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Abstract

The Calogero model is an interacting, N-particle, sl(2,R)-invariant quantum mechanics,
whose Hilbert space is furnished by a tower of discrete series modules. The system enjoys both
classical and quantum integrability at any N and at any value of the coupling; this is guaranteed
by the existence of N mutually-commuting currents, one of them being the Hamiltonian. In
this paper, we alter the Calogero model so that it may accommodate states in the unitary
principal series irreducible representation of s[(2,R). Doing so requires changing the domain
of the quantum operators—a procedure which succeeds in preserving unitarity and sl(2,R)-
invariance, but breaks the integrability of the theory. We explicitly solve the deformed model
for N = 2,3 and outline a procedure for solving the model at general N. We expect this
deformed model to provide us with general lessons that carry over to other systems with states
in the principal series, for example, interacting massive quantum field theories on de Sitter space.
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1 Introduction

Interacting quantum field theory (QFT) on a rigid de Sitter background remains a notoriously
difficult subject. Being a time-dependent (accelerating) cosmology, de Sitter spacetime has no
conserved energy, a fact with drastic implications. As a simple illustration, let us take the notion
that all effective theories in flat space come equipped with a cutoff scale Ayy beyond which we
are completely ignorant of the particle content, states, etc. Starting from a UV Lagrangian, the
procedure that generates the effective theory is to chop the Euclidean path integral up into energy



shells, and integrate-out all the shells above Ayy. What results is a self-contained theory, so long
as we restrict ourselves to only consider processes well below the cutoff scale.

Following a similar process for generating an effective field theory in de Sitter spacetime runs
into both conceptual and technical difficulties related to the fact that Fuclidean de Sitter space is
compact, and hence its momentum shells are discrete. And indeed it is difficult to imagine what
the effective QFT Lagrangian, with an intrinsic cutoff scale Ayy produced via a discrete sum,
would entail: physical processes are not constrained by energy conservation, and starting from a
generic ‘light’ state, we eventually populate states of arbitrarily-high ‘mass’! so long as we allow
ourselves to wait long enough [1-3]. A potentially better notion of a cutoff in de Sitter might be a
time-band within which we can reliably trust the physical description, rather than an energy scale.
This certainly evokes the problem of secular growths (see [4-17] for an incomplete list of references
discussing infrared issues in de Sitter spacetimes), which we will not delve into here. However, this
proposed notion of a cutoff is at odds with certain efforts to formulate theories of cosmology via
the ‘cosmological bootstrap’ [18-27], in which the correlation functions of interest are anchored at
the infinite asymptotic future of the spacetime, far beyond any time-cutoff we may want to impose.

Solveable models upon which we can build intuition are greatly needed in this context. However,
absent a slew of exactly solvable interacting QFTs on de Sitter backgrounds (see [28,29] for recent
progress in this area), our next-best hope is to write down, and hopefully solve, models which
share certain features of interest with de Sitter QFT. This is the goal of our paper, and given the
quagmire in which this problem exists, we shall approach it from the safe shores of symmetry.

Much like flat space, d-dimensional de Sitter is a maximally symmetric spacetime, albeit one
with an intrinsic scale, the de Sitter length Lgg. This scale allows us to distinguish between heavy
(des > %) and light (des < %) fields and each subcase falls under a different unitary
irreducible representations (UIR) of the de Sitter algebra so(1,d). In what follows we will be
interested in the principal series representation, describing heavy fields. To simplify our lives, we
will consider the simplest case so(1,2), the isometry group of two-dimensional de Sitter spacetime,
or rather, its double cover s[(2,R). For a self-contained review of the representation theory of
s[(2,R), see appendix A.

Stated concretely, our goal is to construct an sl(2,R)-invariant interacting quantum mechanical
system with states in the principal series. To connect with de Sitter QFT, we would like such a
model to have a tunable number N of degrees of freedom (so that we may take a continuum limit),
as well as a tunable interaction strength A.

A good place to start is the model introduced by Calogero in 1969 [30]. The model is rather
simple: it is composed of IV particles arranged on a line, and where each pair of particles is coupled
via a repulsive potential that decays with the square of the distance between them. Remarkably,
this interacting model is exactly solvable for any N and any value of the coupling strength .
Despite its simplicity, particle scattering in this model displays evidence of anyonic statistics [31],
which has garnered much interest in the condensed matter community due to its connections to
the fractional quantum Hall effect [32-37] and the matrix Chern-Simons theory [38-40]. We will
give an extensive review of the Calogero model in the next section, particularly how to obtain its
exact solution. But, for now, all we need to keep in mind is that it is an s[(2, R) invariant quantum
mechanics with N degrees of freedom and a tunable coupling A. Unfortunately for us, the Hilbert
space of the Calogero model is composed solely of discrete series UIRs of sl(2,R), so is not suitable

! As specified by the Lagrangian coupling, say.



as a toy model of massive quantum fields in de Sitter.

In this paper we will alter the Calogero model to skirt this obstruction. We take guidance from
the following fact: the Calogero model happens to be a generalization of the De Alfaro-Fubini-
Furlan (DFF) model [41], a one-particle, s[(2, R)-invariant quantum mechanics whose spectrum is
a single discrete series module. Fortunately for us, in [42], the authors clarified how to modify the
DFF model to accommodate principal series states, and this construction was later revisited in [43].
We review this example in section 3.1.2 below and following it, we generalize this construction to the
N-particle Calogero model. While we are clearly motivated by understanding solveable models of
de Sitter QFT, in this paper we will content ourselves with setting the groundwork for establishing
an interacting principal series system and leave any applications to de Sitter physics to future work.

Primer on principal series vs other representations

Before moving on, let us briefly remind the reader about the key differences between the various
representations of s[(2,R), with more details provided in appendix A, see also [43-45]. Recall that
the algebra s[(2,R) can be expressed in a ladder basis (lo, l+) satisfying:

[y 1] =2l e, lo] = %Ly . (1.1)

In this basis, the quadratic Casimir is expressed as:
9 1
Cy=1j— 3 (Il +1214) (1.2)

and we parametrize the Casimir eigenvalues as A(A—1). First note that demanding that A(A—1) €
R implies either A € R or A € % + iR, the latter case being the principal series. To gain slightly
more intuition, note that we will take Iy to be a compact generator, meaning its eigenvalues are
integers, or half integers. Acting on an eigenbasis of [y, it is straightforward to show, using the
algebra above, that the generators act as follows:

lo|ry = —r|r), lilry=—=(r£A)|lr£1), reZor2rel. (1.3)

Now observe the following, which is obvious from the above equation (1.3): if A € Z (or 2A € Z)
then there exist a pair of states |r = FA), which are annihilated by [4, respectively. These are
a pair of highest (resp. lowest) weight states of the algebra, and we can generate the rest of the
family by further action of [_ (resp. I;). This is the physics of the discrete series, which behaves
much like a harmonic oscillator and should be familiar from introductory texts on conformal field
theory. There is a ‘ground state’ which is annihilated by the appropriate operator, and a tower of
excited states generated by the oscillator algebra. These can be thought of as bound states.?

On the other hand, the remaining UIRs of sl(2, R), such as the principal series (with A € %—l—iR),
and complementary series (A € (0,1)), do not have a conventional ‘ground state.” They are never
annihilated by any of the [... We will not have more to say on the complementary series here, but
refer the reader to e.g. [45,55-57] if they are interested in learning more about this representation.
The principal series modules are unbounded, and akin to scattering states or plane waves. These
will be the focus of this paper. These states have made appearances in various different areas of

2 An incomplete list of papers discussing discrete series states in de Sitter include [44,46-54].



theoretical physics lately, including in the context of black hole perturbations and near-extremal
horizon instabilities [58,59], the AdS/CFT correspondence [60-63], in the decomposition of CFT
correlators [64—67], in the celestial holography literature [68-71], and even more recently, to describe
the chaotic dynamics near the spacelike singularity of a black hole [72,73].

2 Calogero model basics

The Calogero model [30,74-76] is a quantum mechanics of N particles arranged on a line, with a
pairwise interaction that decays with the square of the inter-particle distance. Hence the model is
defined by the following Hamiltonian:

H——7282+Z — (2.1)

]<z j

The parameter A is the coupling constant: in the limit A — 0 or A — 1 the system reduces to that
of N free particles.

An important feature of the Calogero model is that it defines a conformal quantum mechanics
[77,78], which specifically means that there exist two additional operators, a generator of dilatations,
D, and special conformal transformations, K, that, together with the Hamiltonian H, generate an
s[(2,R) algebra. In the position basis the extra generators are as follows:

N
1
D=- iz (;0; + Oizi) KE§ZZL‘?, (2.2)
=1 i

where it should be understood that the 0;’s appearing in D act on all things to its right. It is easy
to check that these three operators generate an sl(2,R) algebra:

[D,H)=iH , [D,K]=—iK,6 [K H]=2iD. (2.3)

As a consequence of this symmetry, the Hilbert space of the Calogero model is organized into
unitary irreducible representations of s[(2, R). We provide a review of the representations of sl(2,R)
in appendix A. However, let us state one of the main features here, as it will tie into the goal of this
paper. Conformal families are classified according to their eigenvalues under the quadratic Casimir
operator

@z%wK+Km—D% (2.4)

which on any irreducible representation takes the eigenvalue Co = A(A — 1). Crucially, there
are three families of unitary representations of sl(2,R): the discrete, complementary and principal
series. What distinguishes the principal series is that A takes complex values: A = % + iv for
some v € R. Moreover, as written in (2.1), the Calogero Hamiltonian does not admit a Hermitian
representation on the principal series for any real coupling A, and to date, there is no known analytic
continuation of the Calogero model whose Hilbert space furnishes the principal series representation
of s[(2,R). The goal of this paper is to fill this gap.

But before we get there, let us first review the Calogero model as it is normally presented.
Besides the s[(2,R) symmetry, the model is completely integrable. We will review this fact below



and explain a simple procedure to generate the entire spectrum of the theory. With these facts
in hand, we will specify how to analytically continue the model in order to obtain states in the

principal series.

2.1 Integrability of the Calogero model
2.1.1 Classical case

The classical integrability of the Calogero model was first understood by Moser [76] and can be
formulated as follows [79,80]. Consider the classical Hamiltonian . (note the shift in the coupling
constant as compared with the quantum case):

1 A2
S Y R e — 2.
A 2;pz+zm_%)2, (2.5)

j<i

where the set of p; and x; are canonically conjugate coordinates on phase space with {z;, p;} = 0;;
and where {-, -} is the standard Poisson bracket. The classical equations of motion are then:

N
dZCj dpj 2/\2
dt {«T], } b, dt {pja } ];;éj (.%'] — xk)g ( )

It is possible to re-express the equations (2.6) by defining a Lax pair of N x N matrices, .7 and
M, whose components are:

) A
Tk = 0jkpj + (1 — 1) ; (2.7)
Tj — Tk
N
A iA
M, = —i(1 —0;) —————= +0; g , 2.8
ik ( gk) (:L‘j — wk)Q ik o (xj _ :L‘l)2 ( )

in terms of which (2.6) can be recast as the following matrix equation:

d
L7 =17, (2.9)

Moreover, this construction allows us to define a set of N + 1 independent conserved quantities,*

1
/kEQTr(ﬂk) . k=0,1,...,N (2.10)
whose equations of motion are [79,80]

3 Admittedly, the current for k = 0 is trivial, but we include it because it will be generated as the commutator of
various non-trivial elements of the symmetry algebra.

“While nothing stops us from formally defining Jr for k> N, a simple consequence of the Cayley-Hamilton
theorem is that these additional _¢; are not independently conserved.



and hence they are all constants of motion with respect to the phase space flow generated by 7.
Note moreover that we have:

o=, (2.12)

so the Hamiltonian .77 itself sits in a classical current algebra generated by (2.10). The final step
in proving the classical integrability of this system is to show that the following Poisson brackets
vanish:

{ I /1y =0, Vil (2.13)

as can be readily checked [79,80]. This implies that one can choose any of the _#, to define a flow
on phase space.

2.1.2 Quantum case

To demonstrate that the quantum mechanical Calogero model (with Hamiltonian given in (2.1))
remains integrable, one essentially follows the same steps as in the classical case (see e.g., [81-83]).
Hence, one simply defines a quantum version of the Lax matrix 7 defined in (2.7) as follows:

A

QZk%Z}kE—idjk@j—i—i(l—djk) , 5 k=1,...,N . (2.14)
Tj — Tk

The matrix T' is now operator-valued and allows for a construction of the quantum analogs of the

N + 1 conserved currents (2.10):

1 N
k=5 > (T*)” . k=0,....N. (2.15)

ij=1 Y

Note that, in contrast to the classical theory, the currents defined above are no longer constructed
as traces of powers of the T" matrix. However, it still remains the case that only the first NV + 1
currents are linearly independent, as a consequence of the Cayley-Hamilton theorem. That is,
the currents Ji~ny generated in this way can be expressed in terms of lower J's (see e.g., [84]).
Nevertheless, as in the classical story, it turns out that these operators mutually commute

[Ji, J;] =0, (2.16)

as was demonstrated in [81-84]. For concreteness, we list the first few currents explicitly

n=5 (2.17)
2
i N
h=-52.0, (2.18)
=1
=4 (2.19)
. N
_ 5 o AMAZD o
Js =5 ;a, 3; Ry @i +8;)| , (2.20)



Note that, since H is one of the currents, by virtue of (2.16) all the other currents are conserved
under the time evolution generated by H.
s[(2,R) structure of the model

We will now exploit the sl(2,R) structure of this model, which will allow us to construct the
Hilbert space algebraically, in a way analogous (although complementary) to what was presented
in [32,33,85,86]. Recall that our Hamiltonian H lives in an s[(2, R) multiplet (2.3)

[D,H)=iH , [D,K]=—iK,6 [K H]=2iD, (2.21)

with D and K defined in (2.2). The existence of these additional operators D and K are what
singles out Jo = H among the tower of currents. We will exploit these extra operators to construct
additional families of generators in this model.

The first new family of generators is obtained by commuting the currents J; with the special
conformal generator K, giving operators that we denote by Lg:

k
(K, Ji) = 5 Lis (2.22)

Comparing (2.22) with (2.21), we notice that Ly = 2¢D, meaning that, not only does the Hamilto-
nian H sit in a multiplet with all the currents Ji, but D sits in a multiplet with all the L’s. It is a
straightforward exercise to check that these new generators obey a Witt algebra under commutation

(L, Ln] = (m — 1) Lipsn - (2.23)

For posterity, let us present explicit expressions for the first few of these generators:

N
La=i)y (2.24)
=1

Lo =2iD , (2.25)
O, AN — 1)
i=1 j<i Li = Ly
N
2A (A —1 Op + 2,0 .
Lo=3Js+ |— szaf + Z (xk(_ml)l <xk6k + ;0] + w + Z)] , (2.27)
=1 k<l

In fact, knowledge of these first few generators is enough to generate the remaining elements of the
algebra by computing its closure.

The index label k denotes each operator’s conformal dimension. To verify this, we check each
operator’s commutator with Lo—which, up to a constant multiple, is the same as its scaling di-
mension under the dilatation operator D—for example the J; and Lj operators have:

[Tk, Lol =k Ji [Lk, Lo] =k L . (2.28)



Jo 7y Bo=n_ xpT
" "
L_1 LU = 2D L1

M_,=K M_4

O_; <' . )
Figure 1: The algebra of operators of the Calogero model. The top row denote the commuting currents
in the current algebra, and the second row are the Witt algebra generators. The operators H/K take us
up/down a column, respectively, and the operators L;/L_1 move us right/left along a row, respectively.
The column denoted in blue is special, as it is the only column whose operators form a closed subalgebra,

in this case s[(2,R). Additionally, the operators in the first two rows form a closed subalgebra among
themselves.

From (2.21) it is then easy to see that K has conformal dimension —2:
(K, Lo = —2K , (2.29)

hence it lowers the k label by two units, as in (2.22). Finally, the commutator algebra between
these two multiplets is given by
[Jiy L] = k Tk - (2.30)

As we have already touched upon, only the Ji and Ly for & < N span a set of linearly independent
operators. However, as we can see from (2.23) and (2.30), these linearly independent generators
do not form a closed algebra, meaning we generate the universal enveloping algebra by successive
commutation. Hence, as we take N — oo we expect to find a conformal theory with a U(1) current
algebra structure, and for any finite N we are working with a truncated set of currents.

It is useful to arrange the various operators in a table, as displayed in fig. 1. The generators
colored in blue span the s[(2, R) algebra while the generators in the first two rows fill out the current
algebra. Commuting any operator with K takes us down along the column in the table, while
commuting with H takes us up the column. As already demonstrated, the top row is annihilated
by commutation with H. A column whose top component is J has k+ 1 elements. Within a given
row, action with L1 moves us to the right/left, respectively.

2.2 Exact quantum spectrum: algebraic method

A common issue with sl(2,R)-invariant quantum mechanics is that the Hamiltonian H in (2.1),
being a non-compact operator, has an unbounded spectrum, see for example [41,55]. This makes
sense, the two-body interaction decays at large distances, so at best, the energy eigenstates will be
plane-wave normalizable. The standard remedy for this is to work with the ladder-operator basis

of the algebra:
1 (H 9 1 (H 9 )
=-|— K =—-|—=—-wK D 2.31
lo 2<w2+w > , I+ 2<w2 w >:Fz , (2.31)



in terms of which the s[(2,R) algebra becomes:
[+, 01-] =2l , [le,lo] = £ls . (2.32)

In this basis, the quadratic Casimir is expressed as:
2 1
Co=1j— 3 (Il +1214) . (2.33)

Going back to the definition (2.2), we see that working with lp amounts to adding a harmonic
trap with characteristic frequency w to the original Calogero Hamiltonian, hence the levels of the Iy
operator will be bounded and evenly spaced. We will henceforth set w = 1, since we can reintroduce
it at any time by a homogeneous rescaling of the z;. From the algebra, it should be clear that 1
lowers the [y eigenvalue by one unit, while [_ raises it by one unit.

Now comes the key insight that will allow us to algebraically solve for the spectrum of the
Calogero model. Notice that it is possible to obtain the raising and lower operators I from the
Lax matrix operator (2.14). To do this, first define a new pair of matrices 71 whose components
differ from T only along the diagonal:

A

(T:I:)jk = Tjk F iéjkxj = —’i(Sjk (8J + fL’j) + i(l — 5jk)m . (2.34)
J

In terms of these new matrices a quick calculation yields:

le=2> (), (2.35)

which one should compare to (2.15). Now recall that [_ acts as a creation operator, whereas [
acts as an annihilation operator.

These expressions lead us to consider the following set of k = 1,..., N generalizations of the
above creation and annihilation operators:

()2, e

ij=1

M=

af (Tf) - (2.36)

ij=1 K
from which we identify ao = [ and ag = [_.5 To convince the reader that these operators are
indeed creation and annihilation operators with respect to the ‘Hamiltonian’ [y, it suffices to check
that they satisfy:

k

[lo,ax) = —5 [ZO,QH = gaL , [an, am] = {ail,ajn} =0, (2.37)

SEach ay, and az can be written as a linear combination of operators in a single column from fig. 1. For example:

1 1 1 1 <
alzi(J1—§L,1> 252(814-1‘1) s CLII—’L' <J1+§L71> 2—52(81—551) s

i=1 i=1

is a simple harmonic oscillator algebra for the center of mass of the N-Calogero particles. The choice to normalize
these operators by powers of (:I:z)k in (2.36) ensures that these operators are real when acting on bound-state
wavefunctions.

10



although note that
[ail,am} = Bum # Omn - (2.38)

This is a key difference between the interacting model and a set of free harmonic oscillators.
Regardless, as we will soon see, we will be able to build the Hilbert space of the interacting theory
in a familiar way as the Fock space of [y eigenstates. The matrix B,,, is complicated and we will
not provide a general expression for its components, since it will not be needed to define this Fock
space.
The Hilbert space of the Calogero model is constructed as follows. We first identify a ground
state |Q2) which satisfies:
Q) = AqlQ) ap|y =0 Vk. (2.39)

The quantity A denotes the state |2)’s eigenvalue under the quadratic Casimir,
C2|Q) = Aq(Aq —1)|9) , (2.40)

where the value of Aq will be determined below. The Fock basis is then constructed as follows:
Each state is labeled by a unique N-tuple of natural numbers {n;} = {ni,no,...,ny}, which
corresponds to the following wavefunction:

N

ouh) = — 1 (o)™ 10 (2.41)

{ni} k=1

where N {ny,} 1s an overall number which ensures that the state is normalized. Note that since the

)

individual a;’s commute, their order does not matter in (2.41). A consequence of (2.37) is that the

the states [{ng}) have [y eigenvalue:

N
lol{ne}) = (AQ 5 knk> ) (2.42)
k=1

It is also interesting to write down the partition function of this model:

N

1
Tre Bl = 2Re H | g=e 2, (2.43)
k=1

@

which we immediately recognize as a truncation of the partition function of a chiral-boson CFT [87].
As expected, the N — oo limit of this model morphs into something resembling a local quantum
field theory: the chiral half of a 14+1-d Lorentz-invariant CF'T with the structure of a U(1) current
algebra [80, 88].

2.3 Solving for the ground state wavefunction

2.3.1 Center of mass and relative coordinates

The final step is to determine the ground state wavefunction and its Iy eigenvalue. To do this, we
will find it useful to express the operators of the current algebra (most importantly the Hamiltonian
(2.1)) in terms of a new set of coordinates, which were introduced in the original paper [74] but

11



are standard (see e.g., [89]) and have appeared as recently as [90]. This new basis will allow us to
determine Agq, as we will soon see.
To this end, let us first separate out the center-of-mass variable

X

1 N
=) i (2.44)
N =1

We also introduce a special set of relative coordinates (whose usefuleness will become clear as we

k
|k 1

and let us set yy = VNX. Importantly, the change of basis from {z;} to {ys} is orthogonal.

progress)

Indeed, if we introduce a matrix A that implements the inverse change of basis
N
x; = Z AikYr (2.46)
k=1

it is easy to check that A”A = AAT =1 (see appendix B). Focusing on the J; and Jo columns in
fig. 1, we notice that the operators in these columns obey a nice splitting in terms of the center-of-
mass and relative coordinate. For instance, it is straightforward to see that, in these coordinates,
the J; column only acts on the center of mass:

; 1
le—%ax, La=iNX, a=5@x+NX), af=—5@x-NX). (247)

1

2
Moreover, from the orthogonality of the basis transformation, it immediately follows that the
generators K and D can be written as follows:

K =Kx+ Kyl , D = Dx + Dre , (2.48)
where
Kx = EX , Dx :_Z (Ox X + X 90x) (2.49)
1 ]
Krel = 5)’2 ) Drel = _Z (ay "Y+y- ay) ) (250)
where we have defined an (N — 1)-vector y = (y1,...,yn—1) and, in the above expression, the dot

denotes the standard Euclidean product on RV~! (and hence y? =y - y).
The Hamiltonian also admits a simple expression in these variables, owing to the fact that the
the potential only depends on position differences, meaning the center-of-mass dependence drops

out:
N -1

N—1
T —xj = Z(Aik — Ajr)yr = (Air — Aji)ye = V2 Z bE’J]yk , (2.51)
k=1 1 k=1

=

B
Il

12



where we have defined the coeflicients b,[j’j ] as follows:

b = 5 (A= A (2.52)
From here on, it will be useful to introduce a multi-index, denoted by a = [, j], with ¢ > j, which
runs over all the N(N — 1)/2 independent choices of a particular pair of particles, and collect the
above coefficients into a set of N(N — 1)/2 vectors b® = (b%,...,b%_,) € RV~L. Now we can see
that, like (2.48), the Hamiltonian also admits a center-of-mass and relative decomposition of the
form:

H=Hx+ H,q , (253)
where ) ) A1)
) _
—= = — 2.54
522 ey .

and, in the above expression, the dot again denotes the standard Euclidean product on RV 1:

1
HX = _ﬁag( ) Hrel =

N—-1
by = by, (2.55)
k=1

and 8}2, = Oy - 0y . An important feature of the b®’s is that they are unit vectors with respect to
the above inner product. This follows from the orthogonality of the matrix A. To be precise, we
have

N-1
b” b =Y bibg =+, (2.56)
k=1

where the multi-index matrix v* is straightforward to compute:

a1
y[z]},[z 7'l = 5 ((5”/ — (5”/ + 6]3/ — (5311) . (257)

In fact, this shows that the b® correspond precisely to the (normalized) positive roots of the Lie
algebra Ax_1 = su(N). In particular, this provides us with an explicit expression for the angles
between the N(N — 1)/2 unit vectors b®.

2.3.2 Radial and angular variables

Let us now introduce spherical coordinates on the vector y in RN ~!. We first introduce the radial
coordinate in the usual way:

P=y.y= iZ(mi—xj)Q , (2.58)

Jj<i
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and angular variables w;, i = 1,..., N — 1, which parameterize a unit (N — 2)-sphere via

w1 = cosfy ,

wo = sinfq cos By ,

wn_9 =sinfy...sinfn_zcosOn_s ,

WN-1 = sin (91 ...sin 9]\[,3 sin QN,Q . (2.59)

Under the change of variables y; = rw;, a standard calculation reveals that the relative operators

become:
1 - 1 AA=1)
Hy=—-——+—0,(rV729, —_— 2.
rel 27’N_26 (T‘ 15) ) 27“ < VsN 2+ ; (COS @a>2> ) ( 60)
2
r
K= 5 (2.61)
Dyl = —i (r*No. vVt +r0,) (2.62)

where V% ~_» is the Laplacian on the unit SN~2, and we have introduced the notation ©% for the
angle between the unit vector b* and the vector y, as computed by the inner product in (2.55):

N-1

b .y = Z bly; = r cos ©% . (2.63)
i=1

In other words, we see that there is a clean split between the radial and angular dynamics:

1
Hy = _§T27Nar (rNi2 ar) LSN 2 (264)

where we have defined the following ‘angular’ operator:
2
Lin->=—Vino +Z cos@a : (2.65)

Finding the ground state of the Calogero model also means finding the ground state of LSN 9-
Luckily, there is a convenient trick that we can use, as described in the next section.

2.3.3 A similarity transformation

The above expression for the Hamiltonian (2.53) can be simplified by a judicious choice of similarity
transformation, as we will now show. Let us first introduce the following scalar:

Aly) = Lﬂ , (2.66)
(2r2)
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which, up to an overall constant, is the usual determinant of the Vandermonde matrix built out of
the x;’s, rescaled by a power of the relative radial coordinate r. Using (2.46) we find:

=

-1

T —Tj = Z(Azk — Aji)yk = Z b[l’] yr = V271 cos O, (2.67)
k=1

hence A(y) only depends on the angles ©% defined in (2.63):

[i,4]
Ay) = H (b y> = H cos © . (2.68)

j<i

Now comes the trick: We will denote by a caligraphic script, any operator related to our original
algebra by the following similarity transformation, e.g.,

H=AHA*  D=ADA*  K=AKA. (2.69)

Note that since K and D only act on functions of X and r, but are otherwise independent of the
angles ©% (see equations (2.48) and (2.61-2.62)), we have that

D=D, K=K. (2.70)

Note also that, starting from any eigenfunction ¥ = W(X,y) of an arbitrarily-chosen caligraphic
operator O satisfying OU = EW¥, we can construct an eigenfunction of O by noting that OAM I =
EAMU. Hence the spectra of the caligraphic operators are the same as those of the original
operators, as is always the case with a similarity transformation.

Now note that for a test function f = f(X,y) we have

M) = AN (ANf) == S0k — J027 — 1 (0yA) - (0y))
A [oiA (ByA) - (OyA) 1
_2<YA _'_()\_1)[ y A2y _za:(bd.yﬁ])f' (2.71)

We will now show that the coefficient of f in the second line in (2.71) is a spherically symmetric
function, meaning it depends only on the radial variable r. First note, using (2.68) and (2.58), that

N(N —1)

log A(y) = ———

log (y -y) + Z log (b®-y) . (2.72)

Taking derivatives of the above expression, we find (no sum on ):

_0,A [ NN -1y i
02 A  (0,,A)? N(N -1) ()2 (bS)2
2 Yi Yi _ | _ _ ? _ 2
02 log A = A N =|-——5z N(N —1) s §c j bey? ) (2.74)

By dotting (2.73) into itself, and using the known expression for the angles between the b vectors
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(2.57), we have:

OyA) - (ByA N?(N —1) !
aapA) (T ) o

Summing equation (2.74) over i and adding (2.75) to it, we also find:

[

A _ N(N-1) (N(N —1)

Y i 5 +N—3> . (2.76)

Putting everything together, one obtains the following result for the conjugated Hamiltonian:

1
2N

1

H= 2A2)\

% —

0y - (Azxay) G <>\N(N— 1)

2 +N - 3) , (2.77)

where one can check that this operator (and the all the other conjugated operators) are Hermitian
with respect to the inner product:5

(f9) = [ax [y a®yg. (279)
Now, keeping in mind that A only depends on the angles ©¢, and that we have a splitting
H - HX + Hrel 5 (2-79)

and that the original relative Hamiltonian had a radial and angular decomposition as in (2.64) and

(2.65), we find that:

1,5 _ 1 4
Hyel = _57'2 N, (TN Qar) + 27742£§N—2 ) (2.80)

where the new angular operator EA% ~_o 18 defined as follows:

R A2 N(N -1 N(N -1
L2y, =— N 9, (A”\/Eg“”@,,)—}—)\ (2 )<)\ (2 )+N—3), (2.81)

where g, is the round metric on the unit sphere SN=2_ The above manipulations emphasize that
the angular differential operator, in this conjugated frame, is simply a linear deformation of the

spherical Laplacian:
A 2) 2 ’
2y (A \/§g‘“’&,> = — V2, — AN, (2.82)
N
where M is a first-order differential operator on SV~2. Hence, the caligraphic angular part of the
Hamiltonian is of the form

\ - N(N-1) ([ (N(N -1
Lin-s=—Vin_s —AM + A (2 )<)\ (2 )+N—3>, (2.83)

It is clear that in the limit A — 0 the above expression reduces to the usual spherical Laplacian.

SCare must be taken when defining the limits of y integrals, as we will see in the explicit solution of the N = 3
problem.
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Summary: We have shown that our conjugated sl(2,R) operators admit the following split in
terms of center-of-mass and relative coordinates:

H= ,HX + Hrel ) K= ICX + ]Crel ) D= DX + Drel 5 (284)

where

Hx = 2N8X , Kx = 2X s Dx = 4(8)(X-|-X8X) . (285)
The center-of-mass degree of freedom forms a closed s[(2, R) algebra with Casimir:

1 3 1/1
C2 EQ(HxKx+KxHx)—D§(—_16—4<4_1> ) (2'86)

where we immediately recognize that the conformal weight of the center-of-mass multiplet is Ax =
%. Similarly, we found

1

Hrel = _W

1 -
Oy (TN_Q 87‘) + 27742£%‘N—2 )

T2

ICrel = 5 s Drel = _% (Tz*Nar T'Nil + T'ar) y (287)

which also forms a closed s[(2,R) algebra with Casimir:

Ciel = (2.88)

1/ 4 N —=5)(N -1
(Hrel ICrel + ’Crel Hrel) - D?el = Z <£§N—2 + ( L( )> ;
hence the value of the casimir A, will be determined by the wavefunction’s eigenvalue under the
angular operator ﬁ%N,Q . Also note that since we are ultimately interested in the spectra of the
full operators (2.84), apart from the ground state,” the eigenvalues of the full Casimir will not be
as simple as adding Ax + Ay = % + Aye. This much should be clear to any undergraduate who

has struggled with Clebsch-Gordan coefficients while learning how to add angular momenta.

2.3.4 The ground state wavefunction

We are finally ready to solve for the ground state wavefunction of the Calogero model as well
its eigenvalue Aq. From it, as we described in section 2.2, we can generate the entire spectrum
by acting via the action of the creation operators. From the definition of the angular operator
ﬁ%N,Q (2.81), it is not unreasonable to expect the ground state to be a constant function over the
SN=2_ Moreover, since the operators in the .J; and Jo columns split nicely between center-of-mass
degrees of freedom X, and relative coordinats y, we expect the ground state wavefunction (of the
conjugated operators) to be of the form:®

o = x(X)p(r) . (2.89)

Already at this stage it is possible for us to determine Aq without the need to solve a differential
equation. Let us explain how. On wavefunctions that are constant over the SV~=2, the operator

"This follows from writing the Casimir as C2 = £o(fo — 1) 4+ £_ ¢, with £, annihilating the ground state.
8Tt is also reasonable to predict that the excited states will not split nicely in this way, by action of the higher
creation operators, which mix between X and y.
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L%N,z is a constant:

ﬁgN,Q‘IIQ — )\

N(N -1) /[ N(N - 1)
2 <A 2

+N-— 3) Tg | (2.90)

hence we can immediately deduce from (2.88) that:

C o = AR (AL — D¥g (2.91)
with? NA+1)(N -1
g, = AT i( —1 (2.92)
For the ground state, we can add the center and mass Casimirs and we deduce Agq:
AN(N —1)+ N
Ag=Ax+AY = ( 1 )+ (2.93)

This completes our calculation of the partition function (2.43). We reiterate that this model has
the same partition function as a truncated chiral boson, where the ground state energy Aq naively
diverges in the continuum N — oo limit. This is a standard divergence that one encounters when
taking the field theory limit.

Given our ansatz for Wq, finding the ground state involves solving the following two differential
equations:

mx(X) = & (0 + NX) x(X) = 0. (2:94)
and

1 1 _
ro(r) = -1 <rN2 Oy (’I“N 20, p(r)) + 2rd.p(r)

- [AN(]QVT; 1 (AN(NQ_ Dyn- 3) 2 (N - 1)} p(r)) —0. (295)

One can easily check that this leads to:

) Asz—% 9
Uo(X,r) = (T‘)‘N,egXQE , (2.96)

where A is a normalization constant. This allows us to go back and write down the ground state
of the unconjugated operators in the original variables x;. Defining:

A
o H‘<z‘(xi_xj) _Lls g2
Yo (Z) = N eI LT (2.97)
then one can check that it satisfies:
lova = Agyq - (2.98)
9 A nice consistency check is that limy o A%, = M=l = (N—1)Ax, the conformal dimension of N —1 free particles.
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Subsequently the Hilbert space will consists of states

1 ng
Yy = — 1] (ah) e, (2.99)
{n«} N{nk} ]];[1 < k)
which statisfy
N
1

loYin,y = (AQ +3 ank> Vingy - (2.100)

k=1

One final comment is in order. We have studied an interacting, multi-particle quantum mechan-
ics with coupling constant A(A —1). Now, granted, this model has a lot of symmetry, but the truly
remarkable feature is that the spectrum is exactly linear in A for all values of the coupling. This is
very different from the expectation from perturbation theory: linear deformations of the Hamilto-
nian typically lead to deformations of the spectrum at all orders. This truncation of perturbation
theory is the result of integrability.

3 The principal series Calogero model

Having outlined the procedure for solving the Calogero model for any N and A, we will now
describe what is needed to analytically continue these models so that their spectra accommodate
the principal series of s[(2, R). The first step in this endeavor is to focus only on the relative system.
That means that, going forward, we will ignore all dependence on the center-of-mass variable X,
and set it to zero everywhere.

31 N=2

We will first present the N = 2 case, which is none other than the De Alfaro-Fubini-Furlan (DFF)
model [41], whose analytic continuation to the principal series was explained in [42] and later
reviewed in [43].

3.1.1 Setup and original solution

For N = 2, before analytic continuation, we have the following operators (c.f. (2.87)):

A(A—1) 2

1 7
Hrel = _583 + 972 5 Krel = 5 » Dyl = _Z (arr + 7"87’) s (31)

along with the quadratic Casimir, which evaluates to a constant:

2\ + 1)(2) — 3)
16 ’

cyel = ( (3.2)

and indicates that the spectrum corresponds to a single A = % + % conformal multiplet (see (2.92)
for N = 2). The spectrum of E(r)el eigenstates, where

EBel — 1

9 (/Hrel + ICrel) ) (33)
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are straightforward to express in terms of generalized Laguerre polynomials Lf for k =0,1,2,...:

ne(r) = F(lf(ng)e_irQA_éLiA_l (7"2) . (3.4)

In particular, they satisfy the eigenvalue equation
e e (r) = (k + A)me(r) (3.5)

and are orthonormal with respect to the norm (-, -)
(o= [ arfeew). (36)

3.1.2 Analytic continuation to the principal series

In order to analytically continue this model to the principal series, we first need to take A = %—i— w,
which translates to continuing the parameter A — % + 2iv. Plugging this into (3.1), we find that
this analytic continuation corresponds to an attractive 1/r? potential, rather than a repulsive one.
But a quantum mechanics with an attractive 1/r2 potential suffers from the famous ‘falling into
the origin’ problem [91], owing to the fact that the Hamiltonian fails to be self-adjoint with respect
to the norm (3.6). So it is not sufficient to simply continue the parameter A in order to furnish
states in the principal series.

As explained in [42,43], the issue at hand is that the representation of the operators (3.1)
forces K. to have non-negative eigenvalues, which is the main tension with the principal series.
To remedy this, in addition to continuing the parameter A\, we continue r — v/2x and extend the
range of  to kK € (—o0, 00) resulting in:

_3 _1
oo = —/43,% _ %&i n (A 4)H(A 4) ’ Krel = K Drel = —1 (H@H + i) , (3.7)

with A = % + iv, which one can check properly furnishes the algebra (2.3). These operators are
Hermitian with respect to the inner product (-, -)

(o= T AE ) g(n) (3.8)

—oo /Al

Notice that the kinetic energy and potential energy have anti-correlated signs, which is a crucial
element in this calculation. The spectrum of principal-series eigenstates'® satisfy

U n (k) = —ntpn (k) (3.9)
for n € Z, which has a general solution of the form

ki

7T\/§ —00

10Gee appendix A for details. Here we focus on the even parity principal series.

(k) du (14 4u) "8 (1 — du)"Re~ 0 (3.10)
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It is relatively straightforward to check, using the substitution v — tan g for v € (—m, ), that

(@Z’mwm) = dnm (3-11)

with respect to the inner product (3.8). The above Fourier transform can be found in Volume I
of [92] and evaluates to

1 W—n 1 —A(2K’)
23748 —F’_QiA k>0
Un (k) = ]ﬁﬁ X Wm%EA?j—%)) ’ (3.12)
—Teray K <0

where W, () is the Whittaker function.

Summary: We found that, to furnish the principal series for N = 2, we needed to both analyt-
ically continue the Casimir eigenvalue A, and the domain of the operators in (3.7). We will take
these lessons and present the N = 3 case now. What will follow will be very similar to the N = 2
case, but with a slight twist.

32 N=3
3.2.1 Setup and original solution

Let us now work out the example of N = 3. We will (again) solve for the full spectrum of the
problem, after which we will perform the analytic continuation in detail. This may seem redundant
given that we solved for the entire spectrum at arbitrary N in section 2. But working things out
in detail here will help us illustrate analytic continuation to the principal series and how it mirrors
the N = 2 case; this will subsequently provide the roadmap for analytically continuing the problem
at general N.

Once again, we ignore the center-of-mass degree of freedom and focus on the relative operators
(c.f. (2.87)):

1 1 72 i (1. ,
Hiel = _Ear (T 87“) + ﬁﬁsl ) Krel = ? ) Drel = _Z ;8r r“+ro. |, (313)
where
£2, = —AP, (A”aﬁ) 1A (3.14)

These operators again form a closed sl(2,R) algebra with Casimir:
rel 1 A2
o5 = (22 -1) . (3.15)

To proceed, we need to compute the Vandermonde A

Ay =] <baT' y> - 1:[ cos O . (3.16)
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Figure 2: A depiction of the vectors bl that enter in the potential of the N = 3 Calogero model.

The vectors b?, defined in (2.52), are given by

1 1(1 1 (-1
b[Qvl} — <0> , b[371} — 5 (\/§> , b[3’2} = 5 (\/§> , (317)

as displayed in fig. 2. Note that these vectors correspond to (normalized) positive roots of the Lie
algebra su(3), and the angle between any two adjacent vectors is w/3. Taking

cos v
= Nl
y=r (sin 19) ’ (3.18)

implies
2
cos O = cos(v) | cos O3 = cos (g - 19) , cos O32 = cos <; - 19) , (3.19)
and gives
Aly) =~ cos(3) (3.20)

Since the Casimir equation only depends on the angle ¢, the above system can be solved by
separation of variables. Hence, we write our wavefunction as a product of radial and angular

functions
U(r,d) = ¢(r)P(J) . (3.21)
The first step to finding the spectrum of this model is to solve the Casimir equation, which translates
to
1 1
rel 2 2
PW)=-—-——5+= —1|PW)=AA-1)P) . .22
C5¥ P(09) 1 ( cos?(30) Oy (cos (319)8@) + 9\ ) (9) ( )P(9) (3.22)
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If we make the following clever choice for the ¥J-dependence,
P(¥) = P(sin(39)) , (3.23)
then the Casimir equation becomes:
(1— %) P"(v) — v(2A+ 1) P'(v) + % ((1 —2A)? - 9)\2> P(v) =0, (3.24)

in terms of the variable v = sin(3¢). Let us compare the above differential equation to the known
Gegenbauer equation:

(1 =) P"(v) — v(2a + 1) P'(v) + m(m + 2a)P(v) = 0, (3.25)

whose solutions are the Gegenbauer polynomials C% (v) for m = 0,1,2,... which are orthogonal
with respect to to the following measure,

S - (3.26)

! Na—3 iy 7217297 (n + 20)
/1 dv (1 —v?) Co(v)Cr(v) = (0 T 0)T(a)?

Comparing (3.24) with (3.25), we see that the conformal Casimir equation admits orthonormal
solutions for the following allowed values of A:

w

1
A=t 3man,  moova 321

[\)

and we note that the above expression for m = 0 matches with A% in (2.92) for N = 3. Thus, we
can define a set of normalized harmonics,

3 ml(m 4+ NIT(X)? )
Y (9) = 233 [ = - i 2
(9) \/ 5 T £ Cnsin(30)) (3.28)
which are orthogonal with respect to the following measure,'!
/ * A9 | AP Y, (9) Yo (9) = G - (3.29)

s
6

Now that we have solved the angular problem, we just need to find the radial dependence. As usual

we decompose our wavefunction into harmomics as follows,
1/)(7"’ 19) = Z bmﬁbm(r)ym(ﬂ) ) (3.30)
m=0

where the b,, are coefficients whose absolute squares sum to one, and m labels the conformal family

" Seemingly, the origin of the (—%, %) limits stems from keeping the angle 9 4+ /6 within a chamber between the

two root vectors b>! and bl>!. We believe that this is possibly due to the configuration space being redundant
under permutations of the labels of the particles, so we need only consider this limited range of angles to get the
whole configuration space.
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according to (3.27). Restricting to a single value of m, the operator H,q in (3.13) acts as

o A (A — 1) + 1
Hrel = _277’871 (7' 8r) + o2 )

(3.31)

so we are again dealing with a DFF model. Exactly as in the N = 2 case, we can express the /4!
eigenstates at fixed m in terms of Laguerre polynomials L (x). Let us define the functions

2(k!) 12 A1 7281 (.2
-~ 7 m L m
T]k (7") F(k—i‘QAm)e zr k (7‘ )

, (3.32)

for k € N (note the extra factor of 7~ /2 compared to (3.4) due to a difference in kinetic terms),
which are orthogonal with respect to the inner product

| i) = s (3.33)
0
Defining the wavefunction:
\Ijmk(ra 19) = W?(T)me) ’ (3'34)
it is easy to verify that
6 W (r,0) = (k + D) Uy (r, 9) (3.35)
and, in particular we have
/ d?“’f'/G dv ’A|2/\\I/mk(7”, 19)\I/m/k/ (T, 19) = 5mm/5kk/ . (336)
o g

3.2.2 Extra generators in N = 3 problem

We have managed to solve the N = 3 problem without making use of the additional generators
afforded to us, namely those originating in the fourth column in fig. 1. Since we have been ignoring
the center-of-mass degree of freedom X , we will drop all subscript ‘rel’ in this section, but these
are implied.

Let us focus on the third set of creation and annihilation operators. First, to make our notation
more self contained, we define as in (2.22):

k k
[K, Lk] = §Mk_2 s [K, Mk] = §Ok_2 3 (337)

then our creation and annihilation operators can be expressed simply as:

Tzﬁ. §L §M _i :_E —§L §M i
as 1 <J3 + 5 1+ 3 1 16073 , as 1 J3 5 1+ 3 1+ 16073 . (3.38)
Of course, we need the conjugated operators:

Al = Adar ) A3 = A a3, (3.39)
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whose action on the wavefunction VU,,; defined in (3.34) amounts to:

AsUik = Amk ¥ m—1)k + Bk Y (m41) (k—3) »
AL, = Crnk ¥ (m+)k + Dk ¥ (m—1)(k+3) > (3.40)

up to the unenlightening coefficients (A, ..., Dmk). So as promised, these operators raise/lower
the ¢y eigenvalue by 3/2. Importantly, action by .43 and .A;E) does not just raise or lower the
conformal family, since the wavefunctions A3V, and .Ag\l/mk no longer diagonalize the Casimir
operator Cs.

3.2.3 Analytic continuation to the principal series

Unlike the case for N = 2, the conformal families for the N = 3 problem were determined as
solutions to an eigenvalue problem. Recall that the conformal families in the previous section were
found as solutions to (3.22):

i [-W&s (cos”(w)aﬁ) 1N - 1] P) = A(A — 1)P(¥) (3.41)
and, as we explained there, the orthonormal solutions to the above differential equation are given
in terms of a set of harmonics P(¢) = Y,,,(¢) defined in (3.28) whose conformal dimensions were
all in the discrete series: 1 3
Am:§+§(m+)\) ) m € Z. (3.42)
The method we employed to define an N = 2 theory in the principal series was to analytically
continue A\. But we conclude now that this same trick will not work in the N = 3 case, since
we need to figure out how to analytically continue the above differential equation such that its
spectrum is a set of eigenfunctions in the principal series.
After some thought, the solution turns out instead to be to analytically continue the angular

variable ¥. Formally, if we make the change of variables ¥ — ix — m/2 and take

1
A, = 5(1 + 3io) , oceR, (3.43)

as needed for the principal series, then the Casimir equation (3.22) becomes

1 1 _
1 {—’_sinh”‘(i%x)ax (SlnhQ/\(?)X)aX) +9 (/\2 + 02):| P(x)=0. (3.44)

This differential equation may not seem familiar, so let us massage it slightly. Let us first rewrite
(3.44) by taking x — %“, which gives:

P"(u) + 2X [cothu + tanh u] P'(u) + 4(\2 4+ 0?)P(u) = 0 . (3.45)

We can relate this differential equation to the more general theory of Jacobi functions which are
defined as the set of functions that satisfy [93-95]:

P"(u) + [(2ac + 1) cothu + (28 + 1) tanhu] P'(u) + [(a + B+ 1)* +7*] P(u) =0 , (3.46)
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for general («, 3,7). The Jacobi functions constitute an interesting function space: they are ba-
sically a Fourier basis for the half-line. We therefore notice that (3.45) is a special case of (3.46)
witha=08=X— % and v = 20. The differential equation (3.44) admits plane-wave normalizable
solutions [93]:

C2 _y(cosh(3y)) , (3.47)

2

where C)/(z) are so-called Gegenbauer functions that are well-defined for complex values of the
parameter v € C. These Gegenbauer functions can be expressed in terms of the more-familiar
associated Legendre functions P} (z) via the relation [96]

T'(2+N)T(\+io)
T (2\)T(1 -\ +io0)

1
sinhz(3x)P2 ) (cosh(3y)) - (3.48)

C2_\(cosh(3)) = 222
Remarkably, the orthogonality of these functions was studied in the 1950s by a geophysicist em-
ployed by a petroleum company in Texas, who discovered that [97] (see also (C.21)):

2

L(io) (6(c —0")+6(c+0)) . (3.49)

—é(u):‘I‘(io—i—l—)\)

Hence, if we define a set of wavefunctions

— i0)?
Y,(x) = 234 ;F(?gil;()lr(;:rw)) C’i)‘a_)\(cosh(?)x)) , (3.50)

then these are appropriately orthonormal with respect to the natural inner product:
> 2)
| IaP Y 0¥ (0 = o = o) (351)

where |A| = % sinh(3y) is the natural analytically continued Vandermonde determinant and where
we are now restricting o, o’ > 0.2

Now that we have solved the angular problem, what is left is to analytically continue the radial
part, which will proceed exactly as before for N = 2, namely we will perform the following analytic

continuation: )
% — K, K € (—00,00) . (3.52)
Putting everything together, our task is to analyze the following s[(2, R)-invariant quantum me-
chanics:
Heol = —O0 (K 0x) + I B (sinh2’\(3x)@ ) + 9\ (3.53)
el =TI T 4 L sinh® 3y) ¢ X ’ '
Kiad =k, (3.54)
i
Diel = —3 (O k+ KOk) - (3.55)

We will refer to the above system as the three-particle principal series Calogero model.
We will present the spectrum of N = 3 model in its entirety. Recall that we are looking for

12The representations with negative o are isomorphic to positive ¢ through the shadow map described in ap-
pendix A.
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solutions to the equation:
6 o (5, X) = =nWno(k,X) s C5 g (R, X) = Ag(Ag — 1) W (k. ) (3.56)

with A, defined in (3.43) and n € Z. The solutions are relatively straightforward to write down.
First we separate variables:

Vo (K, X) =y (k) Yo (X) (357)
where Y, is as in (3.50). The function g needs to satisfy
2

% [—8H (k0y) — 94% + I<6:| Vo (k) = —nibp(K) , (3.58)

and the solution is comparable with the N = 2 case (3.10):

K[p A [0
B 7T\/i —00

Volume I of [92] allows us to write the integral in terms of Whittaker functions:

V2 (k) du (1 +iu) "B (1 — ju)" " Bee R (3.59)

w

1 771,%7Aa— (2’{)

QE_A" T (et AY k>0
Pp (k) = T X Wn,;—(AZ—(tQZ)) : (3.60)
TTnrA) k<0

By construction, we know that the wavefunctions are normalized as follows:
oo oo
/ dm/ dx |APY U (K X) Yo (K X) = Opm 0(0 — o) (3.61)
—00 0

where we remind the reader that |A| = %sinh(iﬁx) . The upshot of this analysis is that we have
found a basis of normalizable wavefunctions which solve the conformal quantum mechanics defined
in (3.53) and carrying the spectrum of the principal series representation.

Instead of working in a basis of 6561 eigenstates, we could equally work in a basis of H, eigen-
states (see Appendix A of [43] for what these wavefunctions look like). This would allow us to com-
pute the Harish-Chandra character for this s[(2, R)-invariant quantum mechanics, as in [98-100],

but we leave this to future work.

3.2.4 Analytic continuation of ‘]{el?

One point emphasized in section 2.2 was that the entire spectrum of the Calogero model follows
from the organization of its current algebra. Above, we did not make use of the extra currents
in solving for the spectrum of the analytically continued N = 3 model. Here, for the sake of
completeness, we investigate the analytic continuation of the extra current for the N = 3 model.
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Let us write down the conjugated relative current j§e1 in the new variables:

rel i 3 K 2 oA
S i L - h
Ji 2\/; {Smhx_l(gﬂ)anax <sm (3X))

1 cosh'/3(3x)
27" | sinh®(3y)

n cosh(3x) [_2

Oy (cosh2/3(3x) sinhQ’\(3x)) +3A(3A +2) cosh(3x)]

3N+ 2 3A+4

393 3.

K0, + ————55—0y (cosh 5~ (3x)0
3 4 cosh 25 (3x) X ( 3%) X)
3IMA+1)

2sinh(3y)

K

9y (cosh(3x)) + mﬁ‘f’”aﬁ; + 2 (9M% — 10)] } ;

(3.62)

and we have checked that this indeed commutes with (3.53), as expected. However, it seems that
this operator is not Hermitian on the domain x € (—o00,00), and therefore we do not expect to
be able to use it to generate the spectrum, as we did in the discrete series. The reason for this is

the pesky x~1/2

sitting outside of the curly braces, which crosses a branch cut when x becomes
negative. We believe that this happens for all the higher currents under this analytic continuation,
although we have not presented a general proof.

Regardless of losing the utility of the current algebra for generating the spectrum, we will now
explain how our solution for the three-particle principal series Calogero model sets a road map for

defining the Calogero model in the principal series for general N.

3.3 The principal series Calogero model for general N and A\

We now have all the ingredients ready to present the analytic continuations required to define the
principal series Calogero model for general N and A. To begin, recall that in the original model we
had introduced spherical coordinates on the y-vector in RV~1, which involved the use of spherical
coordinates on the (N — 2)-sphere via the recursive formula

w1 = cosv , w; = v sind 1=2,...,N—1, (3.63)

where the v; represent coordinates on the (N — 3)-sphere (see equation (2.59)). Hence we have
defined things such that:

N-1 -1
)= (m)P=1. (3.64)
=1 1=2

Moreover, recall that the conformal families of the original model were found as solutions to

CEPQ) = i (ﬁzm LW 5L(N — 1)> P(Q) = A(A—1)P(Q) , (3.65)

where the angular operator ﬁ%N_Q

—2A

A2 —
;CsN,Q = —

O (A2/\\/§g“”8,,) + )\NU\;_ D) ()\N<N2_ D + N — 3) , (3.66)

V9
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was defined in (2.81) and where g, is the metric on the unit SV—2

. The above Casimir oper-
ator only admits normalizable solutions in the discrete series. Below we will detail the analytic
continuation needed such that Cgel admits solutions in the principal series.

For the moment, let us suppose that we have already managed to find the appropriate analytic
continuation for ﬁ%N,Q. Then, on any subsector of fixed conformal dimension A, = (1 +i7), in

the principal series we can work with (2.87) and take the, by now, familiar analytic continuation

2
% — K, Kk € (—00,00) , (3.67)
which leads to:
N -1 1 N-5 N -1
_ 2
Hrel = —:‘{a’_€ - Taﬁ + ; (A’y + 4) (Ary — 4> y (368)
Krel = K, (3.69)
N -1
Dre] = — (H a,{ + 4> . (370)
These operators are Hermitian with respect to the inner product:
& N-3
(f,9)= de k]2 f*(K) g(K) (3.71)
—00
and the eigenfunctions, satisfying 5%\ (k) = —n . (k), are given by
G -
(k) = A du (14 4u) "B (1 — ju)"Breimu | (3.72)
™2 PN
and can equivalently be written as:
1 W_ . 1 A (2)
2775 - k>0
Un(R) = e X Qw : (3.73)
1 n,5 Ay
|"{| I?(TAW) k<0

So with the radial part of the equations out of the way, what remains to complete our story is to
detail the correct analytic continuation of ﬁ% Ne2 -

3.3.1 Free limit of the principal series Calogero model

To make the general case more accessible, we will start by analyzing the limit A — 0 in which the

Calogero model reduces to a theory of N free particles on a line. In this limit, the angular operator
rel

appearing in C5* reduces to the Laplacian on the (N — 2)-sphere

1

sinV=3(99)

1 2

lim Lin . =—Vin,=— By (sinV =3(9) 9y) + S Ve (3.74)
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where V%N,S is the Laplace-Beltrami operator on the (N — 3)-sphere. Hence, the Casimir equation
for the non-interacting model becomes:

1
Z *VZvN—Q +

(N =5)(N —-1)

P(w) = A(A —1)P(w) . (3.75)

whose solutions are the spherical harmonics on the N — 2 sphere Y77 (€2) which satisfy:
—Vin_2Ypa(w) = L(L+ N — 3)Yp3(w) . (3.76)

Simple algebra reveals that A = é + % for these solutions, and the L = 0 state matches the
A — 0 limit of A%, of (2.92), as expected.

We would now like to convert the left-hand side of the above Casimir equation to an operator
whose solutions lie in the principal series representation. We will do this by taking 9 — du similar
to what we did in the N = 3 case. With this replacement, the natural embedding coordinates
(3.63) become:

w1 = coshu , w; = ygsinhu , 1=2,...,N—1, (3.77)

with the v; unchanged, but where these coordinates w; instead satisfy:

N-1

(@)= > (@) =1, (3.78)

=2

meaning these coordinates parametrize the upper sheet of a two-sheeted hyperboloid with the
variable u € [0, 00) corresponding to the non-compact direction. The metric on this hyperboloid is:

ds® = G, dadz” = du? + sinh?(u)d03%_, , (3.79)
and the corresponding Laplace-Beltrami operator V]%IN,Q, which is given by

v 1 W N=3 1 2
8# (\/EGM al,) = m 8u (smh (u) 8u) + mvsz\r,g; . (380)

1
VG

Under the analytic continuation ¥ — iu the Laplace-Beltrami operator (3.74) becomes

2 —
VHN72 —

—Vin-s = +Vin_s (3.81)

and hence, the corresponding Casimir equation is now

1

i mRLELA

P&) = A(A—1)P(&) . (3.82)

Following [101], we will now argue that this equation admits solutions in the principal series repre-
sentation. This can be done by making the following ansatz:

P(&) = sinh®(u) Yy (1) ®(u) | (3.83)

30



where Y7 (v) are the spherical harmonics on the (N — 3)-sphere, satisfying the eigenvalue equation
~V2n-sYus = L+ N — 4) Y . (3.84)

Plugging this into (3.82) and setting A = %(1 + i) we find ®(u) must satisfy:
" / N-3 ? 2
" (u) + (20 4+ N — 3) cothu @' (u) + E—E—T +~7 ] ®(u) =0. (3.85)

Let us compare this with the defining equation for the Jacobi functions that was presented in (3.46),
which we repeat here for convenience:

P"(u) + [(2a + 1) cothu + (28 + 1) tanh u] P'(u) + [(a + 8+ 1)* +4*] P(u) =0 . (3.86)

From this we determine that (3.85) is a Jacobi differential equation with o = £+ %, 8= —% and,
following [94,95,97,101] we therefore know that there exists solutions which are orthonormal with
respect to the appropriate measure, just as in the interacting N = 3 case.

3.3.2 Adding interactions

To add the interaction we simply need to provide an analytically continued definition of the Van-
dermonde determinant. We will do this as follows. First define the following vector in CN~1:

z = (coshu,i7 sinhu) | (3.87)

where recall 77 is an (N —2)-vector denoting a position on the unit SV=3. We define the appropriate
Vandermonde determinant for the principal series as follows:

A=]]»" 2z, (3.88)

where b® were the set of N(N — 1)/2 vectors defined in (2.52) and the dot denotes the standard
Euclidean product of these vectors. This ensures that A can be obtained as the analytic continu-
ation in ¥ — iu of the standard Vandermonde determinant defined in (2.66). Defined in this way,
A is either pure real or pure imaginary, which is a consequence of the identity ©21 = ¢ prior to
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analytic continuation. In detail, using the properties of the root vectors b®,'3

~ (N-3)(N—-2) (N—3)(N—-2) o
A= (-1)V"2%""2 " coshu(sinhu) 2 H ¢liod]
1>5>2

1 .
X H <4 cosh? u 4 ¢V12 sinh? u> , (3.91)
7j>2
where

N-1
k=2

With this in hand, let us define the appropriate principal series generalization of (2.81):

2\
. A ~ N(N—-1) [ N(N -1
o —— += 5 (A”\/GGW@) M 5 ) ()\ ( 5 ) 4N —3) : (3.93)

where we remind the reader that G, is the metric on the upper sheet of the two-sheeted (N — 2)-
dimensional hyperboloid defined in (3.79), and we clearly see that the phase in A cancels between
the numerator and denominator of (3.93). With this we can finally write down the full N-particle
principal series Calogero model:

N-1 1,
H=—rd> - — 0+ @%H , (3.94)
K=k, (3.95)
D= <ﬁ b, + N4_1) . (3.96)

These operators are Hermitian with respect to the following inner product:

(fo)= [ anlal™s* ["au [ a0 oVGRP S (s g ns) . (397)
—00 0
and furnish the s[(2,R) algebra (2.3) with Casimir operator
1 1/ 4 N —=5)(N -1
62:2(HIC+IC7{)D2:4(£1%IN_2+( )4( )) . (3.98)

The f{)el eigenfunctions are given by

\Il%("fa u, ﬁ) - wg(K>P7<u7 ﬁ) ) (399)
13Namely,
b -z = b} coshu + isinhu (” | (3.89)
with 1
b[2,1] — (1707 B 70) 7 b[11>2,1] _ _b[11>2,2] _ § , b[lz>2,J>2] -0 , C[i,l] — C[i,Z] ) (390)
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with ) (k) given in (3.73) and P, (u, V) satisfying the Casimir equation

Cl P, (u, 7)) =

=

(/ﬁfwg G 5)4(N — 1)> Py (u, ) = Ay (A, — 1) Py (u, 7) (3.100)

or equivalently

~ =2\ 2
A 2 N(N-1) N-3 ,
uv
[\/a 9, (A Niele a,,) n (A — + ) try

Py(u,7) =0, (3.101)

with A given explicitly by (3.91). While we have not managed to solve the Casimir equation (3.101)
for general N and A, by construction ¥}, satisfies

0N (ke u, 7) = —n W) (R, u, D) . (3.102)

We can furthermore demonstrate that the wavefunctions are plane-wave normalizable with respect
to the inner product (3.97):

(\Ijm:qj’ymz) = 5mn5(71 - 72) 5 (3103)

where we have taken v 2 > 0.'4 This follows from the defining differential equation, which we
demonstrate in appendix D. The upshot of this section is that for general N, we have defined an
interacting conformal quantum mechanics that admits (plane-wave) normalizable wavefunctions
carrying the quantum numbers of the principal series representation.

4 Discussion

In this paper we explored a system of interacting, multi-particle, conformal quantum mechanics
with a spectrum furnished by a continuum of principal series representations of s[(2,R). Our line
of investigation consisted of analytically continuing the Calogero model, an integrable model of
interacting quantum mechanics of particles arranged on a line. Along the way we have collected
and reviewed standard features of the Calogero model, namely the structure of the symmetry
generators responsible for its integrability, its solution, and its partition function. Central to this
solution was splitting the center-of-mass and relative dynamics. We then further explained how
the relative dynamics of the model could be analytically continued to display the principal series
spectrum. We worked this continuation and its solution explicitly for the NV = 2 and N = 3 models
while providing a concrete roadmap for the solution (including its spectrum and inner product) for
general N model. Let us now discuss some open questions that follow naturally from this work.

Explicit states and integrability?

While we have solved the principal series Calogero model explicitly for N = 2 and N = 3, we
have left the solution for generic N implicit upon solving the hyperbolic Casimir equation, (3.101).
Of course the spectrum of C3®' (and thus that of [%N_Q and the Hamiltonian) are fixed by the
supposition that our solutions furnish the principal series representation. We have also shown,

14 Again, representations with negative v are isomorphic to those with positive « through the shadow isomorphism
discussed in appendix A.
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based on general features of the Casimir equation, that such solutions are plane-wave normalizable.
Regardless, one might speculate if solutions can be constructed explicitly. In our review of the
standard Calogero model in section 2, the particular details of the eigenfuctions have been made
immaterial: instead, we have utilized the N independent symmetry currents to completely generate
the spectrum of the model and as such, states can be constructed explicitly as eq. (2.41). For our
principal series continuation, we do not have such a luxury. As we demonstrated in section 3.2.4, the
continuation of the first of the higher currents fails to be Hermitian on the domain x € (—o0, ),
displaying branch cuts for negative x. Thus it is not obvious that we can utilize it to generate
positive norm states. This is perhaps not surprising as the spectrum of the principal series model is
continuous and we do not expect it to be generated by a discrete set of generators. Regardless, in
principle we still retain a large set of commuting (albeit non-Hermitian) operators at general N and
whether this fact has leverage for constructing solutions remains a question worth investigating.

Partition functions

In eq. (2.43) we presented the partition function of the standard N-particle Calogero model. Al-
though this partition function only explicitly depends on A through the ground state energy, Aq,
given in eq. (2.93), it is discontinuous from the non-interacting partition function which is given
by the product of decoupled harmonic oscillators. We were able to deduce this partition function,
again, by directly utilizing the extra generators built from the symmetry algebra.

For the principal series model we have lost access to integrability but we still know that its
spectrum is fixed by the s[(2,R) representation theory. For principal series representations, the
appropriate notion of a representation trace is distributional and defined by a Harish-Chandra
character (as popularized in [98]), which is most naturally taken in the basis diagonalizing H (as
opposed to 6681). While we have not written this basis or computed the corresponding Harish-
Chandra characters in this paper, this should be a technically straightforward task. The compu-
tation of the partition function of this model however involves two more subtle issues. The first is
that the solution space of (3.94) is generated by a continuum of principal series representations.
Thus the partition function should involve an integral over Harish-Chandra characters of distinct
principal series representations with an appropriate weight. The second is that there may be a
degeneracy of solutions yielding the same Casimir equation eq. (3.100). This was indeed the case
for the non-interacting limit of our model in section 3.3.1: we found a solution to the Casimir
equation for every spherical harmonic on the (N — 3)-sphere. However as we have alluded to just
above, one lesson from the standard Calogero model is that the state space of the interacting theory
may not smoothly connect to the that of the interacting theory and so we cannot yet draw any
conclusions about the degeneracy of solutions to eq. (3.100) from its non-interacting limit. Having
a more explicit route of constructing solutions (in line with our previous discussion point) would
aid towards addressing this question. In general constructing the partition function of our model
and explicating its dependence on both A and IV is an important open question we plan to revisit.

The large N limit

Closely related to the above discussion point is what arises in the large N limit of our analytically
continued model. We recall that the partition function of the standard Calogero model displays
features of a local quantum field theory in the N — oo limit, that of a 1+1-d U(1) symmetric
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chiral CFT. In this case the N — oo is akin to a continuum limit of the target space of N-particle
quantum mechanics.

It is interesting to speculate if the N — oo limit of the principal series Calogero model retains
any realization as a local quantum field theory. Such a realization would be a potentially interacting
and solvable sl(2,R) symmetric field theory with states living in the principal series. This is an
intriguing prospect made more intriguing by connections to two-dimensional de Sitter physics, a
motivation we described in the introduction to this paper. One obvious obstacle to investigating the
large N limit is first constructing the partition function of the interacting principal series model, as
we discussed in the previous point. Additional to this is the obstacle of reincorporating the center
of mass degree of freedom. For the standard Calogero model, the center of mass is essential part of
both realizing the target space of the relative system quantum mechanics as particles on a line, as
well as recognizing the N — oo partition function as a chiral CF'T partition function. We expect
that in the principal series model, the center of mass to a play a similar role in both contexts.
In this case the target space is more subtle as we have analytically continued the relative angles
between particles. It is possible that realizing both a sensible target space and a sensible large N
partition function might require analytically continuing the center of mass as well, although at this
point we leave this as a speculation.
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A Review of s[(2,R) representation theory

In this section, we review the unitary representation theory of s((2,R). An ultimate goal of this
section is to introduce the basic features of the principal series representations and distinguish them
from complementary and discrete series representations.

The sl(2,R) algebra is given by Hermitian generators {H , D, K } satisfying the following com-
mutation relations.

[D,H] =1iH , [D,K] = —iK , [K,H| =2iD . (A.1)
This is a real basis of s[(2,R) and we will construct representations with inner products satisfying

H'=H, K=K, D'=D. (A.2)
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Central to the classification of such representations is the quadratic Casimir,
1
Cr=5 (HK + KH) - D? (A.3)

which commutes with all generators and so is a constant on irreducible representations. We can
construct a representation in the standard manner by treating D as a Cartan element and looking
for eigenstates that are highest-weight. In this context, such states are called primary and satisfy

DIA,0) =iA|A,0) , K|A0) =0, (A.4)
where A is known as the conformal dimension. Acting on primary states

which labels the representation. From this point, we will omit the label “A” from the state when
it is clear which representation it is a part of. Reality of the Casimir implies two possible cases for
the conformal dimension, A € R, or A = % +iv with v € R.

A useful strategy [45,102] for building representations for either case of A is to construct a set
of ladder operators of the form

1 1
=5 (H+K), l=5(H-KFiD, (A.6)

satisfying
[y, l1-] =2l , [, lo] = £l . (A.7)

Thus [ lowers the [y eigenvalue while [_ raises it. Note that (A.2) implies the reality conditions
W=1, 1L=iz. (A.8)

Furthermore, under exponentiation [y generates the maximal compact subgroup, SO(2) C SL(2,R),
and so its eigenvalues are either integer or half-integer valued (which we will call even or odd parity,
respectively). We can move to the eigenbasis of lo, {|7)},c7 or rilez satisfying

lolr) = —r|r) lelry==(r+A)|r£1). (A.9)

For completeness, we record the relation between the {|r)} basis and the primary state, (A.4),
as [43]
o0 .
Iy = / dt (14 it) ™31 — ity —Be-iHe|g) (A.10)
—0o0
It is easy to see that for an inner product satisfying (A.8), the relation (r|l_|r + 1) = (r + 1|l4|r)*
implies
(r+1r+1) r4+1-A
(r|r) O r 4 Ax

(A.11)

We can build a positive inner product for all states of the representation through induction if and
only if this ratio is positive for all r.
When A = % + 4v this ratio is one for all  and so the representation is unitary for any v € R.
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This is the principal series representation, Pa, and the center focus of this paper. We can fix the
norm of these representations to

1
(r|r"ypy = Oppr reZ or r+ 5 € Z . (A.12)

For A € R we proceed by cases. If we assume that A ¢ Z then positivity of (A.11) requires
both r € Z and A € (0,1). This is the complementary series representation, Ca, and it exists with
only even parity. Solving the recurrence relation'® set by (A.11) gives the norm

L(r+1-A)

/ . A1l
NCEwN Oyt re’z (A.13)

<T|T/>CA =

Lastly, when either A € Z4 and r € Z, or A € N + % and r + % € Z, then from (A.9) we see

there are states at »r = FA which are annihilated by [+, respectively, and upon which we terminate

the representation. These are the highest and lowest weight discrete series representations, DX and

Dy, with r < —A and r > A, respectively. It is easy to check that for the ranges of r allowed by
the representation, (A.11) is positive. These representations have norm

<T|T,>Di _ D(Fr+1-A)

AT T D(FrrA) s r=FAFA+1),FA+2),... (A.14)

Lastly for both the principal and complementary series, representations labelled by A are isomorphic
to their shadow representation labelled by conformal dimension A = 1 — A. Thus the full spectrum
of principal series representations are given by A = % + v with v > 0 and the full spectrum of
complementary series representations are given A € (0, %)

B Orthogonality of coordinate transformation

As in equation (2.45), we introduce the coordinate transformation

k 1 N

Yk = 0k Thp1 + B D5 I<k<N-1, yN:ﬁin, (B.1)
i=1

Jj=1

with coeflicients

|k . 1
ap = m, ﬁk:_\/ﬁv (B.2)

so that the above coordinate transformation can be written in matrix form as

N
vk =Y Briti , (B.3)
i=1

'5The overall coefficient is fixed by requiring (A.13) and (A.12) agree at the intersection of the principal and

complementary series at A = %
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where the matrix B = A~! (see (2.46)) has non-zero entries given by

1 /Bka iékﬂ
BNZ-:\/—N, By, = o, t=k+1, (k<N) (B'4)
0, i>k+1.

We want to show that the matrix B is orthogonal, meaning;:

BBT ZBJ@B,“ =05 and (BTB ZBUB K =0k - (B.5)
=1

Let us start with the first expression in (B.5). Due the to the manifest symmetry of j <+ k of the
above expression, it suffices to consider cases where j < k. First consider the case when k = N:

T
(BBT),\ = WZ i (B.6)
then if 7 = N it is easy to see that (BBT) yy = 1. However if j < N then
T L

Next consider the case that £ < N. Since the entries in the matrix By; with i > k + 1 are zero

we can write:
k

(BBT)jk = Bj(k+1) Br(r+1) + Z BjiBy; - (B.8)
=1

If j < k then Bj41) = 0 and the first term on the right-hand side is zero, while the second term
is only non-zero when ¢ < j + 1, hence:

J
(BBY) ;4 = Bj(j1)Br+n) + ) BjiBri = 0B + BBk = 0. (B.9)
=1

Lastly for the diagonal entries with j =k < N,

k
2
(BB") . = (Bres1)” + D _(Bri)® = (ax)* + k(Br)* = 1. (B.10)
i=1
Hence, we have shown that
(BBT) = 8 - (B.11)

A similar computation shows that (BTB)jk = J;, and we conclude that the matrix B = Al g

orthogonal. Its transpose BT is the matrix A that is defined in the main text, which, as we have
just shown, is also orthogonal.
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C Orthogonality of associated Legendre functions

1
Let us explicitly check the orthogonality relation (3.49). The associated Legendre functions P; 2 (u)
o3

satisfy the following differential equation:

Ll L) o (- 0+ D) - O by o (o
du du 3 2 2 1—u 2

In the following, we assume that v > 1. We want to investigate these functions under the following
inner product

/\
S >
=
| ol
=
§ >
V]
| o=
ol
\/
Il

= /OO duP "2 (P2, (u) | (C.2)
1

1
2

_1
and show that they are orthogonal. To that end, let us multiply P@')\1 2| (u) with equation (C.1) for
o1-3

_1 _1 _1
P ?, (u) and subtract P % (u) times equation (C.1) for P 2 (u). After rearranging, we find
02— 3 io2—5 io1—%
that
A1 A—
dP. 2%, dpP_ *
2 2 )\—§ )\—% . )\—% i 2 101—5 )\—% i 2 02—
(o1~ Uz)Pwl lPiU?_% B Pi@—%du (1 =) du B Pwl—%du (1) du (C.3)

We will now integrate both sides from v = 1 to v = R, and take the limit R — oo afterwards.
Integrating both terms by parts once, one finds the integrands cancel and the result is a boundary

term:
P P = L2 (o ) L gy P ) o (R
1 u ial—%(u) iO'Q—%<u)_O-%_O-% iaz—%( )@ ial—%( )_ ial—%( )@ iaz—%( ) :

(C4)
Here, we have dropped the boundary term at © = 1 assuming that the functions are regular there
when we take (1 —u?) — 0. This assumption is true when A < 3.
We want to study (C.4) in the R — oo limit. Given that the associated Legendre functions
are labelled by a continuous variable o, we expect any orthogonality relation amongst them to be
distributional in form, so to this end we will integrate (C.4) against a test function. We consider

o0 AL A—L
| ansen(PE )

=g [ an e (B e

2 ; 5 ; —P %, (R)]| .
R—co J_ oo o] —0o io2—5 du 013 io1—5° du io2—3

(C.5)

We will not rederive the asymptotics of the functions on the right-hand side, but use the result
of [97], namely that as R — oo the associated Legendre functions satisfy

(A(0) cos(olog R) + B(o)sin(alog R)) (1 4+ O(1/R?)) , (C.6)
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where the coefficients in the above expression are given by

B 219=3T (i) B 21°=3T (i)
A(o) = 2Re (ﬁf(ia—f—l—A)) , B<U):_21m<\/77I‘(io—l—1—)\)> . (C.7)

Using the above asymptotics in the R — oo limit, the right-hand side of (C.5) can be reorganized
as

[e.9]

lim dalf(01)< 2<P1 5 sin(o1 log R) sin(o2 log R) + 2(/)2 3
R—o0 J_ o1 — 05 01 — 03

cos(oq log R) cos(o3 log R)

P sin(oq log R) cos(o2 log R) + 0%%05 sin((o1 — o2) log R)> , (C.38)

where we have dropped a factor of (R? — 1)/R? in the above expression as we take R — oo, and
we have introduced the following combinations:

p1 = 01A(01)B(02) — 02A(02)B(o1) w2 =09A(01)B(02) — 01A(02)B(01)
w3 = A(0o1)A(02) — B(o1)B(02) , pg =01A(01)A(02) + 02B(01)B(0o2) . (C.9)

We now decompose the sine and cosine functions via the standard rules

sin(oq log R) sin(oz log R) = % (cos((o1 — 02)log R) — cos((o1 + 02) log R)) (C.10)
cos(oq log R) cos(oz log R) = % (cos((o1 + 02)log R) + cos((o1 — 02) log R)) (C.11)
sin(oq log R) cos(o2 log R) = % (sin((o1 + 02) log R) — sin((o1 — 02)log R)) . (C.12)

Note that against smooth functions of oy, sin((o1 £ 02) log R) and cos((o1 £ 02) log R) integrate to
zero as R — oo due to phase cancellations. We do have to be more careful however about singular
behavior as 09 — +07 since in that case the phase vanishes. We note the following

lim ¢;1 =0, lim ¢; =0, (C.13)
02—01 g9——01
oim p2=0, i 2 =10, (C.14)

lim ¢p3=0, lim 3= A(O’l)2 + B(O’l)2 , (015)
09—01 o9——01

lim ¢4 = 01(A(01)? + B(01)?) , lim ¢4 = o1(A(01)? 4+ B(o1)?) , (C.16)
092—01 o9——01

so it suffices to look at the 3 and ¢4 terms. We find a contribution from @3 as g2 — —o1. Using
the decomposition (C.12) and the distributional limit

. sin(az)
alirgo = o (z) , (C.17)
one finds that
. ¥3 . _T 2 2
ng{l)o P sin(oq log R) cos(oz log R) = 5 (A(o1)* + B(01)?) 6(o1 + 02) - (C.18)
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Using the definition of the coefficients A(o) and B(o) in (C.7) the factor multiplying the delta-
function can easily computed to be

s L(io1)T'(—io)
=~ (A(o1)* + B(01)?) = : C.19
5 (4(01)° + Blow)”) T(io1 +1— MD(—ioy +1—\) (C.19)
Similarly, one has to include the contribution from ¢4 as o9 — o1. We have
. wg  sin((o; —o2)logR) 7 9 9
1 =—(A B (o — . C.20
i p—— 5 (A(01)" + B(01)7)d(01 — 02) (C.20)
We then arrive at the following orthogonality relation'®
A—1 P I‘(z’al)l“(—ial)
P 2 P %)= ) 6(oy — . 21
< io1—3’ i02*$> L(ioc; +1—=ANT(—ioy +1—)) (0(o1+02) +d(on = 02)) (C.21)

D Orthogonality of interacting principal series wavefunctions

In this appendix we will demonstrate that the hyperbolic wavefunctions, P, (u, /), of the N-particle
principal series Calogero model are plane-wave orthonormal with respect to the inner product

o0
(P P) = [ au [ a0 aVGIAP P (AP 7) = 8n =) . (D)

up to suitable normalization. Given the shadow isomorphism on principal series representations
we take both v 2 to be positive. We will follow the basic method established in appendix C. That
is, let us consider multiplying the inner product by (72 —+?). Using the defining equation (3.101)
this is equivalent to

( P717P72
/ du / a0y [0, (VGG | AP,P,) Py, - PLo, (VGG AP,P,)] . (D2)
SN—3

Integrating each of the terms on the right-hand side once, it is easy to see that for 1 # 2 the
resulting integrands cancel and

(P’YUP’YQ):Oa 717&72 . (D?))

For coincident v’s we will need to be more careful with the boundary terms. For N > 3 both VG
and A vanish at v = 0; we will put in an artificial boundary at u = A and take the A — oo limit:

(2=~2)(Py,, Pyy) = lim dQy_3 [\/é|3|” ((0uPy)* Py, — P, aupw)} . (D)

A—oo JgN-3

SNote that there is a slight discrepancy with the result in [97], since the term involving the delta-function §(o; +0o2)
does not appear there and additionally, the case they studied was A — % €.
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Asympotically A takes the form

N(N-1) N(N-1)

3~<e;> i Hbaéz<) TS, = (LiD), (D.5)

¢ )

where ‘~’ means ‘equal as u — oo0.’

Note that ¢ is a function only of the SN¥=3 coordinates and
either purely real or purely imaginary:

& Ne_g. (N=3)(N-2) 1 12 ij
S=(-DN"% =2 H (4 + ¢l ) H ¢lal| (D.6)
Jj>2 1>5>2

We will need the asymptotic forms of the hyperbolic wavefunctions P,. At large u, the defining
equation for P, takes the form

—2u  §—2)\
2 € 5 2\
R o= (5 Nt ) (M +92)| P,~0, (D7)
where for convenience we have defined
N(N -1 N -3
AN = A (2 )+ 5 - (D.8)

The sphere portion of this equation is a real linear deformation of the SV =3 Laplacian

5—2)\
V95N -3

and is reminiscent of the angular operator (2.82) appearing in the relative angular dynamics of a

o (SZ&WSN,S gng,gaj) = Vivs F M, M =2g" ,0logb0; (D.9)

(N — 1)-particle ordinary Calogero model. However this operator is not the same as ¢ involves the
positive roots of Ax_1 as opposed to Ay_o. Regardless, this operator is Hermitian with respect to
the inner product

(@1, Do) gvos :/ A0y Tl B (7) B () (D.10)

and we will suppose that it admits an orthonormal set of discrete eigenfunctions labelled by a
multi-index Z” )A)Z, with eigenvalue

52X

W (62)\\/9SN 3gSN 36 y€> €Ky€ y (Dll)
and normalized to
(Y7, Vg, )sn-3 =07 7, - (D.12)

epg ))}{ﬁ with Y>7[c4> = 1. In the large u limit
however, we do not need to know the SN=3 eigenvalue, ¢,

We will write asymptotically Py (u,?) ~ c;

7» as it is exponentially suppressed in

"When A=0, { = (¢,m), the quantum numbers of the hyperspherical harmonics.
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(D.7). In this limit, pg(u) satisfies
(07 4+ 2AN0y + N5 + 7] pf(u) ~0, (D.13)

for all £ and admits decaying plane-wave solutions:

u\ —AN
7 ~ 67 (+) iyu (=) —ivu
P~ (w) ( 5 > (az}, e tap e ) , (D.14)

(+)

for arbitrary coefficients a 7 and the 2"~ is a normalization for later convenience.

With this we can expre’ss the inner product on the hyperbolic wavefunctions as
1 e\ Foe T yen T
— : 2 *
(B Pr) =0y Jim, <2> Z e [@uph ) ol = (5" 0urt,|

hmZ|C*|2 *(+ M_a(_f) ()M
T ASoo L R ) b b (11— 72)

e~ i(v1+72)A iet(r1+y2)A
+a(ﬂ+)*a(:) e a(f)*a( yre s o (D.15)
by eyv2 (1 +72) tn by (1 + 72)
At this point we can use the limit (C.17) to find
Py, Pyy) = wz e? (1) 2+ 3l 12) a1 = 72) (D.16)

where we have dropped the terms proportional to d(y; + 72) as they cannot be satisfied with the
supposition of y1 2 both positive.
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