macroscopic variables. The related mi-
croscopic variables are xmicro ≡ xℓ, tmicro ≡ tℓ. The state (61) represents a smoothened
version of the sharp partition protocol, where the average particle velocity changes from −1
at x →∞ to 1 at x →−∞. Also, the averaged density of particles is initially homogeneous,
as
∫

dpρ(x , p, t = 0) ≡ ρ̄(x) = 1. In particular, in a local GGE state with constant particle
density the hard rods’ positions do not depend on the momenta and are given by a Poisson
point process in the volume-excluded coordinates x̂ i = x i − ai [14]. Hence, we can generate
initial particle positions as xmicro

i+1 = xmicro
i +a+(1/ρ̄−a)ξi , where ξi are i.i.d. standard expo-

nentially distributed variable. The momenta are then chosen randomly according the to the
local rapidity distribution (61). The time evolution of this system can be trivially performed
when mapped to free particles coordinates x̂ , i.e. using Eq. (23). Indeed, for each initial
state, we follow the following algorithm: we map the hard rods coordinate to free particles
coordinates {x i → x̂ i}; we evolve the free particles coordinates to the final time t f using
{ x̂ i(t f ) = x̂ i(t0) + pi t f }; we use the inverse mapping (24) to evaluate the hard rods position
at final time.
In Figure 3 we show the space dependent n-moments of hard rods velocity distribution

〈pn〉(x , t) =

∫

dp pnρ(x , p, t) , (62)
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Figure 4: Time evolution of the O(1/ℓ) correction ∆〈pn〉1/ℓ to the n-moments of
hard rods velocity distribution from the initial state (61) as a function of space, for
n ∈ {0,1, 2,3} and for t ∈ {0,0.5, 1,1, 5,2}. The black line represent the numerical
simulation of the hard rods gas, evaluated as the f2 parameter of a fit with model
f (ℓ) = f1+ f2/ℓ to 〈pn〉(x , t;ℓ), for ℓ ∈ {100,120, 140,160, 180,200}. The fit is per-
formed independently for each point in space and time and the associated error bar
is the standard deviation of the fit parameter. The numerical data are averaged over
an ensemble of 3×106 different realizations. The red lines represent the theoretical
prediction of Eq. (34).

with n ∈ {0,1, 2, , 3}, for different times t ∈ {0,0.5, 1,1.5, 2} and using macroscopic scale
ℓ= 200. The ensemble average is performed over 3×106 realizations. The system is initialized
on the total region x ∈ [−20,20], in order to avoid boundary effects on the measured interval
x ∈ [−5,5] for t ≤ 2. The empty dots, representing the results of numerical simulations, are
compared with the theoretical predictions given by the Euler evolution obtained from Eq.(32)
(red solid lines). As expected, the theoretical prediction match perfectly with the numerical
results.

As a matter of facts, effects on the diffusive scale appear at order O(1/ℓ) and hence are not
qualitatively visible from Fig. 3. In Figure 4 we quantitatively evaluate the O(1/ℓ) correction
to Euler dynamics of 〈pn〉(x , t), here called ∆〈pn〉1/ℓ. More precisely, we simulate the system
for different macroscopic lengths ℓ ∈ {100,120, 140,160, 180,200} and we perform a fit of
〈pn〉(x , t;ℓ)with model f (ℓ) = f1+ f2/ℓ, for each point in space and time. Hence, we estimate
∆〈pn〉1/ℓ as the fitted parameter f2(x , t), represented by the black line. The associated error
is determined as the standard deviation of the fit parameter. The red solid lines represent the
theoretical prediction given by Eq. (34) (red solid lines). The theoretical results are in perfect
agreement with numerical simulations at all times and for all moment of particle distribution,
with discrepancies being always below the error bars.

4.1 Checking the differential equation

So far we checked the validity of the explicit ‘solution’ to (52). However, we are actually inter-
ested in checking the equation (52) and comparing to (3). We can easily initialize the system
in a local equilibrium state (15), but we know that in this case (52) reduces to (3). So we need
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to compare in a different state: a state that is physical but also contains long-range correla-
tions. How can we create such a state? The simple idea is to use time-evolution: We initialize
the system in the local equilibrium state (61) and then evolve it to t = 1. Since long-range
correlations develop during the hydrodynamic evolution, the state at t = 1 will contain long-
range correlations. Then we numerically evaluate the O(1/ℓ) correction to the time derivative
∆[∂t〈pn〉]1/ℓ at time t = 1. More precisely, we estimate it through the difference quotient

∂t〈pn〉(x , t;ℓ)≃
〈pn〉(x , t +∆t;ℓ)− 〈pn〉(x , t −∆t;ℓ)

2∆t
(63)

for ℓ ∈ {500,600, . . . , 1000} and using ∆t = 0.05. The average is taken over an ensemble of
8 × 1010 initial states. Then, ∆[∂t〈pn〉]1/ℓ is computed using the same fit as for Fig. 4 and,
again, the error bars are estimated as the standard deviation of the fit parameter. The red dots
represent the prediction from Eq. (52), while green dots are predictions from Navier-Stokes
GHD (3). Finally, blue circles represent the numerical time derivative of the solution (35),
computed through difference quotient with ∆t = 0.01. The inset shows the distance between
theory and numerics, normalized with the error bars. As expected, both the theories are in
good agreement with the numerical simulations. But, meanwhile Eq. (3) shows deviations
much bigger than the standard deviation in few points, Eq. (52) is in perfect agreement for
any observed x presenting differences always smaller than two times the error bars.

5 Conclusion

In this manuscript we derived the equation that governs the diffusive scale correction to the
Euler (generalized) hydrodynamic description of the integrable hard rods model. Our re-
sult shows that this equation is not a diffusive equation as previously expected. The starting
point for this is the exact microscopic solution formula (24). Assuming the usual thermody-
namic/hydrodynamic large deviation scaling of correlation functions, we perform the large-
scale ℓ→∞ limit of (24), keeping the Euler ∼ 1/ℓ0 and the diffusive scale ∼ 1/ℓ contribu-
tions. Then, taking a t → 0+ limit we finally obtain the equation governing the diffusive scale
dynamics. We find that, unlike the previous Navier-Stokes like equation (3) [14], the equa-
tion for the one-point function up to, including, the diffusive scale, depends on the two-point
function at the Euler scale. The equation for the Euler-scale two-point function depends on
the Euler-scale one-point function, but not on higher order correlation functions (those can
be neglected due to the assumed large deviation scaling). Therefore, the diffusive scale dy-
namics are described by a closed system of two coupled equations, instead of one, which can
be solved in a “graded" way: Euler-scale one-point function→ Euler-scale two-point function
→ diffusive scale one-point function. The equation reduces to the Navier-Stokes like equation
(3) if and only if correlations are of local equilibrium type; this is important as this was rig-
orously proven in [14]. However, in time additional long range correlations emerge, scaling
like 1/ℓ. Therefore, they do not affect the Euler dynamics, but are relevant on the diffusive
scale. Interestingly, these long range correlations have a jump at x = y , whose contribution
to the diffusive scale equation exactly cancels the normal Navier-Stokes term. Therefore, the
remaining parts of the long-range correlations are the only drive for diffusive scale dynamics.
Due to this cancellation the diffusive scale equation is time-reversible. Therefore, unlike the
previous theory (3), entropy cannot be always increasing.

Similar equations like (52) can also be derived more generally based on general hydro-
dynamic principles for models with linearly degenerate hydrodynamics (which includes in-
tegrable systems)2, see our companion paper [1] and the recent work [30]. Therefore, the

2Note that in one-dimensional models with hydrodynamic equations that are not linearly degenerate, the lead-
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Figure 5: We show the O(1/ℓ) correction to time derivative of the second moment
of hard rods velocity distribution from the initial state (61), as a function of space
at t = 1. The black line represent the numerical simulation of the hard rods gas,
for which the time derivative is evaluated through the difference quotient (63) with
∆t = 0.05. Then, the O(1/ℓ) correction is estimated as the f2 parameter of a fit
with model f (ℓ) = f1 + f2/ℓ to ∂t〈p2〉(x , t;ℓ), for ℓ ∈ {500, 600, . . . , 1000}. The fit
is performed independently for each point in space and the associated error bar is
the standard deviation of the fit parameter. The numerical data are averaged over
an ensemble of 8×1010 different realizations. The red dots represent the theoretical
prediction of the new theory Eq. (52), while green dots are the prediction due to the
Navier-Stokes-like theory Eq. (3). Finally, blue circles represent the time derivative
of the solution (35), computed through difference quotient with ∆t = 0.01. The
inset shows the distance between theoretical predictions and data points in error
bars units. One can clearly see that the new theory fits the numerical simulations
much better, while the old Navier-Stokes-like theory Eq. (3) differs significantly. For
numerical simulation we use the same data as in [1].

microscopic derivation presented in this paper provides an important independent verification
of the derivation in [1]. Hard rods are a special model in this regard, as it has an explicit
microscopic solution available. If there is another model with an available explicit solution,
a similar derivation will be possible. It would also be interesting to extend the derivation
presented here into a rigorous mathematical proof.

Another interesting direction is to extend this derivation to higher order beyond the dif-
fusive scale, for instance to derive the equation governing dispersive hydrodynamics. The
current theory is given by [33]. Since this is based on similar assumptions as (3) it seems
reasonable to expect that dispersive hydrodynamics is different as well. We expect in general
that the n-point correlation functions at hydrodynamic order k (Euler is k = 0, diffusive is
k = 1, etc.), is governed by a dynamical equation involving m-point correlation functions at
orders l with (m, l) ̸= (m, k), and 0 ≤ l ≤ k and 1 ≤ m ≤ n+ k − l, thus giving a hierarchical
set of closed equations.

ing order correction is KPZ superdiffusive [32], which dominates over the long range correlations.
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Such a hierarchical system of equations for the evolution of few point functions is reminis-
cent of the celebrated BBGKY theory describing the evolution of generic interacting many body
systems. Crucially, our theory presents some remarkable differences with respect to BBGKY.
First, being a hydrodynamic theory, the dynamical n-point functions are defined on coarse
grained time and space variables, while BBGKY is defined microscopically. Second, our theory
admits states with non trivial correlations (see Eq. (21)), while BBGKY typically assumes un-
correlated initial states in order to define a proper truncation scheme. Finally, while in BBGKY
the hierarchy is truncated perturbatively in the interaction potential strength, here a trunca-
tion scheme is automatically given by the hydrodynamic scale 1/ℓ, withouth assumption on
the strength of interaction potentials.

Finally, since our new theory is time-reversal invariant it cannot describe thermalization
to a GGE. Previously, it was thought that this was due to diffusion as suggested by the entropy
increase of (3). Therefore, thermalization to a GGE has to happen in a different way, which
is not yet clear. As a related problem, one can also study how quickly an integrable model
thermalizes to a Gibbs state in an integrability breaking external potential. This requires to
first extending the diffusive scale formula to situations including an external potential [15,
34]. In particular, the new diffusive scale formula might help to understand why hard rods
do not to thermalize in a harmonic external potential [15, 22, 23]. In the new theory, the
evolution is affected by the two-point correlations. Therefore, it might be possible that non-
trivial correlations stabilize non-thermal equilibria.
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A Details of the derivation

As explained in the main text, in order to compute the exact asymptotic expectation value of the
quasi-particle density ρ up to diffusive order, we need to compute two pieces of information:
For a particle starting at z1 = (x1, p1) we need to know its average position and variance

〈Xe(t, z1)|z1〉= X (t, z1) +
1
ℓ∆X (t, z1) +O
�

1/ℓ2
�

, (A.1)

Var[Xe(t, z1)|z1] =
1
ℓV (t, z1) +O
�

1/ℓ2
�

(A.2)

after time t. This computation is lengthy, but actually straight-forward: It consists of averaging
the exact expression (28) over the initial state. We will do so by using standard techniques
from large deviation theory, which will allow us to write explicit expressions only in terms of
the first two cumulants

ρ(0, x , p) = 〈ρe(0, x , p)〉 , (A.3)

C(x , p; y, q) = 〈ρe(0, x , p)ρe(0, y, q)〉c =
= 〈ρe(0, x , p)ρe(0, y, q)〉 − 〈ρe(0, x , p)〉 〈ρe(0, y, q)〉 (A.4)
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of the initial state. For convenience we will restrict the initial correlations to be of the form
(20), but the procedure can easily be extended to more general initial correlations.

First, let us define the two-particle marginal distribution

f2(x1, p1; x2, p2) =

*

1
ℓ2

∑

i ̸= j

δ(x − x i)δ(p− pi)δ(y − x j)δ(q− p j)

+

(A.5)

and write

〈Xe(t, z1)|z1〉= x1 + p1 t + a

∫

dx2 dp2
f2(z1;z2)
ρ(z1)

〈θ ( x̂1 + p1 t − x̂2 − p2 t)− θ ( x̂1 − x̂2)|z1; z2〉 .

(A.6)

Throughout the derivation we will use the following simple argument from large deviation
theory: Assume that Y satisfies a large deviation principle, i.e. the n’th cumulant scales as
ℓ−(n−1). Then we can compute the expectation value of any smooth function ψ(y) by the
following cumulants expansion:

〈ψ(Y )〉=



ψ(〈Y 〉) +ψ′(〈Y 〉)(Y − 〈Y 〉) + 1
2ψ
′′(〈Y 〉)(Y − 〈Y 〉)2 + 1

6ψ
′′′(〈Y 〉)(Y − 〈Y 〉)3 + . . .

�

=ψ(〈Y 〉) + 1
2ψ
′′(〈Y 〉)Var[Y ] +O

�

1/ℓ2
�

. (A.7)

Applying this idea on (A.6) we find

〈Xe(t, z1)|z1〉= x1 + p1 t + a

∫

dx2 dp2
f2(z1;z2)
ρ(z1)

θ (〈 x̂1 − x̂2|z1; z2〉+ (p1 − p2)t)− θ (x1, x2)+

+ a
2

∫

dx2 dp2
f2(z1;z2)
ρ(z1)

δ′(〈 x̂1 − x̂2|z1; z2〉+ (p1 − p2)t)Var[ x̂1 − x̂2|z1; z2] . (A.8)

Of course, technically θ (x) is not a differentiable function, but (A.7) can still be applied in a
distributional sense (i.e. integrating both sides against a test function). Note that

x̂2 − x̂1 = x2 − x1 −
a
ℓ sgn(x2 − x1)− an(x1,x2), (A.9)

where n(x1,x2) = N(x1,x2)/ℓ counts the number of particles between x1 < x i < x2 (we define
n(x1,x2) = −n(x2,x1) for x2 < x1). This is a thermodynamic quantity and will thus satisfy a
large-deviation principle. Its expectation value and variance are computed in Appendix B:




n(x1,x2)|z1; z2

�

=

∫ x2

x1

dz3ρ(z3) +
1
ℓ

∑

i=1,2

∫ x2

x1

dz3
f c
2 (zi; z3)

ρ(zi)
+O
�

1/ℓ2
�

, (A.10)

Var[n(x1,x2)|z1; z2] = Var[n(x1,x2)] +O
�

1/ℓ2
�

(A.11)

=

∫ x2

x1

dz3 dz4 f c
2 (z3; z4) +

1
ℓ sgn(x2 − x1)

∫ x2

x1

dz3ρ(z3) +O
�

1/ℓ2
�

.

(A.12)
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Let us define X̂ (x) = x − a
∫ x
−∞ dy dqρ(y, q) and write:

〈Xe(t, z1)|z1〉= x1 + p1 t + a

∫

dz2ρ(z2)(θ (X̂ (x1)− X̂ (x2) + (p1 − p2)t)− θ (x1 − x2))+

+ a2

ℓ

∫

dz2ρ(z2)δ(X̂ (x1)− X̂ (x2) + (p1 − p2)t)





∑

i=1,2

∫ x2

x1

dz3
f c
2 (zi; z3)

ρ(zi)
+ sgn(x2 − x1)



+

+ a3

2

∫

dz2ρ(z2)δ
′(X̂ (x1)− X̂ (x2) + (p1 − p2)t)Var[n(x1,x2)]+

+ a

∫

dx2 dp2
f c
2 (z1;z2)
ρ(z1)

(θ (X̂ (x1)− X̂ (x2) + (p1 − p2)t)− θ (x1 − x2)) +O
�

1/ℓ2
�

(A.13)

Here we defined f c
2 (z1; z2) = f2(z1; z2)−ρ(z1)ρ(z2) =O(1/ℓ) and discarded all termsO

�

1/ℓ2
�

.
Simplifying the δ functions we finally find 〈Xe(t, z1)|z1〉 = X (t, z1) +

1
ℓ∆X (t, z1) +O

�

1/ℓ2
�

with:

X (t, z1) = x1 + p1 t + a

∫

dz2ρ(z2)(θ (X̂ (x1)− X̂ (x2) + (p1 − p2)t)− θ (x1 − x2)) , (A.14)

∆X (t, z1) = +a

∫

dx2 dp2
L f c

2 (z1;z2)
ρ(z1)

(θ (X̂ (x1)− X̂ (x2) + (p1 − p2)t)− θ (x1 − x2))+

+ a3

2

∫

dp2
1

1dr(x2)
∂x2

�

ρ(x2,p2)
1dr(x2)

ℓVar[n(x1,x2)]
�

�

�

�

�

x2=X (X̂ (x1)+(p1−p2)t)
+

+ a2

∫

dp2
ρ(x2,p2)
1dr(x2)





∑

i=1,2

∫ x2

x1

dz3
f c
2 (zi; z3)

ρ(zi)
+ sgn(x2 − x1)





�

�

�

�

x2=X (X̂ (x1)+(p1−p2)t)
.

(A.15)

Using similar steps one can also compute:

ℓVar[Xe(t, z1)|z1] = 2a3

∫

dz2 dp3 (θ (X̂ (x1) + p1 t − X̂2(x2)− p2 t)− θ (x1 − x2))×

×ρ(z2)
ρ(z3)

1dr(x3)

�

∫ x3

x1

dz
f c
2 (z2;z)
ρ(z2)

+ 1(x1,x3)(x2)

�
�

�

�

�

x3=X (X̂ (x1)+(p1−p3)t)
+

+ a4

∫

dp2 dp3
ρ(z2)

1dr(x2)
ρ(z3)

1dr(x3)
Cov[n(x1,x2), n(x1,x3)]

�

�

�

�

x i=X (X̂ (x1)+(p1−pi)t)
+

+ a2

∫

dz2 dz3 f c
2 (z2; z3)(θ (X̂ (x1) + p1 t − X̂2(x2)− p2 t)− θ (x1 − x2))×

× (θ (X̂ (x1) + p1 t − X̂ (x3)− p3 t)− θ (x1 − x3))+

+ a2

∫

dz2ρ(z2)(θ (X̂ (x1) + p1 t − X̂2(x2)− p2 t)− θ (x1 − x2))
2 +O(1/ℓ) .

(A.16)

Here Cov[n(x1,x2), n(x1,x3)] is given by (B.13).
Into these expressions we now need to insert the initial correlations. Since (A.15) and

(A.16) are linear in f c
2 , we can treat the local and long-range part of the correlations separately.
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A.1 Local GGE initial correlations

We start from an initial state which has GGE correlations, i.e.

f c
2 (z1; z2) =

1
ℓδ(x1 − x2)γ(x1, p1, p2), (A.17)

where

γ(x1, p1, p2) = ρ(x1, p1)ρ(x2, p2)(−2a+ a2ρ̄(x1)) , (A.18)

with ρ̄(x) =
∫

dpρ(x , p). Note that:
∫

dp2 γ(x1, p1, p2) = ρ(x1, p1)(1
dr(x1)

2 − 1) , (A.19)

∫ x2

x1

dx3 dp3 f c
2 (z3; z4) = ρ(z4)(1

dr(x4)
2 − 1)1(x1,x2)(x4). (A.20)

We also need to evaluate the last expression in the case when z4 = z1, z2 in which case the
indicator function is undefined. Thus, at this point one has to investigate the microscopic
structure of f c

2 (z3, z1) close to x3 = x1. Conveniently, this microscopic structure is symmetric,
which implies that the correct regularization is 1/2:

∫ x2

x1

dx3 dp3 f c
2 (z3; z1) =

1
2ρ(z1)(1

dr(x1)
2 − 1) sgn(x2 − x1) , (A.21)

∫ x2

x1

dx3 dp3 f c
2 (z3; z2) =

1
2ρ(z2)(1

dr(x2)
2 − 1) sgn(x2 − x1). (A.22)

Let us define Γ (x) =
∫ x
−∞ dx ρ̄(x)1dr(x)2 and simplify (A.12) and (B.13):

Var[n(x1,x2)] =
1
ℓ

∫ x2

x1

dx3 d dp4 γ(x3, p3, p4) +
1
ℓ sgn(x2 − x1)

∫ x2

x1

dx3 ρ̄(x3)

= 1
ℓ (Γ (x1 ∨ x2)− Γ (x1 ∧ x2)) , (A.23)

Cov[n(x1,x2), n(x1,x3)] =
1
ℓ

�

θ (x2 − x1)θ (x3 − x1)(Γ (x2 ∧ x3)− Γ (x1))

+ θ (x1 − x2)θ (x1 − x3)(Γ (x1)− Γ (x2 ∨ x3))
�

. (A.24)

Now we can evaluate ∆X local(t, x , p) from (A.15):

∆X local(t, x1, p1) = a

∫

dp2
γ(x1,p1,p2)
ρ(x1,p1)

(θ ((p1 − p2)t)−
1
2)+

+ a3

2

∫

dp2
1

1dr(x2)
∂x2

�

ρ(x2,p2)
1dr(x2)

(Γ (x1 ∨ x2)− Γ (x1 ∧ x2))
�

�

�

�

�

x2=X (X̂ (x1)+(p1−p2)t)
+

+ a2

2

∫

dp2
ρ(x2,p2)
1dr(x2)

sgn(x2 − x1)
�

1dr(x1)
2 + 1dr(x2)

2
�

�

�

�

�

x2=X (X̂ (x1)+(p1−p2)t)

= a
2

∫

dp2
γ(x1,p1,p2)
ρ(x1,p1)

sgn(p1 − p2)+

+ a3

2

∫

dp2
1

1dr(x2)
∂x2

�

ρ(x2,p2)
1dr(x2)

(Γ (x1 ∨ x2)− Γ (x1 ∧ x2))
�

�

�

�

�

x2=X (X̂ (x1)+(p1−p2)t)
+

+ a2

2

∫

dp2
ρ(x2,p2)
1dr(x2)

sgn(p1 − p2)
�

1dr(x1)
2 + 1dr(x2)

2
�

�

�

�

�

x2=X (X̂ (x1)+(p1−p2)t)
,

(A.25)
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and Vlocal(t, x1, p1) from (A.16)

Vlocal(t, x1, p1) = 2a3

∫

dz2 dp3 (θ (X̂ (x1) + p1 t − X̂2(x2)− p2 t)− θ (x1 − x2))×

×ρ(z2)
ρ(z3)

1dr(x3)
1(x1,x3)(x2)ρ̄(x2)1

dr(x2)
2

�

�

�

�

x3=X (X̂ (x1)+(p1−p3)t)
+

+ a4

∫

dp2 dp3
ρ(z2)

1dr(x2)
ρ(z3)

1dr(x3)
ℓCov[n(x1,x2), n(x1,x3)]

�

�

�

�

x i=X (X̂ (x1)+(p1−pi)t)
+

+ a2

∫

dx2 dp2 dp3 γ(x2, p2, p3)(θ (X̂ (x1) + p1 t − X̂2(x2)− p2 t)− θ (x1 − x2))×

× (θ (X̂ (x1) + p1 t − X̂ (x2)− p3 t)− θ (x1 − x2))+

+ a2

∫

dz2ρ(z2)(θ (X̂ (x1) + p1 t − X̂2(x2)− p2 t)− θ (x1 − x2))
2 .

(A.26)

In the limit t → 0 these formulas become (37), (43) and (44).

A.2 Long range correlations

Now let us study the additional contribution that arises in the presence of long range corre-
lations. They are described by a non-singular f c

2 (x1, p1, x2, p2), however, we will allow it to
have a jump at x1 = x2:

f c
2 (x1, p1, x2, p2) = θ (x2 − x1)β+(x1, p1, x2, p2) + θ (x1 − x2)β−(x1, p1, x2, p2) =

= βsgn(x2−x1)(x1, p1, x2, p2) . (A.27)

Both β+ and β− are assumed to be smooth at least in some neighborhood around x1 = x2.
Inserting this into (A.15) and (A.16) we directly obtain a well-defined formula. In the limit
t → 0, it is easy to see that

∆XLR(t, x1, p1)

�

�

�

�

t→0+
= VLR(t, x1, p1)

�

�

�

�

t→0+
=

d
dt

VLR(t, x1, p1)

�

�

�

�

t→0+
= 0. (A.28)

The only non-trivial contribution to the diffusive scale equation is:

d
dt
∆XLR(t, x1, p1)

�

�

�

�

t→0+
=

= a2

∫

dp2
ρ(x1,p2)
1dr(x2)

�

∫

dp
βsgn(p1−p2)(x1, p1, x1, p)

ρ(x1, p1)
+
βsgn(p1−p2)(x1, p, x1, p2)

ρ(x1, p2)

�

p1−p2
1dr(x1)

+ a3

2

∫

dp2
ρ(x1,p2)
1dr(x1)

�∫

dp dp′ β+(x1, p, x1, p′) + β−(x1, p, x1, p′)

�

p1−p2
1dr(x1)

+ a

∫

dp2
βsgn(p1−p2)

ρ(x1,p1)
p1−p2
1dr(x1)

.

(A.29)

This can be written in compact form as follows:

ρ(x1, p1)
d
dt
∆XLR(t, x1, p1)

�

�

�

�

t→0+
=

= a

∫

dp2
p1−p2
1dr(x1)

∫

dp dp′
�

δ(p− p1) + aρ(x1,p1)
1dr(x1)

�

×

×
�

δ(p′ − p2) + aρ(x1,p2)
1dr(x1)

�

βsgn(p1−p2)(x1, p, x1, p′) . (A.30)
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We can compare this expression to the expression for the correlation functions of the occupa-
tion function n(x , p) = 2πρ(x ,p)

1dr(x) , which responses to a small perturbation δρ(x , p) as

δn(x , p) = 2πδρ(x ,p)
1dr(x) + 2π ρ(x ,p)

1dr(x)2 a

∫

dqδρ(x , q) =

= 2π
1dr(x)

∫

dq
�

δ(p− q) + aρ(x ,p)
1dr(x)

�

δρ(x , q) (A.31)

and therefore:

Cn(x1, p1, x2, p2) = 〈δn(x1, p1)δn(x2, p2)〉=

= (2π)2

1dr(x1)1dr(x2)

∫

dq1 dq2

�

δ(p1 − q1) + aρ(x1,p1)
1dr(x1)

�

×

×
�

δ(p2 − q2) + aρ(x2,p2)
1dr(x2)

�

C(x1, q1, x2, q2). (A.32)

Comparing with (A.30) we can identify:

ρ(x1, p1)
d
dt
∆XLR(t, x1, p1)

�

�

�

�

t→0+
=

= a
(2π)2 1dr(x1)

∫

dp2 (p1 − p2)C
n(x1, p1, x1 + (p1 − p2)0

+, p2) . (A.33)

Using the monotonicity of the effective velocity this can be brought into the form (46).

B Conditioning of initial measure

For the derivation in Appendix A we need to compute the expectation value of various observ-
ables conditioned on the already fixed position of m particles z1 = (x1, p1), . . . , zn = (xn, pn).
Here we are going to derive simplified expressions for these using the large deviation princi-
ple. The starting point is the following expansion of the expectation of product of observables
A1, . . . , An in terms of cumulants:

〈A1 . . . An〉=
∑

π

∏

B∈π
κ({Ai , i ∈ B}). (B.1)

Here π runs over all partitions of {1, . . . , n}, B runs over each set in the partitioning and
κ(A1, A2, . . .) is the joint cumulant of A1, A2, . . .. In the usual LD scaling κ(Ai) = 〈Ai〉 = O(1),
κ(Ai , A j) = Cov[Ai , A j] =




AiA j

�c
= O(1/ℓ), κ(Ai , A j , Ak) = O

�

1/ℓ2
�

and so on. Since we are
only interested in terms including 1/ℓ we can write:

〈A1 . . . An〉=
∏

i

〈Ai〉+
∑

i< j




AiA j

�c
∏

k ̸=i, j

〈Ak〉+O
�

1/ℓ2
�

. (B.2)

Let us now apply this to Ai = ρe(zi), where zi = (x i , pi) (a more precise way would be to
integrate ρe(z) against a test function):

〈ρe(z1) . . .ρe(zn)〉=
∏

i

〈ρe(zi)〉+
∑

i< j




ρe(zi)ρe(z j)
�c
∏

k ̸=i, j

〈ρe(zk)〉+O
�

1/ℓ2
�

=

=
∏

i

〈ρe(zi)〉+
∑

i< j

( f c
2 (zi , z j) +

1
ℓδ(zi − z j) 〈ρe(zi)〉)

∏

k ̸=i, j

〈ρe(zk)〉+O
�

1/ℓ2
�

,
(B.3)
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where we denoted

f c
2 (z1; z2) = f2(z1; z2)− 〈ρe(z1)〉 〈ρe(z2)〉 . (B.4)

In general, we denote the n’th marginal distribution fn(z1, . . . , zn) by

fn(z1; . . . ; zn) =

*

1
ℓn

∑

1≤i1,...,in≤N :ik ̸=il

n
∏

k=1

δ(zk − zik)

+

. (B.5)

Note that we can write

〈ρe(z1) . . .ρe(zn)〉=

*

1
ℓn

∑

1≤i1,...,in≤N

n
∏

k=1

δ(zk − zik)

+

=

= fn(z1; . . . ; zn) +
1
ℓ

∑

1≤i< j≤n

δ(zi − z j) fn−1(z1; . . . ; ẑi; . . . ; zn) +O
�

1/ℓ2
�

=

= fn(z1; . . . ; zn) +
1
ℓ

∑

1≤i< j≤n

δ(zi − z j)
∏

k ̸=i

〈ρe(zk)〉+O
�

1/ℓ2
�

.

(B.6)

Here ẑi means that we omit zi . In the last step we used that the dominant contribution to
fn(z1; . . . ; zn) is simply given by the product of the individual densities.

Comparing this expression to (B.3) we conclude

fn(z1; . . . ; zn) =
∏

i

〈ρe(zi)〉+
∑

i< j

f c
2 (zi; z j)
∏

k ̸=i, j

〈ρe(zk)〉+O
�

1/ℓ2
�

. (B.7)

It also follows

fn+1(z1; . . . ; zn+1) = fn(z1; . . . ; zn) 〈ρe(zn+1〉)+

+ 1
ℓ

n
∑

i=1

f c
2 (zi; zn+1)
∏

k ̸=i

〈ρe(zk)〉+O
�

1/ℓ2
�

, (B.8)

which finally gives

fn+1(z1; . . . ; zn+1)
fn(z1; . . . ; zn)

= 〈ρe(zn+1〉) +
1
ℓ

n
∑

i=1

f c
2 (zi; zn+1)

〈ρe(zi)〉
+O
�

1/ℓ2
�

. (B.9)

This last result tells us what the distribution of a single particle zn+1 is, given that n other
particles z1, . . . , zn are already known.

We can use this to write the expectation value of n(x1,x2) (the number of particles between
x1, x2) conditioned on the presence of other particles as follows:




n(x1,x2)|z1; . . . ; zn

�

=

∫ x2

x1

dxn+1 dpn+1
fn+1(z1; . . . ; zn+1)

fn(z1; . . . ; zn)
+ 1
ℓ

n
∑

i=3

1(x1,x2)(x i). (B.10)

Here 1(x1,x2)(x) is the (signed) indicator function on the interval (x1, x2), with negative sign
if x2 < x1. We can insert (B.9) into this, finding




n(x1,x2)|z1; . . . ; zn

�

=



n(x1,x2)
�

+

+ 1
ℓ

n
∑

i=1

∫ x2

x1

dxn+1 dpn+1
f c
2 (zi; zn+1)

〈ρe(zi)〉
+ 1
ℓ

n
∑

i=3

1(x1,x2)(x i) +O
�

1/ℓ2
�

. (B.11)
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Similarly we can compute:

Var[n(x1,x2)|z1, . . . , zn] =

∫ x2

x1

dxn+1 dxn+2 dpn+1 dpn+2
fn+2(z1; . . . ; zn+1; zn+2)

fn(z1; . . . ; zn)
+

+ 1
ℓ sgn(x2 − x1)

∫ x2

x1

dxn+1 dpn+1
fn+1(z1; . . . ; zn+1)

fn(z1; . . . ; zn)
−



n(x1,x2)|z1; . . . ; zn

�2

=

∫ x2

x1

dxn+1 dxn+2 dpn+1 dpn+2
fn+2(z1; . . . ; zn+1; zn+2)

fn+1(z1; . . . ; zn+1)
fn+1(z1; . . . ; zn+1)

fn(z1; . . . ; zn)
+

+ 1
ℓ sgn(x2 − x1)

∫ x2

x1

dxn+1 dpn+1
fn+1(z1; . . . ; zn+1)

fn(z1; . . . ; zn)
−



n(x1,x2)|z1; . . . ; zn

�2

=

∫ x2

x1

dxn+1 dxn+2 dpn+1 dpn+2 f c
2 (zn+1; zn+2)+

+ 1
ℓ sgn(x2 − x1)

∫ x2

x1

dxn+1 dpn+1 〈ρe(zn+1)〉+O
�

1/ℓ2
�

= Var[n(x1,x2)] +O
�

1/ℓ2
�

.

(B.12)

Note that this result does not depend on the conditioning. The same is true for the covariances:

Cov[n(x1,x2), n(x1,x3)|z1; . . . ; zn] =

∫ x2

x1

dxn+1

∫ x3

x1

dxn+2 dpn+1 dpn+2 f c
2 (zn+1, zn+2)+

+ 1
ℓθ ((x2 − x1)(x3 − x1))

∫ x1∨(x2∧x3)

x1∧(x2∨x3)
dxn+1 dpn+1 〈ρe(zn+1)〉+O

�

1/ℓ2
�

= Cov[n(x1,x2), n(x1,x3)] +O
�

1/ℓ2
�

.

(B.13)

C Simplified formulas for constant particle density

In the case of constant particle density, which is the case considered in [14], the formulas can
be simplified considerably. In this case the initial state is given by:

ρ(0, x , p) = ρ̄h(x , p), (C.1)

where h(x , p) is the local momentum distribution, i.e.
∫

dp h(x , p) = 1, and with correlations
only given by the GGE part (21), i.e. CLR(x , p, y, q) = 0. Note that 1dr is independent of x and
Γ (x) = ρ̄1dr2

x + c. Furthermore we have

X̂ (x) = x − aρ̄x + c = 1dr x + c , (C.2)

from which we find

X (X̂ (x) + (p1 − p2)t) = x + p1−p2
1dr t . (C.3)

Therefore we can simplify

X (t, x1, p1) = x1 + p1 t + aρ̄

∫

dx2 dp2 h(x2, p2)(θ (x1 − x2 +
p1−p2

1dr t)− θ (x1 − x2)) , (C.4)
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and

∆X local(t, x1, p1) = a21drρ̄

∫

dp2 h(x1 +
p1−p2

1dr t, p2) sgn(p1 − p2)+

+ a3

2 ρ̄
2

∫

dp2 ∂xh(x1 +
p1−p2

1dr t, p2)
|p1−p2|

1dr t+

+ a3

2 ρ̄
2

∫

dp2 h(x1 +
p1−p2

1dr t, p2) sgn(p1 − p2)+

+ a
2 ρ̄

∫

dp2 h(x1, p2)(−2a+ a2ρ̄) sgn(p1 − p2)

(C.5)

and

Vlocal(t, x1, p1) = 2a3ρ̄31dr

∫

dx2 dp2 dp3 h(x2, p2)h(x3, p3)×

× (θ (x1 − x2 +
p1−p2

1dr t)− θ (x1 − x2))1(x1,x3)(x2)

�

�

�

�

x3=x1+
p1−p3

1dr t
+

+ a4ρ̄3

∫

dp2 dp3 h(x1, p2)h(x1, p3)θ ((p1 − p2)(p1 − p3))
|p1−p2|∧|p1−p3|

1dr t+

+ a2(−2a+ a2ρ̄)ρ̄2

∫

dx2

�∫

dp2 h(x2, p2)(θ (x1 − x2 +
p1−p2

1dr t)− θ (x1 − x2))

�2

+

+ a2ρ̄

∫

dx2 dp2 h(x2, p2)
�

θ (x1 − x2 +
p1−p2

1dr t)− θ (x1 − x2)
�2

.

(C.6)

D Evolution of the correlation function

The general evolution formula for Euler scale correlation functions in a general integrable
model has been derived recently [25–27]. For completeness we will give a quick derivation
here in the hard rods case. First we define the height field:

Φ(t, x , p) =

∫ x

−∞
dy ρ(t, y, q). (D.1)

Now we can define the time-dependent contracted space-coordinate

X̂ (t, x) = x − a

∫

dpΦ(t, x , p). (D.2)

Note that from the GHD equation one obtains:

d
dt

X̂ (t, x) = a

∫

dp veff(t, x , p)ρ(t, x , p) = a

∫

dp pρ(t, x , p). (D.3)

We can also define the height field in contracted coordinates

Φ̂(t, X̂ (t, x), p) = Φ(t, x , p), (D.4)

and ρ̂(t, x̂ , p) = ∂ x̂ Φ̂(t, x̂ , p) and by taking the time-derivative we find

∂t Φ̂(t, X̂ (t, x , p), p) + aρ̂(t, X̂ (t, x , p), p)

∫

dp pρ(t, x , p) = −veff(t, x , p)ρ(t, x , p) (D.5)
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Simplifying this one obtains

∂t Φ̂(t, x̂ , p) + p∂x Φ̂(t, x̂ , p) = 0 , (D.6)

and thus Φ̂(t, x̂ , p) = Φ̂(0, x̂−pt, p) as it should because the evolution in contracted coordinates
is free.

Therefore the algorithm to evolve the Euler scale correlation functions is as follows. Given
an initial correlation function 〈δρe(0, x , p)δρe(0, y, q)〉 first compute the height field correla-
tion function

〈δΦ(0, x , p)δΦ(0, y, q)〉=
∫ x

−∞
dx ′
∫ y

−∞
dy ′



δρe(0, x ′, p)δρe(0, y ′, q)
�

. (D.7)

Next we will use

δΦ̂(0, X̂ (0, x), p)− aρ̂(0, X̂ (0, x), p)

∫

dqδΦ(0, x , q) = δΦ(0, x , p), (D.8)

which can be solved as

δΦ(0, X̂ (0, x), p) =

∫

dq (δ(p− q) + a
2πn(0, x , p))δΦ(0, x , q), (D.9)

to obtain the contracted height field correlation functions




δΦ̂(0, X̂ (0, x), p)δΦ̂(0, X̂ (0, y), q)
�

=

∫

dp′ dq′ (δ(p− p′) + a
2πn(0, x , p))×

× (δ(q− q′) + a
2πn(0, y, q))



δΦ(0, x , q)δΦ(0, y, q′)
�

. (D.10)

These correlations evolve trivially in time



δΦ̂(t, X̂ (0, x) + pt, p)δΦ̂(t, X̂ (0, y) + qt, q)
�

=



δΦ(0, X̂ (0, x), p)δΦ(0, X̂ (0, y), q)
�

. (D.11)

As a last step we need to change from contracted coordinates to physical coordinates

δΦ(t, X̂−1(t, x̂), p) + aρ(t, X̂−1(t, x̂), p)

∫

dqδΦ̂(t, x̂ , q) = δΦ̂(t, x̂ , p), (D.12)

from which we find

δΦ(t, x , p) =

∫

dq (δ(p− q)− aρ(t, x , p))δΦ̂(t, X̂ (t, x), q) . (D.13)

Thus we find

〈δΦ(t, x , p)δΦ(t, y, q)〉

=

∫

dp′ dq′ (δ(p− p′)− aρ(t, x , p))(δ(q− q′)− aρ(t, y, q))×

×



δΦ̂(t, X̂ (t, x), p′)δΦ̂(t, X̂ (t, y), q′)
�

=

∫

dp′ dq′ (δ(p− p′)− aρ(t, x , p))(δ(q− q′)− aρ(t, y, q))×

×
∫

dp′′ dq′′ (δ(p′ − p′′) + a
2πn(0, x ′, p′))(δ(q′ − q′′) + a

2πn(0, y ′, q′))×

×



δΦ(0, x ′, p′′)δΦ(0, y ′, q′′)
�

�

�

�

�

x ′=X̂−1(0,X̂ (t,x)−p′ t),y ′=X̂−1(0,X̂ (t,y)−q′ t)
.

(D.14)

Finally we can obtain 〈δρe(t, x , p)δρe(t, y, q)〉 via

〈δρe(t, x , p)δρe(t, y, q)〉= ∂x∂y 〈δΦ(t, x , p)δΦ(t, y, q)〉 . (D.15)
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D.1 Correlations starting from local GGE state

In a local GGE state the correlations are given by (21). Therefore at t = 0:

〈δΦ(0, x , p)δΦ(0, y, q)〉=
∫ x∧y

−∞
dx ′ρ(0, x ′, p)δ(p− q) + γ(x ′, p, q). (D.16)

Therefore when applying two derivatives on (D.14) we have multiple options. If both deriva-
tives act on one of the smooth ρ(t, x , p) or n(0, x , p) we will obtain a continuous function. If
both derivatives act on the initial correlations we will obtain a δ(x − y) function and if only
one of them acts on the initial correlations we will obtain a step function. This gives:

ℓ 〈δρe(t, x , p)δρe(t, y, q)〉
�

�

�

�

y≈x
=

= δ(x − y)
�

ρ(t, x , p)δ(p− q) +ρ(t, x , p)ρ(t, x , q)(−2a+ a2ρ̄(t, x))
�

+

+ a
2 1dr(t, x)[∂xρ(t, x , p)ρ(t, x , q)−ρ(t, x , p)∂xρ(t, x , q)] sgn(y − x)+

+ (continuous) .

(D.17)

We can also write this in terms of the occupation function:

〈δn(t, x , p)δn(t, y, q)〉
�

�

�

�

y≈x
= (2π)2

1dr(t,x)2δ(x − y)ρ(t, x , p)δ(p− q)+

+ a(2π)2

21dr(t,x)2 [∂xρ(t, x , p)ρ(t, x , q)−ρ(t, x , p)∂xρ(t, x , q)] sgn(y − x)+

+ (continuous) .

(D.18)

The continuous part has a simple expression for short times t → 0+. In fact we have for
y = x + vt:

〈δn(t, x , p)δn(t, x + vt, q)〉= (2π)2

t1dr(0,x)2δ(v)ρ(x , p)δ(p− q)+

+ a(θ (v − veff(0, x , q) + veff(0, x , p))− θ (v))n(0, x , p)∂x n(0, x , q)+

+ a(θ (−(v − veff(0, x , q) + veff(0, x , p)))− θ (−v))n(0, x , q)∂x n(0, x , p) +O(t) .
(D.19)

We can read off

Cn
LR,sym(t = 0+x , p, q) =

=
a
2

sgn(p− q)[n(0, x , p)∂x n(0, x , q)− n(0, x , q)∂x n(0, x , p)] =

=
a(2π)2

21dr(t, x)2
sgn(p− q)[ρ(0, x , p)∂xρ(0, x , q)−ρ(0, x , q)∂xρ(0, x , p)] .

(D.20)

E Relation to theory of diffusion in general integrable systems

In our companion paper [1] we propose a general theory for diffusion in models with so called
linearly degenerate hydrodynamics (which includes integrable models). The main equation
there is [1, Eq. (9)], which for hard rods reads:

∂tρ(x , p) + ∂x(v
eff(x , p)ρ(x , p))

+ 1
2L∂x

�∫

dq1 dq2
δ j(t, x , p)

δρ(q1)δρ(q2)
CLR,sym(x , q1, q2)

�

= 0 . (E.1)
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Figure 6: (a) Plot for the microscopic correlations in a Hard rods gas, with rods
length a = 0.3 and scale ℓ = 200. Respectively, from left to right, we plot
〈q0(x , t)q1(y, t)〉creg−δ(x− y)〈q1(x , t)〉 at the points y = ℓ/2, t = ℓ/10 and ℓ= 200.
The Hard rods data (black line) is compared with prediction from Eq. (F.1) (red
line). The Hard rod data are averaged over 107 initial states. Eq. (F.1) has been
evaluated truncating the summation at k = 50, such that the truncation error is
< 10−16. The agreement between the prediction and the numerical data is excellent,
up to the Hard rods monte carlo noise. We stress that discrepancies induced by long-
range correlations are expected to be order O(ℓ−1). (b) Plot of 〈q1(x , t)〉 at a time
t = ℓ/10 from Hard rods numerics. The figure (c) shows the microscopic correlations
〈q0(x , t)q1(y, t)〉creg−δ(x− y)〈q1(x , t)〉 at y = 0 and t = 10/ℓ. At this point, the lead-
ing contribution in ℓ is expected to be vanishing, having 〈q0(x = 0, t = ℓ/10)〉 ≃ 0
(as shown in box (b)), and since 〈q0(x , t)q1(y, t)〉creg〉 ∝ 〈q1(x , t)〉+O(ℓ−1). Hence,
this plots shows the microscopic structure of the discontinuity in the two-point cor-
relation. We can conclude that the ‘jump’ is developed at a microscopic length scale
∼ a. For numerical simulation we used the same data as [1].

Here j(p) = veff(p)ρ(p). One can explicitly compute (suppressing the x argument for conve-
nience)

δ j(p)
δρ(q1)δρ(q2)

= − a
1dr (q2δ(p− q1) + q1δ(p− q2)) + a veff(p)

1dr (δ(p− q1) +δ(p− q2))

− a2

1dr2 (q1 + q2)ρ(p) +
2a2veff(p)

1dr2 ρ(p) . (E.2)

Integrating this against the correlation function and using the fact that this is symmetric
under p↔ q, we have:
∫

dq1 dq2
δ j(p)

δρ(q1)δρ(q2)
CLR,sym(q1, q2) = 2

∫

dq1 dq2

�

− a
1dr q2δ(p− q1)+

+ a veff(p)
1dr δ(p− q1)−

a2

1dr2 q2ρ(p) + a2 veff(p)
1dr2 ρ(p)
�

CLR,sym(q1, q2)

= 2a
1dr

∫

dq1 dq2

�

δ(p− q1) + aρ(p)1dr

�

�

−q2 + aveff(p)
�

CLR,sym(q1, q2)

= 2a
1dr

∫

dq (p− q)

∫

dq1 dq2

�

δ(p− q1) + aρ(p)1dr

��

δ(q2 − q) + aρ(q)1dr

�

CLR,sym(q1, q2) .

(E.3)

This is equivalent to (45) and by following the steps towards (52) one can easily see that (E.1)
is equivalent to (52). Hence we have shown that the general equation in [1] reduces to our
equation in the hard rods case.
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F Microscopic correlations in the hard rod gas

In this section, we show numerical results for the microscopic correlation functions in a hard
rods gas. Hence, in this section we refer to x as to the hard rods microscopic position. Let us
consider a homogeneous hard rods gas, with rods’ length a and particle density ρ(p) = ρ̄h(p),
with
∫

dp h(p) = 1 and p the particles’ momentum. The microscopic correlation function for
such a system is given by [28]

Cmicro(x , p, x ′, p′) = δ(x − x ′)δ(p− p′)ρ̄h(p) + (n(2)(x − x ′)− ρ̄2)h(p)h(p′) (F.1)

n(2)(x) =
ρ̄2

1− ρ̄a

∞
∑

k=1

1
(k− 1)!

�

|x | − ak
ρ̄−1 − a

�k−1

exp
�

−
�

|x | − ak
ρ̄−1 − a

��

θ (|x | − ka) , (F.2)

where θ is the Heaviside step function. Let us now consider a non-uniform gas, being ℓ
the typical scale of spatial variations. Its correlations will be given by 〈ρ(x , p)ρ(x , p′)〉c

= Cmicro(x , p, x ′, p′) +O(ℓ−1), where Cmicro(x , p, x ′, p′) is defined by taking ρ̄→ ρ̄(x , t) with
ρ̄(x , t) ≡
∫

dpρ(x , p, t) and h(p) → hx(p, t) ≡ ρ(x , p, t)/ρ̄(x , t). We also stress that here
(x , x ′) are microscopic spatial coordinates.

We compare the numerical results for the microscopic correlations functions of a time
evolving hard rod gas with the prediction of Eq. (F.1). More precisely, we consider a gas
of hard rods with only two modes, p+ = +1 and pa− = −1, evolving from the initial state
ρ±(x , t = 0) = 1 ∓ Erf(x/ℓ)/2. We also define the quatities q0(x) ≡ ρ+(x) + ρ−(x) and
q1(x)≡ ρ+(x)−ρ−(x).

Hence, in the initial state q0(x , t = 0) = ρ+(x , t = 0)+ ρ−(x , t = 0) = 1 and q1(x , t = 0)
= ρ+(x , t = 0) − ρ−(x , t = 0) = −Erf(x/ℓ). In Fig. 6(a) we show the hard-rod numerical
results for 〈q0(x , t)q1(y, t)〉c − δ(x − y)〈q1(x , t)〉 at the points y = ℓ/2 and t = ℓ/10 for
ℓ = 200. Comparing it with the theoretical predictions from Eq. (F.1), we observe excellent
agreement. We also stress that all the discrepancies induced by the long-range correlations are
at order O(ℓ−1), hence they are not visible in Fig. 6 (a). More precisely, we used the relation

〈q0(x)q1(y)〉c =
2
∑

i, j=1

Cmicro(x , pi , y, p j)pi p j +O(ℓ−1) ,

with:
2
∑

i, j=1

Cmicro(x , pi , y, p j)pi p j∝ 〈q1(y)〉 ,

(F.3)

where we used pi = [−1,+1] and where Cmicro is defined in Eq. (F.1). But, as it is possible
to observe from Fig. 6 (b), 〈q1(y, t)〉 is vanishing at t = ℓ/10 and y = 0. Thus, we expect
the leading contribution to be vanishing at this point. This permits to isolate the long-range
contribution to the correlations at microscopic scale and to observe the microscopic structure
of the discontinuity introduced in the main text. In particular, in Fig. 6 (c), we show the two
point function 〈q0(x , t)q1(y, t)〉c−δ(x− y)〈q1(x , t)〉 at t = ℓ/10 and y = 0. From this picture,
we can observe that the discontinuity predicted at hydrodynamic scale, is developed in the gas
at scales ∼ a.
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