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Abstract

We determine the structure of both Abelian and non-Abelian non-global logarithms up
to four loops for e*e~ processes in perturbative QCD, where final-state jets are defined
using the Cambridge-Aachen (C/A) clustering algorithm. The calculations are performed
within the soft (eikonal) approximation using strong-energy ordering of the final-state
partons. The resulting expressions include full colour and complete jet-radius depen-
dence. Compared to the anti-k; and k; clustering algorithms, the C/A distribution min-
imises the impact of these non-global logarithms, making it the preferred choice among
the three algorithms.
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1 Introduction

Precision studies of QCD radiation at colliders increasingly rely on observables that are sensi-
tive to restricted regions of phase space. Among these, jet substructure observables such as the
jet mass constitute paradigmatic examples of so-called non-global observables. Their pertur-
bative distributions receive leading enhancements not only from soft and collinear radiation
directly associated with the hard initiating parton, but also from correlated emissions that pop-
ulate disparate angular regions. The latter give rise to non-global logarithms (NGLs), which
are intrinsically entangled with the pattern of colour correlations in the event and, importantly,
are highly sensitive to the detailed definition of the jet employed in the analysis [1-4].

The dependence of non-global observables on the jet algorithm manifests itself through two
distinct mechanisms. First, the clustering sequence of the algorithm modifies the phase space
available to primary (or “global”) soft—collinear radiation and generates a tower of clustering
logarithms (CLs) [4-6]. Second, the algorithm alters the survival probability of correlated
secondary emissions that are the source of NGLs. These two effects — the modification of
primary emission contributions (CLs) and the reshaping of secondary emission patterns (NGLs)
— need therefore be treated within a unified framework to achieve a controlled resummation,
at least at single-logarithmic accuracy.

Over the past two decades, substantial progress has been made for specific jet definitions.
For the anti-k, algorithm [7], whose rigid cone-like clustering simplifies the geometry of final-
state jets, the resummation of NGLs has been achieved through various approaches. These
include, in the large-N. limit, the Monte Carlo (MC) code of Dasgupta and Salam [1] and the
Banfi-Marchesini-Smye (BMS) integro-differential equation [2], along with finite-N, generali-
sations [8-11], although the latter have been implemented only for a limited set of observables.
The current state-of-the-art for these resummations reaches next-to-leading NGLs accuracy, in
the large-N, limit, [12-15].

For the k, algorithm [16,17], only MC codes in the large-N, limit are currently available:
the MC of [1], which handles both double-logarithmic (DL) and single-logarithmic (SL) ob-
servables, and the recently developed MC of [18] within the Soft-Collinear Effective Theory
(SCET) framework, which currently treats only SL observables. The latter code also applies to
the Cambridge-Aachen algorithm [19,20]. To date, the state-of-the-art resummation for these
algorithms remains at leading NGLs (and CLs) in the large-N, limit. No next-to-leading NGLs
(or CLs) or finite-N, resummations exist in the literature for k, and/or C/A large logarithms.
We intend to address these challenges in future work.

Despite these advances, clustering algorithms differ qualitatively in the way they order
emissions and recombine particles and/or pseudo-jets. The Cambridge/Aachen algorithm,
which clusters purely according to angular separation, presents particular challenges: its clus-
tering does not respect a simple scale ordering and, hence, resummation frameworks based
on an evolution in emission hardness are not readily available. Consequently, for DL-sensitive
observables there is, to date, no compact evolution equation or general-purpose MC algorithm
that achieves the same level of automation as for anti-k, or k,; progress for C/A has therefore
relied on “brute-force” fixed-order calculations and tailored numerical treatments for specific
observables such as the jet mass [21,22]. This absence of an ordering variable renders C/A
an interesting, yet technically demanding, setup for the study of both CLs and NGLs.

To make analytical progress in this difficult setting it is customary to introduce a few ap-
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proximations. Two particularly useful simplifications are the soft (eikonal) approximation,
which retains only the leading soft singularities of the emission amplitudes, and the strong-
energy (or strong-k,) ordering of emissions, which reduces the combinatorial complexity of
both the clustering sequence and the phase space. Within this simplified framework, one can
derive semi-analytic expressions for fixed-order contributions to CLs and NGLs and, crucially,
identify patterns that survive beyond these approximations. Fixed-order computations up to
two loops have already exposed several robust features—the so-called boundary or “edge” ef-
fect whereby CLs and NGLs remain non-vanishing as the jet radius R — 0, the dominant role
of gluon-initiated channels through larger colour factors, the similarity of the gross features
across different QCD environments (lepton, lepton-hadron and hadron-hadron), and the gen-
eral tendency of some clustering algorithms to reduce the size of NGLs relative to anti-k, (see,
for instance, [3-6,18,23-30]).

In this work we extend the analyses of [22] and [31] by computing CLs and NGLs for the
C/A clustering algorithm to three and four loops for the jet mass in e"e ™ annihilation into dijet
processes. Working within the approximations described above, we perform the angular in-
tegrations while retaining the full colour and jet-radius (R) dependence, using high-precision
numerical methods because closed-form expressions are not available. The higher-order re-
sults allow us to test exponentiation patterns and to motivate a next-to-leading-logarithmic
(NLL) resummed form factor in which the global Sudakov factor multiplies exponentials that
encode our fixed-order results for CLs and NGLs.

The way the C/A algorithm is structured contains, within it, the full k, algorithm, which
in turn contains the anti-k, algorithm. This implies that the C/A algorithm explores the full
set of clustering orderings: it covers the range of possible orderings and clusterings of the
final-state particles, whereas k, and anti-k, realise only subsets, with anti-k, covering the
smallest set. Hence, just as the k, calculations may be regarded as corrections to the anti-k,
results [1,4,6,24,31,32], the C/A calculations represent corrections to the k, ones [22]. We
find, through three and four loops, that these corrections are generally of opposite sign to the
corresponding k, corrections. This leads to a reduction in the magnitude of both NGLs and CLs
coefficients at these loop orders, and we anticipate that the trend may persist at higher orders.
The jet-mass distribution appears to exhibit a pattern of exponentiation, as observed for the
k, clustering [31,32]. Comparisons between the all-orders NLL resummations for anti-k, and
k, — for which we use the output of the MC of [1] for NGLs and/or CLs — and our fixed-
order-based exponential for C/A confirm that C/A has the strongest impact in minimising the
importance of non-global logarithms. Furthermore, up to four loops the finite-N, corrections
do not appear to be significant. The dependence on the jet radius is moderate in the range
[0,1].

The paper is organised as follows. In Section 2 we introduce our notation, kinematics, and
the definition of the jet algorithm under study. Section 3 presents the fixed-order framework
and the explicit calculations of CLs and NGLs at three, and four loops. We note that the two-
loop results have been previously computed in the literature (see, e.g., [4, 6, 21, 23, 24, 27,
33]). In Section 4 we compare our fixed-order-based exponentiation with all-orders Monte
Carlo resummations for the anti-k, and k, algorithms, and discuss the impact of NGLs and CLs
arising from the C/A algorithm. Section 5 summarises our conclusions and outlines potential
directions for future work.

2 Observable and jet algorithm definitions

The majority of this section follows the approach detailed in Ref. [31]. We shall therefore
only report the essential ideas and notation herein to ensure the paper’s self-consistency. As
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stated in the introduction, we consider the invariant squared mass of the two leading jets in
eTe” annihilation processes in the threshold limit, which serves as an example to illustrate our
main points. In particular, we consider the partonic process:

et +e” = q(pa) +q(py) + g1(ky) + -+ + gnlky), (1
where the four-momenta of the final-state partons are defined by
Pa = %(1,0, 0,1), Py = %(1,0, 0,—1), k; = w;(1,s; cos ¢;,s; sin ¢;, c;), 2)

with ¢; = cos 6; and s; = sin 6;. Here, Q is the hard scale of the process, w; is the energy of the
ith soft gluon, and 6; and ¢; are its polar and azimuthal angles, respectively. Our calculations
are performed within the eikonal (soft) approximation, assuming massless partons, neglecting
recoil effects, and imposing a strong ordering of the gluon energies: Q > w; > wy, > - > w,.
Whilst these approximations significantly simplify the calculations, they only guarantee single-
logarithmic accuracy. As this paper presents a pioneering study of the C/A jet algorithm beyond
two loops, it is sufficient to work at this level of accuracy, particularly given the substantial
complexity involved. Future work will extend this to higher-order logarithmic contributions.

The observable we consider in this paper is the normalised invariant mass squared of the
final-state dijets:

Q = Ort Ous 3)

where () denotes the normalised invariant mass squared of the right (left) jet, initiated by
the final-state quark (antiquark). Given the analogous expressions for both jets, we present
only the explicit formula for p,. To this end, we have [31]

2
Or = = pa+zki :ZQR,i+O o |
Q2 Q2 i€jr i€jr Q2
_ 8 (pa ) kz)
QR,i - Q2
where we have defined the energy fraction of the ith gluon as x; = 2w;/Q. The sum in the
first line runs over all gluon emissions that are clustered, by the C/A algorithm, into the right

jet j.. For the left jet, j, is replaced by j,. Terms of order (w/Q)? and higher are neglected,
consistent with the soft approximation.

=2x;(1—¢;), 4

2.1 C/A jet algorithm

The C/A jet algorithm was first introduced in Refs. [19,20]. It can be considered a member of
the generalised k, family of algorithms defined in Ref. [34], which comprises a set of sequential
recombination jet algorithms parametrised by a continuous variable p. For e*e™ processes,
these algorithms proceed as follows:

1. For an initial list of final-state particles, define the following two distance measures for
each pair (i, j):

1—cos 6;;

(2D 2 2
d;; :rmn(Eip,Ejp) T dip :Eip, (5)
R

where cy = cosR with R the jet-radius parameter, E; is the energy of the ith particle, and
cos 6;; = c;c; +s;5; cos ¢p;; with ¢;; = ¢; — ¢;. The quantity d;p represents the distance
of particle i to the beam direction.



SciPost Physics Submission

2. Find the smallest distance amongst all d;; and d;. If the minimum is a d;;, then particles
i and j are merged into a single pseudo-jet, with a momentum given by the sum of their
constituent momenta (the E-scheme). If the minimum is a d;, then particle i is identified
as a final jet and removed from the list of particles.

3. Repeat steps 1 and 2 until no particles remain.

For the C/A algorithm, the parameter p = 0. Consequently, the distance d;; is purely geomet-
rical and d;5 = 1. A sufficient condition for d;; to be the smallest distance—and hence for the
particle pair (i, j) to be clustered—is simply

1—cosf;; <1—cp. (6)

In the small-angle limit, this condition reduces to 6;; < R. That is, two particles are merged if
they lie within a circle of radius R in the (8, ¢ ) plane.

A pivotal aspect where the C/A algorithm differs from the anti-k, and k, algorithms in our
analytical calculations is that we must consider all possible orderings of the distances d;; at
a given loop order. For the anti-k, and k, algorithms, the strong energy ordering of the soft
gluons automatically induces a unique hierarchy of the distances d;;. The unique clustering
sequence for the k, algorithm is, in fact, just one of the many possible sequences for the C/A
algorithm. Therefore, the C/A distribution inherently contains the k, result. Furthermore,
since the k, distribution itself contains the anti-k, result [4, 21,24, 31], the C/A distribution
encompasses both the anti-k, and k, results, constituting a much more general distribution.

For each possible ordering of the C/A distances d;;, we apply the remaining steps of the
algorithm to every gluon configuration at a given loop order (as will be detailed later). This
procedure leads to a reshuffling of soft gluons in and out of the measured jets. We retain only
those configurations where a mis-cancellation occurs between real emissions and virtual cor-
rections. These are the configurations that give rise to the large logarithmic terms. Given the
two types of gluon emissions—primary (Abelian) and secondary correlated (non-Abelian)—
two distinct types of large logarithms arise, as noted in the introduction: (Abelian) clustering
logarithms (CLs) and (non-Abelian) non-global logarithms (NGLs).

2.2 Observable distribution

Following our previous work [31], we consider the integrated cross-section for the normalised
dijet mass squared, X(p), defined by:

1 do
Z(p):J_@a[p_Q(kl)kZ)'--’kn)]E(kka,'--:kn)dQ, (7)
0

o
where p is a veto on the (normalised) dijet mass squared p(k;, ks, ..., k,) defined in eq. (3),
and o is the corresponding Born cross-section. The function Z(kq, ko, ..., k,) represents the
C/A clustering function, which constrains the integration to the regions of phase space corre-
sponding to mis-cancellations between real emissions and virtual corrections that contribute
to the dijet mass.

The perturbative expansion of the jet-mass cross-section may be written as:

Z(p) =Z1(p) + Ta(p) + -+, (8)

where the mth-order contribution is given by:

Zm(P) = ZJ l_[dq% z;{mW)l(zmm Em (kl,kZ) . --akm)' (9)
X

X1>Xg>>Xp i=1

The various terms are defined as follows:
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* The sum is over all possible gluonic configurations x. Each gluon can be either real
(R) or virtual (V), and x represents the set of all possible real/virtual assignments for
the m gluons at a given order. For instance, at one loop, x may be R or V, and at two
loops, it may be RR, RV, VR, or VV. The number of distinct configurations at mth order
in perturbation theory is 2™.

* The integration is performed under the constraint of strong-energy ordering of the soft
gluons, represented by x; > x5 > -+ > Xx,,,. This constraint may sometimes be relaxed,
in which case a factor of m! is included to avoid double-counting identical phase-space
regions.

* The phase-space element for the emission of the ith gluon is given by:

do;
27

dx:
Xi dCi

dqn' == (_15 —
Xi

) (10)

with a, = a,/m.

* The measurement operator at order m, U,,, first introduced in Ref. [35], selects gluonic
configurations that contribute to the dijet mass observable with a value less than p.
Configurations that do not contribute to the dijet mass, or that yield a value larger than
p, are excluded from the integrated cross-section. It can be shown that this operator
factorises into a product of single-gluon measurement operators [31,35-37]:

Upn = Zﬁi, 0, =0y +ereM+e"e(p—p)|=1-06}re’. a1
i
Here, the step functions @?(V) equal 1 if gluon i is real (virtual) and 0 otherwise; @in(out)
equals 1 if gluon i is inside (outside) either jet and O otherwise; and @ip equals 1 if
0; > p and 0 otherwise. The complementarity relations © +©! =1 and " + ©"" =1
hold. The final equality in (11) follows from these relations.

* The eikonal amplitude squared for the emission of m soft, energy-ordered gluons in
configuration x, normalised to the Born cross-section, is denoted sz_"m. Detailed ex-
pressions for ete™ processes are provided in Ref. [38,39] (and for hadronic processes

with three hard legs in Ref. [40]), with explicit results given up to four loops.

* The C/A clustering function at mth order, Z,,(ky, ks, ...,k,,), discussed in the previous
section, encapsulates the clustering constraints imposed by the C/A algorithm on a spe-
cific configuration x for it to contribute to the dijet mass.

In the next section, we present detailed calculations of the third- and fourth-order terms in
the perturbative expansion (8). First, however, we recapitulate the one- and two-loop results,
which are identical to the k, algorithm case presented in Ref. [31].

3 Fixed-order calculations

From the definition of the generalised k, algorithm presented in the previous section, it is
straightforward to see that all members of this family are identical at one-loop order. At two-
loop order, the k, (p = 1) and C/A (p = 0) algorithms begin to differ from the anti-k, (p = —1),
while remaining identical to each other. This occurs because, at two loops, we have the emis-
sion of two soft gluons k; and k,, and the possible distance measures are simply d;z, dsz,
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Figure 1: The two-loop CLs and NGLs coefficients for the k, jet algorithm (from
Ref. [31]).

and d;,. Gluonic configurations that lead to the appearance of CLs and NGLs typically cor-
respond to the clustering of the two soft gluons first. This requires that d;, be the smallest
distance [4,21,24,31]. In analytical calculations, each gluon is typically assigned an initial
position, either inside or outside the measured jets. The clustering of the two gluons means
that the harder gluon k; pulls the softer gluon k, into its region, resulting in both gluons being
either inside or outside the jets, depending on the initial location of k;. For both the k, and
C/A algorithms, this is the only possible ordering of the distance measures that gives rise to
large logarithms not present in the anti-k, case. The difference between the two algorithms
emerges at three loops, as will be discussed later.
The one- and two-loop results are given by [24,31]:

1_
(p) = —Cga, [Lz—(g—Zlnl_i_ER)L], (12a)
R

where L =1In(1/p), and

1
Talp) = 5y (B + 25" + Ty (12b)

with the CLs and NGLs distributions given by:

LZ
ke,C/A — 952 2
ZZ,CI (p) = 2(15 E CF fZ(R), (12C)
ke,C/A _ =2 LZ
T (P) =20 - GCAGy(R), (12d)

where F,(R) and G,(R) are the two-loop CLs and NGLs coefficients, respectively, plotted in
Fig. 1. The colour factors are Cp = (ch —1)/2N, and C, = N,, where N, denotes the number
of colours. Recall that correlated emissions from gluons inside the quark jet that end up in
the antiquark jet, or vice versa, yield non-global logarithms that are subleading, as shown in
Refs. [6,24].

3.1 Three loops

This is the first order at which the C/A and k, jet algorithms begin to differ. For the emis-
sion of three soft, strong energy-ordered gluons, there are six distance measures to compare:
diq, dag, dsq,di1g,dy3, and dys. We consider only one jet (the quark jet), though a similar treat-
ment applies to the antiquark jet. Table 1 details all configurations before and after applying
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ANDY: | ANE | Agzg | Orderings | 1in | 2 | 3in | (1,2) | (1,3)in | (2,3)n | (1,2,3)i

0 0 0 - e 0 C C C
1 0 0 - 0l0]cC 0 C C C
0 1 0 - 0|lo0|C 0 C C C
0 0 1 - e 0 C C C
1 1 0 - olo]|cC 0 C C C
1 0 1 |dyp<dys| 0] 0] C 0 C C C
1 0 1 |dys<d,| 0] 0]C 0 C C C
0 1 1 - 0|lo0|C 0 C C C
1 1 1 - 0]0]cC 0 C C C

Table 1: Clustering patterns for the C/A algorithm at three loops.

the C/A algorithm, where A;;, = © (djq —dl-j) with i < j, and the letter C indicates a mis-
cancellation between real emissions and their corresponding virtual corrections. Such mis-
cancellations are the source of large logarithmic terms—either non-global logarithms, cluster-
ing logarithms, or both.

A gluon k; is considered inside the measured jet (denoted i;, in Table 1) if it satisfies the
clustering condition (6); otherwise, it is outside the jet and not explicitly shown. For example,
in the fifth column, 1;, indicates that only gluon k; is initially inside the jet (prior to C/A
clustering), while k, and k5 are outside. Similarly, in the penultimate column, only k, and
ks are initially inside, whilst k; is outside. The remaining columns follow the same labelling
convention.

Note that A;;, = 1 implies d;, > d;;, meaning gluons k; and k; are clustered first by the C/A
algorithm. Since k; is softer than k;, it is pulled toward the harder gluon’s position—either into
or out of the measured jet, depending on k;’s initial location. This “dragging" mechanism spoils
the complete cancellation between real and virtual contributions to the jet mass observable,
thereby generating large logarithms. Conversely, A;;, = 0 implies dj; < d;;, so gluon k;
remains part of the measured (quark) jet.

The “Orderings" column lists possible hierarchies of the distance measures d;; for which
the corresponding A;;, = 1. For instance, in rows 6 and 7, A5, = Ay3, = 1 indicates that the
two smallest distances are d;5 and d,3. As the C/A algorithm requires identifying the absolute
minimum, we consider both orderings d;, < d,3 and dy3 < d;5 in analytical calculations. When
different orderings yield distinct outcomes, both are explicitly shown; a dash (—) indicates that
the ordering does not affect the final clustering result, as in the last row where all A;;, = 1.

As an illustrative example, consider the scenarios in rows 6 and 7. Table 2 shows the
outcome of the C/A algorithm for all gluonic configurations at three loops, specifically for the
ordering d;5 < dy3. Here, “RRR" denotes all three gluons as real, “RRV" indicates only gluon 3
is virtual, and so forth. We reiterate that a gluon contributes to the measured jet mass only if
it is real and clustered into the jet by the algorithm.

For the scenario where only gluon 1 is initially inside the measured jet (1;,) and all gluons
are real, the condition d;, < d,3; combined with strong-energy ordering means that gluon 1
pulls gluon 2 into the jet. They form a subjet with four-momentum approximately equal to
that of the harder gluon 1. In the second clustering step, only gluons 1 and 3 remain. Since
A3 =0 (row 6 of Table 1), these gluons cannot cluster, and the algorithm terminates. The
final outcome is gluons 1 and 2 inside the measured jet and gluon 3 outside. The same out-
come occurs for the RRV configuration, but since it involves one virtual gluon (gluon 3), its
emission amplitude equals minus that of RRR in the eikonal limit. Consequently, the RRR
and RRV configurations cancel exactly. Following the same procedure, we find that although

ijq J
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| RRR | RRV | RVR | VRR | RV | VRV | VVR | VWV | sum

1, (1,2)y, | (1,2), | (Miy none | (1);, | none | none | none | O

2in none none none | (2,3);, | none | (2);, | none | none | 0
3iy (€)™ none 3y none | none | none | (3);, | none | C
(1’ 2)in (1’ 2)in (1; 2)in (1)in (2: 3)in (1)in (2)in none | none 0
(1,3), | (1,2,3), | (1,2), | (1,3);, | mone | (1), | none | (3);, | none | C
(2,3)in (3in none | (3 | (2,3) | none | (2)y, | (3, | none | C
(1,2,3)in | (1,2,3)in | (1,2)in | (1,3in | (2,3)in | (Din | (2in | (Bin | nome | C

Table 2: Outcome of C/A algorithm for various gluon configurations at three loops,
for the specific case dy, < dys.

the RVR and RVV configurations contribute to the jet mass, they also cancel. The remaining
configurations yield no contribution, resulting in a total sum of zero.

The 2;, case follows a similar analysis. We note that the VRR and VRV configurations cancel
in the strong-energy ordering regime.

For the 3;, case in the RRR configuration, gluons 1 and 2 are outside the measured jet and
merge into a subjet aligned with the four-momentum of the harder gluon 1. Since A3, =0,
gluon 3 is not pulled out of the jet by gluon 1 and thus contributes to the jet mass. This con-
tribution cancels against the RVR configuration (where gluon 2 is virtual). However, the VVR
configuration yields a similar contribution to RRR but lacks a counterterm to cancel against.
This mismatch between real and virtual diagrams results in a non-zero total contribution, gen-
erating both NGLs and CLs.

For the (1, 2);, case, one may verify that the sum is zero. Note that in the VRR configura-
tion, since gluon 1 is virtual, the smallest distance is d,3, so gluon 3 is pulled into the jet by
the harder gluon 2.

For the (1, 3);, case, the RRR and RRV configurations cancel due to strong-energy order-
ing, as do RVR and RVV. In the VRR configuration, gluon 1 is virtual and unaffected by the
algorithm, so the smallest distance becomes dy3. The harder gluon 2 then pulls the softer
gluon 3 out of the jet, yielding no contribution. Consequently, the VVR configuration has no
counterpart to cancel against and contributes to the jet mass, resulting in a non-zero total.

For the (2,3);, case, the VVR configuration lacks a counterterm and contributes to the
jet mass. Finally, when all three gluons are inside the jet (1,2, 3);,, all configurations cancel
except VVR, which causes a real-virtual mismatch and yields a non-zero total.

Table 3 shows the outcomes for the ordering d,3 < d;5 (row 7). This ordering occurs in
the k, jet algorithm, where the smallest distance is between the two softest gluons (2 and 3).
Although this scenario is already included in k, calculations [31], we analyse Table 3 in detail
as it was not explicitly studied in that reference.

For the case where only gluon 1 is inside the jet (1;,) in the RRR configuration, gluons 2
and 3 cluster first, forming a subjet aligned with gluon 2’s four-momentum. This subjet then
clusters with gluon 1, bringing all three gluons into the jet. This contribution cancels against
RRV due to strong-energy ordering. In the RVR configuration, gluons 1 and 3 cannot cluster
(Aq34 = 0), so only gluon 1 remains in the jet. The same outcome occurs for RVV but with
opposite sign, leading to cancellation. The total sum is zero. The (2;,) case is trivial and also
gives zero.

For the (3;,) case, only the RVR and VVR configurations contribute to the jet mass. Their
eikonal amplitudes differ, so they do not cancel in general, particularly for NGLs. However, for
CLs (from the primary emission part of the eikonal amplitudes), they do cancel [21,31,32,38].
Since our formalism includes both NGLs and CLs, we retain this as a real-virtual mismatch,
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| RRR | RRV | RVR | VRR | RV | VRV | VVR | VWV | sum

1, (1,2,3)i, | (1,2)i | (1) none | (1);, | none | none | none | O
2in none none none | (2,3);, | none | (2);, | none | none
3iy none none 3y none | none | none | (3);, | none
(1’ 2)in (1: 2, 3)in (1; 2)in (1)in (2: 3)in (1)in (2)in none | none
(1,3)n | (1,2,3)n | (1,2)iy | ()i, | nome | (1), | none | (3), | none
(2,3)i none none 3y | (2,3), | none | (2);, | (3);, | none
(1,2,3)n | (1,2,3)in | (1,2)in | (1,3)in | (2,3)in | (Din | (in | (3)in | nome

OO0 on0o

Table 3: Outcome of C/A algorithm for various gluon configurations at three loops,
for the specific case dy3 < d;5.

resulting in a non-zero total.

The (1, 2);, case leads to complete cancellation among real and virtual diagrams, yielding
no contribution. For (1, 3);, in the RRR configuration, gluon 2 pulls the softest gluon 3 out of
the jet during the first clustering. The resulting subjet (aligned with gluon 2) is then pulled
into the jet by gluon 1. This contribution cancels against RRV. The RVR and RVV contributions
cancel, as do VRR and VRV, leaving only VVR uncancelled and yielding a non-zero total.

For the (2, 3);, case, VRR and VRV cancel under strong-energy ordering, but RVR and VVR
do not due to different eikonal amplitudes, creating a real-virtual mismatch that contributes
to the jet mass. Finally, for (1,2, 3);,, all configurations cancel except VVR, which contributes
to the jet mass.

The following points are worth noting:

* Cases leading to real-virtual mismatches (and thus large logarithms) are those where
the softest gluon is initially inside the jet region.

* The mis-cancellation can arise from a single diagram or multiple diagrams with different
eikonal emission amplitudes.

* The difference between C/A and k, clustering arises when the two harder gluons cluster
first, while the hardest and softest gluons cannot cluster. This prevents the softest gluon
from being dragged in or out, unlike in k, where the softest gluon is always affected.

Summing over all gluon configurations in Table 1 for the emission of three soft, energy-
ordered gluons, we find that

A K A ’kt . -
z :US Wips' = E :UB Wiy — 00008 Q15030130103 [ W5 + Wigs + Wiss |, (13)
X X

where the first term corresponds to the k, jet clustering result, already computed in Ref. [31]
(eq. (52)). The constraint £2; jis defined as the Heaviside function @(ij —d; j). When Q; i=1,
the parton pair (ij) is closer to each other than parton j is to the beam direction.

As explained earlier, the effect of the C/A algorithm on the jet mass distribution incorpo-
rates that of the k, algorithm, since it involves all possible orderings—only a subset of which
are covered by the k, algorithm. Substituting into eq. (9) yields:

k, &
2N p) =5 (p) + Z5(p),

1
=3 E@0° + 2o (S + 250 ) + 25 + 3

2,ng 3,cl 3,ng’ (14)

10
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Figure 2: The three-loop CLs coefficient for the C/A and k, jet algorithms.

where X%, Z];/Al, and ZC/Ag denote the one-loop (12a), two-loop CLs (12c), and two-loop

NGLs (12d) contributions to the jet mass fraction, respectively. The new three-loop CLs and
NGLs contributions are given by the final two terms:

g/lc\l(p) =2 cl(P) + ig/lc\l(l)) = —2a 3— C3 []:kt + ]:C/A] as)
C/A

=5 (p) = 3ng(p)+zg/;;g(p)_+2a [cch(g +05M) +cecd (g, +G50) ] e

53|

The k, results for both CLs and NGLs have been presented in Ref. [31] (egs. (55), (56), and
(57), and Fig. 4). The new C/A clustering corrections are given by:

]:C/A(R) f f 912023013 (S} (d23 d12) WabWabW b’ (1 7)

for the CLs coefficient, and
C/A(R) - f J 2120930130 (dg3 — dip) wh, A2, (18a)
C/A(R) ——J J Q1209302130 (do3 — d1,) By, (18b)

for the NGLs coefficients.

In Fig. 2, we plot ]-'5 ‘ fg/A, and their sum F;* = ]?g‘/ At .7-";( ¢, which represents the CLs co-
efficient for the C/A algorithm at three loops. In the limit R — 0, we obtain .7-"3‘:/ *(0) =—0.028,
confirming our previous calculations [21]. The persistence of CLs even as the jet radius shrinks
to zero is a phenomenon known as the edge or boundary effect, previously observed for both
CLs and NGLs in anti-k, and k, algorithms (see, e.g., Refs. [6,24,31,41]). Fig. 2 clearly shows
that this behaviour also occurs for the C/A algorithm. Moreover, the small-R limit of the CLs
coefficient for our jet mass observable is both much smaller and of opposite sign compared to
that reported for the hemisphere mass observable [22], which is +1.363. An explanation for
this difference is provided in the latter reference. Similar observations were reported for the
two-loop results for both CLs and NGLs.

C/A clustering reduces the k, CLs coefficients by 45% at R = 0 to approximately 95% at
R = 1. Additionally, unlike k,, the magnitude of the C/A CLs coefficients decreases with in-
creasing R (red curve). Since CLs are notoriously difficult to compute even at the first few

11
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Figure 3: The three-loop NGLs coefficients for the C/A and k, jet algorithms.

orders of perturbative expansion and at leading logarithmic accuracy, minimising their im-
pact—or removing them entirely—would be highly desirable. These two features make the
C/A algorithm preferable to k; (at least at this loop order). Indeed, at R = 1:

Syalp)=+a]1°(0.0033),  %i (p)=+a] L’ (0.058). (19)

Comparing this to the leading term df L%(0.39), the CLs contribution is negligible, accounting
for less than 0.8% of the leading term (compared to approximately 15% for k, CLs).

In Fig. 3, we plot the results of the integrals in Egs. (18) alongside the corresponding k,
results from Ref. [31]. The sums QC/ A QC/ e g . (where i = a, b), representing the total C/A
NGLs coefficients at this loop order are also plotted

The C/A corrections to the k, results are relatively small. However, similar to the CLs case,
these corrections have the opposite sign to the k, coefficients, thus reducing the final C/A
NGLs coefficients. The reduction ranges from approximately 8% at R =0 to 18% at R =1 for
the CgCA coefficient (gg,a), and from 26% at R = 0 to 33% at R = 1 for the CFCi coefficient
(Gs,p). Similar to CLs, the magnitude of NGLs is smaller in C/A than in k, clustering. Given
the extreme complexity of calculating both CLs and NGLs, this makes C/A preferable to k,,
as an ideal jet algorithm should minimise the impact of non-global effects (whether CLs or
NGLs).

In the small-R limit, we obtain QC/ 2(0) =+0.37 and QC/A(O) = +0.57. These values differ

from their hemisphere mass counterparts [22]: gC/ Abeml — 10.655 and QC/ mhemt — 10,198, This
discrepancy may be due to differences in the geornetrrc distortion of the jet boundary across
algorithms, as explained in the latter reference. Since CLs and NGLs manifestly originate from
the jet boundary, its geometric shape plays a crucial role in determining their magnitude.

To assess the impact of the C/A and k, algorithms on the jet mass distribution, we compare
them to the anti-k, algorithm, which is free of CLs but exhibits relatively large NGLs. This
comparison is shown in Fig. 4, where we sum both CLs and NGLs contributions (Egs. (15)
and (16)) including colour factors. The anti-k, and k, results are taken from our previous
paper [31]. The reduction in the anti-k, NGLs coefficient varies slightly for both k, and C/A
over the jet radii considered. For k,, it ranges from 42% (R = 0) to 40% (R = 1), while for C/A
it increases from 52% (R = 0) to 54% (R = 1). The C/A clustering algorithm reduces the total
non-global contribution to the jet mass distribution by more than 50% compared to anti-k,,
making it preferable to both anti-k, and k, for mitigating non-global effects at three loops.

In the next section, we present calculations of the four-loop CLs and NGLs coefficients for
the jet mass observable. Together with the three-loop NGLs, these represent the state-of-the-
art in fixed-order C/A clustering calculations and, to the best of our knowledge, have not been
previously reported in the literature.

12



SciPost Physics Submission

6
s[
S I
~ }
S eeemme—————n
=3k iaemmmm==eees
[l [ iuccuecmmmsmmasss==a====""
i L meeeee ..
R T NPRPPTEETELEL bk LT
s
.‘2.
&m: aky
5 k
1t t
L C/A
Y
0.0 0.2 0.4 0.6 0.8 1.0

R

Figure 4: The sum of CLs and NGLs contributions to the jet mass fraction at three
loops for three jet algorithms.

ANDR | Aq3q | A1gq | AVL | ALY | Aszyq | Orderings | 4in | (3,4)in | (2,4)in | (1,4),

0 0 0 0 1 1 dyy < dsy C C C C
daq < dyq
dpz < dpq <dsq
dy3 < dzq <daq4
dpg < dp3 <dsq
dyg < dzq < da3
d3q < dy3 < dyq
d3q < dpq <dy

O O O OO oo
O O OO O oo
[cNeNeNolNelNolNol
el e =)
e e e )
[ T S R e S S e N
OO0 on0n
OO0 0n00n
OO0 onO0n
OO0 onO0n

Table 4: A sample of C/A algorithm results at four loops.

3.2 Four loops

For the emission of four soft, energy-ordered gluons, applying the C/A algorithm becomes
considerably more complex, yielding lengthy and intricate expressions. To manage this com-
plexity, we automated the entire process using a Python code. This code generates a com-
prehensive table containing all possible configurations, their corresponding orderings, and the
resulting expressions for the sum of eikonal amplitudes that contribute to the mis-cancellation
between real emissions and virtual corrections. The code is readily generalisable to higher
loop orders. In total, there are 2° = 64 possible configurations with 1957 distinct orderings.

Table 4 presents a sample of the code output (with explicit eikonal amplitude expressions
replaced by O or C, as in the three-loop case). We show only the gluonic scenarios that exhibit
mis-cancellations. The remaining scenarios not explicitly shown are: (1,2,4),, (1,3, 4)in,
(2,3,4);,, and (1,2,3,4);,. Scenarios free of such mis-cancellations—and thus yielding no
large logarithms—include cases such as 1;,, 2i,, 3in, (1, 2)i,, and several others.

To illustrate the C/A algorithm at four loops, consider the third row of Table 4 for case 4;,
and ordering dy3 < dy4 < d34. The 16 gluon configurations (RRRR, RRRV, RRVR, RVRR, etc.)
yield the following clustering outcomes:

1. RRRR: Gluons 2 and 3 merge first into a subjet aligned with gluon 2 (due to strong
ordering). Gluon 4 is then pulled out of the jet and merged with gluon 2, forming a
subjet again aligned with gluon 2. The final configuration (gluons 1 and 2 outside the
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Figure 5: The four-loop CLs coefficient for the C/A and k, jet algorithms.

jet) yields no jet mass contribution. The RRRV configuration has identical but opposite
eikonal amplitude and cancels with RRRR.

. RRVR: Gluon 3 is virtual and unaffected. Gluons 2 and 4 merge into a subjet aligned

with gluon 2, leaving gluons 1 and 2 outside the jet—no mass contribution. This cancels
with RRVV.

. RVRR: Gluon 3 pulls gluon 4 out of the jet, forming a subjet aligned with gluon 3.

Gluons 1 and 3 remain outside the jet—no mass contribution. This cancels with RVRV.
VRRR: Identical to RRRR, with no mass contribution. Cancels with VRRV,

VVRR: Gluon 3 pulls gluon 4 out of the jet—no mass contribution. Cancels with VVRV.
VRVR: Gluon 2 pulls gluon 4 out of the jet—no mass contribution. Cancels with VRVV.

RVVR: Gluons 2 and 3 are virtual and cannot affect gluon 4, which remains inside the jet
and contributes to its mass. The counterpart RVVV has no contribution (gluon 4 virtual),
resulting in a real-virtual mis-cancellation.

. VVVR: Identical to RVVR, contributing to the jet mass. Not cancelled by VVVV (gluon 4

virtual).

The final expression for this case (third row, 4;,) is:

—00"OM O ON ©F © (dzs — dag) © (dag — das) [WiSE + WITR . (20)

This calculation is repeated for all 1957 cases. For each configuration, we sum contributions
from all orderings, yielding 64 total expressions. These tasks are performed by the Python
code. Using Mathematica and the full k, contribution from [31], we subtract the k, com-
ponent to isolate new C/A clustering contributions. We substitute explicit eikonal amplitude
expressions from ref. [38], split coefficients by colour factor, and compute them numerically
using the Cuba library [42].

The jet mass fraction at four loops takes a form analogous to the three-loop case (14):

oYM p) =z + 5,

_ 1 4 C/A C/A 1 2 C/A C/A 1 C/A 2
- Z (21) + 21 x (23,01 + Z:3,ng) + 5 (21) X (ZZ,CI + Z:2,ng) + 5 (ZZ,CI)

1 C/A 2 C/A C/A
to (Zz,ng) T2t Ty (21)

14



SciPost Physics Submission

1.0
----- Gi. e Gt
o X 0.8 §
""" Lo 1 Tt gfb
C/A k FC/A " 06 C/A K SC/A
""" v = G40+ G0y _'__.--"'- PPt s Gry =G0+ Gg,
------------ " 0.4
O] memmememmmmm e T e CEE T e R R R e e R R
_____________________________________ o2f B
= oo REPINITETE PR PR SRL AR T S A
00 sbere”
- [ = . .
_______________________________________________________ k] O SRPRIPCS LOECEL bt it
-0.4
70';0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
R R
2.0 T T T T 0.1
R P A
15 4o e, A LTttt
[ bR
L] -~
1.0 g “t. T . FC/A
’ B T T oaf T 4.d
~C/A * b T
osf - 4, REEEE DU N S ke
LT 4,d
ke e ~
00 o I IR gt =ar, ot
""" 4,{ = i(fc"' 41 ____===:|-"-
S05777 03[ s ezt iiizzsziamIs s sz sz sna mISRIITIIRHETT
T L Rl LT S ST PN PEPE ST TR .
-1.0 ) ) ) ) o4 ) ) ) )
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
R R
Figure 6: The four-loop NGLs coefficients for the C/A and k; jet algorithms.
where the new C/A clustering contributions are (see Refs. [22,31]):
L4
C/A _ =4~ ~4 |: ke NC/A]
247C1(p) =+2a; 2 G [ F4i+F, (22)

for the CLs contribution, and:

L4 ~
/ _ =4 3 ke / 2~2 ke / 3 ke /
Sine(P) = —2a 7 — GG (G, + G20) — GRCR (01, + Gy + o2 (Gl + G0 ) +

+CpC (Ca—2G) (G g +G54) | (23)

for the NGLs contribution.

Integration results as functions of the jet radius R are shown in Figs. 5 and 6. Apart from
minor irregularities at very small R values (attributable to limited statistics'), C/A clustering
induces substantial reductions in both CLs and NGLs coefficients across most R values. How-
ever, for R 2 0.85, the C/A coefficients—particularly ]32/ *and gj;” ’;—become comparable to or
exceed their k; counterparts.

These observations are confirmed in Fig. 7, which plots the combined CLs and NGLs con-
tributions for C/A, k,, and anti-k, algorithms. In addition to the sign change of the C/A con-
tribution (positive, unlike the negative contributions of k, and anti-k,), the reduction ranges
from 92% at R =0 to 74% at R = 1. For k., the reduction varies between 63% and 78% over
the same range. At R = 1, the k; reduction slightly exceeds that of C/A. Overall, we conclude
that up to four loops at single-logarithmic accuracy, the C/A clustering algorithm should be
prioritised over both anti-k, and k, for studies of non-global observables, as it minimises the
impact of non-global logarithms (both CLs and NGLs).

'We employed approximately 10'! integrand evaluations for the Vegas routine in the Cuba library.
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Figure 7: Comparison of combined CLs and NGLs effects at four loops for three jet
algorithms.

Comparing with our previous hemisphere mass calculations [22], the small-R limit values:

Fh=002, gli=02 g/r=012, gi=121, §G/i=-031, (24)

differ significantly from those in egs. (49) and (52) of [22]. This discrepancy may stem from
geometric distortion of the jet boundary, as discussed previously.

In the next section, we discuss the exponentiation of CLs and NGLs for the C/A algorithm
and compare their impacts on the full resummed jet mass distribution with those of anti-k,
and k,.

4 All-order treatment

Since the C/A algorithm encompasses the k, algorithm, as explained in previous sections, it
follows an identical structure and introduces only additional corrections absent in the latter.
Therefore, the exponentiation of both CLs and NGLs reported in previous studies (see, for
instance, [1, 22,30, 31, 37]) for anti-k, and k, algorithms also holds for C/A clustering. Ac-
cordingly, we write the full resummed jet mass distribution up to NLL accuracy in the standard
form [1,6,22,31,36]:

ZM(P) = (p) ST (P)C(p), (25)

where ¥7(p) is the familiar Sudakov form factor that resums leading double logarithms from
soft and collinear emissions, given by [43]:

exp[—R —ygR’]
rqa+wr,n ’

¥ (p)= (26)
where the radiator R contains both leading and next-to-leading large logarithmic contributions
to the jet mass fraction, R’ is its derivative with respect to L. = In(R?/p), and yy = 0.577 is
the Euler—-Mascheroni constant. Note that at single-logarithmic accuracy, L. ~ L = In(1/p).
The full expressions for R and its derivative can be found in, for instance, Refs. [4,6,22].
The NGLs form factor for C/A clustering, S“*(p), resums the leading single-logarithmic
NGLs to all orders. Unfortunately, there exists neither an analytical formula nor a numerical
estimate of its size. The Monte Carlo code of Ref. [1] does not implement the C/A jet algorithm,
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though it can compute NGLs resummed form factor for soft and collinear observables such as
the jet mass. Other numerical resummation approaches, such as [9, 10, 18], either lack the
C/A jet algorithm or are only valid for soft large-angle observables like gaps-between-jets. We
thus resort to estimating it using the fixed-order calculations up to four loops presented in
previous sections, and the observed exponentiation pattern. Accordingly, we write, following
analogous calculations for anti-k, and k, algorithms [22,23,31,36]:

S = exp| -2 %sg/A(R) (—26)" |, @27)

n>2 "’

where the n-loop NGLs coefficients are given, up to four loops, by:

C/A __ c/A C/A __ 2 c/A 2 ~C/A
Sy =Gl Gy, S5 = GrCa G5, + GGl Gg s

5 = ~GHCAG s — GG G5 + GG G5+ CR (G —261) G5 @9

Here t is the evolution variable, which at single-logarithmic accuracy is given by [1,4,31]:

1 1dx

t=— | Lo xq)=- 47:/5

21 p/R2 X 0

In[1—2a,B,L], (29)

where a, = a,(QR/2) and the last equality shows the one-loop expansion of the integral,
sufficient for our NLL accuracy. Note that for a fixed coupling, t = @,L/2. Furthermore,
expanding (27) yields the NGLs contributions at two, three, and four loops (Egs. (12d), (16),
and (23), respectively).

The CLs form factor for the C/A algorithm, C**(p), resums the leading single-logarithmic
clustering logarithms for the jet mass observable. Similar to the NGLs form factor, there exists
neither an analytical formula nor a numerical estimate for it. Since it also exhibits an expo-
nentiation pattern, we can express it as an exponential of the fixed-order results. To this end,
we write it in a form analogous to that for NGLs (27):

CYA(t) = exp [2 Z % f’ﬁ/A(R) (—2Cz )" |, (30)

n>2" "

where the CLs coefficients at two, three, and four loops are given in Egs. (12c), (15), and (22),
respectively.

As stated above, there are no all-orders results for the jet mass observable—either numeri-
cal or analytical—in either the finite-N, or large-N, limits. To quantify the impact of the NGLs
and CLs exponentials (27) and (30), we compare them to the output of the MC code [1] for
the anti-k, and k, algorithms. For this purpose, we use the well-known parametrisations (see,
for instance, Refs. [1,6,23,24]):

_ B 1+ (at)?) ,
Sye(t) = exp[ CrCp G2(R) (—1 T (bo)e ) t ], (31)
for the NGLs form factor, and
_ 9 1+ (at)? 9
CMC(p) = exp |:CF ]:Z(R) (1 + (bt)c 1, (32)

for the CLs form factor. The values of the two-loop coefficients G,(R) and F5,(R), along with
the fitting parameters a, b, and c, are presented in Tables 1 and 2 of Ref. [31] for R = 0.7 and
1.0.
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Figure 8: Comparison of the exponentials S(t) (Eq. (27)) and C(t) (Eq. (30)) for k,
and C/A jet algorithms with R = 0.7. Solid lines: k,; dashed lines: C/A. The black
line shows the Monte Carlo output for the k, algorithm.

In Fig. 8, we plot the NGLs and CLs exponentials (Egs. (27) and (30)) for k, (solid lines)
and C/A (dashed lines) algorithms with jet radius R = 0.7. The two-loop results are identical,
as mentioned in Sec. 3, hence the curves coincide. The three- and four-loop C/A curves for
S(t) are slightly higher than those for k,, indicating a reduction in the corresponding fixed-
order NGLs coefficients, as observed previously (recall the NGLs exponent is negative). This
is clearly visible in the right-hand side plots, which show the ratio of C/A to k; form factors.
Note that the calculations are more reliable for smaller t [36], and including more higher-
loop coefficients extends the range of t over which the results are reliable. For CLs, since
the exponent is positive, smaller terms yield a smaller exponent. We observe that the C/A
curves are slightly lower than those for k., again indicating that their corresponding fixed-
order coefficients are smaller in magnitude. This is clearly supported by the ratio plot. Note
that for C(t), the difference between the three- and four-loop results is minuscule for both k;
and C/A, largely due to the small coefficient sizes and the 1/n! prefactor.

In Fig. 9, we plot the full NLL-resummed form factor (25) for three jet algorithms. For the
anti-k, and k, algorithms, we use the MC parametrisations (31) and (32) for the NGLs and CLs
form factors, respectively, while for C/A clustering we use the exponentials (27) and (30). The
left-hand side plots compare the full form factor where the C/A NGLs and CLs exponentials
include terms up to two, three, and four loops, for R = 0.7 and R = 1.0. The two-loop curves
exhibit a shift in the Sudakov peak position and a reduction in its height of about 10% for
R = 0.7 and 8% for R = 1.0. The three- and four-loop curves are nearly identical, again
featuring a peak shift and height reduction of about 8% for R = 0.7 and 6% for R = 1.0.

The four-loop C/A results are plotted alongside the corresponding four-loop k, results, MC
outputs for anti-k; and k;, and the Sudakov form factor in the right-hand side plots of Fig. 9
for both R values. The anti-k, curve exhibits the largest peak shift and Sudakov peak height
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Figure 9: The full NLL-resummed form factor of the jet mass observable for anti-k,,
k., and C/A jet algorithms with R = 0.7 and R = 1.0. The notation “/N." denotes the
large-N, limit.

reduction, reaching up to 23%. This is followed by the four-loop curves for both k, and C/A,
with the C/A distribution slightly lower than that of k,, showing reductions of up to 8% and
6% for R = 0.7 and R = 1.0, respectively. The all-orders MC result for k, performs best, with
Sudakov peak height reductions of only about 6% and 3% for the two R values, respectively.
Since the C/A four-loop distribution performs slightly better than the corresponding k; distri-
bution in minimising the overall impact of NGLs and CLs, we expect the all-orders result to
perform better than that of k,.

It is worth noting that switching off the finite-N, corrections by setting C, = 2Cy in the
four-loop NGLs coefficient for the C/A algorithm has no noticeable effect on the curves in
Fig. 9. This corresponds to the large-N, approximation, denoted by “IN," in the plots.

5 Conclusion

In this paper, we have computed, for the first time in the literature, the full fixed-order distri-
bution of a QCD non-global observable up to four loops at single-logarithmic accuracy in e*e™
annihilation to dijets, where jets are defined using the Cambridge-Aachen sequential recom-
bination algorithm. We have explicitly demonstrated that the structure of the C/A algorithm
is considerably more complex, and the associated analytical calculations substantially more
involved, than for its counterparts, the anti-k, and k, algorithms. The primary source of com-
plexity stems from the fact that C/A involves no intrinsic ordering parameter. In other words,
the distance between any pair of final-state particles is equally likely to be the smallest, in con-
trast to k,, where clustering distances are weighted by the square of the particles’ transverse
momenta.
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We have shown that while C/A is identical to k, at two loops, the algorithms begin to differ
at higher orders. We have therefore presented detailed calculations of the full jet mass distri-
bution at three and four loops at the single-logarithmic level (terms of the form a!L™). These
involve computing both CLs and NGLs contributions, which are particularly delicate to deter-
mine given the aforementioned complexity of the C/A algorithm for analytical calculations. In
general, the C/A algorithm encompasses k., in the sense that the full contribution of the latter
is contained within the former. Additionally, C/A introduces new corrections beyond the scope
of the k, algorithm. These corrections are generally of opposite sign to the k; contributions for
both NGLs and CLs, thereby reducing the overall impact of non-global logarithms to varying
degrees.

The all-orders treatment of the NGLs and CLs contributions for the C/A algorithm was
limited to comparisons with results from the anti-k, and k, algorithms, primarily due to the
absence of all-orders analytical or numerical evaluations for C/A clustering. Overall, within
the approximations and accuracy of this work, the C/A algorithm performs better than the
other two in minimising the effect of non-global logarithms. Since non-global effects are noto-
riously difficult to compute—both at fixed order and to all orders, even at leading logarithmic
accuracy—finding ways to mitigate them is highly desirable. The C/A algorithm appears to
be a promising candidate for achieving this goal. Whether higher-loop calculations and/or
all-orders resummation of C/A logarithms confirm this observation remains to be seen and
will be the subject of future work.

It would be worthwhile to apply the current techniques and results to more complex QCD
environments, exploring how the C/A algorithm compares to other jet algorithms in such
multi-scale processes. Developing an integro-differential equation similar to that of Banfi,
Marchesini, and Smye, or a computational code analogous to that of Dasgupta and Salam that
incorporates C/A clustering, would constitute a major step toward a deeper and more insight-
ful understanding of how complex jet algorithms reshape the impact of non-global logarithms.
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