SciPost Physics Submission

Stochastic dynamics of quasiparticles in the hard rod gas

Seema Chahal'™, Indranil MukherjeelT, Abhishek Dharli, Herbert Spohn2§,
Anupam Kundu!”*

1 International Centre for Theoretical Sciences, TIFR, Bengaluru — 560089, India
2 Mathematik Department and Physik Department, Technische Universitat
Miinchen, Garching 85748, Germany

* seema.s@icts.res.in, T indranil.mukherjee@icts.res.in, 1 abhishek.dhar@icts.res.in,
§ spohn@ma.tum.de, # anupam.kundu@icts.res.in

November 18, 2025

Abstract

We consider a one-dimensional gas of hard rods, one of the simplest examples
of an interacting integrable model. It is well known that the hydrodynamics
of such integrable models can be understood by viewing the system as a gas
of quasiparticles. Here, we explore the dynamics of individual quasiparticles
for a variety of initial conditions of the background gas. The mean, vari-
ance, and two-time correlations are computed exactly and lead to a picture of
quasiparticles as drifting Brownian particles. For the case of a homogeneous
background, we show that the motion of two tagged quasiparticles is strongly
correlated, and they move like a rigid rod at late times. Apart from a micro-
scopic derivation based on the mapping to point particles, we provide an alter-
nate derivation which emphasizes that quasiparticle fluctuations are related to
initial phase-space fluctuations, which are carried over in time by Euler scale
dynamics. For the homogeneous state, we use the Brownian motion picture
to develop a Dean-Kawasaki-type fluctuating hydrodynamic theory, formally
having the same structure as that derived recently by Ferrari and Olla [1]. We
discuss differences with existing proposals on the hydrodynamics of hard rods
and some puzzles.
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1 Introduction

Classical interacting integrable systems in one dimension can be described as a gas of in-
teracting quasiparticles, each tagged by its bare velocity [2]. This perspective has proven
to be extremely useful for studying the large-scale behavior, enabling the formulation of
hydrodynamic equations in terms of the one-particle phase-space density of these quasi-
particles, as discussed early on in Ref. [3]. In the last decade, a unified theory known
as generalized hydrodynamics (GHD) has been developed for many-body integrable sys-
tems, both classical and quantum. The GHD equation takes the form of a collisionless
Boltzmann equation written in terms of the phase-space density of quasiparticles. From
these equations, one obtains the evolution equations of conserved densities at the ballistic
space-time scales.

Although the collective motion of quasiparticles successfully describes the large-scale
evolution of macroscopic observables, the motion of tagged quasiparticles at the micro-
scopic scale also presents intriguing features. On average, a tagged quasiparticle moves
ballistically with an effective velocity [2] arising from collisions with other quasiparticles.
The collisions also lead to fluctuations in the quasiparticle’s trajectory around the mean
ballistic path. This stochasticity can be traced to the initial random configuration of the
particles, which leads to irregular collisions with other quasiparticles in both space and
time. The stochastic motion of quasiparticles has recently been discussed for the case of
hard rods in [1] and for the Toda system in [4,5]. One might expect that two tagged
quasiparticles should move independently. However, it turns out [1] that they are in fact
strongly correlated even at large distances. This happens because the two quasiparticles
collide with the same set of background quasiparticles, as illustrated in Fig. 1. In this
paper, we investigate this stochastic motion of tagged quasiparticles in a system of hard
rods.

The hard rod gas provides a particularly simple example in which the quasiparticles are
tagged by their bare velocities and undergo fixed jumps in position on collisions with other
quasiparticles. The motion of the rods and the quasiparticles is illustrated in Fig. 2. Using
a microscopic approach, we characterize the stochastic dynamics of quasiparticles. The
diffusion of quasiparticles and correlations between two spatially separated quasiparticles
for a gas in a globally homogeneous equilibrium state was recently discussed by Ferrari
and Olla using a rigorous probabilistic approach [1]. Here, we present a physical derivation
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Figure 1: Schematic trajectories of three quasiparticles in a one-dimensional in-
tegrable system.

of these results and extend them to the case of inhomogeneous initial states of the gas

(e.g.,

1.

a domain-wall configuration). Our main contributions are outlined below:

Section 2 introduces the microscopic dynamics of hard rods and describes the well-
known mapping to the hard-point gas model [3,6,7].

. In Section 3 we analyze the stochastic motion of a single quasiparticle with a velocity

tag vo and position X,,. We start by re-deriving the result for the variance of the po-
sition of a single quasiparticle obtained previously in [6-8]. We find a diffusive growth
of the variance, with a diffusion constant that depends on the bare velocity v and the
density of the gas. Next, we present our first new result, on the position autocorrela-
tion of a quasiparticle (Xo, (£1) Xoy (t2))e = (Xug (1) Xug (t2)) = (X, (£1)) (Ko (£2)). We
find that the expressions of the autocorrelation have the same dependence on %1, to
as a Brownian particle. While we can compute these for general inhomogeneous ini-
tial conditions, the expressions simplify for the homogeneous and domain-wall initial
conditions.

. Section 4 analyzes the motion of two quasiparticles with velocity tags vy and wug

and derives an explicit expression for the correlation (X, (¢)Xy,(t))c. For the ho-
mogeneous case, our result is in agreement with the results of [1]. In particular,
when vy = wug, the quasiparticles remain perfectly correlated even if initially far
apart, effectively moving like a rigid body. We find that this rigid-body-like behav-
ior persists even when they move in an inhomogeneous background such as an initial
domain-wall profile.

. The fluctuations and correlations of the tagged quasiparticles arise essentially from

initial fluctuations in the phase-space densities that are carried ballistically to time ¢
by Euler GHD. In Section 5, we demonstrate this fact by re-deriving the expressions
of the variance, autocorrelation, and covariance using space-time correlations of mass
densities on the ballistic scale.

. In Section 6, we use the description of the hard rod gas as a collection of correlated

Brownian quasiparticles to present a phenomenological derivation of the fluctuating
hydrodynamics equation for this system.

. Section 7 extends our study on quasiparticle to quenched initial conditions and finds

an explicit expression for the variance and covariance of two quasiparticles.
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Figure 2: The schematic diagram (a) illustrates the stochastic trajectories of hard
rods encountering collisions and exchanging velocities with each other. The tra-
jectory marked in deep blue indicates the path of a marked rod. In (b), we show
trajectories of two quasiparticles (black and red) tagged by their bare velocities.
At each collision, a quasiparticle jumps by a distance a while retaining its veloc-
ity. Since the collisions occur at random times for random initial configurations,
a quasiparticle follows a stochastic path around a mean ballistic motion with an
effective velocity.

We conclude in Section 8 by discussing some puzzles and outlining potential directions for
future research. Supplementary derivations are provided in the appendix.

2 Hard rods dynamics and initial conditions

Let the positions and velocities of the N hard rods be represented by {X;} and {V;} for
i =—N1,...,0,..., No with N = Nj 4+ No+1. The positions are ordered in the sense X; 1 >
X; + a. These rods undergo ballistic motion between instantaneous elastic collisions, and
during each collision, their velocities (since they each have unit mass) are exchanged.
Clearly, in the limit @ = 0, i.e. when the rod length approaches zero, the interacting hard-
rod system reduces to a non-interacting hard-point gas (HPG). The microscopic dynamics
of hard rods can be mapped onto a system of hard-point particles through a specific
transformation. Starting from a configuration of N hard rods {X;, V;} at any instant, one
can construct a configuration of N hard-point particles {z;,v;} (each of unit mass) by the
transformation [3,9,10].

l’i:Xi—iCL, Ui:‘/; for’i:—Nl,...,NQ. (1)

The above transformation essentially is obtained by excluding the inaccessible space be-
tween successive rods. In the point particle representation, the dynamics become simple.
They move ballistically, and at collisions, they just exchange their velocities without suf-
fering from any jump in the position, unlike the hard rods. Hence, one can just evolve
them ballistically as non-interacting particles and at the final time relabel them according
to the order of their positions. Since the mapping in Eq. (1) is one-to-one, one can also
transform to hard rods back from hard-point particles. Hence, using this mapping, the
hard rod dynamics can be fully solved.

In this paper, we consider a certain class of initial conditions. The initial configurations
are first chosen in hard-point coordinates and then transformed to hard rod coordinates.
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We first choose N = Nj + N3 + 1 locations {Z;} for the point particles inside a domain
[£1,L2] of size L = |La — L1]. We choose these locations independently and identically
from a distribution 1p,(2) such that fff dx pg(z) = 1. We then arrange the locations in
increasing order to get the coordinates: {x;} = Order[{Z;}] = {z; ; L1 < z_n, < ... <
zn, < Lo} of the N hard-point particles. Once we have the ordered locations {x;} of the
particles, for each i, we choose a velocity independently of the distribution % (u;) such that
ffooo f(u)du = 1. The particles are then allowed to move throughout the space. The joint
distributions of the positions and velocities of the N hard-point particles can be formally
written as

Ny No—1
Po({zi,ui},0) =N [ pale)f(u) [ O@wirs — ). (2)
i=—N1 i=—N1

The product over the Heaviside functions © ensures the ordering {x; < x;41 ; @ =
—Ni,...,Na}. We eventually consider the thermodynamic limit N — oo and £ — oo
such that the initial mass density profile becomes a finite-valued function @(x) every-
where. The initial mean phase space density (PSD) and the mean mass density of the
hard-point particles are given by f(x,u) = Npg(2)h(u) and ¢(z) = N, (z), respectively.
For each configuration {x;,v;} of the positions and velocities of the point particles, we
construct a configuration of the hard rods using the inverse mapping of Eq. (1)

X;=z;+1ia, and V; =wv; fori= —Ny,...,No. (3)

Thus, we have an ensemble of hard-rod configurations characterized by the average mass
density profile o(X (x)) = 151(;2@) with X (z) = 2 +a [ dy #(y). Note that the transfor-
mation to the hard rod position coordinate X (z) from the hard-point position coordinate
x is essentially a restatement of the above mapping in Eq. (3) in terms of the mass density
@(z) of the point particles. Since the velocities of the point particles and the hard rods
remain the same under the mapping in Egs. (1) and (3), from now on we will represent
the velocities of the rods by v; instead of V; for i = —Nj,..., Na. For all our numerical

simulations, we choose % (u) to be a mean-zero Maxwell distribution at temperature 7.

3 Dynamics of a single tagged quasiparticle

We consider an initial configuration of N = 2N + 1 hard rods on a one-dimensional line,
where the quasiparticle with velocity vy is positioned at the origin, with N rods placed
to its left over the region [—L,0] and N rods to its right i.e., over the region [0, L]. To
choose such a hard rod configuration, we follow the procedure given in the previous section
[see Eq. (2)]. We choose positions of N point particles each on both sides of the tagged
point particle at the origin randomly and independently sampled from the distributions
ne(z) = W'T(x) and p.(r) = “OTT(J”), respectively, such that the mean initial mass density
becomes ¢(x) = @y(2)O(—x) + ¢, (x)O(x). The velocities of all the point particles, except
for the quasiparticle, are independently sampled from the velocity distribution % (v). By
indexing the point particles as {z;,v;;i = —N,..., N}, we use the inverse mapping in
Eq. (3) to get the corresponding configuration of the hard rods.
The displacement at time ¢ of a quasiparticle, starting from the origin and with velocity
tag vg, is given by
X(t) = vol + a[nrﬁ(t) - nZT(t)L (4)

where n,¢(t) is the number of rods that collided with the quasiparticle from the right
and ng,(t) is the number of rods that collided from the left up to time ¢. The numbers
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nr¢(t) and ng.(t) are random as they fluctuate between different initial conditions. The
statistics of X (¢) is thus completely determined by those of n,,(t) and ng.(t), which are
independent random variables and whose distributions are easy to obtain by using the
mapping to hard-point particles in Eq. (1).

Thus, in order to find statistics of X (t), we need the distributions Pr, Pr, of n,.¢(t) and
ng-(t) respectively. To determine these distributions, we simply need the probability that,
in time ¢, a background point particle crosses the trajectory of the corresponding tagged
point particle that reaches position x(t) = vpt starting from the origin. Let us denote the
probabilities of crossing from right by p,.¢/N and from left by ps./N, where the explicit
expressions of p,.y and py, are given in Appendix A [see Eq. (A.7)]. In terms of these, it is
easy to see [7] that Pr, P, are binomial distributions of the form

p=(7) (B (-4 ”

where p = p,¢ for P and p = py, for Pr. For large N, we get Poisson-distributed number
fluctuations:

V23 V13
Pr(n,t) = %67’“, Pr(n,t) = %67””. (6)

We can immediately write the mean and variances:

(X (1)) = vot + alpre(t) — per (t)], (7a)

(X2(6))e = a®[per(t) + pre(t))- (7b)

The full distribution of X (¢) is readily obtained [7] from the corresponding generating
function,

<eik:X(t)> _ eikvotepﬁ(eika_l)eph(e—n‘lm_l)‘ (8)
It follows that, at large times, X () is Gaussian distributed:

L
PO = X, (- )

We now consider the two-time correlation (X (¢1)X (¢2)).. It is clear from Eq. (4) that they
depend on the time correlation of number fluctuations as

9)

(X (1) X (t2))e = a® [(nre(t1)nre(t2))e + (ner (t1)ner (2))] - (10)

To evaluate the correlation, (n,s(t1)n.¢(t2)), we need the joint probability that n; hard-
point particles crossed the tagged particle in time ¢; from the right and no particles
crossed it in time t5. Now we note that, assuming to > t1, the joint probability distribution
Prob(ni,t1;ne, t2) is simply given by Pgr(ni,t1)Pr(ne—n1,ta—t1). Hence (n(ti)n(t2)). =
(n?(t1)) and then it follows that, for ¢; < to,

(X (1) X (t2))e = a®((nfy(tr)) + (. (11))) = (X3(t1))e = [per(tr) + pre(tr)]. (1)

We now state the explicit forms of (X (¢)) and (X?(t)). for two choices of the distributions
of the background particles.
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Figure 3: This figure compares the numerical simulation (circles) with the exact
results (dashed line) of the variance of a single quasiparticle moving with velocity
vo = 1 for different initial density profiles (see insets): (a) homogeneous profile,
(b) domain-wall profile, (¢) Gaussian profile, and (d) sinusoidal density. In all
cases N = 2000, a = 1.0 and T = 1.0.

e Homogeneous case: For the special case of a homogeneous initial distribution, i.e,
Y = @r = o, the expressions of py. and p,p simplify, using which in Egs. (7) and
(11) gives us:

(X)) = vegrt, (X%(t))e = D(vg)t, and (12a)
<X(t1)X(t2)>C = g)b('l}o) min(tl, tg), (12b)
where veg = w, D(vg) = a2apo/dw|vo —wlh(w), (12c)
1 —apg
with o9 = 1—57?(,00 and w = ffooo dw wh(w). In Fig.3a, we provide the numerical

verification of the above expression of the two-time correlation function.

e Domain wall case: For the special case of domain-wall initial condition with @(z) =
©O(—x) + ¢,0(x), the expressions of py. and p,y are

vo

o0

Dor = t/ dw peh(w)(w —vg), pre = t/ dw prh(w)(vy — w). (13)
V0 —00

In the limit of N — oo, the quasiparticle simply sees a constant flux of particles,

given by (w — vg)¢y from the left and (vg — w)p, from the right. Hence, the mean

number of particles crossing the quasiparticle from the left and right is given by
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per and p,p in Eq. (13), respectively. Inserting these forms in Eq. (7) and defining
po = 252 and Jp = 2525 one gets

(X(t)) = vgfvat, (X2(t))e = Daw(v0)t, and (X (t1)X (t2))e = Daw(vo) min(t1, t2),

(14)
where
oy = I s [ duf - wif(w)
ago (15)
Daw(vo) = acho/dw]vg — w|h(w) — a*5p(vg — ),
with g9 = —2%—. It is interesting to note that in the case of a domain-wall initial

1+aeo
condition, both the effective speed and the diffusion constant change from their

values in the homogeneous case [given in Eq. (12)], and the changes in both cases
are proportional to the inhomogeneity .

e Other inhomogeneous initial conditions: Note the expression of the mean, variance,
and autocorrelation in Egs. (7) and (11) are valid for initial conditions with arbitrary
mass density and velocity distributions. They become

(X (2)) = a/o dr’ /OO dv (v —wo) f(vot',v,t'), o)

t [e's)
(X2 (1)), = a? / ' / dv v — vo| Fluot',v, 1),
0 —00

where f(x,v,t) is the average phase space density of the hard-point particles at time
t. In Fig. 3, we plot the variance of the quasiparticle for different initial conditions of
the form f(x,v,0) = @(z)h(v), within the point particle picture. Panels (a) and (b)
correspond to homogeneous and domain-wall initial conditions, respgzctively. Panel

z

(c) and (d) correspond to a Gaussian initial profile, ¢(z) = \/2;—06_272 with o = 20,

2

and a sinusoidal profile, g(x) = 0.9 + 0.5 cos(7wx/100), respectively. The insets show
the plots of the corresponding initial mass density profiles of the hard rods obtained
from @(z) using o(X(z)) = H“;(;Zx) with X(z) = 4+ a [dy Oz — y)p(y). We
observe that the variance at short times grows linearly with time; however, at late
times it saturates for the Gaussian case and changes slope in the sinusoidal case. At
short time, the quasiparticle sees the local peak of the initial density profile. As time
grows, it starts seeing the inhomogeneity, and at very large time it has moved (bal-
listically) by a distance comparable to the scale of the inhomogeneity of the density
profile. Since in the Gaussian case, the density almost vanishes over this scale, the
quasiparticle finds it difficult to further collide with background quasiparticles, and
hence the variance does not grow. On the other hand, for the sinusoidal case, at
late time, the quasiparticle sees the background with an overall homogeneous den-
sity that is different from the initial value at the starting point of the quasiparticle.
Consequently, the slope of the variance changes at large times in this case.

It is interesting to note that the correlation function in Eq. (12b) is directly proportional
to the diffusion constant @ (vg), which is determined by the velocity of the quasiparticle vy
and depends on the minimum of the two times #1,t2. Notably, this correlation of a single
quasiparticle closely resembles that of a free Brownian particle, governed by the stochastic
differential equation

dX,,
dt

= Veft (V0) + &up (1), (17)
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where &, (t) represents Gaussian white noise with (&, (t1)&y, (t2)) = 2D (vg)d(t1 —t2). This
indicates that quasiparticles for a homogeneous and domain-wall background of other rods
move effectively as a Brownian particle — a fact that was established (for the homogeneous
case) in [1]. We next investigate the correlation between different quasiparticles.

4 Dynamics of two quasiparticles

The previous section provided a brief overview of the diffusion of a single quasiparticle,
outlining the microscopic approach used to determine its distribution, following the Ref.
[7]. In this section, we extend the analysis to the case of two quasiparticles.

We label these two quasiparticles as X (¢) and Y'(¢) which are initially positioned at
X (0) = Xg =0 and Y (0) = Yy > 0 with velocities vy and ug > vg, respectively. We place
N rods on the left of Xy and N rods on the right of Yy, and N number of rods in between.
Clearly, Yy > (N 4+ 1)a. As before, the positions and velocities of the background rods on
the left of Xy, on the right of Yy, and in the middle are first chosen in the point particle
picture following the distribution in Eq. (2) and then transformed to hard rod coordinates
using the mapping in Eq. (3). Let the statistical state correspond to point particle density
@¢(x) on the left of Xy, ¢,(x) on the right of Y and ¢,,(z) in between Xy and Yy. The
initial mass density profile of the point particles is given by

P(x) = pe(2)O(=2) + pm(2)O(yo — 2)O(2) + ¢r()O(z — yo), (18)

where yp = Yo — (N + 1)a.

As the system evolves, the quasiparticles move, and we denote the positions of the
two quasiparticles at some later time ¢ by X (¢) and Y (¢), respectively. As we have seen
in the last section, each of the two quasiparticles undergoes Brownian motion as a result
of collisions with the background rods. Correlations between the motion of the two rods
emerge because the two tagged quasiparticles might collide with the same set of back-
ground quasiparticles. Here, we primarily focus on determining the mean, variance, and
covariance of the positions of the two quasiparticles at time ¢.

As already noted, we assume here vy < wug, though our computation can be easily
extended to the reversed case. Since, Yy > 0, the quasiparticle X (t) never crosses Y ().
Let n,¢(t) (ng-(t)) denote the number of rods that were initially to the right (left) of Yy
(Xo) and then collided with both X (¢) and Y (¢) during the time interval t. We let 1, (t)
(ngm(t)) denote the number of rods that were initially to the right (left) of Yy (Xo), that
collided only with Y(¢) (X(¢)) during time ¢. Finally, we let n,,¢(t)(nmr(t)) denote the
number of rods that were initially present between Xy and Yy and which collided with
X (t)(Y(t)) during time ¢ (see Fig. B.1). Then, for any given initial configuration of the
background rods, the positions of the quasiparticles at time ¢ are given by

X (t) = vot + a[nge(t) + nme(t) — ngm (t) — ne-(t)],
Y (t) = Yo + uot + a[nem(t) + npe(t) — npme (t) — ng(2)].

Let us define the fluctuations around the mean displacements as AX (t) = X (t) — (X(t))
and AY(t) = Y(t) — (Y(t)). To obtain the correlations in the fluctuations of the two
particles, it is easier to compute the fluctuation ((Y'(¢t) — X (¢))?)e = ((AY (t) — AX(1))?).
We note that

(19)

AY(t) - AX(t) = a[Anrm(t) + Anfm(t) - Anmr(t) - Anmf(t)]a (20)

where Ang,, (t) = nem(t) — (nem (t)) and others are defined accordingly. In the limit where
N — oo and N is finite, the first two terms will dominate at large times, since the last



SciPost Physics Submission

two terms are bounded by the total number of particles in the region (0,Yp). It is easy
to compute (ngy,(t)), noting that it is just the difference of the net flux of particles across
the line segments {vgs,0 < s <t} and {yp + ups,0 < s < t}. We discuss first the case of
homogeneous initial condition, @(z) = ¢, for which the expression is simply given by

(nem(t)) = wot /OO dw(w — vo)h(w) — ot /Oi p dwlw — (ug + yo/t)]A(w), (21)
= ot [F(vo) — F(uo + yo/1)] , (22)
where we recall yg = Yy — (N + 1)a. Similarly,
uo vo—yo/t
(nrm (1)) = SOOt/_ dw(ug — w)h(w) — 80075/_ ’ dwlw — (uo + yo/O)A(w),  (23)
= ot [F(uo) — F(vo — yo/?)] . (24)

where F(v) and F(v) are defined as

v o0
Fv) = / dwh(w)(v —w), and F(v) = / dwh (w)(w — v). (25)
—c0 v

Since ngy, (t) and n,.,(t) are Poisson processes, considering only the first two terms on the
rhs of Eq. (20), at large times we obtain

(Y () = X(8))*)e = a®p0[F (v0) — F(uo) + Fuo) — F(vo)]t, (26)
= a’po(up — vo)t, (27)

where the last step follows after straightforward algebra, and the final result has a simple
interpretation. At large times, we can ignore the initial separation Yy between the two
quasiparticles, and the fluctuation in the separation mainly gets its contribution from the
net number of particles that have entered the region between the two quasiparticles during
time ¢t. The fluctuation of this net number is the same as the mean number of particles,
which is given by ¢o(ug — vo)t. We note in particular that for ug = vp, the variance of
the separation does not grow with time ¢, indicating that the two quasiparticles move as a
rigid object, as noted already in [1]. However, expanding Eqgs. (22) and (24) to the next
order in yo/t, we get

Jim (Y (1) — X (1)) = a*goso, (28)
which is simply the equilibrium fluctuation of the number of rods within a region of size
Yo.

We now present a more detailed calculation that allows us to study the early time
behavior of the variance and the dependence on Yy for inhomogeneous initial conditions.
As shown in Appendix B, for this case also, one can perform a microscopic calculation as in
Sec. 2 in terms of the crossing probabilities such as py,., p,¢, etc. For two quasiparticles, we
need four extra crossing probabilities pgy,, Pmes Prm and pp,, where pgy, /N (prm/N) denote
the probability of a point quasiparticle to start from the left (right) of Xy (Yp) and reach
the middle region between Xy and Yy at time ¢. Similarly, p,,¢ and p,,, are defined. From
Eq. (B.8) we find that, in the limit N — oo, the mean positions of the two quasiparticles
are given by

<X(t)> = vt + a(prf + Pme — Dor — pém)v

(29)
<Y(t)> =Yy + upt + a(pré + Drm — Dor — pmr)’

10
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Figure 4: Numerical simulation results (circles) for the variance of quasiparticle
separation are compared with theoretical predictions given in Eq. (32) (dashed
lines) for two cases: (a) quasiparticles moving with identical velocities, vg = ug =
0.5; (b) quasiparticles moving with different velocities vg = 0.4, ug = 0.5. The
main plots correspond to the homogeneous density profile with g9 = 0.4, while the
plots in the inset are for the domain-wall profile with g; = 0.4, 0, = 0.6, 0, = 0.5.
Simulations were performed with N = 5000,a =0.5,T7 =1, Yy = (% + 1)a, with
N = pgYy for the homogeneous case and N = p,,Y) for the domain-wall case.
The average has been done over 10 independent initial configurations. The red
solid lines in Figure (b) here represent the small and large ¢ asymptotics given in
Eq. (35).

and the variances are given by

1

(X%(t))e = a*(pre + Pem + Dor + Pme) — ﬁa2p,2ng7 0
30
1
<Y2 (t)>c = CL2 (pr@ + Drm + Der +pmr) - ﬁa2p$nr'
The covariance between the positions of the two quasiparticles turns out to be
1
<X(t)Y(t)>c = GQ(]?M + pf?“) + ﬁ(ﬂpmé Pmer- (31)
Hence, the variance of the separation between the two quasiparticles is
1
<(Y(t> - X(t))2>c = a2(p€m + Prm + Pme +pmr) - Ta2<pm£ + me)Q- (32)

N

Till this point, the results are valid for any general initial mass density profiles ¢;(x), or(x), ©m(x).
As before, the expressions of the mean, variance, and covariance derived above become
simple in the special case of a homogeneous initial state in which the mass density profile
is uniform throughout the system i.e., oo such that ¢y = ¢ = o = po = 7 fc(z)go' The
mean displacements, (X (¢)) and (Y (t)), are given by expressions of the form in Eq. (12a)
while the variances are given by:

CL2 2
(X3 (0 = 1 (00) = 2 [ un) = Tow = 0/1)]

ot (33)
(V2O = 1 (u0) — 2 [F(uo) = T+ 30/1)]

11
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(Y (£) = X (1)) = ¢ D (v0) + B(uo) — 200 (F(vo — yo/t) + F(uo + 90/1)) |

= AL [ (s0n) — a0~ /1) + (Fuo) ~ Fluo + 10/, G0

where, w = [ dw wh(w), yo = N/po. The functions F(v) and F(v) are defined in
Eq. (25) and 9(v) is defined in Eq. (12¢). The asymptotic behavior of the variance of
separation at large and small ¢ is given by

poa®t(ug — vo) + a*@oyo [1 — ([ dw fb(w))z} +0 ()

for large t,

(D (w0) + D(uo)) — 2L (F(wg) + éf(uo))2 +0 (15(w))

Yo

(Y () = X(1)*)e =

for small ¢,
(35)

where F(v) = £

When the two quasiparticles start next to each other i.e., yo = 0, or at long times,
these correctly reduce to the results derived in Ref. [1]. The variance of their separation
in Eq. (34) is verified numerically in Fig. 4 for both homogeneous and domain-wall initial
conditions (inset). Figs. 4(a) and (b) correspond to the cases of equal and unequal bare ve-
locities of the quasipartiles. The results for domain-wall initial conditions are discussed in
Appendix B.1. The excellent agreement between the theory and simulation data provides
additional verification of our results.

We now focus on the case where the quasiparticles start with separation Yy and with the
same velocity, i.e., up = vg. The mean separation in this case remains (Y (¢) — X (t)) = Yo,
where, recall, Y is the initial separation between the two quasiparticles. On the other
hand, the variance of their separation grows linearly with time at small times and saturates
at large times (noted previously in Eq. (27)). The finite-time behavior of the variance is
given by the following scaling form

_ 2 V
<(Y(t) tX(t)) >c _ (12(,00 XK (&) , (363)

where, recall yg = %, and

fK(E) :2[9(00) + ?(’Uo) —F(vg —€) — f;r(vo + 6)]
— ~[F(w0) + F(e0) — Floo — ) ~ Fwo + ). (36b)

In Fig. 5, we verify this scaling numerically, where we see that the scaling curve is flat at
small ¢ and approaches zero at large ¢, consistent with the linear growth of (Y (¢)—X (¢))?).
at small times and saturation at large times [see Eq. (28)]. At small times, the two
quasiparticles move independently of each other and individually contribute to the linear
growth of the separation. With increasing time, their motion starts to become correlated
because they start crossing the same background quasiparticles.

The scaling collapse suggests that the departure from linear growth occurs on a time
scale O(yp), which can be understood as follows. Recall that yo = N /g, where N is the
initial number of rods between the two quasiparticles. A background quasiparticle that
has just crossed X (¢) must interact with the quasiparticles located between X (t) and Y ()
before colliding with Y'(¢). Since the separation between X (¢) and Y (¢) is O(yo), the typical
time required for a background quasiparticle to traverse this region and establish the first

12
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Figure 5: Scaling collapse of the variance of separation ;< plotted as a
function of time ¢! = ot/ N in the log scale for different values of N = go(N/2+
1)a under homogeneous initial condition. For each gy, the data for different
N collapses to a scaling curve. The scaling curve for smaller gy appears to
converge to the theoretical scaling function in Eq. (36) (red dashed line), which
corresponds to the limit N/N — 0. The parameters used are: a = 0.5, vg =
ug = 0.5, Yy = (N/2 + 1)a. Average has been done over 10* independent initial
configurations for each V.

correlation event is also of this order. Following Ref. [1], one can argue that saturation of
the variance to the value a?@gyo occurs on a time scale O(yg). The quasiparticles have an
initial separation Yy = yo(1+ agp) and move with the same bare velocity vg. They need to
fluctuate by O(yo) to become fully correlated, and this happens on a time scale of O(y2).
Over this time period, each of them suffers O(y2) number of collisions, most of which are
with the same background quasiparticles, except for an O(yp) collisions [1]. Hence, on
this time scale, the two quasiparticles essentially suffer the same displacements and move
collectively as a rigid body, while their center of mass executes a Brownian motion.

5 (X?). and ((Y — X)?), from Euler GHD in homogeneous
background

It has been argued that the correlation among the fluctuations of the phase space densities
at two different phase space points, charaterized by the correlations in the noise {(X,v,t)
essentially originates from the fluctuations of £(X, v,0) in the initial state that gets carried
to time ¢ deterministically by Euler equations [11-14]. To demonstrate this fact, in this
section, we show how the initial correlation determines the fluctuations in the displacement
of a quasiparticle at time t.

We start by defining an empirical density in the single particle phase space

N

P(X v,1) = 6(X = Xi(t) 6(v — ;). (37)

=1

In the ballistic space-time scale the PSD £(X, v, t) evolves according to Euler GHD equa-
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tion [6,7,14]
v—a [duuf(X,u,t)

Of(X,v,t) + Ox (vegg (V) (X, v,8)) =0, with veg(v) = = [du f(X,00) (38)
Using the following transformations,
FX,0,8)
X LA Sttt
flalX).0.t) = 220, (39)
z(X) = —a/ Az o(Z,1), (40)
with o(Y,t) = [dv £(Y,v,t), Eq. (38) becomes
8tf<x7 U,t) + ’Uag;f(flﬁ, th) - 07 (41)

which is the Euler equation for the phase space density of point particles [6]. Note that the
transformation in the above equation is essentially the continuous limit of the mapping
in Eq. (1). The advantage of going to the point particle representation is that the Euler
equation can now be solved just by boosting the initial PSD f(z,v,0):

f(x,v,t) = f(x — vt,v,0). (42)

The position of the quasiparticle can easily be expressed in terms of the mass density of

point particles as
z(0)+vot z(0)
X =X +wtta| [ dyen- [ drewo]. @)

o0 —00

where p(z,t) = f dvf(z,v,t) represents the mass density of the hard-point gas and is
related to o(X,t) as p(z(X),t) = %. Note that the first term inside the square
brackets represents the number of points of particles below the location x(t) = z(0) + vot
at time ¢, which is essentially the same as the number of rods below the position X (¢)
at time t. The same interpretation holds for the second term inside the square brackets.
Together, these two terms then provide the net number of rods that have crossed the
quasiparticle from right to left during time t.

For the initial conditions considered in Sec. 3, the initial position of the point particle
corresponding to the quasiparticle at X (0) = 0 does not fluctuate. Hence, we can choose
the initial position of the quasiparticle point particle to also be at the origin, i.e., z(0) = 0.
Note that f(x,v,t) is the phase space density of the point particles that evolved from the
initial density f(z,v,0). Since the initial profile is randomly chosen from a homogeneous
equilibrium state, the time-evolved profile f(x,v,t) is also random, causing the quasipar-
ticle location X (¢) to fluctuate through Eq. (43). Using f(y,v,t) = (f(y,v,t)) = @oh(v),
it is easy to see that (X (t)) = vegt as in Eq. (12). The variance of the position of the
quasiparticle at time ¢ is related to the unequal space-time correlation of the PSD f(x, v, t).

More precisely, the variance of X (¢) can now be written as integrals over the space-time
correlation of the point particle densities:

(X(1)%)e = (1(0)%)e + (A(t)?)c — 2(sh()s1(0))c, (44)

where

vot’
(ABAE))e = a / dy / y Do ))e. (45)
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We assume the hard rod gas starts in a homogeneous state with mass density oo and
velocities chosen from a symmetric distribution % (v) = A(—v). For this case, it is easy to
prove that the initial correlation is [13,15,16]

(f(2,0,0)f(y,u,0))c = o 0(z —y)é(v —u) Ai(v). (46)
As the particles move, this correlation also evolves. Since we are interested in the corre-
lation at the Euler space-time scale (space is proportional to time), it should just be the
one obtained by propagating the initial random PSD profile f(z,v,0) ballistically by the
Euler equations i.e. f(z,v,t) = f(z — vt,v,0). By doing so, we discard the fluctuations
over a small space-time scale, possibly arising due to coarse-graining. Hence, we write

(0ol e = [ dv [ du (700,07 00
= /dv/du (f(y —vt,v,0)f(y —ut',u,0)).

Now, inserting the initial correlation in the above equation and performing the integrals
over the velocities, we get

Py, (Y, t))e = wo 0 _1 ] h (y - ) : (48)

¢ =]

(47)

which also gives (¢(y,t)o(y',t))e = ©od(y —y'). In terms of the mass density of hard rods,
this correlation reads [13,17]

(o¥- 00", ) = onl1 — )L ((1 - ag())’(tjz,”() | (49)

Using the expression of the correlations from Eq. (48) in Eq. (45), one can show that
20l (1) (0))c = [{s8(0))e + (sl (t)?)c]

00 o] vot o] 1 )
— {/ dy/ dy' +/ dy/ dy’} Zh (y Y > . (50)
vot —0o0 —00 —0o0 t 13

Further, using this relation in Eq. (44), and simplifying, one gets the same expression
as in Eq. (12a) obtained previously using the microscopic approach. Following a similar
procedure, one can also compute two-time auto correlation (X (t1)X (¢2)). and reproduce
the result in Eq. (12b).

The HD procedure, described above, can also be extended to compute the covariance
between two quasiparticles (X (¢)Y (¢)).. As before, we assume that the two quasiparticles
start at locations X (0) = 0 and Y (0) = Yo, with velocities vg and ug, respectively, and
N rods in between. The position X (t) of the first quasiparticle at time t is defined in
Eq. (43). In the same way, one can define the position Y (¢) of the second quasiparticle as

V()= Yo+ uot+a [ "y et~ [ ay 0] (51)

—00 —0o0

where yg = Yo — (N + 1)a. The covariance (X (t)Y (t)). can now be written as
(XY (t))e =8(yo + uot,t 5 vot,0) — E(yo + uot,t ; 0,0)

(52)
_%(y070 5 U0t7t) +%(y070 5 O)O)u

where

€(z,t;2,t) =a / dy/ dy' {o(y, )y, t'))e. (53)

Inserting the form of the correlation from Eq. (48) in Eq. (52) and performing the integrals,
one obtains (X (t)Y (t)). explicitly. Using this correlation along with Eq. (33) one can
compute {(Y(t) — X (¢))?). which exactly reproduces the result in Eq. (34).
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6 Phenomenological derivation of fluctuating hydrodynam-
ics
The results of the previous two sections 3 and 4 indicate that quasiparticles in a homoge-

neous gas of hard rods effectively move as Brownian particles with an effective drift but
are driven by correlated noises. The effective equations of motion of such particles are

dX; '
dtl — B+ &(t), for i=1,2,.N, with 9 = —

) 54
1 —apo (54)
where gg is the mass density of the hard rod gas and v; are the individual bare velocities
of the particles. The stochastic variables &;(¢) are mean-zero white Gaussian noises with
correlations

C‘g(vl?vj) 6( t/),

GH& ) = VD (0i) /D (v;) for 4,5 =1,2,..,N, (55)
(&®)&E) = D(vi) o(t - 1),

where @ (v) is given in Eq. (12¢) and € (v, u) is defined by
1
G(u,v) = 5 (D(v) + D(u) — a*polv — ul) . (56)

By considering the hard rod gas as a collection of such Brownian particles, in this sec-
tion, we provide a phenomenological derivation of a fluctuating hydrodynamic equation
derived rigorously in [1]. We follow the Dean-Kawasaki approach [18,19] for deriving the
fluctuating hydrodynamic equations.

We are interested in finding the stochastic differential equation satisfied by the fluc-
tuating PSD £(X,v,t) (see Eq. (37)) in the thermodynamic limit. To proceed, it seems
convenient to go to the Fourier space. We define

/?(k,v,t):/_ dX e*X p(X, v,t) Zet’fX © §(v - vj). (57)

At time t + dt, we have

kvt +dt) =) X0 5y — vy),

J
— Zeik[Xj(t)+’Djdt+(sfj(dt)] 5(1) _ Uj), (58)
) k2
— Zev’%(t) [1 + ik vidt + ik 5&;(dt) — ?(5@-)2 +0(dt?*) | (v —vy),

where 6&;(dt) = tt+dt dt’ £;(t'). To leading order in dt, we can write (6¢;(dt))? = D (v;)dt
and retaining terms up to linear order in dt one gets,

2
of(k,v,t) = ikvf (kv t) — % D(0)E(k, v, t) + ik (v, 1), (59)
with
Glv,0) = 7 37 e (0 — ;)6 (). (60)
J
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Performing inverse Fourier transform, Eq. (59) immediately yields

8tﬁ(vaat) = -0 aXﬁ(X7U7 t) + E)Z);v) 8%( ﬁ(X, U,t) + aX C(X,’U,t), (61)
where
1
C(X,v,t) = lim — D (X = X;(1)8(v — )88, (dt). (62)

J
It is easy to check that (¢(X,v,t)) =0 and

(€0, )Y, v, ) = D)X, 0,0)6(X = Y)o(t - 1),
(C(X, v, )¢V u, 1)) = 6 (u, ) (X, 0, (Y, u, 1)d(t — 1), (63)

T fg@o. It is convenient to define the white noise W;(v) via

C(X,v,t) = £(X,0,t)\/D(v) Wi(v), such that

where we recall that ¢g =

(We(w)) = 0, (Wi(0)W¥i (u)) = M 5t — ).

Finally, we obtain the following fluctuating hydrodynamic equation of the PSD £(X,v,t)

Ot (X, v,t) = — veg(v) Oxf£(X,v,t) + E.B)év) 0% £(X,v,1) (64)

+0x £(X,v,t)/D(v) Wt(v),

where veg(v) = v = v/(1 — app). Performing a coordinate transformation to the Euler
frame X — X — ¥t, we get an equation that has exactly the form of the fluctuating
hydrodynamic equation on the diffusive space-time scale obtained by Ferrari and Olla [1].
However, note that our derivation using the Dean-Kawasaki approach did not require any
coarse-graining either in space or in time. Hence, it is not clear that they are the true
fluctuating hydrodynamic equations that would follow from a coarse-grained theory. For
further discussions on this point, see Sec. (8).

7 Two quasiparticles with quenched initial condition

In Section 4, we have studied the evolution of two quasiparticles in a background of
many hard rods under the annealed initial condition. Here, we extend our microscopic
analysis of quasiparticle diffusion to the case of quenched initial conditions, where the
initial positions of the particles are quenched, meaning they are fixed according to a specific
pattern. Once again, we first decide the positions in the point particle picture and then
transform to hard rod coordinates using Eq. (3). We consider a quenched configuration
{Zi | & < Tip1;1 =1,2...N — 1} for the point particles such that in the thermodynamic
limit, they correspond to a well-defined macroscopic mass density profile ¢4(Z). The
velocities of the particles at these positions are assumed to be randomly sampled from a
distribution % (v). Hence, the joint distribution of the positions and momenta of the point
particles can be formally written as

N

Po({zi, vi}0) = [ [ (zi — 2:) A (vi). (65)

i=1
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Figure 6: Numerical simulation (black squares) and theoretical results (black
dashed lines) for (a) mean, (b) variance, and (c) covariance of two quasiparti-
cles X(t),Y(t) from quenched initial condition following Egs. (66)-(67). Insets
show the corresponding results for quasiparticle X (¢). Results from quenched
initial conditions are compared with those for annealed initial conditions (red
stars: simulations; red dashed lines: theory). The parameters are a = 0.5,v9 =
0.5, ug = 1.0, T =1, N = 3000, 09 = 0.6 and Yy = a. The average has been

done over 10% realizations.

Here, we compute the mean, variance, and covariance of the positions of two quasiparticles,
once again initially placed at X(0) = Xg = 0 and Y(0) = Yy > 0 such that there are
N < (Y — a)/a rods in between them.

The computation of these statistical properties of the two quasiparticles for general
quenched initial conditions is discussed in detail in Appendix C. The expressions derived
in Egs. (C.11) - (C.12) remain valid for arbitrary initial densities of the background
rods. Here we only present the results for the specific case of a homogeneous initial state
with density gp and Yy = a (i.e. the limit corresponds to zero separation between the
quasiparticles). This also corresponds to a uniform density for the point particles, with
value g = 90 . Under this setting, we find that the mean positions are still given by
Eq. (12a). The variance and covariance turn out to be

(X2(t))e = tD(v0) — 21 E)chgo [/ dw 36 (w / dw H2 (w — ug +vo) |,
(66)
(Y2(t))e = tD(ug) — a? : f)ocigo [/ dw H? (w / dw FH2 (w + ug — vo)]
(XY () = 160,00 — 25 [ [ w sttt a0 —w)
- /oo dw H_(w)H_(w — ug + vo) |, (67)
where
_ /_ T dw! 0 (2w — ) hw), (68)

and recall @(v) and €(u,v) are the same as defined in Eqgs. (12c) and (56). The results
in Egs. (66) - (67) corresponds to the distribution of the quasiparticle positions in ther-
modynamic limit. We verify these results numerically in Fig. 6 for homogeneous densities
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of the background rods. For comparison, we plot the mean, variance, and covariance of
quasiparticle positions obtained using annealed and quenched initial conditions, both cor-
responding to the same initial density profiles. Our numerical simulations show that, as
expected, the variances and covariances in the quenched case are consistently smaller than
those in the annealed case.

8 Conclusion

We have studied the dynamics of quasiparticles in the background of many hard rods from
a microscopic point of view. For a certain type of initial conditions, we compute explicit
expressions of the mean, variance, and covariance of the quasiparticles. For a homogeneous
background of the hard rod gas, our computation reproduces the results previously derived
by Ferrari and Olla [1]. In addition to providing numerical verification of these results,
we extend the computations of these quantities to inhomogeneous cases as well. Our
results, as was also claimed in [1], indicate that the quasiparticles effectively perform
strongly correlated Brownian motions with velocity-dependent diffusion constants. Such
correlations make two quasiparticles with the same velocity move effectively as a rigid
body. The fluctuations in the phase space densities essentially originate from the initial
fluctuations that ballistically evolved to time ¢ via Euler GHD. To demonstrate this fact,
we rederive the variance and covariance of the quasiparticle positions using Euler scale
correlations in the mass densities for the homogeneous case.

The correlations between two quasiparticles in the homogeneous case have been used
in [1] to obtain a fluctuating hydrodynamic equation for the PSD of the rods. On the
phenomenological level, considering an approximate description of a homogeneous hard
rod gas as a gas of non-interacting quasiparticles performing correlated Brownian motions
as mentioned above, we have attempted to provide an alternative physical derivation of
the fluctuating hydrodynamic equations obtained in [1]. However, we now point to a
number of puzzles related to the obtained fluctuating hydrodynamic equations. The HD
equation for the average single particle distribution £(X,v,t) = (£(X,v,t)) of hard rods
with Navier-Stokes correction has been derived in several works [14,17,20,21]. In linear
order in deviation from global equilibrium £(X,v,t) = gof(v)+£(X,v,t), the HD equation
reads

Of(X,v,t) + 00x (X, v,t) + apoh (v) [00x8(X, 1) + 000x (X, )]

— 30x [2WORFCX0,0) ~ o [[dulo — ul()oxF(X )] (09
where 9(X,t) :/dv f(X,v,t), oo (X, t) :/dv U;E(X,v,t). (70)

We note that the form of both the Euler part in Eq. (69) [terms on the left-hand side]
as well as the dissipation [terms on the right-hand side| are different from the forms in
Eq. (64). In particular, the third and fourth terms on the left-hand side of Eq. (69))
and the second term on the right-hand side are missing from Eq. (64). At this point,
the reasons for these disagreements are not clear. In this context, we make the following
remarks:

e For a generic initial state with average PSD £(X, v, 0), the average current (X, v,t) =
(Jmicro(X,v,t)) at a phase space point (X,v) at time ¢ generally has the following
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gradient expansion [2]

(X, 0,8) ~ JmeF(1), X, 0] —i—/du D), X, v, uldxF(X, 1), (71)

where JEuler [E(t” = Ueff [Ea X, U]E(X’ v, t)’ (72)

with  velf(8), X,v] = = {Ciu@l(bﬁf(f) =0

and D is related to the space-time correlation of density fluctuations [12,22]. Ap-
proximating the statistical state at time ¢ to a local-equilibrium state and expand-
ing the above form of the current to linear order in the deviation f£(X,v,t) =
oof(v) + £(X, v,t) one obtains the linearized evolution equation for £ in Eq. (69)
[3,23]. In our phenomenological derivation starting from the model dynamics in
Eq. (54), we essentially neglected the gradient contribution to the local current as
present in Eq. (71). Furthermore, we have approximated the effective velocity veg
in Eq. (73) simply by veg = 1f390 — thus neglected essential contribution even
at linear order. This leads us to conclude that the model dynamics in Eq. (54) is
an approximation of the microscopic dynamics of a quasiparticle given in Eq. (4),
that does not include contributions from gradients, necessary for the fluctuating
hydrodynamic description.

(73)

e Ferrari and Olla [1] work in the Euler frame and their fluctuating hydrodynamic
equations do not include the second diffusive contribution in Eq. (69). It can be
shown (see Appendix D) that neglecting the second term in the right-hand side of
Eq. (69) corresponds to a relaxation-time approximation in the computation of
equilibrium correlation functions using kinetic theory. This approximation leads to
a small correction to correlation functions and, consequently, it is expected that
there is a negligible violation of number conservation.

e The FHD in Eq. (64) is the Dean-Kawasaki equation, which describes the evolution of
the PSD £(X, v,t) on a microscopic scale. On the other hand, equation (69) describes
the evolution of the average single particle PSD £(X,v,t) = gof(v) + f£(X,v,t) on a
macroscopic scale. Coarse-graining over a length scale, O(¢), and a time scale, O(£2),
is required to see the macroscopic forms of the diffusion and noise terms. This would
then lead to a £~/2 scaling of the noise and presumably provides an understanding
of the apparent contradiction of our result (and that of [1]), of finite noise, with the
claim in [24] on the absence of noise in generic integrable models.

Our study can be extended in several directions. Our results for the quasiparticle statistics
correspond to a special type of initial conditions, which are chosen first from factorised
distributions in point particle coordinates and then converted to hard rod coordinates
while keeping the number of rods on the left of the tagged quasiparticles fixed. It would
be interesting to see how the statistical properties of a quasiparticle change if this condition
is relaxed. Another natural direction to explore is to study the quasiparticle motion in
other integrable systems, such as Toda chain. Although some progress in this direction has
already been made recently, by clearly identifying quasiparticles [4, 5], their fluctuations
are still not fully characterized.
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A Dynamics of single quasiparticle and two-time correlation

In this appendix, we revisit the dynamics of a single quasiparticle evolving within a back-
ground of other hard rods and provide details of the derivation of the results presented in
Sec. 3. Recall that the quasiparticle is defined as a special rod initially tagged with a fixed
velocity vg at ¢ = 0 at location X (0) = 0. Consequently, at any later time, the quasipar-
ticle is identified as the rod having the same velocity vy, which may differ from the initial
tagged rod. As the system evolves, the quasiparticle moves ballistically between successive
collisions with other rods. Each collision results in a positional shift of the quasiparticle,
equivalent to its length a, and its label is transferred to the colliding rod as they exchange
velocities, which can be understood from Fig. 2. Lebowitz, Percus, and Sykes [10] first
investigated this problem for a gas of hard rods in equilibrium, demonstrating that the
distribution of the position of the quasiparticle approaches a Gaussian at late times, with
a diffusion constant dependent on the velocity distribution of the background particles.
The same result has been reproduced using a hydrodynamic approach [6] by solving the
(linearized) Navier-Stokes equation with identical initial conditions as for LPS. More re-
cently, a microscopic derivation has been provided, extending the analysis to annealed and
quenched initial conditions, characterized by inhomogeneous mass density profiles [7]. We
begin with a brief review of the distribution of the position of the quasiparticle at time ¢,
as derived in [7] using the microscopic approach. Subsequently, we focus on the primary
objective of this section, which is to calculate the two-time correlation function for the
position of this quasiparticle.

As specified before Eq. (4) in sec. 3, we assume that initially the tagged rod with veloc-
ity v is placed at the origin X (0) = 0, while N background rods on the left and right sides
of it are randomly distributed over ranges [—L, 0] and [0, L], respectively. The velocities of
the background rods are chosen independently and identically from the distribution % (v).
From this initial configuration, the displacement of the quasiparticle at time ¢, starting
from the origin, is given by

X(t) = vot + afnye(t) — ng (1)), (A1)

where n,¢(t) and ng,(t) are the number of rods that crossed the quasiparticle from the right
and left, respectively, up to time ¢. For fluctuating initial configurations of the background
rods, these numbers also fluctuate. To determine the distribution of X (¢) at time ¢, one
is required to obtain the joint distribution of n,;(t) and ng.(t). This can be calculated
by mapping the motion of hard rods onto an equivalent system of hard-point particles
following Eq. (1). In this representation, there is a corresponding (velocity) tagged point
particle which also undergoes exactly n,¢(t) and ng.(t) collisions from the right and left,
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respectively. Denoting the joint probability distribution by P (n,¢, ng, t), one can formally
write the distribution of X at time ¢ for the quasiparticle (tagged rod) as [7]

P(X,t) = Z Z@(nrg,ngr,t) 5(X —vot — a{ne — ngr}). (A.2)

At time ¢, the tagged point particle moves to position vgt, while the other particles, having
random velocities, will reach different random positions. For a point particle with velocity
chosen from the distribution % (v), the single particle propagator to reach y at time ¢
starting from Z is given by

oo

4(y,t|z,0) =/

—0o0

dv 6(y —  — vt) h(v) = 1;%(9;:”) (A.3)

Thus, the probability that a particle, starting from Z, can be found below z at time ¢ is

z

g (2,1]7,0) = / dy g (y.1|7.0), (A4)

—0o0

and the probability of finding it above z at time ¢ is

(0.0
0-(,tfa.0) = [ dy g(y,t12.0), (A5)
z

Note g <(z,t|z,0) + g>(z,t|z,0) = 1 as it should be.

To compute the joint probability % (n, m,t), one can imagine the motion of hard-point
particles as of non-interacting particles similar to Jepsen mapping [25]. In this case, since
the particles on the left of the quasiparticle do not interact with those on the right, the
joint probability P (n,m,t) can be written as P (n, m,t) = P.(n, t)Pe(m,t) where P, (n,t)
is simply the binomial distribution of choosing n out of the N particles initially on the
right to reach on the left of the quasiparticle at time ¢. Hence we have

ommn = (%) (5] (5] () [P e

where

prﬁ(t) = /0 dx g<(v0t,t]§7,0) @T(i’)v pT‘T’(t) =N — Pre,
0 (A.7)
pee(t) = / dz g<(vot,t|z,0) @u(Z), per(t) =N — puy.

—00

Note p’"‘T(t) represents the probability that a particle starting on the right of the quasi-
particle ends up on the left of it at time ¢. A similar interpretation holds for the other
probabilities.

Given P(n,m,t), the moment generating function (MGF) of the displacement of the
quasiparticle displacement X (t) can be determined as Z(q,t) = (e~*X®). Using this
function and following Eq. (A.2), the exact expression for P(X,t) can be derived [7].
Furthermore, in the limit of large N, the authors in Ref. [7] demonstrated that the typical
distribution of the position of the quasiparticle follows a Gaussian form

1 X —(X))?
P(X,t) = m exp <_(2<X<2>c>)> , (A.8)
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characterized by the mean and variance as given in Eq. (7). For the homogeneous density
of the background rods, say oo, which gets transformed to uniform density g = _"290 for
point particles, the mean and the variance takes the explicit forms given in Eq. (12).

The Gaussian distribution in Eq. (A.8) with variance growing linearly with ¢ in Eq. (12)
seems to suggest that the quasiparticle effectively moves like a Brownian particle. In order
to get more evidence on this anticipation, next, we look at the correlation of its positions
at two different times.

A.1 Two-time correlation function of single quasiparticle

As in the previous section, the positions of the quasiparticle at time ¢; and t5 can be written
in terms of the number of collisions it has experienced till time t; and to, respectively.
Similar to Eq. (A.1) one writes

X (t1) = vot1 + a[npe(t1) — ner(t1)],
X (t2) = vota + alng(t2) — ner(t2)],

where we assumed the quasiparticle starts at the origin with velocity vg. Initial configu-
rations of the background rods, N on the left and N on the right, are chosen in the same
way as in the previous section. Without any loss of generality, we assume to > t7.

Since the collisions giving rise to the jumps in the displacement appearing till time #;
also contribute to the displacement at time to > t1, the positions at the two times get
correlated. More elaborately, the quasiparticle undergoes additional An,.¢(t2) = [ne(t2) —
nye(t1)] collisions from the right and Ang,.(t2) = [ng-(t2) — ner(t1)] collisions from its left
to reach X (t2) at time ¢o.

We proceed by defining the MGF F(q1, qo, t1,t2) = (e *0X ()12 X(t2)) " Ingerting
the expressions of X (¢1) and X (¢2) from Eq. (A.9), £ can be written as

(A.9)

Z(q1, g, t1, o) = e~ "IV eI 3(gy gy 1y, 1), (A.10)

with

3(q1,q2,t1,t2) = Z Z Z Z e~ Hata)an —igalngi(aitaz)am gigzalim

n=0 An=0m=0 Am=0
X P(An, Am,to;n,m,t1), (A.11)

where P (An, Am, ta;n,m,t1) represents the joint distribution of An,.¢(t2), Ang.(t2), n.e(t1),
and ng,(t1). Once again, it is convenient to compute this probability considering the dy-
namics of the corresponding point particles. It is easy to see that, due to the ballistic
motion of the particles, the additional number of collisions, An, experienced by the quasi-
particle from the right during the interval [t1,t2] must originate solely from the remaining
(N —n) particles that were still to the right of the quasiparticle at time ¢;. Similarly, Am
collisions must originate from (N — m) particles still on the left of the quasiparticle at
time t1. Hence, one can write

P(An, Am,ty;n,m,t1) = Po(An,to;n,t1) X Pr(Am,ta;m,ty), (A.12)

where Py(An,to;n,t1) represents the probability that the quasiparticle faces n and An
collisions from right in time durations ¢; and ty — t1, respectively. Similar interpretation
holds for P, (Am,ta;m, t1). It is easy to show that

it = (V) [22]" (2] ") (V") ot a2,

(A113)
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where p,y and p,, are given in Eq. (A.7) and,

1 [e%¢] [e'e] vot2
Gt = —— / dz / day / dzy g(x2 bolor,t) (2, t|7,0) ¢p(z),  (A14)
Drr 0 vot1 —00

and ¢qp = 1 — qy. Here, g4 represents the probability that a particle starting on the
right of the quasiparticle reaches a location on the left of it at time t5 given that it was
on the right at an earlier time ¢;. Hence, the first factor in Eq. (A.13) represents the
probability that n out of N particles initially on the right of the quasiparticle move to the
left of it at time ¢;. The second factor represents the conditional probability that out of
the remaining N — n particles on the right at time t;, An particles move to the left of the
quasiparticle in duration to — t1. Similarly, one can write

N r m (me) N - m —m—Am
Pr(Am, ta;m, ty) = <m> [%] [%} X( Amm> [aeer] ™™ [aeed N 2™
(A.15)

with
1 0 vot1 [e'e]
o = — [ de / day / dzy g(x2 tolr1,th) g(z,0|7,0) we(@),  (A.16)
P J - —00 vot2

and qge = 1—quer. Using the forms of Py and P, from Egs. (A.13) and (A.15) in Eq. (A.11)
and performing the sums, we get

F(qo, ta,q1,t1) = e "BV TRV (0 g0ty 1) B (—q1, —q2, 1, 12), (A.17)

with,

N
Bre(qr, q2,t) = |1+ % (6_i(q1+q2)“ - 6‘“12“) + % (6_“72“ - 1)] ;

N (A.18)
ot = [t 2 s o) B )]
where p,¢, pg- are given in Eq. (A.7), and

In the limit N — oo, the expression of the MGF as in Eq. (A.17) becomes

Z(qa, to, qu, 1) = e NN PR oxp [pre(e_i(qﬁ(p)a — BN o prg(e” R0 — 1)]

X exp [pgr(ei(qﬁq?)“ — €"2%) 4 By, (€' — 1)} (A.20)

Expanding the e=%91:2% terms up to quadratic order in q1,2 we find

Z(q2,t2,q1,11) = exp ( —iq1 [vot1 + a(pr — pir)] — 1q2 [vota + a(y — ﬁlﬁ])

2.2 2.2
X exp ( - % [pri + p1r] — % (vt + D] — q1q20* [py + m]) :

(A.21)
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Consequently, the average values of the displacements X (¢1) and X (¢2) comes out to be

(X(t1)) = vot1 + alpr — pir), (X(t2)) = votz2 + a(pri — Dir), (A.22)

whereas their variances appear to be

(X2(t1)) = a(pr + pir), (X2(t2)) = a*(Br1 + Pir)- (A.23)

Taking derivatives with respect to both q1, g2, one gets the two-time correlation function
as

d?>InE (g2, t2, q1,t1)

2
= a”(pr + Dir), A.24
dgq1dgs 1=0,g2=0 (e ) ( )

(X(t1) X (t2))e = =

as in Eq. (11).

B Derivation of Eqgs. (29) - (31)

We start by defining the MGF

I(QI,(DJ) _ <e—iQ1X(t)e—iQQY(t)> — e~ tq1vot ,—ig2(Yo+uot) 3((11’ q27t)7
where, (B.1)

3(q1, qo,t) = <e—itha[nrz(t)+nm/z(t)—mzm(t)—nh(t)] e—iqw[nrm(t)-i-me(t)—nmr(t)—wr(t)}> )

This 3(q1,g2,t) can be written explicitly as

N N-ng. N N-ngg N —Npe

Q1, CI27 Z Z Z Z Z Z nT‘ma Nty s Moy Mooy ity t) (B 2)

10 =0 10, =0 1.0 =0 N1, =0 M1, ¢ =0 170 =0

w ety () Fnme () =nem () —ne(6)] g—iqzalnem (£)+nre(t) —nms (£) —ner (1)) ’

where P(nym, ey ey Nnr, Nem, Ner, t) denotes the joint distribution of the number of
different collisions (see Fig. B.1). To compute 3(q1, g2,t), one requires an expression of
this joint probability. Following similar arguments presented in Sec. 3, one can realise that
this distribution has the following structure

Qé(n,rm, Nty ity M5 Ty Ty t) = gbr(nrrm Ny, t)gém(nmb Ny, t)gbl(nfmy ey, t), (B.3)

because the initial statistics of the particles on the left of the position of the quasiparticle
at Xy, right of the position of the quasiparticle Yy, and in between them are essentially
independent of each other. The probabilities &,., % and P,, are given explicitly as

N N — r rm N—npm—mne
P (s 1 £) = g\ [Pre] " [Prm )" [ 1 P Dre |
Nre Nrm N N N

N N — Nom N N—=npme—nmr
@m(nméynmra t) = ( ) < nm[) [p—iw} ‘ [pTT] |:l — p1n£+_pm'r:| ’

Nme Nmr N N N
N\ (N — g\ [Per 1™ [ Do ] e Dom + Do N—ngm—nter
Pi(1em, ers 1) = (W ) ( e 7") [WT} [Wm} 1— % ,
T m

(B.4)
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where

oo (B.5)

with gm(z,x,ﬂa_@,(]) = le“ dy g(yat|j70) = g_<(l',t’.f,0) - g_<(2,t|i‘,0) and7

Yo
P (f) = / 4z g (yo + uot, 1], 0)pm (2),
0 (B.6)

Yo
P(t) = / 0z g<(vot, 12, 0)pm (&),
0

with yg = Yy — (N + 1)a, which is the separation of quasiparticles in the point particle
picture. Note the function g,,(z,z,t|Z,0) represents the probability that a particle, ini-
tially at z at time ¢t = 0, is found in the range [z, z]. Performing the sums in Eq. (B.2)
one finds explicit expression of 3(q1, g2,t), using which in Eq. (B.1), one gets

z((h; QQ,t) _ e—b’qlvot e—iqg(YO—‘ruot) [1 + (e—iq1a o 1) LVILE + (eiqza . 1) pTT}N

N N
X [1 + <e—ia((I1+Q2) _ 1) % + (6_““72 B 1) pTWm}N (B.7)
X [1 + <eia(q1+q2) _ 1) % + (efan — 1) pgﬁ]]\f

For finite N, we take the limit of large N and L keeping the ratio finite. Expanding the
exponent to quadratic order in (ga), we get the following approximate expression

Z(q1,q2,t) = exp [ —1q1 (vot + a(pre — peor — pm)) — 12 (Yo + uot + a(pre + Prm — plr))

2 2
q q
- 5@2 (pre + pem + por) — 52&2 (pre + Prm + per) — q1020* (pre + per)
N
2.2 2.2
. qgia Pme . gsa Pmr
X [ 1q1a + 5 N + (tq2a 5 N

(B.8)

where the functions p,s, ps- etc. can be defined in terms of the propagator g< as given in
Egs. (B.5) and (B.6). Taking derivatives of —InZ(q1, g2, t) with respect to ¢; and ¢z, one
finds the cumulants of X (¢) and Y (¢) given in Egs. (29) - (31).

B.1 Mean, Variance and covariance in case of domain-wall initial con-
dition

In Sec 4, we obtained the exact results for the mean, variance, and covariance of the

positions of two quasiparticles, which were initially positioned at X(0) = Xy = 0 and
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time

Figure B.1: Schematic diagram illustrating the evolution of two quasiparticles,
marked as red and blue, moving in a system of N = (2N + N) hard rods. These
quasiparticles are initially positioned at X (0) = Xo = 0 and Y (0) = Yy > 0 with
velocities vg and ug > vg, respectively. The system at t = 0, consists of N rods
to the left of X, N rods to the right of Yy, and N rods between X and Y. Here
ny¢ (ngr) represents the number of rods that were initially to the right (left) of Yj
(Xo) and then collided with both X (¢) and Y (¢) during the time interval t. n,.,
(nem) be the number of rods that were initially to the right (left) of Yy (Xo), that
collided only with Y (¢) (X (¢)) during time ¢, and similarly 7,,,¢ (nmy) depicts the
number of rods that were initially present between Xy and Yy and which collided
with X (¢), (Y (t)) during time ¢.

Y (0) = Yp. These results, presented in Egs. (29) - (31), hold for any arbitrary initial mass
density profiles. Here, we specialize to the case of a domain-wall initial condition, where
; denotes the mass density profile to the left of Xg, ¢, to the right of Yy, and ¢,, in the
region between Xy and Yy. Explicit expressions for mean, variance, and covariance for
this case are given as follows:

(X (1)) = vt + at (2, F(v0 — yo/) = 9eF(v0) + om | F(vo) = F(vo — 0/%)] ).

~ B - (B.9)
(Y (1)) = Yo + uot + at (9, F(uo) — 9T (w0 + yo/t) + om | T (w0 + 10/t) = F(uo)|),
(X2(0)e = a9 F (w0 = yo/t) + 6T (v0) + o (Fvo) — F(vo = yo/1))]
- ?\—j%ZntZ [5(110) — F(vo — yo/t)r,
_ . . (B.10)
(V2(1))e = a0, (w0) + 0eF (o + yo/t) + P (F(u0) — Fluo + yo/1))
a? — -
~ SR [T (o) — Tuo + 30/0)]
(XY (1) =a® 0T (v0 = yo/t) + 9T (w0 + yo /1)
. i i (B.11)
27 un) o0 — 90/0)] [Fu0) — Fo + /1)
(Y = X))o =at| o0 (Fluo) = F(vo = y0/)) + 1T (w0) = Fluo + yo/1) )
+ o F00) = Fvo — y0/8) + Fluo) — Fluo +30/4))| (B.12)

CL2 2 42 — T
SDNmt [(?(vo) = F(vo —yo/t) + (F(uo) — F(uo + yo/t))r’

where F(v) and F(v) are defined in Eq. (25). As observed in the case of a homogeneous
state, the mean positions of quasiparticles in this setup grow ballistically with an effective

27



SciPost Physics Submission

velocity. On the other hand, linear growth of the variance of the individual quasiparticles
indicates diffusive behavior. However, using Eq. (B.12), at large time limit, for ugp = v
(i.e. when the quasiparticles have the same velocities) the variance of the separation of
the two quasiparticles becomes

O () [ oo e ]

0o Vo

SO = 20 (22) = () () )

(B.13)

This once again indicates that the two quasiparticles are performing a rigid-body-like
motion at late times.

C Quasiparticle dynamics with quenched initial condition

In Sec. 4, we discussed the dynamics of two quasiparticles evolving within a background
of interacting hard rods under annealed initial conditions, using a microscopic framework.
In this section, we revisit the dynamics under quenched initial conditions (as described
in Eq. (65)) and derive statistical properties of two quasiparticles, initially positioned at
X(0) = Xo = 0 and Y (0) = Yy > 0 with velocities vy and wg, respectively. We further
assume that there are N rods between the two quasiparticles. To compute the mean,
variance, and covariance, we once again evaluate the moment generating function

F(q1,q2,t) = <e—iq1X(t)e—iQQY(t)> — e~ tavot ,—ig2(Yo+uot) 3(q1, g2, 1), (C.1)
where,

N N— Ner N N— Nry N —MNme
th% § § E § E E 9) nrmanréanmbnmranfmanérat) C.9
Mo =0 10y, =0 17-p=0 1, =0 Ny 0 =0 My =0 ( : )

X e_iQIa[nré(t)+nm€(t)_nﬁm(t)_nir(t)] e_iq?aa[n"‘m(t)+nr€(t)_nm’f‘(t)_nér(t)},

and P (N, Ny Nmes M, Nem, e, t) Tepresents the joint distribution of the number of
distinct collisions experienced by the quasiparticles at time ¢. To evaluate E(q1, q2,t), we
begin by computing the corresponding joint distribution within the point particle repre-
sentation. Below we assume wuy > vg to present the calculation of the MGF Z(q1, ¢2,1),
however, the procedure can be easily extended for the opposite case as well.

Since, the dynamics of the point particles to the left of Xy, to the right of Yy, and those
positioned between X and Y are mutually independent, the joint probability P(n,, =
My Mg = Ny My = Sy M = T Mg, = [, g = 1, t) at time ¢ can be factorized as

P(m,n, s, v, t) = Pr(m,n, )P (s, 7, 6)Pe(p, v, t). (C.3)

We assume the initial positions of the point particles, right of Yy are denoted as {Z;} (with
j=1,2,...,N), those to the left of X are represented as {Z} (k=1,2,...,N), and the
positions of the point particles between Xy and Yy are denoted as {#;} (I =1,2,...,N).
Now, recall in terms of the propagator as in Eq. (A.3) we can write the probability
that a particle, starting from Z, can be found below z at time ¢ is g<(z,t|Z,0) and the
probability of finding it above z at time ¢ is g~(z,t|z,0). Similarly, the probability that
a particle, starting from Z, can be found between z and = at time t can be represented
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as gm(z,z,t7,0) = g<(x,t|z,0) — g<(2,t|Z,0). In terms of these probabilities, one can
write the distributions P, (m,n,t), P (s,r,t), Pe(p, v, t) in a similar way as discussed in
Ref. [7]

N
H ( Z > 9e; (t175) 525.21(56].,0),” 52?_1(5%1),”1]7

€;=0,1,2

N
gsg(u’ Vs t) - [H ( Z > gek(t‘jk) 62?:1(561@,1)7# 52?_1(5%,2),1/]’ (04)

k=1 \ €,=0,1,2
N

93m<37 T; t) = [H ( ; 2> gel (t‘:rl) 52{\11(551’0)78 5211\]1(66172)77‘] )
= a=u,1,

where the probability g.(t|z) can be interpreted as follows: for ¢ = 0 it represents the
probability that a particle, starting from Z, can be found below vyt at time ¢, for e = 1 it
corresponds to the probability that a particle, starting from Z, can be found between vyt
and (yo + upt) at time ¢, and similarly for € = 2 it denotes the probability that a particle,
starting from Z, can be found above yg + ugt at time ¢. This leads to the expression

9e(t1Z) = g<(vot, t|Z,0)0¢.0 + gm (Yo + uot, vot, t|Z,0)de1 + g (Yo + uot, t|Z,0)dc 2. (C.5)

The Kronecker deltas 529’:1(66].,0)@ and 5Z§V:1(5ej,1)7m in the first line of Eq. (C.4) re-

spectively ensure that in the point particle representation, out of the N particles initially
located to the right of the origin, n particles have moved to the left of the position vgt by
time ¢, while m particles have reached positions between vgt and (yo + ugt). Similarly, the
Kronecker deltas in the second line enforce that out of the IV particles initially located to
the left of the origin, u particles have reached positions between vot and (yo + uot), while
v particles have right to the position (yp + uot) by time ¢, and the Kronecker deltas in the
third line represents that out of the N particles initially located between the quasiparti-
cles, s particles have reached positions left of vgt, while r particles have reached positions
right of (yo + uot). It is worth noting that under the annealed initial condition, the distri-
butions P,.(m,n,t), P (s,r,t), Pe(p, v, t) as in Eq. (C.4) reduces to the form obtained in
Eq. (B.4).

To proceed further, we first use the integral representation of the Kronecker delta,
Ono = ffﬂ df ¢ in Eq. (C.4), and performing some simplifications, we express the
equations as

N

1 T T —in —im i =
Pr(m,n,t) = H/ do, dfy e~ tn01emimbe H [1 + (" — 1) g (vot, t|7;,0)
-7 —7 j=1
+ (€ — 1) g (yo + uot, vot, t|Z;, 0)],
1 s s N
Prn(s,7,1) = m/ Xm/ dxs e Xtem X2 H {1 + (e = 1)g<(yo + uot, t|Z;,0)
- - 1=1
+ (ei)@ - 1)g> (Uota t|i‘l7 O):| ’
1 ™ ™ N
952(#7 v, t) = m / d€1 / dfz 67”}’516711/52 H |:]. + (6161 — ].)gm(yo + uot, Uot, t|fk, O)
- - k=1

+ (€ — 1)gs (yo + uot, 131, ).
(C.6)
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Recall, in the quenched case, the initial positions {Z;} are arranged in such a way that
in the thermodynamic limit, they correspond to a well-defined macroscopic mass density
profile ¢,(Z). This mass distribution function is in general defined separately for right
to quasiparticle Y (t), denoted as ¢4 (%), left to quasiparticle X (), denoted as ¢, ¢(Z)
and between the quasiparticles X (t),Y(¢), denoted as ¢y m(Z). One can simplify the
distribution in Eq. (C.6) by rewriting it as an integral over ¢g . /¢/m (7). First we write
the product over k inside the integral in Eq. (C.6) as exponential of sum over k£ and then
approximating this sum by an integral over z with density ¢, /¢/m (). Here we use the
approximation of the summation Y, f(Zx) ~ [ dZ ¢4(Z) f(Z) with the mass density ¢4(Z).
With this approximation Eq. (C.6) can be written as

1 o0 o0 o .
Pr(m,n,t) = 47r2/ dql/ dga exp !/ dz g, (z)In [1 + (e7telataz) _1)g_(vot, t|z,0)
—o0 —o0 Yo

+ (e—imp — l)gm(vot, Yo + ugt, t’j, 0)]] eian(fh +Q2)eiamlb7

1 o] o) Yo .
Pols,rit) = 3y [ dar | dcmexpl | a5 ent@m 1+ 5~ Dot + ot t42.0)

—00

4 (e—iaqz _ 1)g> (’Uot, t|i’, 0)}] eiasq1 eiarth,

—00 —00

1 oo oo 0 )
Po(p,v,t) = 4772/ dql/ dgs exp [/ dz q(T)In [1 + (e7telate) _ 1) g (yo + uot, t|Z, 0)

+ (efiaql _ l)gm(vot,yo + uot,tlir, 0)]] eiav(Q1+q2)eiaMQ2_

Once we know P (m, n, s, r, u, v, t) following the expressions of P,.(m,n,t), Pr (s, 7, t), Pe(p, v, t),
the moment-generating function of the X (¢) and Y (¢) can be computed as

E(q1,qo, t) = e " nvolem 20Tl F (g gy 1) Fo(—qr, — g2, t) Fm(q1, g2, 1), (C.7)
with
SET,Z(Qly 4, t) _ Z e—ian(Q1+Q2) e—iam(h 95T7€(m7 n, t),

n,m

Enlq1,q2,t) = Z e SN ARG (5 1 ).

S,

(C.8)

We substitute the probability distributions in Eq. (C.7), expand the factor e~*41.2% to
quadratic orders in ¢ 2a, as done in the annealed case, and then take the limit of large
N. We get

Z(q1,q2,t) = exp l— iq (vot + a(pre — Per — Pem +pme))

- T/Q2 (}/E) + ’U,()t + a(p’ré + Prm — Por — pmr))

2
q
- 51042 (pré + Dem + Por + Pme — Wre — Wem — Wer — Wine — 2w€rm)
- Q1CI2a2 (pré + Por — Wrg — Wer — Wrpm — Werm + wm&")

2
q
_ B

2

(C.9)

(prl + Prm + Der + Pmr — Wrp — Wepm — Wer — Winy — 2wr£m) )
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where, pg-(t), Pem(t), Pre(t), Drm (t), Pme(t) and pp,r(t) are the same as in Egs. (B.5) and
(B.6), except now the distribution functions ¢, o/, (Z) are replaced by @g ,/¢/m(T) and

0
wep(t) = / 4z 9% (yo + uot, 1, 0)y.e(),
—00

0
wfm@) - / dzx grzn(votay() + uOtat’jv 0)()0(175('%)7

—0o0

wye(t) :/ dz gi(vot,t\a’:,O)npq,r(j),
y

0

o0
wrm(t) = / dz ggq(Uot, Yo + uot, t|ja 0)90q,7”(i‘)7
Yo
Yo )
Wi () = / dx g>(3/0 + U0t7t|j>0)@q,m(f)a (C.10)
0
Yo )
wne®) = [ do g (et t}2,0)23,m(2)
O o0
w'r‘fm(t) = / dz g< (Uotv t’i‘a 0) gm(Uot, Yo + Uot, t|j7 O) @q,r‘(f)a
Yo
Yo
i) = [ d5 g (o0t 17.0) g (0 + w0t 112,0) 4 (o),
0

0
Werm (1) = / dz g (yo + uot, t|Z,0) gm(vot, yo + uot,t|Z,0) @q4¢(T).

—0o0

Taking derivatives of — In (g1, g2, t) with respect to ¢; and g9, one can compute the mean,
variance, and covariance of the positions of the quasiparticles X (¢) and Y (¢) at time ¢.
For the mean positions, we get

(X(8)) = (vot + apre(t) = pir(®) = pem(t) + Pe(®)] ),

V(1)) = (Yo + uot + alpre(t) + prn(t) = pee(t) + pinr ()] ) (C.11)
Similarly, the variances and covariance of the position X (t) and Y (¢) at time ¢ become

(X2(t))e = a® (pre(t) + pem(t) + per(t) + Pme(t)

— Wyp(t) — Wen (t) — W (t) — Wine(t) — 2wWprm, (75))7
(Y2(t))e = a® (Pre(t) + Prm () + Per(sy + Prur(t)

— Wre(t) = Wrm (t) — wer () — Wy (t) = 2wpem (1)),

(XY (t))e = a? (pré(t) + per(t) — wre(t) — wer (t) + Winer (1) — Wrem () — wlrm(t))~
(C.12)

It is important to note that these expressions hold for the general initial distribution of
hard rods. Noting from Egs. (C.11) - (C.12), the mean of both positions X (¢) and Y ()
coincide with the annealed initial condition; however, the variances and the covariance of
the displacements are smaller in the quenched case than in the annealed case. In the limit
where the initial condition corresponds to zero separation between the quasiparticles (i.e.
yo — 0), the mean of the position X (¢) and Y (¢) at time ¢ becomes

(X(8)) = (vot + alpre(®) = per(t) = pom(®)] )5 (Y () = (ot + alpre(®) + Prm () = per (1)]),
(C.13)
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and the variances of the position X (¢) and Y (¢) at time ¢ and the covariance of X (¢) and
Y (t) can be written as

<X2 (t»c = a2 (prf(t) + Pem (t) + per (t) — Wyyp (t) — Wym (t) — Wer (t) — 2Werm (t)),
(Y2(t))e = a® (pre(t) + Prm(t) + per(t) = wre(t) = wem (t) — wer(t) = 2wpem(t)),  (C.14)
(XY ()= a’? (prf(t) + per(t) — wre(t) — wer (1) — wrem (t) — wfrm(t))~

In Sec. 7, following Egs. (C.13) - (C.14), we compute the explicit expressions for the
mean, variance, and covariance assuming a uniform mass density gy for the background

rods, in which case the corresponding point particle density is also uniform with value

— Q0
0= Tago-

D Diagonal approximation for the diffusion kernel

According to linear response theory, the linearised hydrodynamics in Eq. (69) also de-
scribes the evolution of the dynamical correlator

S(a,t;0,0') = (f(z,0,0)£(0,2",0)) — (£(w,v,0))(£(0,2, 0)), (D.1)

where £(x, v, t) is the empirical single particle phase space density at time ¢, and the average
is performed over the generalized Gibbs ensemble at infinite volume. The dynamical
correlation in Fourier space is defined as

/da: e* Sz, t;v,0") = S(k, t;v,0'). (D.2)

For a one-dimensional gas of hard rods in equilibrium with background density pg and
velocity distribution #(v), satisfying f(v) = #f(—v), Lebowitz, Percus, and Sykes [10]
computed the exact dynamical correlator of hard rods. The exact solution for the dynam-
ical correlator can be written as the exponential of a generator defined by,

S(k,t;v,0") = (v| S(k,t) [v") = (v] eP=S(k, 0) |v'), (D.3)

where S(k,0;v,v") = Cg(v,v') with Cy(v,v’) being the static correlation in equilibrium.
Note, here By, and Cj, are linear operators acting on functions in velocity space, which are
given explicitly by [10]

Culw) = 00 [R(0) 50 =) + ((a(b)? + 8D~ DA@A)]. (D)
By (v,0") = [iB(k)v — a(k)pu(v)]6(v — v) + a(k) A (v)|v — V|
—1(B(k) = k) ()" =L [B(k) — k™ (alk)® + B(K)*) ] vh (v), (D.5)

where gg is the mass density of rods, related to the point particle density by ¢o = 00/(1 —
agp). Furthermore,

a(k) = po(1 —cos(ak)), p(k) =k+ posin(ak), pv)= /dv'|v —J @), (D.6)

Our interest is in the large-scale behavior of the dynamical correlator. For this purpose,
we expand the operators up to quadratic order in k

By ~ikA — IDK*,  Ci(v,v") ~ Co(v,v") + $k*Clgj(v,0"), (D.7)
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where,
A(,0") = vegt (0)8(v = V') + apovesr (V) (v) — apoh (V) (D.8)
D(v,v") = a®pg [6(v — v )u(v) — A(v)jv —'[], (D.9)
Co(v,v') = eo [A(v)d(v = v') + ago(ago — 2)h(v)A (V)] , (D-10)
Cpyy(v,v') = 3a°(1+ apo) (1 + Jpo)ogh (v) R (v'), (D.11)
with the effective velocity defined as
vett (v) = (1 + apo)v = _Uago, (D.12)

and Cy(v,v’) is the integral kernel of the static correlator. If we expand the Euler equa-
tions around the equilibrium distribution gof(v), the fluctuations evolve according to
the operator 1kA. On general grounds, the operator ACy is expected to be symmetric,
which is verified. To exponentiate by 1kAt, one has to diagonalize A which is achieved by
R7YAR = Vg where (v| Vog [v') = vegg(v)5(v — ') and

(
(

satisfying R"!R =1 = RR™!. Then, the time-evolution operator can be written as

(v| R|v") = R(v,v") =
(v| 71 [v) = R~ 1(v,")

) V') — agoh (v),
4] V") + apoh (v), (D.13)

v —
v —

815 — RR—leiktARR—l _ ReiktRflARR—l — Reik’t‘/eﬂ‘R—l’ (D14>
whose integral kernel, denoted by J;(v,v’), takes the following form
3t(v7 Ul) :(5(’0 o /U/)eik:t Vg (V) agoﬁ/(v)eikt Vet (V') + ag&ofb(v)eikt Vet (V)

) D.15
- aQQO‘POﬁ(U)/dw h(w)e”“t Vet (W) ( )

Now, extending up to quadratic order, we add the diffusive term D in the generator.
Surprisingly, one finds

R'DR =D, (D.16)

which allows one to merely add the diffusive correction D to A, in Eq. (D.7). Hence the
time-evolution operator e'®¢, with By, given in Eq. (D.7), can be written as

k2Dt

e!Br = RR71e!BrRR™ = R ekt Ver ="~ R71, (D.17)
Using this in Eq. (D.3) we write
N ~ . 2y ~
S(k,t) = eBrS(k,0) = R ekt Ver =" R=1G(k. 0), (D.18)

where recall S(k,0) ~ Cy + %C[z] (see Eq. (D.7)). One can neglect the contribution
from O(k?) correction (Cpy) to the static correlator, as in real space, combined with the
Gaussian kernel, this would yield a correction of order 1/¢ which is subleading. Since the
operators Vog and D do not commute, no further simplification appears to be possible in
Egs. (D.18). Note that from Eq. (D.18) or directly from Eq. (D.3) it follows that

oSk, t) = (isz - k;D) S(k,t), (D.19)
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in agreement with the HD equation (69), linearized around generalized equilibrium. In
the Euler frame the correlation, defined as S¢(k,t;v,v') = e **4tS(k, t;v,') evolves as

. kK2 . i A A
0S°(k,t) = == e M ADe ™ALk, 1),
k‘2
T2
k? k3t

= |-5 D+ i~ Ve, D] +0 (kY| S°(k, 1), (D.20)

R e tktVett petktVet R=1G€(f; ),

where [Veg, D] # 0 is the commutator between the two operators. In kinetic theory, the
relaxation time approximation is very common, which amounts to keeping only the pu(v)
term i.e. D & Dgiag With (v| Dgiag [v') = d(v—v")a?pg p(v). The rationale for the diagonal
approximation is that u(v) results in a continuous spectrum, while the off-diagonal term
has a pure point spectrum. In a similar context [26], for a wave kinetic equation in one
dimension, the second-order resolvent expansion was used to confirm the relaxation time
approximation.

With the above diagonal approximation for D and keeping terms up to quadratic order
in k, Eq. (D.20) becomes

N k2 N
0pS¢(k,t) ~ —?Ddiagse(k, 0). (D.21)

Ferrari and Olla [1] establish a Langevin equation for the empirical density on one-particle
phase space valid up to the diffusive time scale. The covariance computed from this
equation agrees with (D.21).
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