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ABSTRACT: In the presence of primordial isocurvature perturbations, for example in a separate dark
radiation sector, the superhorizon evolution of curvature perturbations becomes nontrivial. If the dark
sector is radiation-like and constitutes a significant fraction of the energy density, its isocurvature can
imply isocurvature in the inflaton sector even without direct interactions between the sectors. In
this article, we revisit superhorizon curvature and isocurvature evolution in the long-wavelength limit
systematically, drawing a simple picture of how to understand the nature of these fluctuations from
first principles and without brute-force cosmic perturbation theory. We show how the described
setup is able to source isocurvature in simple models of dark matter such as freeze-in and freeze-
out and demonstrate that future measurements of matter and neutrino isocurvature can potentially
discriminate between these two mechanisms.
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1 Introduction

Cosmic perturbation theory has been remarkably successful in predicting the observables of the fiducial
cosmological model, the ACDM model. Providing a framework for the evolution of primordial fluctu-
ations from their generation during inflation to the cosmic microwave background (CMB) anisotropies
and the formation of large-scale structure (LSS), it lies in excellent agreement with high-precision data
from, e.g., Planck [1, 2] and galaxy surveys such as SDSS [3] and DESI [4, 5].

When solving the perturbed Einstein-Boltzmann equations in cosmic perturbation theory, initial
conditions need to be chosen, specifically those of the perturbations. There exist two classes of initial
conditions: Adiabatic initial conditions are defined such that all components of the cosmic fluid, may
it be photons, neutrinos, dark matter (DM), or even additional species like different types of dark
radiation (DR), share the same density perturbations. In case of isocurvature perturbations one or
more of the constituents have deviating perturbations—commonly compared to the photons.

While observational data favors adiabatic initial conditions, percentage-level isocurvature contri-
butions remain allowed. Updated constraints stem from combinations of datasets such as CMB and
the Lyman-« forest [2, 6-9]. Even if subdominant, isocurvature remains of great interest: An obser-
vation of isocurvature would be a smoking gun for multi-field inflation. Moreover, small amounts of
isocurvature may have an influence on the Hubble tension. Last but not least, isocurvature perturba-
tions could open a new window to study the dark sector: DM remains one of the greatest mysteries of
physics and any hint for its properties will be helpful, may it be a single particle or a more complicated
dark sector, including some form of dark radiation.

So far, DR and DM isocurvature have been studied extensively but usually in isolation. DR
isocurvature has been considered in the context of additional degrees of freedom [10-12], as a can-
didate for relaxing the Hubble tension [13, 14], and it has been considered in models of first-order
phase transitions [15-17]. DM isocurvature on the other hand becomes particularly relevant for DM
candidates which are sourced independently from the standard model sector, such as axions from the
misalignment mechanism (see, for a review, [18, 19] and for recent updates on axion isocurvature, e.g.,
[20-22]) or primordial black holes [23-27]. It has been found that freeze-in of particle DM, in contrast
to thermal processes, would not fully dissolve potential initial isocurvature [28] and the influence of
adiabatic perturbations in the local rate during freezing-processes has been examined [29, 30]. Rela-
tions between matter and dark radiation isocurvature have been discussed in mechanisms linking the
production of baryons, DM and additional radiation directly [31].

In this work we focus on particle DM candidates which are produced from the standard model
radiation bath via the freeze-in or freeze-out mechanism. Specifically, we will ask how the presence of
DR isocurvature perturbations from an independent inflationary field may influence the DM curvature
perturbations and what role the mechanism of DM production plays.

Our main result is that DM inevitably acquires isocurvature perturbations from DR, where the
relative amplitude depends on the production mechanism and the energy contribution of the DR
sector—even if the DR is only coupled gravitationally. To obtain this, we follow the separate universe
approach [32] and derive simple evolution equations for superhorizon perturbations which reduce the
problem to solving only the unperturbed background evolution numerically. We note that the imprints
of freeze-in and freeze-out scenarios are differentiable. Our findings demonstrate that isocurvature
signatures would be able to help decipher the microphysics of DM. Therefore, future CMB and LSS
measurements may already be able to distinguish between freeze-in and freeze-out scenarios based on
the characteristic pattern they leave on DM isocurvature perturbations.



This paper is structured as follows: In Sec. 2 we review isocurvature, starting from the separate
universe picture and the evolution of density perturbations. We then introduce definitions for the
comoving curvature perturbation and isocurvature perturbations and derive evolution equations in the
context of the separate universe approach. We also discuss the implications on adiabatic perturbations
in the before introduced language. In Sec. 3 we apply the results to different cosmological histories,
including the decaying curvaton and DM production with freeze-in or freeze-out in presence of DR
isocurvature. We then conclude in Sec. 4 how the imprint of the mechanism onto the isocurvature
amplitudes could help to differentiate them. We give predictions for isocurvature observables in the
basic cosmological scenarios.

2 Review of isocurvature perturbations

2.1 Separate universe approach

Our goal is to investigate signatures of isocurvature perturbations on late time observables like the
CMB fluctuations. This will require us to follow the evolution of fluctuations generated during inflation
throughout the cosmic history, in order to use them as input when computing late time observables
like the CMB anisotropies and LSS.

This task is highly simplified by the following observation: The fluctuations relevant for late time
observables are far outside the horizon from the end of inflation to the emission of the CMB. Regions
separated by the relevant length scales therefore can not influence each other, simply due to causal-
ity. We may then view the universe as a collection of patches, each of them evolving independently
according to the same equations that govern the background dynamics. This method is known as the
separate universe approach [32-35].

Let us here take a first naive stab at this formalism. The universe is filled with an energy content.
To keep our discussion concrete we will assume it consists of a number of fluids with energy densities
P With the index labeling different fluids. Particle physics will specify how these fluids interact, and
at the background level we will have to solve a differential equation of the following form

p=Flp). (2.1)

For example, for a single fluid with an equation of state w, the function F would be given by
F(p) = —3(1 + w)Hp, where H> = p/(3m%,) denotes the Hubble rate. Note that this is an au-
tonomous differential equation, since F' can not explicitly depend on the time coordinate. One might
therefore view all possible configurations p as a phase-space of the theory. In this case the solutions to
the above differential equation can be regarded as trajectories, and for an initial value py at an initial
time ty take the form

p(t) = p(poit —to) . p(po;0) = po . (2:2)

In the spirit of the separate universe approach, let us now consider two patches that are separated
by a distance much larger than the horizon size. One patch starts with a perturbed initial condition
po + dpg. Consequently we may write the solution to the equation of motion to first order in §pg as

p(t) +dp(t) ~ p(po + dpo;it —to) - (2.3)
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Figure 1: Geometric interpretation of the coordinate invariant perturbations as offsets in e-folds I N
(arrows) or equivalent time 6t = 6N/ H for spatially separated patches of the universe between slicings
of constant density (6p = 0) and the flat slicing with vanishing metric fluctuation (v = 0).

Inserting the left-hand side into Eq. (2.1) and separating the terms linear in §p, one finds that the
perturbation dp(t) is a solution to the initial value problem

1), dpalto) = dpo.a - (2.4)

On the other hand we can find the perturbation by simply expanding the right-hand side of Eq. (2.3)
and find

Opa(t)
8palt) Z oo, B 0. - (2.5)

Voila! We have found the evolution equation of perturbations on super-horizon scales as well as the
solution, which is simply obtained by varying the initial conditions of the background solution. So far
we have however overlooked the coordinate dependence of dp,, an issue that we now need to fix.

2.2 Curvature and isocurvature perturbations

Let us now proceed more carefully, and also include the fluctuations of the metric. This set of pertur-
bations then features redundancies under coordinate transformations ¢ — t + §t,  — x + dx . Since
we are only interested in fluctuations on very large scales such that all quantities are in good approx-
imation homogeneous, we must only concern ourselves with the former one. The density fluctuations
transform under the time shift as

0pa = 0pa — Padt . (2.6)
In order to find the relevant metric perturbations it is instructive to consider the transformation of
the unperturbed metric

ds® = —dt* + a*dz* — — (1 — 2‘?) dt* + a*(1 — 2Ht)dx? . (2.7)



If we now consider a perturbed metric
ds* = —(1 — 2¢)dt* + a*(1 — 2¢p)da? (2.8)
we see that ¢ transforms as ¥ — ¢ + Hdt. This allows us to define [36—38]

Caz—w—Haf&, (2.9)
pa
which encodes the density perturbations in a coordinate invariant manner. A rigorous definition of
1 in terms of a general metric fluctuation and a derivation of all transformation properties may be
found in Appendix A.
The constant time slices using the perturbed metric Eq. (2.8) have an intrinsic 3-curvature pro-

portional to the scalar perturbation 1,
4
GIR= ﬁv% : (2.10)

The curvature perturbation ¢, therefore gives the density fluctuation dp, = —pa(/H on a flat slicing
with ¢ = 0 or, equivalently, the dimensionless curvature ¢» = —(, on a constant density slicing
0po = 0. Geometrically (, may therefore be regarded as the amount of time that separates these two
slicings, as the transformation with 6t = (,/H goes from the one with vanishing density fluctuation
to the flat one. Since H = dlog(a)/dt specifies the evolution of e-folds N = log(a) with time, more
directly (, gives the amount of e-folds § N = (,, between these slicings, as illustrated in Fig. 1.

Let us now return to the evolution of the fluctuation {,. We have already found the solution for
the perturbations dp,, in terms of background quantities in Eq. (2.5). We now aim to do the same for
1, making use of our intuition that it corresponds to the e-folds separating us from the flat slicing.
This procedure is known as the § N-formalism! [45-50] and may be justified more rigorously by the
proof in [32]. The amount of e-folds along a path may be found by solving the equation N = H,
leading to

N(t) = N(po;t —to),  N(po;0)=0. (2.11)

In the following, we will jump from cosmic time to e-folds and back, depending on which picture
is easier to understand. In general, they are completely interchangeable. The ¥ ~ —JN along a
perturbed path is then again given by variation with respect to the initial conditions pg,

ON (1)
5005 - 2.12
o P00 (2.12)

Y(t) ==
B

Let us now put this result together with Eq. (2.5) in order to get the evolved ¢,. Note that seemingly
we have an extra initial condition in our equations, the dpg o and 1y, when only evolving the (,. The
additional initial condition corresponds to the arbitrary choice of the initial slicing. Without loss of
generality we may choose it to be flat o = 0 and dpo,o = —p0,0/H Co,o - We then find

N [H) 9palt)  ON®)] pslto)
Calt) = Z |:,Da(t) dpo.p Opo,p | H(to)

Ca(to) - (2.13)
B

Although the different parts for the evolution of (, are well known, we could not find this closed
expression in the literature. It has the particularly useful property that coordinate time ¢ might be

ILater studies focused on higher orders of the expansion [39-43] and generalizing the concept [44].



exchanged for any other time 7 such that 7(¢; pg) is a coordinate transformation along the background
trajectory as we show in Appendix B. This includes all combinations of ¢, p,(t) and N(¢) that one
may conceivably use to parametrize the background evolution, e.g. the temperature of a relativistic
species T ~ p'/*. In this case, H = N is to be understood as a generalized Hubble rate with dots
denoting derivatives with respect to 7.

The choice of e-folds N as a time coordinate is particularly convenient, as the above equation
simplifies to

_ 1 9pa(N) ,
CQ(N)_%:% () 0poy PPN Go(No) (2.14)

where primes denote derivatives with respect to N .

Let us pause for a moment to recollect: We have found that the perturbations in energy density
can be considered as a phase space. The evolution of density perturbations can be determined fully
once the background, its evolution and the initial perturbations are known. This is inherited by the
curvature perturbations. As can be seen from the equations of motion and the resulting equation for
the curvature perturbation w.r.t. e-folds, i.e., Eq. (2.14), the curvature perturbation at N can be fully
determined by the initial curvature perturbations at Ny, if the evolution of the background densities
is known.

This implies that it is possible to consider the evolution of { step by step, dividing the cosmic
histories into sections with known background evolution. Since only the final perturbations matter
for observations, the evolution of all curvature perturbations could be characterized by a product of
transfer matrices, where each matrix compromises the evolution during one era. The transfer matrix
approach has been used in [51] to evaluate the curvaton scenario, but in cosmic time.

So far, we have considered the curvature perturbation of each fluid by itself. Their linear combi-
nations are however coordinate independent too and potentially more useful. Let us therefore define
the total curvature perturbation, which gives the e-folds that lie between a slicing of constant total
energy density and the flat one,

Crot = p[:t Ca - (2.15)

[e3

If two fluids have a relative difference in their respective curvature perturbation, we define this differ-
ence as the isocurvature perturbation [32, 51]. For two fluids « # 3, it is given by

_3H (‘5.”“ - 5.”5) , (2.16)
Pa P

Spa O
(p,— pf). (2.17)
pa pﬁ

While there is a range of different formulations,? it often (when there is no further exchange of
energy between the fluids) proves helpful to replace the time derivative with the continuity equation
Pa = —3H(1+ wy)ps and then replace the perturbations by the density contrast d, = 0pa/pa, Which

SO&B = 3(Coc - Cﬂ)

leads to
Oa 0

Sap = — .
b 1+we 1+wg

(2.18)

21t can also be understood as relative entropy perturbation, since it can be rewritten in terms of entropy density s
and entropy density perturbations ds in the respective fluids, Sog = 054 /50 — d53/53.



Alternatively, instead of the (., (ot together with a linearly independent subset of S,g can be used
to uniquely specify the perturbations.

2.3 Implications for the evolution of adiabatic perturbations

The adiabatic initial perturbation dp,(Ng) = pl(to)0N, with a common 6N = Hoét for all fluids,
represents the special case where a patch is ahead by 6N with respect to the background, while
following the exact same path through the phase space. This is equivalent to (;o¢ = —dN with all

' SN ON
Sup = —3 %—pﬁi, ~0. (2.19)
pa pB

The fact that the background evolution is autonomous implies that a patch which is ahead by 6V
always stays ahead by this amount, as one can easily see from Eq. (2.2),

p(po + p'(t0)dN; N — No) = p(po; N + N — Np) = p(N) + p'(N)oN . (2.20)

In this way we recover the well known result that in the long-wavelength limit the adiabatic curvature
perturbation does not source isocurvature and in the absence of isocurvature is conserved in magnitude.
The common shift §N or, respectively, §t for all fluids is equivalent to the one-clock argument by
Weinberg [52, 53].

3 Emerging isocurvature

3.1 Cosmic histories

In Ref. [54] we investigated a number of cosmological histories and evaluated their potential for giving
a non-zero neutrino isocurvature. Among the simplest models is a cosmology that features two fields
during inflation. One of these reheats the standard model (SM) sector, while the second reheats a
bath of free-streaming dark radiation. The term dark refers here to the fact that this bath is only
gravitationally coupled. DM and neutrinos decouple from the SM plasma at specific temperatures.
We argued that since the neutrinos are in equilibrium with the SM at the time they decouple, they
themselves feature no isocurvature. In terms of CMB observables the neutrinos are, however, nothing
but free-streaming DR, which allows one to treat the sum of neutrinos and dark radiation as together
as the effective neutrinos. Since the DR stems from a different inflationary sector, these feature a
non-zero isocurvature. This cosmic history is illustrated in Fig. 2 (right).

If the sector featuring the DR also directly interacts with the DM, this would generically result
in the DR inducing DM isocurvature. The induced DM isocurvature is fully correlated with the DR
and, therefore, effective neutrino isocurvature. The ratio between the two is hence constant over all
patches and can be parametrized by the mixing angle ¢ = arctan(S,,.,/Sypm). We demonstrated
that CMB and LSS observables depend on this angle and—in case isocurvature is discovered—allow
this angle to be measured. Note that the correlation between the mixed isocurvature mode and the
adiabatic mode in this scenario can be traced back to the correlation between the fluctuations in the
two fields present during inflation. Such multi-field inflation models can in general realize arbitrary
correlations between the two modes [55].

The main focus of this paper is to demonstrate that even in the minimal model, where the DR
sector interacts purely gravitationally, an admixture of DM isocurvature is generated that depends
on how the DM is generated from the SM bath, e.g. via freeze-in or freeze-out. We will do so from
Sec. 3.3 onward by applying the previously established separate universe approach.
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Figure 2: In the adiabatic scenario (left), the single inflaton ¢ reheats the universe. The time of
inflaton reheating is marked by RH. All components of the cosmic fluid follow the same (. It is
inherited by the resulting DM, standard model neutrinos v and photons v, which are all decoupled at
a later time (DEC). In the scenario of an additional decaying curvaton o (center), its energy density
is completely transferred into the radiation sector, which is dominantly sourced by the inflaton field
¢. The decay of the curvaton starts after inflaton reheating, but in this case before DM decouples,
resulting in purely adiabatic perturbations again. In the curvaton scenario, the inflaton carries zero (.
If we consider an additional inflationary field ¢ (right), which sources a dark sector consisting only
of DR, the DM can inherit isocurvature by the presence of non-negligible DR curvature perturbations,
even if DR couples only gravitationally to the other sector.

Before we want to illustrate the application of the separate universe approach on the well known
example of the curvaton. This cosmology involves two fields during inflation as well. The inflaton field
dominates the energy density at the end of inflation and reheats a radiation bath. The curvaton field
starts oscillating at some point after inflation and redshifts like matter, such that its fraction of the
total energy density can become sizable or even dominant. At some point the curvaton decays and
further heats up the same radiation bath the inflaton already populated. In the end, there remains
only energy in this radiation bath. All the fluids present at late times are generated from it. We
illustrate this scenario in Fig. 2 (center).

Since in this cosmology all energy is in one thermalized fluid after the decay of the curvaton, it
can only feature adiabatic perturbations at late times. Initially, however, isocurvature between the
inflaton and the curvaton may be present. Due to this isocurvature, the adiabatic perturbation is
not conserved in this model at early times. Below we use the separate universe approach to calculate
this induced curvature and show that we recover the same result as [51], where the evolution of the
perturbations was solved explicitly.

3.2 The decaying Curvaton revisited

Proposed more than two decades ago [56-61], the curvaton provides an alternative explanation for
the generation of the observed adiabatic perturbations. In this scenario, the inflaton sector that
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Figure 3: Background evolution of the direct curvaton decay for two different decay rates. We
show the energy density for the curvaton (purple), the radiation sector (green) and the total energy
density (red). The dashed line is the same setup with a 30 percent higher initial curvaton abundance,
resembling a patch with a density perturbation in the curvaton. Due to the matter scaling of the
curvaton, the total energy density normalized to the radiation energy density increases. The smaller
decay constant in (b) causes the curvaton to dominate the energy density before decaying to radiation.

initially dominates in energy and therefore the total (adiabatic) curvature has vanishing perturbations.
Perturbations are, however, present in the subdominant curvaton that initially manifest themselves as
isocurvature perturbations. As the energy in the curvaton becomes comparable to the inflaton sector,
these then source an adiabatic perturbation. The scenario can be tested as it leads to enhanced non-
Gaussianities, if the curvaton decays before dominating the total energy [61, 62]. Further the scenario
leads to large remnant isocurvature if the curvaton decays after or simultaneously with the decoupling
of other fluids, e.g. DM [61, 63, 64]. In the simple case that we study here, where after the curvaton
decay only one thermalized fluid is present, this effect is, however, absent.

Let us now solve for the perturbations using the separate universe approach. As stated before,
the curvaton field o starts with subdominant energy density, but carries the only non-vanishing per-
turbation (0. The SM radiation sector 7y, previously reheated by the inflaton ¢, dominates the
energy density, but inherited zero curvature perturbation from the inflaton. The initial perturbations
therefore are

C’Y(NO) = 07 CJ(NO) = CU,O ) (31)

Ctot(NO) ~ C’y(NO) =0, S’yU(NO) = _SQU,O-
Once the oscillation scale of the curvaton enters the horizon, it behaves like matter. We assume
that at the same time it decays with a fixed rate I' with respect to cosmic time into light particles of

the radiation sector ~y, therefore further heating it up. The equations of motion in terms of e-folds for
the background fields become

Py =—B+1D)ps, (3.3)
pl, = —4py +Tpo
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Figure 4: The numerical evolution of curvature and isocurvature perturbations is shown. The initial
curvature of the curvaton field (purple) is normalized to unity. The radiation (green) starts with zero
curvature. The isocurvature perturbation (black) is divided by 3. The total curvature perturbation is
depicted as well (red). As can be seen from the background evolution in Fig. 3, in the case of a small
decay constant the matter-scaling curvaton sector can dominate the energy density before its decay,
thereby leaving a stronger imprint of its associated curvature perturbations.

where the prime denotes the derivative with respect to e-folds N and r=r /H is the interaction rate
adjusted to the e-fold parameterization. Plugging the initial conditions, Eq. (2.14) then reads for the
two fluids

1 9ps , 1 Opy
— NoYeoo, Co(N)=
PN Bpag NN GIN) = Sy 5,

The above equations imply that we can find the evolution of the perturbations by considering how the
solution of the background depends on its initial conditions. In the simplified case of I' = 0, we may

(o (N) =

p;(NO)CJ,O . (35)

even solve the background equations analytically to find p, = ps,0exp(—3N) and py = py,0 exp(—4N).
We can then trivially carry out the variations with respect to the initial conditions in the equations
above and find (,(N) = (,0 and (,(N) = 0. Eq. (2.15) then, however, implies that the total curvature
perturbation (it becomes non-zero as the universe goes from radiation to curvaton dominated and
eventually asymptotes to (s 0

_ 3ps(N)

390 (N) + 4p, (V)
Let us again stress that the calculation turned out this simple due to two factors: First, the use of
the separate universe approach saved us the effort of finding evolution equations for the perturbations
and solving them. Second, since we worked with e-folds N as our time coordinate, we could trivially
ensure that while varying p, o along all paths the same amount of e-folds passed. When working with a
different time coordinate, one has to take the variation of e-folds with the initial conditions into account

Ctot (N> CO’,O . (36)

according to Eq. (2.13) as was done in [32] to arrive at the same result. For more complicated models,
usage of a special time coordinate might significantly help when solving the background equations, in
which case including the variation of e-folds might be the easiest option.

Let us now turn back to the more complicated case of the decaying curvaton, where we need to solve
the background equations numerically. We consider the two benchmarks from Ref. [51], Ty = 1073

~10 -



and Ty = 1076, respectively. The initial total energy density is normalized to one, specifically we start
with py 0 = 0.99 and ps o = 0.01. We show the background evolution of both energy densities in Fig. 3
as solid lines.

To find the evolution of the perturbations, we again need to consider patches that start with a
perturbation in p, . For illustration purposes we show the evolution of such patches that start with
a 30% increased py o as dashed lines in Fig. 3. We find that in the first scenario, where the curvaton
decays before dominating, this leads to about a 10% increase in the final total energy, while it leads
to almost a full 30% increase if the curvaton dominates before decaying as is the case in the second
example.

To find the evolution of the perturbations, we now numerically take the increase in p, o to be very
small. This allows us to evaluate the derivatives in Eq. (3.5) and gives us the curvature for every N.
We show the evolving perturbations in Fig. 4. The fact that an increase of the curvaton density leads to
almost the same increase in the final radiation and total density in the second scenario is now captured
by the perturbations tending to 1, while in the first scenario, where the effect is suppressed, they go
to ~ 1/3. For the lower decay rate, it takes longer for the decay process to become efficient. The
curvaton has more time to contribute stronger to the energy density and the imprint of its curvature is
enhanced. Notably, we successfully reproduce the result from [51] without deriving evolution equations
for the perturbations and solving them. Beware that since we are only working at linear order in the
perturbations, we can in principle choose any initial value for the fluctuations to find their transition
functions. They can later be scaled to match the primordial values from observations.

The decaying curvaton scenario provides us with an important insight: Despite starting with
isocurvature between curvaton and radiation, the universe in this scenario ends up with zero isocur-
vature, once the curvaton completely decayed into radiation—thereby sourcing the observed adiabatic
curvature perturbations. The universe can be born non-adiabatic, but still die adiabatic.

3.3 Analytic toy model for DM production

Let us now take a closer look at a decoupling process between two fluids p; and ps with vanishing
initial isocurvature Si2 = 0 in the presence of a third fluid ps which is only gravitationally coupled.
This situation corresponds e.g. to the upper half of the right example in Fig. 2, where p; and p, may
correspond to the SM plasma and DM, while p3 is DR. We are interested in the final isocurvature
between the first two fluids in the case that there is an initial isocurvature between them and the third
ﬂuid, Slg 7é 0.

For now we study a simplified system of fluids that mimics dynamics typically found in DM
freeze-in and freeze-out processes but does not exactly correspond to any particle physics theory. We
assume that all three fluids red-shift like radiation and that between fluids one and two there is a heat
exchange @ . In terms of e-folds N the background evolution is given by

Py =—4p1 — Q/H (3.7)
ph = —dps + Q/H 3.8
py = —4ps3,

where H = \/(p1 + p2 + p3)/(3m?,) is the Hubble rate and primes denote derivatives with respect to
N. The rate @ is supposed to model a particle physics interaction and it should therefore only depend
on the fluids that it involves @ = Q(p1, p2). To keep the solution analytic, we assume that it takes

— 11 —



the following form

p1+ p2

Q= (feq72/01 - feq,lp2) Fcritm .

(3.10)
The interaction drives fluids one and two to an equilibrium, where they respectively constitute fractions
feq,1 and feq2 of the total energy in the sector p; + po. Therefore, foq1 + feq,2 = 1. The interaction
is most efficient when pciy ~ p1 + p2 and takes place at a rate I'cit . In terms of particle physics
one may think of the equilibrium state being determined e.g. by the amount of relativistic degrees of
freedom in fluids one and two, with the interaction rate coming from some portal that eventually gets
quenched.
The solutions for p; 4+ p2 and p3 are given by

p1+ p2 = (pro + p20) exp(—4N),  p3 = ps,oexp(—4N). (3.11)

It is convenient to define Ney via (p10 + p2o)e” Ve

of p; as

it = poit. Lhis allows us to rewrite the evolution

4(N—Ncm)) Lerit 1 (3.12)

/ = —4 — ( - Je cri B ’
01 p1— (P1 = feq1perite 2H vit, cosh(2(N — Neyit))

where Hey = Hoe 2Nerit is the Hubble rate at Noi and Hy = \/(p1,0 + p2,0 + p3,0)/(3m3,) the initial
one. If the initial conditions are chosen such that p1,0 + p2,0 > peric and therefore Nyt > 1, we may
approximate the solution as

T

_ Lerit pretan(e2V —Nerit)
P1 = pcrite_4(N_Ncm) (feq,l + (fO,l - feq,l)e Mot o (92 )> ) (313)

where fo1 = p1,0/(p1,0+ p2,0). The solution for the second fluid may be cast into an analogous form.
With this analytic solution in hand, we may again determine the evolution of the perturbations with
the help of Eq. (2.14) by variation with respect to the initial values p; o, upon which Ny, Herie and
fo,; implicitly depend.

Freeze-In. Let us now take a closer look at a more specific scenario that corresponds to the
second fluid freezing in. For this purpose we assume ps o = 0 and feq,2 # 0 such that around Ng,; the
interaction populates the second fluid. The resulting isocurvature SiI' once the interaction seizes to
be efficient at IV > Ny is given by
T Terig 1 1

T

o . _ T _crit Teri
8 Hcrlt 1 —e 4 Herit 1+ feq 1 <€Z Hcf:ltt _ ]_)

0 ) Fcrit < Hcrit
793513 x Lerit 5 (315)

7 Derit e_ 4 Heyig
B H(:it Foqt ) Fcrit > Hcrit

Sty = 0,5, (3.14)

N|—=

Q

in terms of the initial isocurvature Sy, . Remarkably, isocurvature is induced in the sector of fluids
1 and 2 by the third fluid that is, however, only gravitationally coupled. In Sec. 3.4 we will study a
similar system, where the first fluid is the SM radiation bath, the third is DR and the second fluid
which freezes in is DM.

We may interpret the result in the two limits of a weak and a strong interaction in the following way.
Note that both at times before and after the interaction is efficient, the isocurvature S;; corresponds
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to perturbations in log(p;/p;),

pi opi  Opj 4
dlog () = ( - ) = =55 . 3.16
Pj pi P 37 (310

In terms of the separate universe approach, a positive S5 therefore corresponds to a patch in which
the density ps is reduced with respect to p; + p2 . In this patch the Hubble rate is always smaller at
a given p; + p2 and therefore interaction rate ). This results in that patch spending more time at a
given interaction rate and therefore an enhanced yield pa/p1 at late times compared to the background
patch, explaining the sign of the isocurvature.

Since the third fluid is only gravitationally coupled, the dependence of the yield on p3 is only due to
the Hubble rate, which is why the result is proportional to 23 . While in the case of a weak interaction
the time spent at a given rate is the main factor determining the yield, for strong interactions the
yield eventually tends towards the equilibrium pa/p1 = feq,2/feq,1 and becomes independent of the
Hubble rate and therefore ps. This explains the exponential suppression of the isocurvature S?zn at
large interaction strength. Of course the region of parameter space where the DM thermalizes with
the SM is anyways not relevant for freeze-in DM.

Freeze-Out. Within in the same toy model we can also study the case in which the first fluid
freezes out. To mimic this scenario, assume that prior to the dynamics fluids one and two were in
thermal equilibrium such that the ratio p1,0/p2,0 is set to some fixed value. This implies that 5(1)2 =0.
The dynamics described above then tend to diminish the first fluid, if we choose fcq,1 = 0. In this
case the final isocurvature in terms of S5 = S9; is given by

_ ™ Fcrit 1

Sgl = Q3593 (3.17)

Terit

8 Herit 1— fO 16_% Hepig

T Derig .50 ﬁ y Terit < Herit
_ 3573 ,
8 Hcrit 1 ) Fcrit > Hcrit 7

Q

(3.18)

Conversely to the previous example the ratio p;/ps is now by construction fixed at the initial value if
the interaction is weak, which leads to the parametric dependence on T'cyit/Heris - In the limit where
Devit/Herit is large, the system tends to the new equilibrium p; = 0. The tiny rest that remains is
all that is needed to explain the observed DM abundance in freeze-out models. This results in an
unsuppressed isocurvature in this case. As we will see in Sec. 3.5, this resembles a system where the
fluid po will be the SM radiation bath, the third will be DR and the p; here will be the freeze-out DM.

3.4 Numerical analysis of freeze-in

The dark matter freeze-in process [65-70] is a mechanism to create DM with much smaller required
couplings than the freeze-out scenario. As a consequence, the DM particle is never in thermal equi-
librium with the standard model and is rather produced via rare processes from bath particles. With
decreasing temperature, the production channels become Boltzmann suppressed and the abundance
freezes in. Freeze-in can be differentiated into UV- and IR-freeze-in [71]. We focus on the later case
here.

In the analytic toy model we have seen that the process of DM freeze-in can source isocurvature
between the SM and the DM fluids in the presence of a third fluid with non-vanishing isocurvature.
Let us now investigate a realistic interaction term with numerical methods. As before, the system
contains three fluids: The SM photons with energy density p,, DM with ppy and a generic dark
radiation sector ppr, where the DM abundance is negligible initially.
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The SM bath is in thermal equilibrium with a heavy particle B; of mass mp and with gp degrees
of freedom. This particle decays into a particle By, which is in equilibrium with the SM, and a DM
particle X, By — Bo+ X, with a constant rate I'. The corresponding interaction term in the Boltzmann
equation is computed in [65]. Adapted to the language introduced here, this interaction reads

Qyspr = 2% I'mimxT K1 (mg/T), (3.19)

with K7 being the Bessel function of second type, mp the mass of By and mx the DM mass. The
temperature is that of the SM bath, T = (30p,/(7%g,))*/*. The interaction enters the equations of
motion as above in Eq. (3.9), where the second component resembling DM now redshifts accordingly,

P = —dp, — Q/H, (3.20)
pom = —3ppm + Q/H , (3.21)
PDR = —4PDR - (3.22)

The energy density is transferred from the SM radiation bath towards the freeze-in DM. The photon
bath as well as DR redshift as radiation.

We solve the system numerically and study the evolution of the perturbations. To achieve a stable
solution, the numerical evolution starts with negligible but finite DM abundance. Initially we set the
isocurvature between radiation bath and DM to zero, (0 = ¢(pm,0 = 0.1 such that SSDM = 0. The DR
sector starts with (pr,o = —0.1, so initially the isocurvature is given by S,pr,0 = 3({y,0 —¢pr,0) = 0.6.

The resulting evolution of the background densities and the curvature perturbations is shown in
Fig. 5a and Fig. 5b, respectively. We show the SM sector (black), dark radiation (green) which starts
with the contribution ppr,o = 0.1 p4,0, and the freeze-in dark matter (red). The dashed line in the
right panel is the isocurvature between SM and DM computed from both curvature perturbations.
More details on the chosen numerical parameters and units can be found in Appendix D.

In the left panel, we can see the DM density increasing faster than pure matter scaling while it is
produced from the SM bath. Between N = 1 and 2, when T' ~ mp, the production becomes inefficient
and the DM abundance is frozen in. It starts scaling as matter. We find that during the freeze-
in process, (py is increased, leading to a finite negative isocurvature perturbation as our intuition
from the analytic toy model would suggest (see Fig. 5b). The perturbations freeze together with the
DM abundance at around N =~ 2, when the DM production ends. In total, we are left with a finite
isocurvature perturbations between the v bath and DM, S,pwm.

An analysis of the parametric dependence is shown in the left panel of Fig. 6. For this, we
perform the numerical evolution multiple times (see also Fig. 7), varying the model parameters as well
as the initial DR contribution, and read out the final values at the end of the evolution, once they
have converged. We plot the resulting isocurvature perturbation in DM at the end of the evolution,
normalized by the initial isocurvature of DR, against the initial DR energy contribution. Here it
becomes obvious that the scaling is strictly linear, as the interaction of the DR sector is purely
gravitational,

SypM = @ {dpr,0 SyDR,0 - (3.23)

where a linear fit reveals the slope a = —0.67.

This result agrees very well with our intuition: The more the DR sector contributes to the energy
density during the freeze-in, and the larger its isocurvature amplitude is, the more significant the
imprint into the DM isocurvature perturbation becomes. If there is zero initial isocurvature in the
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(c) Freeze-out background evolution. (d) Freeze-out curvature perturbations.

Figure 5: Evolution of background energy densities and curvature perturbations in terms of e-folds
for freeze-in (top, DM in red) and freeze-out (bottom, DM in purple). The color is corresponding to
the fluids. In the right panels, the black dashed line is the isocurvature perturbation between the SM
and the DM sector. The initial DR energy density is the same for the two presented setups. In the
freeze-out, the equilibrium energy density is included as dashed purple line.

DR, we cannot source DM isocurvature. The sign results from the fact that in freeze-in, the DM
abundance increases if one lowers the amount of DR and with it the Hubble rate.

Different decay rates I' and the time of freeze-in, determined by the mass mpg, have no influence
on the resulting isocurvature. The dependence therefore is as predicted in the analytic toy model (cf.
Eq. (3.14) for small rates). Only the prefactor in the analytic model deviates slightly. In Appendix E
we calculate the factor in the sudden freeze-in approximation introduced in [63] and find —2/3 in
excellent agreement with the numerical study. There it seems that the difference is mainly due to DM
redshifting as oc a3, while py in the toy model was redshifting like radiation oc a=*. Note that in
reality the DM particles produced in the decay of By have a residual momentum and would show a
behavior in between these two cases. Investigation of this effect as well as UV freeze-in, where DM
production has to be discussed together with the reheating of the SM sector, are left to future work.
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Figure 6: We show the dependence of the final isocurvature of dark matter, normalized by the initial
isocurvature of dark radiation, as a function of the dark radiation energy contribution. The left panel
shows the freeze-in, where the results for different rates coincide. The red line is a linear fit. In the
right panel, the same is done for freeze-out scenarios with different interaction rates and DM masses
mx. The purple lines are fits to the points corresponding to one mass each with I' = 10°. While
the general linear dependence on the DR contribution remains, the toy model parameters still have a
small influence on the resulting isocurvature.

3.5 Numerical analysis of freeze-out

The numerical analysis can be repeated for a freeze-out scenario. In this case the DM particle X
is in thermal equilibrium with the SM bath. As the temperature falls below the mass my, DM
particles annihilate into SM particles and the DM abundance is given by the equilibrium abundance
of a non-relativistic particle

mx

PDM,eq X mxT? (T)?’/? exp (77) . (3.24)

Eventually the annihilation process gets quenched, as the rate at which DM particles encounter each
other is proportional to the exponentially decreasing abundance. In this case the DM equation of
motion including the heat transfer Qy_pm/H reads

1
Pom + 3ppM = TxH (ov)r (pDy — pQDM,eq) ) (3.25)

with the temperature-averaged cross section (ov)r, which we take as constant.

The evolution of energy densities and curvature perturbations is presented in the bottom row of
Fig. 5. The DM component is shown in purple, and the dashed line shows the equilibrium density in
the left panel. The model parameters are chosen such that the freeze-out takes place between N =1
and N = 2, after which the DM component keeps scaling as matter.®> More details on the chosen
numerical setup are to be found in Appendix D.

In Fig. 5d, as for the freeze-in, we show the evolution of curvature and isocurvature perturbations.
At the time of the freeze-out, a finite isocurvature perturbation in the DM fluid (black dashed) emerges,

3Note that the numerical study still considers separate fluids with a fixed equation of state parameter.
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Figure 7: The evolution of the yield npya®, compared to the yield of SM photons n.a?, in freeze-in
and freeze-out scenarios is shown for different patches with increasing dark radiation energy density
(solid to dotted). Note that for better comparability we choose such values in the numerical setup
that the freeze-in happens later on the z-axis of the yield plot. This is done by taking a larger mx,
which otherwise does not change the setup, since it is degenerate with the choice of I' in the numerical
analysis. The right panel demonstrates the evolution of the dark matter isocurvature corresponding
to the solid line from the left panel for freeze-in as well as freeze-out. More details on the numerical
setup in Appendix D.

which remains constant after the end of the process when the DM scales purely as matter. Compared
to the freeze-in, the curvature perturbation of DM (purple) is lowered compared to the radiation bath
(black). The isocurvature has the opposite sign.

To analyze the parametric dependence, we perform the evaluation multiple times for different
model parameters as in the freeze-in scenario. The resulting isocurvature perturbations are plotted
as a function of the initial DR contribution in the right panel of Fig. 6. We show the results for
three masses and four different rates each. While rate and mass minimally change the slope, the
induced isocurvature is still strictly linear in the initial DR contribution for one set of (mx,I"). One
reason for the small deviations is the different initial equilibrium density and thus a minimally changed
initial weighting of constituents. Remarkably, the analytic and much more simple toy model showed
I'-dependence for the freeze-out as well, but not for the freeze-in.

The fit results for mx = {2.5,1,0.5} with T' = 105 are

S.pm ~ {0.57,0.55,0.53} Qpr.0 S4DR.0 - (3.26)

Despite a small dependence of the slope on the model parameters, in general we find the same
result as for the freeze-in: The induced DM isocurvature scales linear with the DR abundance during
the freeze-out and the amplitude of the initial DR isocurvature perturbation. In contrast to the freeze-
in, the slope, while comparable in scale, is positive. The analytic estimate in Appendix E relying on
the sudden freeze-out approximation gives slightly larger o but agrees to within 10%.
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Figure 8: Isocurvature mixing angle as a function of the temperature at DM production, which
changes the degrees of freedom in the SM plasma and therefore the relative energy contribution of DR
at this time. A freeze-out (purple) leads to positive angles, while freeze-in leads to negative values.
We show the results for AN.g = 0.3 (solid and long-dashed line) and ANgg = 0.027 (short-dashed
line). The long-dashed line shows the result if the DR fraction would be constant at the value from
recombination.

4 How isocurvature can decipher the origin of DM

It was demonstrated above that dark matter freeze-in as well as freeze-out in presence of DR isocurva-
ture from an independent dark sector leads ultimately to nonzero isocurvature in DM. An observation
of isocurvature perturbations, on the other hand, could be able to differentiate between the two sce-
narios. In the case of freeze-in, a higher local DR density increases the Hubble parameter of the
patch, which decreases the net energy flow 1,2/ H and thus leads to later freeze-in and reduced relic
abundance. Fig. 7a shows this reduced relic abundance in the yield (red) for higher background DR
densities (increasing from solid to dashed to dotted). Each line can be understood as an independent
patch in the separate universe picture.

In freeze-out, the increased Hubble parameter in the patch has the same effect on Q1_,2/H, but
since the flow is inverse for freeze-out, this implies higher relic abundance. This is shown in Fig. 7a
in purple. Correspondingly, the induced isocurvature perturbation in Fig. 7b, sourced by the non-
adiabatic energy transfer, acquires a different sign for freeze-in and freeze-out. From an observed
isocurvature between photons and DM, the ’direction’ of the perturbations could indicate whether
freeze-out or freeze-in would be preferred.

Since the SM neutrinos were in equilibrium with the photons at the time they decouple in all
cosmologies we considered, we will assume that they themselves have no isocurvature. We identify
DR isocurvature with what we called effective neutrino isocurvature above,

S = PO g 4.1
YVetf " rec vDR ( . )
pVeff
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where pj2° = p°° + pBR- The rec superscript here indicates that the quantity should be taken at the
present day value relevant for CMB and LSS observations.

We may summarize Eq. (3.23) and Eq. (3.26) as S,py = aQ23"S, pr, where a is the O(1) factor
encoding the respective DM production mechanism. Note that for the gravitational effect we described
above, the DR density at the time of DM production Q%rﬁd is of relevance. We may express the mixing

angle between neutrino and DM isocurvature as

S rec rec rec
= arctan (SWC“) = arctan - pDRp/rféad p;sg , (4.2)
+DM QDR Prose

where praa = py+pu.;; - The second factor in this parametrization is unity if both the dark radiation and
SM (7, v) sector both exactly redshift like radiation after DM production. This is however improbable
as the SM deviates from this scaling when its relativistic degrees of freedom change. One could also
imagine more drastic deviations, if for example one of the sectors undergoes an intermediate matter
scaling.

Let us now consider a minimal scenario to investigate the impact from bounds on extra relativistic
degrees of freedom and thus on DR at recombination. For this, we include the parametrization of
ANgg to later insert the available bounds. At recombination, the contribution of DR to the total
free-streaming radiation p,, is

PDR

4.3
PDR + Pu (4:3)

_ AN AN (AN 2
AN N TN O\ )

rec

which fixes the prefactor from Eq. (4.1). This still leaves open the DR contribution during DM
production.
Comparing the DR contribution to all radiation in the SM bath yields
4/3
£ (71) " AN
4/3 ’
e 14+ ()77 NSy

PDR
Py + Py

(4.4)

which can be computed at a temperature T' by adjusting for the (entropy) degrees of freedom in the
SM radiation bath at T' compared to recombination. Including this, at linear order in ANgg, the DR
contribution to the background energy density at T then is

(%)4/3 (9*3,59(1T)>4/3 (g;):(a%) AN (5)

[e ] BN

PDR
Qpr(T) = ~
PDR + Py + pu 1+ 7 (& )4/3N§§4

where the prefactor in front of ANy in the first order expansion can range from 0.13 for low temper-
atures up to 0.35 above T' ~ 200 GeV.

Let us put emphasis on the fact that in Eq. (4.2), due to the linear behavior of Eq. (4.3) and
Eq. (4.5) for small ANgg, in first order the actual amount of DR cancels from the mixing angle.
Eq. (4.2) consequently only depends on «, stlf\d, and the SM degrees of freedom at the time of DM
production.

For a realistic estimate let us take into account the upper bound for additional ultra relativistic
degrees of freedom [1],

7( 4\ por
ANg =+ (=) PoR 4.
eff S (11) - < 0. 3 ( 6)
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Figure 9: Isocurvature mixing angle, which parameterizes the relative amplitude of effective neutrino
and DM isocurvature, that would be expected for freeze-out (purple) and freeze-in (red) scenarios.
The band gives the range of possible DR contribution in the low-ANyg limit, which depends on the
temperature at DM production. The orange and blue line show upper limit and best fit found in Ref.
[54] for a common cosmological data set. The angle 0 would be pure DM isocurvature, while £7/2
would be pure neutrino isocurvature. The compensated neutrino isocurvature is the definition tested
commonly in the literature (see [54]).

and assume that DR saturates this limit. At recombination, this fixes Eq. (4.3) to 0.09. In Fig. 8 we
compare the resulting temperature dependence of the mixing angle with one saturating the forecast
for CMB-S4 and similar setups of ANyg = 0.027 [72]. Here we set a = —2/3 and a =~ 0.6 for the
freeze-in and freeze-out scenario, respectively. Note that here we are neglecting a possible temperature
dependence of « in the freeze-out scenario. As expected the influence of ANgg on the mixing angle
is small, while there is a sizable temperature dependence due to the degrees of freedom in the SM
changing, which leads to Qpgr varying.

As we demonstrated in [54], the limits on the isocurvature power spectrum from Planck [2] do
exhibit a strong dependence on the mixing angle ¢, with the limits varying by an order of magnitude,
as shown in Fig. 9. The range of the isocurvature mixing angles expected for freeze-in and freeze-
out DM production is indicated by two colored bands. The outer and inner values correspond to
the minimal and maximal DR contribution at DM production (cf. Fig. 8). This leaves the range
—1.30 < ¢ < —0.95 for freeze-in and 1.03 < ¢ < 1.34 for freeze-out. Quite remarkably, the fit has
a mild preference for non-vanishing isocurvature of either sign and close to maximal mixing angle,
consistent with the range expected for DM production.

We want to note that giving up on the assumption that the DR sector strictly redshifts as radiation
would ultimately widen the range of possible mixing angles. For example if the degrees of freedom in
the DR sector decrease significantly or if it undergoes an intermediate scaling like matter, values of ¢
closer /2 and —7/2 can be achieved that our fit seems to prefer.

For the two DM production mechanisms we have discussed here, there is no overlap between the
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possible mixing angles even when allowing for exotic scalings of the DR sector, since the two values of
« and, therefore, the resulting mixing angles have different signs. Given the large amount of possible
DM generation scenarios, it is however obvious that in general there is a degeneracy between the value
of a of the production mechanism and the temperature at which it takes place.

Further note that at linear order CMB and large scale structure probes can not distinguish baryon
and DM isocurvature [73, 74]. Since baryogenesis is necessarily a non-equilibrium process [75], pre-
sumably also baryon isocurvature is produced in the cosmologies we discussed here. Similar to the
case of DM production, the baryon abundance is determined by competition of various particle physics
rates with the Hubble rate and therefore fluctuations in the DR sector would change the yield just as
in the DM case. The total value of o encoding the correlation between neutrino/DR isocurvature and
the total matter curvature then depends both on the DM production and baryogenesis mechanism.

5 Discussion

In this work we have derived a closed expression in Eq. (2.13) for the superhorizon evolution of
cosmic perturbations within the separate universe picture. We applied this formula to the evolution of
isocurvature perturbations during DM production in presence of a dark radiation component. Since
isocurvature can not be created from adiabatic initial conditions, the DR must necessarily get reheated
by a different field than the SM bath, such that it features isocurvature to begin with. We found that
generically DM isocurvature is induced even if the dark radiation is only coupled gravitationally. The
reason is that local variations in the DR background will modify the Hubble rate and therefore the
efficiency of the DM production process. Depending on the direction of energy transfer—whether the
DM is freezing-out or freezing-in—the yield may increase or decrease in a patch with higher dark
radiation background density, and vice versa. The sign of this energy flow determines the sign of the
isocurvature perturbation imprinted on DM.

In a numerical study as well as in analytic estimates we found that for both freeze-in and freeze-
out scenarios, the DM isocurvature scales linearly with the product of DR energy contribution to
the background and the initial isocurvature perturbation of DR, with a prefactor a of O(1) that
depends on the production mechanism. For direct freeze-in we found no dependence on microscopic
DM parameters, for freeze-out it has a very mild temperature dependence. We expect the result to
only break down for scales which enter the horizon while the process is not completed.

Future work can be conducted in two directions. First, the framework can be extended to more
realistic cosmological histories and particle models. Determining how the slope a actually varies for
different mechanisms of DM production like, e.g., UV-freeze-in could help to lift the degeneracy with
the temperature at which the process takes place.

For the minimal cosmic history, a promising scenario would be the observation of a finite A Neg.
Such a result would motivate a more detailed search for mixed isocurvature modes, since an imprint
on DM isocurvature would be likely. If cosmological data shows preference for a nonzero isocurvature
amplitude and a value for ¢, our framework will be able to discriminate between freeze-in and freeze-
out scenarios. Either one of the a-values for freeze-in or freeze-out of the standard model sector is
preferred, or DM is created non-minimally. If, on the other hand, the preference remains close to
pure neutrino isocurvature—in line with our previous result [54], the then decisive question would be
to explain why the imprint into DM isocurvature is so small, since the freeze-in/-out bands do not
coincide with the mixing angle being close to £7/2 (cf. Fig. 9). The measurements could as well shed
light on other non-equilibrium processes such as baryogenesis, which similarly depend on the local
Hubble rate.
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So far, we have only considered scenarios where the DR behaves strictly as radiation. A more
detailed exploration of scenarios with nontrivial DR evolution, such as the recently proposed phase-in
mechanism [76], could find more efficient ways to induce DM isocurvature. The only condition is,
that there is a separate sector with isocurvature, which is relevant or even dominant during the DM
production. Another alternative is that DM freezes out of DR rather than out of the SM bath.

In summary, the connection between DR isocurvature and the origin of DM opens a new window
to probe DM microphysics via cosmological data, and may hold a key clue to solving the dark matter
puzzle.

Acknowledgments

The authors thank Kim V. Berghaus and Davide Racco for insightful discussions on dark matter
isocurvature. PS and CG acknowledge support by the Cluster of Excellence “Precision Physics, Fun-
damental Interactions, and Structure of Matter” (PRISMA+ EXC 2118/1) funded by the Deutsche
Forschungsgemeinschaft (DFG, German Research Foundation) within the German Excellence Strategy
(Project No. 390831469).

- 22 —



A Cosmic Perturbation Theory

The general form for metric perturbations at first order in a spatially flat Friedmann—Lemaitre—
Robertson-Walker (FLRW) metric background is [77]

ds? = —(1+ 2¢)dt* + 2aB ;dtdz’ + a® [(1 — 2)6;; + E 5] da'da? (A.1)

where ¢,z denote the coordinates and a the scale factor. B; can be decomposed as a scalar B and a
divergenceless vector B;, B; = 0;B + B;. Similarly, one can decompose E ;; into a scalar part E, a
divergenceless vector F;, and the tensor h;;, which is divergenceless and traceless,

E,ij = 26‘i8jE + ((%Ej + 6jE¢) + hij . (A2)

Since we are not interested in vector and tensor perturbations here, we neglect those. This leaves
us with four scalar perturbations, ¢, B, ¥, and E. However, they still depend on the slicing and
threading of spacetime.

To circumnavigate the gauge problem, one can either choose gauge invariant combinations of the
perturbations as the Bardeen variables [36]—or fix the gauge and thereby decide for a specific choice of
threading and slicing. The consequence of fixing the gauge is that automatically matter perturbations
are generated. One of the easiest choices is the Newton gauge, where two scalar perturbations (here E
and B) are set to zero. We are left with ¢ and . The perturbed metric with two scalar perturbations
is the one we consider in Eq. (2.8).

A.1 General coordinate transformation
Consider a coordinate transformation
at = ah =t 4+ (L), (A.3)

where the change can be decomposed* into ¢ = (a,9'8). Under this transformation, the scalar
perturbations above transform as

b d=0—a, (A4)
BHB=B+%—w, (A.5)
Y =1+ aH, (A.6)
E—E=F-§. (A7)

As a consequence, if we consider a time shift d¢, but no shift in space, thus & = (dt,0), the scalar
perturbation in the diagonal spatial part transforms as

G — o+ Hot. (A.8)

A.2 Transforming energy density perturbations

Next we consider a general scalar field. Without loss of generality we take some energy density p(¢, x).
A scalar field under the general coordinate transformation transforms as (£, &) = p(t, z). This implies
for the infinitesimal transformation given by &* at first order

/3(5’ :i) = p(t, 1:) = p(f— a, T — Vﬁ) ~ p(f, 53) - Ozp'(g, 53) - aip<£7 j)a’ﬁ (A.9)

4We already ignore a possible divergenceless vector perturbation 8% in the spatial part here, since we are only
interested in the scalar perturbations.
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In general, we assume the background to be only dependent on the time, p(t). We split the transformed
field into background plus a perturbation and find (now dropping the tilde on the new coordinates)

plt,x) = pt) + 6p(t.x) = p(t) + Sp(t, ) — ap(t) | (A.10)

where the spatial derivative is left out since its application to the perturbation dp is already a second
order perturbation. Note that we derived the transformation of an energy density perturbation,

5p=0dp—pot. (A.11)

B Changing the time variable

The choice of the time variable in principle is free. Throughout this article, we have used cosmic
time t as well as e-folds N. If ¢ now is replaced by a time reparameterization along the background
trajectory, T = 7(¢, po), additional contributions in Eq. (2.13) cancel, as we will see now.

Let us first note that the total differential of 7 reads

or or
dr = Z_dt T dpo., - B.1
T= +; Do, 0 (B.1)

We now want to examine a variation of pg g as in Eq. (2.13). Let us see what happens to the cosmic
time when we do this while fixing 7,

or

9
=228 (B.2)

T ot

ot
dpo,s

since by fixing 7 we imply d7 = 0. Now we apply this variation to our background fields, p(t, po)
and N (t, pp). This yields

0pa _ 0pa % ot (B.3)
Iposl, Opopsl, Ot |, Opogl,
Ipa 97 /dpo,s
_ o ([ LLOP05 B.4
Ppos), " (oo (B4)
and
ON ON ON ot
= | + = = B.5
Iposly  Opopsl, Ot |, Iposl, ()
ON 01 /0po,p
= —H | —— B.6
Ppos . (%) (B.5)

where in the last step we replaced N = H.
With this result we can consult our evolution equation (Eq. (2.13)) again, which contains

H(t) dpa(t)  ON(t)
[/’a(t) dpo.s apo,ﬁ] ’ (B.7)

Here, the prefactors of the two variations w.r.t. pg g make sure that the last terms in Eq. (B.4) and
Eq. (B.6) cancel each other, leaving the evolution equation unaltered except for the arguments. This
together with the fact that
dN/dt  dN/dr
dpo/dt — dps/dr’

(B.8)
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proves our claim that Eq. (2.13) can be applied for all such time arguments 7, when interpreting
H = dN/dr as a generalized Hubble rate.

The e-fold parameterization is a special choice of such a generalized time, as the second term
in Eq. (B.7), which varies the initial density while fixing the time parameter N, vanishes naturally.
Further the generalized Hubble rate with respect to e-folds is dN/dN = 1. As a consequence, the
dimensionless choice of N as time parameter yields the simpler form of the evolution equation for
¢(N) in Eq. (2.14).

C Superhorizon evolution of isocurvature in e-folds and cosmic time in
comparison

We showed in Eq. (2.4) that the evolution equation for the density fluctuation may be derived from the
background evolution. We then went on to argue that the time dependence of the perturbations may
be found directly by considering solutions of the background with variations of the initial conditions
and, therefore, did not further investigate the possibility of deriving and solving evolution equations for
the perturbations. In Sec. 3.2 we showed that the results for the time evolution for the perturbations
using variation of the initial conditions and solving their equations of motion (from Ref. [51]) coincide
in the case of the decaying curvaton. We here derive the evolution equations for the perturbations
in the case of multiple interacting fluids starting from Eq. (2.4) and without going through cosmic
perturbation theory explicitly as was done in Ref. [51].

C.1 The evolution with respect to e-folds

Since shifts in e-folds correspond to just a rescaling of the scale factor, the background equations are
also autonomous when working with e-folds. We may, therefore, start from Eq. (2.4) but using e-folds
N rather than physical time ¢, which we restate here for convenience,

;o OFa(p(N))
0po = ;doﬁ dps ) (C.1)

where as before primes denote derivatives with respect to e-folds. The tilde indicates that this relates

to the background evolution in e-folds p’ = F(p) The benefit of using e-folds here is the same as in

Sec. 2.2: We may use a slicing such that the metric perturbation ¢ = 0 vanishes at Ny . It will then

vanish at all N = Ny + AN, such that the gauge invariant perturbation (, reduces to (o, = —dpa/pl, -
We can then compute

,_d (pa 1 3 dFa(p(N)) | Spa dFa(p(N))
=N ( Pl ) A T 0py T AN 2
_ 1§ 9Falp(N) <5 _ 9pa />
p/azﬂ: 896 pp o Pp | s (C.3)

where in the second step the derivative of F,,(p;) is expanded.

C.2 Evolution for interacting fluids with respect to time

Let us now consider the special case of fluids with some heat transfer @, between them as in [51].
The equation of motion for fluid v can be stated as

ph = Fo(p) = =3(pa + Pa(p)) + Qulp) (C4)
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where pressure P, denotes the pressure of fluid o and Qa the energy transfer (w.r.t. N). Both
are functions only depending on the various energy densities of all present fluids (we suppress the
arguments below). Therefore, we can replace the term

OF, Py | 0Qq

= —300p — 352 +
Ips * "0y " Ops

(C.5)

and find

1 ap §pa aQa 5/701
C(l)z Ve 732 (5[)5 / ; > + Z B (5Pﬁ Y] / : (06)
5 OPs Pa
Note that the delta in Eq. (C.5) cancels when contracted with the parenthesis on the right of Eq. (C.3).
Let us now go from e-folds to regular time in order to be able to compare our result with [51]. To
do so we replace d/dN = H~'d/dt as well as Qo = Qo/H , where @Q,, is the heat transfer to fluid «
per time.

The result may be written as
: H
Ca p [SH(SRntr «a 5Qintr.7a - 6Qrelqa] . (C?)

The first term results from the variation of P, in Eq. (C.6),

dpa .
5Pintr.,oz Z < P — L pﬁ) (08)

ap,@ Pa
Z — 2 0pa (C.9)
B
where ¢, denotes the speed of sound in fluid «, c =P, / Do -
For the second sum, we first replace Q, = Qa / H and realize that
3] o 1 (0Qq o
(Q):< Q _Q)7 (C.10)
Ops \ H H \ 9ps  2p

since 0H/0ppg = 0H/0p = H/(2p), where we used that the total density p is the sum of all pg and
H o \/p in the Friedmann equation.

Plugging this result back into Eq. (C.6), we get one term due to the variation of @, that may be
written as

9Qa Qa
ops —

5Qintr. o = a

5pa (C.11)

in analogy to 0 Pintr.,o. The remaining term can be written as

o 5 «
6Qrcl.,o¢ = 7629p g (5/) pp g) (C12)
_Qa [ )
Opa —0p ) . C.
=% (p Pa — Op (C.13)

With Eq. (C.7) we therefore find the same result as Ref. [51] for the evolution of the curvature
perturbations.
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D Setup for numerical evolution

In this section we comment on the parameter range and difficulties of the numerical study in Sec. 3.4
and Sec. 3.5. First of all, we do not give units above. Everything with mass dimension can be assumed
to have the same energy unit, say GeV. To simplify the numerics, we normalize the initial total energy
density to O(1 GeV4) and set the reduced Planck mass to mp; = 1 GeV. This gives initial temperature
and Hubble of O(1 GeV) as well, making it easier to compare the toy model parameters and setting
the time-axis to a few e-folds.

In Fig. 5 we use mp = 0.25, I' = 107°, and p, = 1 for the freeze-in and mx = 1.5 with
I' = 5 x 10° for the freeze-out. Note that we normalize the freeze-in interaction to the initial I'. The
other prefactors in Eq. (3.19) therefore do not matter for the toy model. The result for freeze-in does
not depend on my, as it just enters the energy transfer as a constant factor. For better visibility in
the yield plot, however, we choose the value of mx such that the freeze-in happens at a later x than
usually assumed (mx = 1.5 for Fig. 5). The initial densities can be read off. The same parameters
with different DR contributions as indicated are used in Fig. 7. For all setups in the context of DM
we use the initial curvature perturbations ¢, (Ny) = (pm(No) = —C(pr(Ny) = 0.1, which, due to the
linear order in which we work, can always be renormalized later to realistic values.

It is possible that parts of the curvature perturbations and, as a consequence, the corresponding
isocurvature, can acquire a divergence, when one p} has a root. Nonetheless, this is not a problem,
since ( is not a direct observable and the total curvature perturbation will stay smooth. In that case
one can always find a combination of curvature perturbations to avoid these poles. The initial DM
abundance is set in the freeze-in to a small non-zero value. For the background plot in Fig. 5 we use
an initial DM abundance of 1075 to avoid these divergences in the given example. To avoid influence
from initial conditions in the linear fit, we decrease the initial DM abundance for the freeze-in fits,
where we only show the final values of the evolution. The initial DM abundance in the freeze-out case
is matched to the equilibrium abundance.

For the linear fit to the freeze-in given in Fig. 6a we use the same progenitor mass as in Fig. 5 and
vary ppr(Np) from 0.1 to 1, which indicates the x-axis. The rate is varied over five discrete values
from I' = 10~ to 10~7, but the points cannot be distinguished for different rates. How the resulting
DM density changes with the rate is depicted in Fig. 10. The setup is the same as in the fit, but the
x-axis is given by the final DM density. The colors show the initial DR density. The lines result from
fixing a rate each and varying the initial DR density of the setup.

The freeze-out fit in Fig. 6b is done for three different masses. The fit is only applied to the rate
I' = 10° as indicated (solid, dashed and dotted line for myx = 1, 2.5, 0.5, respectively). We show the
points for three masses and four rates. The slope increases slowly if the mass or the rate is increased.
As for the freeze-in, we show the parameter space with the final DR density on the x-axis in Fig. 11.
Here, two masses with four rates each are shown. The horizontal contour lines refer to fixed DR
contributions of {0.2,0.4,0.6,0.8}. For all evolutions where the final value is read out this happens at
N =4 e-folds.

E Sudden freeze-in/-out approximation

We here adopt the analysis of [63] from the curvaton to the DR isocurvature case to find analytic
estimates for the induced DM isocurvature.
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Figure 10: The parameter space for isocurvature in freeze-in dark matter. We plot the final isocur-
vature as a function of the final dark matter energy density at the end of the evaluation. For the black
lines, the decay rate parameter is fixed and the initial dark radiation contribution is varied. For the
horizontal lines distinguishing the background color, the rate is varied and the DR contribution fixed.
The horizontal lines show that the isocurvature is strictly linear in the initial DR density.

0.05 = - . -
0.0000 0.0002 0.0004 0.0006 0.0008 0.0010
oM (N)/ prot (N)

Figure 11: The parameter space for isocurvature in freeze-out dark matter. Shown is the final
isocurvature as a function of the final dark matter energy density at the end of the evaluation. The
black lines correspond to fixed rates, solid and dashed for different DM masses. The (more or less)
horizontal lines are for fixed initial DR contribution and varying the rate, which gives a different final
DM density, but roughly the same isocurvature for the range of rates covered.
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Freeze-in. The sudden freeze-in approximation relies on the observation that DM production is
most efficient when the SM bath temperature matches the mass of the mediating particle, T'= mp .
The relic abundance is therefore given by

a -3
( ) 7 (£.1)
T=mpg AT=mp

while the SM and DR density are simply determined by redshifting

-4 -4
a a

Py = Py,0 () » PDR = PDR,0 () . (E.2)
ap ao

4

~ Q'y—>DM
PDM 5

Note that the scaling of the SM sector v as a™* is only approximate, as at the time of freeze-in the
mediating particle B becomes non-relativistic leading to a change of the effective degrees of freedom.
Further some of its energy is transferred to the DM sector. Working with e-folds as our time-coordinate
a and ag are independent of the initial conditions and the only non-trivial dependence is encoded by
ar=my and Hp—p,,, while Q,pm(T = mp) is a constant. From the scaling of the SM density we

find
P 1/4
AT=mp = Q0 (7) . (E.3)
Py, T=mp
For the Hubble rate one finds
Hp—pmy X \/py,T=mp + PDR.T=mp X \/1 + POR, T=mp /Py, T=mp X \/1 + PDR,0/P.0 - (E.4)

Using Eq. (2.13) we may now calculate the induced DM isocurvature

1 dlogp 1 0log ppm
g _ L Y o_ 40,59 E.5
vDM Z |:4 810g p,u,,O 3 alog Pu,O 1224 ( )

w.v={v,DR}
4 0log ppm 4 0log ppm
=(1———"—| QprS -———0.5 E.6
( 3 9logpyo ) PROPRY 3 Glog oo PR (E6)

The term arising due to the dependence of ar—;,, on p, o cancels the 1 in the first bracket. The
dependence on Hr—p,, finally leads to

2
S’yDM = —§QDRSWDR- (E?)

Freeze-out. In this case the DM density is approximately given by the equilibrium abundance at
the temperature T;,¢, when the annihilation of DM particles becomes inefficient and takes on matter
scaling afterwards

7 \3
PDM X Mx (mXTout)?’/2 exp | — mx (E.8)
Tout Tout

4 1/4

Again we will approximate the energy density in the SM and DR to scale as a™* as well as T' « p,
We may then use Eq. (E.6) to find the isocurvature. The dependence of the dark matter density on
the final temperature cancels the 1 and we are left only with the non-trivial dependence due to Tyt

40 1Og PDM 0 log Tout 1o} IOg Tout
S == - —— Q.| S E.9
M 3 0log Toue | Ologpre V' dlogppro )R (E9)
4 3 mx dlog Tous 0log Tyt
=—|-= - Q Q.S ) E.10
3 ( 2 Tout> { dlogpyo " dlogppro ] TR (E-10)
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The point of freeze-out is reached when the interaction rate per DM particle I' = (ov)rnpym drops
below the Hubble rate. As in the main text, we will assume that the averaged cross-section does not
depend on the temperature. Up to Tyyt, the dark matter abundance may be approximated by the
equilibrium such that I'gy; o< Ti{f exp(—mx /Tout) . Similar to the freeze-in case we may rewrite the

Hubble rate at freeze-out as
T()Qut

Hut < /Py 0ut + PDR,out X m\/ P~,0 T PDR,O - (E.11)

From here we may find the dependence of Ty, on the initial SM and DM density by ensuring that

Tout/Hout 18 & constant,

I
0=dlog [ =~ E.12
og (32 (B.12)
3 mx 1 1 1
= (2 — Tout — 2) leg Tout + (2 — 297> leg Pvy,0 — §QDRd log PDR,0 (El?))
[ mx 1 1 1
= — = ) dlog Tout + =Qprdlog Py,0 — —Qprdlog PDR,0 - (E].4)
Tout 2 2 2

We then have in total the induced isocurvature perturbation

2mx /Tout — 3/2
S =-——"— L OprS ) E.15
YDM = 3 e [ Tow — 1/2 DRP~YDR ( )
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