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Abstract

In this article we present a number of developments within the scheme of Local Ana-
lytic Sector Subtraction for infrared divergences in QCD. First, we extend the scheme
to deal with next-to-leading-order (NLO) singularities related to massive QCD parti-
cles in the final state. Then, we document a new implementation of the NLO subtrac-
tion scheme in the MADNKLO automated numerical framework, which is constructed
to host higher-order subtraction algorithms. In particular, we discuss improvements in
its performances with respect to the original implementation. Finally we describe the
MADNKLO implementation of the first elements relevant to Local Analytic Sector Sub-
traction at next-to-next-to-leading order (NNLO), in the case of massless QCD partons in
the final state.
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1 Introduction

The quest for a deeper understanding of fundamental particle interactions and the identifica-
tion of potential new phenomena at colliders crucially rely on the availability of high-accuracy
theoretical predictions for complex scattering processes.

As the accuracy required for the modern precision-physics collider programme well ex-
ceeds the leading-order approximation in the Standard Model perturbation theory, computa-
tions inevitably have to deal with the presence of infrared (IR) divergences. These arise in
separate contributions to scattering cross sections, and are guaranteed to cancel [1,2] when
such contributions are properly combined for the prediction of physical observables.

The problem of IR divergences at next-to-leading order (NLO) in QCD perturbation theory
was solved in full generality already in the late ‘90s [3-7] by means of IR subtraction. Within
this method, the universal long-distance behaviour of scattering amplitudes is leveraged to
design functions, the so-called IR counterterms, which approximate real-radiation squared
matrix elements in all of their IR-singular limits. The difference between matrix elements
and counterterms is then by construction integrable point by point in the phase space, and
lends itself to a stable numerical evaluation. On the other hand, the counterterms, subtracted
from real-radiation matrix elements, are analytically integrated in the radiation phase space,
and then added back to virtual loop contributions, ensuring in turn their IR finiteness. The
availability of numerical frameworks automating NLO IR subtraction schemes [8-14] crucially
spurred a theoretical accuracy revolution in the early 2000s, which has been instrumental for
the success of the precision-physics programme of the first runs of the Large Hadron Collider
(LHQ).

At next-to-NLO (NNLO) in QCD, IR subtraction is a very active field of research. On one
side, NNLO accuracy is required nowadays for a wider and wider class of processes, to cope
with the LHC precision needs. On the other hand, the complexity of the IR problem increases
significantly with respect to the NLO case, owing to the much more involved structure of
matrix elements and of their IR divergences. Several viable NNLO subtraction schemes have
been formulated [15-37] in the last two decades. This has progressively extended the scope
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of NNLO QCD results, nowadays reaching processes with five external light particles at Born
level (see for instance [38—-41]), and even allowing the first differential predictions at next-to-
NNLO (N3LO) in QCD for simple processes [42-50]. Nevertheless, a fully general solution of
the NNLO subtraction problem has not been reached yet, with plenty of room for improvement
in the universality and versatility of the subtraction algorithms.

The method of Local Analytic Sector Subtraction [34,51-53] was designed to minimise the
complexity of IR counterterms, and especially of their analytic integration over the radiative
phase space. In [34] the features of the method were introduced, while the main elements
for analytic integration at NNLO were laid down in [51], for the case of massless QCD in the
final state. In [53], such features enabled the first analytic proof of the cancellation of NNLO
IR singularities for generic processes with massless QCD particles in the final state!. In [52]
the case of QCD in the initial state was considered at NLO, and the first implementation of the
subtraction scheme was presented in the MADNKLO automated framework [55-57].

The present article builds on the ingredients of [52,53], presenting developments in dif-
ferent directions within the environment of Local Analytic Sector Subtraction. First, in Section
2, we consider the subtraction of singularities due to QCD radiation from massive final-state
particles at NLO. After defining and analytically integrating the relevant counterterms, we
show how the resulting poles organise to match the known virtual one-loop singularities in
presence of massive particles. Appendices A—C collect several technical details related to the
analytic integration of massive counterterms. In particular, different parametrisations of the
massive phase space are studied, with the aim of providing ingredients that will allow the
integration of massive counterterms at NNLO, which is left for a future development. In Sec-
tion 3 we document a new implementation of the Local Analytic Sector Subtraction scheme
in the automated MADNKLO framework. New features have been introduced to overcome the
technical limitations of the original implementation of [52], especially concerning numerical
phase-space integration and execution time. We show a validation of this new implementation
at NLO in Section 3.1, both for processes with massless and with massive QCD particles in the
final state. MADNKLO is constructed to streamline the generation of all the universal ingre-
dients entering the computation of scattering cross sections at higher perturbative orders. In
Section 3.2 we report the MADNKLO implementation of the first elements for Local Analytic
Sector Subtraction at NNLO, in the case of massless final-state QCD particles. In particular, we
focus on finiteness tests relevant to a production channel in the e*e™ — jj process at NNLO.
Some details on NNLO subtraction are collected in Appendix D. Finally, Section 4 contains
conclusions and future perspectives.

We note that the Local Analytic Sector Subtraction scheme for massless final-state radiation
at NNLO is also being implemented independently of MADNKLO, in the numerical framework
[58-60], where all NNLO final-state analytic integrals of [ 51] were also independently verified.

2 NLO subtraction with massive particles

In [52] the NLO Local Analytic Sector Subtraction for massless QCD partons in the final as well
as in the initial state was described in detail. In this section we extend the NLO subtraction
procedure to the case of massive QCD particles in the final state.

In general, an NLO QCD real squared matrix element R is singular when the extra radiated
parton with respect to Born level, labelled with i, is a soft gluon, namely it has vanishing energy;,
k? — 0. We denote with S; the operation of singling out such a soft configuration. Moreover,
if R features at least two massless QCD partons i and j, it develops a collinear singularity

!The cancellation of NNLO singularities for the production of a generic number of gluons in quark-antiquark
annihilation was proven with the nested soft-collinear subtraction scheme in [54].
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whenever their relative angle 6;; approaches 0. The corresponding operator extracting this
limit is denoted with C;;.

We will discuss in detail these two types of configurations in the next subsections, after
introducing phase-space partitions to disentangle different singular regions.

2.1 Phase-space partitions and counterterm definition

We handle the presence of multiple singular regions in the real matrix elements by introducing
partition (or sector) functions Z;; [3,53] for each pair i j of massless QCD partons. Since sector
functions are determined uniquely by massless partons, the presence of massive particles in
the final state does not prevent us from using the same definitions as in [53] for partitions.
Setting g* as the total momentum of the initial state, and s, = 2q-k,, with k, the momentum
of particle a, we thus define sectors as

Bz ea I o =0t Y Y21, @
Do +ouw) Sab T i<
k I<k

where s,;, = 2k, -k, and the sums run over all massless QCD partons present in the considered
scattering process at real-emission level. We stress that Z;; is symmetric under label exchange.
The symbol 6, is 1 (0) if condition C is (is not) fulfilled, so that

0,em = a is a massive particle in the final state,

Oqer (B4e1) = a is a massless particle in the final (initial) state,

and O, exy = Ogex + Ogey, for X,Y =F,M, L.

By construction, when acting with singular soft or collinear limits on a given sector function
Z;;, only S;, S;, and C;; return a non-vanishing result. In other words, a partition Z;; is built to
dampen all singularities of the real matrix element except the mentioned ones, together with
their composite soft-collinear configurations. The action of singular limits on Z;; yields

O'..
Si Zl] = . > Z Si Zl] = 1; Cl] Zl] = 1, SlCUZU =1. (2)
ki ]

In each phase-space sector Z;; the structure of real-radiation singularities is trivial, as it stems

uniquely from at most one collinear and two soft singularities. This makes it straightforward
to define an infrared counterterm relevant for partition Z;; as

K; = [§i+§-+Eij(1—§i—§j)]RZij
= [§i+§‘+H_C~-]RZij. 3)

We highlight that the notation (S;, §j, and C; ;) used in Eq. (3) for soft and collinear countert-
erms differs by means of a bar from the one (S;, S;, and C;;) used for the corresponding strict
limit operations. As will be detailed in the next subsections, barred limits acting on R differ
from unbarred ones only by subleading-power terms. The latter guarantee counterterm kine-
matics to be on shell and Born momentum conserving for all radiative configurations. For this
reason we also refer to the barred limits defining the counterterm as improved limits. At vari-
ance with the case of matrix elements, the action of improved limits on NLO sector functions
is defined to be identical to that of unimproved limits, i.e. fZl- j =LZ;;, for all soft, collinear,
or soft-collinear limits L. Moreover, in Eq. (3), for any improved limit L, it is understood that
LR Z; i= (LR) (fZij) = (LR) (L Z;;). Finally, the notation HC indicates a singular collinear

4
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configuration with all of its soft singularities subtracted off, namely a hard-collinear improved
limit.
The subtracted real radiation is then given by

b _ b= b
R;® = RZ;j—Kij, R =3 RGP =R-K, @

i j<i

where Rl.s}lb and, in turn, R**® are free of non-integrable singularities over the whole radiative
phase space. The counterterm K is defined as

K= ZZKU = Z QingiR"‘ZZ O;cr QjeF,Iﬁin: 5)
i

ij<i ij<i

where in the latter step we have used the sum rules in Eq. (2) to get rid of partition functions.
The counterterm is a collection of soft and hard-collinear improved limits acting on the real
matrix element R, to be integrated in the radiative phase space to match the explicit poles of
the virtual matrix element V.

We note that the counterterm outlined in Eq. (5) is structurally identical to the one relevant
to the fully massless case (see for instance Eq. (2.31) of [53]). Physics-wise, its differences
are only due to the fact that a soft gluon can now correlate massive colour sources, while
a collinear splitting may involve the momentum of a massive particle in its parametrisation.
In the following sections we define such massive soft and hard-collinear counterterms, and
perform their analytic integration over the radiative phase space.

2.2 Soft counterterm with massive particles

The soft limit S; of the real matrix element R is

. . S
S;R=-M ZZ Iz((ll)Bkl({k}i)n I;Ell) = Oier /£ 4 (6)

J
kA 1A Sik Sil

where in the eikonal kernel I]E? the symbols 6;cp fl.g specify that the contribution is null in QCD
unless the soft parton is a final-state gluon. In particular, f,* is meant as a Kronecker symbol
prescribing the flavour of a to be equal to x, with x =q,q, g.

Indices k and [ in Eq. (6) run over all initial-state and final-state, massless as well as
massive QCD particles. The soft limit of QCD amplitudes is independent of the mass of the
colour source, however mass effects appear at the squared-amplitude level, where the diagonal
terms IC(IQ, proportional to s, = 2 mi, are non vanishing only for massive radiators. The soft
kinematics {k}, represents the set of real-radiation momenta after removal of soft momentum
kf . The colour-correlated Born matrix element is schematically defined as

By = (AT - T)|AD), (7)

where IASlO)) is the Born amplitude written as a ket in colour space [6], undergoing non-
trivial transformations under the action of the SU(N,) generators T,. Lastly, the normalisation
coefficient \; reads

2,75\ €
Ny = 8na5(“ ¢ ) , (8)
4m

with a, the strong coupling, u the renormalisation scale, € = 2—d /2 the dimensional regulator,
and yp ~ 0.57721 the Euler-Mascheroni constant.



SciPost Physics Submission

Exploiting colour algebra, together with the symmetry of the eikonal and of the colour-
connected Born under exchange of indices, the soft limit in Eq. (6) can be equivalently rewrit-
ten as

. . N1 1 g
SR = =201 2, > & Bu((k))), & =Ty =30 500 (©)
ki 1#i
I<k

In order to construct the corresponding counterterm S;R, we introduce massive dipole
mappings [61] of real-radiation momenta {k} onto Born-level ones {k}. Given three momenta
kq, kp, k., with k2 = 0, the mappings are defined as

{k} = (k)@ = {{k}gp,, K, kb)) (10)

so that the Born momenta I_cgabc) =k, and f{E“bC) = k. satisfy mass-shell conditions I_ci = mi,

k? = m?, as well as Born momentum conservation at each point of the real-emission phase
C (4

space ®,, ;2. The soft counterterm is then given by

SR = S”R+5VR, 11
—(0) . . . P 0.7 )
where S; "R is the massless soft counterterm as in [52] (see Eq. (2.44)), while S. 'R is the
massive soft counterterm, defined as
<(M) i = (ikl
S; R = —2M ZZ 5;511)[ (leF,M B1em + Okem GIGEI)B]EIZ )
KA 1 .
<k + ekel GleM B;Elllk) :I, (12)

where we have set B,(cilab) = Bkl({l_c}(i“b)). The kinematics {k}D and {k}(k) entering the Born
matrix elements, together with the properties of the mappings and the corresponding radiative
phase spaces are discussed in full detail in Appendix A.

2.3 Hard-collinear counterterm with a massive recoiler

In the collinear C;; limit, the real squared matrix element factorises as the product of a spin-
correlated Born matrix element B,,,, times a universal Altarelli-Parisi kernel Pf bv, which solely
depends on the flavour of collinear partons i and j:

N
CjR = 5_.-1{9i€F GjeFPil;;(zi)BW({k}li’k[ii]) 13
ij
PH” (x1:)
[ij]ig i1 . .
+[ O1cr 01 %BM({HU’X[U] k) + (@i J)]} )
ij
with X =F,I)
TB Ty
v X
P:;;(Z) _ _Pij,x(z)guv + Qij,x(z) T;w, T)éw = _g:u +(d—2) %2)( 14

X

The Altarelli-Parisi kernels relevant for final-state and initial-state splittings are collected in
Appendix B. The notation used in Eq. (13) for the Born kinematics means that i and j have

2Here and in the following, by ® ; we indicate the phase space for j QCD particles plus an arbitrary number of
colourless particles.
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been replaced by [ij], while the spin indices u, v correspond to the polarisations of [ij].
Momentum k“ is the transverse momentum of k; with respect to the collinear direction, and its
expression for final-state radiation (X = F) and initial-state radiation (X =1I) is again reported
in Appendix B. The quantities z; and z; = 1 —z; quantify the longitudinal momentum fraction
of the sibling partons i and j relative to the parent [ij] in a final-state splitting. Similarly x;,
and x[;;) = 1—x; are the momentum fractions of siblings i, and [ij] relative to the initial-state
parent j. In a Lorentz-invariant formulation, one can define

S; S;
— ir , x; = ir , (15)
Sir+5jr Sjr

2

whence the collinear limit acquires a dependence on the momentum k! of a recoiler particle,
r #1,j = rj;, serving as a reference direction to define longitudinal fractions. The case of a
massless final-state recoiler has been treated in [34,53] within Local Analytic Sector Subtrac-
tion, and we refrain from discussing it further. In the following we shall then focus solely on
massive recoilers.

In the soft-collinear S; C;; limit, the Altarelli-Parisi kernel reduces to a ratio of longitudinal
momentum fractions, and it becomes insensitive to spin correlations:

S;CjR = 2N;C; I B({k})), (16)

where Cr, = Cp qu,q + Cy fjg is the quadratic Casimir operator for parton j, we have set

qu,q = qu + qu, and IJ(? is the eikonal kernel defined in Eq. (6).
Building on the collinear and soft-collinear expressions just presented, we can finally define
the hard-collinear limit HC;; = C;; (1 —S;—S j) of the real matrix element R as

Nl v,h
HOR = 2 {Orce e P12 ™) B (K1 k) {47

uv,he

Priitis (xgij7)

+ [eieF Ojet ———
X[ij]

Byy({} i xpijy ky) + (i = j)]} '

The hard-collinear kernels beqj;(hc are deduced from the corresponding Altarelli-Parisi kernels
Pf b’jx upon subtraction of all soft enhancements, and their explicit expressions are detailed in
Appendix B.

Based on this structure, we are in position to define the hard-collinear counterterm as

HC,R = HC,R+HC, R, (18)

where H_Cl(.?)R is the counterterm introduced in [52] (see Eq. (2.47)) dealing with the case of a

. o TAM) . . . .
massless recoiler, while HC; ; Ris the new hard-collinear counterterm in presence of a massive
recoiler:

—(M) N, c -
HC;, 'R = L 0,cn 1 Oicr Ojer le:h (= )Buv({k}(l] ) (19)
j i i,
uv,he

RO N
[ Oy 2 B () + o )]}

where x = (s;; +5;, —5;,)/(5;; +$5;,), and the mappings are defined in Appendix A.
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2.4 Integration of the soft counterterm

The integration of the soft counterterm over the radiative phase space generates poles up
to 1/e2. Double poles stem from configurations where soft gluons are collinear to massless
partons. As such, the coefficient of double poles is explicitly mass-independent. However, this
coefficient is proportional to the number of available massless colour sources, as only those
give rise to soft-collinear enhancements. One then expects double poles from an integrated
massive-massless eikonal kernel to be half of the double poles stemming from a fully massless
one. Single poles of soft origin are conversely expected to be explicitly sensitive to the presence
of masses.
Evaluating the soft integrated counterterm §EM)R entails to compute

<) g .
f 4o, SR = 2SS 0)
on k#i 1#i
I<k
The structure of the soft integrated counterterm I;Ig\/[)

(see Eq. (3.5) there), where now

closely follows the one outlined in [52]

ikl — ikl ikl ikl ikl | p(ikl
I;,(M) = J d<I>£ll ) |:9keM eleM I;,MM + ekeM QleF Isl,MF + leF eleM Isl,FM ]B]Ell )

: ab piab
+ Z Oaem GbeI[J‘d‘I’gab)(kb)I;ﬁng (ky)
ab=kl, Ik

1
+ f dx_x J dcbffab)(xkb)J;gj;(x)gg;b)(xkb)]. 21)
0

The computation of the fully massive integrated soft counterterm I ;kNiM is performed in Ap-

pendix C.1, based on the phase-space parametrisations detailed in Appendix A. The result

reads
‘ a (5u\¢ 1[5 S5 — VA
= = (ﬂ) .g—[ K K +1}+(’) €9, 22
e = o s) KA A (<% (22)
with 5, = §8K0 = 20D R GD anq A = 52 — 4m2m2. Th 1 It, including fini
K =Sy =2k ;and A =8, —4mym;. The complete result, including finite

terms in d — 4, can be found in Eq. (C.26). Upon inserting this result into Eq. (20) and
applying colour algebra, it is straightforward to check that the known structure of one-loop
poles is reproduced (up to a global sign) in the case of QCD amplitudes with no massless
partons [62].

The massive-massless integrals [ ;ﬁF, and I ;"Ffw depend on a single mass and, thanks to the
symmetry of the eikonal kernel, have the same expression, see also Appendix A.2. The detail
of their computation is reported in Appendix C.2 and gives

ikl _ r& <(ikD) ikl _ r& (ikl)
I;,MF - fi I;\AF(skl ’mk)’ I;,FM - fi IsMF(Skl ’ml)’ (23)
with
Mem = & (i)_e [i s (™ ]+(’)(eo) 24)
s T 2m\ 2 2e2  2e s '

The complete result, including finite terms in d — 4, can be found in Eq. (C.33).

Finally, the final-initial integrated counterterms I SlaMlZ, J S“;/g , with ab = kl, Ik, as well depend
on a single mass and have an identical expression. Their explicit computation can be found in
Appendix C.2 and the result reads

i ~(iab i ~(iab
180 = FER (S ma), ) = £ X ma), (25)

S,MI S,MI
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where
" _oa s\ [ 1 1 m? 0
IS (s,m) = 271_(‘“1—) |:2—+2—(3+1n—):|+0(6 ), (26)
TN, x,m) = ( ) ( ) ] +0O(e9), 27)
2r

and we have defined the usual ‘plus’ distribution as

[£99] heo = [£22 (o - ), (29)
—x _

being h(x) an arbitrary test function which is regular in x = 1. The complete expressions for
I{" and J}", including the finite terms in d — 4, are given in Eq. (C.43).

We notice that the pole structures of I;™ and of I are identical, and their double poles are
half of those found in the fully massless case, as anticipated, see for instance Egs. (D.5) and
(D.6) of [52]. The single pole in J}"(s, x, m) is equal in the massive as well as in the massless
case, see for instance Eq. (D.8) of [52]. This is again expected, as such a pole is directly related
to the factorisation of initial-state collinear singularities and PDF renormalisation, which is by
definition mass-independent.

2.5 Integration of the hard-collinear counterterm

As hard-collinear NLO counterterms do not feature soft singularities, by construction, their
phase-space integral results in single 1/€e poles at most. Moreover, since collinear limits for
massive particles are non-singular, such single poles of collinear origin are not affected by the
presence of masses. It follows then that the integration of hard-collinear terms in presence of
massive recoilers must produce the same poles as in the fully massless case.

The integral of the hard-collinear counterterm with a massive recoiler r is

J d,,, HC, R = ! ereM{eieFejeFqu>gJ‘r> 17" (m,)BUW" 29)
n
dx _
+ >0 aeFebeIJ f ¢(“fb>(xkb)Jg:§;(x,mr)BWb)(xkb)]}.
ab=ij,ji

In writing Eq. (29) we have exploited that the azimuthal tensor Tf ¥ defined in Eq. (14) av-
erages to 0 when integrated over the radiative phase space, see [6] or Appendix D of [53].
This allows to reduce the integration of hard-collinear counterterms to that of spin-averaged
Altarelli-Parisi kernels P;‘l;’,x, which simply multiply the Born matrix element B = —g"”B,,,,

The constituent integrals I}lllC rM(mr) and J; arb (x m,) can be decomposed according to their
flavour content as

B Gm) = 10060 m ) 8+ 10, m ) (50 55 52
AL m )
L) = I m) £ IS ) 50 5
) S S ), 0

where we have set fi‘}.q = f! qu + £ jq, and fif f=fF f].g. Their computation is described in
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r
>

detail in Appendix C.3. For I;IJC . we get

0 a S —€ 2 1
Il(lc:gM)(s> m) = ﬁ (E) 5 TR (_ E) + 0(60),
1 a S € 1 1
Il(lciz(&m) = ﬁ(‘?) ECF (_g) +O(€0))
a, (s Y °1 1
Iﬁi,‘ﬂ(s,m) = ﬁ(‘?) §CA(_ E)H’)(eo), (31)

whose finite terms in d — 4 dimensions can be found in Eq. (C.51). The poles of I}(IZ*;)(S, m)
are explicitly mass-independent, and coincide with the fully massless case, as anticipated, see
for instance Eqgs. (D.12)-(D.14) of [52]. As for the final-initial counterterms Jl‘llcrf/[ we have

—€

The,0m) = ;—n(l%) TR[X2+(1—X)2](—2)+O(60),
RERExm) = 5= (5) c-xn (=)o),

eexm = (L) o[ AR (Lo,

Jﬁfﬁi(s,x,m) = ;—;(é)_ezg\[l;x+x(1—x)](—é)+(’)(e°). (32)

The complete expressions, up to finite parts in d — 4 dimensions, are collected in Eq. (C.55).
As expected, we notice mass-independence in the pole structure of Jlngiﬂ) (s, x,m) as well. The
pole coefficients just reported coincide with those relevant for the fully massless case, see for

instance Egs. (D.24)-(D.28) of [52].

2.6 Cancellation of poles

In the previous sections we have presented the poles stemming from the integration of soft
and hard-collinear counterterms, respectively. We are now in position to check that such poles
organise to match the ones of massive one-loop virtual contributions, achieving the desired
subtraction.

We start with the x-independent part of the integrated soft counterterm, reading its poles
from Egs. (22), (24), and (26), together with Egs. (3.5) and (D.5)-(D.7) of [52]:

Z Ql-eFJd@nHEiR e, = f de, I, (33)
;
where
I, = _;_;z k%:k(%)_e {leM Oreu é [% Inn + 1] + Opery Orerr [ 61—2 + %] (34)
+ Oem 1 [ lz + 1(3 +In ﬁ)]}Bkz +0O(e%)
€ € Skl
= _;x_;c k%:k (%)_ {leM Orem é % Inn + Oy Ocrr é

2

1 1, m 1 2
+ Okem Orerr [ — +-In _—] + Okem — + Okerr _}Bkl +0(e°).
€ € Ski € €

10
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The terms where k is massive precisely reconstruct, up to a sign, the analogous terms in the
virtual one loop contribution, see Section 3.1 of [62]. In particular, one can use colour algebra
to cast the last one as a colour-uncorrelated Born:

1 1
Z Okem — B = —Z Okem —Cr B. (35)
K12k € 3 €

In order to proceed with the check of pole cancellation, one should combine the remaining fully
massless soft terms with the hard-collinear poles, and add x-dependent poles. However, since
x-dependent soft contributions are identical to their fully massless counterparts, and hard-
collinear integrated poles are insensitive to the mass of the chosen recoiler, the cancellation
for these terms works in the same way as in the fully massless case. This was shown in detail in
[52], and we refrain from repeating the same argument here. As a consequence, the singularity
structure of Section 3.1 of [62] is reproduced for an arbitrary pattern of QCD particle masses.
The same happens for the PDF counterterm, which is proportional to regularised Altarelli-Parisi
splitting functions.

3 Automated Local Analytic Sector Subtraction in MADNKLO

A milestone in the completion of the Local Analytic Sector Subtraction programme is the nu-
merical implementation and validation of the algorithm. The universality of the subtraction
scheme makes it naturally suited to be incorporated in an automated Monte Carlo event gen-
erator.

A first effort in this direction was undertaken in [52], where the NLO subtraction for-
mula for massless QCD radiation was implemented within MADNKLO [55-57]. The latter is a
Python-based framework designed to automate the generation and handling of local subtrac-
tion terms at higher orders in perturbation theory. It builds on the MADGRAPH5 AMC@NLO
package® [64, 65], with which it shares the same philosophy of full automation.

The work in [52] allowed on one hand to thoroughly validate the NLO subtraction formula
at the numerical level. On the other hand, numerical performances were severely affected by
intrinsic limitations of the computational environment, namely the absence of a low-level code
implementation, and of optimised phase-space integration routines*. As an example, the NLO
validation collected in Table 1 of [52], just concerning inclusive cross-section results, required
cluster resources.

To overcome such limitations, we have developed a new, improved version of the MADNKLO
framework. Key novelties include the construction of Python-to-Fortran meta-coding struc-
tures, and the introduction of an optimised phase-space integrator. Specifically, we highlight
the following features of the new code.

* The original, fully general, MADNKLO Python framework is employed to fill Fortran tem-
plates for matrix elements and counterterms at process-generation level. This allows to
rely uniquely on fast Fortran routines at run time, in the same spirit of what is done in
MADGRAPHS_AMC@NLO.

* Different contributions (e.g. Born, real radiation, etc.) to the cross sections, as well as
different phase-space sectors within the same contribution, are treated in a fully inde-
pendent manner. This allows for a fully parallelised execution of all of these elements.

3Specifically, MADNKLO relies on MADGRAPH5 AMC@NLO for the generation of tree-level and one-loop matrix
elements, the latter being handled by the MADLoOOP module [63].
4Originally, the MADNKLO integration was steered by the Python version of VEGAS3 [66-68].
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Process LO LO NLO corr. NLO corr.

MADNKLO MG5_aMC MADNKLO MG5_aMC
ete” —jj 0.53149(3) 0.5314(2) 0.02000(3) 0.0201(4)

ete” —jjj 0.4743(2) 0.4736(5) -0.146(1) -0.144(2)
ete” > tt 0.16644(1) 0.1663(2) | 0.010203(3) | 0.0101(2)
ete” — bb | 0.0923258(6) | 0.09233(3) | 0.003471(2) | 0.00348(9)
etv, > tb | 0.341187(2) | 0.34118(9) | 0.018226(5) | 0.0180(2)

Table 1: Inclusive results obtained for LO cross sections and NLO corrections with
MADNKLO and MADGRAPH5 AMC@NLO. Numbers are in pb. Integration errors, af-
fecting the last digit, are shown in parentheses.

* A single-diagram-enhanced multi-channelling strategy [69] is adopted, based on Born
diagrams. This is combined with a sector-aware parametrisation of the radiative phase
space, ensuring efficient integration of subtraction terms.

* Within a given cross-section contribution/sector, the fraction of phase-space points at-
tributed to a single channel is adapted to the relative contribution of the latter to the
total error budget.

* Full support for differential distributions is now built-in.

As a first step, we have implemented in the new MADNKLO environment the NLO sub-
traction formula for final-state QCD radiation, including the massive case detailed in Sec-
tion 2. The mentioned optimisations have allowed to gain insight about the computational
performances of the new implementation, as compared to other available event generators.
New results for fiducial and differential cross sections, as well as their comparison with MAD-
GRAPH5_ AMC@NLO benchmark results, are presented in Section 3.1.

As the numerical framework is constructed to support higher-order extensions, we have
also started implementing in MADNKLO the first elements of Local Analytic Sector Subtraction
at NNLO, as provided in [53]. We have considered leptonic collisions with only massless QCD
partons in the final state. As a first case study, we provide in Section 3.2 a proof-of-concept
numerical analysis of the subtraction algorithm, focusing on a specific double-real channel of
di-jet production in electron-positron annihilation at NNLO.

3.1 Numerical validation at NLO

We validate the NLO Local Analytic Sector Subtraction and its MADNKLO implementation
through a comparison with MADGRAPH5 AMC@NLO [64, 65], which is based [13] on the
FKS subtraction scheme [3,4]. We focus on leptonic scatterings, considering the production of
two or three hadronic jets, as well as of a pair of heavy quarks at NLO. Collisions are simulated
for a centre-of-mass energy 4/s = 1 TeV; setting the renormalisation scale as uz = M, = 91.188
GeV, with a,(M;) = 0.118. Jets are defined via the anti-k, clustering algorithm [70] as imple-
mented in FASTJET [71], with a radius R = 0.4 and requiring the jets’ transverse momenta and
pseudo-rapidities to satisfy p,; > 20 GeV, |n;| < 5.

In Table 1 we report inclusive cross sections for the considered processes. We display
separately Born results and relative O(a,) NLO corrections, as obtained with both MADNKLO
and MADGRAPH5 AMC@NLO using the same setup. In the table and in the figures below,
the latter code is referred to as MG5_aMC, for brevity. Full agreement is observed between
the results of the two numerical frameworks. We emphasise that the conditions under which
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the two codes were executed to obtain the results in Table 1 were not identical. First, LO
MADGRAPH5 AMC@NLO results were obtained from the NLO MADGRAPH5_AMC@NLO inter-
face, in which the integration of the Born cross section is not as optimised as in the pure-LO
interface. As for NLO results, while in MADNKLO all real-radiation sectors, as well as virtual
corrections, are integrated separately, MADGRAPH5 AMC@NLO treats different terms together.
This makes it non-trivial to perform a fair comparison in terms of number of sampled random
points per contribution. Still, the numbers in Table 1 are obtained with a comparable run time
for the two codes, on the same multi-core machine. MADNKLO is seen to provide results of
a similar, if not superior, statistical quality with respect to MADGRAPH5 AMC@NLO, for all
the simple processes considered. Next, we document a validation at the level of differential
distributions, focusing on observables sensitive to QCD radiation. In the following figures we
display NLO corrections only, namely we turn off all Born contributions, in order to highlight
the comparison between different NLO subtraction schemes and implementations.

We start with the leptonic production of two and three jets at NLO, presenting in Fig. 1
the transverse momentum (pr;,) and pseudo-rapidity (7;,) of the leading jet. Since we are
considering NLO corrections alone, distributions are not necessarily positive-definite, in which
case we plot the absolute value of the differential cross sections. Full agreement is observed
between MADNKLO and MADGRAPH5 AMC@NLO over the whole ranges displayed. Statisti-
cal fluctuations are comparable for two-jet production, while slightly more pronounced for
MADNKLO in the three-jet case. This may be related to the coexistence of different soft phase-
space mappings within each partition, which will be the subject of a future dedicated analysis,
beyond the scope of this article.

We then turn to the validation of massive QCD processes at NLO. We consider the leptonic
production of tf, bb, and tb final states, which allows to probe the massive subtraction of
Section 2 in different energy regimes.

In Fig. 2 we collect same-flavour production processes, tf, bb, and display the trans-
verse momentum and pseudo-rapidity of the heavy quark (as opposed to anti-quark). We
find consistent agreement with respect to MADGRAPH5 AMC@NLO. An even more stringent
test of the massive subtraction is provided by tb production. The large mass hierarchy be-
tween top and bottom quarks validates the subtraction in presence of a multi-scale problem,
as well as in asymmetric-mass conditions. In Fig. 3 we display the transverse momentum and
pseudo-rapidity of the top quark, again witnessing full agreement between MADNKLO and
MADGRAPH5 AMC@NLO. For the considered massive processes, we observe a remarkable nu-
merical stability of the MADNKLO results: the MADNKLO curves displayed in Figs. 2 and 3 were
obtained using only a fraction of the phase-space points employed in MADGRAPH5 AMC@NLO,
resulting in systematically shorter run times.

Given the evidence collected in this section, we consider our MADNKLO validation fully
satisfactory, and move on to NNLO developments.

3.2 Numerical validation at NNLO

In [53] an analytic formula was obtained, within Local Analytic Sector Subtraction, for the
cancellation of NNLO IR singularities in the case of massless final-state QCD radiation. In this
section we take the first steps towards a thorough numerical implementation of that formula,
and present numerical tests of singularity cancellation in a case study. The relevant definitions
are collected in Appendix D.

We consider the process of di-jet production in e*e™ annihilation, and focus on the
eTe” — qqq’q’ radiative channel contributing to the NNLO double-real differential cross sec-
tion. Moreover, we select the 3-particle symmetrised sector Zya,1, defined in Eq. (D.1), in
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Figure 1: NLO correction to the transverse momentum (left column) and pseudo-
rapidity (right column) of the leading jet for two-jet (upper row) and three-jet (bot-
tom row) production in e*e” annihilation. Blue and red curves are obtained with
MADGRAPH5 AMC@NLO and MADNKLO, respectively. The insets display bin-by-bin
ratios to the MADGRAPH5 AMC@NLO baseline.
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Figure 2: Same as in Fig. 1 for tf (upper row) and bb (bottom row) leptonic pro-
duction.

which the subtracted double-real correction schematically reads

sub (1) (2) (12)
RR{aqy = RR Ziqaq) K a0y 7 Kiqaer T Kiqaey (36)

Here, RR stands for the squared double-real matrix element, while K {(qlq)q,}, K{(qzq)q,}, and
K {(qlqz),} collect the single-unresolved, the uniform double-unresolved, and the strongly-ordered
double-unresolved subtraction counterterms, respectively.

For the selected sector, and given the particle content, phase-space singularities stem
from the single-unresolved collinear limit, Cy35 from the double-unresolved double-soft limit
S4q> and from the uniform triple-collinear limit Cy4,. Correspondingly, the underlying real-
emission and Born processes are ete™ — gq’q’, and eTe” — q'q’, respectively. The flavour of
the particles involved in the sector also determines the physical content of the counterterms,

15



SciPost Physics Submission

2 etv, — th GNLO 10-2 . i ety — th GNLO
10 MG5_.aMC — MG5_aMC —
MadNKLO — MadNKLO —
%10*-" 5:‘
E T
1073
101
o Ll {1 v 11
c =
o ] I — 4 1
<09 1 = oof
l]‘8() 50 100 150 200 250 300 350 400 ()'8() [].‘3 1 1.5 2
pr [GeV] Il
Figure 3: Same as in Fig. 1 for the charged-current process e* v, — tb.
which read
(1) _ ~
K{qu’} = CgRR Z{qc'zq’} >
(2) _ (< 7
K{qtiq’} - ( Sqq t HCqu’)RR Ziqaq'}»
12 _ # (< =
{aaq’y — Cqg ( Sqq T HCqu’)RR Ziqaq'} > (37)

where the hard-triple-collinear counterterm is defined as
Hth‘zq’ = th‘zq’ (1 - Sqé) > (38)

and explicit expressions for all of these subtraction terms are provided in Eq. (D.3).
The tests to be performed to confirm a succesful singularity cancellation can be grouped
into two sets:

{Cij’ Sij’ Cl]k}RR{s:Jﬁd g integrable, (39)
{Ckr, Cijrs Cikr Cjkr}RR{Sl?lﬁ{} — integrable, (40)

where (ijk) = (¢gq’), and r = g’ sets the recoiler assignment for this sector. Eq. (39) collects
the singular configurations of RR Z(,5,, that are supposed to be tamed by the presence of
counterterms in RR{S;J.';(}, by construction. A detailed account of the expected cancellation pat-
tern is reported in Egs. (D.4)-(D.6). Eq. (40) contains collinear limits involving the recoiler
particle r. The necessity for checking such configurations originates from the presence of the
recoiler in the definition of the collinear splitting kernels: this could in principle give rise to a
spurious singular behaviour of the counterterms when the recoiler is collinear to one or more
of the partons defining the sector.

The cancellation test proceeds as follows. We obtain an (n + 2)-body phase-space point
by building two consecutive radiations on top of a generated Born configuration. Adopting
Catani-Seymour parametrisations, the integration measure corresponding to the double-real
radiation is written in terms of six kinematic variables, w’,y’,z’, and ¢ /m,y,%, each with
support in [0, 1]. Unprimed variables parametrise the first radiation, passing from n to (n+ 1)
final-state particles, while primed quantities describe the radiation of the (n+2)-th parton. We
report in Eq. (D.7) the specific double-radiative phase space that was used for the numerical
test reported in the following.
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As the azimuthal variables, w’ and ¢, are not connected to IR singularities, the cancella-
tion test focuses on the other four Catani-Seymour variables, without loss of generality. Given
their expressions in terms of kinematic invariants, reported in Eq. (D.8), different IR-singular
configurations are reached by scaling appropriate combinations of such variables to O or 1. As
an example, the single-collinear limit C;; is obtained by scaling ¥y’ to 0, leaving the other vari-
ables unchanged; conversely, a double-soft configuration S;; implies y’, z, and y to approach
0 at the same rate. The scalings required to probe all singular configurations of Egs. (39), (40)
are collected in Table 2.

Limit | C;; | Sij | Cijk | Ckr | Cijr | Cikr | Cjkr
2z’ - -] - - - 0 1
y lololol|-1]-]-/|-
b4 - 0 - 1 0 1 1
y - 0 0 - - - -

Table 2: IR scaling behaviour of the kinematic variables (z’, y’,z, y) as defined by
the Catani-Seymour mapping of Eq. (D.8). Numerical entries (0 or 1) indicate the
limiting value of the variables in the given IR configuration, while the -’ symbol
means that the corresponding variable is not scaled.

We assign a common scaling parameter A to all phase-space variables relevant to a given
IR limit, so that the limit is reached in all cases when A — 0. For instance, considering Table
2, in the collinear C;; limit one sets y’ ~ A, while to probe the spurious C;;, configuration,
onesetsz’ ~A andz~1—A.

The results of running the cancellation checks of Eq. (39) on the subtracted double-real
contribution RRf:;gq,} are displayed in Fig. 4. The figure collects six panels, organised in two
columns and three rows. Each row is dedicated to a different singular configuration in Eq. (39),
corresponding to the following physical assignments to variable A:

Cj:A~07—0,  S;:A~E,E—0, Cy:A~62 650, (41)
For each of these IR limits, the left panels in Fig. 4 represent the absolute scaling of each
contribution to RR{S;L?q,} as the limit is approached (A — 0). All terms are multiplied by the
common phase-space jacobian (second line of Eq. (D.7)), and plotted as a function of A. The
right panels in Fig. 4 collect the various counterterms, as well as their sum, again as functions
of A, normalised to the unsubtracted double-real matrix element RR.

From the plots on the left column one immediately evinces that the subtracted double-real
matrix element (blue dotted) has a visibly milder scaling with respect to the unsubtracted one
(teal solid), as A approaches 0. In particular, in the C;;, S;j, C;j; limits, respectively, the RR
behaviour (A™!, 173, 172) is reduced to (A~1/2, 172, A=3/2) after subtraction. This confirms the
successful cancellation of leading-power singularities by means of the counterterms defined
in Eq. (37). The leftover behaviour of RRf;é’q,} as a function of A can be assessed considering
the scaling of the phase-space measure, which in the three singular limits is dA x (A%, A2, A1),
respectively. Combining these informations, one can conclude that the subtracted double-
real cross section is finite in the double-soft limit, while it features square-root integrable
singularities in the collinear limits.

The cancellation of the leading IR singularities is similarly appreciated in the right plots
of Fig. 4, where all counterterm contributions (dotted), together with their sum (blue solid
— labelled as ‘Sum of CTs’), are displayed as ratios to the double-real matrix element (teal
solid). As A decreases, each individual quantity stabilises towards a constant value. Notably,
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the overall sum (blue solid) correctly converges to unity, indicating that the coefficient of the
leading-power singularity in RR is precisely reproduced by the combined subtraction countert-
erms.
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Figure 4: Scaling behaviour of the double-real matrix element and of the subtraction
counterterms for the process e*e”™ — qqq’q’, in sector Zyz,1. Top row: single-
collinear limit C;;. Middle row: double-soft limit S;;. Bottom row: triple-collinear
limit C;j;. Further details are in the main text.

The same reasoning just described can be applied to the study of the spurious collinear
limits listed in Eq. (40). The plots presented in the top row of Fig. 5 reveal a regular behaviour
for each individual counterterm, as well as for the double-real matrix element, in the C;, and
Cij, limits. As for the Cj, and Cj, limits, displayed in the bottom row of Fig. 5, both the
unsubtracted and the subtracted double-real matrix elements have a singular A~1/3 behaviour.
This is integrable in nature, whence we conclude that all spurious limits are as well under
control.

18



SciPost Physics Submission

Limit Cir = Cqi5 , Limit Cj = Cqgq
10~

1074 et

10°°

108

IRR|
[Caql

Integrands [GeV~*]
Integrands [GeV~*]

10-10

— 1Sl 107 — ISl
— |HCqqql — [HCqqq1
10-12 — 1CagSadl 10-12 — 1CqqSadl
— Cq4HCq4q'| — 1CagHCaqq!
|RRsub| *  IRRsup|
1078 1077 1076 10-° 107 1073 1072 107 107 107 107° 107° 107* 1073 1072 10
A A
Limit Cigr = Cqqq' Limit Cjxr = Caqar
102 10
107t 10! 4

10-2 4

Integrands [GeV~*]
Integrands [GeV~*]

107 IRR| 10-° — IRR|
[Caal 1Caal
— 1Sa — IS
1010 1Sagl 105 1Sqql
— |HCqqql — |HCq4q1
— 1C44Saqal — 1CqqSadl
10-13 —— |CqgHCasq' 107 A — |CagHCaqql
|RRsus| * |RRsu|
1078 1077 10°° 1075 104 1073 1072 107! 108 1077 10°° 1075 107% 1073 1072 107t
A A

Figure 5: Scaling behaviour of the double-real matrix element and of the subtraction
counterterms for the process e*e™ — qqq’q’, in sector Zyz,1. Top row: single-
collinear limit Cy,, and triple-collinear limit C;;,. Bottom row: triple-collinear limits
Cixr and Cjy,. Further details are in the main text.

As a further supporting evidence for singularity cancellation, we probed the double-real
correction in representative portions of the phase space where IR divergences are expected to
arise. The density plots in Fig. 6 present the result of such an analysis, where we sample the
unsubtracted (left columns) and the subtracted (right columns) double-real matrix elements,
respectively. In the top row, we fix ' = y = 0.3, and vary the remaining y’,z variables over
their entire [0,1] x [0, 1] support. The upper left plot clearly shows an enhancement in RR
extending over the entire z range, at y’ — 0. As indicated in Table 2, this corresponds to the
presence of the single-collinear singularity C;; in the unsubtracted double-real correction. In
contrast, the corresponding density plot for the subtracted contribution RR**™® (top right) is
regular in the whole region, confirming a successful cancellation.

The phase-space configuration shown in the bottom row of Fig. 6 is obtained by setting
z’ =z = 0.3, while varying y’ and y. In the lower left plot, a strong divergent peak appears in
the y’ ~ y — 0 limit, which corresponds to the triple-collinear singularity C; jk> as detailed in
Table 2. The latter is effectively mitigated by the subtraction counterterms, as demonstrated
by the stable behaviour of RR*"® in the lower right plot.

These considerations conclude the analysis of IR singularities, demonstrating the finiteness
of the subtracted double-real matrix element for the considered channel in sector Z454/}-
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Figure 6: Density plots of the unsubtracted (left column) and subtracted (right col-
umn) double-real matrix element for two representative phase-space regions, in the
process e"e” — qqq’'q’, within sector Zy4,,. Further details are in the main text.

4 Conclusion

In this article we have presented a number of developments in the framework of Local Analytic
Sector Subtraction. First, we have considered the NLO IR subtraction in presence of massive
QCD nparticles in the final state. We have defined and analytically integrated all massive IR
counterterms, reproducing the known singularity structure of one-loop massive matrix ele-
ments. As a designing feature, Local Analytic Sector Subtraction uses different phase-space
mappings and parametrisations for different contributions to a given IR counterterm. This
ensures the phase space to be optimally aligned with the natural Lorentz invariants appearing
in each contribution, and in turn entails a comparatively simpler analytic counterterm integra-
tion. In the massive NLO case considered here, this structural simplicity is particularly evident
in the finite parts of the integrated counterterms, which feature at worst di-logarithms for
some of the soft contributions, and up to simple logarithms for hard-collinear terms. Such a
simplicity has been attained via a thorough exploration of the phase-space symmetries, and
their translation into new parametrisations of the integration measures. This analysis not only
allowed us to simplify the integrations, as in the case of the soft NLO counterterm with two
massive colour sources, but also gives the freedom of choosing phase-space mappings inde-
pendently of the analytic integration. The latter feature constitutes a relevant starting point in
view of the integration of NNLO double-soft massive kernels, which we leave for future work.

After the analytic discussion of NLO massive subtraction, we have turned our attention to
the numerical implementation of the subtraction scheme, starting at NLO and documenting
the validation of a variety of processes featuring QCD in the final state. The implementation
is carried out in the MADNKLO framework, which offers the level of generality required for an
automated generation of NLO differential cross sections. We have described the steps we have
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taken to overcome the original technical limitations of MADNKLO, in terms of phase-space
generation, integration of the matrix elements, execution speed, and stability of the results.
These features and the newly introduced massive NLO subtraction have been validated through
a successful comparison with benchmark MADGRAPH5 AMC@NLO results, for processes with
either massless or massive QCD particles in the final state.

Since MADNKLO is designed to host subtraction schemes at NNLO (and beyond), we have
reported the first elements of the automated implementation of Local Analytic Sector Subtrac-
tion at NNLO within the MADNKLO framework. The implementation has so far been limited
to the counterterms relevant to eTe™ — ggq’g’, namely a contribution to the quark channel in
the production of two hadronic jets via leptonic collisions at NNLO in QCD. We have shown
the complete cancellation of the single- and double-unresolved singularities of the double-real
matrix elements, providing first non-trivial evidence of the stability performances of our NNLO
implementation. The natural future development in this direction is the complete MADNKLO
implementation of NNLO Local Analytic Sector Subtraction for final-state QCD radiation, of
which this article represents a first important step.
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A Mappings and radiative phase space with massive particles
In this appendix we detail the phase-space mappings relevant for the case of massive particles
in the final state. Moreover, we explore different parametrisations of the radiative phase space,

exploiting its symmetries to simplify analytic counterterm integration.

A.1 Final-final mapping with two massive final-state particles

Given three different final-state momenta k,, kj, k., with squared masses

K2=0, ki=mi, ki=m?, (A1)
we construct the mapped momenta
{]_{}(abc) = {{k}¢}§¢, l_((babC), ]zgabC)} . (AZ)
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Momenta k, = f(éabc) and k, = k(9% are given by
Opem Ocem I_(ff = 2 - _4m12)m§ 2 ( ¢ i +22m? M) + = 221? Q"
Stab]e —4m2(sqp + my) 2Q 2Q
ky = Q'—kV, (A.3)
where s;; = 2k; - k; and
S = Sape = Sqb +Spc +Sqc = Q2 — m% — mf s S[able = Sac + Shec - (A.4)

All other momenta are left unchanged by the mapping, namely I_cf = le with i # a, b,c. Such
definitions guarantee that the Born-level momenta k; and k, satisfy mass-shell conditions and
total momentum conservation, as

kK=ki=mi, KE=k*=m2, Q' =Ki+kl k=K ke (A.5)

C 4 C

The mapping {k}(@¢) induces an exact phase-space factorisation

Snt1 b b
Jdcbnﬂ = Z_prga C)J el (A.6)
n

where d@glabc) = d®,({k}(®*9)) and we explicitly extracted the ratio of the relevant symmetry
factors ¢, and ¢,,. The radiative phase-space measure associated with the unresolved particle
k, can be parametrised in terms of the usual Catani-Seymour kinematic variables [6,61]

Sac Sab
z = , y=—————7", (A.7)
Sac T Sbe Sab T Spc T Sac
yielding
Sab = Y, Sac =z(1-Yy)s, Spe = (1—-2)1—y)s. (A.8)
According to [61], the parametrised radiative integration measure is
2 —342¢ —1+2
f dole) = (@m) 7 ”)4 272 (Va) J 443
Y+ Z+(}’)
X f dy (1—y)' 726y ~|rm§)_E dz(z,—2z) “(z—2_)"¢, (A9)
0 z_(y)
where the integration boundaries are given by
om? o _
yo= 14 2R ) = %(H_L), (A.10)
§ § 2(sy + m3) s(1—-y)
and
A = $—amim?,

o = o(y) = A+52y2—2y3(E +2m2) = \/52(1—y)2—4m§(§y+m§). (A.11)

The integration over the solid angle can be carried out independently, yielding the factor

27.[.1—6
di 8= —"— A.12
J Ao (A.12)
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so that

47T)_2+6 5 S 1—2¢
go@o ( ) A13
f rad,Mmm 1—-(1 _ 6) /_A ( )

Y+ Zy
X f dy(l—y)l_ze(§y+m§)_ef dz(z, —2) “(z—2z_)"°.
0 Z_

It is easy to verify that

5Y+

o(0)=v2a, o()=0, 2(0)=0, zi(y+)=m

s (A.14)

so that the integration domain is the region between the two curves z = z,.(y), which meet at
the endpoints

P, = (¥.2:01))ly=0 = (0,2:(0)) = (0,0),

P2 = (.yzzzb(.y))|y:y+=(y+:zi(y+))=(y+’ﬁ)- (A.15)
+ b

The two curves satisfy the following equation:

z2=2.(y) = 2(§y+m%) (1i§(1—.)’))

= s?y(l—y)zz(l—z)—m%(l—y)zzz—mfy2 = 0. (A.16)

We now check how these curves transform under the exchange of k; with k.. We introduce
variables Y, Z to re-parametrise the invariants in Eq. (A.8) under the exchange kj, < k., as

sy = (1—=Y)Z5, spe=VY5, s = (1-Y)1-2)5. (A.17)

The change of variable y,z — Y,Z is thus defined by the relations Z(1 —Y) = y, and
Y =3(1—y), which give

p— — = —y
Y_Z(]- y); 1—2(1—)’)’
Y
y=2(1-Y), 5= T 707} (A.18)

In therms of the new variables, Eq. (A.16), defining the boundaries of the integration domain,
becomes

SY(A-Y)YzZ(1-2)—-m;Y>—m2(1—-Y)*Z*> = 0. (A.19)

This means that the re-parametrisation y,z — Y, Z is equivalent to the exchange m; « m,.

It is easy to verify that this holds in general for the radiative phase-space d@izgcth. Indeed the
Jacobian of the transformation reads ’
dy dz Jdy 0z 1-Y
JV,Z2) = | —=———= ==, A.20
(¥v.2) oY 0Z 9Z 3y 1-Z(1-Y) { )
so that
dydz(l1—y) = dvydzJ(Y,Z)[1-Z(1—-Y)] = dYdZ(1-Y). (A.21)

23



SciPost Physics Submission

Furthermore, we can easily verify that

(1—yPGy +m)(z—2)z—2) = Sy(1—y)z(1—2z)—mj(1—y)’s*>—m’y?
= SY(1-Y)Z(1-2)-miY*—m2(1—-Y)*Z>
= (A-YYEY +m2)(Z,-2)(Z~Z.),

where we have set

2m?  2m Y n(Y
Y+=1+fb_ _bQ, Z, = _S ( + - ) ),
3 3 2(3Y +m2) 5(1-Y)

R(Y) = /A +82Y2—2Y5(E+2m2) = (/21— Y)2—4m2(Y +m2).  (A.22)

The radiative phase-space in Eq. (A.13) can then be equivalently rewritten as
—2+ez ; = \l—2€
dcp(agc) = (475)—5 (L) (A.23)
mdw = T(1—e) \ V2
Y, z,
xJ dY(1—Y)1—2€(§Y+mf)—€J dz(Z,—Z) (Z—2Z_)°.
0 Z_

A parametrisation that makes the b «— ¢ symmetry more evident is the one in terms of
variables u, v defined by (1 —v)(1—u) =y and u = (1 —2)(1 — y), which gives

1_
u=(1-2)1-y), - 0=y
y+z—yz
1_
y=0-u)1-v), p= YAZW (A.24)
u+v—uv
The Jacobian of the transformation reads
dy dz 0Oy 0Oz 1—u
J oy or_oyor\_ 2 TH A.25
(wv) du dv dv du ut+tv—uv’ ( )
yielding
dydz(1—y) = dudvJu,v)(u+v—uv) = dudv(l—u). (A.26)
In addition, we have
(1—yPGEy+m)(z—2)z—2) = §y(1—y)lz(1—2z)—mi(1—y)z*—m’y>
= (1—u)2[§uv(1—v)—m%vz—mf(l—v)z]
= (1—u)2(s'u+m§+mf)(v+—v)(v—v_), (A.27)

where v, are the solutions of the equation suv(1—v)— miv2 - mf(l —v)? =0, and read

Su+2m? £ ,/52u — 4m%m§

vy =vy(u A.28
* +(1) 2(s"u+m% +m?2) ( )

In terms of u and v, Eq. (A.16) becomes
(1—w?[suv(1—v)—m2v?—m2(1-v)*] = o, (A.29)
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or equivalently

(1—w)?(5u+ mlz) + mf)(v+(u) —v)(v—v_(u)=0. (A.30)

That is to say that the two curves defining the integration domain of v are v = v, (u). One has
that v, (u) > v_(u) for all values of u € [u_, 1], the two curves being equal only for

2
=y =M (A.31)

S

We thus conclude that the integration domain in the u, v parametrisation reads

Y+ 2 (¥) 1 vi(w)
J dyJ dz(1—y) = J duJ dv(1—u). (A.32)
0 z_(y) u_ v_(u)
The radiative phase space can thus be rewritten as
—2+e€ ¢ s \l—2¢
deji, = tn) 5 (i) (A.33)
: rl—e) \v/2

1 Vi
x f du(l—u)1_2€(§u+m% +mf)_€f dv(vy—v) “(v—v_)"°,
u v_

with
Sep = (1—w)(1—v)3, See = (1—u)vs, Spe =US. (A.34)

A.2 Final-final mapping with one massive particle

The cases involving three final-state momenta, only one of which being massive, are special
cases of the fully massive mapping considered in Appendix A.1. We report them explicitly in
the following, for completeness.

Case m;, =0

In the m; = 0 case, we have

_ 2 z 2
- S s[ab]c+2mc s+2mc
Oper Ocem k? = (kf - - ——Q" |+ ——Q",
2 2
/S[Zab]c_4m?5ab 2(5+m?2) 2(5 +m?2)
Ky = Q'—kt. (A.35)

The relevant quantities defining the radiative integration measure in the three provided
parametrisations are

2m?  2mg4/5+m2
y+:1+ gc— Cg C, Y+:1,

A=§,  o(y) =,/220-y)—4m2sy, =) =35(1-Y),

1 o sY
Zy = — ]_:l:—_ , Z_:O, Z+:_ )
2 s(1—y) §Y + m?
0 mf 1 (A.36)
u_=0, Vv =— y, =1. .
Su+m? +
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The phase-space measure then reads

47'[)_2+6 o Y+ B 3 24 3 3
ch)(abC) — ( 51 € J dyy e(l_y)l 2€ dZ(Z+—Z) E(Z_Z_) €
J rad,rm 1"(1 —6) 0 5

1

—2+€ = Z,
—ote- 1 1
% . du (1 =)' G+ me) f )T

(A.37)

We notice that in this case z, = 1 —z.: the phase-space measure is symmetric under the
exchange a «<— b, which corresponds to the variable transformation z «<— 1 —z.

Case m. =0

Similarly, in the m, = O case, we have

- 3 S
Opem Ocer : kY = > kbt = abe kb,
Slablc Slable
Reo= k- 2ab g (A.38)
S[ablc

which are identical to the fully massless case. The relevant quantities defining the integration
measure in the three provided parametrisations are

2m?  2my,/5+m?
y, =1, Y, =1+—L- b

S 3

B

A=2, o =351-y), Z(Y)=20-YR-4mlsY,

Sy 1 »(Y)
== wTihe 2 2Fan)
y+my §
u_=20, v_=0, V= - su 5 - (A.39)
su+mb

The phase-space measure becomes

1

4t _2+6§ s e 2+ . .
dq)l(’g(l;clzl: - U s dy (1—y)' 7>y +m3}) dzz (2, —2)
’ r(i—e) ), o

—2+€ Yy %

(4m)2tes [

T1—e) Odu(l—u)1_26(§u+m%)_6J; dvv (v, —v)™¢. (A.40)

We stress that the relation d®,,q (Y, Z, m) = d®,,4 \e(¥, 2, m}), valid in the massive-massless
case, directly stems from the equivalence between Eq. (A.13) and Eq. (A.23). This in turn is
what allows to get the same expression for the two integrated massive-massless soft kernels
in Eq. (23).
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A.3 Initial-final mapping with one massive particle

Given two final-state momenta k,, k; and one initial-state momentum k., with masses

k=0, ki=m}, k*=0, (A.41)

(4

we construct the mapped momenta

(e} = {{Ie}gpy, K, KB}, (A42)
where k; = Rg}abc) and k, = k(9% are given by
_ s
QbEM 9c€1 : k;,abC) = ka + kb - ab kc s
Sqc T Spe
- + —_
kgabc) Sac T She —Sab kc ) (A.43)

Sac + Sbe

while all other momenta are left unchanged, l_cf = kf with i # a, b,c. Such transformations
guarantee that the Born-level momenta k; and k, satisfy mass-shell conditions and total mo-
mentum conservation, as

kK=kl=ml, K=kl=0, Q'=kl+kl—k'=K —k". (A.44)

C

The mapping {k}(@%) induces the phase-space factorisation

qu)rwl(kc) = gg“f f deb)(xk,)del ), (A.45)

where d@g“bc)(xkc) = do,({k}(¢?9)), and we explicitly extracted the ratio of the relevant sym-

metry factors ¢,.; and ¢,. The radiative phase-space measure associated with the unresolved

particle k, can be parametrised in terms of the following kinematic variables:
Sac +Sbc —Sab Sac

X = ——— z = .
Sqc 1 Spe Sqc 1 Spe

(A.46)

The invariants constructed with momenta k,, k;, and k. can be written in terms of these
integration variables, as

Sqp = (1—x)5, Sge = 28, Spe = (1—2)s, (A.47)
where

~ Zk(abc) . I_c(abc) m2 _ QZ S 4s.. —s
§ = S-g;ibc) — zkéabc) . kc — b - c _ _b - _ Cac ;Jcc ab ) (A.48)

The parametrised radiative integration measure [61] reads

_ _ 1 .
a0 = @O asg [ [sa—x) 4 m2] s, -2 (A9
radmt 2 . X|S X my, . Z2\z2, —2 z LA

with
5(1—x)

g, = — (A.50)
sl —x)+ m?
Upon integration over the solid angle, see Eq. (A.12), one gets
—2+€ 7 1 2y
(abc) _ (477:) S - 27—€ —e _—
qu)rad,MI - T(1—e¢) dx [S(l—x)+mb] f dz(z, —z) 27 °. (A.51)
€ 0 0
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B Collinear kernels

We report here the Altarelli-Parisi kernels relevant for the final-state splitting of a parent parton
[ij] into a pair of collinear siblings ij:

uv uv uy k# k:
Pij,F(zi) = _Pij,F(zi)g + Qij,F(Zi) [— g +(d—-2) 7 ], (B.1)
F
with
22,%; 5 2z; q
Pyuz) = TR(l - :)ff}q + CF[Z—.l +(1- G)Zf]fiq f

j
2% _ 7. Z .
J & 44 i J 88
+q{;f+ﬂ—fﬁ4ﬂ_@ +Q{;f+;+%%)ﬁ:
i j i
2z;2; -
_ J £qq g8
Qije(z) = Tr 1_6fij _ZCAzizjfij . (B.2)
The longitudinal momentum fractions of partons i, j, and their transverse momenta with re-
spect to the collinear direction are
S.
Z; = —r = 1 —Zj B
Sir t5 jr

—~ S..
_ g u ij
kg = Zj ki —Z; k] _(zj_zi)sir +Sjr ky (BB)

Upon subtracting all soft enhancements from the kernels, one obtains the final-state hard-
collinear splitting functions:

Ky
 h
Pgi ‘() = —Pi?;(zi)gw+Qij,F(Zi)|:—gW+(d—2) FT(ZF ], (B.4)
F
with
he, (0 g, nhe(l Jd
Pi?;(zi) = Piij( g)(zi)fi‘]]'q +Pij;( g)(zi)fiqqug
he,(1 4, »he(2
+Piij( g)(zj)fig qu q +Pij,cp( g)(zi) i;g'g ,

hc,(0g) _ 22(1 _Z)
PR = m-0)

he,(1
PG = G-e-2),
PIEPER) = 2G,2(1-2). (B.5)

The kernels for the initial-state splitting of a parent parton ¢ = j (or ¢ = i) into a pair of
collinear siblings ab = [ij]i (or ab = [ji]j) are

Mkv
Pc‘llbqjl(xa) = _Pab,l(xa)g‘uv+Qab,1(xa)|:_g'uv+(d_2) I»i(»zl ]) (B.6)
1
with
Pab,l(xa) = Pab,F(xa),
X G X
Qubi(xs) = —2=2CpfEfHI—2=LCuf5E. (B.7)
Xq Xa

In this case, longitudinal fractions and transverse momenta are defined as
=3 —y K= K — xy ko — e gp B.8
Xb—_— _xa, T b_xb c . N ()

Scr Ccr
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The hard-collinear version of the kernels reads

k‘ukv
PEY(x,) = —Pifl(xa)g“”wabl(xa)[ £+ (d-2) ]

1

where we have defined

he, (0. he,(1 g
Pii(xa) = Popi P £ + Py BP0 SRS
he,(1 he,(2
+ PSS (x ) £8 £9 4+ PG () 58
hc(Og) _ [ 2x(1_x)
abI ( ) - TR 1-— 1—¢ s
he,(1
P P0@) = G1-e)1-x),
- 2
hC(lggq) _ 1+(1—x)
iy S0 = G| T x|,
h 1—x
PIE(x) = ZCA[ +x(1—x):|. (B.9)

C Integration of massive counterterms

In this appendix we outline the integration of all NLO counterterms in presence of massive
particles in the final state.

C.1 Integration of the fully massive soft counterterm

We start by analytically integrating the soft counterterm

S,MM rad,Mm

Y f dal) £, 1)

over the radiative phase space d@g;ﬁl])m. This is obtained with the massive mapping of Eq. (10),

with the identifications a — i, b — k, ¢ — [, recalling that parton i is a gluon, thus massless.

In Appendix A.1 we have introduced different equivalent parametrisations for f d@gggcth. To

integrate the eikonal kernel 5151), which is symmetric under k <— [ exchange, it is best to use
the symmetric parametrisation of Eq. (A.33). With the invariants of Eq. (A.34), the eikonal

kernel reads

2 2
. . S m m
e _ 70 _ 1o I(’) _ f.g(i M _l)
Kl K 5 Lk TG TR
2 2
I [ L S ﬂ] (C.2)
Ls(1—uw2lv(i—v) s5(1-v)2 2]

with § = §l(<llkl) . It is interesting to notice that the numerator of the eikonal kernel reproduces
the e-dependent part of the phase-space measure:

£ g§uv(1—v)—mkv —m; 2(1—v)?
ke T Ji 52(1—u)?v2(1—v)?
2 (Su+ mi + mlz)(VJr —v)(v—y_)

= T eamweea e €9
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The fully massive soft integral I SlkNEM is then given by

1

kL = 8N —(4n)_2+6 (i)l—% du(1—u) 72 (Su+m2+m?)~¢
S,MM i 1 r(1—e) \V/2 " k l

Vi 2 2

- el U u my m
x | dv(ve—v) ¢ (v—v_ e|:—+ — ——], C.4
fv e =v)( ) v 1—v 35(1-v)2 3sv2 €4

with

2m.m su+2m? £ ,/52u2 — 4m2m?

A=32 —4mim12, u_= # s vy = l kL (C.5)

§ 2(5u+ m3 + m?)

The only singular behaviour giving raise to a pole in € is for u — 1. We thus subtract and add
back the integrand at u = 1:

ikl — Iikl(O)_i_Iikl(l)_’_O(e)’ (C.6)

S,MM S,MM S,MM

i a, (5 5 \VEQRYE ! —1-2¢
e = 52() () (5) o
u_

V. 2 2
+ 11 m m
x f dv(V+—v)_e(v—V_)_E[ e k__ _—l],
—V

A

S | (u) 2 2
k) _ f_gﬁ(i)e 5[ du { d[ u +E_L_ﬁ]
S;MM tam\ u? VA ), 1—u () 1—v v §(1—v)2 35v2

v (1) 2 2
1 1 m m

_f P | NI CY
v (1) 1—v v §(1—v)2 sv

s+2m?+ V2

where we have set

Ve=vi(l) = ——-. C.8
* +(1) 2(s_+mi+mlz) €8
To compute I;ﬁl&o), it is useful to introduce the change of variable
/ v—=V_ /
v = s v=V_+(V,—-V_)", C.9
v (v, —V.) (€9)
thus obtaining
- \—€ = 2\ —€ rl
ikl 8 Gs (i) S (5&) f du(1—u) 172V, —v_)l-2
S,MM i o uz VCI A W
1
1 1
X dv'[v(1— v’)]_e{ +
0 1-V_—(V,—=V_ v  V_+(V,—V_ )
m? m?
— - - — = l } (C.10)
S[1—-V_—(Vy—=V_ W12 S[V_+(V,—V_)]?
The u-integration generates a single € pole, as anticipated
! (1—u_)2% 1 §—2mm
du(l—uw)t2e = =2 —_— 4 InZ 2110, (C.11)
w —2e€ 2e S
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while the v-integration can be performed using the standard results

1
1 1 a+b € a a

d/ /1_ e =_1 _[_L'(__) L'( )] 2’
fo viI[vI(1—v)] v an > +a in > + Li, - + O(e?)

1
et \1—e 1 _ 1 a+2b, a+b 5
fo dv' [v(1—=vT)] @ b2 ~ batb) [1+e " In 5 :|+(9(e ). (C.12)

Considering that

v §42m?
VimVo= —5 s, VitV= s,
§+mi+m; §+mi+m;
g v v §+2m; . m?
i __s_+mi+m12’ +__§+mi+m12’
2 _
m V.(1-V -V
1-V)A-V) = —"—, LA Y (C.13)
S+ my+m; V.(1-V.) S+
and using the di-logarithmic identity
Liz(—L) = —Liz(i)—llnzw (C.14)
§+2m2— 2 s+2m2+va/) 2 s+2m2—vA~
we get

0 = () Sl EE_JwisdE 2]

T\ 2V € (s —2mm) S+ S

1, ,5+2mi+vVA  2m} n§+2mi+ﬂ

2 s+2mi—vA 5 s+2mi—-V2A
11n2§+2m12+ﬁ—2m12 n§+2mf+ﬁ+ln
2 s+2mP—vA S s+2mP—VA 5+

2V 2V }
+2Li| —————— |+ 2Ly ——— = |+ O . C.15
12(g+zmg+ﬁ) 12(5’+2m12+x/7) @ ©19)

+—1In

N s—V/A
S+ VA

Next, we introduce the convenient notation

s+2mi — V2 s— V2
M= —=> n=mem = , (C.16)
! §+2m? + V2 T s r VA
. ' . ik1(0),
and arrive at our final expression for I, :
. S\ ¢ (T1 Q%5 §
pw = g (£Y°[11 T o]
s = S 2) e T Emzmeme Lava ™"
5 T.. . 1. 5 M 1n2n]
— —— | Liy(1 — 1) + Liy(1— 1) + = In* = + —
=L =m0+ L1 =)+ g B T
2__ 2 2
meom e Q
——ln———lnn+(9(e)}. (C.17)
2/ m 2V
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We now turn to the computation of Isl’kl\il(wl). We first perform the v-integration, making use

of the following relations:

™ (1—v,)(1 ) i
VeV = s -V V. )=————,
* Su+m7 +m? * Su+m7 +m?
s'2L12—4miml2 v_(1-v,) Su— 1/§2u2—4mim12
Vy—V_=— 5 5> = ,  (C.18)
Su+my +m; vi(l=v)  su+ [52u2 — 4mZm?
and get
- N — _ 1 S 21,2 2.2
pikl) fg& S ei du —ulnsu y/$2us —4mmy i
S,MM i 2 2 f 1— - 2.2 n
T\ Adu u Su+ 4/52u2 — 4mim;
$2u? — 4m?
] (C.19)

At this point, we perform a change of variables to get rid of the square root. Denoting as u;

and u, the two roots of the quadratic equation 5%u? — 4miml2 = 0, namely
2mmy; 2mm;
U = — =u_, Uy = ———, (C.20)
§ S

we introduce the variables

u—u 1—u S—2mpm
t =\ L, /5=\J 1=\J_ KL (C.21)
U—1uy 1—u, S+2mmy;

This modifies the integration measure as follows:

5§ 1—t2’ § 1—t2”°
t ! 4m;m p 2tdt
\/§2u2—4m2m2 =4dmym; ——, du = kL . (Cc.22
ko SR ) “ s ), (1—t2)2 (G22)

The constants appearing in the t-integration can be recast in terms of the sole variable 8, with
the help of the following relations:

2mmy 1+ t2 1 §+2mem; p2—t?
u= =

1—ﬂ)2= 4mkml ﬂ _ ﬁ
§+2mkml ’ 1 _[:}2 4mkml ’
1+pB2 5 1-B\  5—+2
b=, ( ﬂ) /g (.23)
1-p%  2mm 1+p S+VA
The Isiﬂh(}) integral then becomes
- \—¢ = B
[kl — _f.g&(i) 5 Ammy it
S,MM 1 27'5 ‘uz \/X S_ o
1+ B2 —t1
X[ /3(1_1_1+1)1n1t+/5
1—-p2\pB—t B+t 1—t 1+t 1—-B1+¢
12 nl—ﬂ+ 46 1 2 1
B1—-p2 14+ 1-B2B+t 1+p1-—t
B 2 1 B 2 B 2 ] (C.24)
1-B 1+t (1—1t)2 (1+1)2] '
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Its explicit evaluation gives

(1) _ g % (8 ° 5 4mem
IS,MM - fi Zﬁ(uz) \/I B
1+ [(1=BY 26 1-p
X{l—ﬁzl:_le[(—1+ﬁ) ]_21n—1+ﬂ1n—1+[3’ +Cz]
—1jﬁﬂ2+1jﬂﬂ21n2—1i—[5[321n(1—/5)—13—/5/321n(1+ﬁ)}

a s\ ¢ m,m 1
= fg—s(i) {—11'1%1117}4-21.12(7))4'5lnz’i’]—zgz
- k

Collecting all contributions, we finally obtain

S,MM S,MM S,MM

26 e i
= fl_ 27‘5(,112) {|:€+ln(§_2mkml)2 21/Xlnn+1

5 T.. . 1. oM 2 ]
— —— | Liy(1 — 1) + Liy(1 — 1) + = In* = + =1
=m0+ 100+ 1t 2 Sy
_—mi—mlz nﬁ——Q2 lnn—ln—mkml Inn
2V m o 2/A §—2mmy
1 v
+2Li2(n)+—lnzn—2§2+27[2+1 _ T ]+(’)(e)},
2 S S+ 2mmy
§ = UKD n _w n=mn.n _§=v2 (C.27)
K “srom? 4V sV ‘

C.2 Integration of massive-massless soft counterterms

In case the massive colour source k and the massless source [ are both in the final state, the
integral of the eikonal kernel is given by

ikl _ (i) (1)
ISl,MF - Nl f dq)rad,MF gkl ’ (C.28)
where d@i;ﬁliﬂ is the radiative phase-space measure of Eq. (A.40) with the replacement a — i,
b — k, ¢ — L. Similarly, if k is massless and [ is massive, we have

ikl _ (kD) @)

I;,FM - Nl f dq)rad,FM gkl ’ (C.29)
where d@g;ﬁliM is the radiative phase-space measure of Eq. (A.37) witha —» i, b -k, c — L.
The eikonal kernel is

1 )

5111 )

M _ 0 1
& =To - Ezkk — (C.30)
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and the individual soft contributions, with generic masses m; and m;, read (§ = s(lkl))
i Skl 1—z 1-7
Izgll) = f ig =f ig = = ig = >
SikSil Syz sYZ
2 2
I(l) — f-g sk_k — f_g 2 my — r8 2 my
kk i sizk i §2y2 i 5222(1 _ Y)Z ?
. 2m? 2m?
(i) _ ¢Sl _ g l Y [
Ly = fi 2 fi 222(1—y)2 i s2y2” (C.31)

il

We note that the symmetry of IIE? under exchange k < [ implies that its expression is identical
both in terms of (Y, Z), and of (y, 2).
As for I S”;/EF, in which m; = 0, the integration measure is simpler when written in terms of

the (y,z) variables:

1

47 —2+€ B ) ~
e = f, Nl( Tl ) 9 dy (1—y)' 72 Gy +mp)
Z+ _ mz
X f dzz_E(er—z)_f[l—Z—%}
0 yz. sy
= fEREGm), (C.32)

with z, =z, (m) =5y /Gy + mi).

For [ S”;fw the parametrisation in terms of (Y, Z) is more convenient. We obtain an expression
which is identical to Eq. (C.32), with the formal replacements (y,z,my) — (Y, Z,m;). This in
turn means that [ Sl’;fw = fl.g " (sl((llkl) l), hence we can compute a single constituent integral.

We proceed to the computation of I}¥(s,m) by performing the change of variable
z — z,(m)z, obtaining straightforwardly

(47.C)—2+6

1 1
e(s,m) = Ni————=s°| dyy "7*Q-y)"*(+p) | dzz " (1-2)"°
I'(l—e) 0 0

a (s [ L In? p
B E(‘ﬁ) [2 z+—(3+lnp) Lip(=p) = —=+(1+p)In(1 +p)

+(%—p)lnp—7§2+5+(’)(e)], (C.33)
with p = m?/s.

If we now consider the case of a massive source k in the final state, and a massless source
[ in the initial state, the integral of the final-initial eikonal kernel of Eq. (21) is given by

1
dx ki ki
It f TR = N f d%,00, & = Toa(5 ). (C.34)
0
where d@g;ﬁliﬂl is the radiative phase-space measure of Eq. (A.51) with the replacements a — 1,

b — k, ¢ — [. The case where k and [ are exchanged, also relevant for Eq. (21), gives the
same result upon replacing m; — m;, again owing to the symmetry of the eikonal kernel. In

the chosen parametrisation, the integrand is given by (5§ = s(lk”)
O _ 70 _1-0_ 1—= m

g — 7 _ L 8 [ ] C.35

K W gt = s1—-x)z  §2(1—x)2 (C.35)
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whence

(4m)~2*e bodx

I'(l1—e) 1—x

T (s,m) = fEN [s(—x)+m?]"

0

z4(m) 2
e —[1l—2  m
X L dz(z,(m)—2) ‘z [ . s(l—x)]’ (C.36)

with z,(m) = s(1 — x)/(s(1 — x) + m?). We then perform the usual change of variable
2z — z,.(m)z and get

(47‘[)_2+6 s—€

‘Zh;:i(s’m) = fig/\/'1 T(l1—¢)

1
f dx (1—x)"172€ (1 —x+ p)E
0

1
X J dzz 17¢(1—2)¢, (C.37)
0

with p = m?/s. The e pole generated by the integration over z can be easily extracted in
closed form, as it happens for final-state soft radiation:

! I'(—e)r(2—e)
—l—erq _ \l—e _
JO dzz (1—2) = Te—20) (C.38)

Conversely, when it comes to extracting the € pole stemming from the x-integration, we have
to recall that the Born matrix element B,((llkl)(xkl) is x-dependent. We then expand the integral
as the sum of an endpoint and a subtracted contribution:

p€I'(—2¢) 1
I‘(TZG)ZFl(—E,—ZE,Z—ZG,—;)f(l)

+J1d_x|:x(1—x+p)e

x (1_x)1+2€

1
f dx(1—x)2(1—x+ p)ef(x)
0

} f(x). (C.39)
+

Once combined with the z integration, this allows to write
1

d
aem) = fErtsmest [ m, 40
0

where

I(s,m) = M

(4m)2*€s™¢ T(—e)T(2—€) p°T(=2€) 1
F(l—e) F(2_2€) F(Z_ZG) 2F1(_€,—2€’2—2€,__),

(4m) €57 T(—e)T(2—¢) [x (1-x+p) ]
.

JM(s, x, = N C.41
5 (5x,m) U T(1—e) TI(2—26) | (1—x)r+ze (C41)
These integrals are related to the ones in Eq. (C.34) by the following identifications:
L = FERG T m), IR = FE Y em). ca)
Expanding in €, we finally obtain
a, (s V[ 1 1 In? p
(s, = == — +—(3+1 —Liy(—p) — C.43
pem) = 22(5) | gt g —tip) -7 (©43)

+(1+p)In(1 +p)+(%—p)lnp—£§2+3+(’)(e)],

rom = 2 () (] ] o)

with p = m?/s.
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C.3 Integration of hard-collinear counterterms with massive recoiler

The integrals Iﬁ‘c , withA = (0g), (1g), (2g) have been introduced in Eq. (30) within the flavour
decomposition of the integrated final-state hard-collinear counterterms. They are defined as

PA(2)
fasm) = N [[aay 2 (cab
ij
(47.5) —2+e nyr . o
N ———=5°¢ dyy “(1—y)—=°
F(l_ ) 0

2,.(¥)
xf dz(z,—2) (z—z_)" PECF’A(Z)
z(y)

where Pi}]’.c};A (z) are the hard-collinear kernels of Eq. (B.5), and

2m?*  2m, /5 +m?2 _sQ-y)*o

=1+ - 5 - )
o= \/52(1 —y)?—4m2sy, 5= s’girjr). (C.45)

The single 1/¢ poles of these integrals are generated by the behaviour of the integrands at
y = 0. We then add and subtract this endpoint contribution. Considering that z_(0) = 0 and
2,(0) =1, we get

_ a 5 —€ Y+ L 1 _
e uGom.) = ﬁ(‘?) f dyy™ J dzz™*(1—2)" Pff;‘“(z) (C.46)
0 0

a Y+ dy z2.(y)
= e [(1 —y) dz P (z) — dz phCI;A(z) o O(e).
21 Jo Y ) v

Inserting the explicit expressions for Pi}JI.CI;A () from Eq. (B.5), and using the relations

2
o m'y
2, —Z_ = , 2, tz_ =1, Z2.2 = —T1—— C.47
' sa-y)’ ’ (47

s(1—y)*
we first perform the integrations over z, obtaining

(0g) _a s\ °2 .y.:E 5
IthM(s,mr) = ﬁ(lﬁ) gTR{—? 1+§6
Y+ 2
1/(o0 m.o
[ o2 (F1)- ]}
.L Y1y 2(1—y )
a s\ ‘1 Y d
Il(ulfv)[(s m;) = ﬁ(!ﬁ) ECF{ o —@+ )+JO 7}/(;—1)+(9(e)},
a s\ °1 yie 5
Ir(ligiz(é‘,mr) = ﬁ(!ﬁ) §CA{—%(1+§€)

+J0y+dy[§(%—1)+%}+0(e)}. (C.48)

In order to perform the y integration we introduce the change of variables

Yi—Yy (Q¥m,)? )
t=\"—, yio=—"—, 0=5/01—Y)02—-Y), (C.49)
Yo—¥ 5
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where y; = y, and y, are the roots of the o radicand. The integration becomes straightfor-
ward, and in terms of f = /y;/y, = y; we obtain

Y+
o 1+ 1-—p
dy ——— = In——+ arctan(4/f)—1,
Jo YSa—yy 1-8 " /B VP
Y+ 2 2
1-— 1— 1 1
d—y(g—l) = QP 1=F QB 1P (cso)
o Y \S 23 2 23 2
The final results, written in terms of p = mf /5 = (1—B)?/4B, read
(0g) - o (S \ € 2 1 8 3 3
IhC,M(s,mr) = g(lﬁ) gTR{_E_g"‘P"‘EPlnP_ 1+§p In(1+p)
—2p3/2arctan(\/1+p—ﬁ)]+(’)(e)},
1993 SCH 0 R N DR S 1+p)In(1 @
hem(S M) = o w2) 26 17T +plnp—(1+p)In(1+p)+0O(€) ¢,
(2g) - o a sY°1 1 8
IhC’M(s,mr) = ﬁ(‘?) gCA{—E—g—Zp—IH(1+p)

+4p3/2 arctan(\/ 1+p— Jﬁ) + O(e)} . (C.51)

The integrals ch w» with B = (0g), (1g,qg), (1g,89), (2g) were as well introduced in
Eq. (30), and are defined as follows (ac = ij, ji):

1 B
dx B (= (arc) P[ac]a,l(x)
| ) = [ asty deme

Sac X

(4m)~2*e dx

MEE | Ea—x)+m?]
'r1—e¢) 0 X I:S( x) mr]
24
X J dz(z, —z) €z ¢ P[lzc]a,l(x) , (C.52)
0
where the relevant hard-collinear kernels have been defined in Eq. (B.9), and
g — glarc) — $(1—x) C.53
$ = Ser 2+ S(1—x)+m2’ (C.53)
As the kernels just depends on x, their integration over z is trivial, and yields
_ a, (5 Y€ 1 _
BGam) = = (;?) [— 2 (1) 2 (e p) Bl () + O(e)], (C.54)

where p = mf /5. Upon expanding in € and inserting the explicit expressions for the kernels,
we immediately get

(0g) - o s\ 1 1—x+p
Jhci(s,x,mr) = %(lﬁ) TR{[l_zx(l_x)][_Z_lnm
+2x(1—x)+(’)(6)}, (C.55)
(1 : ) _ . a S_ —€ 1 1—X+p
Jhcqug (s,x,mr) = ﬁ (‘lﬁ) Cp(l—X)[— g —IHW +1+0(e) |,
(12.89) = a5\ 1+(1—x)T 1 I—x+p
Jhent U(6,x,m,) = ﬁ(lﬁ) CF{# e —lnm Tx oy,
(28) ¢ a5 1—x I l=x+p
Jhc’gM(s,x,mr) = ﬁ(lﬁ) 2CA[ . +x(1—x)][—g—ln TESE +O(e) |.
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D Details of NNLO Local Analytic Sector Subtraction

In this appendix we collect a selection of formulae and definitions relevant to the NNLO sub-
traction algorithm outlined in [53]. This constitutes the analytic foundation for the numerical
IR cancellation test discussed in Section 3.2.

The 3-particle symmetrised sector function Z;j; is defined as

> y + O apen)

a,b,c eperm(i,j,k) (Oabbc abcb

Zixk = , (D.1)
)

where perm(i, j, k) are the 6 permutations of indices i, j, k, while the ;.4 functions are writ-

ten in terms of the o,; quantities introduced in Eq. (1), as

O.q0
Oabed = (0gp)" (—Cd = ), o= Z Z Oapeds  a>1. (D.2)
Oagc+0p.0
ac bc Y ca a,bta cta
d#a,c

The counterterms relevant for our case study, introduced in Eq. (37), are based on the
following improved limits
p*”
_ j(r) 5(ijr) 5(ijr)
CijRR Zyjy = N —22 R Z

— _ (ij) 5(ijcd) l]]k+01k]k+0]11k+0jkik
SijRR Zyijiy = _Zg B.q SS +> 3 ’
CFLj a#i 2ab#i,j Tiajb a#j Zab#j,i 9jaib
d#i,j,c
HC; i RR Z(ijiy = Cyjp(1—Sij)RR Zyijp
_ le P B(l]kr) +N2 S(l])B(Ukr)
- 2 l]k(r) wv
52
ijk
= 2N P s
CijSyRR Zpijy = —N7Y =&
i« i
d#i,j,c
(l]r) 2. a7 (ijr) AGL)
Qz](r) kd,u kct]vr kd,v (ijr,jed) F{ijr}
+ — — — — —= B Z 5
S s(ur) SN | Jin T S [[Ped 5, jk
] LS id je jid
CyHC3RR Zjp = CyjCijpc(1—S;j)RR Zyij
5wy
... P
= N2 M& plijnjkr) _ 2¢; g(J)(lJr)PU(r)B(Uerr)
1 s;; W) By S
i Sy ij

(D.3)

The above formulae are derived from the general definitions provided in Appendices (C.1)
and (C.3) of Ref. [53], considering the flavour content {ijkr} = {qGq’q’}. Further details on
the variables involved in these expressions can be found in those appendices.

Next, we detail the expected cancellation pattern for the singular configurations collected
in Eq. (39).

e Limit Cl]
G, (1 -G )RR Z;;; — integrable,
C;;(S;j—C;jS;)RRZ;j, — integrable,
C;; (HC;;x —C;jHC;;, )RR Z;j; — integrable. (D.4)
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e Limit SU
S;j(1—S;;))RRZ;;; — integrable,
Sij (Eij - Eij §ij)RR Zijx — integrable,
S;j H_Cijk RR Z;j, — integrable,
S; Eij H_Cijk RR Z;j; — integrable. (D.5)
* Limit C;j,

Cijr (1 —H_Cijk —§l-j)RRZijk — integrable,
Cijk (EU _EU §l] _El]ﬁl]k)RRZl]k 4 integrable. (D6)
Finally, we give an explicit representation of the double-radiative phase space employed in
the numerical tests. This is obtained by applying a nested Catani-Seymour mapping (ijr, jkr),

in which the first mapping (ijr) naturally describes a [ij] — i + j splitting, while the second
mapping (jkr) is suited for a [ijk] — [ij] + k radiation. In four dimensions we have

(ijr,jkr) (g(ijr’jkr))z i ! ! ! ! !
) _ , , ,
J dq)rad,Z - 167'[.'3 f d¢ f d}’f de dW f dy f dZ
0 0 0 0 0 0
_1
X [W’(l—w’)] a-y)ya-y). (D.7)

The kinematic variables parametrising the phase space are defined as

/ _ Sir /I _ Sij
Z - —7 y - —7
5ir+5jr Sij+5ir+5jr
gj(;] r) g](]i]r)
z2 = -, Y = —/ — —. (D.8)
=), c(@jr) =), @jr) | @jr)
Sjr +Skr Sjk +Sjr +Skr

Further information can be found in Appendix A.3.1 of Ref. [51].
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