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Abstract

The inverse Mpemba effect is a counterintuitive phenomenon in which a system, ini-
tially in thermal equilibrium and prepared at different temperatures below that of the
final equilibrium state, relaxes to the final state more rapidly when starting from a lower
initial temperature. We extend this concept to the relaxation toward a prethermal state
in driven isolated quantum systems. By examining a simple model that exhibits prether-
malization, we demonstrate that this effect indeed manifests under periodic driving. We
further discuss the realization of this phenomenon in a variety of systems within a unified
theoretical framework.
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Figure 1: Schematic pictures of conventional IME (left panel) and IME induced by
prethermalization (right panel). If the time evolution leads to the prethermal state
and the relationship between the initial and prethermal state energies is reversed for
different initial temperatures, a crossing of the energy trajectories is observed.

1 Introduction

The problem of thermalization in statistical mechanics remains a deep and challenging issue
in modern physics. Especially, understanding how an isolated or open system relaxes from a
far-from-equilibrium initial state toward thermal equilibrium is nontrivial, and continues to
motivate both theoretical and experimental advances [1,2].

In recent years, growing attention has been directed toward counterintuitive phenomena
known as the Mpemba effect and the inverse Mpemba effect (IME) [3-7]. In its standard
form, it refers to the situation where a system initially cools faster at a higher temperature
than an identical system starting at a lower temperature. Conversely, the IME means faster
heating from a colder state (the left panel in Fig. 1). These effects highlight that the relaxation
dynamics can strongly depend on the initial condition, and that the timescale of thermalization
is not necessarily monotonic in the initial temperature.

Although the underlying mechanism may seem simple, uncovering when and why such
effects emerge in specific physical systems provides valuable insight into the complex na-
ture of thermalization. Recent studies have explored the Mpemba effect in a wide variety
of physical setups, with growing attention devoted to quantum systems in particular. The
quantum Mpemba effect has been theoretically predicted in systems including quantum dots
[8-11], multi-level systems [12-15], spin or bosonic systems [16-21], random quantum cir-
cuits [22,23], and so on [24-27], and experimentally observed in platforms of single trapped
ion [28,29] and trapped-ion quantum simulators [30]. While many of these works focus on
open quantum systems described by Liouvillian dynamics, where the system is in contact with
a thermal bath, it is equally important to investigate the relaxation behavior in isolated quan-
tum systems to fully understand the genuine quantum features of the Mpemba effect. In this
direction, the entanglement asymmetry has recently been proposed as a novel manifestation
of the quantum Mpemba effect [31-37], sparking increasing interest in the role of coherence
and entanglement in isolated quantum thermalization [38-41].

Most studies on the quantum Mpemba effect have focused on situations where the initial
state is artificially prepared far from equilibrium, and the subsequent analysis examines the
distance from equilibrium and the corresponding relaxation time. In contrast, the original
Mpemba effect concerns a process starting from equilibrium states at different initial temper-
atures, where nontrivial variations in the relaxation rate are observed during the approach to
the final equilibrium.

In this work, we broaden the scope of the quantum Mpemba effect by proposing a new type
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of IME that arises during multistage relaxation in isolated quantum systems, namely systems
undergoing unitary time evolution. Specifically, we demonstrate that, as shown schematically
in the right panel in Fig. 1, while the ultimate relaxation to the true steady state may occur
faster when starting from a higher (or lower) temperature, an IME can arise during the earlier
stage of relaxation, namely towards a prethermal state. This perspective suggests that the
Mpemba effect may be more ubiquitous than previously thought. In particular, such behavior
can arise in broader relaxation processes, including those towards metastable states or local
minima, along the way to thermal equilibrium. Building on this perspective, the extension of
the Mpemba effect to prethermalization offers renewed insights that may prove essential for
leveraging such effects in quantum technologies and quantum control applications.

To concretely demonstrate our proposal, we study a one-dimensional spinless fermion
model subjected to a time-periodic external field. In this setup, a system initialized at a low
temperature heats up more rapidly than one prepared at a higher temperature, thereby exhibit-
ing an IME within the prethermal regime. Heating phenomena in periodically driven systems
are well-established [42-45], with various experimental realizations such as cold-atom [46,47]
and NMR [48,49] systems. This suggests that our model is not only theoretically sound but
also experimentally accessible.

Alongside numerical simulations, we introduce a simple and universal formalism that cap-
tures the observed IME in this prethermal scenario. Our analysis suggests that such prethermal
IMEs are controllable features of nonintegrable, periodically driven quantum dynamics. This
work advances the frontier of quantum Mpemba research by introducing a new classification
of the effect and sheds light on the interplay between nonequilibrium dynamics and thermal-
ization in driven isolated quantum systems.

2 Extension of the concept: Prethermal inverse Mpemba effect

In this work, we discuss the Mpemba-like effect in the relaxation dynamics toward the prether-
mal state, a metastable state emerging before full thermalization.

To introduce this concept, let us first discuss the conventional Mpemba effect. The initial
state is assumed to be an equilibrium distribution at inverse temperature 3. In the Mpemba
effect, one considers the relaxation of the system toward an equilibrium distribution cor-
responding to a final inverse temperature 3¢, with associated mean energy Eg - The re-
laxation time may be defined in terms of the system’s convergence toward a specified ref-
erence temperature or energy. We can generally assume that, when the energy at time t
is denoted by Eg(t), it relaxes exponentially in time toward the final equilibrium value as

|Eg —Ep (ty)| = eVt |Eg 2 —Eg(t1)|, where y represents a decay rate. Accordingly, it is natu-
ral to estimate a relaxation time t*(f3) (~ 1/v) via the condition |E/5f —Eg(t*)| = %lEﬂf —Eg(0)|.
While the Mpemba effect usually means the cooling process, in this paper, we focus on a heat-
ing process, i.e., IME. The criterion of the conventional IME is formulated as

t*(Be) < t*(Br),

(conventional IME) @)
Eﬁf > Eﬁh(o) > Eﬁ[(O),

where 8, > f3, > 3¢ is assumed (the left panel in Fig. 1). That is, a system prepared at a lower
initial temperature exhibits faster heating compared to one prepared at a higher temperature.

We next consider the possible extension of this concept to the relaxation to the prether-
mal state. They often arise due to the presence of impurities, emerge from integrable systems
perturbed by nonintegrable interactions in isolated settings, or are induced by high-frequency
periodic driving. Such states are characterized by their remarkable longevity, persisting for ex-
tended periods as a result of the inhibition of direct relaxation pathways to the true thermalized
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state. Here, we focus on the relaxation toward prethermal states that appear en route to the
final infinite-temperature state, as will be exemplified later. We shall employ the term prether-
mal state to denote a metastable state that precedes the attainment of the system’s ultimate
thermal equilibrium. Motivated by the standard formulation of the IME (1), let us consider an
analogous scenario in which the system, initially prepared at inverse temperature 3, relaxes
toward a prethermal state. The prethermal state may, in general, depend on the initial temper-
ature. Here, we denote the energy of the prethermal state corresponding to the initial inverse
temperature f3 by Egre. Assuming an exponential relaxation toward the prethermal state, the

relaxation time t* may be defined via the condition IEEre —Eg(t")| = %|Egre —Eg(0).
As shown in Eq. (1), the IME refers to the phenomenon in which a state initialized at
a lower temperature reaches thermal equilibrium faster when heated. We then extend this

concept to the prethermal regime by imposing the following condition:

t*(Be) < 7(Bn),

Egze —E,(0) > E};Ze —Eg, (0).

(prethermal IME) (2)

A schematic picture is illustrated in the right panel of Fig. 1. That is, between two systems
initialized at different temperatures, the one starting from a lower initial temperature may
approach the higher-energy prethermal state in a shorter time. We refer to this anomalous
heating as the prethermal IME.

3 Demonstration with a simple model

3.1 Model description

We demonstrate that the prethermal IME can occur in a simple model consisting of an isolated
one-dimensional chain of spinless fermions, where each site is coupled to an ancilla site, as
illustrated in Fig. 2(a). We refer to the basal (or backbone) fermionic chain as subsystem B,
and the set of ancilla sites as subsystem A. The total Hamiltonian of the system is given by

Ho=—Jp Y (& gtjnp+hc)+ Ve > Ajphip—Ji Y (¢,¢5+he), (3)
J J J
where 6](."'0)‘ is the annihilation (creation) operator of a spinless fermion at site j on subsys-

.
n

tem a (= A,B), and fi; , = 6},ac]-,a is the corresponding number operator. The subsystem B
incorporates nearest-neighbor interactions with coupling strength Vj.

To induce a prethermal IME, it is essential to engineer a prethermal state that inhibits
heating. We apply a time-periodic spatially uniform gauge field A(t) = A, sinQt along the
chain as an external perturbation. The gauge field is introduced via the Peierls phase substi-
tution, i.e., JBé;;BéjH’B — JBe_iA(f)é}:BéjH,B, which renders the Hamiltonian time-dependent,
denoted by H(t). To this end, we consider the regime characterized by J, < Jg, Vg, so that
the relaxation between the subsystems A and B requires a much longer time compared to the
relaxation inside the subsystem B. Since periodic driving eliminates all conservation laws, the
ultimate steady state should be a high-temperature random state. However, the present pa-
rameter setting impedes relaxation to this final state. As a result, the system settles into a
long-lived prethermal state that precedes thermalization. In the numerical simulations, we set
the parameters to J; = V3 = 1 and J| = 0.04. The system size and particle number are chosen
as L =2 x 18 =36 and N = 6, respectively, with periodic boundary conditions imposed. We

also set @ =1 and Ay = 1 for the external field.
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Figure 2: (a) Schematic picture of the model employed in this study. The total num-
ber of lattice sites and fermions is fixed to L = 2 x 18 = 36 and N = 6, respectively.
The inset illustrates the prethermal relaxation time. (b) Time evolution of the energy
per site for various initial temperatures. The black dotted line represents the energy
at infinite temperature. (c) Time evolution of NIPRy for various initial temperatures.
We employ a sample size of 10 for the ensemble average and estimate the associated
standard errors using the bootstrap resampling technique. The resulting standard
errors are indicated by the shaded areas.
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To efficiently compute the time evolution of the internal energy in this system for finite
initial temperature, we employ the technique using the canonical thermal pure quantum state
lg) = e PHo/2 )y} where |v)) is a random vector in the Hilbert space of the system [50-54].

A [ty
The time evolution is given by [y4(t)) = Te™ JoAGs)ds b g) with the time-ordering operator
7, and the expectation value of a physical observable O at time ¢ is given by [52,53]

(é>/5 = (¢ﬁ(f)|0|1/)/5(t))’ @)
’ (Y (D) (t))

where the overline indicates an ensemble average over different realizations of the random
vector [1),). The internal energy during the time evolution is defined as Eg(t) = (Hy) B
Details of the numerical calculations are given in Appendix A.

Figure 2(b) shows the energy per site as a function of time with the unit of the driving
period T = 21/Q, for various initial temperatures. We observe the long-lived flat energy
regime for many initial states. For the fixed particle number N, the high-temperature random

1 . Vi —
state gives the energy per site Ve N(N—1)

> T(=D) for the whole system. We draw this value with the
black dotted line in Fig. 2(b), which clearly differs from the energies observed in the figure.
Notably, for the lowest temperature case f~! = 0.1, the energy exceeds this high-temperature
limit value.

The inset of Fig. 2(b) shows relaxation times for different initial temperatures, where the
prethermal energy Egre is defined as the averaged energy between t/T = 40 and t/T = 50.
The occurrence of the prethermal IME is evident, for instance, by comparing the cases of
B! =0.1 and 0.5. The relaxation to the prethermal state for = = 0.1 spans a wider energy
range than that for ! = 0.5, satisfying the second-line criterion in Eq. (2). In addition, the
relaxation time for B! = 0.1 is shorter than that for ~! = 0.5, meeting the first-line criterion
in Eq. (2). Estimating the prethermal energy over different time intervals does not significantly
affect the behavior of the prethermal relaxation time. A crossing of the energy trajectories is
one of the indicators of this phenomenon.

3.2 Property of the prethermal state

We here investigate the property of the prethermal state observed in Fig. 2(b). The periodic
driving eventually leads to an infinite-temperature state for the entire system. As we observed
numerically, the observed energy clearly differs from the high-temperature state for the entire
system. Note that the metastability arises due to the weak coupling between subsystems A
and B. Hence, we expect that the prethermal state is an almost decoupled state between each
subsystem, with a particle number given by the initial state. Because the periodic perturbation
is applied to subsystem B only, it is natural to expect that subsystem B effectively thermalizes
to infinite temperature with a given initial state, while subsystem A does not.

We scrutinize this property using a refined diagnostic tool known as the inverse participa-
tion ratio (IPR), which quantifies the degree of randomness in a quantum state. In other words,
the IPR measures the extent to which a given state deviates from an infinite-temperature state.
Given a normalized quantum state |[¢)) = Z€=1 ¢, |v), where |v) = |nq,n,,...,n;) denotes a
number basis in the Fock space of dimension D, the IPR is defined as IPR[¢] = Y., e, (O)]*.
For instance, IPR = 1 corresponds to complete localization on a single basis state [55]. In con-
trast, for a completely random state, the IPR satisfies IPR[vy] = 2/(D +1) [56]. This motivates
the definition of the normalized IPR (NIPR) as NIPR[vy] = DTH IPR[v], such that NIPR = 1
indicates that |v) is a fully randomized (infinite-temperature) state. Importantly, this notion
can be extended to characterize thermalization within a subsystem. Consider the Schmidt
decomposition of the quantum state [¢) = >, an Ag:) |q§s(iv _”))A |<ps(:))B, where n labels the

6
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Figure 3: Time evolution of (a) the energy per site and (b) the NIPR for various initial
temperatures. The parameters used are the same as those in Fig. 2.

particle number in subsystem B. By interpreting the singular values )\g”) as weights of the
corresponding particle-number sectors, we define the NIPR for subsystem B as

NIPRg[1p]= > > (Agj))z NIPR[ ¢™]. (5)

See Appendix B for further details. The value of NIPRy allows us to quantify the deviation of
the quantum state in subsystem B from the prethermal state.

We plot NIPRg in Fig. 2(c). For an initial temperature 3~ = 0.1, NIPRy rapidly decreases
under the time-periodic field, and reaches NIPRg ~ 1 around t ~ 10T, indicating that subsys-
tem B has attained a fully randomized state at this time. We emphasize that the time evolution
of NIPRy also exhibits a crossing behavior similar to that observed in the energy evolution.

3.3 Full thermalization in the long-time limit

The inter-subsystem hopping J | in the present model determines the time scale of the metasta-
bility. As J,| decreases, the relaxation time to the final thermalized state of the entire system
increases. The present set of parameters enables us to see the global relaxation to the final
state within the numerically accessible time window. Figure 3(a) shows the long-time evolu-
tion of the energy, with the x-axis plotted on a logarithmic scale. For the state with an initial
temperature ! = 0.1, the prethermal-state energy appears around at t = O(10T) and sub-
sequently decreases, asymptotically approaching the infinite-temperature energy of the entire
system. This observation highlights the separation of time scales: the prethermalization of
subsystem B occurs on a much shorter time scale than the eventual global thermalization me-
diated by inter-subsystem coupling. To quantify this delayed thermalization, Fig. 3(b) shows
the time evolution of the global NIPR, which gradually approaches NIPR ~ 1 for t > 100T.
The significant difference between the time scales at which NIPR and NIPRy approach 1 shows
a two-stage thermalization process—from a prethermalized to a fully thermalized state. These
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two-step relaxation dynamics offer compelling support for the occurrence of the prethermal
IME in periodically driven quantum systems.

4 Mechanism and generalization

In the model discussed in the previous section, the prethermal IME originates from the fact
that each subsystem possesses a different particle number depending on the initial tempera-
ture, and that this particle number is approximately conserved until the system reaches the
prethermal state. We denote by Ny the number of particles in subsystem B in the initial state. In
the present model, Ny increases as the temperature decreases [See Fig. 5(a)], and the prether-

. Vg Np(Np—1 . . . . L
mal energy per site, 2 p(Ng—1) correspondingly increases with Ng. Since the initial energy

2 Ll _q4yo
decreases as the temperaztilzre ztlecreases, the resulting energy trajectories satisfy the condition
given by Eq. (2).

This mechanism is not unique to the present setup; similar models can readily be designed
to exhibit the prethermal IME under appropriate parameter choices. Here, we provide an
intuitive explanation for this effect based on a simple toy model and discuss how the essen-
tial ingredients generalize the prethermal IME to broader physical contexts. The model must
realize a phenomenon in which a system initially prepared in a lower-energy (colder) state
heats up both faster and to a higher prethermal energy than one prepared in a higher-energy
(hotter) state, before eventually reaching thermal equilibrium.

Consider a system composed of two weakly coupled subsystems A and B. The total number
of particles N is conserved, so the Hilbert space is divided into sectors labeled by the particle
numbers in each subsystem:

H= P HOMW, (6)

Np+Np=N

This structure means that, during the dynamics, states are grouped according to how parti-
cles are distributed between the two subsystems, and transitions between sectors are strongly
suppressed due to weak coupling. Let A be the characteristic matrix element that couples dif-
ferent (N, Ng) sectors. Throughout the explanations, we consider observation times t < 1/A,
so that inter-sector transitions are rare, and each sector effectively evolves in isolation. Then,
the numbers of particles in subsystems A and B, N, and Ng, remain nearly constant over long
(but finite) timescales.

Here, a crucial point is the difference in the energy spectra of the two subsystems (see
Fig. 4): a) the Hamiltonian Hy on subsystem B can access a broad range of energies, [E]g“i“, Eg**].
b) the Hamiltonian H, on subsystem A is limited to a narrower range, [Egﬂn, EQ®], with
[Eg™, Eg™] D [E™, E®™ ]. Moreover, both subsystems are subjected to periodic driving fields,
say V,(t)+Vi(t), but with a key difference: a) subsystem B is driven with a frequency wg such
that it heats up rapidly. b) subsystem A is driven much more weakly (or not at all), with a
much higher frequency w, > wp, so its heating is strongly suppressed [44,45]. These heating
rates can be finely tuned by adjusting the drive frequencies. Here, we have implicitly assumed
that each subsystem is nonintegrable, so that at long times, Floquet eigenstate-thermalization
hypothesis ensures true thermalization over the whole Hilbert space [42].

The dynamics toward the prethermal states strongly depend on the initial particle dis-
tribution. In a low-temperature (cold) state, most particles are in subsystem B (N ~ N).
Because subsystem B heats up rapidly, and its energy spectrum fully contains that of subsys-
tem A ([Ef\nin, EX®] c [E];nin, Eg*™]), the system can absorb energy up to the broad upper band
edge of subsystem B. In contrast, for a high-temperature (hot) initial state, particles are dis-
tributed more evenly between subsystems A and B. Now, because subsystem A heats much

8
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Figure 4: Schematic picture of (a) the energy spectrum (Eg1in < Hy =< Eg™,
EM < Hy < E\'®%; vertical axis: energy), and (b) -dependence of the energy dif-
ference between the initial and the prethermal energies after a long (but finite) time.
The key ingredients for the prethermal IME are: i) A conserved quantity divides the
Hilbert space into weakly coupled sectors. ii) Subsystems have overlapping but dis-
tinct energy spectra. iii) Periodic drives are tuned so that one subsystem heats rapidly,
and the other slowly. iv) At low initial temperatures, energy absorption is dominated
by the fast-heating subsystem, leading to quicker and higher prethermalization.

more slowly, and some particles are initially “stuck” in subsystem A, the overall relaxation to-
ward the prethermal plateau is bottlenecked by the slow energy absorption in subsystem A.
Consequently, both the speed and the extent of prethermal energy uptake are reduced com-
pared to the cold initial state. Thus, starting from a lower-energy state leads to both faster
and higher energy uptake in the prethermal regime.

Such a mechanism can arise in a broad class of driven systems with a conserved quantity,
including cold-atom ladders, superconducting qubit arrays with conserved particle number (or
parity), and driven Rydberg chains, provided the mechanisms (i)-(iv) in Fig. 4 are realized.

5 Summary

We have introduced and established the concept of the prethermal IME, both by constructing
an explicit toy model and by clarifying the general mechanism behind its emergence. Our
findings extend the landscape of nonequilibrium thermalization phenomena and suggest a
new direction for experimental studies, particularly in engineered quantum systems such as
cold atoms.

An intriguing open question is whether an analogous (prethermal) Mpemba effect can oc-
cur in cooling processes. Moreover, although in this work we have focused on prethermal
IME as formulated by energy relaxation, the phenomenon can, in principle, be formulated
more generally using mathematical notions such as distances in phase space or thermoma-
jorization [57]. This would allow for a unified framework encompassing a wider range of
observables and dynamical settings. Finally, it would be of both conceptual and practical in-
terest to explore potential applications of the prethermal Mpemba effect in the optimization
of quantum control and quantum energy processing.
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A Numerical details

To calculate both imaginary- and real-time evolutions of canonical thermal pure quantum
states, we employ the time-dependent Lanczos algorithm [60]. The time-step sizes are set
to 67 = 0.05 for imaginary-time evolution and 6t = T /100 for real-time evolution, with the
Krylov subspace dimension fixed at m;, = 10. Prior to time-evolution calculations, we prepare
a random vector [¢y) = 213:1 ¢, |v), where {|v)} denotes an orthonormal Fock basis spanning
the Hilbert space whose dimension is D = (]f]) The complex coefficients ¢, = a, + ib, are
constructed from real-valued random variables a, and b,, independently generated from a
Gaussian distribution with zero mean.

Figure 5(a) shows the particle density per site in each subsystem, n,(f8) = i Z]L-i1 (ﬁ j’a) L
as a function of temperature 3. Although the number of particles is equal in both subsystems
at high temperatures, more particles accumulate in subsystem B as the temperature is lowered.
In particular, for 87! < 0.1, almost all the particles are distributed in subsystem B. Figure 5(b)
shows the energy per site as a function of temperature. It can be seen that the energy is almost

equal to the ground-state energy for ! < 0.1.

10
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B Normalized inverse-participation ratio for subsystems

Since we consider an isolated quantum system, the total number of particles is conserved
during time evolution. That is, particle number conservation ensures that Y| jn =N, where
n; € {0,1} denotes the fermion occupation number at site j. The quantum state of the system
can thus be expressed as

Z Cnl,nz ,,,,, ng |n1:n2>"':nL>) (Bl)

ny,Ny,...,Np

2in=N

where |ny,ny,...,n;) denotes a number basis in the Fock space, and the normalized condition
> |Cn1’n2an ? =1 is satisfied.

We now divide the system into two subsystems, X and Y. Notably, the number of particles
within each subsystem is not fixed, although their sum is constrained by the total particle
number. Denoting the number of particles in subsystem X as n, we define composite indices for
each subsystem: a, = {n; |i €X} and 3, = {nj lje Y}, with the constrains Y., n; = n and
> jeyj =N —n. By applying singular-value decomposition, the coefficients can be expressed
as

min(N,Lx)

ooy = 22 DLUW 20 (VW ) (B.2)

n=max(0,N—Ly) Sn

where Ly and Ly denotes the number of sites in subsystems X and Y, respectively. This yields
the Schmidt decomposition of the quantum state, given by

) = ZZWW“) ) Jed™) (B.3)

where the Schmidt basis states are defined as

{7, = > U Jay)x (B.4)
o) =;( V0 ) 1By (B.5)

In the main text, we introduce the normalized inverse participation ratio (NIPR) as a mea-
sure to quantify the thermalization properties of quantum states. Based on the Schmidt de-
composition given in Egs. (B.4) and (B.5), we define the NIPR for subsystems X and Y as

NIPRy = ZZ( (”))2 D41 Z u
NIPRy = > > (AM) YN - Z v |

where D)((n) = (er) and DéN_") = NLfn) are the dimensions of the Fock space of subsystems X
D(n)D(N_n)
M

4
(B.6)

(B.7)

and Y, respectively, for a given particle number n in subsystem X. Note thatD =

Figure 5(c) shows the temperature dependence of the NIPR for the entire system and for
the individual subsystems when partitioned into subsystems A and B. In the high-temperature
regime, all NIPR values are 1 since the quantum state is almost random. As the temperature
decreases, the NIPR for the entire system and for subsystem B exhibit a monotonic increase. In
contrast, the NIPR in subsystem A shows a nonmonotonic behavior: it peaks at intermediate

11
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Figure 6: Time evolution of entanglement enetropies for various initial temperatures.
The subsystem X corresponds to the left half of subsystem B, as illustrated in the inset.
The parameters used are the same as those in Fig. 2.

temperatures, subsequently decreases, and eventually returns to NIPR, ~ 1. This trend arises
from the fact that, as shown in Fig. 5(a), the state in subsystem A becomes uniquely determined
to be the vacuum state with zero particles in the low-temperature limit. Consequently, the NIPR
serves as an effective diagnostic tool for assessing deviations from the infinite-temperature
thermal state, particularly in the entire system and in subsystem B.

C Prethermal inverse Mpemba effect in entanglement entropy

The von Neumann entanglement entropy associated with the bipartition defined in Eq. (B.3)

is given by oy oy
Sx=—>_. > (a) m(a)". €1
no s,

To examine the entanglement within subsystem B, we choose the subsystem X as the left half of
subsystem B. Figure 6 shows the time evolution of the entanglement entropy for several initial
temperatures. During the time evolution, the entanglement entropy for the initial temperature
B~ = 0.1 exhibits a pronounced increase and intersects with the entanglement entropies cor-
responding to higher initial temperatures. This behavior indicates that, similar to the energy
dynamics, the entanglement entropy also exhibits the prethermal IME.
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