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ABSTRACT: We provide a comprehensive picture for the formulation of the perfect fluid in
the modern effective field theory formalism at both the classical and quantum level. Due
to the necessity of decomposing the hydrodynamical variables (p,p,u*) into other internal
degrees of freedom, the procedure is inherently not unique. We discuss and compare the
different inequivalent formulations. These theories possess a peculiarity: the presence of
an infinite dimensional symmetry implying a vanishing dispersion relation w = 0 for the
transverse modes. This sets the stage for UV-IR mixing in the quantum theory, which we
study in the different formulations focussing on the incompressible limit. We observe that the
dispersion relation gets modified by quantum effects to become w o k?, where the fundamental
excitations can be viewed as vortex-anti-vortex pairs. The spectrum exhibits infinitely many
types of degenerate quanta. The unusual sensitivity to UV quantum fluctuations renders the
implementation of the defining infinite symmetry somewhat subtle. However we present a
lattice regularization that preserves a deformed version of such symmetry.


mailto:gc3265@nyu.edu
mailto:fanny.eustachon@polytechnique.edu
mailto:eren.firat@epfl.ch
mailto:bqhenning@gmail.com
mailto:riccardo.rattazzi@epfl.ch

Contents

11

Introduction and summary
1.1 Summary of part I
1.2  Summary of part II

Classical perfect fluid

Review of fluid mechanics
2.1 Relativistic fluids
2.2 Non-relativistic and incompressible fluids

Fluid in the comoving formulation
3.1 The action
3.2 Tensor symmetry and Kelvin’s circulation theorem

Fluid in the Clebsch formulation

4.1 From comoving coordinates to Clebsch fields

4.2  The Clebsch description around the static flow

4.3 High vorticity configurations and duality emergence in two dimensions
4.4 The non-relativistic and incompressible limits

4.5 The hurricane solution and the role of symmetries

Quantum perfect fluid

Continuum quantization of the perfect fluid in 2d
5.1 The classical incompressible fluid in the Hamiltonian formalism
5.2 The spectrum of the quantum incompressible fluid: Infinitely many vortons

2d fluids as SU(oco)-matrix model

6.1 Vorton matrix model

6.2 Spectrum of the matrix model

6.3 Connection with the comoving coordinates

More quantum fluids

7.1 Fermionic vortons in 2d

7.2 The perfect quantum fluid in 3d
7.3 Comparison with other works

11

13
13
17

18
18
22
23
26
28

30

30
30
31

37
37
42
44

46
46
49
50



8 An attempt at a physical realization: 2d positronium 52

8.1 Hamiltonian description for positronium 53
8.2 Positronium scattering 56
9 Conclusion and Outlook 60
9.1 Outlook 62
Appendix 64
A Inequivalent rigid bodies 64
B Microscopic derivations of fluid Lagrangians 68
B.1 Derivation of the comoving action from point-like particles 68
B.2 Derivation of the Clebsch action from point-like vortices 69
C More on the Clebsch formulation of the perfect fluid 70
C.1 A Dual Kelvin Theorem? 70
C.2 The incompressible limit in three spatial dimensions 71

1 Introduction and summary

Our modern understanding is that the laws of physics are fundamentally quantum mechanical
and that classical physics can only emerge, under some circumstances, as an effective approx-
imation. Nevertheless in the everyday practice of theoretical physics and also in its teaching,
we often first present a classical system and then consider its so-called quantization. While
this way of thinking may, in principle, be philosophically incorrect, it does work well in prac-
tice for basically all mechanical systems. The harmonic oscillator, the particle in a coulombic
potential and the electromagnetic field all represent classical systems with a consistent, and
interesting, quantized version.

The present paper considers instead a system, the perfect fluid, for which things do not
appear to work as smoothly as in all those other cases when going to its quantized version. The
difficulty is intrinsically associated with the absolute softness of the vorticity modes, whose
linearized classical dispersion relation around the stationary configuration is just w = 0 for
arbitrary k. This implies, classically, the failure of the usual association of short wavelengths
and high frequencies, and in fact underlies the phenomenon of turbulence where motions on
long scales evolve into motions at ever shorter scales. In field theoretic terms, such degenerate
dispersion relation indicates that the UV does not fully decouple from the IR. At the same
time, experience teaches that the softer a classical mode the larger its quantum mechanical
fluctuations. All these facts make for a system where UV quantum fluctuations can play a



different and bigger role than in ordinary effective quantum field theory. Finding out how
this difference is realized, and also how dangerously so, seems to us an intriguing question to
explore per se. But the knowledge of situations at the edge of the ordinary EFT arena may
perhaps, in the long run and optimistically, acquire exportable value. For instance, EFT is
not only a solid platform where formulating questions like cosmological constant and Higgs
mass hierarchy, but also a golden cage limiting our imagination to address them. In this last
respect any different instance of the interplay between UV and IR may have value. Finally,
it is not excluded that the question we are considering may have direct phenomenological
consequence for finite density systems: does the universality class of the quantum mechanical
perfect fluid exist?

This is not the first paper trying to address the question we just outlined and it follows
a few studies performed over the last decade [1-4]. As a matter of fact also Landau, in his
original paper on superfluid Helium [5], was faced with the same question, though we think,
his answer was not correct. Luckily also his starting hypothesis was not quite correct, in such a
compensating way that the resulting dynamics correctly described the superfluid universality
class. We will comment in more detail on previous work in the text, but the present article is
a direct follow up to ref. [4], whose results it clarifies and extends in various ways. One main
result is that like there exist two not fully equivalent descriptions of the classical perfect fluid,
there are two not fully equivalent quantum theories. These have the same energy levels, but
in different Hilbert spaces, i.e. with inequivalent multiplicities. Another result is that the
degenerate dispersion relation of the vorticity modes is indeed lifted by quantum effects to
w o< k?. However the infinite symmetry strikes back by predicting infinitely many types of
such quanta. A detailed summary of our results is contained in the next two subsections.

Euler’s perfect fluid is arguably the oldest example of a classical field theory; yet, by the
breakdown of the decoupling between UV and IR, its quantum formulation is significantly
more subtle than that of many later-developed examples, such as Maxwell theory. However,
this phenomenon is not unique to Fuler’s theory. Recent works have extensively explored the
continuum limit of various lattice models of fractons—excitations with restricted mobility
(see, e.g., [6-9]). Also the universal continuum QFT descriptions of these models depart from
the standard EFT paradigm, and short distance modes do not fully decouple at low energy.
Similar to the case of fluids, this behavior is often linked to the presence of soft modes in the
naive classical field theory formulation. Other similarities include the existence of infinitely
dimensional ezxotic symmetries, an extensive degeneracy of low-energy states, and the lack of
(linearly realized) Lorentz symmetry. In this context, our work presents perhaps the most
surprising example of a local quantum system exhibiting exotic UV /IR connections.!

Finally, we must comment on the relation of our work with the vastly more developed
domain of ordinary imperfect fluids, which are ubiquitous in nature. Technically hydrody-
namics universally describes the transport of energy, momentum and possibly other conserved

Tt was pointed out in [10] that the motion of vortices presents several features common to other fracton
excitations, including the conservation of the dipole and the quadrupole moments. In this light, perhaps, the
similarities between the quantum mechanics of vorticity and that of other fracton systems are not so surprising.



charges in systems at finite temperature. In the context of thermal QFT the study has mostly
focussed on linear response theory, where remarkable results have been obtained, for instance,
in the prime principle computation of transport coefficients [11-15] in weakly coupled QFTs.
The study of strongly coupled hot QFT through the AdS/CFT correspondence [16-18] has
then sparked the development of an effective field theory approach to hydrodynamics [19-22].
That is based on a Lagrangian construction but in the Schwinger-Keldysh double time formal-
ism, suitable for describing quantum as well as statistical fluctuations. Although the resulting
Lagrangian shares properties with one of the two perfect fluid descriptions we consider in this
paper, in particular the symmetries, its interpretation and use are quite different. The ef-
fective Schwinger-Keldysh Lagrangian for fluids is just the generator of long range thermal
correlators, whose singularities do not have the intepretation of quanta excited from a ground
state. In other words the system described by that Lagrangian “should not be quantized”.
That is the reason why the results of our study do not apply to ordinary fluids, at least
not strictly. Nonetheless, as we mention in the final outlook, our study also invites further
questions on the Lagrangian description of thermal hydrodynamics.

1.1 Summary of part I

In Part I of this work, we provide a detailed discussion of the classical perfect fluid and of
its (inequivalent) Lagrangian formulations. While this is mostly a review, the presentation is
original and includes some novel derivations (such as the derivation of the Clebsch formulation
starting from the comoving coordinates’ description in sec. 4.1). These results will provide
the starting point of our analysis of the quantum perfect fluid(s) in Part II of this work.

The perfect fluid stress tensor is characterized by the energy density p, the pressure den-
sity p, and the four-velocity u”. The pressure is related to the energy density by an equation
of state p = p(p). The dynamics is then specified by Euler’s equations, which are nothing
but the conservation of the stress energy tensor. It turns out that such a simple system
of equations admits several nontrivial properties. First, linearized fluctuations consists of a
sound mode, with dispersion relation w(k) = ¢4|k|, and a transverse mode with trivial dis-
persion, w(k) = 0. Additionally, the absence of dissipation results into several conservations
laws, including the conservation of a nontrivial current, normally identified with the entropy
current, and the convective conservation of vorticity (Helmholtz theorem). We review these
and other nontrivial consequences of Euler’s equation in sec. 2.

The description of the perfect fluid based on the classical equations of motion is phe-
nomenologically satisfactory from some point of views. However, for our purposes it is impor-
tant to work with a Lagrangian field theory formulation, so as to be able to apply path-integral
methods in our study of the quantum perfect fluid. Additionally, as emphasized in [23, 24],
having a Lagrangian formulation for perfect fluids is also useful at the classical level. This is
because from a modern perspective, hydrodynamics is an effective field theory, and therefore
Euler’s equations are expected to receive corrections at higher order in derivatives. A La-
grangian description simplifies and systematizes the task of finding consistent modifications



of Euler’s equations.?

We are therefore led to discuss the construction of Lagrangians for the perfect fluid.
It turns out that cannot be carried out purely in terms of the energy density and of the
velocity [26]. This is obvious in odd spacetime dimensions, since Euler’s equation require an
odd number of initial conditions while Lagrangian systems describe canonical pairs, but it
remains true also in even dimensions.? One is thus forced to introduce additional internal
fields, whose physical interpretations we discuss in the main text.

There are two inequivalent ways to introduce such additional variables, which we review,
respectively, in sec. 3 and sec. 4. These two formulations lead to equivalent equations of
motion for the hydrodynamic variables p and u,,, also at higher order in derivatives, but they
have different phase spaces and dynamics as a whole. In these formulations, the properties
of the perfect fluid are encoded in peculiar infinite dimensional symmetry groups that act on
the internal fields. These symmetries ensure that the equations for the fluid’s density and
velocity do not depend explicitly on these variables, and allow recovering the infinitely many
stationary solutions of Euler’s equations (as we discuss in detail in sec. 4.5). We will also
show that these symmetries imply that a generalization of Helmholtz theorem holds to all
order in derivatives.

We begin our discussions of fluid Lagrangians in sec. 3 by reviewing the “comoving”
formulation following ref. [23]. In this formulation the internal variables ! (¢, x) are intuitively
related with the infinitesimal fluid elements, whose trajectory specifies the fluid’s motion. The
defining physical property of the fluid—that its energy remains constant under deformations
that do not involve compression and dilation—is encoded in the invariance of the action
under volume-preserving diffeormophisms that act on the fluid elements ¢ (¢, x). This infinite
dimensional symmetry group is spontaneously broken by a specific fluid configuration, and
the internal fields are thus interpreted as the corresponding Goldstones [27]. The nonlinear
realization of the internal symmetry is the origin of the trivial dispersion relation w(k) = 0
of the transverse mode. We also show that, reminiscently of some recently studied fractonic
systems [8, 9, 28], the volume-preserving diff. symmetry is responsible for the existence of a
tensor symmetry in the language of ref. [28], which is equivalent to the convective conservation
of vorticity.

We then move on to discuss the “Clebsch” formulation of the fluid in sec. 4. Focusing on
the physical cases of two and three spatial dimensions, we derive the Clebsch action starting
from the comoving formulation of sec. 3 by requiring that it describes the same hydrodynamic
flows. Also the Clebsch fields are invariant under an infinite dimensional symmetry group,
whose algebra coincides with that of area-preserving diffeomorphisms. However, unlike in the

2See [25] for a review of the standard approach to (dissipative) fluids based on “constituent relations”. We
also remark that it is known that not all possible non-dissipative modifications of the constituent relation (2.1)
can be obtained from a Lagrangian description [21]. We take the perspective that a perfect fluid is defined
as a system whose equations of motion can be obtained by a Lagrangian formulation and reduce to Euler’s
equations (2.4) at leading order in derivatives.

3In three spatial dimensions the problem is related with the conservation of helicity (2.18) [26].



comoving formulation, such group is linearly realized by the fluid at rest. The most important
technical result of sec. 4 is the action for the fluid in the incompressible limit, which we derive
in sec. 4.4 using the well-known duality between a shift invariant scalar field and a d — 1-
form gauge field. The simplicity of the Clebsch Lagrangian in the incompressible limit will
be one of the main advantages of this formulation when studying the quantum theory. We
also discuss the physical interpretation of the Clebsch variables and the relation between the
area-preserving diff. symmetry and the stationary solutions of Euler’s equations.

We should comment that the situation for the perfect fluid, where there exist several
inequivalent Lagrangian descriptions that yield Euler’s equations, is completely analogous to
that of a rotating rigid body at fixed center of mass position. In that case as well the equations
of motions are written purely in terms of the three angular velocities, with no reference to
the angular coordinates of the body, which however appear in the Lagrangian. In fact, it is
also possible to write different actions that yield the same Hamiltonian and equations for the
angular velocities, but whose Lagrangian coordinates are not invariant under rotations (but
they are under different symmetry groups) and cannot be thought therefore as the angular
coordinates of a rigid body. We review these basic facts about the rigid body in appendix A.4

1.2 Summary of part II

In Part II we discuss the quantum perfect fluid, or more precisely the different quantum
perfect fluids. Indeed, an important implication of the discussion of Part I of this work
is that the theory of the quantum perfect fluid is itself ambiguous, and depends on which
classical Lagrangian formulation we take as a starting point.? The difference between the two
choices is subtle. Indeed, both the comoving and the Clebsch systems have formally identical
Hamiltonians when expressed in terms of the fluid variables. This implies that both systems
must have the same energy spectrum at the quantum level. However, the degeneracies of the
states—and more generally the structure of the Hilbert space—mneed not to match. This is
indeed what we will find.

One might wonder if there is a preferred physical choice between these two options. We
shall be agnostic about this question, and report our results for both the comoving and the
Clebsch fluid.

We also remark that, since the quantization of the longitudinal modes doesn’t present
particular difficulties, in Part II of this paper we focus on the transverse modes by taking the
incompressible limit, in which the sound mode is integrated out.

4Notice that, as for the rigid body, Euler’s egs. (2.3) admit a natural Hamiltonian formulation without
reference to additional internal variables, but with Poisson brackets that do not provide an invertible symplectic
structure [26, 29-33]. We will not review the Hamiltonian formulation of the perfect fluid in full generality,
but we will derive and analyze the Hamiltonian for the incompressible fluid in Part II of this work.

5In this work we only deal with perfect, non-dissipative, fluids, and we only consider standard Lagrangian
formulations. For dissipative fluids the EFT is formulated on a Schwinger-Keldysh contour, see [19, 20], and
thus admits a less straightforward interpretation in terms of a Hilbert space and includes extra couplings
compared to the perfect fluid. In particular, as well known, the existence of viscosity gives rise to the diffusion
pole w(k) ~ —iDk? in the propagator of the pathological mode.



As reviewed above, the challenges in the quantization of the perfect fluid arise due to
the existence of a mode with flat dispersion relation wx = 0 for any momentum k. In [4]
these difficulties were overcome for the two-dimensional incompressible fluid in the comoving
formulation. The analysis of the quantum fluid in the comoving formulation is however rather
non-straightforward. At the conceptual level, the complications originate in the fact that the
classical spontaneous breaking of the volume preserving diff. symmetry is inconsistent at the
quantum level. Indeed, the absence of gradient energy for the transverse modes makes a
perturbative treatment based on weakly coupled Fock states inadequate. Correspondingly,
quantum effects lead to symmetry restoration analogously to nonlinear sigma models in two
spacetime dimensions [1]. To study the comoving fluid, the authors of [4] resorted to a
discretized model of N x N matrices, that approaches the continuum theory for N — oco. It
was found that the ground-state is a singlet of the symmetry group and is unique. The main
prediction of [4] is that such quantum theory includes gapless excitations, dubbed vortons.®
These states form an infinite dimensional representation of the area-preserving symmetry
group, which is linearly realized at the quantum level, and admit a quadratic dispersion
relation wy o< k2. The existence of such states, however, is far from obvious from the classical
formulation reviewed in sec. 3.

It turns out that the quantization of the fluid in the Clebsch formulation, whose classical
aspects are reviewed in sec. 4, is a much more straightforward task. The technical simplifica-
tions originate principally from the linear realization of the area-preserving symmetry of the
Clebsch fields on the classical ground state. Quantum mechanically that leads to a tractable
Fock space structure. All the essential results can then be derived directly in the continuum
theory. This is the topic of sec. 5 of this work.

Our results confirm the findings of [4]: the existence of vorton states with quadratic
dispersion relation wy o< k?. This was a foreordained conclusion: as formerly explained, the
comoving and Clebsch systems have formally identical Hamiltonians when expressed in terms
of the fluid variables. We also find that the vorton states are infinitely degenerate. Such
degeneracy arises however in a different way than in the comoving description: the Hilbert
space admits a familiar Fock structure, but for every integer n > 1 there exist a n-particle
bound state, formally made of vortons with completely overlapping wave-function, which is
degenerate and essentially identical to the single vorton state. We also argue that, unlike
the comoving system, the ground-state breaks spontaneously the symmetry group of the fluid
and is thus infinitely degenerate at finite volume. These predictions are robust consequences
of the symmetries of the model.

The mechanism underlying the existence of these infinitely degenerate bound-states relies
on the fact that the infinite symmetry is valid at arbitrary short-distance, in other words it is
exact and not just emergent in the IR. It is therefore similar to the UV /IR mixing phenomena
that occur in certain exotic theories that recently attracted some attention in relation to

5The quantum vorton excitations that we consider in this work are not related to the homonymous classical
solutions formerly studied, e.g., in [34].



fracton physics [8, 9]. As in those cases, it is desirable to have a lattice discretization of the
incompressible fluid, that can be regarded both as a regulated version of the continuum model
and as a specific UV completion.

Motivated by these considerations, in sec. 6 we discuss in detail how the predictions of
sec. 5 are borne out using a version of the discretized model of [4] in terms of the Clebsch
fields. The discretized model is derived by requiring that it preserves a modified version of
the symmetries of the Clebsch theory. Unlike most lattice theories, this requirement forces
us to consider somewhat non-local interactions, i.e. not involving just nearest neighbours,
and reducing to a local system only at very low momenta. Therefore this system is perhaps
best understood as a matrix quantum-mechanics rather than a lattice model. The discretized
model will also allow us to connect the Clebsch and the comoving formulations of the quantum
fluid and to compare the two.

In sec. 7 we discuss two generalizations of our results. First, we discuss a model with
formally the same Hamiltonian as the two-dimensional incompressible fluid, but in which the
vortons are fermions. We will find that also in this case there exist infinitely many bound
states degenerate with the single-vorton particle. We will then argue that the quantum fluid
in three spatial dimensions behaves analogously to the two-dimensional case. In particular, it
features an infinitely degenerate gapless state with quadratic dispersion relation both in the
comoving and in the Clebsch formulation. In sec. 7.3 we compare our findings with previous
works.

To summarize, the quantum perfect fluid, both in the comoving and the Clebsch for-
mulation, displays highly unusual features, most notably an infinitely degenerate spectrum.
While theoretically interesting, it seems unlikely that a system with such peculiarities may
be realized experimentally. One might wonder if it is at least possible to construct a system
that features states that resemble the vorton particles in all other aspects but the degeneracy,
i.e. states with the same low energy dispersion dispersion relation and interactions as the
vortons.

We report on partial progress on this question in sec. 8, where we show that a particle
anti-particle bound state in 2+1 QED, an analogue of positronium, reproduces some of the
features of the vorton theory. However, the analogy works only up to a point. Indeed, the
2+1 dimensional positronium theory features some contact interactions that are forbidden in
the vorton model by the area-preserving diff. symmetry. This (expected) mismatch further
illustrates how special the quantum perfect fluid is compared to an ordinary QFT.

Part 1
Classical perfect fluid

2 Review of fluid mechanics



2.1 Relativistic fluids

Fuler’s equations describe an idealized fluid where viscosity and heat conduction are neglected.
The fluid’s motion is completely specified by conservation of energy and momentum. In detail,
one parametrizes the stress tensor as [35]

™ = (p+p)ulu” + pgh". (2.1)

where p is the relativistic energy density and p the pressure of the fluid, while u* is the
relativistic velocity vector, such that u*u, = —1. The pressure and the energy density are
related by the equation of state

p=rp(p). (2.2)

The relativistic Euler’s equation are nothing but the conservation of the stress energy tensor:
0,T" =0. (2.3)

Combining (2.1) and (2.3), we get more explicitly:
u’ 0, (put) + putoyu” + poy, (uu”) + (¢"* + u”ut)Oup =0 (2.4)

In d-spatial dimensions, the equations (2.4) provide a set of d + 1 first order differential
equations for d + 1 independent variables (p and u), and thus completely specify the motion
of the fluid.”

It is straightforward to solve (2.3) for small fluctuations around the static flow, expanding
as p = po + 0p(t,x) and w” ~ & + 6!'0u’(t,x). One finds that the spectrum of fluctuations
consist of a sound longitudinal mode with dispersion relation w(k) = c,|k|, where ¢ = p'(po),
and (for d > 1) a transverse mode with w(k) = 0. As we will explain in the second part of
this paper, the degenerate nature of the dispersion relation of the transverse mode is what
makes the quantum mechanics of the perfect fluid interesting and non-trivial.

Rather than considering the energy density p as an independent field, it is customary to
work in terms of an auxiliary variable T', whose physical interpretation we discuss below. The
equation of state (2.2) is then replaced by two equations p = p(T') and p = p(T). To specify
such equations in terms of the equation of state, we also introduce another function s(7") and
demand that

p+p=sT, dp=sdl = dp="Tds. (2.5)

For instance, given p = p(T), these relations imply s = p/(T) and p = p/(T)T — p(T).
Equivalently, given p = p(s), we find T' = p/(s) and p = sp/(s) — p(s). Using eqs. (2.5) and

"The fluid we are describing is the simplest featureless fluid. One often considers in addition to the
system (2.4) an extra variable n, associated with a conserved current J* = nu” (see e.g. [24, 35]), which is
distinguished from the entropy current that we discuss below. The equation of state then provides one relation
between n, p and p, while the conservation of the energy-momentum tensor and J* provide d+ 2 equations for
the d + 2 dynamical variables (p, u* and n). In this work we do not consider such fluids, and restrict ourselves
to the minimal setup consisting solely of d + 1 independent hydrodynamical quantities.



the EOM (2.3), one can easily prove the existence of a conserved current defined as

St =sut' = 0,5"= —%uyauT“” =0. (2.6)
It is customary to interpret 1" as the temperature of the fluid, and s as the entropy density.
Eqgs. (2.5) are then the usual thermodynamic relations, and S* is the entropy current. The
conservation of the latter indeed ensures the absence of dissipation in a perfect fluid.®

The existence of a conserved current however also allows for an alternative interpreta-
tion of egs. (2.5) and (2.6). Namely, we can suppose we are dealing with a system at zero
temperature possessing a conserved U(1) charge. Then, consistently with eqs. (2.5), we can
identify T" with the chemical potential and s with the U(1) charge density. This viewpoint
is less common since it does not generalize to dissipative fluids, for which 9,S* # 0, but is
nonetheless discussed sometimes, see e.g. [23, 36, 37] and references therein.

For our purposes, it is important to remark that, as long as we are concerned with a
perfect fluid, Euler’s equations imply the existence of a conserved current. For definiteness
we shall refer to S* as entropy current, but we shall remain agnostic about its physical
interpretation.

Using s and T we can recast Euler’s equations in a different form. To this aim, we define
the antisymmetric vorticity tensor in terms of the quantities above as

Wy = Oy <p-:puy> -0, (p—:puﬂ> =0y (Tuy) — 0, (T'uy,) . (2.8)

It is possible to show that?
Wuat® =0. (2.10)

Egs. (2.6) and (2.10) provide d + 1 independent equations and are therefore equivalent to
Euler’s equations (2.3).

In perfect fluids, the vorticity is conserved along the fluid’s flow. This property corre-
sponds to the vanishing of the Lie derivative of w,,,, with respect to u#:

(Louw)py = u*0awpn + WpaOpu® + wWar, 0pu® = 0. (2.11)
®Note that, in terms of s, T and u*, the Euler equations consists of (2.6) plus the equation u*9a (T u,) =
—% p = —0,T. The latter is equivalent, in form language, to the following geometric equation:
1
Ly(Tu) = —=dp=—dT. (2.7)
S

Here u,, and hence T'u,, are one-forms. Remarkably, (2.7) holds also for fluids with conserved charges.
9This can be shown as follows

sutwpa =su" 0, (Tua) — su 0o (Tuy)
=5t a0, T 4 sTu" 0, (ta) — 5u>0a(T) — sTa (u”/2)
=u"uadup + (p + p)u"Ou(ua) + 0a(p)

= Euler’s equation =0,

(2.9)

where we used u? = —1, p+p = sT and dp = sdT.



To prove this relation, one uses that w is an exact form to rewrite the Lie derivative as
(Lyw)w = Op(wuau®) — Oy(wyau®), which vanishes by (2.10).1° Note that, by the same
argument, (2.10) also implies that the Lie derivative of the vorticity along any vector parallel
to the fluid velocity vanishes: £,w = 0 for any v, oc u,.

To understand the physical meaning of (2.11), consider a 1-parameter family of closed
curves C(7) that is generated from a initial closed curve C(0) nowhere tangent to u by dis-
placing each point of C(0) by some distance along the field lines of a vector v oc u.!! Then,
considering any surface S(7) enclosed by the curve C(7), i.e. satisfying 0S = C, and using
Stokes’ theorem, we have

d

d
— Tu,dx! = — W dzt AN dx” =0, (2.12)
dr c(r)

dr Js(r

where in the last equality we used that L,w = 0 for any vector v o< u. Choosing v = u, (2.12)
states that the circulation of the vector Tu* around a closed curve is conserved along the
fluid’s flow, and is therefore the relativistic version of Kelvin’s vorticity theorem. (2.11) is
sometimes referred to as Helmholtz theorem or Kelvin-Helmholtz theorem.

Let us finally make some comments specifically about fluids in two and three spatial
dimensions. In two spatial dimensions, there is surprisingly an infinite set of conserved quan-
tities besides those that follow from the energy-momentum tensor and the entropy current.
To see this, note that in two spatial dimensions (2.10) may be solved as

Wur = Eupu’§ls, (2.13)

where (2 is a scalar defined by this relation and we introduced a factor of s for future conve-
nience. Then, since w is an exact form, we obtain

9,S1=0
—

Ou(utQds) =0 u'0,2=0. (2.14)

It follows that we have infinitely many conserved quantities obtained integrating over an
arbitrary spacelike surface ¥ as

c®) = / d*s, SHOF (2.15)
%

for arbitrary values of k. The quantities (2.15) are invariant under arbitrary deformations of
the spacelike surface ¥. For k = 0, (2.15) reduces to the conservation of entropy, while for
k =1 it gives the conservation of the total vorticity. The C*)’s are sometimes referred to as
the Casimirs of the fluid (see e.g. [4, 26] for further details).

In three spatial dimensions there is only one conserved Casimir, besides the obvious
conservation laws associated with the spacetime symmetries and the entropy current. This
can be obtained by noticing that from (2.10) it follows that

eMP7 W pe X wwu”s’”\p"ukwm =0, (2.16)

YAs dL,(--+) = Lod(--+), (2.11) also immediately follows from the geometric (2.7).
"Explicitly, parametrizing the curve C(7) via an affine parameter o € (0,1) and coordinates z* (7, o) such
that z*(7,0) = z"(7, 1), this means that the tangent vector t* = % satisfies % = t"0,v".
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which, because of the definition (2.8), is equivalent to the conservation equation
O (e"PTuyw,e) = 0. (2.17)

We therefore obtain that the fluid helicity, defined as

C = /Z d35,e"P Ty wpe (2.18)

is conserved, i.e. it is invariant under deformations of .12

2.2 Non-relativistic and incompressible fluids

A non-relativistic fluid is one where p/p < 1 over a significant range of s [38], or equivalently
over a significant range of T'. As, by (2.5), p = p/(s)s — p(s), a non-relativistic fluid is then
defined by the condition sp’/p ~ 1, which, by conveniently restoring powers of the speed of
light ¢ > 1, is solved by writing

p(s) = me?s + €(s) + O <612> . (2.21)

Here m is an arbitrary constant and e(s) = O(c”) can be interpreted as the non-relativistic
energy density. Similarly we have p = p/(s)s—p(s) = € (s)s—¢(s) = O(c") while for the speed
of sound we have

2 " "
S5 () ~ X <. (2.22)
c p'(s)  mc
Note that if we interpret s as the conserved particle number and m as the mass of the
elementary constituents, (2.21) simply states that the energy density of the fluid consist of
the sum of the rest mass contribution p,, = ms and the non-relativistic energy.

Using the equation of state (2.21) and defining the spatial velocity in the usual way,

ut = \/1_1\,72/02 <1, %) : (2.23)

12This pattern persists in higher dimensions. For instance, in four spatial dimensions we can construct
conserved quantities similarly to (2.15) from a scalar 2 defined as

VPTG e = U™ = u"8,0=0. (2.19)

In five spatial dimensions we instead have a unique conserved Casimir that follows from the conserved helicity
current, which is now defined as

Jhet = M T WL Wee = Dl = 0. (2.20)

Generalizing, we have an infinite number of conserved Casimirs in even dimensions, and only one in odd
dimensions.
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we obtain the non-relativistic Euler’s equations by taking the limit ¢ — oo of (2.3). These

consist of the mass continuity equation'3
ds
—+V. 0 2.25
SV (sv) =0, (2.25)
and of the momentum conservation equation
Dv  0Ov Vp
=27 V)v=_--=X 2.26
=g TV V)V S (2.26)
where % is the so-called material derivative. From this equation we derive Kelvin’s theorem:
Dr
I'(t) = / vedx = — =0, (2.27)

which is the non-relativistic version of (2.12).

Finally, it will often be convenient for us to work in the incompressible limit. Physically,
this amounts to considering flows where the fluid velocity |v| is much smaller than the speed
of sound so that the propagation of sound waves is effectively instantaneous. Therefore, as
we will make explicit in sec. 4.4, the sound mode can be integrated out [1] and the dynamics
of the fluid is completely specified by the vorticity.

At the technical level, the incompressible limit is obtained by setting s = const. in the
nonrelativistic Euler’s equations (2.25) and (2.26), which therefore reduce to

B Dv Vp ov Vp

where the transversality condition implies that the pressure can be written in terms of the

velocity as
p

; = V28 8 (’Uﬂ)j) . (2.29)
In two spatial dimensions, the constraint on the velocity can be solved as
O
Ui:_Z]VJQQ+77i; A=V Av, (2.30)

where Q is the non-relativistic vorticity and ¥; = const.!* By acting with VA on (2.28) the
equation of motion are also shown to coincide with the convective conservation of vorticity

DQ 00
2R _9% L va
= TV

00
— Q Q Q=
= 5 +v-VQ+VQOQA VV 0,

3Note that the subleading O(c”) order in the large ¢ expansion of (2.3) for the v = 0 component of the

(2.31)

stress tensor apparently gives an additional equation,

) (pm\; + e) na [v (%pmVQ v e>] — V- (vp) . (2.24)

However, using eqgs. (2.25) and (2.26), this is automatically solved by p(s) = s€'(s) — €(s).
1410 more general spaces © need only be a closed 1-form. Incompressibility further implies V - & = 0, and
hence 7 is harmonic. On topologically trivial spaces like R? it is therefore a constant.
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(where in the second line we used (2.30)). In general spatial dimensions, Euler’s equations
state that the time derivative of the vorticity equals minus its Lie derivative with respect to
the velocity. This condition can be written purely in terms of the vorticity tensor using

< 1
vt = ﬁ(‘)jﬂji, Qi = O0v; — ;v , (2.32)
along with the Bianchi identity constraint 9;€2;,e%* = 0.
We conclude this review by providing the expressions of the conserved Casimirs men-
tioned in the previous subsection in the incompressible limit. In two spatial dimensions the

Casimirs (2.15) reduce to

c) = / Px [, x)]* | (2.33)

while in three spatial dimensions the helicity becomes

C= /dng (VAV). (2.34)

3 Fluid in the comoving formulation

3.1 The action

In this sec. we review the comoving coordinate formulation of the perfect fluid, following [23].

Let us consider a space-filling medium, such that at each space point there resides just
one (and only one) fluid element. To describe the fluid we parametrize its fluid elements
in space by their initial position (at, say, ¢ = 0), that we denote with d coordinates !
with I = 1,2,...,d. The ¢! are the comoving coordinates. In what is normally called
the Lagrangian perspective, one considers the trajectory x(t,¢!) of each fluid element as a
function of time. Under our assumptions one can also invert this map and treat the comoving
coordinates as fields in the physical space: ¢! = ¢!(t,x). This offers instead the Eulerian
perspective, where the flow is described in terms of variables defined at each point (¢,x) in
space-time '° As an example, the choice ¢! (t,x) = aa’! describes a fluid at rest.

The basic idea is then to write a Lorentz invariant action for the comoving coordinates
ol now treated as dynamical fields. To specify whether the action we write describes a fluid,
a solid, or some other medium, we need to understand the corresponding symmetries. As
explained in [23], in this formulation, a fluid is defined as a system that is invariant under
the reshuffling of the internal elements. In the continuous limit this symmetry consists of
volume-preserving reparametrizations SDif f(M,) of the comoving coordinates:

I
cp] — fl(cp), det <§£J> =1. (3.1)

15Notice however, just to make the nomenclature cumbersome, that the Fulerian perspective will allow us
to write down an ordinary Lagrangian field theory for the fluid.

,13,



These transformations are just deformations of the fluid that do not involve compression or
dilatation.

It is then straightforward to write the most general Lagrangian invariant under the sym-
metry (3.1). We introduce the following invariant building block:

1
vt = E€]Jm€#yp”'ayg0[8pg0‘] R (3.2)

An elegant way to prove the invariance of v* is to write it as a volume form in the comoving
space, as xv,drt = %51 degol d«p‘] .... The most general relativistic Lagrangian invariant
under the symmetry at leading order in derivatives is given by

L1 = F(v'v,). (3.3)

In app. B.1 we derive the action (3.3) (in the non-relativistic limit) as the limit N — oo of a
system of N interacting point-particles.
To identify the fluid variables, we note first that

v 9! =0 (3.4)

meaning that the comoving coordinates do not change along the vector field v*. This gives

vk (3.5)

the natural interpretation of relativistic velocity of the fluid. The stress tensor then takes the
form (2.1) with the pressure and the density given by

p=F(?) —2F' (v*)9?, p=—F (3.6)

where the prime denotes differentiation with respect to the argument. From this we also see
that we can make the identifications s = /—v2 and T = 2F’/—2. Therefore, the current
v, which is topologically conserved

dt =0, (3.7)

is identified with the entropy current S*.

Let us now prove that the equations of motion that follow from the action (3.3) coincide
with Euler’s equations. Defining, according to the above identification of T" and u*, the
vorticity as

oL
2 1
Wpy = a}igl/ - 8,,5,“ gu = 2F/(U )Uu = w : (38)
the equations of motion are compactly expressed in form notation as:
wAdpt Adp™2 AL A dgold—lg(]h._.]d_l =0 J=1,...,d. (3.9)
which implies
U Way = 0. (3.10)
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Egs. (3.7) and (3.10) obviously coincide with egs. (2.6) and (2.10), thus proving that the
dynamics of density and velocity is equivalent to that specified by Euler’s equations.

The system (3.3) also admits several conserved currents, that in general cannot be written
purely in terms of the density and velocity of the fluid but explicitly depend on the microscopic
fields. Let us briefly describe them here, focusing for concreteness on d = 2. The Noether
currents associated with the SDif f(M,) symmetry (3.1) read!®

I = e"P2F v,0,0" 01 f (), (3.11)

where f is an arbitrary function of the fields. In sec. 3.2 we will show that the conservation
of (3.11) is associated with Helmholtz vorticity conservation law (2.12). Additionally, there
exist and infinite set of topologically conserved currents, that generalize the entropy current
vk,

. 1 v

Jf = v"f(p) = Sere" 0, 0’ f(), (3.12)

for any function f of the comoving coordinates. These currents are topologically conserved
as an immediate consequence of (3.4) and (3.7). For f = 1, (3.12) reduces to the entropy
current. The currents (3.12) do not admit any obvious physical interpretation, but play an
interesting role in the relation with the Clebsch formulation, that we discuss in detail in
sec. 4.3.

Some comments are in order. First, as remarked above, the static flow corresponds to the
solution ¢! (t,x) = ax!, where a = 57 is an arbitrary constant. This solution spontaneously
breaks both the internal SDif f(M,) (which is indeed non linearly realized by construction)
and the Poincaré group to a subgroup consisting of effective time and spatial translations, and
rotations, generated by diagonal combinations of the internal and spacetime symmetry gen-
erators [27]. The close analogy between this system and the ordinary rigid body is illustrated
in Appendix A. An important difference between the two systems is that the vacuum solution
for the fluid ¢ (t,x) = ax’, is not uniquely fixed by the pattern of symmetry breaking: here
we have a family of solutions labelled by «, a parameter measuring the entropy density or,
equivalently, compression.

Now, expanding around the rest configuration as o!(t,x) = ax! + 7!, we obtain the

quadratic action

. 2
£ = 2020V (o) [ 122 - (v a2 (3.13)

which clearly shows that the transverse modes have no gradient energy. As emphasized
in [1], the absence of a gradient term is directly connected to the nonlinear realization of
the SDif f(M,) symmetry. That is because under the linearized SDif f(M,) action, 7
transforms according to 7(t,x) — 7(t,x) + f_j_(x) with V - fj_(x) = 0: this forbids a gradient
term for the transverse mode 7| .

16 These are derived considering an infinitesimal transformation of the dynamical fields dp! « /79, f for an
arbitrary function f(p’).
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It is also straightforward to consider higher derivative modifications of the action (3.3).
Invariance under the SDif f(M,) transformations implies that the action in general is a
function of v* and derivatives d,. Therefore, we find that the equations of motion read as
n (3.9), but with the definition of £, in (3.8) generalized to

5S
£ = Soi (3.14)
This modification implies that at higher order in derivatives (2.10) takes the form
Sy, = 0. (3.15)

The difference with respect to (3.10) arises because the entropy current S* and &, are, in
general, no longer parallel once higher derivative corrections are taken into account. Indeed,
in this formulation S* is topologically conserved and thus its functional form in terms of the
fields ¢! is not modified by higher derivatives. Interestingly, (3.15) implies that Helmholtz
theorem (2.11) is modified to

(Law),, =0,  a'=5"/\/-52. (3.16)

In the non-relativistic limit, this expression implies that the circulation is conserved along
the displaced flow defined by @* = S*/+/—S2. Notice that when including higher derivatives,
the energy momentum tensor also depends on derivatives of @#.1”

Finally, we briefly comment on the incompressible limit of the action (3.3). To this aim, it
is simplest to use the Lagrangian perspective, invert the map ¢! = ¢’ (¢,x) and treat x(t, p!)
as the dynamical variables. The action now reads [23]

S = /dtddga F ( B (1 —x2)> : (3.17)

In [1] it was argued that nonrelativistic incompressible fluids are described by configurations

ox

dp

ox
dp

©!(x,t) that at fixed time are area-preserving diffs of x. In this regime the sound mode may
be consistently integrated out to give the action

Sine. = / dtdd %”58, (3.18)
where p,, = ms is the constant mass density, and the fields x = x(t, ¢!) are constrained to
satisfy

0
bl (3.19)
dp

It is this constraint that makes the dynamics nontrivial despite the simplicity of the La-
grangian. The incompressible fluid was first studied using this functional by Arnold [41, 42].
We refer the reader to [4] for a detailed analysis of the action (3.18).

17As an example, refs. [39, 40] proposed that certain higher-derivative operators may be understood as a
manifestation of the microscopic polarization of the constituent degrees of freedom.
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3.2 Tensor symmetry and Kelvin’s circulation theorem

As reviewed in sec. 2, the perfect fluid enjoys a number of nontrivial conservation laws,
in particular Kelvin’s circulation theorem (2.12). One of the advantages of the comoving
Lagrangian formulation is that such conservation laws admit a natural explanation in terms
of the SDif f(M,) invariance (3.1) [23]. In this section we briefly review this connection
in the modern language of tensor global symmetries introduced in [28]. We also provide the
expressions of the associated conserved currents in two dimensions for future purposes. This
section is not relevant for the analysis of the quantum fluid that will follow in part II, and
may be skipped at a first reading.

Let us first review the concept of tensor global symmmetry. Consider in d spatial dimen-
sions a theory invariant under translations and spatial rotations, but without boost invariance.

Assume there exists an antisymmetric k-tensor current {J%t-i-1 = JOlit-dkal  jirik —
Jl-lY (where i1, ... i, denote spatial indices in the range 1,...,d) satisfying
A O A (3.20)

but, in general and crucially, such that
0, J0 =2 A () (3.21)

This last condition distinguishes the tensor current J from a relativistic k — 1-form symmetry
current [43]. It follows that for every codimension-k—1 closed surface C there exist a conserved
charge given by'®

Qc = /C Joniean L) (3.22)

where the n()’s form a basis of normal vectors on C. Note that in the relativistic case the
condition 9;J Ojir-ik—2 — () implies that Q¢ is independent of the surface C. When k = d the
conserved charges (3.22) are simply contour integrals of the form

i 1 o
Qo= idml‘]&“ W= gy e (3.23)

1)!

We now show that Kelvin’s circulation theorem can be understood as a consequence of

a tensor symmetry current of the fluid in the comoving formulation. To this aim, note that

the curve C(7) in (2.12) (displaced along the field lines of v# = w*) corresponds to a time

independent curve in ¢ space. It is therefore natural to consider the formulation (3.17).

The SDif f(M,) symmetry acts as x(t,¢) — x'(t,¢) = x(t,¢(p)), where [0¢/0p| = 1.
Considering an infinitesimal transformation with spacetime-dependent coefficient

o' =¢' +at,0)f(p), of'=0, (3.24)

¥The condition (3.22) is equivalent to the conservation at any point of G*1-*~2 = §; j07"1 k-2,
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and picking the therms proportional to da in the variation of the action, we obtain the
associated Noether’s currents

. 6L ) oL
i = =z0 f(e), i =), (3.25)
07}

J.

where L is the Lagrangian. Choosing f! = ¢!/ we see that the current (3.25) reduces to a

conserved antisymmetric tensor as in the discussion above

JO = Wﬁm g, JH- = 5 x‘s v = Jyr=

0L

wafx’f . (3.26)

o5}

Q)
A

It is then simple to verify that the associated conserved charges (3.23) coincide with the
integrals (2.12).1

We stress that the conservation of the Noether currents (3.25) with local Lie parameter
f1() not only implies the conservation of the tensor current (3.26), but is completely equiva-
lent to it.2° Therefore the contour integrals (2.12) provide a complete basis for the conserved
charges associated with the SDif f(M,) symmetry of the comoving fields.

Finally we also comment that it may be shown that the conserved integrals (2.15) for the
two dimensional fluid coincide with the conserved Casimirs of the SDif f(M,) symmetry -
see e.g. [4].

4 Fluid in the Clebsch formulation

4.1 From comoving coordinates to Clebsch fields

In [23] the authors showed that all solutions of the EOMs deriving from the action (3.3) with
zero vorticity can be mapped to the solutions of a superfluid action. Below we provide a
generalization of that argument to solutions with non-zero vorticity, and use it to derive the

19We have

Op! 5L Oz
_ 150 iop _
Qe = fcdw Hr = fim W i 53F DT

, x|t . , x|t )
= —f do’2F" | =| i’ = ?{ de'2F" | 2= 9raty!
1 " “ e (3.27)
1 ; o
T a_ 1N f dl‘ZQF/EIJl...Jd,lE”lmjd*lajltp‘ll .. .Bjdilcp‘]dflsbj
(d—=D! Jew
:j{ dz' 2F v; :f. dz'Tus
c(t) c(t)
. _ .
where we used the explicit form of the current, 47 +alxl¢1 = 0, and expanded the determinant g% = |?Ti |

The conservation of (3.27) coincides with (2.12) for v* = u*.
20T verify that the conservation of the Noether current follows from that of the tensor, we write the Noether

currents via j° = (djl)!JOI‘]"'stmff(ga) and j1 = %JU”‘sIJij(np), and then use dr f = 0.
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Clebsch formulation of the fluid. We will focus on two and three spatial dimensions, for which
the action is formulated in terms of three real fields.?!
To this aim, we rewrite the action (3.3) as

L= P(&) - &a”, (4.1)

where &* is here an independent vector field and v, is given in (3.2). Integrating out &,
we recover the action (3.3) and recognize P as the Legendre transform of F; i.e. P is the
thermodynamic pressure. Therefore, §, = T'u,, on a solution, and its value completely specifies
the fluid flow.

In what follows we first write the general form of £ that is determined by the equations
of motion of ¢ from (4.1). It is here that the Clebsch variables make their first appearance.
Secondly we show that the complete system of equations of motion can be derived using a
Lagrangian that is purely written in terms of the Clebsch variables. While the end-result is
the same, the argument leading to it is slightly different in two and three spatial dimensions.
We therefore discuss these two cases separately, starting from the former.

In two spatial dimensions, the equations of motion for ¢ that follow from (4.1) are

eMPE, 0,00 =0, T=1,2. (4.2)

A theorem by Pfaff [44] states that the most-general three-vector £# can be parametrized
(locally) in terms of three fields y, ® and ® in the so-called Clebsch form:

' = 9,x + %(é*a@ — $0,8"). (4.3)
Using this parametrization, egs. (4.2) reads
"9, 00,010,0' =0, T1=1,2, (4.4)
whose general solution implies??
10,8 = 9,0 + 91(¢) 00" (4.6)

where g7 (¢) is a generic function of ¢! and ¢?, I = 1,2 and 9,3 is an arbitrary gradient term.
Redefining x = x + v, we thus obtain that the &, that solves (4.2) may always be written as

€= Ox + %(@Taucb — 39,0"), where & = &(gp). (4.7)

2In d = 2p and 2p + 1 dimensions, one generally needs 2p + 1 fields.
221t is convenient to work in comoving coordinates (, ¢, »?), in which (4.4) reads

O(Re®, Im®)
det (W) =0, I=1,2. (4.5)
Egs. (4.5) imply that the map (¢, »’) — (Re®, Im®) is non-invertible, for both I = 1,2. This condition can be
solved in two ways. First, (4.5) is obviously satisfied when ® depends on the ’ but not on time; in that case
we have ®79,® = g1(¢)d,0". Alternatively, when ® depends on time, the noninvertibility conditions imply
Red = Red (f(t, o, <p2)) and Im® = Im® (f(t7 o', <p2)) for some function f; in this second case ®'9,® = 9,9
is a total derivative. (4.6) compactly encompasses both cases.
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We now use that the equations of motion for §, imply that
2P/EH = ot (4.8)
from which it follows
Ou(2P'E") =0,  9,p" =0. (4.9)

For all physical flows, the ¢!’s define a non-degenerate volume form v and ¢ is a non-vanishing
vector. As ® is just a (complex) function of the (!’s, the second of eqgs. (4.9) is equivalent to:

19, ® = 19,0 = 0. (4.10)
We therefore conclude that the most general solution to the EOMs for £, can be written as
€. = Oux + %(@Taué — 309,01, (4.11)

satisfying the constraints
D, (2P'EH) = €19,® = 19,01 = 0. (4.12)

Note that (4.9) implies (4.10), but the converse is not true when ®(x) is not an invertible
map. Thus (4.12) contains slightly less information than (4.9). However, if one only considers
the fluid flow (that is &), the two sets of equations imply the same set of solutions.

It is finally straightforward to realize that egs. (4.11) and (4.12) coincide with the EOMs
associated with the action:

Le=P(E"6), & =0u+ 5(270,0 — 09,0, (4.13)
with x, ® and ®' taken as independent fields. (4.13) is the fluid’s action in the Clebsch
formulation at leading order in derivatives.

Let us now discuss three spatial dimensions. The most general four-vector can be
parametrized (locally) in terms of four scalar fields rather than three as in (4.3) [44]:

§u = 048/15 + ’Yau(s- (4.14)

However, as it turns out, it is enough to work with the parametrization (4.7) in terms of three
fields. The reason for that is tied to the conservation of the fluid helicity (2.17) and can be
seen by considering the equations of motion for ¢, which in three dimensions read:

eMP79,6,0,0' 05 erk =0, K =1,2,3. (4.15)

As 8pg0[ is a rank 3 matrix, this equation implies that w,, = 9,§ — 0,&, cannot have
maximal rank.?? In form notation that can be expressed as w A w = 0, which is precisely

23Like in the d = 2 case the implications of this equation are most directly analyzed in comoving coordinates
(t, ', %), where the constraint simply reads wor = 0 for I = 1,2, 3.
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helicity conservation as expressed in egs. (2.16), (2.17), and which further implies that the
fields in the parametrization (4.14) must satisfy

daNdBNdyNdd=0. (4.16)

This relation implies that locally there exists a coordinate system (7, @) such the fields of
the parametrization (4.14) depend only on the ¢’. In this coordinate system & consists of
a vanishing 7-component and a three-vector, and thus we may resort to the former Clebsch
parametrization (4.3). The rest of the argument proceeds as in the two dimensional case, and
we find again that the action (4.13) describes all possible solutions for the density and for the
velocity of the perfect fluid.

An action similar to (4.13) was first proposed in [45], and is frequently used in the
literature, see e.g. [26, 32, 33]. In the next subsections, we will analyze in some detail its
properties and symmetries. Before doing that we would like to make some remarks on this
derivation.

First, the parametrization (4.3) admits an intuitive interpretation as a minimal modifica-
tion of the superfluid theory. In a superfluid, all flows have trivial vorticity and may therefore
be parametrized by a shift invariant scalar T'w,, = 0, X [46], where  is thus interpreted as the
Goldstone boson of a spontaneously broken U (1) symmetry. The parametrization (4.3) there-
fore provides the minimal modification of the theory of a superfluid that can account for a
nontrivial vorticity. In particular, note that configurations with nonzero vorticity necessarily
require {®, ®} to be nontrivial.*

The above derivation can be generalized to include higher derivative terms in the ac-
tion (3.3), as long as such terms are treated perturbatively in the spirit of effective field
theory.?> One finds that the resulting Clebsch action (4.13) is written as a function of £, and
its derivatives:

Sgen = /d3$ Pgen [auv gu] . (4'17)
The EOMs that follow from (4.17) read
9,5" = §19,® = §9,0" =0, yuﬁgm, (4.18)
1%

where we identified the conserved current with the entropy current. Note that in this formu-
lation S* is a conserved current associated with the U(1) shift symmetry of yx, and in general
is a function of £* and derivatives thereof. The other egs. in (4.18) imply that at higher order
in derivatives (2.10) gets generalized to

wwS” =0,  wu =0 — 0, =1i(0,9'0,® —0,810,®). (4.19)

24Similar actions are used in the EFT of a non-relativistic rotating superfluid in a vortex lattice state [47-49)].
In the vortex lattice however one does not impose the area preserving diffeormophism symmetry (4.20) that
we will soon discuss, and thus the action includes additional invariants besides &, such as |9;®|?.

?5In this discussion we neglect potential Wess-Zumino terms, that may not be written in terms of v, and
derivatives in d + 1 dimensions, as the one considered in [50-52] for baroclinic fluids (fluids with a nontrivial
conserved current besides the entropy current).
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This last result formally coincides with (3.15) obtained in the previous section. The difference
is that in the Clebsch formulation the expression of the entropy current in terms of the fields
depends on the action, while ,, and thus the vorticity w retain the same form in terms of the
Clebsch fields to all orders in the derivative expansion.

We stress again that we have only proven that the EOMs for the hydrodynamic density
and velocities that derive from the actions (4.13) and (3.3) are the same, but the dynamics of
the two systems are different as a whole. That is obvious in three spatial dimensions, where
the comoving system describes three canonical pairs, while the Clebsch Lagrangian only has
two, since ® and ®' are canonically conjugated as we shall see below.?¢ Even if less obvious,
the two systems are inequivalent also in two spatial dimensions where both the comoving and
the Clebsch formulations describe two canonical pairs. This is because, as we shall illustrate
concretely in the next section, one generally cannot build an invertible map between the
comoving and the Clebsch fields and consequently (4.10) contains less information than (4.9).

That said, the relationship between the comoving and Clebsch descriptions of the fluid
shares many qualitative features with classical dualities, such as the particle-vortex duality
between a scalar and a gauge field, particularly in two spatial dimensions. To some extent,
this is because the Clebsch action is simply the Legendre transform of the comoving one,
as made clear by (4.1). We provide a more detailed comparison of the two formulations
in sec. 4.3, where we argue that, in d = 2, for some special flows the map between the
comoving coordinates and the Clebsch fields is actually invertible, allowing all observables to
be translated between the two descriptions.

4.2 The Clebsch description around the static flow

Let us now analyze some properties of the system described by (4.13). First, we note that
the vector £ is inherently invariant under the following infinitesimal transformation

D — D+ Oy f(DF, D),
of - ot — 9 f(0f, @), (4.20)

X—>x+%<2f—q>8¢f—¢ﬁ8@f) .

where fT = —f, such that we preserve the identity (®7)! = ®. For f = const., this symmetry
reduces to a U(1) shift of x. The remaining transformations form a representation of the
area preserving diffeomorphism of the (<I>,<I>T) manifold, which we will call Mg. As the
Lagrangian (4.17) is a function of £*, this is trivially a symmetry of the action (4.17) to
all order in derivatives. Since hydrodynamic variables are invariant under (4.20), it is this
symmetry that ensures that the equations of the fluid can be expressed solely in terms of
thermodynamic objects.

26This is not a contradiction, since only the dynamics for the fluid’s density and velocity is equivalent, which
require d + 1 initial conditions in d spatial dimensions. Note that from this perspective, for d = 3 the Clebsch
parametrization realizes Euler’s equations with the minimal number of fields, corresponding to 2 canonical
pairs. Instead for d = 2 (in fact for all even d) the Clebsch parametrization introduces one too many variables.
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The static configuration §, oc (52 admits a large classical degeneracy in terms of the
Clebsch fields. This degeneracy can be parametrized in terms of an arbitrary function o =
a(x) of the spatial coordinates and an arbitrary function of a single variable 5 = (a) as

X =Tt + sa(x)(a(x)) - Bla(x)),

1 1
Re® = ﬁa(x) , Im® = —ﬁﬁ(a(x)) )

For ® = o = 8 =0, (4.21) reduces to x o t up to a constant, and therefore breaks sponta-

where B(a) = /daaﬂ’(a). (4.21)

neously the U(1) shift symmetry and time translations to a diagonal subgroup: this is the
superfluid symmetry breaking pattern [46]. Notice however that the SDif f(Mg) invariance
is only partially broken over the large manifold of classical vacua (4.21). That is rendered
clear by considering the point ® = 0, which is invariant for all f(®T,®)’s that are at least
quadratic at the origin, so that SDif f(Mag) is basically unbroken.

That is different from what happens in the comoving description, where the static flow
can be described by the solution ¢! = ax!, and all the other field solutions describing the
same static background flow are related to this solution by a SDif f(M,) transformation.
There is thus a one-to-one correspondence between solutions and the elements of SDif f(M.,),
which is fully non-linearly realized. Note that these considerations imply that on a generic
flow it is not possible to reconstruct the value of the Clebsch fields in terms of the comoving
ones in two spatial dimensions, even if we mod out by the action of the symmetry groups, as
anticipated in the previous section. This is to be contrasted with known examples of classical
dualities, such as that between a scalar and a gauge field in two dimensions, which we review
in sec. 4.4. In that case, the scalar profile fully determines the dual gauge field and vice versa,
up to the action of global and gauge symmetries, thereby enabling a complete mapping of
observables between the two descriptions.

Expanding around the static fluid background (4.21) we obtain the following quadratic
action

1 _ ) .
£ = 5 (2P" +4T?P") 7% — P/(Vr)? + 2iTP'50760 (4.22)

where we discarded a total derivative and 7 is the fluctuation of y. From (4.22) we also see
that 7 describes the phonon mode with sound speed ¢? = dp/dp, while dt and & describe a
single mode with trivial momentum independent dispersion relation w(k) = 0. Note again
that while the existence of a mode with trivial dispersion relation was expected, the existence
of this flat direction is not related to the nonlinear realization of a symmetry. In other words,
while invariance of the Lagrangian under the group (4.20) forbids a gradient term for ®, the
time independent solutions with w(k) = 0 are not obtained from the action of the symmetry
on the static solution, unlike in the comoving formulation.

4.3 High vorticity configurations and duality emergence in two dimensions

Let us now briefly discuss configurations with non-vanishing vorticity. This will enable us
to give a physical interpretation of the Clebsch variables in (4.13) and the symmetry (4.20).
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The discussion in this section is not crucial for the analysis of the quantum fluid that will
follow in part II, and may be skipped at a first reading.

As made clear by 4.19, ® and & are directly related to vorticity. Following well-known
ideas (see e.g. [37, 53]), for the case of two dimensional fluids, we make this relation more con-
crete in app. B.2. In short, we consider the motion of N > 1 pointlike vortices in a superfluid,
and show that Re ® and Im ® naturally emerge as the continuum limit of the vortex labels,
while x is simply the superfluid Goldstone (more precisely, we work in the dual formulation
in terms of a gauge field, which we review below). We find that the action (4.13) describes
the hydrodynamics of such system in the regime where the vortices are sufficiently dense, in
such a way that there effectively exist an invertible map between the spatial coordinates x
and the vortex labels ®, ®. Invariance under SDif f(Mg) thus emerges as a consequence of
the possibility of reshuffling the individual vortex labels, without changing the macroscopic
properties of the fluid. This symmetry is spontaneously broken in a flow with macroscopic
vorticity, and thus the Clebsch formulation of the fluid follows by the requirement that this
symmetry is nonlinearly realized. Note that, in light of this interpretation, w Ad® = 0 implies
that the vortices move with velocity proportional to *w.

The above interpretation of the SDif f(Mg) symmetry of the Clebsch formulation is
therefore analogous to that of the SDif f(M,,) symmetry of the comoving formulation, which
we discussed in sec. 3.1. The difference is that in the Clebsch case such physical interpretation
is justified only for flows in which w,, is nowhere vanishing, and breaks down near the static
background which we discussed before. This suggests, as we now show, that in d = 2 at high
vorticity, the map between the two descriptions becomes invertible.

The regime of high vorticity consists concretely in the flows where the vorticity spatial
volume form is non-degenerate:

w(x) =id® AdDT #£0,  Vx. (4.23)

In this case, we can construct an invertible map x(t,@,(DT), representing the trajectory of
the vortices; this map is unambiguous up to the SDif f(Ms) action (4.20). At the same
time, for all physical flows there exists an invertible map x(¢, ¢!) in terms of the comoving
coordinates, specified by S* = %slje“””@,,gplapgo‘], up to the SDif f(M,) action. Combining
the two maps we obtain an invertible map ® = ®(¢, ’) between the Clebsch and the the
comoving fields, modulo the action of the symmetries. When such a map exists, it is possible
to map all the observables from one formulation to the other following the derivation in
sec. 4.1.%77

To appreciate this map in greater detail, it is useful to note that both the comoving and
the Clebsch descriptions admit two infinite sets of conserved currents. In the comoving formu-

lation, these are the Noether currents (3.11) and the topologically conserved currents (3.12).

?"In other words, for flows in which the vorticity volume form is non-degenerate, (4.9) and (4.10) are
equivalent.
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Clebsch Comoving
Lagrangian P(£?) F(v?)
fundamental fields Y, ®, & V1, P2
vorticity w# = e"P0,¢,, with | & = 9, x + 5(®10,® — ®9,®T) = 2F vt
entropy current vt = 2P'¢EH o' = eryefP0,0! 0,07
energy density p=282P'(£2) — P(£?) p=—F(v?)
pressure p = P(£?) p = F(v?) — 2F (v?)v?
symmetry SDiff(Ma) SDiff(M.,)
Noether Currents iy = v f(2, Ph) I = eMPE,0,0" 01 f (i)
Topological Currents JJ’f = eMP¢,0,f (@, dT) j;f = vk f(p)
Solution for fluid at rest x=put, ®I=0=0 ol = ax!
spontaneously breaks shifts: x > x +¢y, @ = P+ co SDif f(My)

Table 1: Comparison of the two theories describing a perfect fluid. Both theories realize
Euler’s equations as the conservation of the stress-energy tensor. First, all hydrodynamical
quantities are expressed in terms of the variables of the theories. Second, the dynamically and
topologically conserved quantities are displayed in both cases. Finally the classical solution
for a fluid at rest is displayed in both cases. The solution is not invariant under the full
symmetry group of each theory, however the breaking is significantly different in each case.
While the solution only breaks shifts of the fields in the Clebsch description, the full symmetry
group is broken in the comoving description.

In the Clebsch formulation we also have two similar sets of currents. First, the Noether
currents associated with the area-preserving diff. transformations (4.20) are given by

jf = 2P(e)E" (@, @T) = S* f(®, @T). (4.24)

for any arbitrary real function f. In addition to the Noether currents, the theory (4.13) also
admits a set of trivially conserved topological currents

Jf =P, 0,f (0, 01). (4.25)

Conservation of these follows from the trivial identity £#*?0,£,0,® = 5“”'”8“5,,8,,(I>T =0.

Using the correspondence Tut = 2F'v# = &1 and SH = v# = 2P/¢# and the existence of
an invertible map o!(®, ®') for flows such that (4.23) holds, we immediately see that the co-
moving Noether currents (3.11) map to the topological ones (4.25) in the Clebsch formulation.
Viceversa, the Clebsch Noether currents (4.24) become the trivially conserved vectors (3.12)
in the comoving description. Note that the interchange of Noether and topological currents
is a standard hallmark of dualities.
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In the tab. 1 we summarize the comparison between the comoving and the Clebsch
formulations of the two-dimensional fluid. The first entries in tab. 1, that do not refer to the
currents discussed above, are true also in three spatial dimensions.

Some comments are in order. First, we have seen in sec. 3.2 that the conservation of the
Noether currents (3.11) of the comoving Lagrangian is associated with Kelvin’s theorem. In
the regime where the duality holds, the same relation holds for the topological currents (4.25)
of the Clebsch description. One might ask if the Clebsch description’s infinitely many Noether
currents (4.24) are similarly associated to some property of Euler’s equations. However, in
app. C.1 we show that no new physical conservation law for the fluid density and velocity is
inferred from the conservation of (4.24).

The considerations of this section are certainly mathematically amusing and help clarify
the relation between the comoving and the Clebsch formulation of the fluid. Yet, it is un-
clear to us if the “emergence of duality” for the high vorticity flows discussed here has any
physical consequence. First, as remarked above, the existence of a map between the two fluid
formulations that we discussed appears to be an accident of two dimensions. Second, this
relation becomes singular when working around the static flow, which will be the starting
point of our analysis of the quantum fluid. As we argue in Part II of this work, the two
Lagrangian formulations of the fluid will lead to two inequivalent quantum fluids, with the
same Hamiltonian spectrum but different Hilbert spaces (i.e. different degeneracies of the
Hamiltonian eigenstates).

4.4 The non-relativistic and incompressible limits

An important technical advantage of the Clebsch formulation is that it allows for a simple
formulation of the incompressible limit. An elegant and straightforward derivation of the
latter uses the well known duality between a scalar and a d — 1-form gauge field. Below
we discuss such derivation in two spatial dimensions. The analogous derivation in three
dimensions is discussed in app. C.2 - we will simply report the final result at the end of this
section.

The idea is to trade the scalar x for an Abelian gauge field A,, and thus obtain a dual
description of the system (4.13). This is done by treating {, as an independent field and
adding a Lagrange multiplier A, to impose the dependence of &, on the fundamental fields:

~ 1 )
Le = P(6"6) — 5 |6~ %(qﬂaﬂcb — 30,0 | 129, 4, . (4.26)

Integrating out A, sets &, — %(@TOHQ - <I>0H<I>T) = 0, and we get back the action (4.13) as
intended. Integrating out £, and discarding a total derivative, we instead get

i A 1 A 1 A
La=F (voh) + %Ausf“’ 9,079,@, ot = Eew F,\ = %s‘“’ Ay, (4.27)
where I is simply the Legendre transform of P with respect to &,
F=P—¢ vlope—y- (4.28)
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In view of (4.1), F' is the same function we started with in the comoving description in (3.3).
In particular F' = —p is minus the energy density of the fluid at rest. The map between x
and the gauge field is always invertible up to the action of the global and gauge symmetry,
unlike in the procedure showed in sec. 4.1. A gauge theory formulation of the fluid similar
to (4.27) was used in [54] to study coastal Kelvin waves.

As usual in particle-vortex duality, the entropy current S* = v#, which was a Noether
current in the original Clebsch formulation, is now a topological current. The static back-
ground (4.21) now corresponds to a constant magnetic field F¥ = ¢ B = const., while
SDif f(Mg) defined in (4.20) now acts only on ®:

D= O+ 051 f(OT, @), O = T —0pf(0T,®), A, — A,. (4.29)

Consider now the non-relativistic limit of the action (4.27). Recalling the discussion that
led to (2.21) and the relations F' = —p and v/ —v? = s, this limit corresponds to F' of the form

(4.30)

muv;v;

= —m02v0 +

1
4+ Fnr(vg)+ 0| = |,
~ ~NR (o) <02>
where Fyg does not depend on ¢, we used —v? = v% — C%vivi (restoring powers of ¢), and
we assumed for concreteness vy > 0 on the background.?® Writing v# in terms of E and B
according to (4.27) and dropping total derivatives, the action becomes

La=Fun(B)+ ™E L Ly omng, 00,0 (4.31)
A= INR IrB o u€ v Y .
while the mass density is
B
pm =My (4.32)

As explained in sec. 2, in the incompressible limit we retain only the field modes with w <
¢s|k|. These include the longitudinal fields @, ®T, and the Coulomb potential mediated by the
electric field, but not the photon. Therefore, to obtain the Lagrangian in the incompressible
limit, it is convenient to work in coulomb gauge V - A = 0 and neglect fluctuations of
the spatial components of the gauge field when expanding around solution with constant
density p,, = const.. After discarding total derivatives, replacing the magnetic field with its
background expectation value (4.32), and canonically normalizing the fields & — \/pqu) and

Ay — (277)@%10, we obtain
1

_1 2, ! t ot
Ly =5 (VA + —— (V<1> /\V(I)) Ap +i®1 . (4.33)

28We refer the reader to [55] for a systematic discussion of the constraints imposed by Galilean symmetry
beyond leading order in derivatives.
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The Gauss law is then given by

i TX X:LOJX
MW( ) A Vo (x) N (x) (4.34)

where in particular we see from the right-hand side that the charge density in the electro-

V. E(x) =

magnetic picture can be identified with the vorticity in the fluid picture.
Using the Gauss law, we can further integrate out the Coulomb field. This leads to the
following non-local Lagrangian

1

Lo =
20m,

(voiave) % (vl A ve) +iald. (4.35)

This Lagrangian, with ® and ®' dubbed vorton fields, was formerly obtained in [4] in
a different way. Our discussion shows that it naturally arises as the non-relativistic and
incompressible limit of the most general theory invariant under the internal SDif f(Mag) of
the Clebsch fields.

As a consequence of the large internal symmetry group, the theory (4.35) has several
peculiar features. First, as noted already before, there is no quadratic kinetic terms for the
vorton fields. Additionally, the leading interaction is non-local and can be interpreted as
a dipole-dipole potential. This is reminiscent of the analysis of [56], and suggests that the
vorton fields should be associated with the density of small vortex-antivortex pairs, whose
leading interaction is indeed dipolar. We will make this intuition sharper in the second part
of this work, where we will take the action (4.35) as the starting point for the analysis of the
quantum perfect fluid.

We conclude this section with the promised result for the Clebsch Lagrangian in the
incompressible limit in three spatial dimensions:

1 .1 . . , y

Lo = Qmelﬁwl +idTd, W =i*9,010,0, (4.36)
that we derive in app. C.2. Comments analogous to the ones above apply in this case. We
will use the action (4.36) to analyze the quantum perfect fluid in three dimensions in sec. 7.2.

4.5 The hurricane solution and the role of symmetries

As shown in (4.21), the static fluid can be represented by the configuration y = Tt, ® = &' =
0. This is a solution thanks to the x — x + c shift symmetry, which, combined with ordinary
time translations, guarantees the survival of an effective time translation invariance. In this
respect the static fluid corresponds to a superfluid state of the x-shift U(1), with 7" playing
the role of chemical potential. A similar phenomenon and involving the full SDif f(Mg) is
indeed at play over more general stationary solutions, as we now illustrate.

The distinctive property of Euler’s equations is that they admit infinitely many stationary
solutions [57]. This is a direct consequence of the infinite symmetry of the Lagrangian formula-
tions, comoving or Clebsch: all stationary solutions break spontaneously both time translation
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and the internal symmetry, while preserving an effective linear combination H.ry = H + Q,
with ) an internal generator. More explicitly, stationary solutions satisfy

th)stationary = a75(I)smtionm"y + 5Q(I>stationary =0. (437)

The variety of stationary solutions is parametrized by the variety of the possible ()’s, while
the effective Hamiltonian H.r; = H + @ characterizes their spectrum of fluctuations.

Let us illustrate these abstract considerations discussing a concrete example: the hur-
ricane solution for the incompressible fluid in 2d. In spherical coordinates (r,#), this corre-
sponds to velocity and vorticity given by

v(r) +rv'(r) '

v, =0,v9=v(r) = w)=—pm (4.38)
which is easily seen to solve Euler’s equation (2.28) in the incompressible limit. Note that
the profile v(r) o< 1/r describes a localized vortex w oc §2(x). On the other hand v(r) o 7
describes a rigid flow with constant angular velocity and constant vorticity.

In the Clebsch description (4.35), this solution is obtained by considering the ansatz

® = \/pmg(r)e @0, (4.39)
which yields the vorticity
—20,.,
w(r) = —g(r)g (1), (4.40)
from which we identify
g(r) = /rv(r). (4.41)

The equations of motions then constrain v(r) to coincide with the flow’s angular velocity:
v(r) = @, (4.42)

so that the hurricane solution takes the form

D = /ppro(r) ei@_@t) . (4.43)

It is now simple to check that (4.43) satisfies (4.37) with (recall (4.29))

of (2of) of (P07)
b=7— = ot =L~ 7/ 4.44
5@ ? 8@-‘— Y 6@ ¢ 8@ Y ( )
with f the solution of the differential equation
/ v(r)
[ (pmro(r)) = ——=, (4.45)

which may be solved for generic v(r). For instance, if v(r) = ar for some constant o, we
have f(z) = axz. However, the form of f varies with the velocity profile, which elucidates
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the relation between the infinity of the class of stationary solutions and the infinity of the
SDif f(Mg) symmetry. An explicit breakdown of SDif f(Mg) to a finite dimensional sub-
group would necessarily reduce the class of stationary solutions to a finite set. In view of
that, when considering the quantum theory, we will be driven to consider a UV regulation
that preserves as much symmetry as possible.

To conclude this section, notice that the effective time translation generator Hory = H+Q
of (4.37) involves a generator () of an internal non-Abelian symmetry. In this situation the
modes associated with the (vast) set of broken generators not commuting with @ feature gaps
purely controlled by the symmetry algebra. Upon quantization the associated quanta are an
instance of the so-called gapped Goldstone discussed in [58-61].

Part 11
Quantum perfect fluid

5 Continuum quantization of the perfect fluid in 2d

5.1 The classical incompressible fluid in the Hamiltonian formalism

The action for the incompressible perfect fluid in the Clebsch formulation was given in (4.35).
It reads

. 1
Ly =i0fd+ —— (Vol A Vo)
20m
As already noted, the key feature of the action (5.1) is the absence of a quadratic kinetic term
|V®|2 due to the SDif f(Mg) symmetry, which acts as

= (V@T /\V<I>) . (5.1)

D =D+ idpt f(OT, D),

5.2
df = & — idg f(DT, D), (5:2)

for an arbitrary real function ff = f.
In preparation of the discussion of the quantum fluid, let us briefly review the Hamiltonian
description of the system (5.1). The Hamiltonian reads

w(x) where w(x)=iVei(x)AVO(x), (5.3)

and the Poisson brackets are given by
—i{®l(x),®(y)} = P(x —y). (5.4)

The symmetry (5.2) is then seen to be generated by the following charges

Q= / dPxf(®(x), 8T(x)). (5.5)
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with f a real valued function. For future references, we explicitly write the associated algebra

{Qy, Qg = iQ5 g [f, 9] = 08 fOptg — Opt fOng (5.6)

We can take as a basis of the symmetry algebra (real combinations of) monomials of the
form:

Qnm) = / Px (0T (x))"d™ (x) (5.7)

In particular, Q1) = [ d?>x®'(x)®(x) generates the U(1) symmetry corresponding to parti-
cle number conservation. The algebra then becomes

— i {Qum)> Qo) } = (Nl — EM)Q k-1, m+0-1) - (5.8)

One should also note that the set of vorticities w(x) at each point x in space closes onto
itself under the action of the Poisson brackets, forming the algebra

{wx),w(y)} = /dQZ V.0%(z — ) ANV ,0%(2 — y)w(z) . (5.9)

This is important as it ensures that the equations of motion for w, i.e. Euler’s equation (2.31),
do not depend on additional variables, in particular not the microscopic fields ®(x). The
Poisson brackets (5.9) define the algebra of volume preserving diffeomorphism SDif f(M;)
of the spatial manifold M,. Indeed, one can easily see that the commutation relation (5.9),
when rewritten in momentum space, is identical to the one given in (5.6).

It is important to remark that while SDif f(Mg) is a symmetry of the theory, this is
not the case for SDif f(My).

5.2 The spectrum of the quantum incompressible fluid: Infinitely many vortons

Let us now try to quantize the action (5.1) directly in the continuum limit.?? This section
will be partly heuristic in nature, in particular concerning the treatment of short-distance
singularities, postponing to section 6 a more rigorous technical justification of the results
using a lattice regulator.

To this aim we simply promote the brackets (5.4) to commutation relations in the stan-
dard way

260,21 (y)] = 8*(x —y), (5.10)

so that ® and ®' act as, respectively, annihilation and creation operators of a non-relativistic
field theory. We additionally introduce a regulator function in the Hamiltonian to take care
of UV divergences

F(— 2 A2
=t d2x(V<I>T/\V<I’)(_VV2/)

5 (V<1>T A V(I)) , (5.11)

2*The discussion in this section bears some technical similarities with that in app. A of [28].
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where A is the cutoff scale and F (k/A?) = 1+ O (k*/A?) at small momentum. In the
quantum theory however the commutation relation (5.10) introduces ordering ambiguities
and we need to specify a certain ordering in the Hamiltonian (5.11). This choice is important
as the appearance of a quadratic gradient term, which is protected by symmetry at the
classical level, depends on ordering at the quantum level. This indicates that also the fate of
the defining SDif f(Mg) symmetry is decided by operator ordering.

Indeed, at the quantum level, the algebra of the generators (5.7) of the symmetry group
is also modified. To illustrate that, let us choose to work with generators Q(, ;) specified by
normal ordered products of the form (5.7). We then see the quantum algebra, compared to
the classical one, acquires several new singular terms proportional to powers of 62(0):

[Q(n,m)7 Q(kl)] = Z f((:,jnlc),_(llc,_z;7m+é_1_r)Q(n+k717r,m+€flfr) [52<0)] ' ) (512)
r=0

where the structure constants are given by

(n+k—1—rm+L—1—r) ki' m . 717' ¢
Fnm) (ko) = [(k—l—r)!(r—l—l) (n—l—r)!<r+1 ; (5.13)

which reduces to the former result (5.8) for » = 0. Note that the first and second terms
in the square parenthesis of (5.13) vanish, respectively, for » > min (k —1,m — 1) and r >
min (n — 1, — 1). Therefore the sum in (5.12) always truncates after a finite number of
terms.

In this section we shall be cavalier about these issues. Whenever necessary, we will assume
that the cutoff regulates delta function singularities as 62(0) — A?, and we will not worry
about the quantum corrections to the symmetry algebra.

We shall however insist that the algebra (5.9) of SDif f(M,) generated by the vorticity
w = i0®T A 0P — is not modified by the ordering of the fields and is thus unchanged at the
quantum level, replacing Poisson brackets by commutators

[w(x),w(y)] =—i / d?zV ,6%(z — ) AV .6%(2 — y)w(z), (5.14)

Writing the Hamiltonian (5.11) solely in terms of the vorticity w thus ensures that the Heisen-
berg picture quantum equations of motion for w still do not depend on any additional vari-
ables. This demand unambiguously resolves the ordering ambiguity: the Hamiltonian should
be understood as written in (5.11), and thus, not normal ordered. Somewhat reassuringly,
since the combination (8<I>T A 8@) commutes with all the Q(, )’s, this ordering choice im-
plies that the Hamiltonian still commutes with all the charges. We will provide a more careful
justification of this prescription in the next section, where will analyze a discretized model,
where the algebra is regulated and where (5.11) is recovered in the continuum limit.

With these preliminaries in order, it is now straightforward to analyze the spectrum
of the theory. To obtain the single-particle states spectrum, it is simplest to rewrite the
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Hamiltonian (5.11) in momentum space:

’k .
P(x) = [ ——=eKXPy . 5.15
) = [ Gz (5.15)
We obtain
1 d2p2d2p1d2k2d2k1
H= 52 —k; -k
2pm/ (20 (P1+ P2 — ki — ko)

(p2 - ki) (k2 - p1) — (P2 - p1) (k2 - k1) , [ (p1 — ki)?
" (b1 — k1)? P(Ph

Upon writing the Hamiltonian in normal ordered form we find

)ch Dy, ), Pk, . (5.16)

A2F(0) [ d*p
H= IO+ H - 1
4pm / (27r)2p PPt 7 (5.17)

where we defined the Fourier transform of the regulator function

- d’k k2
2 2,2 ik-x x—0 , 2

and : H : is the normal ordered quartic Hamiltonian, which annihilates single particle states.

The dispersion of single vorton states is thus purely controlled by the first (quadratic) term
n (5.17) and reads

P (5.19)

Note that the exact coefficient upfront F (0) is not calculable from the low energy action alone.
Yet the momentum dependence and the lack of a gap are a robust feature of the system.

Before discussing the symmetries of the quantum theory, it is worthwhile to briefly recall
the properties of the vortons, which were already studied in ref. [4]. Consider single vortons
states first. According to (4.34) (Gauss’s law), the vorticity w(x)/,/pm can be interpreted as
a charge density. It is then interesting to consider the lowest charge (or vorticity) multipoles
of a single vorton. Considering then a normalizable single vorton state

|B) = /d2xw(x)<I>T(X)|0>, /d2x|w(x)|2 =1, (5.20)

one has

(Vw(x) |¥) = /pm (V)" V j1p)e? (5.21)

so that, integrating by parts, monopole and dipole are respectively found to be
m = d*x (| w(x) |T) /d2xV (W*V )l =0, 5.22
7 [ #x(u]wx) o) " ) (5:22)

, = ij(pj>

d = /d2xx (V| w(x) |P) x ' Vi (x)e = — V7 (523
N () ¥) (e = ==t (533)
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The vortons can thus be viewed as vortex-antivortex pairs [4] carrying vanishing total vorticity
and a vorticity dipole proportional but orthogonal to the total momentum.3°

While the quadratic part of (5.17) controls the propagation of the asymptotic free vortons,
the quartic part controls their scattering [4]. For instance, for 2 — 2 scattering, working at
tree level and at small incoming momenta k; and ks, the scattering amplitude is
1 (ki Ap1)(ks A p2)

Mk7k7 9 =
(k1, k2, p1,P2) o - p1)?

We are now ready to discuss the consequences of the infinite symmetry at the basis of our

+ ki < k. (5.24)

construction. The main result here is that such symmetry implies the existence of an infinite
set of independent asymptotic states which are formally composed of multiple vortons, but
which behave in practice as single vortons. In order to see that, consider first a two particle
state

0ali) = [ @xe® [ ymyot (x+ gy)ol (x— 5y)l0
(5.25)

Pp & ot ot
= [ ok, ol 0.

where k is the total momentum and ¥(y) is the wave-function. Then the Schrédinger equation

Hla(k)) = Exli2(k)) (5.26)
results in the following
A2K2 [ . - A2V2 - -
Brlh(x) = [F(O) + F(A2x2)] Wi (x) — {[F(O) - F(A2x2)] \I/k(x)}
~ o (k'K + 0L0%) [Vij (%) Wi (x)]
where we defined ) 25 ) )
o [ A x99 —A7045/2 L (AT
Vij(x) = / (271_)26 " F Ik (5.28)
Note that
§9Vij(x) =0 and V;;(0) =0. (5.29)

30Tt behoves us to compare (5.19) to what was concluded by Landau in his famous paper on superfluidity.
Landau based his study on the quantum mechanical transcription of Euler’s equation, with p and v promoted
to quantum operators. Upon noticing that the vorticity satisfies a non-Abelian algebra, he argued that there
should be a discontinuity between states of null vorticity and states with some vorticity, hence the latter should
be gapped. By dimensional analysis, the gap, he concluded, should be of order A®/p,, in d = 3, corresponding
to A4/pm in our d = 2 case. We think Landau’s argument is incorrect because the algebra is infinite and the
commutation relation Abelianizes at zero momentum. In fact, as (5.21) shows, vortons exhibit a vanishing
vorticity at zero momentum. Moreover, just by the shift symmetry ® — ® + ¢ of the Clebsch lagrangian it is
clear that vortons should be gapless. By wrongly concluding that the ®’s should be gapped, Landau’s system
reduced to the theory of the derivatively coupled x around the background x = ut. That is precisely the EF'T
of the superfluid [46], the system Landau could have started with in the first place.
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Surprisingly we see that a solution of (5.27) is given by a completely localized wave-function

A2F(0)
o k?, (5.30)

Uy (x) x 6%(x) and Fy =

which is exactly degenerate with the single particle vorton state! Note that this is a very
unusual feature, since normally a wave-function localized at such short distances is not under
control within EFT (indeed the wave function (5.30) is not normalizable, because of its
singular UV property). Yet, we claim that the existence of this two-particle bound state,
degenerate with the single-vorton state, is a robust feature of the perfect fluid in the Clebsch
formulation. In fact, we claim that there is a similar n-vorton bound state for any n > 0! This
is because, as we explain below, these results originate from the invariance of the Hamiltonian
under the charges (5.5). Moreover the regulated model we will present in the next section
offers an example where the result is robust with respect to UV effects.

The intuitive reason for the existence of such bound states was anticipated in [4]. At
the quantum level, not all symmetry charges (5.5) annihilate the vacuum. In particular,
even working in conventions such that all charges are normal ordered, all charges Q) =
[ d?x(®7(x))" act nontrivially and generate a state that is degenerate with the vacuum.
Taking a wave-function Wy (y) o §%(y) in (5.25) we create a state that in the k — 0 limit
approaches the degenerate vacuum Q(2y|0). The argument we are offering here is just a fast
description of Goldstone’s theorem,?' but it simply generalizes the argument for the existence
of a single-particle vorton state starting from the charge Q). By further generalizing the
argument, we conclude there exists a similar vorton bound-state for all charges Q(,,0), given
they do not annihilate the vacuum.?? No other universal light states are expected, since in the
normal ordered basis the remaining charges, which all possess at least a destruction operator,
form a subalgebra that annihilates the vacuum and is left therefore unbroken.>?

The symmetry algebra also explains the exact degeneracy of the single particle state and
two-particle bound state. That is because the state (5.25) is obtained acting on a single
particle state |91 (k)) = @L\O> with the charge

Qe = /d2x <<I’T(x))2 D(x). (5.31)

This argument immediately explains the degeneracy of the two-particle bound state with
the single-particle state. By considering similar charges we see that all such multi-particle
bound states are degenerate with the single-vorton states (and are essentially identical to a
single-particle vorton state in all aspects but the particle number charge).

We remark again that the vorton bound states that we just constructed are very unusual
from the viewpoint of effective field theory. Indeed we found that by bringing single-particle

31 Indeed Q(n,0)|0) is not normalizable at infinite volume, so that strictly speaking it sits outside the Hilbert
space.

32We thank Dam Son for asking the mandatory simple question that forced us to figure this out.

33Going to a real basis of generators, this implies that there is a Goldstone boson for each two broken
generators {Q(n,0) + an,o)’ 1Q(n,0) — iQJ(rnYO)}, in agreement with the non-relativistic counting rules [61-63].
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states very close to each other - a naively illegal operation within EFT - we obtain a low energy
state, which can be thought of as a Goldstone boson due to the spontaneous breaking of the
symmetry algebra. It is not possible to create such bound states via low energy scatterings
of single vortons. That is because these states transform non-trivially under the unbroken
symmetry group. For instance the two-vorton bound state is an eigenstate of ()(22), which
instead annihilates states made of two vortons at finite distance from each other:

Qa2 ® (x)T(y) [0) = 26%(x — y)®T(x)2]0) 2 0. (5.32)

This situation is reminiscent of the UV /IR mixing phenomena which are observed in
certain exotic field theories of fractons [8, 9]. As in those cases, the unusual behaviour is
made possible by the infinitely large symmetry group, which forbids operators - such as
~ |®|* - which would lift the bound states up to the cut-off.

In conclusion, we argued that the perfect quantum fluid in the Clebsch formulation admits
infinitely many light vorton bound states, one for each particle number n > 0, with energy
given by (5.19). Their existence and degeneracy is a robust consequence of the symmetry
algebra. Yet, the EFT in unusually sensitive to the UV physics. The dispersion relation
depends on all the Wilson coefficients, (associated with the series expansion of the function
F in (5.11)) and receives in particular important contributions from the physics at the cut-off
scale where the EFT is strongly coupled. Although eventually the dispersion relation depends
on a single parameter, the above state of affairs makes the naive low energy Lagrangian
description unusually incomplete, in the sense that the Lagrangian Wilson coefficients are
not enough to determine all low energy observables.

To gain a better understanding, one might want to study the regularization of the EFT
divergences in a mass independent scheme such as dimensional regularization. To extend the
model at hand to d spatial dimensions, it is convenient to get rid of Levi-Civita tensors in
the Hamiltonian and rewrite it as in (5.16):

H

1 ddpgddplddeddkl d
= ) -k —k

2om / (2m)3d (P1+ P2 — ki — ko)
o (P2 - ki1)(k2 - p1) — (P2 - pP1)(k2 - k1)

(p1 — k)2

where we extended the integration to d-dimensional space and we eliminated the cutoff-

<1>;2q>k2q>;1<1>k1 . (5.33)

regulator function F(k?/A?). Then upon normal ordering we find that the dispersion relation
of the vorton is trivial as in the classical theory:

2 d
P d’k
W2 = =0 5.34
p2 4[0 X / (27T)d 9 ( )

where we used that scaleless integrals vanish in dimensional regularization. One can also
check that dimensional regularization preserves the symmetries of the model. Therefore we
naively conclude that the dimensionally regulated model possesses an infinite set of gapless
degenerate states, with arbitrary spatial momentum.
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The dimensionally regulated model therefore looks even more exotic than the cutoff reg-
ulated one. Additionally, the absence of asymptotic states with nontrivial dispersion relation
makes the dimensionally regulated theory strongly coupled; it is thus unclear how to define
and study the Hilbert space in general. It might be possible to overcome these difficulties,
but we were not able do so. In the following we will not consider further the dimensionally
regulated theory.

In the next section we will rederive the results obtained with the cutoff approach within
the lattice model introduced in [4], which reduces to (5.11) in the continuum limit. We will
confirm the results of this section on the spectrum and on the degeneracy of the vortons.

6 2d fluids as SU(co)-matrix model

6.1 Vorton matrix model

It is simpler to study the theory in finite volume, by going on the torus, so 2 € [—mr, m7r],
for i = 1,2 and r fixed. We further introduce a square lattice discretization x = 27rm/N,
where N is a large integer, m = (mj,mz) € IN?, and a = 27r/N is the lattice spacing, such
that for N — oo we recover the continuum. It will be convenient to consider N odd, so that
the m; cover all integers in the range [—(N —1)/2, (N —1)/2].

It will be simpler to work in momentum space. This is also the latticed torus, like position
space, with the components of the wave vector n = (n1, ny) taking integer values in the range
[—(N —1)/2,(N —1)/2]. The Fourier transform of the vorton fields is thus defined as

1 nex 1 n-x
P(x)= —— Y Peir ot (x) = of et 1
(X) (271_7_)2 ; ’ (X) (27_[_7,)2 — n® ) (6 )

where the sum runs over the above mentioned range of n.>* Notice that, consistently with
the above, the momentum modes ®" and ®}, are invariant under the shift n ~ n + (N,0),
n ~ n+ (0, N). Like for the space coordinates, also the physical momentum p = %n, has then
entries p’ taking discrete values in the range p' € [-(N —1)/2r,(N —1)/2r] ~ [~7/a, 7 /a).

The lattice version of the canonical commutation relations (5.10) is
(@™, @] = (277)%0%". (6.3)

All we have to do then is to write a lattice Hamiltonian that reduces to (5.11) in the limit
N — oo. To this aim note that (5.11) can be written purely in terms of the vorticity.
The obvious guess for the lattice Hamiltonian is simply

2/A2 _
H= 2 Z WnW_n , A=rA, (6.4)

34This normalization for the Fourier transform is convenient because in the continous limit one recovers the

" = 7(2]7\;2)2 Z¢(xz’)67in:{i — /d2m¢> e (6.2)

standard relation
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where the vorticity is obtained by discretizing w(x) = iV®T(x) A V& (x):
O(x) = iA1PT(x) Ag®(x) — iAx®T (%) A1 D(x). (6.5)

Here A is the lattice derivative, defined as

M) = =[x+ aig) — Dx—aig)] . i = {

Therefore in momentum space we obtain

G = gy 3 Phuyn® [sin (25 i (2032 —sin (222 i (2|

(6.7)
where w(x) and its Fourier transform wy, are related as in (6.1).
In the continuum limit, this expression reduces to
g N2y S (mAm)el,, o™ (6.8)
(2m)2rd &= mn

and the commutation relations of wy, reproduces the algebra (5.14) of SDif f(M,), which in
momentum space reads .
(W, Wim] = Tgm A) Wnim - (6.9)
There are however some issues with these expressions, in particular (6.5). At the technical
level, the issue is that the commutator [w(x),w(y)] can no longer be expressed in terms of the
vorticity itself at finite N,3> and reduces to the SDif f(M,) algebra only for N — co. This
in turn implies that the equation of motion for the vorticity operator depends explicitly on
the microscopic variables ®, ®f, unlike the continuum theory where Euler’s equation (2.31)
can be written purely in terms of w(x). Relatedly, but at the more conceptual level, the
lattice Hamiltonian (6.4) is not invariant under the action of all the charges (5.7). The shift
symmetry ® — ®+c, generated by {Q(1,0), Q(0,1)}, and the SL(2,R) subgroup, generated by
the charges {Q 2,0y, Q(0,2), @1,1)}, are the only surviving internal symmetries of the model.
In principle, we could work with the naive model described above. However, as we
discussed in sec. 4.5, the infinitely many conserved charges of the Clebsch theory ensure
the existence of the many stationary flows that characterize what we commonly mean by a
(classical) fluid. Therefore, already at the classical level, the naive model above, which only
possesses a finite symmetry group, may at most mimic the behaviour of a fluid for a finite
range of scales and times, which we expect to become larger and larger as we increase the
cutoff. While it would be interesting to quantify these considerations, in the present work we

35Mathematically (6.7) has the same structure (I)}:(PJF 17K as the Jordan-Schwinger realization of a Lie
algebra via harmonic oscillators shown in (A.10). For the algebra to close the structure constants Frjx should
satisfy the Jacobi identity, but the coefficient function in 6.7 fails this test. A similar remark already appeared
in [64].
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take a different approach. Below we construct a different lattice model, with infinitely many
conserved charges, that may be thought as deformations of the continuum ones (5.7).

To this aim, we use that the algebra of area-preserving diffeomorphism SDif f(M,) on
the torus can be seen as the limit N — oo of the SU(N) algebra [65]. The key insight of [4]
is that this mathematical fact can be used to define a different discretized model, where the
commutator algebra of the vorticity is closed and coincides with SU(N). It turns out that
this model is also invariant under the action of a modified version of the charges (5.7).

Let us briefly review the basic facts about SU(N) that are needed for our construction.
Like for the latticized model we shall focus on the case of odd N. For our purposes it is
convenient (in fact necessary) to work in the 't Hooft basis of the SU(N) algebra (see [64—
68]), in which the generators are labelled by a non-null vector n = (n, ny) with integer entries
in the range [—(N —1)/2, (N —1)/2]. Notice that this set consists indeed of N2 — 1 elements.
In the fundamental representation [68] the generators are N x N traceless matrices satisfying

nAm
Thlm=w 2 Thim, (6.10)
where w = e2™/N and
Tr(TnTm) = Nontm,o - (6.11)

The explicit form of the T}, can be found in the above mentioned papers, but is immaterial
for this discussion. What matters is (6.10), which implies the commutator is

[T, Ton] = 2isin (%n A m) Tatmm - (6.12)

Now, rescaling T, = 27T, /N and formally taking the limit N — oo we obtain [Ty, Tim] =
i(n A m)Tyym, which coincides with the SDif f(M,) algebra (5.14) (in momentum space).
In order to encompass also the zero mode of the field, we will actually need to extend the
't Hooft construction to U(N). That is simply accomplished by extending the 't Hooft basis
to include the identity matrix, with label n = (0,0), i.e. Top = 1y« . With this identification
in place, it is simple to check that eqgs. (6.10), (6.11) and (6.12) hold unchanged for U(N).
We can now leverage these results to formulate a discretized model suitable to our pur-
poses. First, starting from the canonically conjugated Fourier modes in (6.1), we build com-

plex matrices @;; and d);fj as
Dij =Y (Tn)i®",

I (6.13)
iy =D Ph(Tn)is
n

where the sums run over all the elements of U (V) including the U(1) factor, corresponding to
0-mode ®°. We then identify the vorticity with the, suitably normalized, SU(NN) charges*°

— a9 =

@n @y Tr(Ta[@, D). (6.14)

(2m)3r4

36Recall the Jordan-Schwinger construction and that, from 6.3, the {®", 'ID,T,} are a set of independent ladder
operators.
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where we used the cyclicity of the trace in the last step. (6.14) implies that wg = 0, cor-
responding to vorticity being a total derivative. By construction, @, generates the adjoint
SU(N) action on @ and ®@T:

¢ Xon non =i n nn — [yt (6.15)

with oy the SU(N) Lie parameter and U the corresponding SU(N) element in the funda-
mental representation. Notice that vorticity acts trivially on the SU(N) singlet zero-mode
®0. Using (6.12), we can write (6.14) explicitly as

k m

N ; . (6.16)
:Wz?sm (Nn/\m> D@
m

It also follows immediately that the commutator of the vorticity yields the SU(N) algebra

- i N . m -
[©On, Om] = 3 sin (Nn A m) Ontm - (6.17)
Eqgs. (6.16) and (6.17) reduce to the continuum expressions (6.9) for |n|, jm| < V/N.
This suggests to define a regulated Hamiltonian by simply making the replacement w — @

n (6.4): Ry
H = 2 Z /N On@—n - (6.18)

Indeed in order for the dynamics to approximate that of the perfect fluid we should also
choose F'(n) to have support in the range of n where the SU(N) algebra (6.17) approximates
the SDiff(M,) algebra, that is for |n| < N/2 < +/N/2. That way (6.18) reduces to the
continuum Hamiltonian (5.11) when acting on states with |n| < N. We then get back
the fluid Hamiltonian (5.11) in the limit N — oo for states with low momentum. When
restoring dimensional units, the wave number cut-off corresponds to a physical momentum
cut-off A = N /r. This construction corresponds to the SU(N) matrix model of [4]. It should
however be stressed that, even though the Hamiltonians expressed in term of the regulated
vorticity coincide in the two constructions, ref. [4] was based on the comoving formulation in
such a way that wy, was not represented in terms of vorton fields. The description in terms of
vorton variables was there obtained sort of inductively in a second step. Here we have instead
followed a deductive procedure, starting from the Clebsch formulation, which from the start
features the vorton variables.

In the next subsection we will study the spectrum of the model (6.18) in detail, while
below we comment on its symmetries. However, before doing that, we would like to remark
that the regulated vorticity (6.16) matches the continuum result (6.8) only for field configu-
rations that are smooth on lengths < O(\/N ) lattice spacing. Equivalently: when expressed
in position space, (6.16) is dominated by fields at relative lattice distances ranging up to
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O(v/'N). That is significantly more non-local than the naive discretization (6.7). In practice,
as already hinted above and as amply discussed in [4], the role of regulator length is played
by av/N. This makes the matrix model at hand quite peculiar compared to more standard
constructions where only fields separated by a few lattice steps are coupled.

Two facts determine the symmetries of the system: 1) the Hamiltonian (6.18) is purely a
function of the SU(N) generators, 2) the vorton matrices @, @ transform as SU(N) adjoints,
see (6.15). Tt then follows that any SU(N) singlet built out of ® and @ commutes with @y,
hence with the Hamiltonian. The singlets are now simply the traces of any product of ® and
®F. Like in sec. 5 we can pick a basis of normal ordered operators:

- 1 = =
Q(n,m) = (27.‘.7,)2n+2m72NTr (((DT)H((D)m)

1 0 T T kn Knim — Lk, Ak,
= G R CUNRE S LSS D | e

K. Ko gm i<j

(6.19)

where, in the second line, we used the properties of the t Hooft matrices. Note that the
elements @19y and Q(o,1) coincide with the field zero modes @B and ®°, that do not appear
in the Hamiltonian and thus trivially commute with it. For N — oo we can, at least naively,

take w = €2™/N — 1 finding that the lattice charges reduce to those of the continuum theory
shown in (5.7):
Qunm) = Q) = Gy 2n+2m N Z Do ( Dgp e Py, B P )

+Kntm (6.20)
= / dx(qﬂ(x))"qu) :

Stating things more precisely: Q(n,m) reduces to the continuum result (5.7) if we formally
restrict the sum to momenta n < /N, and therefore by considering matrix elements of
Q(mm) over states supported on such low momentum range. The exact expression of Q(mm)
is however different since the sum in (6.19) includes large momenta. One can verify directly
that, also at finite N, that H is unaffected by the transformations generated by Q(mm) :

" =™ + (277)° Tr((T-n)ij0g1 Quumy) = ®™ + (277)?0g1 Q) »
Ji n

- ~ (6.21)
<I>I1 —><I>1L1 — (QWT)QTr((Tn)ijaéjiQ(mm)) = <I>L — (27rr)26¢,nQ(n’m) .

This discussion holds unchanged at the quantum and at the classical level. The invariance
under the charges (6.19) is what makes the Hamiltonian (6.18) technically natural.

Rather embarassingly, we have been unable to identify the symmetry group generated by
the Q(mm), either at the classical or at the quantum level. Let us explain the issue, starting
from the simplest case: the SU(2) matrix model. Note that this limiting case is equivalent
to a different formulation of the rigid body as we explain in app A.

For N = 2, neglecting the zero modes that are anyhow decoupled, there are three inde-
pendent traces: Tr(®?), Tr((®)2) and Tr(®®T). Their algebra closes and coincides with the

— 41 —



SL(2,R) algebra. Thanks to the properties of Pauli matrices, all other traces with higher
power of the fields can be decomposed into product of these SL(2, R) generators, and therefore
do not generate independent transformations and do not form a group when exponentiated.
The algebra generated by the higher traces, and more in general the algebra generated by the
products of some symmetry charges, is the universal enveloping algebra (see e.g. [69]).

For N > 2 there are N? — 1 independent traces. These always include the SL(2,R)
generators, but also traces with higher powers of the fields. For instance, for N = 3 for
the 5 additional generators we could take Tr(®3), Tr((®1)3), Tr(®Td2), Tr((OT)2d) and
Tr((®T)2®2). The Poisson brackets (or the commutator) between an operator with n fields
and one with m fields result into an object with n + m — 2 fundamental fields (unless it
vanishes). Therefore it is clear that any algebra generated by a finite number of traces
with n > 2 fields is not closed. It might perhaps be possible to construct a closed algebra
considering non-polynomial functions of the fields, but we were not able to achieve that.

6.2 Spectrum of the matrix model

In view of the infinite symmetry identified in the previous section we expect the spectrum
of our system to feature severe degeneracies. As the conserved charges (6.19) come in all
powers of the ladder operators @L, ®" the degeneracies will be among states with different
vorton number. We will still organize our discussion starting from the states with fixed vorton
number.

In order to proceed, it is convenient to normal order the Hamiltonian:

oy e 3 FE s ()

m##0

2N? F(n®/N?
3 F(n®/N7)

* (27r)8pm n?

(6.22)

D WnW_n : .

We can now work out the spectrum starting from the Fock vacuum, which satisfies ™|0) = 0
Vn and which obviously has vanishing energy. Consider then the action of the conserved
charges (6.19) on |0). While the vast majority of them annihilates the vacuum, the subset
Q(n,O) Vn, acts non-trivially producing multivorton states that are exactly degenerate with
the vacuum. Notice that for n > N the @, ) are not independent and can be written in
terms of products of the Q(, o) with n < N. We thus conclude that the set of independent
states with zero energy is given by

n=N

I @uo)™0),  aneN. (6.23)

n=1
The infinity of this degeneracy is associated to the non-compactness of the symmetry algebra,
which already for N = 2 coincides with SL(2, R). The existence of an infinite degeneracy
of ground states at finite volume sets our system apart from ordinary systems with internal
global symmetry which at finite volume normally have a single vacuum, albeit with level
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splittings controlled by the inverse power of the volume. However, in practice, this property
may not be an issue once one takes the infinite volume limit. On the one hand, the charges are
not local operators, so that all these states sit outside the Hilbert space that is constructed
by the algebra of local observables. On the other hand, we can always consider, as it is
standard in ordinary condensed matter systems, the presence of symmetry breaking effects
at the boundary, which fully lifts the degeneracy. In particular the zero vorton state |0) may
result as the true and unique ground state. But of course, even if the degeneracy of vacua does
not survive the infinite volume limit, the existence of the symmetry still has consequences,
encapsulated by Goldstone’s theorem, as we shall see below.

Consider now the generic single vorton state |n) = o, |0). One easily sees it is an
eigenstate of the Hamiltonian with energy

2 2 /N2
o= e £ P ()
V2 e V202 2.2 V4 12 (6.24)
o (5] - 652 o)
27r)4pm, N2 1672 py, N2 A2
where in the second line we expanded for n| < N < +/N and used that F is supported at
m < N, while C is an O(1) parameter that depends on the precise form of F. We see that
for N — oo, with N fixed we recover the result (5.19). On the other hand if we keep the ratio
N/ VN fixed we recover the same continuum theory up to higher derivative terms controlled
by A.
Sticking to the finite NV case, we recall that <I>I1 decomposes as the SU(N) singlet, <I>(T),
and adjoint @L 2o+ The state <I>J(r)|0) is degenerate with the vacuum and coincides with special

case Q(1,0)|O> in the class of (6.23). Focussing instead on the genuine vorton adjoint states
@L 7éO]O), we can again, like for the vacuum, construct an infinite class of states with precisely
the same energy. The charges that serve that purpose are the Q(m,l) with m > 2. Notice,
as before that for m > N the Q)(,, 1) are not independent and can be written in terms of
products of one (), 1) and in principle several Q, oy all with n and k; less or equal to N.
Very much like for (6.23) the set of states that are exactly degenerate with a single vorton
are given by

1

mm%@f)w ,  2<qg<N (6.25)

l2,m) = Qg1 PhI0) =
together with those obtained by acting with products of Q(n,()) (where in the last equality
we have used the definition of the charges and the commutation relations). There is however
a crucial difference between the states in (6.25) and those obtained by further action of the
Q(mo). As we shall momentarily show explicitly (for the case ¢ = 2) the former class of states
is associated with the action of a local operator on the vacuum. Stated equivalently, it is
obtained by acting with an unbroken charge, Q(ml), on a single particle state, which is itself
associated with the action of a local operator. Instead the @, ) that generate all the other
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states correspond to integrals with weight 1 over the whole volume, see (6.20), and thus map
to non-local operators in the infinite volume limit. These other states are obviously associated
with the degenerate vacua we already mentioned before and are therefore outside the Hilbert
space at infinite volume.

We can now check that the states (6.25) not only correspond to the action of local
operators but they also map, at infinite IV, to the degenerate multi vorton states we found
already in the continuum. We work out explicitly the case ¢ = 2, but one can easily extend
the result to arbitrary ¢g. One finds

1 T
|2,n) = @2 Z cos (Nm A n) @L/2+m®L/2_m |0) , (6.26)

which, by taking the naive N — oo limit and by setting the cosine to 1, matches precisely the
continuum state [ d?x eP*(®7(x))2|0) upon identifying p = n/r. Notice, however, that the
full expression of the wave-function at finite N also includes contributions from single-particle
modes with large momentum, and is thus UV sensitive. The difference with the continuum
is due to the modified form of the charges.

We can continue the procedure by considering the general class of two vorton states
ARG |0). Given Q(l,o) = Pg, the states (<I>I,)2|O> and @I,CI)L¢O|O> correspond to the previously
encountered degenerate vacuum and single vorton state on top of a degenerate vacuum. The
remaining case of n,m # 0, corresponds to the tensor product Adj ® Adj which, taking
into account the Bose symmetry of vortons, decomposes into 1 & Adj + R @ Ra, with R
SU(N) irreps of size ~ N? (see discussion in ref. [4]). Again the singlet is a degenate vacuum
associated with the action of Q(z,o) while the adjoint is the state in (6.26). The remaining
R 2 genuinely correspond to two vorton states once the infinite volume limit is taken. The
Hamiltonian is not trivially diagonalized on these states and time evolution is more effectively
described in terms of an S-matrix. Equivalent states, and identical scattering amplitudes in
the infinite volume limit, can here be obtained by acting on these states with the conserved
charges Q(q,l). However a detailed description does not seem enlightening at this point.

6.3 Connection with the comoving coordinates

As emphasized before, the energy spectrum of the theory is determined by the algebra of
the vorticity, irrespectively of its realization in terms of microscopic fields. This gives us the
opportunity to relate our discussion to the comoving coordinates’ description of the fluid.
This is possible because the Hamiltonian’s building block is the vorticity (see (6.4)), and
the spectrum of the theory ultimately relies on the commutation relations (5.14) and follows
directly from group theory as was described in [4]. The realization of the vorticity in terms
of the fields ®, ® makes the analysis of the spectrum simple as we detailed in the previous
sec.s, but it is not necessary. A different, perhaps less intuitive, realization instead gives us
the comoving fluid, which differs from the Clebsch formulation only in the degeneracy of the
eigenstates.
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The story was developed in [4] and roughly goes as follow. As emphasized in Part I of this
work the main difference between the Clebsch and the comoving formulation is that in the
latter the internal symmetry group SDif f(M,) (working again on a torus for simplicity) is
spontaneously broken to the trivial group. When dealing with a mechanical system describing
the (classical) spontaneous breaking G — () for some internal symmetry group G, the Peter-
Weyl theorem dictates the structure of the Hilbert space of the theory.

More in detail, the comoving coordinate formulation describes a mechanical system where
the fields ¢;(z), i = 1,2 describe an area preserving map of the torus 72 onto itself.3” The
physical configurations of this mechanical system therefore span the SDif f(T?) manifold.
This also means that there are two ways to act with the SDiff(T?) group, either on the
physical coordinates x (the right action) or on the comoving coordinates ¢ (the left action).
While the left action is a symmetry as explained in sec. 3, the right action is not: it just spans
the manifold of possible configurations — as the action (3.18) makes clear. The Hamiltonian
is purely a function of the right charges, which in this case coincide with the vorticity. This is
analogous to the rotating rigid body, and more in general to any mechanical system describing
a coset G — () — the Lie algebra of the symmetry group G (left action) is isomorphic the algebra
of the right charges, i.e. the conjugated momenta in terms of which the Hamiltonian reads
as a simple quadratic form.

Resorting to the SU(N) regularization (6.17) of the vorticity algebra, corresponds to
replacing the fluid with a mechanical model whose configuration space coincides with the
SU(N) group manifold. Indeed it more precisely corresponds to a system on SU(N)/Zy.
That is because on the SU(N) group manifold (discrete) translations only commute modulo
the action of the center Zy [4]. A proper realization of translations is therefore obtained by
working on SU(N)/Zy. In this situation, the Hilbert space takes the structure dictated by
the Peter-Weyl theorem and it decomposes into the direct sum of blocks of the form (r,r)
where r is any representation of SU(N)/Zy. The latter consists of the subset of SU(N)
representations that can be written as tensor products of multiple adjoints. In particular the
fundamental and antifundamental representations are barred. Thus each (r,7) block consists
of d? states, each with a d,degeneracy. The ground state is unique, while vorton states
naturally correspond to the adjoint, and are N? — 1 times degenerate. In the continuum
limit we thus recover an infinite vorton degeneracy. Notice though that the Hilbert space
of the comoving fluid is not a Fock space. Moreover at finite N the degeneracies of the two
discretized models do not match.

Thus, while it appears in a different form, the infinite degeneracy of the vortons is a
property of both the comoving and the Clebsch description, and thus seems a robust feature of
the quantum perfect fluid. We will find that this remains true also in the different formulations
that we will consider in sec. 7.

Note that, instead, the ground state is drastically different in the two formulations,

37 Again, we decide to work in finite volume with periodic boundary condition for simplicity and to be able
to implement the SU(N) regularization.
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and perhaps surprisingly, it’s unique only in the comoving formulation, despite the sponta-
neous symmetry breaking in the classical theory. This is analogous to Coleman’s mechanism
preventing spontaneous symmetry breaking in relativistic two-dimensional models, and was
anticipated in [1]. We also comment that the fact that the Clebsch and the comoving fluid
have a different structure of the vacuum, but admit similarly degenerate vorton states in
the continuum limit, is qualitatively similar to the discussion at the end of sec. 4.1 and in
app. 4.3. There we argue that for fluid flows with nowhere vanishing vorticity the comoving
coordinates and the Clebsch fields are completely equivalent, while they are not around the
static flow (even if they yield the same equations for the fluid density and velocity).

7 More quantum fluids

7.1 Fermionic vortons in 2d

The Hamiltonian of the incompressible quantum fluid is simply a function of the vorticity
w(x). Thus any realization of the vorticity algebra in terms of fundamental fields yields the
same energy spectrum, if not the same multiplet degeneracies.

An interesting possibility suggested in [4] is to write the vorticity in terms of fermionic
degrees of freedom. In this section we will consider such fermionic vorton theory. We will
show in particular that the fermionic model possesses as well an infinite set of symmetries,
though the charges have a more intricate structure than in the bosonic model. The SU(N)
regularization introduced in the previous section will play a key role in their understanding.

The Hamiltonian keeps the same structure as before

H = / d2p Fip 2/A2)w i (7.1)

PT—P

where the f index means that we replace the charges wp with

[ d2k
w{,:z/@ E S(P AK)Y! Uk (7.2)

Here ¥ and w;r, are quantum fields obeying the anticommutation relations
W, vil = (2m)°8%*(p — k). (7.3)
It is straightforward to check that the operators w{; still satisfy the SDif f(M,) algebra3®

[wh, wl] = i(p A K)w] (7.4)

“btk

Note that this model cannot arise from a canonical relativistic fluid Lagrangian like those
considered in part I of this work, but it nonetheless provides a nontrivial, purely quantum-
mechanical, realization of the Hamiltonian of the perfect incompressible fluid.

3 As emphasized in [4], both the expression wp =i [ -2 271')2 (pA k)¢T+k¢ and (7.2) can be seen as different
Jordan-Schwinger representations of the area preserving diffeomorphism algebra, using the adjoint represen-
tation. This is made clear in the SU(NN) matrix model [4].
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In light of our considerations, the spectrum of the theory is unchanged. It is indeed
simple to verify that single-particle states ¢I,|O) have the vorton dispersion relation (5.19).

It is less trivial to understand the symmetry of the Hamiltonian, and hence the degeneracy
of the fermionic vorton states. Indeed, as in the bosonic case, canonical transformations of

1/}('%)?

() = (z) + (@), / Py f ()0 ()]
(7.5)

(@) = ¥(@) + W (@), / Py f (). ()]

leave the charges w/(x) invariant. However, the most general function of the Grassmanian
variables is f = 1 + at) + a*¢T + bpT1p, where a is Grassmanian parameter. The (super-
)symmetry generated by these charges corresponds to shifts by a Grassmanian parameter and
to U(1) particle-number. That amounts to a finite number of parameters, in stark contrast
to the infinity of the corresponding symmetry in the bosonic case.

The above result is surprising, as it would appear that the goal of constraining the action
to the very specific form of vorton QFT, is achieved in the fermionic case with much less
symmetry than in the bosonic case. The story is however not complete. Indeed, unlike the
bosonic theory, the fermionic theory possesses symmetry transformations involving deriva-
tives. That is more easily seen in the SU(N) regulated theory, which is defined by simply
replacing the vorton fields of sec. 6.1 with their fermionic counterparts. The matrix model
formulation allows for a systematic construction of all the charges.

As in the bosonic case, the Hamiltonian is built out of a representation of the U(N)

generators by fermionic bilinears
- . N 7
ol =i Em —sin (Nn A m) ¢In+n¢m. (7.6)

The field ¢, decomposes into the SU(N) single zero mode 1o and and SU(N) adjoint t)yng.
As in the bosonic case, the symmetries of the Hamiltonian are obtained considering all the
SU(N) singlets. It is convenient to revert to the matrix notation:

Wiy = (Tu)ijd)"

" (7.7)
Wl =Y ol (1)

Under a finite U(N) transformation U = exp (z Yon oz“o?n) generated by exponentiating the
action of the discretized vorticity W transforms as

U — UwUt (7.8)

The singlets are then simply given by the trace of any product of the matrices ¥ and
Ut However, due to the anticommuting nature of the fields, some of the traces vanishes.
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For instance, at the quadratic level we find Tr [U?] = Tr [(¥1)?] = 0, and thus the SL(2,R)
symmetry present in the bosonic theory is reduced to the U(1) symmetry generated by

Tr[wiw] = ek, (7.9)

as we found directly in the continuum. However traces with a higher number of fields are
generically non-vanishing and may be written using the SU(N) commutator3®. At cubic order
we find

Te(¥3) — he. = fame™ ™% — h.c.,

7.10
Tr(20) — hee = famit™ 0™y — hec. (7.10)

where fmk are the structure constants of SU(N). In the N — oo limit, they can be rewritten
in position space as

/d2xeijc{9ﬂ/1(x)ajw(x)¢(x) —h.c., and /d2xsijai¢(x)8jz/1(x)1/ﬂ(x) — h.c. (7.11)

Contrary to the bosonic case, these tranformations involve derivatives of the fields, but they
are nonetheless local.

Consider now invariants that involve only powers of ¥T. In a normal ordered basis these
are the only conserved charges that act non-trivially on the Fock vacuum |0). They control
the degeneracy of the ground state and the occurrence of gapless modes. The results below
should be compared to the bosonic case where there is an infinite number of such charges
acting non-trivially on the vacuum.

First, using the cyclicity of the trace, it is easy to see that

Tr((wh") = (=" I ((eh"), (7.12)

such that only traces with an odd number of fermions are non-vanishing. This is interesting
as it implies that the gapless vortons should all be fermionic. Now we know that at finite NV,

Tt(Ty .. T, ) = w3 20 WA NG~ g (7.13)

If we take the limit N — oo, this naively becomes Tr(Ty,...Th,) = (1/Na?)(2m)?6%(>", ki)
with k; = n;/r. This is what we used in the bosonic vorton theory to argue that the
charges (6.19) reduce to their continuum counterpart (5.7).

However, in the fermionic model, only the fully antisymmetric combination of all the
permutations survives. More explicitly, we have

(") =yl ol Te(T, . T,
oc ¥l bl Te(Th, - The,)

39As in the bosonic case, the zero mode single component o is dealt with trivially, so our focus is on the

(7.14)

adjoint component, which is also the one with implications at infinite volume.
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1 .
Therefore in order to obtain a non vanishing result we must expand the prefactor w2 2=i<i %/\%

in (7.13) to high enough powers of momentum to produce an antisymmetric combination.
Following this program, we obtain the following charges with respectively 3, 5, 7 and 9

fermions in the continuum theory:
Qo = [ dxvi() - 001608, (x)
Q) = [ dx 0,01 ()0, (x) - 0201 (x)0,0,01 ()92 ()
Qe = [ dxvi () 0,01 ()21 (x) - 0201 (x)020,01 (309,951 ()01 ()

Qo) = / 0 O ()T () - 021 ()20 Dy () 02451 (30)

x 031 (x) 020,01 (%) 0,004 (x) 00T (x) .
(7.15)

Note that these are all scalars under rotations due to the Grassmanian nature of the fields.
Proceeding, one can find a similar symmetry charge for each odd number of fields.

We stress that, as in the bosonic model, there is at most one charge made out of n
creation operators, both in the SU (V) regulated theory and in the continuum one. The only
difference is that, for fermions, in the limit N — oo we cannot simply replace w — 1 as we
did in the previous section, since the leading term in the expansion in powers of momentum
always vanishes (but for Q(l,o))- Therefore, in the continuum bosonic vorton theory there are
no symmetry charges involving derivatives and, similarly, in the fermionic continuum theory
there are no additional charges made out of 3,5,7,9 powers of ¥ and more derivatives than
those given in (7.15).

Using these charges we therefore conclude that both the ground-state of the fluid at finite
volume, and the vortons, are infinitely degenerate. The only significant difference compared
to the bosonic Clebsch formulation is that the vorton states are now fermionic.

7.2 The perfect quantum fluid in 3d

Another technical advantage of the Clebsch formulation over the comoving one is that it
allows to straightforwardly generalize the analysis of sec. 5 to the 3d case, as we now discuss.
Let us start from the action (4.36) in the incompressible limit. Upon canonically normal-
izing the fields, the action reads
Lo =idTd — Q;m (siﬂ'kajqﬂa@) % (s“malcbfamcp) . (7.16)
Like in the 2d case, the action is invariant under the SDif f(Mg) group, generated by the
3d analogue of (5.5).
The analysis of the quantum theory is almost identical to the two dimensional case. The

canonical commutation relations are

2(x),2'(y)| = *(x—y). (7.17)
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so that ® and ® act again as, respectively, annihilation and creation operators of a non-
relativistic field theory. Introducing a regulator function as in (5.11), the Hamiltonian reads

F (—V?/A?)

H=— / d'z (70,01 00) ——]

o (giﬂfajcbfakcb) . (7.18)

As in sec. 5, we resolve the ordering ambiguities by demanding that the Hamiltonian is
written purely in terms of the vorticity w® = ig*g# kﬁjq)T@kCI), and thus commutes with the
charges (5.7). Therefore, upon normal ordering the fields, we obtain again that single-particle
states have a quadratic dispersion relation

A3F(0)
Nl
Wp . P, (7.19)

where F' is defined in full analogy to (5.18). Invariance under the charges (5.7) further
implies that the dispersion relation (7.19) is also satisfied by infinitely many degenerate
“bound-states”, one for each number of vortons n > 1. The particles forming such bound
state have completely overlapping wave-functions (in the continuum). The existence of these
gapless states is associated to the spontaneous breaking of the symmetry.

Because of the equivalence of the Hamiltonians between the Clebsch and the comoving
formulation, the vorton states (7.19) are the only light states of the incompressible fluid also
in the comoving formulation. We did not study that case in detail, but we expect that the

40 and

comoving three-dimensional fluid admits a unique ground state as in two dimensions,
that the vortons are again infinitely degenerate. Note, however, that the symmetry group
SDif f(Mg) of the comoving fluid in three dimensions is larger than in two, and we do not
know how to construct a discretized lattice model that preserves this group, or a suitable

deformation of it.

7.3 Comparison with other works

We believe that the results of [4] and this work provide a complete assessment of the structure
of the perfect quantum fluid(s). The most physically relevant prediction is the existence of an
infinitely degenerate light state, the vorton. This state and its degeneracy were not predicted
before. Nonetheless, the question of how to quantize the perfect fluid has appeared in a
number of previous works. We compare our results to some of them below.

Some of the struggles to make sense of the perfect quantum fluid are reviewed in [26],
which mostly focuses on the Clebsch variables formulation. In the comoving formulation,
to the best of our knowledge, the question of how to make sense of the quantum perfect
fluid was first raised in [1]. There the authors identified the origin of the peculiar dispersion
relation of the transverse mode in the nonlinear action of the SDif f(M,) symmetry group,
as reviewed in sec. 3. As a first attempt at making sense of the quantum theory, the authors

40This is motivated by the discussion in [1], where it was argued that a mechanism analogous to Coleman’s
theorem forbids symmetry breaking in the quantum formulation of the comoving fluid.
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introduced a symmetry breaking term giving a sound speed cp to the transverse mode, thus
lifting the degeneracy implied by the classical dispersion relation wy = 0 and allowing for
the construction of a Fock space. It was found however that several physical observables,
including various cross sections, become singular in the limit ¢ — 0; more precisely, the
theory analyzed in [1] is arbitrarily strongly coupled at a scale which approaches zero in the
limit ¢z — 0. This is unsurprising in light of the analysis of [4], that we reviewed in sec. 6.3:
in the limit ¢ — 0 the Hilbert space is not a Fock space, but rather arranges in linear
representations of the symmetry group - the vortons’ being the only light states.

The question was then rivisited in [2]. There it was proposed that the comoving fluid EFT
should only be used to compute correlation functions of SDif f(M,,) invariant operators, such
as the density and velocity of the fluid. The authors computed a variety of such correlators
in the naive vacuum at one loop, finding, remarkably, that the EFT expansion remains valid
in the naively expected regime and that the UV divergences are consistently renormalized via
counterterms invariant under the symmetries.

We disagree with the proposal of [2]: we argued that the perfect quantum fluid admits
states that are charged under the symmetry group, the vortons. The EFT can also be used to
compute observables with these states in the external legs, such as their scattering amplitude
as considered in [4], not just correlation functions of invariant operators. Nonetheless, the
fact that the vorton states are charged under the symmetry group implies that their number
is conserved, and therefore they are never created acting on the vacuum with invariant oper-
ators. In other words, due to the non-relativistic nature of the vortons it is possible to work
consistently in the zero vorton sector of the theory, in which they can be ignored and the
fluid’s dynamics is essentially equivalent to that of a standard superfluid. We believe that is
the reason why the authors of [2] did not find any issues with strong coupling nor hints of
the existence of vorton states in their explicit calculations. One plausible interpretation of
the calculations in [2] is that they describe correlators on the ground state of the transverse
variables, where all effects of vorticity are absent and all that remains is the compressional
mode. On such a state the fluid is equivalent to a superfluid.

More recently, [53] studied the two-dimensional perfect quantum fluid using the Clebsch
description. However, the regime of interest of the analysis of [53] is very different from our
focus: the author studied flows with large and everywhere nonvanishing vorticity w, physically
describing a superfluid bucket with many pointlike vortices moving around chaotically. In that
regime the transverse mode dispersion relation is non-degenerate already at the classical level,
w(k) # 0, and thus there is no conceptual subtlety in describing the quantum theory.*! The
main result of [53] is that quantum effects are responsible for a higher derivative correction

41T make this concrete one can consider a stationary regime, where the time evolution of the comoving fields
consists of a SDiff(M,) transformation as in (4.37): ¢’ = f(¢) with 97’ = 0 in terms of the comoving
fields. As emphasized in sec. 4.5, the fact that the unbroken time translation Heyy = H + @y involves a
linear combination of the generators of a non linearly realized non-Abelian internal symmetry, implies that the
associated Goldstone bosons have a non-vanishing gap fully controlled by the algebra [58-61]. More explicitly,
considering a Goldstone fluctuation ¢! 4+ 7 with 7% (z) = ¢’ (p(z)) an infinitesimal SDif f(M,,), one has that
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of the form x (Vlogw)? in the Hamiltonian (5.11) of the incompressible fluid, which may
otherwise be treated classically. Note that this term indeed makes sense only for macroscopic
vorticity w # 0.

8 An attempt at a physical realization: 2d positronium

We have seen that the quantum perfect fluid displays highly unusual features, including
UV/IR mixing and an infinitely degenerate spectrum. While these properties make the system
at hand non-trivial and interesting from a theoretical point of view, it is unclear if and how
the quantum perfect fluid may be realized experimentally.

Perhaps, a less ambitious goal is to forget about the infinite degeneracy discussed in sec. 5
and just ask the following question: can we construct a system possessing asymptotic states
with the same dispersion relation and scattering amplitude as the vortons?

The most obvious way to tentatively realize the vorton theory is through the dual elec-
tromagnetic description of the perfect fluid discussed in section 4.4. In that formulation the
fluid at rest corresponds to a homogeneous background magnetic field B (see (4.27)) while
vorticity corresponds to electric charge density (see (4.34)). Furthermore, as discussed in
section 5.2, the vortons here correspond to neutral particles carrying a momentum dependent
electric dipole d* = —e¥p’/ V/Pm- Intuitively, the latter properties are matched by bound
states of oppositely charged particles in 2+1 QED when considering the effect of the homo-
geneous magnetic field. Indeed such a neutral bound state, when moving with velocity v,
will experience, in its rest frame, an electric field B! = —eYv/ B o« —€p?. That will cause
the creation of an electric dipole precisely analogous to that of the vorton.

In this section we shall make this analogy more precise by studying the simplest case,
where the role of the vorton is played by a particle anti-particle bound state, the 241 QED
analogue of positronium.

As we shall see the analogy works only up to a point. When considering scattering at
low momentum we do find that the non-local part of the amplitude, associated with the
long range nature of the electromagnetic interaction, nicely matches the result of the vorton
theory. However this case also features hard contact terms in the amplitude, which arise from
distances of the order of the Bohr radius. These effects are not present in our vorton theory.
This mismatch is perhaps not so surprising given that 24+1 QED does not seem to possess the
infinite symmetry of the quantum fluid. In that view one could perhaps say that our attempt
here is useless. We nonetheless have considered it worth of a discussion, because it sort of
concretely illustrates how special the vorton system is compared to an ordinary QFT.

the gap is controlled by the equation

D' =6.8" =658 = floset — o ft = {16}, (7.20)

upon suitable diagonalization of the Lie product.
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8.1 Hamiltonian description for positronium

Let us consider two non-relativistic particles of mass m and opposite electric charge e in

(2 + 1)-electrodynamics. As we are in two spatial dimension, the electric coupling e has mass

dimension % and the magnetic field is a scalar. Indicating by ri,ro and pi, p2 the particle

positions and canonical momenta, the Hamiltonian reads

o teAr) | Go oA 2, (Inmmi),

Hpositronium = (8 1)

+
2m 2m 2 ag

The constant ag only induces a constant shift in the energy and thus it is not physical. We
can fix it to coincide with the Bohr radius ag = (2me2)_%. Choosing the symmetric gauge,
the (magnetic) background gauge field is

Ai(x) = —%Beijrj . (8.2)

It is convenient to work in the center of mass frame, with X = % and X = ry —rs, and
similarly for the momenta. Because of the presence of the magnetic field, the center of mass
coordinate and the relative one do not decouple, so that the Hamiltonian depends explicitly
on X. To remedy this state of affairs we make a change of canonical momenta

pl=p+ gBeUXf , Pl=pi_ gBeijaﬂ' , (8.3)
which preserves the canonical commutation relations:
[, '] = [X", '] = ihs¥ (8:4)

with all the other commutators vanishing. The Hamiltonian now reads,

1 2 2 1 x| x2  _xAP
Hpositranium = % <P + 2P + Fa% IOg <GO + % -2 7“% ) (85)

with 7, = (eB)~'/? the Landau radius. The Hamiltonian does not depend anymore on X,
but the kinetic energy of the center of mass mixes P’ and x.

The dynamics strongly depends on the relative size of ag and r;. In the regime where
ag > 11, magnetic effects dominate: the spectrum is approximately given by the Landau
levels of the individual particles, while their mutual Coulombic attraction is just a small
perturbation. In this regime there is nothing resembling a vorton state. We will thus focus
on the case ap < rp. Here the Coulomb potential gives a dominant contribution and the
resulting bound states can plausibly be interpreted as vortons. Indeed that is clearly the
case for ag < rr, where magnetic effects can be treated as a perturbation on the lowest lying
positronium states for which the wave function is localized in a region where z < ag (see (8.5)).
In what follows we shall assume that ag is comparable to, but sufficiently smaller than, rp,
for the lowest level to resemble a bound positronium. The case of a single scale ag ~ r, also
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makes for a straightforward matching with the vorton theory which is also characterized by
a single length scale 1/A.

As the Hamiltonian commutes with P/, we can label the eigenstates by the continuous
P’ and by the discrete levels associated with the relative motion, i.e. with p’ and x. After
having constructed such eigenstates we will be considering positronium scattering in the low
momentum regime, which corresponds to the regime of momenta below A in the vorton EFT.
We will thus focus on |P’| < 7', ay'. In this limit, the dipole term V; = —x A P’/(mr?)
can be treated as a small perturbation. In first approximation, neglecting Vj, the potential
is spherically symmetric, which is best studied by going to polar coordinates (r,6) and by
expanding the wave-function in angular harmonics

Y@, X) =P XN " ihin(x),  with gy, (x) = " fr(r/ao) . (8.6)

l,n

1
apV 2w

with [ the angular momentum and n the orbital quantum number. At P’ = 0 the Schrodinger
equation for the angular momentum eigenstates then reads

1 9> 10 1, 1 r 172
m [— (87‘2 + r@'r’) + rjl + mz%ln() + 4744L] fni(r/ao) = €n 1 fni(r/ao), (8.7)

ao
where the eigenvalues can be written as
2

_ _ 22
€n,l = men’l (y> =€ €n) (y)

: (8.8)

<
I
S|s

with €,,; dimensionless functions of y = 71 /ay.

Because of the logarithmic term, the Schrodinger equation can only be solved numerically.
However, as our considerations will not depend on the exact values of the ¢;, we will spare the
reader the details of the numerical analysis. The main feature of the spectrum in the regime
of interest (y > 1), is the O(e?) ~ 1/ma? separation between the lowest levels.

Let us now consider the case of small but finite P’. For that purpose we write the
Hamiltonian as Hpositronium = Ho + Vg and treat Vg as a perturbation. In each subspace
at fixed P’, the effect of V; is the same as that of an external electric field E; o ¢€;;P’;
coupled to the atomic electric dipole: its lowest order effect is to mix states that differ by
one unit of angular momentum. By inspecting (8.5) one straightforwardly concludes that
the perturbative expansion is controlled for |P’|ag/y? < 1. We will restrict our study to the
groundstate n = 0,1 = 0. At first order in the perturbation, the ground state becomes

Wpr) = [noim0) + 3 & Wna1) + > ™) onae 1) (8.9)
where the coefficients an) and c(_nl) are given by
) (Un+1|Va|vo,0) 1 2 ply (1)
M = - (P24iP : 8.10
£l €0,0 — €n,1 2 (€00 — 6n,1)( IXeio (8.10)
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Here we defined

B T r .
X(inl),o = /dTTan,:tl () Jo,0 <> = CLSX(Q),oa (8.11)
ago an
where )Zl(?,) = O(1) for arbitrary y = 1. We checked numerically that the sum over n converges,

so that perturbation theory works as expected.
The energy of the ground state is only affected at second order in Vy, and at that order
reads

ye=m

. P/2 a2 P/4
EP/ = 6260(y) + C(y)% + O <g 5 (812)

where the coefficient of the kinetic energy is

= 1+—4Z . (8.13)

6nl _500)

The dipole moment arises instead at first order and is expectedly o €%/ 2B

= e (Yp/| X' [pr)
_ Z a |X1 0|2 EijP/j + ) ( 3 P,3> (814)
vVmy?(éo0 — én,1) yoy/m

We can now compare our findings to the vorton EFT. First of all we note that the
dispersion relation (8.12) involves a O(P) term, which is instead absent in the gapless
result (5.19) of the vorton. However this is not a significant difference; indeed, because of the
non-relativistic nature of the fluid theory in the incompressible limit, we may always perform
a field redefinition ® — e~ ® in the action (4.35) and obtain a gapped dispersion relation.*
Up to this subtlety, we obtain for small P’ a quadratic dispersion relation like for the vorton.

The dispersion relations are then matched for

m = 2¢(y) (F(%;LA2> f{; . (8.15)

Similarly, (8.14) matches the vorton result in (5.23) provided we make the identification

my’ K\ my
m — = = ~ — . 816
=20 (21 ? a2 (3:16)

€0,0 — €n,1

We stress that while in the vorton case the energy and the dipole are respectively
quadratic and linear in P’, in the case of positronium the result also involves higher powers
of P?(ag/y?)%. The absence of these corrections in the vorton theory is due to the exact
SDiff(Mg) symmetry. Therefore, even if these corrections are small at low momentum,

42More precisely, we obtain a gapped dispersion relation according to a different Hamiltonian which is a
linear combination of H and the unbroken U(1) charge Q(,1)-
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their presence in egs. (8.12) and (8.14) is a first indication of the difference between the
positronium system and the vorton model. On the other hand also the SU(N) completion of
the vorton model discussed in sec. 6 features higher derivative terms, in association with the
“deformation”, not the breaking, of the symmetry.

Now egs. (8.15) and (8.16) imply that the vorton QFT cut-off is matched by

n -2
F(0)ag \ 5~ (€00 — én,1)? ag’ '

Notice that y?/ag also coincides with the scale of P’ beyond which V; can no longer be
treated as a small perturbation. What expectedly happens in this regime is that the Lorentz
force pulls the electron and positron apart at distances larger that the Bohr radius, in such
a way that the state no longer resembles a bound positronium. This is in full analogy with
the behaviour of adjoint states of momentum p 2 A in the SU(N) regulated vorton theory
analyzed in detail in [4].

8.2 DPositronium scattering

After having matched the properties of single positronium and single vorton, let us now
consider 2 — 2 positronium scattering, focussing on the low momentum region p < y?/ag.
Indicating the position of the electron and positron of the two positronia respectively by
(x1,x2) and (y1,y2) the relevant Hamiltonian takes the form

H = Hpositronium,x + HpositTonium,y + Vvint (818)

where the first two terms consist of two copies of the two body Hamiltonian (8.5) while the
interaction terms is purely due to the residual Coulomb potential. The latter reads

Vint :ﬁlog <’X1 — yal*x2 — Y1’2>
" A x1 = y1[*x2 = ya|?
1 < 8ij (Vi — X5)(Y, - X;)
(

= PRSI -2
Yror \ (Y — X)2 (Y — X)4

(8.19)

— 7T($Z'j(52(X — Y)> de + ...

where in the second line, aiming at the low momentum regime, we have performed the mul-
tipole expansion at the lowest order with d, = e(x; — x2) and dy = e(y; — y2), and the
positronia centers of masses are X = (x; +x2)/2 and Y = (y1 +y2)/2. As Vi, decays at
large distances, the above split is suited to describe asymptotic states consisting of the bound
states of Hpositronium,x and Hpositronium,y-

While the full Hamiltonian H is valid for any configurations of the four charges, the
splitting of the six coulomb interaction terms into Hp,sitronium,x/y and Vipe is arbitrary. Tt
only becomes meaningful when considering scattering events where the asymptotic states are
the bound states (x1,x2) and (y1,y2). Of course, during the scattering, recombinations can
happen, so that the proper splitting of H may be different for incoming and outgoing states.

,56,



Keeping track of the relevant splitting, one can still employ the Lippman-Schwinger methodol-
ogy and compute scattering amplitudes in the Born-approximation, with minor modifications
of the procedure. The precise treatment can be found in chapter 16 of [70] for example.

For bound states of all distinguishable particles, each option for the asymptotic states
is described by a unique splitting of the type in (8.18). On the other hand, in the extreme
case of identical pairs of constituents with the same statistics, for which the bound states are
identical bosons, the asymptotic states are obviously symmetrized linear combinations of the
wave functions associated to 4 equivalent splittings. They thus take the form

Yp Py (21, 72,91, Y2) = \}1(¢PA($17$2)¢PB(?JLZU2) +p (Y1, 22)P (21, 42) (8.20)

+p, (1, y2)vp, (Y1, 22) + Ve, (Y1, y2) P, (21, 22))

where 1p(x1,X2) is the wavefunction for a single postronium as defined in equation 8.6.

The S-matrix <w§:’_C)PD ‘wg;)PB> amounts then to the sum of 16 terms, 8 with particle
recombination and 8 without. The 16 terms, and each subgroup of 8 amplitudes, can also
be grouped in pairs whose elements are related by a permutation of the initial, or final,
momenta. These elements correspond diagrammaticaly to the t- and the u-channel. The
amplitudes without recombination arise from both long- and short-range effects. On the
other hand, those with recombination are purely controlled by short range effects, i.e. by
the overlap of the incoming bound states over a region of the order of the Bohr radius. In
view of that, their contribution to the action is expected to be local, i.e. polynomial at low
momentum. Moreover these contributions cannot be dealt with in perturbation theory as
recombination is a genuinely non-perturbative effect. We will thus focus on the other class of
terms, whose long range part is under perturbative control, and can also stand out because
of its non-polynomial behaviour.

The computation of this class of terms, as one can easily see, works with the same splitting
(see (8.18)) for the in and out states, which simplifies the computation. Working in the Born
approximation, we get

(21)26% (P4 + P — P — Pp)Muap_cp =~ (p 0, | Vine [P ;0P ) (8.21)

where M s2p_,cp consists of the sum of a t-channel

a2 ~(n)2 2
Mipop = 2ag <zn: : [Xio'| )) ((PA /(\PIZCE(IP))?)/; PD)) +..., (8.22)

myt €0,0 — €n,1

and of a u-channel obtained from MY 5 .~ by exchanging C <+ D. The dots stand for
higher powers of momenta. This result matches precisely equation (5.24) with the identi-
fication (8.16), to leading order in the momentum. Notice also that while the amplitude
vanishes at zero momentum, compatibly with the weakness of the interaction and hence with
the applicability of the Born approximation, the individual amplitudes for the two chan-
nels are non local. Technically that means that, given that the non-perturbative and strong
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short distance contribution is purely local, the partial waves in each channel at arbitrarily
high angular-momentum are nicely dominated by this perturbative vorton-like contribution.
But, alas, summing the leading MY 5~ and MY%p5_, -, one somewhat magically obtains
a polynomial result

Mot _ a% Z |X

€0,0 — €n,1

| 2

2
)> (Pa—Pp)*—(Pc+Pp)*) +.... (8.23)

This means that in the context of indistinguishable particles of the same statistics, there is no
separation into long range and short range effects. Therefore, one should also include the ef-
fects from contact interactions, even at leading order. These effects come from a regime where
the comparison with the vorton theory breaks down and thus the positronium is not a good
realization of that theory. Notice however that if one considers distinguishable constituents
or constituents consisting of one pair of identical bosons and one pair of identical fermions, in
such a way that the bound states are fermions, the accidental cancellation disappears and a
non-local long range contribution survives. Needless to say, this surving contribution matches
perfectly the vorton result.*?

Nevertheless, in all cases, the vorton theory and the positronium differ from each other
because the latter feature contact non derivative terms. We have already argued that these
control the channels with recombination, but we would like here show more directly that such
contact terms arise also when going beyond the Born approximation in the channel without
recombination. In this case, the elastic correction to the t-channel is given by

IMap—cp = Wpe¥pp| Vine

EPA T EPB —H, Vint ‘wPA¢PB> . (8'24)
We can formally compute (8.24) by inserting a complete set of states in between the two
insertions of the interaction potential. This computation is represented pictorially in figure
1. Proceeding in this way, we see that in the resolution of the identity we also receive
contributions from states made of two positroniums with large relative momenta, and thus
we cannot resort to the expansion (8.19) to evaluate the corresponding matrix elements. The
contributions to the scattering amplitude (8.24) from the exchange of these states is not
suppressed by the small momentum of the external positroniums, and is thus more important
than the naive leading order result (8.22). For instance, in the limit P4 = Pp = Poc =Pp =
0, we find that the correction to the amplitude reads:

2 4 .
oM = / P I 16e /dxsin <P2X> bo(x)1s (%)

27‘( 22 60—EP) ].3'4
where P is the relative momentum of the intermediate state. Here 1¢y(x) = aml/ﬂ fo(|x|/ao)

4
(8.25)

is the wavefunction for a dipole with no momenta (8.6) while ¢p(x) is the wavefunction for

“3Note also that the scattering between vortons with different U(1) charges corresponds to the scattering of
distinguishable bosons, resulting in an amplitude that is genuinely nonlocal.
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a dipole with momenta P . The correction to the amplitude was computed using the exact
interaction potential, as the integral is dominated by momenta of order % such that the long
distance, small momenta approximation for the dipole wavefunctions and for the interaction is
not valid. Crucially, (8.25) is not vanishing, thus indicating a breakdown of the perturbative
expansion and the presence of a contact term in the amplitude.

Vint

|
+

Figure 1: Diagrammatic representation of the scattering amplitude of two positronium in
the t-channel up to second order in the Born approximation.

The estimate above shows explicitly, and somewhat expectedly, that the scattering am-
plitude for positronia contains contact terms, whose precise computation sits outside per-
turbation theory, and which start at zero powers of momentum. In an EFT description of
positronium these correspond to contact interactions like (®1)202, &1V, dT®V,® etc., which
are not present in the vorton theory. We can summarize our findings with the following
non-relativistic EF'T for positronium field ®,:

. : C ~
Epositrom'um = Z(I)}qu)p - 2 |V<I>p|2 - 6260|(I)P|2
m
. (8.26)

_V2

—2|<I>p\4+4;m (vejrva,) (vojAva,)+....
where all interactions are taken to be normal ordered, and where the dots stand for local
terms involving derivatives. As anticipated, despite the similar dipolar structure of the last
interaction term, the theory of positronium does not possess the same symmetries as the
vorton EFT (5.1). In particular, it includes a contact interaction \CDP\“, which is forbidden by
the Mg diffeomorphism symmetry in the vorton EFT.

Some comments are in order. As formerly noted, the dipole-dipole contribution to the
2-to-2 amplitude between identical scalar vortons is local, i.e. it contributes only to a finite
number of partial waves. One might wonder if it is possible to isolate a purely non-local
effect, that distinguishes the dipolar term from contact interactions, by looking at higher-
point amplitudes. However, we note that the quartic interaction %|<I>p]4 in 2 4+ 1 dimensions
is marginally irrelevant, and therefore induces a logarithmic running of both the dipolar
term and A itself. Such logarithmic terms are the dominant non-local contributions to all
the scattering amplitudes. Therefore, there is no amplitude or partial wave whose value is
dominated by the last term in (8.26) at low momentum.

As we alluded before, the situation is somewhat better for fermionic positronium states
(with no spin degrees of freedom). In that case, denoting with ¥, the fermionic field, the
leading contact interaction in the non-relativistic EFT involves two derivatives and is given
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by (\III,V\IJ;) (¥, VV¥,), due to the Grassmanian nature of the field. Therefore, for fermionic
positronium bound states there is no marginal coupling and the dipolar interaction contributes
to a non-local term in the 2-to-2 scattering amplitude. At low energies, the dipolar-interaction
yields the dominant contribution to partial waves with sufficiently large angular momentum
(I > 1), that are unaffected by the contact term.

We remark that the similarity between the fermionic vorton’s dispersion relation and
scattering amplitude and the corresponding quantities for positronium is accidental. In par-
ticular, also in the fermionic positronium system there is no emergent symmetry that can be
identified with the vorton’s SDif f(My) or one of its subgroups.

Of course, both in the bosonic and fermionic theory, we could cancel the leading contact
interactions by including additional short-range potentials in the microscopic model (8.5),
such as a Yukawa potential, and tuning their coefficients so as to cancel the quartic and
higher couplings of the low-energy EFT. The vorton theory (5.11) amounts to an infinite
number of tunings from this perspective.

9 Conclusion and Outlook

The results presented in ref. [4] and in this work affirmatively answers the question: does the
universality class of the quantum mechanical perfect fluid exist? As discussed, at the theoret-
ical level such universality class is well-defined, at least in its lattice regularized incarnation.
Its lowest energy excitations are described by a novel quasi-particle, the vorton.

Two different field theoretic descriptions of the perfect fluid have been previously dis-
cussed at the classical level in the literature, the comoving formalism (reviewed in section 3)
and the Clebsch formalism (sec. 4). Upon quantization, one observes in both descriptions the
vorton quasi-particles, although with subtle differences, in particular in the degeneracy of the
spectrum. Note that the Clebsch system appears to provide a more natural framework for
exploring potential realizations of the perfect quantum fluid. As discussed in sec. 8, vortons
have a natural physical interpretation within this picture. Furthermore, unlike in the comov-
ing system, the existence of low energy modes has a robust origin in the spontaneous breaking
of the internal symmetry, as in more standard examples such as superfluids and solids.

Despite these results, we found that, in both descriptions, the quantum theory of the
perfect fluid possesses a set of exotic properties that challenge the standard weakly coupled
effective theory dogma, as we summarize below.

First, the SDif f(Mg) symmetry of the vortons is spontaneously broken only by quantum
effects. This allows the generation of a healthy vorton kinetic term, which in the classical
action is naively forbidden by the symmetries. Note that this situation differs from the
more familiar case of an anomalous symmetry: here the volume-preserving diffeomorphisms
remain an exact symmetry of the quantum theory, while an anomalous symmetry is explicitly
broken by quantum effects. This can be seen explicitly in the discretized regularization where
the symmetry survives in a modified form. As a consequence of this breaking, the vortons
acquire a quadratic gapless dispersion relation parametrized by a prefactor that depends on
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all the Wilson coeflicients in the continuum Lagrangian description, and thus it receives large
contributions from the energy scale where the EFT is strongly coupled. In other words, while
ultimately the dispersion relation depends on a single parameter, this cannot be inferred just
from the low energy Lagrangian but requires additional information.

The quantum generated dispersion relation of the vortons shares some similarities with
the recently studied concept of symmetric mass generation (SMG) [71, 72], where chiral
fermions can acquire a mass without breaking the chiral symmetry. In both phenomena, the
key ingredient is the presence of strong quantum fluctuations that qualitatively modify the
classical theory.

The quantum mechanical spontaneous breaking of the SDif f(Mg) symmetry immedi-
ately implies a second exotic property. Indeed, as discussed in section 5, it leads to an infinite
degeneracy of the spectrum. This was explicitly corroborated in section 6 in the regulated
discretized version of the theory, where we observed that the spectrum’s degeneracy grows
linearly in N, where the number of sites is N2, see (6.25). Interestingly, similar extensive
degeneracies in the spectrum occur in some recently studied exotic condensed matter systems,
describing excitations commonly referred as fractons [6-9].

Similarly to fractonic systems, as we discussed in section 8, for the degeneracy to be
robust it is important that the symmetry be realized at the microscopic scale and not just
emerge at low energy. Indeed higher derivative operators that do not respect the symmetry
lift some states to the cutoff scale, thus badly breaking the degeneracy. As a consequence, this
infinite degeneracy requires the symmetry to be exact beyond the cutoff scale. Interpreting
this theory as an emergent effective field theory in the IR is therefore possible only by requiring
an infinite fine tuning, as the system discussed in sec. 8 makes explicit.

In summary, these two unusual properties—the quantum generated dispersion relation
and the infinite degeneracy of the spectrum—indicate an unusual sensitivity of the long-
distance dynamics on the underlying microphysics, i.e. an incomplete decoupling of the UV
sector from the effective theory.

The infinite degeneracy of the spectrum is challenging to reconcile with a consistent
thermodynamic description: It implies an infinite heat capacity and would thus prevent to put
the system at finite temperature. This problem can be partially solved by also introducing a
finite chemical potential for vorton number (Q1,1)), as degenerate states have different vorton
number.

Let us finally close this paragraph with a comment on the physical interpretation of the
infinite symmetry of the quantum perfect fluid in both formulations. As discussed in Part I,
the symmetry of the classical perfect fluid—at least in the comoving description—mnaturally
reflects the invariance of thermodynamic quantities under a reshuffling of fluid elements. At
the quantum level, however, this interpretation becomes problematic. The [RR: permuta-
tion symmetry between indistinguishable particles is indeed a gauge redundancy
under whose action the wave function must be invariant]. It might therefore be
tempting to gauge the SDif f(M,) symmetry of the comoving perfect fluid, restricting at-
tention to states that are neutral under this group. Yet, as discussed in detail in [4] and in
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Sec. 7.3, [RR: the system resulting from this projection is just a superfluid], which
is phenomenologically much less rich. In particular, a superfluid does not support complex
configurations such as the “hurricane” solution described in Sec. 4.5, which can be viewed as a
[RR: coherent superposition of vortons]. While gauging the symmetry of the comoving
description is a consistent option, we believe it is worthwhile to explore the richer alternative
developed in this work.

We also note that the consequences of gauging the SDif f(Mg) symmetry of the Clebsch
fluid are even more drastic, since in that case even the vacuum fails to remain invariant
under all charges, casting doubt on whether gauging is meaningful at all. In this paper we
have instead adopted a pragmatic viewpoint: starting from the classical theory, where the
symmetries are physical and internal, we proceeded to quantize the system while remaining
agnostic about the precise quantum interpretation of these symmetries. We showed that it
is possible to consistently quantize the perfect fluid in both the comoving and the Clebsch
formulations, at the cost of introducing the exotic features summarized above.

9.1 Outlook

The unusual features of the vortons suggest that the quantum theory described here is un-
likely to be realized experimentally as is. Nonetheless, our analysis opens several intriguing
directions for future research, which we summarize below.

First, at a conceptual level, our findings bear similarities to recent studies on fractons and
exotic field theories [8, 9, 28], which also exhibit UV /IR mixing phenomena. A key distinction,
however, lies in the lattice formulation of the perfect quantum fluid, that we discuss in Sec. 6,
which is inherently non-local on the lattice scale. More precisely, in this formulation vorticity
involves all the variables within a fixed physical distance and hence, as the continuum limit
is taken, on infinitely many lattice sites. In the same section, we also present an alternative
model with a local (i.e. essentially nearest neighbour) lattice construction, characterized by an
SL(2, R) symmetry group. This model shares some features of the vorton theory, including
the presence of a bound state formed by two quasi-particles with completely overlapping
wave functions. Its simpler lattice formulation may facilitate an experimental realization,
warranting further detailed investigations.

Second, this work primarily focused on fluctuations around a static flow. Another inter-
esting avenue is the study of small fluctuations around highly vortical flows. As explained
in the main text (see secs. 4.5 and 7.3), this is a conceptually and technically more straight-
forward setup than the one analyzed here, since there are no pathological modes with trivial
dispersion. Quantum corrections therefore provide small modifications to Euler equations.
Some of these correction were analyzed in [53], where it was also suggested that it might be
possible to observe such quantum effects in metastable states consisting of a large number of
particles confined on a plane and in the presence of a uniform magnetic field—a setup similar
to that of the quantum Hall effect. It should be simple to apply some of our techniques,
in particular those of sec. 5, to highly vortical flows, and thus complement and extend the
analysis of [53].
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Finally and most importantly, experimentally observed fluids occur at finite temperature
and are dissipative; in that setup, typical observables of interest are correlation functions
of the energy-momentum tensor and conserved currents, rather than energy levels. The
EFT for the dissipative fluid is formulated on the Schwinger-Keldysh contour [19, 20], and
includes additional couplings that make the vorticity mode diffusive; these lift the pathological
dispersion relation and, as well known, lead to the diffusion pole w(k) ~ —iDk? in correlation
functions, where D is the diffusion constant. It is natural to ask how our work connects
with that setup. It is in particular interesting that the EFT of dissipative fluids reduces, in
the dissipationless limit, to the comoving description discussed in section 3. On the other
hand, we have shown in the present work that the Clebsch description is better suited for
quantization. It would thus be interesting to investigate whether finite temperature dissipative
hydrodynamic can also be reformulated in a Clebsch-like description. Possibly that could
be the case for highly vortical flows where the comoving and Clebsch description appear
equivalent in the limit where dissipation is negligible. Could some of the ideas developed here
prove relevant to the study of dissipative fluids, particularly in cases with small or vanishing
diffusion constants D?
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Appendix

A Inequivalent rigid bodies

The perfect fluid’s equations of motion are usually referred to as Euler’s equations. Amusingly,
these share many common features with another set of equations named after Euler: those
describing the motion of a rigid body at fixed center of mass position. In particular, for both
of these problems it is possible to write different, inequivalent, actions that produce the same
equations of motions for the velocity fields. This is a well known fact to fluid dynamicists, but
it is nonetheless a somewhat unfamiliar feature for high energy theorists. In this appendix
we review this fact for Euler’s equations describing a rigid body.

Let us first review the most basic facts about the rigid body. A sufficiently generic rigid
body breaks spontaneously the rotational group completely. The angles that parametrize its
motion can be thought as the Goldstone bosons {7} for the spontaneous breaking of the
SO(3) group. Therefore, to write an action, we introduce an arbitrary parametrization of the
coset SO(3)/1:

U=e™Ta (A.1)

where Th—1 23 are the generators of SO(3). The standard Euler angles correspond to a
different choice of the parametrization U.

As well know, we can write SU(2) invariant Lagrangians in terms of the components of
the angular velocity © = (Q1,Q2,Q3), obtained from the matrix U as:

Qg = —iTt [U*lTaU} . (A.2)

In particular, the most general SU(2) invariant action for the 7®’s to second order in deriva-
tives and invariant under time reversal is

L:%Q-I-Q, (A.3)

where I = diag (111, I22, I33) is the inertia tensor. From the variation of the action (A.3) we
derive Euler’s equations of motion (EOMs):

I-Q+QA(I-Q)=0. (A.4)
The components of the angular momentum are constant in time and read
Jo = U Qe . (A.5)
It is also simple to derive the Hamiltonian, see e.g. [4]:

1
H:§R-I_1~R where R=1-Q. (A.6)
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We will refer to the R as right momenta; note that they are distinguished from the angular
momentum, J, = U&)le. The Poisson brackets of both the R, and the J, admit a SU(2)-
group structure

{Raa Rb} = EabcRc 3 {Jaa Jb} = 5abc<]c (A7)

from which the EOMs (A.4) follow using R = {H,R}. Note that the conservation of the
angular momentum Casimir J? = R.- R = const. follows immediately from the SU(2) group
structure of (A.7). The conservation of the angular momentum instead follows from the
Poisson brackets:

{Ra; h} =0 = {H,J,} =0, (A.8)

so that the J,’a generate the SU(2) internal symmetry.

The feature of the rigid body we are interested in is that its EOMs (A.4), as well as the
Hamiltonian (A.6), are written purely in terms of the angular velocity without any reference
to the internal angles of the solid. In other words, we may disregard the matrix U in (A.1) and
simply solve for the motion of the velocities €2, regarded now as fundamental variables, rather
than defined by (A.2). However, note that if we disregard the angles, we cannot construct the
components of the angular momentum (A.5), but only the Casimir J?. In other words, we
may consider a system characterized just by the angular velocities, but in which there is no
analogue of the angles 7%. Nevertheless, such a system is governed by the equations of motion
for a rigid body, as follows from the Poisson brackets (A.7) acting on the Hamiltonian (A.6).

We now ask then: can we write an action for such a system? In other words, can we
write a self-consistent Lagrangian for the velocities €2 whose extremization results in (A.4),
without any reference to the angles (A.1) or any other additional variables?** Interestingly,
the answer is no. This is because the EOMs are first-order in derivatives and therefore require
the Q, to form conjugate pairs, but this is impossible for three variables. Equivalently, the
Poisson brackets in (A.7) cannot be inverted due to the existence of a conserved Casimir
J? = R - R = const.—see the discussion at the end of this section for further details on the
role of Casimirs.

The need of introducing coordinates also has a physical interpretation. Indeed, as we saw
above, the R-charges commute with the Casimir J?> = R - R. This means that, if we work
purely in terms of R,’s, we cannot couple the system to external agents that change J2. In
other words, we need some sort of internal coordinates to inject angular momentum into the
system.

The absence of any reference to the angles in the EOMs and the Hamiltonian however
makes it possible to write other actions, in terms of different fundamental fields, that lead to
the same EOMs (A.4) for the angular velocity. To see this, let us introduce complex fields
{& A,gbg} in an arbitrary representation r of the SU(2) group. Then we can consider the

“Here we refer to standard unconstrained extremization. It is possible to consider modified principles that
do not require introducing additional fields [50, 51]. We will not discuss these here, since their significance
once we consider a quantum theory is unclear to us.
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Lagrangian:
L=idhéa— 5 (6Tu0) 13 (6'T30) | (4.9)

where Ty—123 = {(T4)ap, A,B=1,...,2r+ 1} form a representation of the SU(2) group in
the r-representation. From this action we immediately derive the Poisson brackets {¢ 4, <Z>j9} =
dap and the Hamiltonian (A.6) with the identification

Ry = ¢'Tuo. (A.10)

The SU(2) structure of the Poisson brackets (A.7) and the EOMs (A.4) then follow.

To illustrate in detail the differences with the Euler’s angles, consider the symmetry of
the system (A.9) for fields in the adjoint representation. This is equivalent to taking ¢ = ¢,T,
to be a traceless complex hermitian 3 x 3 matrix. In this case the right momenta read

R, = Tr (gzﬂ [Ta,qﬂ) — Tr <Ta [gb, ¢TD . (A.11)

It is then easy to see that the action (A.9) is invariant under SL(2, R) transformations acting

on the fields as
Reg ab Reg¢ ) o
(Iqu) (Cd) <Im¢) with ad —bc=1. (A.12)

In fact, (A.9) is the most general Lagrangian to quartic order in the fields which is compatible
with the internal SL(2, R) symmetry, as well as time reversal, which acts as ¢ <> ¢! to preserve
the kinetic term. This forbids terms linear in the R,’s. More generally, the symmetry (A.12)
is compatible with any action written in terms of the R,’s plus the kinetic term. Therefore
the SL(2, R) symmetry (A.12) is as constraining as the SU(2) symmetry of the standard
rigid body. Note also that the SL(2, R) Casimir coincides with the SU(2) one in the Euler’s
angle description R - R.%

We also remark that in the system (A.9) all the configurations such that [¢, ¢T] = 0 are
degenerate and have zero energy. Unlike the standard rigid body, for which all configurations
at rest are related by rotational symmetry, the classical vacua of the system (A.9) are not
all obtained from the same state via the action of the SL(2, R) symmetry group, which acts
linearly on the fields. Instead, this degeneracy is a dynamical consequence of the structure of
the action (which is indirectly a consequence of the symmetry).

We finally reiterate that none of the two Lagrangian descriptions that we introduced
is equivalent to the set of EOMs (A.4). Indeed, the egqs (A.4) require only three initial
conditions to be solved, while the system (A.3) admits three canonical pairs, and (A.9) has
2r + 1 canonical pairs, where r is the spin of the representation of the internal variables. The

“5This is generically true for any real SU(2) representation, i.e. r integer: there is an SL(2,R) x O(2r+41) C
Sp(4r + 2,R) dual pair structure, where the representations of SL(2,R) appearing in the Hilbert space are
determined by those of O(2r + 1), and vice-versa. As a consequence, the Casimirs can be written in terms of
one another.
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statement is simply that the dynamics of the angular velocities, which is a subset of the full
dynamics in both cases, is specified by the EOMs (A.4).

In summary, even if the EOMs (A.4) are written just in terms of the angular velocities,
there is no way to associate them with an action purely written in terms of the ,’s. Rather,
if we insist on having a Lagrangian description, we obtain inequivalent systems characterized
by different internal variables, that are needed to reproduce the symplectic structure (A.7). In
the standard rigid body formulation (A.3), the variables are just the angles and are needed to
realize nonlinearly the SU(2) symmetry. In the alternative formulation (A.7), the symmetry
group is non-compact and linearly realized. In both cases, the symmetry group does not act
on the velocities, but ensures the conservation of the Casimir R - R.

Let us close this section by giving some more technical details. In doing so, we hope to
expose some of the fundamental group structure underlying the rigid body and incompressible
fluid. As detailed above, the rigid body dynamics are entirely captured by the dynamics of
the charges R. These parameterize the phase space, isomorphic to R3. The dynamics follow
upon (1) picking Poisson brackets and (2) choosing a Hamiltonian. The fundamental Poisson
brackets are taken to be governed by the SU(2) algebra, {R4, Ry} = far°Re = €qpcRe. For
general functions A = A(R) and B = B(R) on phase space, the brackets take the form

0A 0B 0A 0B
AR),B(R)} =Refar = == =( R, | ==, == | ) A13
T ) (A13)
where [ , ] is the commutator on g = su(2). Brackets like this, determined by the structure

constants of an underlying Lie algebra g, are known as Lie-Poisson brackets, e.g. [73, 74]. The
incompressible fluid flow is another Lie-Poisson system, goverened by the group of volume
preserving diffeomorphisms G = SDif f(M) [73, 75].

For a Lie-Poisson system there is generally an obstruction to inverting the Poisson brack-
ets to obtain the symplectic form. This is due to Casimirs Cf: these (Poisson) commute with
the phase space coordinates, {Cj, R} = 0, and therefore with any function on phase space.
As such, they give a zero mode and render the brackets { , } degenerate. This means that
dynamics, independent of the Hamiltonian, will be constrained to surfaces of constant Casimir
values. For the rigid body, we have the SU(2) Casimir J? = R2, which foliates the phase space
R3 into spheres upon which dynamics takes place. Note that the sphere is two-, namely even-,
dimensional: on these surfaces the brackets are non-degenerate, giving a well-defined sym-
plectic form. For example, in standard spherical coordinates, we can take {.J cos, ¢} = 1.4°
As long as we only interested in the dynamics at a fixed value of R? =const., we may indeed
write an action in terms of § and ¢ only—this is the well known SU(2)/U(1) coadjoint orbit,
describing the spin of non-relativistic particles and two-dimensional charged particles in a
uniform magnetic field in the lowest Landau level, see e.g. [76-78] for details.

By viewing the R, as composite objects, we can construct theories with an enlarged
phase space that give rise to an effective description of the R, alone. The process of going

46This description is valid away from the poles; for those, we need other coordinate patches.

— 67 —



from a “microscopic” description to an effective description, involving the R alone, is called
a phase space reduction. For example, the Euler angle description of the rigid body, with its
six-dimensional phase space T*SU(2),*" gets reduced to the effective phase space R? param-
eterized by the R,.*® The opposite procedure, of constructing an enlarged phase space which
contains the effective space of interest, is sometimes called “inflating” the phase space [74],
in contrast to the process of reduction.

B Microscopic derivations of fluid Lagrangians

B.1 Derivation of the comoving action from point-like particles

In this section we review the derivation of [26] of the comoving coordinates’ action for fluids
in the non-relativistic limit. We consider N > 1 Galilean particles, whose action reads

N
S = /dt [; EX,E VX)) - (B.1)

Here k = 1,2,..., N is the particles’ label and V = V({X}}) is the potential. We assume
that all the particles interact with each other in the same way, and thus V is invariant under
reshuffling of the indices k = 1,..., N. The hydrodynamic limit corresponds to N — oo limit,
so that the particles form a space-filling continuum. We may therefore promote the index k
to a d continuous variables @: X = X(t, 7). Importantly, we assume that the map X <> @ is
invertible. This means there exists a function X(¢,7) such that

X(Li(t? I‘)) =r, )Z(t7X(t7 95)) =g. (B2)

In the continuum limit, invariance under reshuffling of the particles is equivalent to require-
ment that the potential V' remains unchanged under the action of volume preserving diffeo-

morphisms
S of
o —f st. det| —=|=1. B.3
(¢) 93 (B.3)
Assuming locality, this implies that to leading order in derivatives we must have
I dp!
ﬁ:Y(th)

4TThis is the usual cotangent bundle formulation T*C, making use of canonical ¢’s and p’s, where the
configuration space is identified with the rotation group, C = G = SU(2). Another realization, as explained
above, is to construct Clebsch-like variables for the R,, which essentially corresponds to choosing the spin-1,
adjoint representation for R, = ¢!T,$. For general group G we could take Ry = fup°peq® = pC(Tjdj)Cb q°
use (¢, ¢') in place of (¢,p)).

48The effective phase space is the dual of the Lie algebra, g* = so* (3) ~ R3. The spheres of constant Casimir
discussed above are the coadjoint orbits under the G-action on g*.

(or
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Therefore, in the hydrodynamic limit the action (B.1) obviously is
S = / dtdy [%)@ — V(det W)} . (B.5)

Switching to the Lagrangian formulation, (B.5) becomes

B o [motvt
S—/dtd x [2 o0 V)] . (B.6)
The equivalence between (B.5) and (B.6) can be seen inverting the map between ¢ and X
using

ol (t,X(t,B)) = const. = ol = 9! X' = -WIX". (B.7)

It is then simple to check that (B.6) corresponds to the non-relativistic limit of (3.3) using
F = —e and recalling (2.21) (discarding a total derivative).

B.2 Derivation of the Clebsch action from point-like vortices

A derivation similar to the one in the previous section can be used to derive the Clebsch
action (4.13) from the classical dynamics of a superfluid in the presence of a large number of
point particle vortices in two dimensions. This derivation is inspired by [37, 53].

As well known, the dynamics of vortices in a superfluid is equivalent to that of charge 1
particles in the Lowest Landau Level, interacting with an electromagnetic field [79, 80]. To
lowest order in derivatives, the action therefore reads

S—— / 0 G(F) Y / dt [ A+ Ap(X,)] (B.8)

where G is an arbitrary function (constrained by the spacetime symmetry) and the superfluid
density is equivalent to a large background magnetic field

(Ai) = —eja' B/2 = (Fy) =¢i;B, (B.9)

where we work in Landau gauge.
Similarly to the previous section, we suppose that the vortices form a space-filling con-
tinuum and promote the label index to a continuum variable: p — ¢. We thus obtain

S = — / BrG(F) — / dtd*¢ [Ai(t,X)X" + Ao(t,X)] , (B.10)

—,

where X = X(¢, (E) The key assumption is that the map X(¢, ¢) can be inverted. This means
that the vorticity vector w* is nowhere singular. Under this assumption, we have

9
oxX

B 0X?
dpK

¢ = d*x ‘ = 2 %9 0;019;¢Pcap/2,  X'= oK. (B.11)
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Using these, after some algebra we arrive at
S = —/d3:c [G(FW) +AH5W”8V¢A6P¢BEAB/2] , (B.12)

which is just the action (4.27) with the identification G = —F, ¢! = y/2Re® and ¢? =
v2Im ®. This shows that the Clebsch formulation of the perfect fluid emerges in the de-
scription of configurations with macroscopic vorticity, such that the vorticity volume form
w = id® A d®' is nowhere singular and thus the map between spatial coordinates and vortex
labels ¢# is invertible.

Let us finally comment that it is straightforward to extend this derivation to account for
higher derivative corrections to the microscopic vortex action (B.8). A particularly relevant
case concerns with the contribution of the vortex fugacities, the zero-point energy of the

1

vortices, which diverges logarithmically with the vortex size a as ~ Zp Bloga™", and results

in a contribution o wlog(wa?) in the fluid action (B.12) - see [37] for a detailed discussion.

C More on the Clebsch formulation of the perfect fluid

C.1 A Dual Kelvin Theorem?

As we have seen in sec. 3.2, the conservation of the Noether currents (3.11) of the comoving
Lagrangian is associated with Kelvin’s theorem. On the other hand , in the Clebsch formu-
lation, this role is taken care of by the topological currents (4.25) of the Clebsch description,
provided we work in a background such that w* is nowhere vanishing. This is not surpris-
ing as in this regime the emergence of a duality between the two descriptions implies that
the Noether current in the comoving description are mapped to the topological ones in the
Clebsch (and vice versa), as discussed in section 4.3.

This interchange of currents between the two dual descriptions suggest that a similar dual
interpretation exists for the Noether currents (4.24) in the Clebsch description (equivalently
the topological currents (3.12) in the comoving one). We instead find that the conservation
of the currents (3.12) and (4.24) does not lead to novel interesting conservation laws for the
hydrodynamic variables. More precisely, when the map ®(x) is invertible, one can show that
the equation (4.24) implies the conservation of entropy along the flow: the entropy contained
in any patch of fluid is conserved under the evolution of the patch along the flow. However,
this is not a new conservation law, as we argue below.

To observe that the charges associated to the SDif f(Mg) symmetry of the Clebsch fields
imply this rather trivial fact, it is convenient to work in the gauge description introduced in
section 4.4. The charges read

Q; = /d%vof(cp,qﬂ), (1)
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for an arbitrary function f of the vorton fields, where the entropy current is v# = %5’”’”&,14,,.
Choosing a basis f(®, ®T) = §(®(x) — ®g), the charges become

oo |t

- : (C.2)

Q% = /deJO(S(CI)(X) —®y) ="

=,

where here we have importantly assumed that the map x — {®f(x),®(x)} is invertible.
Integrating (C.2) over an arbitrary surface S in ® space, we find the conservations of the
following quantities:

i d*®g0°
dt Jg

0P

—1
= 2z’ =0, C.3

where in physical space the surface S(t) is obtained evolving an arbitrary surface at t = 0 with
the vorticity vector wh/v/—w?. Since the equations of motion (4.19) imply w* oc S¥, (C.3)
states that the particle number is conserved on surfaces that move parallel to the particle flow
SH. This statement is true for any conserved current; it follows from the fact that £,(xS) =0

for any v o< .S, which is a consequence of the trivial identity SAS = 0 and current conservation
dxS=0.

C.2 The incompressible limit in three spatial dimensions

In this section we derive the incompressible limit of the three dimensional fluid. To this aim,
we proceed similarly to the two-dimensional case analyzed in sec. 4.4 and dualize the scalar
x first in terms of a 2-form gauge field A,,. This is done considering a Lagrange multiplier
in the form

N 1 i
Le=P("¢) — o |&u — §(<I>T8H<I> — 9,01 | "9, A,,,. (C.4)

Integrating out A, sets ¥ — %(CDT(?#CD — <I>8#<I>T) = d,x as before. We instead integrate out
& and, discarding a total derivative, we obtain

La=F(v,0")+ ﬁAws“”pgf)pbeﬁgfb, vt = ﬁs‘“’poﬂym, (C.5)

where we introduced the gauge-field strength
Hypo = 00 Aps + 0y A6y + 0544, (C.6)
and F' = —e is simply the Legendre transform of P. As in two dimensions, the entropy current

v* in the dual formulation is a topological current. The static background v# o 6}y therefore
corresponds to a constant expectation value for the magnetic field (Hyji) o< ik
We now take the non-relativistic limit as in (4.30). Discarding a total derivative, we find

2

=F B
La NR ( )+87TB

+ ﬁAngWapch 0y , (C.7)
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where Fyr(B) is minus the non-relativistic energy density, and B is the magnetic field H;;, =
€;jk B, such that the mass density is

B
m — S 9 C8
Pm =M (C.8)
and we defined the magnetostatic field as

fij = Hioj = 0;Aoj — 9 Avi — Ay . (C.9)
The incompressible limit is obtained setting p,, = const.. This is equivalent to neglecting
the fluctuations of the purely spatial components of the gauge field A;; as in two dimensions.
We rename for simplicity
a; = Ag; - (C.10)
The field a; was dubbed hydrophoton in [38]. Then we obtain

mQ

L3 (@'CL]' — 8]‘(11‘)2 + %ais”’“ajqﬂaﬂ + ipm (I)T(i) . (C.ll)

B 1672 p, m

Integrating out the magnetostatic field a;, one finally obtains the non-local Lagrangian (4.36)
in the main text.
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