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Abstract

We analyze Su—Schrieffer—Heeger (SSH) models using the doubling method for orthogonal poly-
nomial sequences. This approach yields the analytical spectrum and exact eigenstates of the models.
We demonstrate that the standard SSH model is associated with the doubling of Chebyshev poly-
nomials. Extending this technique to the doubling of other finite sequences enables the construction
of Hamiltonians for inhomogeneous SSH models which are exactly solvable. We detail the specific
cases associated with Krawtchouk and g-Racah polynomials. This work highlights the utility of
polynomial-doubling techniques in obtaining exact solutions for physical models.
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1 Introduction

Exactly-solvable models of quantum-many body systems play a significant role in our understanding of
emergent phenomena, such as long-range order [1] and quantum phase transitions [2-5], entanglement
measures [6—8], relaxation dynamics out of equilibrium [9-11], or the impact of spatial inhomogeneities
on physical properties [12,13].

The Su-Schrieffer-Heeger (SSH) model is a prominent example of such models, and was originally
introduced to describe polyacetylene [14], where carbon atoms form a dimerized chain with alternating
strong and weak bonds. Owing to this alternating bonding pattern, the model hosts symmetry-
protected topological excitations and represents the simplest quantum many-body system exhibiting
such features [15]. The SSH model is exactly solvable with free fermion techniques, but nonetheless
describes experimentally realized topological phases [16], making it a paradigmatic framework for
studying topological phase transitions in condensed matter systems.

In this paper, we use the mathematical properties of orthogonal polynomials and their doubling
to revisit the solution of the standard SSH model and construct different solvable inhomogeneous
generalizations. A strong relationship exists between orthogonal polynomials of the Askey scheme
and free-fermion models. This connection has already yielded exact results for inhomogeneous XX
or XY spin chains [17, 18], and free-fermion models on various graphs [19-22] or higher-dimensional
lattices [23]. Moreover, it allows for the analytical investigation of physical properties, such as perfect
state transfer or entanglement measures [24-28].

The doubling procedure for orthogonal polynomials consists in combining two families of orthogonal
polynomials in an appropriate way to produce a new one [29,30]. This approach allows one to construct
and diagonalize a symmetric tridiagonal matrix whose eigenvectors are expressible in terms of the
original polynomial families. The resulting tridiagonal matrix has particularly nice features: the
elements on the sub- and super-diagonals alternate between two sequences, t and t;, describing
the alternating strength of the bonds and their inhomogeneity along the chain. We show that this
construction provides a new perspective on the standard solution of the SSH model and enables the
definition of a broader class of exactly solvable inhomogeneous SSH-like models.

Outline of the paper. The paper is organized as follows: in Sec. 2 we show that the eigenvalues and
eigenvectors of the SSH model can be related to the well-known Chebyshev polynomials and to their
doubling. Section 3 extends the doubling procedure to any finite sequence of orthogonal polynomials,
leading to new models that generalize the SSH model while remaining exactly solvable. Finally, in
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Figure 1: Representation of the usual SSH model with open boundary conditions.

Secs. 4 and 5, we illustrate the general construction using two specific families of discrete polynomials
from the (g-)Askey scheme: the Krawtchouk and ¢-Racah polynomials.

Notations. We recall here the definitions of the generalized (g-)hypergeometric functions used in
this paper. The generalized hypergeometric functions [31,32] are defined as

n
—-n, ai, ag, -+, ar (—’I’L,GI,GQ,"' 7a7’)k k
F, = 1.1
rH T( b1, b, ---, by z) kgo ENby,bay -+ bp )i = (1.1)

for r,n non-negative integers, and where the Pochhammer symbols are
(b1,b2,- -+ b )k = (b1)k(b2)k - (br) Ok =bb+1)---(b+k—1). (1.2)

The g-hypergeometric functions [31,32] are defined by

n
q_nv ay, az, -+, Qr (q_n7a17a2)"' 7a7“;q)k‘ k
16 g7 ) = o, 13
T+ T( b1, bz, -+, by ) k:ZO (b1, by, bry 45 Q) (13)

for r,n non-negative integers, with the g-Pochhammer symbols given by

(01,62, b @) = (013 k(b2 Qi+ (s )iy, BiQk = (1 —b)(1—gb)--- (1 —¢*1b). (1.4)

2 SSH model and doubling of Chebyshev polynomials

The SSH model is a one-dimensional free-fermion model with dimerized nearest-neighbor interactions.
We consider a chain with an odd number of sites, labeled from 0 to 2N and endowed with open
boundary conditions. The Hamiltonian H reads [14]

N
H = Z (t+C;$_2C2x71 + t_cgm_ICzp + h.c.)

=1
2N+1

_ T
= E Hy ey qcy—1,

z,y=1

(2.1)

(1)

where ¢;’ are the fermion operators satisfying the canonical anticommutation relations

{ijcy} =0z, {Carcyt =0= {C;rca 05}7 (2.2)
and t* are the dimerized interactions. For the standard SSH model, the hoping parameters read

146
e — (2.3)
2
with —1 < § < 1. We represent the chain described by the Hamiltonian in Figure 1, where the

alternating bounds are easily visualized.
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Figure 2: Representation of an inhomogeneous SSH model.

Because the full Hamiltonian H is quadratic in terms of the fermion operators, it suffices to di-
agonalize the (2N + 1) x (2N + 1) matrix H to obtain the eigenvalues and eigenvectors of H. This
matrix H is the single-particle Hamiltonian, and it reads

0 tt
tt 0t~
0 t— 0 ¢tF
H = _ : (2.4)
tt 0t~
t— 0

In the following, we consider solvable models with dimerized couplings tf which depend on the
position in the chain, thereby defining inhomogeneous SSH-like models. We represent a schematic
inhomogeneous SSH model in Fig. 2. To begin this study, we show in the following subsection that the
eigenvalues and the eigenvectors of the homogeneous SSH model can be obtained with the doubling [29]
of Chebyshev polynomials.

2.1 Diagonalisation by Chebyshev polynomials

In this section we show that the Chebyshev polynomials can be used to diagonalize the matrix H given
in Eq. (2.4). To do this, let us recall some basic properties of the Chebyshev polynomials of the second
kind, denoted as U,, (n =0,1,2,...). They can be expressed in terms of hypergeometric functions as

! 3 x) . (2.5)

Equivalently, using the substitution x = cos 8, they can be rewritten in trigonometric form,

sin((n + 1)0) .

sin @

—n, n+ 2
Un(:L‘) = (n+ 1) 2F1 ( 3

2

Un(cosf) =

With the trigonometric form, it is immediate to obtain the roots xy of U,,

km
= =1,...,n). 2.
T} = cos <n+1>, (k=1,...,n) (2.7)

Another well-known expression of U, is

(a+ m)"“ (- Va2 1)
Up(x) = T : (2.8)

The Chebyshev polynomials of the second kind satisfy the three-term recurrence relation

n+1

Up(z) =1, 22U,(x) =Upti(z)+Up-1(z), (n=0,1,2...), (2.9)
with the convention U_; = 0. We define a new sequence of polynomials (@), as
1446 1-6
QQN(‘T) = TU’H(WQP) + ?Un—l(ﬂ-m) 5 (210)
Qant1(x) = 2Un(my) (2.11)



where 7, is given as

T = 1_252352—11_22. (2.12)
Note that @, is a polynomial of degree n in . From the definition of @, it follows that
2Qon(2) = T 52 Qania(2) + T Qo (2] (2.13)
and
$Quniae) = 220 (m) = (155w + 155 ) U
L st + U ) + 20 )
= 1 Q@) + 5 Qo). (2.14)

To obtain the second line in the above relation, we have used the recurrence relation (2.9) satisfied
by the Chebyshev polynomials U, (m(x)). From Egs. (2.13) and (2.14), we verify that the vector Q(x)
given by

Q(z) = (Qo(x), Qi (@), ..., Qan())", (2.15)

is an eigenvector of H corresponding to the eigenvalue z, where z is a root of the characteristic
polynomial:

Qon+1(x) = 2Un(my) = 0. (2.16)
Therefore, knowing the roots of Uy in Eq. (2.7), the eigenvalues are given by
1— 42 kx 1+ 62
+
0, xk:j:\/ 5 COS(N—|—1>+ 5 (k=1,2,...,N). (2.17)

It is important to emphasize that the parity of the number of sites plays a crucial role in obtainig ana-
lytical results. Indeed, when number of sites is equal to 2/V, the corresponding equation to determine
the spectrum would be Qan(z) = 0. However the roots of this polynomial are not known explicitly in
general.

Remark 2.1. The construction of the sequence (Qy,)n can be seen as the doubling procedure introduced
in [29]. Indeed, let us introduce the sequence of polynomials (Vy,)y defined by

149 1-46

Vo(z) = TUn($) + 5 n—1(x). (2.18)

One can show that the sequence (Qyn)n is constructed from (Vy,), as

Qan(z) = Viu(ma) (2.19)

B z Viti(c)
Qan+1(z) = A+ 0)(m =0 <Vn+1(7ﬁv) - V:(c) Vn(”z)) ; (2:20)

—ifg;. This result follows from the relation

with ¢ =

Vi 1(0) . o+1
ke, o

which can be derived using (2.8). We conclude that the sequence (Qn)n is obtained by doubling the
sequence (Vi)n.



2.2 SSH model with non-vanishing chemical potential

The construction explained in Remark 2.1 is more general than the result used previously. Indeed,
instead of using (2.12), one may define

2 1+ 62
_ + -
Wx—m(x—ﬂ)(w—ﬂ)—ma (2.22)
and define the sequence (Qy)n by
1+9 1-96
Qan(x) = ?Un(ﬂx) + ?Un_l(mﬁ) , (2.23)
Qont1(z) = (x — M Upn(72) . (2.24)
Following the same computations as in the previous subsection, we find that the vector Q(z), whose
components are Qo(z), Q1(z),...,Qan(x) is an eigenvector of
/J,+ tt
ttouT ot
0 t put t*
H = , (2.25)
ttouT ot
t— ut
with z an eigenvalue chosen among
pt 4+ p £ \/(/fr — )2 +2(1+62) +2(1 — 6?) cos (Nk—j:l)
0, v = . (k=1,2,...,N). (2.26)

2

The parameters u* can be interpreted as a chemical potential in the SSH model, which can depend
on the parity of the sites.

3 Inhomogeneous SSH model from the doubling procedure

Inspired by the fact that the doubling procedure described in Remark 2.1 applies to any sequence of
orthogonal polynomials, we can use the previous construction to obtain new models that generalize
the SSH model and remain exactly solvable.

Instead of the Chebyshev polynomials U,,, let us consider a finite sequence of orthogonal polynomials
(Pn)i\f:_o1 satisfying a three-term recurrence relation

xPp(z) = ApPryi(x) — (Ap + Cp) Pp(x) + Cp P (), (3.1)

with the initial conditions Cp =0, Ay_1 = 0, Py(xz) = 1. Assuming A,,C,,+1 > 0 (which we assume in
the following), Favard’s theorem (see e.g. [33]) guarantees that the sequence (P, ), is orthogonal,

N-—1
> Q) Pa(M2) P (M) = Sn N, (3.2)
=0

with a certain weight function Q(z) and norm A,. The sequence (A(z))Y ', appearing in the or-
thogonality relation, is called the grid associated to the polynomials P,. The recurrence relation for
n = N —1is only valid for z = A\(k) (k =0,1,..., N —1). We can change the normalization of the
sequence P, to obtain a more convenient recurrence relation. Defining the sequence (R,,), as

-1
n Ak

kl_[O V AkCra

R, =¢" P,, (e ==1), (3.3)



the three-term recurrence relation can be rewritten in the symmetric form

xRy (x) = e\/ AnCri1Ruy1(x) — (Ap + Cr)Rp(x) + e/ Ap—1CrRy—1 () . (3.4)

Following the construction used for the Chebyshev polynomials (see Egs. (2.10) and (2.11)), we
define a new sequence of polynomials (@)%Y, from (Rn)ﬁygol as follows:

Qon(z) =t T Ro(ms) +t, (Ru1(ma), (n=0,...,N), (3.5a)
Qon+1(z) = xRy (1z) , (n=0,...,N—1). (3.5b)

Here, we use the convention, t; =0,t-; =0, and
Ty = TQ.Z’Q =+ 70 » (36)

where 79, 75 are parameters that need to satisfy certain constraints (see below). The @, (x) polynomials
allow one to diagonalize a generalization of the SSH model, as per the following proposition.

Proposition 3.1. The vector Q(z), whose components Qo(x), Q1(x),...,Qan(x) are defined by (3.5),
diagonalizes the (2N + 1) x (2N + 1) matriz

0 tg
ty 0ty
0 tg 0 ¢
! Q@) = 2Q(@). (3.7)
tver 00ty
th_q 0
with the etgenvalue x chosen among
+ A(k) — 10
0, o, ==+ — (k=0,1,...,N—1), (3.8)
2
if the following constraints are satisfied:
tt#0, (n=0,1,...,N—1), (3.9a)
e/ ApCry1 = Tt th (3.9b)
Ap+Cy+10=—7((tD)? + (,)%). (3.9¢)
Proof. The components of the eigenvalue problem (3.7) read
t;_lenfl(ZL‘) =+ tZQ2n+1($) = szn(x) , (n = 0, 1, - ,N) R (3.10)
5 Qan(z) + t, Qany2(z) = 2Q2ns1(z), (n=0,1,...,N—1). (3.11)

Relation (3.10) is a direct consequence of the definitions (3.5a) and (3.5b).
To prove Eq. (3.11), let us compute

1 T
2Qoni1(x) = 23Ry (m,) = ?2(7'23;‘2 + 70)Rn(my) — T—ZRn(Wx)

1
_ Ti\/AnanRnH(m) = ~(Au + Co 4 70) Ru(ms) + Ti\/An_lcan_l(m) . (3.12)
2 2 2

The last equality is obtained using the three term recurrence relation for R,. Using the constraints
(3.9b) and (3.9¢), one obtains
Q&) =ty by R (72) + ()2 4 (£7)2) Ru(me) + ty_ytf R ()
= t, Qant2(2) + 1, Qan(), (3.13)
which proves (3.11). Note that the three term recurrence relation used for (3.12) is valid only if

mz = Ak) (k=0,1,...,N —1) when n = N —1. Observing that (3.11) holds for = 0 and finding the
roots x of m; = A\(k), we obtain the eigenvalues (3.8). This concludes the proof of the proposition. [



The matrix in (3.7) can be interpreted as the Hamiltonian of an inhomogeneous SSH model which
can be represented as in Fig. 2. Let us remark that it is important that R, be a finite sequence for
n=20,1,..., N — 1 such that the spectrum is analytically computable.

At first glance, the following solution

627—2:17 7—0:0’ t;t:\/av t;;,:\/Ana (314)

seems to be valid for any finite family of orthogonal polynomials. However, the constraint ¢ # 0 is not
satisfied since ty_; = Ay_1 =0=Cp = tar. Nevertheless, we can restrict ourselves to the subsystem
made only of the sites 1,...,2N — 1 (we do not consider the uncoupled sites 0 and 2N) and adapt
the proof of the previous proposition to get the solution of this model. Fortunately, we do not need to
study these restricted models since we can show that these can be obtained through the doubling of
orthogonal polynomials.

To recover the SSH model described in Sec. 2.1, we set

1462 4 L+ 1+6
€:+1, '7'0:—2—2ﬁ7 ngm, n:T, A’I’L:Cn:17 (315)
and
T+ 2
Rn(z) —Un< ; > . (3.16)

Let us point out that, due to the affine transformation in the parameter of (3.16), it is necessary to
make the same affine transformation for the function 7, to compare with the one given by (2.12):

0 + 1?2 2 5 144°
= e — .
2 1— 62 1— 62
Remark 3.2. The observation regarding the usual SSH model made in remark 2.1 remains valid for

the general construction of the sequence (Qy,)n given in this section: (Qn)n can be seen as the doubling
procedure introduced in [29]. Indeed, let us introduce the sequence of polynomials (Vy,), defined by

(3.17)

Vo(z) =t} Ry(x) +t, (Ry—1(x). (3.18)
It is straightforward to observe that Qo (x) = Vy(75). Moreover, we verify that
Tot,, T tr
n = 7 n T T— Vn\lz . 1
Qniale) = 220 (Vi () + (2Vi () (3.9

This follows from the definition of V,,(x) and the constrains (3.9b), (3.9¢). Indeed, the right hand side
of (3.19) is equal to

e I o
(7-‘-337:17-0) <tjl_+1Rn+1 (Trﬂ?) + <tn + t Rn<77$) + Etnfan—l(ﬂ-x)
_ I -
N TQtn$ (emR”-Fl(ﬂx) - (An T C7_L + TO)Rn('JTm) + mRn—Fl(Waﬁ))
Tot,x  (7p — 70)Rn(ms
oy ( Tgot)— 7 = Q@) (3.20)

which is the left hand side of (3.19). In addition to that, we have the following property:
Va(1o)th + Var1 (o)t = (t5)?Ru(70) + 6t Rom1(70) + 6 R (70) + (t,)° R (70)

1
= E(EV AnCnJranJrl(TO) - (An +Cn + TO)Rn(TO) + €/ Anflcan—l(TO))

= L (r0Rn(r0) — T0Ra(r0)) = 0, (3.21)

T2



Vir1(m0)

which is equivalent to % =~ Finally, relation (3.19) becomes

n
Tot,, T

Vn—l—l(TO)
(7T:r - TO)

Qan+1(x) = V(o)

(Vn+1(7rm) - Vn(m)> ) (3.22)

which is the Christoffel transformation used in [29]".

In the following, we use the above construction with well-known finite sequences of orthogonal poly-
nomials from the (¢-) Askey scheme (see e.g. [32]) to provide examples of inhomogeneous generalizations
of the SSH model, and hence construct interesting solvable physical models.

4 Inhomogeneous SSH model associated to Krawtchouk polynomials

In this section, we give a solution to the constraints of Proposition 3.1 associated to the Krawtchouk
polynomials. These polynomials are defined as follows in terms of the 9 F} hypergeometric function,
for0<p<landO<n<<N-—1:

Kn(wip, N —1) =2Fy (jv’ o ;) : (4.1)
and satisfy the three-term recurrence relation
— oKy (x;p, N —1) =
AP K1 (z;p, N = 1) — (AR + CENKy(;p, N = 1) + O Ky (o3p, N = 1), (4.2)
with
A — (N —n—-1), C) =n(1-p). (4.3)

Equivalently, they also satisfy the orthogonality relation

~— (N-1
> < - )pm — )" T Ky (sp, N = D) Kp(;p, N — 1) =
=0

(—1)"n! <1 —p

S ) Sm. (4.4)

As discussed in the previous section, in order to obtain a more convenient recurrence relation, we
define renormalized Krawtchouk polynomials, for e = +1, as

R (z) = 6"\/(pn <N - 1) Ky(—z;p, N = 1), (4.5)

n

which satisfy

2R (2) =e\/ AL O R (2) — (A + CENRE (@) + e/ AT GRS (). (46)

The grid associated to this sequence of polynomials is A\(k) = —k, (k =0,1,..., N—1). The constraints
(3.9b) and (3.9¢) read

ev/p(l —=p)(N —n—1)(n+1) =Tttty (4.7a)
— (p(N —n—=1)+n(l —p) + 1) = n((t)* + (7)?). (4.7b)

*There are small modifications with respect to [29] due to the fact that the polynomials considered here are not monic
and that the coefficient of 22 in m, is not 1.



A solution of these constraints is

e=m=—1, =1, tf=+p(N—-n), t, =/(1-pn+1). (4.8)

n

With these choices, Proposition 3.1 allows us to diagonalize exactly the following (2N + 1) x (2N + 1)
matrix,

0 uoV1+9
uovV1+9 0 unN_1V1—90
un_1vV1—190 0 uv1+96

un_1vV1+49 0 ugv1—9
UQ\/1—5 0

Here, 6§ =2p — 1 and u; = 4/ NQ_i. The spectrum is given by

0,27 = +Vk + 1, (k=0,1,...,N —1). (4.10)

Using Proposition 3.1 and after manipulating the Krawtchouk polynomials, the components of the
eigenvectors Q(xli) (1=0,1,...,N —1) are

1\ an—H N . .
Qon(ry) = (1) ”(l—p)”<n>Kn(k+1’p’N)’ (4.11a)

B n [(K+1)pr (N —1 .
Qa1 () = +(-1) \/(1—p)”< " >Kn(/<?ap>N -1). (4.11b)

To prove relation (4.11a), we used the dual of the backward shift relation of the Krawtchouk polyno-
mials [32] (or the contiguity relation (K1) of Ref. [34]), i.e.,

(1 —p)nKy_1(k;p, N) —p(N+1—n)K,(k;p,N) = —p(N + 1)K,,(k+ 1;p, N +1). (4.12)

The components of the eigenvector Q(0), associated to the vanishing eigenvalue, are:

Q2nl0) = (—1)" M(ﬁ ) . Qansa(0) = 0. (4.13)

The eigenvectors Q(xf), Q(0) are orthogonal, with norms

2(k +1)(1 —p) N ¢ pN
Q(z;)" Q(z,) = N Q0 Q)= —x
k k pZ(Ni 1) (1 —p)N
fork=0,1,..., N—1. To prove (4.14), we use the self-duality property of the Krawtchouk polynomials,
namely K, (z;p, N) = K;(n;p, N), which is obvious from their hypergeometric representation, together
with the orthogonality relation (4.4).

(4.14)

5 Inhomogeneous SSH model associated to g-Racah polynomials

In the case of the Krawtchouk polynomials discussed in the previous section, a significant simplification
arises in the computation (4.11a) of Q2,(z), since it can be expressed as a single Krawtchouk polyno-
mial. The relations of type (4.12) used to achieve this simplification are called contiguity relations, and
analogous relations exist for other finite sequences in the (¢-)Askey scheme. This construction is now
extended to the g-Racah polynomials, making use of the classification of contiguity relations provided
in [34].

10



5.1 Properties of the g¢-Racah polynomials

P7(LqR) are defined in terms of ¢-hypergeometric functions as follows. For N

a0 q) 7 (5.1)

where A\, = ¢~ +v6¢° !, p = a, 3,7, 9 and one of the following truncation conditions is imposed:

The g-Racah polynomials
a nonnegative integer and 0 <n < N,

-n n+1 T x+1

, afq"T, g, yoq

Pr(LqR) )\z§ = 1
Vi p) = 105 ( aq, g, vq

ag=q "N, Bég=q ", or yg=q". (5.2)

The g-Racah polynomials enjoy several remarkable properties, including orthogonality, bispectrality
and duality [32]. In particular, they satisfy the orthogonality relation

N
7 P s p) P (s p)w (s p) = Sl (5.3)

=0
where the weight function and the norm are given by

(aq, B6q,vq,v6q; q)2(1 — v6¢** 1)

q,0va1q, B~1vq, 0¢; q)(aBq)*(1 — vdq)’
(a 1871y, a6, 871700 )0 (1 — aBq)(v0q)" (q, By q, a0 1 q, Bg; q)n
(@187 t¢7 a7 190q, 7194, 0¢: @) (1 — aBg® 1) (aq, aBq, Boq,Vq; q)n

w(z; p) = ( (5.4)

hnp = (5.5)

The polynomials P,(ZqR)()\m; p) satisfy the following three-term recurrence relation:

—(1= ¢ ®)(1 = ~8¢" T P (A5 p) =
AR YR (L p) — (AER) 4+ ) PP (s p) + O P (M p), (5.6)

n+1 n—1
where
Alar) _ (1=7¢" (A =g D)1 — aBg™1)(1 = B5¢"H) (5.72)
e (1= aBg>1)(1 - afg+?) ’ '
1—¢")(1—B¢")(y — aB¢")(6 — aq")
clan _ 4 . 5.7b
P (1 —afq®)(1 — afg?r+1) ( )
Moreover, the polynomials P,qu)()\x; p) satisfy the duality relation
P Ay p) = PI (AL p7) (5.8)

for 0 < n,z < N, where A\ = ¢~ 4+ aB¢"*" and p? = 7,6, o, B. Furthermore, the following identity
holds

n—1 AL‘]R)
Consequently, the normalization appearing in (3.3) is related to the weight as
n—1 A(‘IR)
] =2 = " (~ 1)\ Jw(n; p), (5.10)
o ] AR laR)
F=0\ P Ykt
where v, denotes the number of indices k € {0,1,..., N} such that A,(qu) is negative.

11



5.2 First exactly solvable model

In this subsection, we consider the ¢-Racah polynomials with parameters p = a,q83,¢,6/q, and
renormalize them as follows:

R (z, p) = €'(=1)"" \Jw(n; o) P (s, p), (5.11)
where € = +1 and p? = ¢V, §/q, o, ¢B. The orthogonality grid for this sequence of polynomials is
Mep=—(1—q¢ A -8¢N), (k=0,1,...,N—1). (5.12)

Proposition 5.1. A solution to the constraints (3.9) is given by

n=—(1-01-¢ "), m=-1, e=-1, (5.13a)
(1 — g N)(1 — afq1) (1 — Bgnt1)(§ — agntt)
" \/ (1 = aBg® 1) (1 — afg*+2) ) (5.13b)

(5.13¢)

= — =B = g1 — afgmtNT2)(1 — agmt)
n C_[N(l _ a6q2n+2)(1 _ algq2n+3) '

Proof. The proof follows directly from a straightforward calculation using the expressions for 7y, o,
thr, and t,. O

With these solutions, the results of Proposition 3.1 allow one to exactly diagonalize the correspond-
ing (2N + 1) x (2N + 1) matrix given in (3.7), whose spectrum is

0, o = jE\/(l —¢"N)(6—qF), (k=0,1,...,N—1). (5.14)

By applying Proposition 3.1 and performing suitable manipulations of the ¢g-Racah polynomials, the
components of the eigenvectors Q(a:,f), for k=0,1,..., N — 1, are given by

(1 - Ba)(0 — aq)(1 — ¢ N)w(n, p)
(1—abq?)

Qo (@) = £ (=1 /(L = ¢ N)(6 — ¢ )w(n, p) P (s p), (0 =10,...,N —1). (5.15b)
The parameters are specified as follows:
p=a,q8,q ", 5/q, p'=q N, 6/q0,q8, P=0a, B¢ N6 and p'=¢ V' 5,0,8. (516)

To establish the relation (5.15a), we use the following contiguity relation of the g-Racah polynomials
(relation (¢RI) of Ref. [34]):

1— n—N 1— 5n+1 1—a™)(1 — 6N+n+1
El — Z—N)zi — aoéqg"“‘l; PéqR)()\x’ P+ ((1 _qqlzf()(l _aa2q2n+1)) Pr(qu)()‘w» p). (5.17)

The components of the eigenvector Q(0), corresponding to the vanishing eigenvalue, are given by

PU®(N\:p), (n=0,...,N), (5.15a)

Qan(zy) = 6"(—1)””\/

P(QR)()\I§ p) =

n

(1-89)(8 — ag)(1 — ¢ M)w(n,p%)
(1—aBqe?)

The eigenvectors Q(mf), Q(0) are orthogonal, with norms, for k =0,1,...,N — 1:

P (AN;P), Q2us1(0)=0.  (5.18)

Q20(0) = 6"(—1)”"\/

Q(z;)" Qlay) =2(1 — ¢" )6 — ")y, pa, (5.19)
_ a1 —aN
Q) Qo) = L7 q)<(f - ag;% T hy . (5.20)
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The relations (5.19) and (5.20) follow from the duality property (5.8) of the ¢g-Racah polynomials.
Finally, we remark that the contiguity relation (¢RIII) given in [34] yields the same result as
above, up to the following reparameterization:

8= «a, 0 — (5.21)

1
5
5.3 Second exactly solvable model

Additional contiguity relations for g-Racah polynomials were derived in [34]. Some of these relations
do not alter the value of N, in contrast to those used previously (see (4.12) or (5.17)). By employing
such relations, alternative solutions to the constraints can be obtained but they apply to a chain with
an even number of sites and a slight modification of Proposition 3.1 is needed.

Consider now g-Racah polynomials with parameters p = o, ¢3,¢ ", 6, and renormalize them as

R (2, p) = €" WP£QR)(Ax, p). (5.22)

where € = +1 and p? = ¢V, §, a, ¢B. The grid for this sequence of polynomials is

follows:

Mep=—(1—g ™A -0, (k=0,1,...,N-1). (5.23)
Proposition 5.2. A solution to the constraints (3.9b) and (3.9¢) is given by
=—(1-8"1q")1-qB8)., m=-L"¢", e=1,
o ¢ (1= B)(L = afg™+1)(1 — aBg™+N+1)(1 — Bog+!)

n (1 _ a6q2n+1)(1 _ aﬁq2n+2) ’

t = —qﬁ\/qu(l — NI (1 — agnt1) (1 — g H1) (6 — qunJFl)‘

(1 — aBg?2)(1 — afg?+3)
Proof. The proof follows directly from a straightforward calculation using the expressions for 7y, 7o,

t}, and ¢, . O

In this case, t,_; = 0. We can eliminate the last row and column of the (2N + 1) x (2N + 1)
matrix and consider the resulting subsystem. By adapting the proof of Proposition 3.1, we can show
that the spectrum of the corresponding 2N x 2N matrix is given by

T :j:\/(l—éﬁqk“)(l—ﬁqlv—k), (k=0,1,...,N —1), (5.25)
and the components of the eigenvectors Q(a:f), for k=0,1,...,N — 1, are given by
Qonlai) = <—1>"\/ =000 =B U0 = B0wP) pu o), (200
Qa1 () = £(~1)"\/(1 = 88¢H1) (1 — BgN*)w(n; p?) PO (\is p), (5.26D)
forn =0,..., N — 1. The parameters are specified as follows:
p=o,q8,¢a N8 p=0a,8,¢V,06 pl=q¢ VN 0 aq8 and pl=q¢ "N, a,p. (5.27)

To establish the relation (5.26a), we employ the following contiguity relation of the ¢g-Racah polynomials
(see (qRII) in [34]):

_ (=aBg™ (1 = B3g") Ligm)

_ B(1— q")(8 — aq™
PP = S5 s gy e

(1= o)1 — a1y !

Az, p) — Az, p). (5.28)
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We note that there is no shift in the parameter N — 1 when comparing p and p. The eigenvectors
Q(a:fc) are orthogonal, with norms, for £ =0,1,..., N — 1:

Q(z) Q(af) = 2(1 — 8" ) (1 — Bg™F)hy, pa - (5.29)

The relations (5.29) follow from the duality property (5.8) of the ¢g-Racah polynomials.
Finally, we remark that the contiguity relation (¢RIV') given in [34] yields the same result as above,
up to the following reparametrization:

B = a, v = —. (5.30)

6 Conclusion

Summing up, we have shown that the eigenvalues and eigenvectors of the standard SSH model can
be elegantly derived through a connection with Chebyshev polynomials and the doubling method
for polynomial sequences. Exploiting this analytical framework, we introduced new exactly solvable
models that extend the conventional SSH model by allowing for inhomogeneous dimerized couplings
along the chain. This generalization preserves the model’s tractability while significantly enriching
its structure. In particular, we derived closed-form expressions for the full energy spectrum and the
corresponding eigenstates, providing tools that are essential for detailed theoretical analysis.

A natural next step is to investigate how the topological properties of the SSH model, along
with other physically relevant quantities such as entanglement measures and correlation functions, are
influenced by the introduction of these inhomogeneities. Since the doubling procedure provides a clear
analytical handle on both the energy spectrum and the eigenstates, we expect that the computation
and interpretation of these more intricate quantities will remain accessible through analytical methods.
We will explore these aspects in detail in a forthcoming paper.
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provided by this grant.
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