
Medicine show: A Calogero model with
principal series states

Tarek Anous,1 Jackson R. Fliss,2 and Jeremy van der Heijden3

1) School of Mathematical Sciences, Queen Mary University of London, Mile End Road, London

E1 4NS, United Kingdom

2) Department of Applied Mathematics and Theoretical Physics,

University of Cambridge, Cambridge CB3 0WA, UK

3) Department of Physics and Astronomy, University of British Columbia, 6224 Agricultural

Road, Vancouver, B.C. V6T 1Z1, Canada

t.anous@qmul.ac.uk, jf768@cam.ac.uk, jeremy.vanderheijden@ubc.ca

Abstract

The Calogero model is an interacting, N -particle, sl(2,R)-invariant quantum mechanics,

whose Hilbert space is furnished by a tower of discrete series modules. The system enjoys both

classical and quantum integrability at any N and at any value of the coupling; this is guaranteed

by the existence of N mutually-commuting currents, one of them being the Hamiltonian. In

this paper, we alter the Calogero model so that it may accommodate states in the unitary

principal series irreducible representation of sl(2,R). Doing so requires changing the domain

of the quantum operators—a procedure which succeeds in preserving unitarity and sl(2,R)-
invariance, but breaks the integrability of the theory. We explicitly solve the deformed model

for N = 2, 3 and outline a procedure for solving the model at general N . We expect this

deformed model to provide us with general lessons that carry over to other systems with states

in the principal series, for example, interacting massive quantum field theories on de Sitter space.
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1 Introduction

Interacting quantum field theory (QFT) on a rigid de Sitter background remains a notoriously

difficult subject. Being a time-dependent (accelerating) cosmology, de Sitter spacetime has no

conserved energy, a fact with drastic implications. As a simple illustration, let us take the notion

that all effective theories in flat space come equipped with a cutoff scale ΛUV beyond which we

are completely ignorant of the particle content, states, etc. Starting from a UV Lagrangian, the

procedure that generates the effective theory is to chop the Euclidean path integral up into energy
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shells, and integrate-out all the shells above ΛUV. What results is a self-contained theory, so long

as we restrict ourselves to only consider processes well below the cutoff scale.

Following a similar process for generating an effective field theory in de Sitter spacetime runs

into both conceptual and technical difficulties related to the fact that Euclidean de Sitter space is

compact, and hence its momentum shells are discrete. And indeed it is difficult to imagine what

the effective QFT Lagrangian, with an intrinsic cutoff scale ΛUV produced via a discrete sum,

would entail: physical processes are not constrained by energy conservation, and starting from a

generic ‘light’ state, we eventually populate states of arbitrarily-high ‘mass’1 so long as we allow

ourselves to wait long enough [1–3]. A potentially better notion of a cutoff in de Sitter might be a

time-band within which we can reliably trust the physical description, rather than an energy scale.

This certainly evokes the problem of secular growths (see [4–17] for an incomplete list of references

discussing infrared issues in de Sitter spacetimes), which we will not delve into here. However, this

proposed notion of a cutoff is at odds with certain efforts to formulate theories of cosmology via

the ‘cosmological bootstrap’ [18–27], in which the correlation functions of interest are anchored at

the infinite asymptotic future of the spacetime, far beyond any time-cutoff we may want to impose.

Solveable models upon which we can build intuition are greatly needed in this context. However,

absent a slew of exactly solvable interacting QFTs on de Sitter backgrounds (see [28,29] for recent

progress in this area), our next-best hope is to write down, and hopefully solve, models which

share certain features of interest with de Sitter QFT. This is the goal of our paper, and given the

quagmire in which this problem exists, we shall approach it from the safe shores of symmetry.

Much like flat space, d-dimensional de Sitter is a maximally symmetric spacetime, albeit one

with an intrinsic scale, the de Sitter length LdS. This scale allows us to distinguish between heavy(
mLdS >

d−1
2

)
and light

(
mLdS <

d−1
2

)
fields and each subcase falls under a different unitary

irreducible representations (UIR) of the de Sitter algebra so(1, d). In what follows we will be

interested in the principal series representation, describing heavy fields. To simplify our lives, we

will consider the simplest case so(1, 2), the isometry group of two-dimensional de Sitter spacetime,

or rather, its double cover sl(2,R). For a self-contained review of the representation theory of

sl(2,R), see appendix A.

Stated concretely, our goal is to construct an sl(2,R)-invariant interacting quantum mechanical

system with states in the principal series. To connect with de Sitter QFT, we would like such a

model to have a tunable number N of degrees of freedom (so that we may take a continuum limit),

as well as a tunable interaction strength λ.

A good place to start is the model introduced by Calogero in 1969 [30]. The model is rather

simple: it is composed of N particles arranged on a line, and where each pair of particles is coupled

via a repulsive potential that decays with the square of the distance between them. Remarkably,

this interacting model is exactly solvable for any N and any value of the coupling strength λ.

Despite its simplicity, particle scattering in this model displays evidence of anyonic statistics [31],

which has garnered much interest in the condensed matter community due to its connections to

the fractional quantum Hall effect [32–37] and the matrix Chern-Simons theory [38–40]. We will

give an extensive review of the Calogero model in the next section, particularly how to obtain its

exact solution. But, for now, all we need to keep in mind is that it is an sl(2,R) invariant quantum
mechanics with N degrees of freedom and a tunable coupling λ. Unfortunately for us, the Hilbert

space of the Calogero model is composed solely of discrete series UIRs of sl(2,R), so is not suitable

1As specified by the Lagrangian coupling, say.
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as a toy model of massive quantum fields in de Sitter.

In this paper we will alter the Calogero model to skirt this obstruction. We take guidance from

the following fact: the Calogero model happens to be a generalization of the De Alfaro-Fubini-

Furlan (DFF) model [41], a one-particle, sl(2,R)-invariant quantum mechanics whose spectrum is

a single discrete series module. Fortunately for us, in [42], the authors clarified how to modify the

DFF model to accommodate principal series states, and this construction was later revisited in [43].

We review this example in section 3.1.2 below and following it, we generalize this construction to the

N -particle Calogero model. While we are clearly motivated by understanding solveable models of

de Sitter QFT, in this paper we will content ourselves with setting the groundwork for establishing

an interacting principal series system and leave any applications to de Sitter physics to future work.

Primer on principal series vs other representations

Before moving on, let us briefly remind the reader about the key differences between the various

representations of sl(2,R), with more details provided in appendix A, see also [43–45]. Recall that

the algebra sl(2,R) can be expressed in a ladder basis (l0, l±) satisfying:

[l+, l−] = 2l0 , [l±, l0] = ±l± . (1.1)

In this basis, the quadratic Casimir is expressed as:

C2 = l20 −
1

2
(l+l− + l−l+) , (1.2)

and we parametrize the Casimir eigenvalues as ∆(∆−1). First note that demanding that ∆(∆−1) ∈
R implies either ∆ ∈ R or ∆ ∈ 1

2 + iR, the latter case being the principal series. To gain slightly

more intuition, note that we will take l0 to be a compact generator, meaning its eigenvalues are

integers, or half integers. Acting on an eigenbasis of l0, it is straightforward to show, using the

algebra above, that the generators act as follows:

l0|r⟩ = −r|r⟩ , l±|r⟩ = − (r ±∆) |r ± 1⟩ , r ∈ Z or 2r ∈ Z . (1.3)

Now observe the following, which is obvious from the above equation (1.3): if ∆ ∈ Z (or 2∆ ∈ Z)
then there exist a pair of states |r = ∓∆⟩, which are annihilated by l±, respectively. These are

a pair of highest (resp. lowest) weight states of the algebra, and we can generate the rest of the

family by further action of l− (resp. l+). This is the physics of the discrete series, which behaves

much like a harmonic oscillator and should be familiar from introductory texts on conformal field

theory. There is a ‘ground state’ which is annihilated by the appropriate operator, and a tower of

excited states generated by the oscillator algebra. These can be thought of as bound states.2

On the other hand, the remaining UIRs of sl(2,R), such as the principal series (with ∆ ∈ 1
2+iR),

and complementary series (∆ ∈ (0, 1)), do not have a conventional ‘ground state.’ They are never

annihilated by any of the l±. We will not have more to say on the complementary series here, but

refer the reader to e.g. [45,55–57] if they are interested in learning more about this representation.

The principal series modules are unbounded, and akin to scattering states or plane waves. These

will be the focus of this paper. These states have made appearances in various different areas of

2An incomplete list of papers discussing discrete series states in de Sitter include [44,46–54].
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theoretical physics lately, including in the context of black hole perturbations and near-extremal

horizon instabilities [58, 59], the AdS/CFT correspondence [60–63], in the decomposition of CFT

correlators [64–67], in the celestial holography literature [68–71], and even more recently, to describe

the chaotic dynamics near the spacelike singularity of a black hole [72,73].

2 Calogero model basics

The Calogero model [30, 74–76] is a quantum mechanics of N particles arranged on a line, with a

pairwise interaction that decays with the square of the inter-particle distance. Hence the model is

defined by the following Hamiltonian:

H ≡ −1

2

N∑
i=1

∂2i +
∑
j<i

λ(λ− 1)

(xi − xj)2
. (2.1)

The parameter λ is the coupling constant: in the limit λ→ 0 or λ→ 1 the system reduces to that

of N free particles.

An important feature of the Calogero model is that it defines a conformal quantum mechanics

[77,78], which specifically means that there exist two additional operators, a generator of dilatations,

D, and special conformal transformations, K, that, together with the Hamiltonian H, generate an

sl(2,R) algebra. In the position basis the extra generators are as follows:

D ≡ − i

4

N∑
i=1

(xi∂i + ∂ixi) , K ≡ 1

2

N∑
i=1

x2i , (2.2)

where it should be understood that the ∂i’s appearing in D act on all things to its right. It is easy

to check that these three operators generate an sl(2,R) algebra:

[D,H] = iH , [D,K] = −iK , [K,H] = 2iD . (2.3)

As a consequence of this symmetry, the Hilbert space of the Calogero model is organized into

unitary irreducible representations of sl(2,R). We provide a review of the representations of sl(2,R)
in appendix A. However, let us state one of the main features here, as it will tie into the goal of this

paper. Conformal families are classified according to their eigenvalues under the quadratic Casimir

operator

C2 ≡
1

2
(HK +KH)−D2 , (2.4)

which on any irreducible representation takes the eigenvalue C2 = ∆(∆ − 1). Crucially, there

are three families of unitary representations of sl(2,R): the discrete, complementary and principal

series. What distinguishes the principal series is that ∆ takes complex values: ∆ = 1
2 + iν for

some ν ∈ R. Moreover, as written in (2.1), the Calogero Hamiltonian does not admit a Hermitian

representation on the principal series for any real coupling λ, and to date, there is no known analytic

continuation of the Calogero model whose Hilbert space furnishes the principal series representation

of sl(2,R). The goal of this paper is to fill this gap.

But before we get there, let us first review the Calogero model as it is normally presented.

Besides the sl(2,R) symmetry, the model is completely integrable. We will review this fact below
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and explain a simple procedure to generate the entire spectrum of the theory. With these facts

in hand, we will specify how to analytically continue the model in order to obtain states in the

principal series.

2.1 Integrability of the Calogero model

2.1.1 Classical case

The classical integrability of the Calogero model was first understood by Moser [76] and can be

formulated as follows [79,80]. Consider the classical Hamiltonian H (note the shift in the coupling

constant as compared with the quantum case):

H ≡ 1

2

N∑
i=1

p2i +
∑
j<i

λ2

(xi − xj)2
, (2.5)

where the set of pi and xj are canonically conjugate coordinates on phase space with {xi, pj} = δij
and where {·, ·} is the standard Poisson bracket. The classical equations of motion are then:

dxj
dt

= {xj ,H } = pj ,
dpj
dt

= {pj ,H } =
N∑
k ̸=j

2λ2

(xj − xk)3
. (2.6)

It is possible to re-express the equations (2.6) by defining a Lax pair of N × N matrices, T and

M , whose components are:

Tjk ≡ δjk pj + i(1− δjk)
λ

xj − xk
, (2.7)

Mjk ≡ −i(1− δjk)
λ

(xj − xk)2
+ δjk

N∑
l ̸=j

iλ

(xj − xl)2
, (2.8)

in terms of which (2.6) can be recast as the following matrix equation:

d

dt
T = [T ,M ] . (2.9)

Moreover, this construction allows us to define a set of N + 1 independent conserved quantities,34

Jk ≡ 1

2
Tr
(
T k
)
, k = 0, 1, . . . , N (2.10)

whose equations of motion are [79,80]

dJk

dt
= {Jk,H } =

1

2
Tr
[
T k,M

]
= 0 , (2.11)

3Admittedly, the current for k = 0 is trivial, but we include it because it will be generated as the commutator of
various non-trivial elements of the symmetry algebra.

4While nothing stops us from formally defining Jk for k > N , a simple consequence of the Cayley-Hamilton
theorem is that these additional Jk are not independently conserved.
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and hence they are all constants of motion with respect to the phase space flow generated by H .

Note moreover that we have:

J2 = H , (2.12)

so the Hamiltonian H itself sits in a classical current algebra generated by (2.10). The final step

in proving the classical integrability of this system is to show that the following Poisson brackets

vanish:

{Jk,Jl} = 0 , ∀ k, l (2.13)

as can be readily checked [79,80]. This implies that one can choose any of the Jk to define a flow

on phase space.

2.1.2 Quantum case

To demonstrate that the quantum mechanical Calogero model (with Hamiltonian given in (2.1))

remains integrable, one essentially follows the same steps as in the classical case (see e.g., [81–83]).

Hence, one simply defines a quantum version of the Lax matrix T defined in (2.7) as follows:

Tjk → Tjk ≡ −iδjk ∂j + i(1− δjk)
λ

xj − xk
, j, k = 1, . . . , N . (2.14)

The matrix T is now operator-valued and allows for a construction of the quantum analogs of the

N + 1 conserved currents (2.10):

Jk ≡ 1

2

N∑
i,j=1

(
T k
)
ij
, k = 0, . . . , N . (2.15)

Note that, in contrast to the classical theory, the currents defined above are no longer constructed

as traces of powers of the T matrix. However, it still remains the case that only the first N + 1

currents are linearly independent, as a consequence of the Cayley-Hamilton theorem. That is,

the currents Jk>N generated in this way can be expressed in terms of lower J ’s (see e.g., [84]).

Nevertheless, as in the classical story, it turns out that these operators mutually commute

[Ji, Jj ] = 0 , (2.16)

as was demonstrated in [81–84]. For concreteness, we list the first few currents explicitly

J0 ≡
N

2
, (2.17)

J1 ≡ − i

2

N∑
i=1

∂i , (2.18)

J2 ≡ H , (2.19)

J3 ≡
i

2

 N∑
i=1

∂3i − 3
∑
j<i

λ(λ− 1)

(xi − xj)2
(∂i + ∂j)

 , (2.20)

...
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Note that, since H is one of the currents, by virtue of (2.16) all the other currents are conserved

under the time evolution generated by H.

sl(2,R) structure of the model

We will now exploit the sl(2,R) structure of this model, which will allow us to construct the

Hilbert space algebraically, in a way analogous (although complementary) to what was presented

in [32,33,85,86]. Recall that our Hamiltonian H lives in an sl(2,R) multiplet (2.3)

[D,H] = iH , [D,K] = −iK , [K,H] = 2iD , (2.21)

with D and K defined in (2.2). The existence of these additional operators D and K are what

singles out J2 = H among the tower of currents. We will exploit these extra operators to construct

additional families of generators in this model.

The first new family of generators is obtained by commuting the currents Jk with the special

conformal generator K, giving operators that we denote by Lk:

[K,Jk] =
k

2
Lk−2 . (2.22)

Comparing (2.22) with (2.21), we notice that L0 = 2iD, meaning that, not only does the Hamilto-

nian H sit in a multiplet with all the currents Jk, but D sits in a multiplet with all the L’s. It is a

straightforward exercise to check that these new generators obey a Witt algebra under commutation

[Lm, Ln] = (m− n)Lm+n . (2.23)

For posterity, let us present explicit expressions for the first few of these generators:

L−1 ≡ i
N∑
i=1

xi , (2.24)

L0 ≡ 2iD , (2.25)

L1 ≡ 2J1 + i

− N∑
i=1

xi∂
2
i +

∑
j<i

λ(λ− 1)

(xi − xj)2
(xi + xj)

 , (2.26)

L2 ≡ 3J2 +

[
−

N∑
i=1

xi∂
3
i +

∑
k<l

2λ(λ− 1)

(xk − xl)2

(
xk∂k + xl∂l +

xl∂k + xk∂l
2

+ i

)]
, (2.27)

...

In fact, knowledge of these first few generators is enough to generate the remaining elements of the

algebra by computing its closure.

The index label k denotes each operator’s conformal dimension. To verify this, we check each

operator’s commutator with L0—which, up to a constant multiple, is the same as its scaling di-

mension under the dilatation operator D—for example the Jk and Lk operators have:

[Jk, L0] = k Jk , [Lk, L0] = k Lk . (2.28)
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Figure 1: The algebra of operators of the Calogero model. The top row denote the commuting currents
in the current algebra, and the second row are the Witt algebra generators. The operators H/K take us
up/down a column, respectively, and the operators L1/L−1 move us right/left along a row, respectively.
The column denoted in blue is special, as it is the only column whose operators form a closed subalgebra,
in this case sl(2,R). Additionally, the operators in the first two rows form a closed subalgebra among
themselves.

From (2.21) it is then easy to see that K has conformal dimension −2:

[K,L0] = −2K , (2.29)

hence it lowers the k label by two units, as in (2.22). Finally, the commutator algebra between

these two multiplets is given by

[Jk, Lm] = k Jk+m . (2.30)

As we have already touched upon, only the Jk and Lk for k ≤ N span a set of linearly independent

operators. However, as we can see from (2.23) and (2.30), these linearly independent generators

do not form a closed algebra, meaning we generate the universal enveloping algebra by successive

commutation. Hence, as we take N → ∞ we expect to find a conformal theory with a U(1) current

algebra structure, and for any finite N we are working with a truncated set of currents.

It is useful to arrange the various operators in a table, as displayed in fig. 1. The generators

colored in blue span the sl(2,R) algebra while the generators in the first two rows fill out the current

algebra. Commuting any operator with K takes us down along the column in the table, while

commuting with H takes us up the column. As already demonstrated, the top row is annihilated

by commutation with H. A column whose top component is Jk has k+1 elements. Within a given

row, action with L±1 moves us to the right/left, respectively.

2.2 Exact quantum spectrum: algebraic method

A common issue with sl(2,R)-invariant quantum mechanics is that the Hamiltonian H in (2.1),

being a non-compact operator, has an unbounded spectrum, see for example [41, 55]. This makes

sense, the two-body interaction decays at large distances, so at best, the energy eigenstates will be

plane-wave normalizable. The standard remedy for this is to work with the ladder-operator basis

of the algebra:

l0 ≡
1

2

(
H

ω2
+ ω2K

)
, l± ≡ 1

2

(
H

ω2
− ω2K

)
∓ iD , (2.31)
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in terms of which the sl(2,R) algebra becomes:

[l+, l−] = 2l0 , [l±, l0] = ±l± . (2.32)

In this basis, the quadratic Casimir is expressed as:

C2 = l20 −
1

2
(l+l− + l−l+) . (2.33)

Going back to the definition (2.2), we see that working with l0 amounts to adding a harmonic

trap with characteristic frequency ω to the original Calogero Hamiltonian, hence the levels of the l0
operator will be bounded and evenly spaced. We will henceforth set ω = 1, since we can reintroduce

it at any time by a homogeneous rescaling of the xi. From the algebra, it should be clear that l+
lowers the l0 eigenvalue by one unit, while l− raises it by one unit.

Now comes the key insight that will allow us to algebraically solve for the spectrum of the

Calogero model. Notice that it is possible to obtain the raising and lower operators l± from the

Lax matrix operator (2.14). To do this, first define a new pair of matrices τ± whose components

differ from T only along the diagonal:

(τ±)jk ≡ Tjk ∓ iδjkxj = −iδjk (∂j ± xj) + i(1− δjk)
λ

xj − xk
. (2.34)

In terms of these new matrices a quick calculation yields:

l± =
1

4

N∑
i,j=1

(
τ2±
)
ij
, (2.35)

which one should compare to (2.15). Now recall that l− acts as a creation operator, whereas l+
acts as an annihilation operator.

These expressions lead us to consider the following set of k = 1, . . . , N generalizations of the

above creation and annihilation operators:

a†k ≡ −
(
i

2

)k N∑
i,j=1

(
τk−

)
ij
, ak ≡ −

(
− i

2

)k N∑
i,j=1

(
τk+

)
ij
, (2.36)

from which we identify a2 = l+ and a†2 = l−.
5 To convince the reader that these operators are

indeed creation and annihilation operators with respect to the ‘Hamiltonian’ l0, it suffices to check

that they satisfy:

[l0, ak] = −k
2
ak ,

[
l0, a

†
k

]
=
k

2
a†k , [an, am] =

[
a†n, a

†
m

]
= 0 , (2.37)

5Each ak and a†
k can be written as a linear combination of operators in a single column from fig. 1. For example:

a1 = i

(
J1 −

1

2
L−1

)
=

1

2

N∑
i=1

(∂i + xi) , a†
1 = −i

(
J1 +

1

2
L−1

)
= −1

2

N∑
i=1

(∂i − xi) ,

is a simple harmonic oscillator algebra for the center of mass of the N -Calogero particles. The choice to normalize
these operators by powers of (±i)k in (2.36) ensures that these operators are real when acting on bound-state
wavefunctions.
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although note that [
a†n, am

]
≡ Bnm ̸= δmn . (2.38)

This is a key difference between the interacting model and a set of free harmonic oscillators.

Regardless, as we will soon see, we will be able to build the Hilbert space of the interacting theory

in a familiar way as the Fock space of l0 eigenstates. The matrix Bmn is complicated and we will

not provide a general expression for its components, since it will not be needed to define this Fock

space.

The Hilbert space of the Calogero model is constructed as follows. We first identify a ground

state |Ω⟩ which satisfies:

l0|Ω⟩ = ∆Ω|Ω⟩ , ak|Ω⟩ = 0 ∀k . (2.39)

The quantity ∆Ω denotes the state |Ω⟩’s eigenvalue under the quadratic Casimir,

C2|Ω⟩ = ∆Ω(∆Ω − 1)|Ω⟩ , (2.40)

where the value of ∆Ω will be determined below. The Fock basis is then constructed as follows:

Each state is labeled by a unique N -tuple of natural numbers {nk} = {n1, n2, . . . , nN}, which

corresponds to the following wavefunction:

|{nk}⟩ ≡
1

N{nk}

N∏
k=1

(
a†k

)nk

|Ω⟩ , (2.41)

where N{nk} is an overall number which ensures that the state is normalized. Note that since the

individual a†j ’s commute, their order does not matter in (2.41). A consequence of (2.37) is that the

the states |{nk}⟩ have l0 eigenvalue:

l0|{nk}⟩ =

(
∆Ω +

1

2

N∑
k=1

k nk

)
|{nk}⟩ . (2.42)

It is also interesting to write down the partition function of this model:

Tr e−β l0 = q2∆Ω

N∏
k=1

1

1− qk
, q ≡ e−

β
2 , (2.43)

which we immediately recognize as a truncation of the partition function of a chiral-boson CFT [87].

As expected, the N → ∞ limit of this model morphs into something resembling a local quantum

field theory: the chiral half of a 1+1-d Lorentz-invariant CFT with the structure of a U(1) current

algebra [80,88].

2.3 Solving for the ground state wavefunction

2.3.1 Center of mass and relative coordinates

The final step is to determine the ground state wavefunction and its l0 eigenvalue. To do this, we

will find it useful to express the operators of the current algebra (most importantly the Hamiltonian

(2.1)) in terms of a new set of coordinates, which were introduced in the original paper [74] but
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are standard (see e.g., [89]) and have appeared as recently as [90]. This new basis will allow us to

determine ∆Ω, as we will soon see.

To this end, let us first separate out the center-of-mass variable

X ≡ 1

N

N∑
i=1

xi . (2.44)

We also introduce a special set of relative coordinates (whose usefuleness will become clear as we

progress)

yk ≡
√

k

k + 1

xk+1 −
1

k

k∑
j=1

xj

 , 1 ≤ k ≤ N − 1 , (2.45)

and let us set yN ≡
√
NX. Importantly, the change of basis from {xk} to {yk} is orthogonal.

Indeed, if we introduce a matrix A that implements the inverse change of basis

xi =
N∑
k=1

Aikyk , (2.46)

it is easy to check that ATA = AAT = 1 (see appendix B). Focusing on the J1 and J2 columns in

fig. 1, we notice that the operators in these columns obey a nice splitting in terms of the center-of-

mass and relative coordinate. For instance, it is straightforward to see that, in these coordinates,

the J1 column only acts on the center of mass:

J1 = − i

2
∂X , L−1 = iN X , a1 =

1

2
(∂X +NX) , a†1 = −1

2
(∂X −NX) . (2.47)

Moreover, from the orthogonality of the basis transformation, it immediately follows that the

generators K and D can be written as follows:

K = KX +Krel , D = DX +Drel , (2.48)

where

KX ≡ N

2
X2 , DX = − i

4
(∂X X +X ∂X) , (2.49)

Krel ≡
1

2
y2 , Drel ≡ − i

4
(∂y · y + y · ∂y) , (2.50)

where we have defined an (N − 1)-vector y ≡ (y1, . . . , yN−1) and, in the above expression, the dot

denotes the standard Euclidean product on RN−1 (and hence y2 = y · y).
The Hamiltonian also admits a simple expression in these variables, owing to the fact that the

the potential only depends on position differences, meaning the center-of-mass dependence drops

out:

xi − xj =
N∑
k=1

(Aik −Ajk)yk =
N−1∑
k=1

(Aik −Ajk)yk =
√
2
N−1∑
k=1

b
[i,j]
k yk , (2.51)

12



where we have defined the coefficients b
[i,j]
k as follows:

b
[i,j]
k ≡ 1√

2
(Aik −Ajk) . (2.52)

From here on, it will be useful to introduce a multi-index, denoted by a = [i, j], with i > j, which

runs over all the N(N − 1)/2 independent choices of a particular pair of particles, and collect the

above coefficients into a set of N(N − 1)/2 vectors ba = (ba1, . . . , b
a
N−1) ∈ RN−1. Now we can see

that, like (2.48), the Hamiltonian also admits a center-of-mass and relative decomposition of the

form:

H = HX +Hrel , (2.53)

where

HX ≡ − 1

2N
∂2X , Hrel ≡ −1

2
∂2y +

1

2

∑
a

λ(λ− 1)

(ba · y)2
, (2.54)

and, in the above expression, the dot again denotes the standard Euclidean product on RN−1:

ba · y ≡
N−1∑
k=1

bakyk , (2.55)

and ∂2y ≡ ∂y · ∂y . An important feature of the ba’s is that they are unit vectors with respect to

the above inner product. This follows from the orthogonality of the matrix A. To be precise, we

have

ba · bc =

N−1∑
k=1

bakb
c
k = γac , (2.56)

where the multi-index matrix γab is straightforward to compute:

γ[ij],[i
′j′] ≡ 1

2

(
δii′ − δij′ + δjj′ − δji′

)
. (2.57)

In fact, this shows that the ba correspond precisely to the (normalized) positive roots of the Lie

algebra AN−1 = su(N). In particular, this provides us with an explicit expression for the angles

between the N(N − 1)/2 unit vectors ba.

2.3.2 Radial and angular variables

Let us now introduce spherical coordinates on the vector y in RN−1. We first introduce the radial

coordinate in the usual way:

r2 ≡ y · y =
1

N

∑
j<i

(xi − xj)
2 , (2.58)
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and angular variables ωi, i = 1, . . . , N − 1, which parameterize a unit (N − 2)-sphere via

ω1 = cos θ1 ,

ω2 = sin θ1 cos θ2 ,

...

ωN−2 = sin θ1 . . . sin θN−3 cos θN−2 ,

ωN−1 = sin θ1 . . . sin θN−3 sin θN−2 . (2.59)

Under the change of variables yi = rωi, a standard calculation reveals that the relative operators

become:

Hrel = − 1

2 rN−2
∂r
(
rN−2 ∂r

)
+

1

2r2

(
−∇2

SN−2 +
∑
a

λ(λ− 1)

(cosΘa)2

)
, (2.60)

Krel =
r2

2
, (2.61)

Drel = − i

4

(
r2−N∂r r

N−1 + r ∂r
)
, (2.62)

where ∇2
SN−2 is the Laplacian on the unit SN−2, and we have introduced the notation Θa for the

angle between the unit vector ba and the vector y, as computed by the inner product in (2.55):

ba · y =

N−1∑
i=1

bai yi ≡ r cosΘa . (2.63)

In other words, we see that there is a clean split between the radial and angular dynamics:

Hrel = −1

2
r2−N∂r

(
rN−2 ∂r

)
+

1

2r2
L̂2
SN−2 , (2.64)

where we have defined the following ‘angular’ operator:

L̂2
SN−2 ≡ −∇2

SN−2 +
∑
a

λ(λ− 1)

(cosΘa)2
. (2.65)

Finding the ground state of the Calogero model also means finding the ground state of L̂2
SN−2 .

Luckily, there is a convenient trick that we can use, as described in the next section.

2.3.3 A similarity transformation

The above expression for the Hamiltonian (2.53) can be simplified by a judicious choice of similarity

transformation, as we will now show. Let us first introduce the following scalar:

∆(y) ≡
∏

j<i(xi − xj)

(2r2)
N(N−1)

4

, (2.66)
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which, up to an overall constant, is the usual determinant of the Vandermonde matrix built out of

the xi’s, rescaled by a power of the relative radial coordinate r. Using (2.46) we find:

xi − xj =

N−1∑
k=1

(Aik −Ajk)yk =
√
2

N−1∑
k=1

b
[i,j]
k yk =

√
2 r cosΘa , (2.67)

hence ∆(y) only depends on the angles Θa defined in (2.63):

∆(y) =
∏
j<i

(
b[i,j] · y

r

)
=
∏
a

cosΘa . (2.68)

Now comes the trick: We will denote by a caligraphic script, any operator related to our original

algebra by the following similarity transformation, e.g.,

H ≡ ∆−λH∆λ , D ≡ ∆−λD∆λ , K ≡ ∆−λK∆λ . (2.69)

Note that since K and D only act on functions of X and r, but are otherwise independent of the

angles Θa (see equations (2.48) and (2.61-2.62)), we have that

D = D , K = K . (2.70)

Note also that, starting from any eigenfunction Ψ = Ψ(X,y) of an arbitrarily-chosen caligraphic

operator O satisfying OΨ = EΨ, we can construct an eigenfunction of O by noting that O∆λΨ =

E∆λΨ. Hence the spectra of the caligraphic operators are the same as those of the original

operators, as is always the case with a similarity transformation.

Now note that for a test function f = f(X,y) we have

H(f) ≡ ∆−λH
(
∆λf

)
=− 1

2N
∂2Xf − 1

2
∂2yf − λ

∆
(∂y∆) · (∂yf)

− λ

2

(
∂2y∆

∆
+ (λ− 1)

[
(∂y∆) · (∂y∆)

∆2 −
∑
a

1

(ba · y)2

])
f . (2.71)

We will now show that the coefficient of f in the second line in (2.71) is a spherically symmetric

function, meaning it depends only on the radial variable r. First note, using (2.68) and (2.58), that

log∆(y) = −N(N − 1)

4
log (y · y) +

∑
c

log (bc · y) . (2.72)

Taking derivatives of the above expression, we find (no sum on i):

∂yi log∆ =
∂yi∆

∆
=

(
−N(N − 1)

2

yi
r2

+
∑
c

bci
bc · y

)
, (2.73)

∂2yi
log∆ =

∂2yi∆

∆
− (∂yi∆)2

∆2 =

(
−N(N − 1)

2r2
+N(N − 1)

(yi)
2

r4
−
∑
c

(bci )
2

(bc · y)2

)
. (2.74)

By dotting (2.73) into itself, and using the known expression for the angles between the bc vectors
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(2.57), we have:

(∂y∆) · (∂y∆)

∆2 =

(
−N

2(N − 1)2

4r2
+
∑
c

1

(bc · y)2

)
. (2.75)

Summing equation (2.74) over i and adding (2.75) to it, we also find:

∂2y∆

∆
= −N(N − 1)

2r2

(
N(N − 1)

2
+N − 3

)
. (2.76)

Putting everything together, one obtains the following result for the conjugated Hamiltonian:

H = − 1

2N
∂2X − 1

2∆2λ
∂y ·

(
∆2λ∂y

)
+ λ

N(N − 1)

4r2

(
λ
N(N − 1)

2
+N − 3

)
, (2.77)

where one can check that this operator (and the all the other conjugated operators) are Hermitian

with respect to the inner product:6

(f, g) =

∫
dX

∫
dN−1y∆2λf∗ g . (2.78)

Now, keeping in mind that ∆ only depends on the angles Θa, and that we have a splitting

H = HX +Hrel , (2.79)

and that the original relative Hamiltonian had a radial and angular decomposition as in (2.64) and

(2.65), we find that:

Hrel = −1

2
r2−N∂r

(
rN−2∂r

)
+

1

2r2
L̂2
SN−2 , (2.80)

where the new angular operator L̂2
SN−2 is defined as follows:

L̂2
SN−2 ≡ −∆−2λ

√
g
∂µ

(
∆2λ√ggµν∂ν

)
+ λ

N(N − 1)

2

(
λ
N(N − 1)

2
+N − 3

)
, (2.81)

where gµν is the round metric on the unit sphere SN−2. The above manipulations emphasize that

the angular differential operator, in this conjugated frame, is simply a linear deformation of the

spherical Laplacian:

−∆−2λ

√
g
∂µ

(
∆2λ√ggµν∂ν

)
= −∇2

SN−2 − λM̂ , (2.82)

where M̂ is a first-order differential operator on SN−2. Hence, the caligraphic angular part of the

Hamiltonian is of the form

L̂2
SN−2 = −∇2

SN−2 − λM̂ + λ
N(N − 1)

2

(
λ
N(N − 1)

2
+N − 3

)
, (2.83)

It is clear that in the limit λ→ 0 the above expression reduces to the usual spherical Laplacian.

6Care must be taken when defining the limits of y integrals, as we will see in the explicit solution of the N = 3
problem.
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Summary: We have shown that our conjugated sl(2,R) operators admit the following split in

terms of center-of-mass and relative coordinates:

H = HX +Hrel , K = KX +Krel , D = DX +Drel , (2.84)

where

HX = − 1

2N
∂2X , KX =

N

2
X2 , DX = − i

4
(∂X X +X ∂X) . (2.85)

The center-of-mass degree of freedom forms a closed sl(2,R) algebra with Casimir:

CX
2 ≡ 1

2
(HX KX +KX HX)−D2

X = − 3

16
=

1

4

(
1

4
− 1

)
, (2.86)

where we immediately recognize that the conformal weight of the center-of-mass multiplet is ∆X ≡
1
4 . Similarly, we found

Hrel = − 1

2 rN−2
∂r
(
rN−2 ∂r

)
+

1

2r2
L̂2
SN−2 ,

Krel =
r2

2
, Drel = − i

4

(
r2−N∂r r

N−1 + r ∂r
)
, (2.87)

which also forms a closed sl(2,R) algebra with Casimir:

Crel
2 ≡ 1

2
(HrelKrel +KrelHrel)−D2

rel =
1

4

(
L̂2
SN−2 +

(N − 5)(N − 1)

4

)
, (2.88)

hence the value of the casimir ∆rel will be determined by the wavefunction’s eigenvalue under the

angular operator L̂2
SN−2 . Also note that since we are ultimately interested in the spectra of the

full operators (2.84), apart from the ground state,7 the eigenvalues of the full Casimir will not be

as simple as adding ∆X +∆rel =
1
4 +∆rel. This much should be clear to any undergraduate who

has struggled with Clebsch-Gordan coefficients while learning how to add angular momenta.

2.3.4 The ground state wavefunction

We are finally ready to solve for the ground state wavefunction of the Calogero model as well

its eigenvalue ∆Ω. From it, as we described in section 2.2, we can generate the entire spectrum

by acting via the action of the creation operators. From the definition of the angular operator

L̂2
SN−2 (2.81), it is not unreasonable to expect the ground state to be a constant function over the

SN−2. Moreover, since the operators in the J1 and J2 columns split nicely between center-of-mass

degrees of freedom X, and relative coordinats y, we expect the ground state wavefunction (of the

conjugated operators) to be of the form:8

ΨΩ = χ(X)ρ(r) . (2.89)

Already at this stage it is possible for us to determine ∆Ω without the need to solve a differential

equation. Let us explain how. On wavefunctions that are constant over the SN−2, the operator

7This follows from writing the Casimir as C2 = ℓ0(ℓ0 − 1) + ℓ−ℓ+ with ℓ+ annihilating the ground state.
8It is also reasonable to predict that the excited states will not split nicely in this way, by action of the higher

creation operators, which mix between X and y.
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L̂2
SN−2 is a constant:

L̂2
SN−2ΨΩ = λ

N(N − 1)

2

(
λ
N(N − 1)

2
+N − 3

)
ΨΩ , (2.90)

hence we can immediately deduce from (2.88) that:

Crel
2 ΨΩ = ∆Ω

rel(∆
Ω
rel − 1)ΨΩ , (2.91)

with9

∆Ω
rel ≡

(Nλ+ 1)(N − 1)

4
. (2.92)

For the ground state, we can add the center and mass Casimirs and we deduce ∆Ω:

∆Ω = ∆X +∆Ω
rel =

λN(N − 1) +N

4
. (2.93)

This completes our calculation of the partition function (2.43). We reiterate that this model has

the same partition function as a truncated chiral boson, where the ground state energy ∆Ω naively

diverges in the continuum N → ∞ limit. This is a standard divergence that one encounters when

taking the field theory limit.

Given our ansatz for ΨΩ, finding the ground state involves solving the following two differential

equations:

a1χ(X) =
1

2
(∂X +NX)χ(X) = 0 , (2.94)

and

ℓrel+ ρ(r) = −1

4

(
1

rN−2
∂r
(
rN−2∂r ρ(r)

)
+ 2r∂rρ(r)

−
[
λ
N(N − 1)

2r2

(
λ
N(N − 1)

2
+N − 3

)
− r2 − (N − 1)

]
ρ(r)

)
= 0 . (2.95)

One can easily check that this leads to:

ΨΩ(X, r) =

(
r2
)∆Ω−N

4

N
e−

N
2
X2− r2

2 , (2.96)

where N is a normalization constant. This allows us to go back and write down the ground state

of the unconjugated operators in the original variables xi. Defining:

ψΩ(x⃗) =

∏
j<i(xi − xj)

λ

N
e−

1
2

∑
i x

2
i , (2.97)

then one can check that it satisfies:

l0ψΩ = ∆ΩψΩ . (2.98)

9A nice consistency check is that limλ→0 ∆
Ω
rel =

N−1
4

= (N−1)∆X , the conformal dimension of N−1 free particles.
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Subsequently the Hilbert space will consists of states

ψ{nk} ≡
1

N{nk}

N∏
k=1

(
a†k

)nk

ψΩ , (2.99)

which statisfy

l0ψ{nk} =

(
∆Ω +

1

2

N∑
k=1

k nk

)
ψ{nk} . (2.100)

One final comment is in order. We have studied an interacting, multi-particle quantum mechan-

ics with coupling constant λ(λ− 1). Now, granted, this model has a lot of symmetry, but the truly

remarkable feature is that the spectrum is exactly linear in λ for all values of the coupling. This is

very different from the expectation from perturbation theory: linear deformations of the Hamilto-

nian typically lead to deformations of the spectrum at all orders. This truncation of perturbation

theory is the result of integrability.

3 The principal series Calogero model

Having outlined the procedure for solving the Calogero model for any N and λ, we will now

describe what is needed to analytically continue these models so that their spectra accommodate

the principal series of sl(2,R). The first step in this endeavor is to focus only on the relative system.

That means that, going forward, we will ignore all dependence on the center-of-mass variable X,

and set it to zero everywhere.

3.1 N = 2

We will first present the N = 2 case, which is none other than the De Alfaro-Fubini-Furlan (DFF)

model [41], whose analytic continuation to the principal series was explained in [42] and later

reviewed in [43].

3.1.1 Setup and original solution

For N = 2, before analytic continuation, we have the following operators (c.f. (2.87)):

Hrel = −1

2
∂2r +

λ(λ− 1)

2r2
, Krel =

r2

2
, Drel = − i

4
(∂r r + r ∂r) , (3.1)

along with the quadratic Casimir, which evaluates to a constant:

Crel
2 =

(2λ+ 1)(2λ− 3)

16
, (3.2)

and indicates that the spectrum corresponds to a single ∆ = 1
4 +

λ
2 conformal multiplet (see (2.92)

for N = 2). The spectrum of ℓrel0 eigenstates, where

ℓrel0 =
1

2
(Hrel +Krel) , (3.3)
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are straightforward to express in terms of generalized Laguerre polynomials Lα
k for k = 0, 1, 2, . . . :

ηk(r) ≡

√
2(k!)

Γ(k + 2∆)
e−

r2

2 r2∆− 1
2L2∆−1

k

(
r2
)
. (3.4)

In particular, they satisfy the eigenvalue equation

ℓrel0 ηk(r) = (k +∆)ηk(r) , (3.5)

and are orthonormal with respect to the norm (·, ·)

(f, g) ≡
∫ ∞

0
dr f∗(r) g(r) . (3.6)

3.1.2 Analytic continuation to the principal series

In order to analytically continue this model to the principal series, we first need to take ∆ = 1
2 + iν,

which translates to continuing the parameter λ → 1
2 + 2iν. Plugging this into (3.1), we find that

this analytic continuation corresponds to an attractive 1/r2 potential, rather than a repulsive one.

But a quantum mechanics with an attractive 1/r2 potential suffers from the famous ‘falling into

the origin’ problem [91], owing to the fact that the Hamiltonian fails to be self-adjoint with respect

to the norm (3.6). So it is not sufficient to simply continue the parameter λ in order to furnish

states in the principal series.

As explained in [42, 43], the issue at hand is that the representation of the operators (3.1)

forces Krel to have non-negative eigenvalues, which is the main tension with the principal series.

To remedy this, in addition to continuing the parameter λ, we continue r →
√
2κ and extend the

range of κ to κ ∈ (−∞,∞) resulting in:

Hrel = −κ∂2κ −
1

2
∂κ +

(
∆− 3

4

) (
∆− 1

4

)
κ

, Krel = κ , Drel = −i
(
κ∂κ +

1

4

)
, (3.7)

with ∆ = 1
2 + iν, which one can check properly furnishes the algebra (2.3). These operators are

Hermitian with respect to the inner product (·, ·)

(f, g) ≡
∫ ∞

−∞

dκ√
|κ|

f∗(κ) g(κ) . (3.8)

Notice that the kinetic energy and potential energy have anti-correlated signs, which is a crucial

element in this calculation. The spectrum of principal-series eigenstates10 satisfy

ℓrel0 ψn(κ) = −nψn(κ) , (3.9)

for n ∈ Z, which has a general solution of the form

ψn(κ) =
|κ|

3
4
−∆

π
√
2

∫ ∞

−∞
du (1 + iu)−n−∆(1− iu)n−∆e−iκu . (3.10)

10See appendix A for details. Here we focus on the even parity principal series.
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It is relatively straightforward to check, using the substitution u→ tan v
2 for v ∈ (−π, π), that

(ψn, ψm) = δnm , (3.11)

with respect to the inner product (3.8). The above Fourier transform can be found in Volume I

of [92] and evaluates to

ψn(κ) =
2

1
2
−∆

|κ|
1
4

×

−
W−n, 12−∆

(2κ)

Γ(−n+∆) κ > 0
W

n, 12−∆
(−2κ)

Γ(n+∆) κ < 0
, (3.12)

where Wa,b(x) is the Whittaker function.

Summary: We found that, to furnish the principal series for N = 2, we needed to both analyt-

ically continue the Casimir eigenvalue ∆, and the domain of the operators in (3.7). We will take

these lessons and present the N = 3 case now. What will follow will be very similar to the N = 2

case, but with a slight twist.

3.2 N = 3

3.2.1 Setup and original solution

Let us now work out the example of N = 3. We will (again) solve for the full spectrum of the

problem, after which we will perform the analytic continuation in detail. This may seem redundant

given that we solved for the entire spectrum at arbitrary N in section 2. But working things out

in detail here will help us illustrate analytic continuation to the principal series and how it mirrors

the N = 2 case; this will subsequently provide the roadmap for analytically continuing the problem

at general N .

Once again, we ignore the center-of-mass degree of freedom and focus on the relative operators

(c.f. (2.87)):

Hrel = − 1

2 r
∂r (r ∂r) +

1

2r2
L̂2
S1 , Krel =

r2

2
, Drel = − i

4

(
1

r
∂r r

2 + r ∂r

)
, (3.13)

where

L̂2
S1 = −∆−2λ∂ϑ

(
∆2λ∂ϑ

)
+ 9λ2 . (3.14)

These operators again form a closed sl(2,R) algebra with Casimir:

Crel
2 =

1

4

(
L̂2
S1 − 1

)
. (3.15)

To proceed, we need to compute the Vandermonde ∆

∆(y) =
∏
a

(
ba · y
r

)
=
∏
a

cosΘa . (3.16)
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Figure 2: A depiction of the vectors b[i,j] that enter in the potential of the N = 3 Calogero model.

The vectors ba, defined in (2.52), are given by

b[2,1] =

(
1

0

)
, b[3,1] =

1

2

(
1√
3

)
, b[3,2] =

1

2

(
−1√
3

)
, (3.17)

as displayed in fig. 2. Note that these vectors correspond to (normalized) positive roots of the Lie

algebra su(3), and the angle between any two adjacent vectors is π/3. Taking

y = r

(
cosϑ

sinϑ

)
, (3.18)

implies

cosΘ[2,1] = cos(ϑ) , cosΘ[3,1] = cos
(π
3
− ϑ

)
, cosΘ[3,2] = cos

(
2π

3
− ϑ

)
, (3.19)

and gives

∆(y) = −1

4
cos(3ϑ) . (3.20)

Since the Casimir equation only depends on the angle ϑ, the above system can be solved by

separation of variables. Hence, we write our wavefunction as a product of radial and angular

functions

ψ(r, ϑ) = ϕ(r)P (ϑ) . (3.21)

The first step to finding the spectrum of this model is to solve the Casimir equation, which translates

to

Crel
2 P (ϑ) =

1

4

(
− 1

cos2λ(3ϑ)
∂ϑ

(
cos2λ(3ϑ)∂ϑ

)
+ 9λ2 − 1

)
P (ϑ) = ∆(∆− 1)P (ϑ) . (3.22)
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If we make the following clever choice for the ϑ-dependence,

P (ϑ) = P (sin(3ϑ)) , (3.23)

then the Casimir equation becomes:

(
1− v2

)
P ′′(v)− v(2λ+ 1)P ′(v) +

1

9

(
(1− 2∆)2 − 9λ2

)
P (v) = 0 , (3.24)

in terms of the variable v ≡ sin(3ϑ). Let us compare the above differential equation to the known

Gegenbauer equation:(
1− v2

)
P ′′(v)− v(2α+ 1)P ′(v) +m(m+ 2α)P (v) = 0 , (3.25)

whose solutions are the Gegenbauer polynomials Cα
m(v) for m = 0, 1, 2, . . . which are orthogonal

with respect to to the following measure,∫ 1

−1
dv
(
1− v2

)α− 1
2 Cα

n (v)C
α
m(v) =

π 21−2αΓ(n+ 2α)

n!(n+ α)Γ(α)2
δnm . (3.26)

Comparing (3.24) with (3.25), we see that the conformal Casimir equation admits orthonormal

solutions for the following allowed values of ∆:

∆m =
1

2
+

3

2
(m+ λ) , m = 0, 1, 2, . . . (3.27)

and we note that the above expression for m = 0 matches with ∆Ω
rel in (2.92) for N = 3. Thus, we

can define a set of normalized harmonics,

Ym(ϑ) ≡ 23λ

√
3

2π

m!(m+ λ)Γ(λ)2

Γ(m+ 2λ)
Cλ
m(sin(3ϑ)) , (3.28)

which are orthogonal with respect to the following measure,11∫ π
6

−π
6

dϑ |∆|2λ Yn(ϑ)Ym(ϑ) = δnm . (3.29)

Now that we have solved the angular problem, we just need to find the radial dependence. As usual

we decompose our wavefunction into harmomics as follows,

ψ(r, ϑ) =

∞∑
m=0

bmϕm(r)Ym(ϑ) , (3.30)

where the bm are coefficients whose absolute squares sum to one, and m labels the conformal family

11Seemingly, the origin of the
(
−π

6
, π
6

)
limits stems from keeping the angle ϑ+ π/6 within a chamber between the

two root vectors b[2,1] and b[3,1]. We believe that this is possibly due to the configuration space being redundant
under permutations of the labels of the particles, so we need only consider this limited range of angles to get the
whole configuration space.
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according to (3.27). Restricting to a single value of m, the operator Hrel in (3.13) acts as

Hrel = − 1

2 r
∂r (r ∂r) +

4∆m(∆m − 1) + 1

2r2
, (3.31)

so we are again dealing with a DFF model. Exactly as in the N = 2 case, we can express the ℓrel0

eigenstates at fixed m in terms of Laguerre polynomials Lα
k (x). Let us define the functions

ηmk (r) ≡

√
2(k!)

Γ(k + 2∆m)
e−

r2

2 r2∆m−1L2∆m−1
k

(
r2
)
, (3.32)

for k ∈ N (note the extra factor of r−1/2 compared to (3.4) due to a difference in kinetic terms),

which are orthogonal with respect to the inner product∫ ∞

0
dr r ηmk (r)ηmk′ (r) = δkk′ . (3.33)

Defining the wavefunction:

Ψmk(r, ϑ) = ηmk (r)Ym(ϑ) , (3.34)

it is easy to verify that

ℓrel0 Ψmk(r, ϑ) = (k +∆m)Ψmk(r, ϑ) , (3.35)

and, in particular we have∫ ∞

0
dr r

∫ π
6

−π
6

dϑ |∆|2λΨmk(r, ϑ)Ψm′k′(r, ϑ) = δmm′δkk′ . (3.36)

3.2.2 Extra generators in N = 3 problem

We have managed to solve the N = 3 problem without making use of the additional generators

afforded to us, namely those originating in the fourth column in fig. 1. Since we have been ignoring

the center-of-mass degree of freedom X , we will drop all subscript ‘rel’ in this section, but these

are implied.

Let us focus on the third set of creation and annihilation operators. First, to make our notation

more self contained, we define as in (2.22):

[K,Lk] ≡
k

2
Mk−2 , [K,Mk] ≡

k

2
Ok−2 , (3.37)

then our creation and annihilation operators can be expressed simply as:

a†3 =
i

4

(
J3 +

3

2
L1 +

3

8
M−1 −

1

16
O−3

)
, a3 = − i

4

(
J3 −

3

2
L1 +

3

8
M−1 +

1

16
O−3

)
. (3.38)

Of course, we need the conjugated operators:

A†
3 ≡ ∆−λa†3∆

λ , A3 ≡ ∆−λa3∆
λ , (3.39)
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whose action on the wavefunction Ψmk defined in (3.34) amounts to:

A3Ψmk = AmkΨ(m−1)k +BmkΨ(m+1)(k−3) ,

A†
3Ψmk = CmkΨ(m+1)k +DmkΨ(m−1)(k+3) , (3.40)

up to the unenlightening coefficients (Amk, . . . , Dmk). So as promised, these operators raise/lower

the ℓ0 eigenvalue by 3/2. Importantly, action by A3 and A†
3 does not just raise or lower the

conformal family, since the wavefunctions A3Ψmk and A†
3Ψmk no longer diagonalize the Casimir

operator C2.

3.2.3 Analytic continuation to the principal series

Unlike the case for N = 2, the conformal families for the N = 3 problem were determined as

solutions to an eigenvalue problem. Recall that the conformal families in the previous section were

found as solutions to (3.22):

1

4

[
− 1

cos2λ(3ϑ)
∂ϑ

(
cos2λ(3ϑ)∂ϑ

)
+ 9λ2 − 1

]
P (ϑ) = ∆(∆− 1)P (ϑ) , (3.41)

and, as we explained there, the orthonormal solutions to the above differential equation are given

in terms of a set of harmonics P (ϑ) = Ym(ϑ) defined in (3.28) whose conformal dimensions were

all in the discrete series:

∆m =
1

2
+

3

2
(m+ λ) , m ∈ Z. (3.42)

The method we employed to define an N = 2 theory in the principal series was to analytically

continue λ. But we conclude now that this same trick will not work in the N = 3 case, since

we need to figure out how to analytically continue the above differential equation such that its

spectrum is a set of eigenfunctions in the principal series.

After some thought, the solution turns out instead to be to analytically continue the angular

variable ϑ. Formally, if we make the change of variables ϑ→ iχ− π/2 and take

∆σ =
1

2
(1 + 3iσ) , σ ∈ R , (3.43)

as needed for the principal series, then the Casimir equation (3.22) becomes

1

4

[
+

1

sinh2λ(3χ)
∂χ

(
sinh2λ(3χ)∂χ

)
+ 9

(
λ2 + σ2

)]
P (χ) = 0 . (3.44)

This differential equation may not seem familiar, so let us massage it slightly. Let us first rewrite

(3.44) by taking χ→ 2u
3 , which gives:

P ′′(u) + 2λ [cothu+ tanhu]P ′(u) + 4(λ2 + σ2)P (u) = 0 . (3.45)

We can relate this differential equation to the more general theory of Jacobi functions which are

defined as the set of functions that satisfy [93–95]:

P ′′(u) + [(2α+ 1) cothu+ (2β + 1) tanhu]P ′(u) +
[
(α+ β + 1)2 + γ2

]
P (u) = 0 , (3.46)
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for general (α, β, γ). The Jacobi functions constitute an interesting function space: they are ba-

sically a Fourier basis for the half-line. We therefore notice that (3.45) is a special case of (3.46)

with α = β = λ− 1
2 and γ = 2σ. The differential equation (3.44) admits plane-wave normalizable

solutions [93]:

Cλ
iσ−λ(cosh(3χ)) , (3.47)

where Cγ
ν (x) are so-called Gegenbauer functions that are well-defined for complex values of the

parameter ν ∈ C. These Gegenbauer functions can be expressed in terms of the more-familiar

associated Legendre functions P γ
µ (x) via the relation [96]

Cλ
iσ−λ(cosh(3χ)) = 2λ−

1
2
Γ
(
1
2 + λ

)
Γ(λ+ iσ)

Γ (2λ) Γ(1− λ+ iσ)
sinh

1
2
−λ(3χ)P

1
2
−λ

iσ− 1
2

(cosh(3χ)) . (3.48)

Remarkably, the orthogonality of these functions was studied in the 1950s by a geophysicist em-

ployed by a petroleum company in Texas, who discovered that [97] (see also (C.21)):∫ ∞

1
duP

1
2
−λ

iσ− 1
2

(u)P
1
2
−λ

iσ′− 1
2

(u) =

∣∣∣∣ Γ(iσ)

Γ(iσ + 1− λ)

∣∣∣∣2 (δ(σ − σ′) + δ(σ + σ′)
)
. (3.49)

Hence, if we define a set of wavefunctions

Yσ(χ) ≡ 23λ
√

3

2π

Γ(λ)Γ(1− λ+ iσ)2

Γ(iσ)Γ(λ+ iσ)
Cλ
iσ−λ(cosh(3χ)) , (3.50)

then these are appropriately orthonormal with respect to the natural inner product:∫ ∞

0
dχ |∆|2λ Y ∗

σ (χ)Yσ′(χ) = δ(σ − σ′) , (3.51)

where |∆| = 1
4 sinh(3χ) is the natural analytically continued Vandermonde determinant and where

we are now restricting σ, σ′ > 0.12

Now that we have solved the angular problem, what is left is to analytically continue the radial

part, which will proceed exactly as before for N = 2, namely we will perform the following analytic

continuation:
r2

2
→ κ , κ ∈ (−∞,∞) . (3.52)

Putting everything together, our task is to analyze the following sl(2,R)-invariant quantum me-

chanics:

Hrel ≡ −∂κ (κ ∂κ) +
1

4κ

[
1

sinh2λ(3χ)
∂χ

(
sinh2λ(3χ)∂χ

)
+ 9λ2

]
, (3.53)

Krel ≡ κ , (3.54)

Drel ≡ − i

2
(∂κ κ+ κ ∂κ) . (3.55)

We will refer to the above system as the three-particle principal series Calogero model.

We will present the spectrum of N = 3 model in its entirety. Recall that we are looking for

12The representations with negative σ are isomorphic to positive σ through the shadow map described in ap-
pendix A.
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solutions to the equation:

ℓrel0 Ψnσ(κ, χ) = −nΨnσ(κ, χ) , Crel
2 Ψnσ(κ, χ) = ∆σ(∆σ − 1)Ψnσ(κ, χ) , (3.56)

with ∆σ defined in (3.43) and n ∈ Z. The solutions are relatively straightforward to write down.

First we separate variables:

Ψnσ(κ, χ) = ψσ
n(κ)Yσ(χ) , (3.57)

where Yσ is as in (3.50). The function ψσ
n needs to satisfy

1

2

[
−∂κ (κ ∂κ)−

9σ2

4κ
+ κ

]
ψσ
n(κ) = −nψn(κ) , (3.58)

and the solution is comparable with the N = 2 case (3.10):

ψσ
n(κ) =

|κ|
1
2
−∆σ

π
√
2

∫ ∞

−∞
du (1 + iu)−n−∆σ(1− iu)n−∆σe−iκu . (3.59)

Volume I of [92] allows us to write the integral in terms of Whittaker functions:

ψσ
n(κ) =

2
1
2
−∆σ√
|κ|

×

−
W−n, 12−∆σ

(2κ)

Γ(−n+∆σ)
κ > 0

W
n, 12−∆σ

(−2κ)

Γ(n+∆σ)
κ < 0

. (3.60)

By construction, we know that the wavefunctions are normalized as follows:∫ ∞

−∞
dκ

∫ ∞

0
dχ |∆|2λΨ∗

nσ(κ, χ)Ψmσ′(κ, χ) = δnm δ(σ − σ′) , (3.61)

where we remind the reader that |∆| = 1
4 sinh(3χ) . The upshot of this analysis is that we have

found a basis of normalizable wavefunctions which solve the conformal quantum mechanics defined

in (3.53) and carrying the spectrum of the principal series representation.

Instead of working in a basis of ℓrel0 eigenstates, we could equally work in a basis of Hrel eigen-

states (see Appendix A of [43] for what these wavefunctions look like). This would allow us to com-

pute the Harish-Chandra character for this sl(2,R)-invariant quantum mechanics, as in [98–100],

but we leave this to future work.

3.2.4 Analytic continuation of J rel
3 ?

One point emphasized in section 2.2 was that the entire spectrum of the Calogero model follows

from the organization of its current algebra. Above, we did not make use of the extra currents

in solving for the spectrum of the analytically continued N = 3 model. Here, for the sake of

completeness, we investigate the analytic continuation of the extra current for the N = 3 model.

27



Let us write down the conjugated relative current J rel
3 in the new variables:

J rel
3 =

i

2

√
3

κ

{
κ

sinhλ−1(3κ)
∂2κ∂χ

(
sinhλ(3χ)

)
− 1

2
∂κ

[
cosh1/3(3χ)

sinh2λ(3χ)
∂χ

(
cosh2/3(3χ) sinh2λ(3χ)

)
+ 3λ(3λ+ 2) cosh(3χ)

]

+
cosh(3χ)

κ

[
−2

3
κ3∂3κ +

3λ+ 2

4 cosh
3λ+4

9 (3χ)
∂χ

(
cosh

3λ+4
9 (3χ)∂χ

)
+
3λ(λ+ 1)

2 sinh(3χ)
∂χ (cosh(3χ)) +

tanh(3χ)

12
∂3χ +

λ

4

(
9λ2 − 10

)]}
,

(3.62)

and we have checked that this indeed commutes with (3.53), as expected. However, it seems that

this operator is not Hermitian on the domain κ ∈ (−∞,∞), and therefore we do not expect to

be able to use it to generate the spectrum, as we did in the discrete series. The reason for this is

the pesky κ−1/2 sitting outside of the curly braces, which crosses a branch cut when κ becomes

negative. We believe that this happens for all the higher currents under this analytic continuation,

although we have not presented a general proof.

Regardless of losing the utility of the current algebra for generating the spectrum, we will now

explain how our solution for the three-particle principal series Calogero model sets a road map for

defining the Calogero model in the principal series for general N .

3.3 The principal series Calogero model for general N and λ

We now have all the ingredients ready to present the analytic continuations required to define the

principal series Calogero model for general N and λ. To begin, recall that in the original model we

had introduced spherical coordinates on the y-vector in RN−1, which involved the use of spherical

coordinates on the (N − 2)-sphere via the recursive formula

ω1 = cosϑ , ωi = νi sinϑ , i = 2, . . . , N − 1 , (3.63)

where the νi represent coordinates on the (N − 3)-sphere (see equation (2.59)). Hence we have

defined things such that:
N−1∑
i=1

(ωi)
2 =

N−1∑
i=2

(νi)
2 = 1 . (3.64)

Moreover, recall that the conformal families of the original model were found as solutions to

Crel
2 P (Ω) ≡ 1

4

(
L̂2
SN−2 +

(N − 5)(N − 1)

4

)
P (Ω) = ∆(∆− 1)P (Ω) , (3.65)

where the angular operator L̂2
SN−2

L̂2
SN−2 ≡ −∆−2λ

√
g
∂µ

(
∆2λ√ggµν∂ν

)
+ λ

N(N − 1)

2

(
λ
N(N − 1)

2
+N − 3

)
, (3.66)
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was defined in (2.81) and where gµν is the metric on the unit SN−2. The above Casimir oper-

ator only admits normalizable solutions in the discrete series. Below we will detail the analytic

continuation needed such that Crel
2 admits solutions in the principal series.

For the moment, let us suppose that we have already managed to find the appropriate analytic

continuation for L̂2
SN−2 . Then, on any subsector of fixed conformal dimension ∆γ = 1

2(1 + iγ), in

the principal series we can work with (2.87) and take the, by now, familiar analytic continuation

r2

2
→ κ , κ ∈ (−∞,∞) , (3.67)

which leads to:

Hrel ≡ −κ∂2κ −
N − 1

2
∂κ +

1

κ

(
∆γ +

N − 5

4

)(
∆γ −

N − 1

4

)
, (3.68)

Krel ≡ κ , (3.69)

Drel ≡ −i
(
κ ∂κ +

N − 1

4

)
. (3.70)

These operators are Hermitian with respect to the inner product:

(f, g) =

∫ ∞

−∞
dκ |κ|

N−3
2 f∗(κ) g(κ) , (3.71)

and the eigenfunctions, satisfying ℓrel0 ψγ
n(κ) = −nψγ

n(κ), are given by

ψγ
n(κ) =

|κ|
5−N

4
−∆γ

π
√
2

∫ ∞

−∞
du (1 + iu)−n−∆γ (1− iu)n−∆γe−iκu , (3.72)

and can equivalently be written as:

ψγ
n(κ) =

2
1
2
−∆γ

|κ|
N−1

4

×

−
W−n, 12−∆γ

(2κ)

Γ(−n+∆γ)
κ > 0

W
n, 12−∆γ

(−2κ)

Γ(n+∆γ)
κ < 0

. (3.73)

So with the radial part of the equations out of the way, what remains to complete our story is to

detail the correct analytic continuation of L̂2
SN−2 .

3.3.1 Free limit of the principal series Calogero model

To make the general case more accessible, we will start by analyzing the limit λ→ 0 in which the

Calogero model reduces to a theory of N free particles on a line. In this limit, the angular operator

appearing in Crel
2 reduces to the Laplacian on the (N − 2)-sphere

lim
λ→0

L̂2
SN−2 = −∇2

SN−2 = − 1

sinN−3(ϑ)
∂ϑ
(
sinN−3(ϑ) ∂ϑ

)
+

1

sin2 ϑ
∇2

SN−3 , (3.74)
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where ∇2
SN−3 is the Laplace-Beltrami operator on the (N −3)-sphere. Hence, the Casimir equation

for the non-interacting model becomes:

1

4

[
−∇2

SN−2 +
(N − 5)(N − 1)

4

]
P (ω) = ∆(∆− 1)P (ω) . (3.75)

whose solutions are the spherical harmonics on the N − 2 sphere YLm⃗(Ω) which satisfy:

−∇2
SN−2YLm⃗(ω) = L(L+N − 3)YLm⃗(ω) . (3.76)

Simple algebra reveals that ∆ = L
2 + N−1

4 for these solutions, and the L = 0 state matches the

λ→ 0 limit of ∆Ω
rel of (2.92), as expected.

We would now like to convert the left-hand side of the above Casimir equation to an operator

whose solutions lie in the principal series representation. We will do this by taking ϑ→ iu similar

to what we did in the N = 3 case. With this replacement, the natural embedding coordinates

(3.63) become:

ω̂1 = coshu , ω̂i = νi sinhu , i = 2, . . . , N − 1 , (3.77)

with the νi unchanged, but where these coordinates ω̂i instead satisfy:

(ω̂1)
2 −

N−1∑
i=2

(ω̂i)
2 = 1 , (3.78)

meaning these coordinates parametrize the upper sheet of a two-sheeted hyperboloid with the

variable u ∈ [0,∞) corresponding to the non-compact direction. The metric on this hyperboloid is:

ds2 ≡ Gµνdx
µdxν = du2 + sinh2(u)dΩ2

N−3 , (3.79)

and the corresponding Laplace-Beltrami operator ∇2
HN−2 , which is given by

∇2
HN−2 ≡ 1√

G
∂µ

(√
GGµν∂ν

)
=

1

sinhN−3(u)
∂u
(
sinhN−3(u) ∂u

)
+

1

sinh2 u
∇2

SN−3 . (3.80)

Under the analytic continuation ϑ→ iu the Laplace-Beltrami operator (3.74) becomes

−∇2
SN−2 → +∇2

HN−2 , (3.81)

and hence, the corresponding Casimir equation is now

1

4

[
∇2

HN−2 +
(N − 5)(N − 1)

4

]
P (ω̂) = ∆(∆− 1)P (ω̂) . (3.82)

Following [101], we will now argue that this equation admits solutions in the principal series repre-

sentation. This can be done by making the following ansatz:

P (ω̂) = sinhℓ(u)Yℓm⃗(ν)Φ(u) , (3.83)
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where Yℓm⃗(ν) are the spherical harmonics on the (N −3)-sphere, satisfying the eigenvalue equation

−∇2
SN−3Yℓm⃗ = ℓ(ℓ+N − 4)Yℓm⃗ . (3.84)

Plugging this into (3.82) and setting ∆ = 1
2(1 + iγ) we find Φ(u) must satisfy:

Φ′′(u) + (2ℓ+N − 3) cothuΦ′(u) +

((
ℓ+

N − 3

2

)2

+ γ2

)
Φ(u) = 0 . (3.85)

Let us compare this with the defining equation for the Jacobi functions that was presented in (3.46),

which we repeat here for convenience:

P ′′(u) + [(2α+ 1) cothu+ (2β + 1) tanhu]P ′(u) +
[
(α+ β + 1)2 + γ2

]
P (u) = 0 . (3.86)

From this we determine that (3.85) is a Jacobi differential equation with α = ℓ+ N−4
2 , β = −1

2 and,

following [94,95,97,101] we therefore know that there exists solutions which are orthonormal with

respect to the appropriate measure, just as in the interacting N = 3 case.

3.3.2 Adding interactions

To add the interaction we simply need to provide an analytically continued definition of the Van-

dermonde determinant. We will do this as follows. First define the following vector in CN−1:

ẑ ≡ (coshu, i ν⃗ sinhu) , (3.87)

where recall ν⃗ is an (N−2)-vector denoting a position on the unit SN−3. We define the appropriate

Vandermonde determinant for the principal series as follows:

∆̂ ≡
∏
a

ba · ẑ , (3.88)

where ba were the set of N(N − 1)/2 vectors defined in (2.52) and the dot denotes the standard

Euclidean product of these vectors. This ensures that ∆̂ can be obtained as the analytic continu-

ation in ϑ → iu of the standard Vandermonde determinant defined in (2.66). Defined in this way,

∆̂ is either pure real or pure imaginary, which is a consequence of the identity Θ[2,1] = ϑ prior to
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analytic continuation. In detail, using the properties of the root vectors ba,13

∆̂ = (−1)N−2i
(N−3)(N−2)

2 coshu(sinhu)
(N−3)(N−2)

2

 ∏
i>j>2

ζ [i,j]


×

∏
j>2

(
1

4
cosh2 u+ ζ [j,1]2 sinh2 u

) , (3.91)

where

ζ [i,j] ≡
N−1∑
k=2

b
[i,j]
k νk . (3.92)

With this in hand, let us define the appropriate principal series generalization of (2.81):

L̂2
HN−2 ≡ +

∆̂
−2λ

√
G

∂µ

(
∆̂

2λ√
GGµν∂ν

)
+ λ

N(N − 1)

2

(
λ
N(N − 1)

2
+N − 3

)
, (3.93)

where we remind the reader that Gµν is the metric on the upper sheet of the two-sheeted (N − 2)-

dimensional hyperboloid defined in (3.79), and we clearly see that the phase in ∆̂ cancels between

the numerator and denominator of (3.93). With this we can finally write down the full N -particle

principal series Calogero model:

H ≡ −κ∂2κ −
N − 1

2
∂κ +

1

4κ
L̂2
HN−2 , (3.94)

K ≡ κ , (3.95)

D ≡ −i
(
κ ∂κ +

N − 1

4

)
. (3.96)

These operators are Hermitian with respect to the following inner product:

(f, g) =

∫ ∞

−∞
dκ |κ|

N−3
2

∫ ∞

0
du

∫
dΩN−3

√
G|∆̂|2λf∗(κ, u, ν⃗) g(κ, u, ν⃗) , (3.97)

and furnish the sl(2,R) algebra (2.3) with Casimir operator

C2 ≡
1

2
(HK +KH)−D2 =

1

4

(
L̂2
HN−2 +

(N − 5)(N − 1)

4

)
. (3.98)

The ℓrel0 eigenfunctions are given by

Ψγ
n(κ, u, ν⃗) = ψγ

n(κ)Pγ(u, ν⃗) , (3.99)

13Namely,
ba · ẑ = ba1 coshu+ i sinhu ζa , (3.89)

with

b[2,1] = (1, 0, . . . , 0) , b
[i>2,1]
1 = −b

[i>2,2]
1 =

1

2
, b

[i>2,j>2]
1 = 0 , ζ [i,1] = ζ [i,2] . (3.90)
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with ψγ
n(κ) given in (3.73) and Pγ(u, ν⃗) satisfying the Casimir equation

Crel
2 Pγ(u, ν⃗) ≡

1

4

(
L̂2
HN−2 +

(N − 5)(N − 1)

4

)
Pγ(u, ν⃗) = ∆γ(∆γ − 1)Pγ(u, ν⃗) , (3.100)

or equivalently[
∆̂

−2λ

√
G

∂µ

(
∆̂

2λ√
GGµν∂ν

)
+

(
λ
N(N − 1)

2
+
N − 3

2

)2

+ γ2

]
Pγ(u, ν⃗) = 0 , (3.101)

with ∆̂ given explicitly by (3.91). While we have not managed to solve the Casimir equation (3.101)

for general N and λ, by construction Ψγ
n satisfies

ℓrel0 Ψγ
n(κ, u, ν⃗) = −nΨγ

n(κ, u, ν⃗) . (3.102)

We can furthermore demonstrate that the wavefunctions are plane-wave normalizable with respect

to the inner product (3.97):

(Ψγ1
n ,Ψ

γ2
m ) = δmnδ(γ1 − γ2) , (3.103)

where we have taken γ1,2 > 0.14 This follows from the defining differential equation, which we

demonstrate in appendix D. The upshot of this section is that for general N , we have defined an

interacting conformal quantum mechanics that admits (plane-wave) normalizable wavefunctions

carrying the quantum numbers of the principal series representation.

4 Discussion

In this paper we explored a system of interacting, multi-particle, conformal quantum mechanics

with a spectrum furnished by a continuum of principal series representations of sl(2,R). Our line

of investigation consisted of analytically continuing the Calogero model, an integrable model of

interacting quantum mechanics of particles arranged on a line. Along the way we have collected

and reviewed standard features of the Calogero model, namely the structure of the symmetry

generators responsible for its integrability, its solution, and its partition function. Central to this

solution was splitting the center-of-mass and relative dynamics. We then further explained how

the relative dynamics of the model could be analytically continued to display the principal series

spectrum. We worked this continuation and its solution explicitly for the N = 2 and N = 3 models

while providing a concrete roadmap for the solution (including its spectrum and inner product) for

general N model. Let us now discuss some open questions that follow naturally from this work.

Explicit states and integrability?

While we have solved the principal series Calogero model explicitly for N = 2 and N = 3, we

have left the solution for generic N implicit upon solving the hyperbolic Casimir equation, (3.101).

Of course the spectrum of Crel
2 (and thus that of L̂2

HN−2 and the Hamiltonian) are fixed by the

supposition that our solutions furnish the principal series representation. We have also shown,

14Again, representations with negative γ are isomorphic to those with positive γ through the shadow isomorphism
discussed in appendix A.
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based on general features of the Casimir equation, that such solutions are plane-wave normalizable.

Regardless, one might speculate if solutions can be constructed explicitly. In our review of the

standard Calogero model in section 2, the particular details of the eigenfuctions have been made

immaterial: instead, we have utilized the N independent symmetry currents to completely generate

the spectrum of the model and as such, states can be constructed explicitly as eq. (2.41). For our

principal series continuation, we do not have such a luxury. As we demonstrated in section 3.2.4, the

continuation of the first of the higher currents fails to be Hermitian on the domain κ ∈ (−∞,∞),

displaying branch cuts for negative κ. Thus it is not obvious that we can utilize it to generate

positive norm states. This is perhaps not surprising as the spectrum of the principal series model is

continuous and we do not expect it to be generated by a discrete set of generators. Regardless, in

principle we still retain a large set of commuting (albeit non-Hermitian) operators at general N and

whether this fact has leverage for constructing solutions remains a question worth investigating.

Partition functions

In eq. (2.43) we presented the partition function of the standard N -particle Calogero model. Al-

though this partition function only explicitly depends on λ through the ground state energy, ∆Ω,

given in eq. (2.93), it is discontinuous from the non-interacting partition function which is given

by the product of decoupled harmonic oscillators. We were able to deduce this partition function,

again, by directly utilizing the extra generators built from the symmetry algebra.

For the principal series model we have lost access to integrability but we still know that its

spectrum is fixed by the sl(2,R) representation theory. For principal series representations, the

appropriate notion of a representation trace is distributional and defined by a Harish-Chandra

character (as popularized in [98]), which is most naturally taken in the basis diagonalizing H (as

opposed to ℓrel0 ). While we have not written this basis or computed the corresponding Harish-

Chandra characters in this paper, this should be a technically straightforward task. The compu-

tation of the partition function of this model however involves two more subtle issues. The first is

that the solution space of (3.94) is generated by a continuum of principal series representations.

Thus the partition function should involve an integral over Harish-Chandra characters of distinct

principal series representations with an appropriate weight. The second is that there may be a

degeneracy of solutions yielding the same Casimir equation eq. (3.100). This was indeed the case

for the non-interacting limit of our model in section 3.3.1: we found a solution to the Casimir

equation for every spherical harmonic on the (N − 3)-sphere. However as we have alluded to just

above, one lesson from the standard Calogero model is that the state space of the interacting theory

may not smoothly connect to the that of the interacting theory and so we cannot yet draw any

conclusions about the degeneracy of solutions to eq. (3.100) from its non-interacting limit. Having

a more explicit route of constructing solutions (in line with our previous discussion point) would

aid towards addressing this question. In general constructing the partition function of our model

and explicating its dependence on both λ and N is an important open question we plan to revisit.

The large N limit

Closely related to the above discussion point is what arises in the large N limit of our analytically

continued model. We recall that the partition function of the standard Calogero model displays

features of a local quantum field theory in the N → ∞ limit, that of a 1+1-d U(1) symmetric
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chiral CFT. In this case the N → ∞ is akin to a continuum limit of the target space of N -particle

quantum mechanics.

It is interesting to speculate if the N → ∞ limit of the principal series Calogero model retains

any realization as a local quantum field theory. Such a realization would be a potentially interacting

and solvable sl(2,R) symmetric field theory with states living in the principal series. This is an

intriguing prospect made more intriguing by connections to two-dimensional de Sitter physics, a

motivation we described in the introduction to this paper. One obvious obstacle to investigating the

large N limit is first constructing the partition function of the interacting principal series model, as

we discussed in the previous point. Additional to this is the obstacle of reincorporating the center

of mass degree of freedom. For the standard Calogero model, the center of mass is essential part of

both realizing the target space of the relative system quantum mechanics as particles on a line, as

well as recognizing the N → ∞ partition function as a chiral CFT partition function. We expect

that in the principal series model, the center of mass to a play a similar role in both contexts.

In this case the target space is more subtle as we have analytically continued the relative angles

between particles. It is possible that realizing both a sensible target space and a sensible large N

partition function might require analytically continuing the center of mass as well, although at this

point we leave this as a speculation.
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A Review of sl(2,R) representation theory

In this section, we review the unitary representation theory of sl(2,R). An ultimate goal of this

section is to introduce the basic features of the principal series representations and distinguish them

from complementary and discrete series representations.

The sl(2,R) algebra is given by Hermitian generators
{
H,D,K

}
satisfying the following com-

mutation relations.

[D,H] = iH , [D,K] = −iK , [K,H] = 2iD . (A.1)

This is a real basis of sl(2,R) and we will construct representations with inner products satisfying

H† = H , K† = K , D† = D . (A.2)
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Central to the classification of such representations is the quadratic Casimir,

C2 ≡
1

2
(HK +KH)−D2 , (A.3)

which commutes with all generators and so is a constant on irreducible representations. We can

construct a representation in the standard manner by treating D as a Cartan element and looking

for eigenstates that are highest-weight. In this context, such states are called primary and satisfy

D|∆, 0⟩ = i∆|∆, 0⟩ , K|∆, 0⟩ = 0 , (A.4)

where ∆ is known as the conformal dimension. Acting on primary states

C2|∆, 0⟩ = ∆(∆− 1)|∆, 0⟩ , (A.5)

which labels the representation. From this point, we will omit the label “∆” from the state when

it is clear which representation it is a part of. Reality of the Casimir implies two possible cases for

the conformal dimension, ∆ ∈ R, or ∆ = 1
2 + iν with ν ∈ R.

A useful strategy [45,102] for building representations for either case of ∆ is to construct a set

of ladder operators of the form

l0 ≡
1

2
(H +K) , l± ≡ 1

2
(H −K)∓ iD , (A.6)

satisfying

[l+, l−] = 2l0 , [l±, l0] = ±l± . (A.7)

Thus l+ lowers the l0 eigenvalue while l− raises it. Note that (A.2) implies the reality conditions

l†0 = l0 , l†± = l∓ . (A.8)

Furthermore, under exponentiation l0 generates the maximal compact subgroup, SO(2) ⊂ SL(2,R),
and so its eigenvalues are either integer or half-integer valued (which we will call even or odd parity,

respectively). We can move to the eigenbasis of l0, {|r⟩}r∈Z or r+ 1
2
∈Z satisfying

l0|r⟩ = −r|r⟩ , l±|r⟩ = − (r ±∆) |r ± 1⟩ . (A.9)

For completeness, we record the relation between the {|r⟩} basis and the primary state, (A.4),

as [43]

|r⟩ =
∫ ∞

−∞
dt (1 + it)−r−∆(1− it)r−∆e−iHt|0⟩ . (A.10)

It is easy to see that for an inner product satisfying (A.8), the relation ⟨r|l−|r + 1⟩ = ⟨r + 1|l+|r⟩∗

implies
⟨r + 1|r + 1⟩

⟨r|r⟩
=
r + 1−∆

r +∆∗ . (A.11)

We can build a positive inner product for all states of the representation through induction if and

only if this ratio is positive for all r.

When ∆ = 1
2 + iν this ratio is one for all r and so the representation is unitary for any ν ∈ R.
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This is the principal series representation, P∆, and the center focus of this paper. We can fix the

norm of these representations to

⟨r|r′⟩P∆
= δrr′ , r ∈ Z or r +

1

2
∈ Z . (A.12)

For ∆ ∈ R we proceed by cases. If we assume that ∆ /∈ Z then positivity of (A.11) requires

both r ∈ Z and ∆ ∈ (0, 1). This is the complementary series representation, C∆, and it exists with

only even parity. Solving the recurrence relation15 set by (A.11) gives the norm

⟨r|r′⟩C∆ =
Γ(r + 1−∆)

Γ(r +∆)
δrr′ , r ∈ Z . (A.13)

Lastly, when either ∆ ∈ Z+ and r ∈ Z, or ∆ ∈ N + 1
2 and r + 1

2 ∈ Z, then from (A.9) we see

there are states at r = ∓∆ which are annihilated by l±, respectively, and upon which we terminate

the representation. These are the highest and lowest weight discrete series representations, D+
∆ and

D−
∆, with r ≤ −∆ and r ≥ ∆, respectively. It is easy to check that for the ranges of r allowed by

the representation, (A.11) is positive. These representations have norm

⟨r|r′⟩D±
∆
=

Γ(∓r + 1−∆)

Γ(∓r +∆)
δrr′ , r = ∓∆,∓(∆ + 1),∓(∆ + 2), . . . (A.14)

Lastly for both the principal and complementary series, representations labelled by ∆ are isomorphic

to their shadow representation labelled by conformal dimension ∆̄ = 1−∆. Thus the full spectrum

of principal series representations are given by ∆ = 1
2 + iν with ν > 0 and the full spectrum of

complementary series representations are given ∆ ∈ (0, 12).

B Orthogonality of coordinate transformation

As in equation (2.45), we introduce the coordinate transformation

yk ≡ αk xk+1 + βk

k∑
j=1

xj , 1 ≤ k ≤ N − 1 , yN =
1√
N

N∑
i=1

xi , (B.1)

with coefficients

αk ≡
√

k

k + 1
, βk ≡ − 1√

k(k + 1)
, (B.2)

so that the above coordinate transformation can be written in matrix form as

yk =
N∑
i=1

Bkixi , (B.3)

15The overall coefficient is fixed by requiring (A.13) and (A.12) agree at the intersection of the principal and
complementary series at ∆ = 1

2
.
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where the matrix B ≡ A−1 (see (2.46)) has non-zero entries given by

BNi =
1√
N

, Bki =


βk , i ≤ k ,

αk , i = k + 1 , (k < N)

0 , i > k + 1 .

(B.4)

We want to show that the matrix B is orthogonal, meaning:

(
BBT

)
jk

=
N∑
i=1

BjiBki = δjk , and
(
BTB

)
jk

=
N∑
i=1

BijBik = δjk . (B.5)

Let us start with the first expression in (B.5). Due the to the manifest symmetry of j ↔ k of the

above expression, it suffices to consider cases where j ≤ k. First consider the case when k = N :

(
BBT

)
jN

=
1√
N

N∑
i=1

Bji , (B.6)

then if j = N it is easy to see that
(
BBT

)
NN

= 1. However if j < N then

(
BBT

)
jN

=
1√
N

(jβj + αj) = 0 . (B.7)

Next consider the case that k < N . Since the entries in the matrix Bki with i > k + 1 are zero

we can write: (
BBT

)
jk

= Bj(k+1)Bk(k+1) +

k∑
i=1

BjiBki . (B.8)

If j < k then Bj(k+1) = 0 and the first term on the right-hand side is zero, while the second term

is only non-zero when i ≤ j + 1, hence:

(
BBT

)
jk

= Bj(j+1)Bk(j+1) +

j∑
i=1

BjiBki = αjβk + jβjβk = 0 . (B.9)

Lastly for the diagonal entries with j = k < N ,

(
BBT

)
kk

=
(
Bk(k+1)

)2
+

k∑
i=1

(Bki)
2 = (αk)

2 + k(βk)
2 = 1 . (B.10)

Hence, we have shown that (
BBT

)
jk

= δjk . (B.11)

A similar computation shows that
(
BTB

)
jk

= δjk, and we conclude that the matrix B = A−1 is

orthogonal. Its transpose BT is the matrix A that is defined in the main text, which, as we have

just shown, is also orthogonal.
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C Orthogonality of associated Legendre functions

Let us explicitly check the orthogonality relation (3.49). The associated Legendre functions P
λ− 1

2

iσ− 1
2

(u)

satisfy the following differential equation:

d

du

(
(1− u2)

d

du
P

λ− 1
2

iσ− 1
2

(u)

)
+

[(
iσ − 1

2

)(
iσ +

1

2

)
−

(λ− 1
2)

2

1− u2

]
P

λ− 1
2

iσ− 1
2

(u) = 0 . (C.1)

In the following, we assume that u > 1. We want to investigate these functions under the following

inner product 〈
P

λ− 1
2

iσ1− 1
2

, P
λ− 1

2

iσ2− 1
2

〉
≡
∫ ∞

1
duP

λ− 1
2

iσ1− 1
2

(u)P
λ− 1

2

iσ2− 1
2

(u) , (C.2)

and show that they are orthogonal. To that end, let us multiply P
λ− 1

2

iσ1− 1
2

(u) with equation (C.1) for

P
λ− 1

2

iσ2− 1
2

(u) and subtract P
λ− 1

2

iσ2− 1
2

(u) times equation (C.1) for P
λ− 1

2

iσ1− 1
2

(u). After rearranging, we find

that

(σ21 − σ22)P
λ− 1

2

iσ1− 1
2

P
λ− 1

2

iσ2− 1
2

= P
λ− 1

2

iσ2− 1
2

d

du

(1− u2)
dP

λ− 1
2

iσ1− 1
2

du

− P
λ− 1

2

iσ1− 1
2

d

du

(1− u2)
dP

λ− 1
2

iσ2− 1
2

du

 . (C.3)

We will now integrate both sides from u = 1 to u = R, and take the limit R → ∞ afterwards.

Integrating both terms by parts once, one finds the integrands cancel and the result is a boundary

term:∫ R

1
duP

λ− 1
2

iσ1− 1
2

(u)P
λ− 1

2

iσ2− 1
2

(u) =
1−R2

σ21 − σ22

(
P

λ− 1
2

iσ2− 1
2

(R)
d

du
P

λ− 1
2

iσ1− 1
2

(R)− P
λ− 1

2

iσ1− 1
2

(R)
d

du
P

λ− 1
2

iσ2− 1
2

(R)

)
.

(C.4)

Here, we have dropped the boundary term at u = 1 assuming that the functions are regular there

when we take (1− u2) → 0. This assumption is true when λ < 3
2 .

We want to study (C.4) in the R → ∞ limit. Given that the associated Legendre functions

are labelled by a continuous variable σ, we expect any orthogonality relation amongst them to be

distributional in form, so to this end we will integrate (C.4) against a test function. We consider∫ ∞

−∞
dσ1 f(σ1)

〈
P

λ− 1
2

iσ1− 1
2

, P
λ− 1

2

iσ2− 1
2

〉
= lim

R→∞

∫ ∞

−∞
dσ1 f(σ1)

(1−R2)

σ21 − σ22

(
P

λ− 1
2

iσ2− 1
2

(R)
d

du
P

λ− 1
2

iσ1− 1
2

(R)− P
λ− 1

2

iσ1− 1
2

(R)
d

du
P

λ− 1
2

iσ2− 1
2

(R)

)
.

(C.5)

We will not rederive the asymptotics of the functions on the right-hand side, but use the result

of [97], namely that as R→ ∞ the associated Legendre functions satisfy

P
λ− 1

2

iσ− 1
2

(R) ∼ 1√
R

(A(σ) cos(σ logR) +B(σ) sin(σ logR)) (1 +O(1/R2)) , (C.6)
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where the coefficients in the above expression are given by

A(σ) ≡ 2Re

(
2iσ−

1
2Γ(iσ)√

πΓ (iσ + 1− λ)

)
, B(σ) ≡ −2Im

(
2iσ−

1
2Γ(iσ)√

πΓ (iσ + 1− λ)

)
. (C.7)

Using the above asymptotics in the R → ∞ limit, the right-hand side of (C.5) can be reorganized

as

lim
R→∞

∫ ∞

−∞
dσ1f(σ1)

(
φ1

σ21 − σ22
sin(σ1 logR) sin(σ2 logR) +

φ2

σ21 − σ22
cos(σ1 logR) cos(σ2 logR)

+
φ3

σ1 + σ2
sin(σ1 logR) cos(σ2 logR) +

φ4

σ21 − σ22
sin((σ1 − σ2) logR)

)
, (C.8)

where we have dropped a factor of (R2 − 1)/R2 in the above expression as we take R → ∞, and

we have introduced the following combinations:

φ1 ≡ σ1A(σ1)B(σ2)− σ2A(σ2)B(σ1) , φ2 ≡σ2A(σ1)B(σ2)− σ1A(σ2)B(σ1) ,

φ3 ≡ A(σ1)A(σ2)−B(σ1)B(σ2) , φ4 ≡σ1A(σ1)A(σ2) + σ2B(σ1)B(σ2) . (C.9)

We now decompose the sine and cosine functions via the standard rules

sin(σ1 logR) sin(σ2 logR) =
1

2
(cos((σ1 − σ2) logR)− cos((σ1 + σ2) logR)) , (C.10)

cos(σ1 logR) cos(σ2 logR) =
1

2
(cos((σ1 + σ2) logR) + cos((σ1 − σ2) logR)) , (C.11)

sin(σ1 logR) cos(σ2 logR) =
1

2
(sin((σ1 + σ2) logR)− sin((σ1 − σ2) logR)) . (C.12)

Note that against smooth functions of σ1, sin((σ1 ± σ2) logR) and cos((σ1 ± σ2) logR) integrate to

zero as R→ ∞ due to phase cancellations. We do have to be more careful however about singular

behavior as σ2 → ±σ1 since in that case the phase vanishes. We note the following

lim
σ2→σ1

φ1 = 0 , lim
σ2→−σ1

φ1 = 0 , (C.13)

lim
σ2→σ1

φ2 = 0 , lim
σ2→−σ1

φ2 = 0 , (C.14)

lim
σ2→σ1

φ3 = 0 , lim
σ2→−σ1

φ3 = A(σ1)
2 +B(σ1)

2 , (C.15)

lim
σ2→σ1

φ4 = σ1(A(σ1)
2 +B(σ1)

2) , lim
σ2→−σ1

φ4 = σ1(A(σ1)
2 +B(σ1)

2) , (C.16)

so it suffices to look at the φ3 and φ4 terms. We find a contribution from φ3 as σ2 → −σ1. Using
the decomposition (C.12) and the distributional limit

lim
a→∞

sin(ax)

x
= πδ(x) , (C.17)

one finds that

lim
R→∞

φ3

σ1 + σ2
sin(σ1 logR) cos(σ2 logR) =

π

2

(
A(σ1)

2 +B(σ1)
2
)
δ(σ1 + σ2) . (C.18)
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Using the definition of the coefficients A(σ) and B(σ) in (C.7) the factor multiplying the delta-

function can easily computed to be

π

2

(
A(σ1)

2 +B(σ1)
2
)
=

Γ(iσ1)Γ(−iσ1)
Γ(iσ1 + 1− λ)Γ(−iσ1 + 1− λ)

. (C.19)

Similarly, one has to include the contribution from φ4 as σ2 → σ1. We have

lim
R→∞

φ4

σ1 + σ2

sin((σ1 − σ2) logR)

σ1 − σ2
=
π

2
(A(σ1)

2 +B(σ1)
2)δ(σ1 − σ2) . (C.20)

We then arrive at the following orthogonality relation16〈
P

λ− 1
2

iσ1− 1
2

, P
λ− 1

2

iσ2− 1
2

〉
=

Γ(iσ1)Γ(−iσ1)
Γ(iσ1 + 1− λ)Γ(−iσ1 + 1− λ)

(δ(σ1 + σ2) + δ(σ1 − σ2)) . (C.21)

D Orthogonality of interacting principal series wavefunctions

In this appendix we will demonstrate that the hyperbolic wavefunctions, Pγ(u, ν⃗), of the N -particle

principal series Calogero model are plane-wave orthonormal with respect to the inner product

(Pγ1 , Pγ2) =

∫ ∞

0
du

∫
SN−3

dΩN−3

√
G|∆̂|2λP ∗

γ1(u, ν⃗)Pγ2(u, ν⃗) = δ(γ1 − γ2) , (D.1)

up to suitable normalization. Given the shadow isomorphism on principal series representations

we take both γ1,2 to be positive. We will follow the basic method established in appendix C. That

is, let us consider multiplying the inner product by (γ22 − γ21). Using the defining equation (3.101)

this is equivalent to(
γ22−γ21

)
(Pγ1 , Pγ2) =∫ ∞

0
du

∫
SN−3

dΩN−3

[
∂µ

(√
GGµν |∆̂|2λ∂νPγ1

)∗
Pγ2 − P ∗

γ1∂µ

(√
GGµν |∆̂|2λ∂νPγ2

)]
. (D.2)

Integrating each of the terms on the right-hand side once, it is easy to see that for γ1 ̸= γ2 the

resulting integrands cancel and

(Pγ1 , Pγ2) = 0 , γ1 ̸= γ2 . (D.3)

For coincident γ’s we will need to be more careful with the boundary terms. For N > 3 both
√
G

and ∆̂ vanish at u = 0; we will put in an artificial boundary at u = Λ and take the Λ → ∞ limit:

(γ22−γ21)(Pγ1 , Pγ2) = lim
Λ→∞

∫
SN−3

dΩN−3

[√
G |∆̂|2λ

(
(∂uPγ1)

∗ Pγ2 − P ∗
γ1 ∂uPγ2

)]
u=Λ

. (D.4)

16Note that there is a slight discrepancy with the result in [97], since the term involving the delta-function δ(σ1+σ2)
does not appear there and additionally, the case they studied was λ− 1

2
∈ Z.
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Asympotically ∆̂ takes the form

∆̂ ∼
(
eu

2

)N(N−1)
2 ∏

a

ba · ˆ̃z ≡
(
eu

2

)N(N−1)
2

δ̂ , ˆ̃z = (1, iν⃗) , (D.5)

where ‘∼’ means ‘equal as u → ∞.’ Note that δ̂ is a function only of the SN−3 coordinates and

either purely real or purely imaginary:

δ̂ = (−1)N−2i
(N−3)(N−2)

2

∏
j>2

(
1

4
+ ζ [j,1]2

) ∏
i>j>2

ζ [i,j]

 . (D.6)

We will need the asymptotic forms of the hyperbolic wavefunctions Pγ . At large u, the defining

equation for Pγ takes the form[
∂2u + 2λN∂u +

e−2u

4

δ̂−2λ

√
gSN−3

∂i

(
δ̂2λ

√
gSN−3g

ij
SN−3∂j

)
+
(
λ2N + γ2

)]
Pγ ∼ 0 , (D.7)

where for convenience we have defined

λN ≡ λ
N(N − 1)

2
+
N − 3

2
. (D.8)

The sphere portion of this equation is a real linear deformation of the SN−3 Laplacian

δ̂−2λ

√
gSN−3

∂i

(
δ̂2λ

√
gSN−3g

ij
SN−3∂j

)
= ∇2

SN−3 + λM̂ , M̂ = 2gij
SN−3∂i log δ̂ ∂j , (D.9)

and is reminiscent of the angular operator (2.82) appearing in the relative angular dynamics of a

(N − 1)-particle ordinary Calogero model. However this operator is not the same as δ̂ involves the

positive roots of AN−1 as opposed to AN−2. Regardless, this operator is Hermitian with respect to

the inner product

(Φ1,Φ2)SN−3 =

∫
SN−3

dΩN−3
√
gSN−3 |δ̂|2λΦ1(ν⃗)

∗Φ2(ν⃗) , (D.10)

and we will suppose that it admits an orthonormal set of discrete eigenfunctions labelled by a

multi-index ℓ⃗,17 Ŷ
ℓ⃗
, with eigenvalue

δ̂−2λ

√
gSN−3

∂i

(
δ̂2λ

√
gSN−3g

ij
SN−3∂jŶℓ⃗

)
= −ε

ℓ⃗
Ŷ
ℓ⃗
, (D.11)

and normalized to

(Ŷ
ℓ⃗1
, Ŷ

ℓ⃗2
)SN−3 = δ

ℓ⃗1,ℓ⃗2
. (D.12)

We will write asymptotically Pγ(u, ν⃗) ∼ c
ℓ⃗
ρℓ⃗γ(u)Ŷℓ⃗

(ν⃗) with
∑

ℓ⃗
|c
ℓ⃗
|2 = 1. In the large u limit

however, we do not need to know the SN−3 eigenvalue, ε
ℓ⃗
, as it is exponentially suppressed in

17When λ=0, ℓ⃗ = (ℓ, m⃗), the quantum numbers of the hyperspherical harmonics.
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(D.7). In this limit, ρℓ⃗γ(u) satisfies[
∂2u + 2λN∂u + λ2N + γ2

]
ρℓ⃗γ(u) ∼ 0 , (D.13)

for all ℓ⃗ and admits decaying plane-wave solutions:

ρℓ⃗γ(u) ∼
(
eu

2

)−λN (
a
(+)

ℓ⃗,γ
eiγu + a

(−)

ℓ⃗,γ
e−iγu

)
, (D.14)

for arbitrary coefficients a
(±)

ℓ⃗,γ
and the 2λN is a normalization for later convenience.

With this we can express the inner product on the hyperbolic wavefunctions as

(Pγ1 , Pγ2) =
1

(γ22 − γ21)
lim
Λ→∞

(
eΛ

2

)2λN ∑
ℓ⃗

|c
ℓ⃗
|2
[
(∂uρ

ℓ⃗
γ1)

∗ρℓ⃗γ2 − (ρℓ⃗γ1)
∗∂uρ

ℓ⃗
γ2

]
u=Λ

= lim
Λ→∞

∑
ℓ⃗

|c
ℓ⃗
|2
[
a
(+)∗
ℓ⃗,γ1

a
(+)

ℓ⃗,γ2

ie−i(γ1−γ2)Λ

(γ1 − γ2)
− a

(−)∗
ℓ⃗,γ1

a
(−)

ℓ⃗,γ2

iei(γ1−γ2)Λ

(γ1 − γ2)

+a
(+)∗
ℓ⃗,γ1

a
(−)

ℓ⃗,γ2

ie−i(γ1+γ2)Λ

(γ1 + γ2)
− a

(−)∗
ℓ⃗,γ1

a
(+)

ℓ⃗,γ2

iei(γ1+γ2)Λ

(γ1 + γ2)

]
. (D.15)

At this point we can use the limit (C.17) to find

(Pγ1 , Pγ2) = π
∑
ℓ⃗

|c
ℓ⃗
|2
(
|a(+)

ℓ⃗,γ1
|2 + |a(−)

ℓ⃗,γ1
|2
)
δ(γ1 − γ2) , (D.16)

where we have dropped the terms proportional to δ(γ1 + γ2) as they cannot be satisfied with the

supposition of γ1,2 both positive.
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