Chirality, magic, and quantum correlations in multipartite quantum states
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Chirality is a fundamental property of many topological phases, yet it lacks a general information-
theoretic formulation. In this work, we introduce a notion of chirality for generic quantum states,
defined by the impossibility of transforming a state into its complex conjugate under local unitary
operations. We propose several quantitative measures of chirality, including a faithful metric called
the chiral log-distance, and a family of nested commutators of modular Hamiltonians. We show
that chirality, although not a resource in the traditional sense, is intrinsically linked to two major
classes of quantum resources: magic and quantum correlations. In particular, we demonstrate that
(i) qubit stabilizer states are always non-chiral, (ii) the chiral log-distance provides a lower bound for
several magic monotones, and (iii) a nested commutator-based chirality measure is lower bounded

by a variant of interferometric power.

I. INTRODUCTION

Chirality refers to the lack of invariance between cer-
tain physical systems and their mirror images. This
property naturally appears in a variety of quantum
many-body systems and quantum field theories, and
underlies a wide range of interesting physical phenom-
ena. For example, in condensed matter physics, topo-
logical insulators and topological superconductors [1]
have chiral edge states which transport charge only in
one direction. In high-energy physics, chiral fermions
are essential to electroweak interactions in the Stan-
dard Model [2]. In many-body systems, chirality is
identified from macroscopic properties, such as the di-
rection of the energy current or charge current. From
a microscopic perspective, it is natural to ask how chi-
rality can be characterized in terms of the structure of
the quantum state.

In this paper, we introduce a natural information-
theoretic definition of chirality as an intrinsic property
of a general quantum state. Many-body states such
as the edge states of quantum (thermal) Hall insu-
lators and superconductors [3-5], which are “macro-
scopically” chiral due to the direction of the charge or
energy current, are also chiral by our microscopic def-
inition. ! While these many-body settings provide the
motivation for the definition, in this paper we will ex-
plore chirality as a general property of quantum states,
including those of few-body systems. Our goal is to
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1 This statement can be seen from the results of the previous
works [6-9], as we will discuss more explicitly later.

understand whether and how this notion of chirality
is related to other features of the quantum state, such
as its entanglement, nonstabilizerness, and discord-like
quantum correlations.

Intuitively, a chiral state is one that is sharply dis-
tinguishable from its time-reversal. Recall that time-
reversal is an anti-unitary operation, which is often
defined to be complex conjugation with respect to
a basis which depends on the physical context. To
give an intrinsic basis-independent definition of chiral-
ity for a quantum state, we will find it useful to define
some partition of the Hilbert space into n subsystems,
Ay, ..., A,. With respect to this partition, we propose
the following definition:

Definition 1 (Chiral quantum state). Consider an
n-partite state pa,a,...a,, and some arbitrary prod-
uct basis [s1) 4, ®...®[sp), between the subsystems.
Consider the complex conjugation p%, 4 of pa,..a,
in this basis.

PAL Ay A, 18 n-partite chiral if

Py Agen, # (O11UA) payagea, (21U ) (1)

for any set of local unitary operators {Ua, }.

Note that the definition of chirality is independent of
the particular product basis |s1) ,, ®...®][spn) 4 chosen
for the complex conjugation as we allow all possible
local unitaries in (1).

We first introduce a variety of measures to detect
and quantify chirality in a given state. Starting with
the above definition, a natural way to quantify chiral-
ity is using the minimum distance between the LHS
and RHS of (1) for all possible choices of the {Uay,}.
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We introduce a measure called the chiral log-distance
(7) based on this idea. While this measure is intu-
itive and useful for certain proofs, it has the drawback
that it requires an optimization over the set of all local
unitaries, and does not have an explicit computable ex-
pression in terms of the density matrix. To address this
issue, we further introduce a family of more easily com-
putable measures called nested commutator measures,
which involve commutators between modular Hamil-
tonians associated with reduced density matrices of
various subsystems. These measures further have the
property that they are additive under tensor product.
The “modular commutator” introduced and studied
in [6-10] in various quantum many-body systems can
be seen as an example of such a measure for n = 3,
which in particular shows that edge states of quan-
tum Hall insulators and superconductors are tripartite
chiral. Another computable quantity previously intro-
duced in the literature, which can detect tripartite chi-
rality, is the rotated Petz map fidelity. This measure
concerns the fidelity of a particular recovery opera-
tion for the erasure of C in the tripartite state papc
[11, 12]. Tt has been demonstrated that the fidelity is
asymmetric with respect to the rotation parameter for
chiral edge states, but symmetric for non-chiral states
[13, 14].

On an intuitive level, chirality is an inherently quan-
tum property of the state due to the crucial role
played by complex numbers in the wavefunction in
Definition 1. A natural question is whether chi-
rality can be seen as a quantum resource [15] in
a manner similar to resource-theoretic characteriza-
tions of entanglement [16] or non-stablizerness [17].
A resource-theoretic formulation involves a setup with
certain free states and free operations, and defines “re-
source states” as those that cannot be prepared from
free states and operations. For example, in the re-
source theory of entanglement, separable states are free
states, local operations and classical communication
(LOCC) are free operations, and entangled states are
resource states.

We provide evidence that it may not be possible
to fit chirality within the framework of standard re-
source theories by taking non-chiral states to be free
states and chiral states to be resource states. We will
show that n—partite non-chiral states can be mapped
to chiral states with the same partition by partial
traces within subsystems, which should intuitively be
included in the set of free operations. We will further
show that while chirality in pure states necessarily re-
quires quantum entanglement, as can immediately be
seen from Definition 1, chirality in mixed states does
not require quantum entanglement. Indeed, we will
provide explicit examples of separable bipartite states
which are chiral. On the other hand, we will show

that measures of chirality provide lower bounds on two
other kinds of quantum resources in general quantum
states: magic and discord-like quantum correlations.

Magic refers to the amount of “non-stabilizer re-
source” present in a quantum state. Stabilizer states
are a subset of all quantum states which can be effi-
ciently simulated on a classical computer, despite in
general being highly entangled [18]. Non-stabilizer
states are therefore a fundamental resource for univer-
sal quantum computation, and the usefulness of a given
state for this purpose can be rigorously quantified by
measures called “magic monotones” [17, 19], which are
non-increasing under free operations known as stabi-
lizer protocols. A number of interesting quantities have
been used to quantify magic(see for instance [17, 19—
25]. In particular, in this paper, we will make use of
the stabilizer nullity [23], the min-relative entropy of
magic [21], and the basis-minimized stabilizer asym-
metry (BMSA) [24]. 2

In this paper, we show that if a quantum state is chi-
ral, then it necessarily contains magic or nonstabilizer
resource, and moreover the extent of chirality provides
a lower bound on the amount of non-stabilizerness.
More explicitly, we show that (i) all stabilizer states of
qubits, pure or mixed, are non-chiral, and (ii) for pure
states, the chiral log-distance provides a lower bound
on the BMSA, which can in turn lower-bound various
other magic monotones, including the stabilizer nullity
and min-relative entropy of magic.

Discord-like quantum correlations provide a gen-
eral notion of quantum correlations beyond entangle-
ment [26]. Such correlations may be present in certain
separable mixed states. In a resource theory formula-
tion for such quantum correlations [27], the free states
are a subset of separable states known as “classical-
quantum states.” For a given bipartition of a system,
a classical-quantum state is defined as a state for which
there exists a complete projective measurement within
one of the subsystems under which the state is invari-
ant. A number of quantities have been introduced
to quantify discord-like correlations. We introduce a
new measure of such correlations called the intrinsic
interferometric power, closely related to the interfer-
ometric power of [28, 29]. Unlike the interferometric
power, this quantity is defined purely in terms of prop-
erties of the state and without reference to an external
Hamiltonian or energy spectrum. We show that our
nested commutator measures for chirality can be used
to provide a lower bound on the intrinsic interferomet-
ric power. We summarize the relation between bipar-

2 The stabilizer nullity and min-relative entropy of magic are
magic monotones by the definition of [17]. The BMSA is a
magic monotone by the definition recently introduced in [19].
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FIG. 1. Bipartite chiral states can either be separable or
entangled. Classical states (Eq. (61)) are nonchiral, but
classical-quantum states (Eq. (60)) may be chiral. Chiral
states of qubits are always non-stabilizer.

The plan of the paper is as follows. In Section II, we
discuss some examples of few-body chiral states and
introduce various measures of chirality, including the
chiral log-distance and nested commutator measures.
We also discuss some general consequences of Defini-
tion 1, including the non-monotonicity of chirality un-
der local partial traces. In Section III, we study the
relation between chirality and magic. In Section IV,
we study the relation between chirality and discord-
like quantum correlations. In Section V, we conclude
with possible applications of our results to quantum
many-body dynamics and quantum phases of matter.

II. EXAMPLES, GENERAL PROPERTIES,
AND MEASURES OF CHIRALITY

In this section, we develop a general framework for
studying chirality as an information-theoretic property
of multipartite quantum states. In Sec. IT A, we con-
struct an explicit example of a chiral few-body state,
and use it to illustrate certain general features of the
relation between n-partite chirality for different n. In
Sec. 11 B, we discuss general requirements for a mea-
sure of chirality, and introduce a measure which we call
the chiral log-distance, which is physically intuitive but
not easily computable. In Sec. II C, we introduce com-
putable and additive measures of chirality constructed
from nested commutators, which are odd under com-
plex conjugation of the state in a local product basis.
In Sec. II D, as an illustration, we evaluate these com-
putable measures in random two-qubit mixed states,

3 Stabilizer states do not have intersections with separable
states that is beyond classical states, as noted in Ref. [30].

and in particular note the lack of correlation between
chirality and entanglement.

A. Explicit examples and general properties of
chirality

From Definition 1, any state p is non-chiral for n = 1.
Similarly, n-partite product states are always n-partite
non-chiral. Further, it can be seen using the Schmidt
decomposition that any pure state is non-chiral for n =
2. The simplest non-trivial case where we can look for
examples of chiral states is therefore that of a bipartite
mixed state. Let us first provide an explicit example
which can be checked to be chiral directly from the
definition:

Example 1. The following state of a quirit A and a
qubit B s bipartite chiral:

3
PAB = Zpi|i><i|A ® i) (Yil B (2)

where {|i) 4} is an orthonormal basis for A, the p;’s
are nondegenerate, p; > 0, and

1 1 .
ﬁ(|0>+ll>), |¢3) = 2(|0>+\/§Z|1(>3))-

To see that (2) is chiral, assume for contradiction
that one can find U 4, Up such that (UA®UB)pAB(U;[‘®
UJTB) = php. We can check that since the p;’s
are nondegenerate and p¥% = pa, we must have
UA\i><i|UI‘ = |i)(é|. This further implies we must
have Ugly;) = e "i|yr). The latter implies that
(Wileyy) = e Ot (yrlyT) = e 00 (yifap;)*, which
implies that arg(yiy;) + arg(ih;|vr) = arg(ilir).
However, this is not true since (u1|t2) and (1|)s)
are real while (12|t)3) is complex.

[¢1) = 10), [2) =

It is also useful to consider a purification of (2) by
adding a qutrit A’:

3

[anp) =D VEl)a@|a @) (4)

i=1

This example provides a useful illustration of two gen-
eral features of chirality. Note that:

1. [YaaB) is a tripartite chiral state. This is an
example of the more general fact in Proposition 1
below.

2. For a bipartition of the system into AA’ and
B, the state (4), like any pure state, is bipar-
tite non-chiral. This immediately shows that bi-
partite chirality does not monotonically decrease



under the action of local partial traces. By ap-
plying a partial trace in A’, (4) can be mapped
to the bipartite chiral state (2). It is straightfor-
ward to generalize this example to show that n-
partite chirality does not monotonically decrease
under local partial traces. Nevertheless, we will
show that chirality satisfies a notion of mono-
tonicity when we allow the number of partitions
to change, see Proposition 2 below.

Proposition 1. A pure state |Ya, a,...4, ) is n-partite
chiral, if and only if its (n — 1)-partite reduced density
Matric pa, A,---A,_, 15 (n — 1)-partite chiral.

Proof. We only need to prove the contrapositive state-
ment: a pure state [t)4, 4,...4, ) is n-partite non-chiral,
if and only if its (n — 1)-partite reduced density ma-
trix pa,A,.-a,_, is (n — 1)-partite non-chiral. The
proof of the “only if” part goes as follows. Suppose
|4, 4,---4, ) is non-chiral, then there exists a set of
unitaries {Ug,}?; whose tensor product maps [¢)
to [1p*). It follows immediately that conjugation by
UAl Q- ® UATI,—l takes PA Ay-A,_, tO PZlAz..-An,1~
The proof of the “if” part goes as follows. Let the
tensor product of {V4,}!"}' be the unitary that maps
PA AsA,_y YO P a,..a,_, Dy conjugation. Then
the state |¢) = Vi, ® --- ® Va,_,[¢)) must reduce
to p*AlA2"‘An—1’ and this is identical to the reduced
density matrix of |[¢*) on AjAs---A,_1. Then, by
Uhlmann’s theorem [31], there exists a unitary Wu,,
such that [¢p*) = W4, |@). Thus, (¥4, 4,....4,) 1S 1
partite non-chiral. This completes the proof. O

If we know that a state is (n— 1)-partite chiral, then
we know it is also n-partite chiral on dividing any of
the n — 1 subsystems further into two. In this sense,
bipartite chirality is the strongest form of chirality for
mixed states, and tripartite chirality is the strongest
form of chirality for pure states. We can define a mixed
(pure) state as being chiral independent of partition if
it is chiral for all possible bipartitions (tripartitions).

B. Chirality measures

For a general quantum state, a simple analysis such
as that of Example 1 is not possible, and it is nontrivial
to determine whether or not it is chiral. To address
this, it is useful to introduce quantities whose non-
vanishing can detect chirality. Moreover, it would be
useful to quantify the extent to which a given state
is chiral. In this section, we introduce a few different
measures to detect and quantify chirality.

We define an n-partite chirality measure as a map
from p to a real number, A4, 4,...4, (p) € R, satisfying
two properties:

1. It is invariant under local unitaries:
for p~p"  (5)

where p ~ p' refers to p’ = (®;Ua,) p (®iUI\i) for
some unitary operators {Uxy, }7.

Anyaya, (p) = Aa a,-4,(0)

2. It vanishes for non-chiral states:

An agea,(p) =0 for p~p* (6)
We can consider chirality measures that are even under
p — p*, as well as those that are odd under p —
p*.* Below, we consider the case of bipartite chirality
in mixed states. For a tripartite pure state |¢Yapc),
these bipartite measures for the reduced density matrix
pap can also be used to quantify tripartite chirality of
|[Yapc). The generalization to n-partite chirality is
straightforward.

One natural choice of chirality measure is the follow-
ing quantity, which we will call the chiral log-distance:

Cajp(pap) = —log max F(pjp, Ua®UppapUlaUp)
(7)

where the maximization is over unitary operators Uy,
Up, and F(p,0) := ||\/py/o]||} is the Uhlmann fi-
delity. The log-distance can be motivated directly from
the definition of chiral states. The quantity is non-
negative, and it is zero if and only if p is nonchiral,
i.e., the measure is faithful. It is even under p < p*,
that is,

Caa(p*) = Caip(p)- (8)

We note that C 4 p(p) can be recast as a solution to
the following optimization problem using Uhlmann’s
theorem [31]:

exp(—Cap(paB))
(apcl(Ua © Us @ Uo) [ 5e), (%)

= max
Ua,Ug,Uc

where |¢) and |¢*) are purifications of p and p*, re-
spectively. We denote the purifying system as C. In-
terestingly, the optimization over individual U4, Up,
and Ug can be solved exactly. For instance, suppose
we fix Up and Ug. Then the objective function can be
written as the absolute value of Tr(Us04) for some
matrix O4. We can simply take the singular value de-
composition of O4 = UXVT and choose Uy = VUT.

4 Note that any chirality measure can be written as the sum of
an even part and an odd part: A = C + J, where C stands
for the even part and J stands for the odd part. That is,

C(p) = (A(p) +A(p"))/2 and J(p) = (A(p) — A(p*))/2.

)



However, Eq. (9) is nonetheless not a global convex
optimization problem. As such, solving it requires us-
ing a gradient-based algorithm or a greedy algorithm.
These algorithms may fall into local extrema, in which
case only a strict lower bound of U4 g can be obtained.

J

Another nice property of the chiral log-distance is
that it is monotonic under tracing out an entire party
together with discarding the party in the partition. This
can be formalized in the following proposition.

Proposition 2. (Monotonicity of chiral log-distance under partial trace)

CayAs A, (PA1 Az A,) 2 Cayn, (payea,) (10)
Proof. By definition,
Caya,--4, (pa,4,.-4,) = —log max FU(@X\UA,)pas Agen, (R UL ), 01 2y, (11)
Aj

Suppose Uy, - --Uga, achieves the maximum above, then

Cay gt (PAs Ag Agea,) = —10g (@11 Un,)pay gt (D71 UL ). P ayoa,)
> —log F((Tra, (®71UA,)pas Ayn, (ST UL ), Tr A, 01, 4y ,)

Y

i

=Caya,(pas-a,)

—log F((@1—yUn)pasa, (RIoUL ), pltyn) (12)
~ log max F((&[-oVa,)paz-a, (@15 V1 ), Piyen,)
A

In the second line we use the fact that fidelity is monotonically increasing under partial trace and in the fourth
line we take the maximum over all local unitaries for the (n — 1)—partite state. O

Note that this does not indicate that n-partite chirality
is monotonic under a local channel of one party, as we
noted in Sec. Il A. What monotonicity does guarantee
is that any purification of an n-partite chiral mixed
state must be (n + 1)-partite chiral, consistent with
Proposition 1.

Below, we will also consider chirality measures J :
p — R which are odd under p — p*, i.e.,

Jas(p*) = —Ja(p). (13)

Considering odd chirality measures is natural from the
perspective that they can distinguish states with “left”
and “right” directionality. Such measures are aligned
with the physical motivation for chirality and similar
to quantities such as charge and energy currents which
typically detect chirality in physical setups.” More-
over, we will show below that only odd measures can

5 For tripartite states, the modular commutator J(A, B,C), :=
iTr([log pap,log peclpapc) is one such example [7].

(

satisfy the following requirement of additivity:

AAA’\BB’ (pAB®@parp) = -AA\B(;OAB) +-'4A’|B’ (pA’(B')j
14

Lemma 1 (Additivity). A chirality measure Ay p is
additive only if it is odd under p — p*.

Proof. Suppose a chirality measure Ay p is additive.
Let A’ and B’ to be identical copies of A and B.

Anansp (paB®pap) = Aas(p) +Aap (p*) (15)

by additivity. On the other hand, we can con-
struct local SWAP (unitary) gates SWAP(A, A") and
SWAP(B, B’) such that pap ® p’, g is converted to
P ® parp, which implies that AAA/|BB/(PAB ®
i p) = 0. Plugging this back in Eq. (15), we get
Aas(p) = —Aap(p*). Thus, any additive chirality
measure must be odd. O

In the next subsection, we will discuss a general
recipe for constructing odd bipartite chirality measures
Ja|, including additive measures, by using nested
commutators of reduced density matrices on different



subsystems. These measures will further have the ad-
vantage that they have explicit expressions in terms of
the density matrix and therefore are computable.

C. Measures involving nested commutators

We construct additive measures of bipartite chiral-
ity, which can be written as certain functions of the
density matrices pg for various subsystems S and their
modular Hamiltonians Kg := —logpg. © Such mea-
sures are computable without optimization over local
unitaries, and are odd under complex conjugation.

A previously known tripartite chirality measure,
J(A,B,C) = iTr(papc[Kap,Kpc]), uses a sin-
gle commutator of certain modular Hamiltonians.
For bipartite systems, the most naive generalization
fails, as [KA,KB] = 0 and TI'(PAB[KAByKA]) =
Tr(pap[Kap,Kp]) = 0 identically. However, one
may still construct additive chirality measures using
multiple commutators or anticommutators involving
K4, Kp and K 4. One example is the following quan-
tity:

J2(pap) = iTr(pap{[Kap, Kal, K5}). (16)

One can check that J, is additive and odd under com-
plex conjugation of p4p in a product basis. More gen-
erally, we will propose below a systematic way to con-
struct a family of such additive chirality measures in
the form

Jap(pap) = iTr(papX), (17)

where X is a real polynomial (possibly of infinite de-
gree) involving the modular Hamiltonians K4, Kp,
Kap.

The form (17) automatically satisfies local unitary
invariance. Now let S be the set of maps X4 p from
pap to operators on the Hilbert space which satisfy
the following additivity property when A’, B’ are re-
spectively identical copies of A, B:

XaaBp (pap®@parp) = Xap(pap)+Xap (pap).
(18)
Simple examples of such functions are X4 p(pap) =
Ka,Kp,Kap.
Next, let us define the following subsets of S:

Si={Xap €S| Xappap) =+Xap(pan)"}.
(19)

6 If p is not full-rank, we define the log only on the support of p,
ie., Ks =73, ,.0log(p:) i) (i| where p;, |i) are eigenvalues
and eigenstates of p.

We will show that additive odd chirality measures can
be constructed sequentially by using nested commuta-
tors involving K4, Kp, and K 4p. In the following, we
will omit the subscript A|B as the bipartition is clear
from the context.

Proposition 3 (Nested commutator measures). The
following holds for the sets S,

(1) KA,KBvKAB € S+

(2) If X, Y € 51, then aX + BY € Sy, Vo, 3 € R.

(3) If X € S, Y € Sy, then [X,Y] € S_ap

(4) If X € S_ then J = iTr(papX) is an additive
chirality measure.

(5) If X € S,, Y € S, ab = -1 and
Tr(papX(pap)) identically vanishes, then J =
iTr(pap{X,Y?}) is an additive chirality measure.

Proof. These statements can be directly verified using
the above definitions. See appendix A for more details.
O

Note that in (5), the condition Tr(papX(pap)) =
0 can be satisfied by X = [Kap, W(Ka,Kp,Kap)],
where W can be any function.

Using the proposition, we can construct a number
of additive chirality measures.

Corollary 3.1. Let X be nested commutators of
Ka,Kp and Kap. If there are in total an odd num-
ber of commutators, then J(pap) = iTr(papX) is an
additive chirality measure. For example,

J3(pap) = iTr(pap([Kap, [Kap, Kal], Kg])  (20)
s an additive chirality measure.
Proof. This follows from (1), (3) and (4). O

Corollary 3.2. Js, defined in (16), is an additive chi-
rality measure.

Proof. To see this, note that [Kap, Ka] € S— follows
from (1) and (3), and also Tr(pap[Kap,Ka]) = 0.
Then, (5) ensures that Js is an additive chirality mea-
sure. O

Remark. Note that for all degree 2 polynomials X €
S_, Tr(papX) = 0. Thus, the above chirality measure
has the lowest possible degree in X.

Nested commutators generate chirality measures
with increasing complexity. We can organize some of
these measures into a single function which involves
modular flow. The modular flow with respect to pap
is a one-parameter family of unitaries U(s) = piz,
with s € R. We may generate a family of operators
under modular flow as Ka(s) = U(s)KaU'(s) and
Kpg(s) = U(s)KgUT'(s), where s is a real number.



Corollary 3.3. K1(3+)(s) = (Kp(s) + Kp(—s))/2 €
St and K}(;)(S) =i(Kp(s)— Kp(—s))/2 € S_, where
P = A, B. Furthermore, Tr(pABKI(;)(s)) = 0 4denti-
cally vanishes.

Proof. To see this, simply note that

Kp(S) = KP + ’iS[KAB,Kp]

(is)? (21)

+ o1 [Kap, [Kap,Kp]| +---,

where --- contains nested commutators of higher or-
ders. Thus, K1) (s), K(-)(s) only contains even and
odd numbers of commutators respectively. Hence
Kf;r)(s) € Sy and K}(;)(s) e S_. Fur-
thermore, using the cyclic property of the trace,
we obtain Tr(papKp(s)) = Tr(papKp), thus

Tr(pABKI(;)(s)) = 0 identically vanishes. O

From the modular flow, we can construct a family of
additive chirality measures, where two of the simplest
examples are as follows.

Corollary 3.4. The following two functions are addi-
tive chirality measures,”

vs(pap) = iTr(paplK 7 (s), Kp]),  (22)
ds(pap) = iTr(pap{K (), Kz}),  (23)
where s € R.

Note that by taking derivatives with respect to s
at s = 0, one recovers previously constructed chirality
measures:

d2

@%(pABﬂs:o = —J3(paB) (24)
d

£¢s(pAB)|s:0 = —Ja2(paB)- (25)

Note that each of the measures constructed so far
in (16), (20), (22), (23), are odd under exchange of
A and B. It is also straightforward to construct
measures without this symmetry property, such as
J3 = iTr(pasl([Kap, K5, K5, K5]). ©

7 Note that switching A and B in the definition of s and

¢s do not give new chirality measures. Taking the same
subregion will not generate new measures either because
iTr(pap [Kl(:)(s), K 4]) vanishes identically.
One utility of such non-symmetric measures is that they can
detect chirality in general “classical-quantum” states, which
we will introduce in Sec. IV, in which [Kap,Ka] = 0 but
[Kap, Kp] is generally non-zero. A particular example of a
chiral classical-quantum state is the one in Example 1, but in
this fine-tuned case Jé is also zero.

The nested commutator construction also general-
izes to multipartite quantum states. For a tripartite
state, the simplest one is the modular commutator
J(A, B, C) = iTI‘(pAgc[KAB, KBC])~ One feature of
the modular commutator is that it vanishes for tri-
partite pure states [7, 8], and therefore cannot detect
chirality in these states. On the other hand, the bipar-
tite chirality measures constructed in this section can
detect chirality in tripartite pure states [apc). One
can trace out any of the three parties and compute the
chirality measures, such as 7, or ¢, for the reduced
density matrix of the remaining two parties. The tri-
partite pure state is chiral if one of these measures does
not vanish.

D. Chirality and entanglement in random
two-qubit mixed states

Let us now use the chirality measures constructed
above to detect chirality in the simple setup of random
two-qubit mixed states. We randomly sample 50,000
states of the form pap = UABDABULB7 where Uyp is
a Haar-random unitary in U(4), and D 4 is a diagonal
matrix (p1,p2, ps,ps) uniformly chosen in p; € (0,1)
with the constraint Y, p; = 1 °. In order to contrast
chirality with entanglement, we also compute the loga-
rithmic negativity En(pag) := log Tr||p 5% |1 [32, 33].
It is well-known that the nonvanishing of Ey is a neces-
sary and sufficient condition for a two-qubit state to be
entangled [34]. The result is shown in Fig. 2, where we
find that J5 is generically non-zero. Furthermore, there
is no simple relation between entanglement and chiral-
ity, as many chiral states have negligible £y and many
highly entangled states have negligible |J3|. Indeed,
the first example of a chiral state that we constructed
in (2) is a separable state and hence has Ex = 0.

While chirality is not related to quantum entangle-
ment, in the rest of the paper, we will show that chi-
rality does give a lower bound on two other kinds of
quantum resources, magic and discord-like quantum
correlations.

9 There is no unique measure to generate random mixed states.
Thus, in general one has to be careful to draw any connec-
tions between physical quantities based on the plot, as the
correlation may be an artificial effect of the ensemble. Here,
however, our main observation is that chirality and entangle-
ment are unrelated, for which the 50,000 samples in the plot
suffice. We thank Josep Batle for pointing this out.



FIG. 2. Chirality measure |J2| versus logarithmic negativ-
ity En in random two-qubit mixed states. The plot indi-
cates that there is no simple relation between entanglement
and chirality.

IIT. CHIRALITY AND MAGIC

In this section, we relate the notion of chirality that
we defined above to magic, a resource of quantum com-
putation beyond the stabilizer formalism. We first
prove that stabilizer states of qubits are nonchiral for
any partition of the system. We then prove lower
bounds on various measures of magic, including the
stabilizer nullity and the stabilizer fidelity, in terms of
the chiral log-distance.

A. Stabilizer states of qubits are nonchiral

Stabilizer states are a subset of states of n qubits
which are efficiently classically simulable, even though
they can in general be highly entangled [18]. Let us
first review the definition of these states.

Recall that the Pauli group G,, on n qubits consists
of all possible n-fold tensor products involving the one-
qubit Pauli operators {I, X,Y, Z}, each accompanied
by any of the four phases +1,+:. Pure and mixed
stabilizer states of n qubits are defined as follows in
terms of certain subsets of the Pauli group [18, 35, 36]:

1. A pure stabilizer state can be uniquely specified
by the property that it is invariant under the ac-
tion of some subgroup S of G, generated by n
mutually commuting elements of G,. We will
refer to the generators of S as Si,...,5,. The
generators S; must satisfy the following proper-
ties for a unique invariant pure state to exist: (i)
they are independent, in the sense that we can-
not obtain any of the S; as a product of some
subset of the Sy’s for ¢ # j up to overall phases,

and (ii) 5]2» = I for each j (which means that
there is no overall factor of i outside the string
of Pauli matrices in S;).

2. To define a mized stabilizer state, we can con-
sider a subgroup S of G,, with a set of k gen-
erators S; for some k < n which again satisfy
properties (i) and (ii) from the previous point.
Then there is a subspace of dimension 2”~* that
is invariant under the action of S, we will define
the mixed stabilizer state corresponding to S as
the maximally mixed state on this subspace.

In both cases, given the set of generators {S;}¥_, for
k < n, the associated stabilizer state can be written as

k
N = s T (26)

The generators of S can be specified (up to phases) by
two matrices Mz, Mx € FSX” in the following way. If
the z-th site of the Pauli string S; is I, X, Z,Y (up to
phases), then (MZ", M{*) = (0,0),(0,1),(1,0),(1,1),
respectively. If we consider the combined k x 2n matrix
[Mz Mx], its j-th row therefore gives a description of

the generator S;.

Proposition 4. Any stabilizer state on n qubits is n-
partite nonchiral.

Proof. Under complex conjugation in the computa-
tional basis, Y — —Y and the other Pauli matrices
remain unchanged. Hence,

p{S}" = pl{ (1) Si}] (27)
where nEY) is the number of Y’s in the generator S;,
and is given by

n) =" MM (28)
rx=1

The state p[{S;}] is n-partite nonchiral if there exists
a local unitary U = ®}_; U, such that

()

USUT = (-1)" 'S; Vi=1,.,k. (29

Let us consider local unitaries where each U, is a
Pauli matrix, described by binary vectors vz € F%
and vy € Fy as follows: U, is I, X, Z,Y if (v§,v%) =
(0,0), (0,1),(1,0),(1,1) respectively. Under such uni-
tary transformations, any Pauli string can only change
by an overall sign. Explicitly, we have

US,Ut = H(_l)(@M?-FUEM?)Si (30)

=1



The exponent (v&MF + vZ M) mod 2 determines
whether the Pauli matrix U, commutes or anticom-
mutes with the stabilizer S;.

Combining (28), (29) and (30), we see that a stabi-
lizer state is nonchiral if there exist two n-dimensional
binary vectors vz, vx such that

n n
Vi, > (kMZ +ogME) =Y MFMY (mod 2).
r=1 =1
(31)
In matrix form, the above equation can be written as

[M; My] {Zﬂ =, (32)

where b = diag(Mz ML) is the diagonal part of the
matrix Mz ML,

Recall that a solution to the linear equations Mv = b
always exists if the rows of M are linearly independent.
Recall that the #’th row of [Mz Mx], which we can
label r;, specifies the i-th generator S;. One can check
that if the rows are not linearly independent, i.e. if
there exists some ¢ such that

r, = E CLj’I”j,

J#i

(33)

for some set of a; € [Fy, then the corresponding gener-
ators satisfy S; = [[;, S;lj (up to a possible phase).
But this contradicts our requirement that the k gener-
ators S; are independent. Hence, the rows of M must
be linearly independent.

The solution to Eq. (32) always exists for any sta-
bilizer state p. This implies that there always exists a
Pauli string Q = ®,Q, € G, such that QpQt = p*.
Thus all stabilizer states are n-partite nonchiral. [

Recall that if a state is n-partite nonchiral, then it is
also (n—1)-partite nonchiral if one combines two of the
subsystems in the partition. We therefore immediately
have the following corollary:

Corollary 4.1. A Pauli stabilizer state is monchiral
with respect to any partition of the qubits.

Let us now make an observation which will be im-
portant for the discussion of the next subsection. Let
us specialize to the case of pure stabilizer states, k = n.
In this case, the stabilizer group S can be used to de-
fine a complete orthonormal basis of the Hilbert space,
where each basis state is an eigenstate of each gener-
ator S, and we independently choose the eigenvalues
of each S; to be +1 or —1. In other words, we can
define an orthonormal basis {|¢s)} with s € {1, —1}®"
such that S;|1s) = si|ths). Since the Pauli string Q
sends each S; to its complex conjugate, it also takes

all the basis states |¢s) to [1Z) °. Thus, we have the
following corollary.

Corollary 4.2. Given an orthonormal basis {|vs)}
specified by a stabilizer group with n generators as de-
fined above, any linear combination of the basis states

W}> = Zas|ws> (34)

with as € R are nonchiral. Furthermore, each |¢) of
the form (34) is related to its complex conjugation |¢*)
by the same unitary transformation

Q) = ).

for some Q € G,, where Q can be taken to be any
solution to (32). Similarly, any convex combination

p=>_ pslths) (¥l

(35)

(36)

with probability distribution {ps} is nonchiral.

Remark. @ is not unique. In fact, there are 2™ so-
lutions to Eq. (32) because the rank of [Mz Mx] is
n and the number of unknown variables v, v% val-
ued in Fy is 2n. One observation is that the rows of
[Mz Mx] exactly give the nullspace of the n x 2n ma-
trix [Mz Mx], due to fact that MzM¥% + MxMZL =0
(mod 2), which comes from the commutativity of the
stabilizers. One can check that this implies that given
any local unitary Qo corresponding to a particular so-
lution to Eq. (32), the local unitary Q@ = Qo [}, S{"
for any a € [} also corresponds to a solution. This
gives the complete set of Pauli strings that can trans-
form a pure stabilizer state to its complex conjugate
in the computational basis.

Remark. One important caveat is that the proof only
works for qubit systems and does not naively generalize
to higher qudit dimensions. We leave the question of
whether a qudit stabilizer state can be chiral to future
work.

B. Lower bound on magic from chirality

Going beyond stabilizer states is one of the crucial
steps towards universal quantum computation. Thus,

10 Strictly speaking, QS;QT = S} only implies that Qlys) =
e®s|r), where €% is a phase factor that may depend on s.
We can redefine |ts) = €%%3/2|4s) such that Q|ifs) = |F). We
will therefore ignore the phase factor later on.



understanding the nature of nonstabilizerness provides
insight into quantum advantage. In order to charac-
terize the amount of nonstabilizerness, the resource
theory of magic has been put forward, in which one
specifies stabilizer states as free states and stabilizer
protocols, including Clifford operations and measure-
ments in the Pauli basis, as free operations. Quanti-
ties that satisfy the axioms of resource theories for this
set of free states and free operations are called magic
monotones [17, 20, 21, 23].

Three measures of magic that we will use below
are the basis-minimized stabilizer asymmetry (BMSA)
A, the stabilizer nullity v and the stabilizer fidelity
F. v is a magic monotone for both pure and mixed
states [23], and —log F' is equal to a magic mono-
tone called the min-relative entropy of magic for pure
states [21]. A, for general « is a magic monotone
for deterministic stabilizer protocols [24]. Let us re-
view the definitions of these quantities for general pure
states |1) of n qubits:

BMSA: For any choice of a stabilizer group S with 2™
elements, we can define an orthonormal basis |1)s), as
discussed above Corollary 4.2. Any pure state [¢)) can
then be expanded in the orthonormal basis as follows:

) = asls), as€C (37)

The BMSA A, defined in [24] is equivalent to the min-
imum of the a-Renyi entropy of the probability distri-
bution {|as|?} over all choices of the stabilizer group

Stabilizer nullity: Let Gy, be the set of Pauli strings
of n qubits with the overall phases fixed to +1. Given
any pure state |¢), consider the subset S of G,, such
that all P € S take definite values in the state, i.e.,
(Y|P|p) = 41. The number of elements in S is 2F

for some integer k, as S is generated by some subset
S1,..,5% € G, which must be mutually commuting
in order to simultaneously have definite values in any
|¢). The stabilizer nullity is then defined as v := n—k.
Note that v = 0 if and only if the state is a stabilizer

state.

Stabilizer fidelity: The stabilizer fidelity of a pure
state [¢) is the maximal fidelity between |¢)) and any
stabilizer state |¢), F := maxg |(¢[)|*.

Given that stabilizer states are non-chiral, it is nat-
ural to ask if there is a relation between the amount
of chirality and the amount of magic in an arbitrary
state. Indeed, as we will show, chirality gives a lower
bound to magic in a precise sense. It is worth not-
ing that chirality cannot give an upper bound to
magic, since for instance a product of the magic state
IT) = 1/v/2(|0) 4 €*/4|1)) among different sites is al-
ways non-chiral.
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For a n-qubit pure state |¢), the natural generaliza-
tion of the chiral log-distance in Eq. (7) to a measure
of n-partite chirality is

_ * T 2
C(ly)) = log?b?flw |@:Us| ¥)|” . (38)

where U; is a local unitary acting on site ¢. Note that C
is basis-independent. In order to compare with magic,
it is useful to define a basis dependent quantity

Cp(|$)) = —log max |(* |Pl¥),  (39)

where the local unitary is restricted to a Pauli string in
the Pauli group G,, under a prescribed computational
basis. Note that based on our discussion in the previ-
ous subsection, both quantities vanish for a stabilizer
state. We are now ready to state our main result of
this section:

Proposition 5. The following inequality holds for an
arbitrary pure state |¢) of n qubits:

C<Cp<A,. (40)
Using the fact that

Ay <v, Ay < -2logF, (41)
we can further use (40) to lower-bound the stabilizer
nullity and the min-relative entropy of magic in terms
of the chirality as follows:

C<v, C<—2logF. (42)
Each of the inequalities above is saturated for the
case where |¢) is a pure stabilizer state.

Proof. 1t is clear that C' < Cp since a Pauli string is a
product of on-site unitaries.

To relate Cp to measures of non-stabilizerness,
it will be useful to consider an arbitrary stabilizer
group generated by 51,55, - - - Sy, and an associated or-
thonormal basis {|¢s) }, as defined above Corollary 4.2.
Then we can find a Pauli string Qg such that for each
s, Qolts) = |¥¥). As noted in the remark under Corol-
lary 4.2, Qg is not unique and can be multiplied with
any of the d := 2™ stabilizers.

The maximum of |(1* |P|4)|* over all P is lower-
bounded by the average of this overlap for all Pauli
strings in the above set, i.e.,

[("[QoSy" S5 -+ Sy w)

(43)
Next, note that since |i)g) forms an orthonormal ba-
sis, |[¢) can be expanded in this basis as in (37).

1
* 2>7
max [Pl >

veFry



Now we can expand the right hand side of (43) in
this basis,

1 * V1 U2
-2 1" 1Qosy sy -

veFy

Sy l)I? (44)

== 7 > asaw (61 QoST S5 -+

veFy |s,s’

1
= E E asas,sqfl 312}2 ce

Satls)| - (45)

2

sp" (V| Qolvs)|  (46)

veFy | s,s’
) 2
=3 Z aZsitsh? - (47)
veFry
772a al) Hss§+1) (48)
s,s’ 1=1

=3 Jasl?, (49)

where in (46), we apply the stabilizers to the basis
states to get the eigenvalues; in (47), we apply Qo to
the basis states to get the complex conjugated states,
and in (48) we rearrange the sum in a way that gives
0ss’ in the summand.

Thus, we get an upper bound Cp < Hs in terms of
the second Renyi entropy Hs of the expansion coeffi-
cients,

Haffaef?) = —log 3 " (50)

Note that the bound holds for any decomposition of
the form Eq. (40), where the basis states |¢)s) are the
simultaneous eigenstates of a complete set of stabiliz-
ers. This means that we can take the minimum of Hy
among all possible choices of basis (or equivalently all
possible choices of generators S, ..., S, of the stabilizer
group),

Cp(l¥)) < min Hy(|(ws|v)[?)

{ls)} = A (), (51)

where the last equality is the definition of BMSA. This
proves the inequality (1).

To prove (2), we need to show that A, is upper-
bounded both by v and by —2log F'. This is already
proven in Ref. [24], but we will provide a proof for
completeness. We will make use of the Renyi entropy
inequalities,

Hy; < Hy, Hz <2H, (52)

where Hy and H, are the max entropy and min en-
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tropy of a probability distribution, respectively. We
have

Hy = log (number of s such that |as|* #0 ), (53)

H,, = —log maxg|ag|? (54)

To show the inequality (1), suppose the k in-
dependent stabilizers that take definite values are
51,85, ++Sg. We can supplement this set with v =
n—k additional generators Sg41, Sk+2,- - - Sy, such that
together, S1,..., S, form a complete set of stabilizers
that specifies a basis |¢s). In the expansion of [¢) in
this basis, the number of nonzero elements is 2", as
the n — k eigenvalues si41, ..., S, are not fixed in |9},
while s1, ..., s are fixed. Thus from (53), Hy = v for
this choice of {|i)s)}, and consequently

AQSHQSH():V. (55)

To show the inequality (2), we consider the stabiliz-
ers 57,55, ---S) which specify the state |¢) that max-
imizes the fidelity F' = |[(¢|))|>. This set of stabilizers
also specify a complete basis [¢)}). For the expansion
of |¢) in this basis, the min entropy is

Hoo = —logmax [(vg[¢)[* = —log F.  (56)

Thus, we have
Ay < Hy <2H,, = —2logF'. (57)
Furthermore, for a stabilizer state, C' = Cp = Ay =
v = —2log F' = 0, hence the inequalities are saturated.
O

Combining Propositions 2 and 5, one immediately
gets the following corollary.

Corollary 5.1. (Boundedness of chiral log-distance)
Consider a quantum system on n qubits, where { A;}_,
represents a qubit each.

(1) For a pure state |4, A,...A
log-distance satisfies that CA1A2 () <

(2) For a mized state pa, A,..-A,, “the n-partzte chiral
log-distance satisfies that Ca, a,...a, (p) < 2n

), then partzte chiral

Proof. For a pure state [, 4,...4,), we have v < n
which follows from the definition of stabilizer nullity.
Thus, C(|1)) < v < n follows from Proposition 5

For a mixed state pa,a,..a,, one can purify it
into a pure state of 2n qubits [tha, 414,454, 41 )-
Then the 2n-partite chiral log-distance of |¢)) satis-
fies that C(|¢))) < 2n. By Proposition 2, we have
Cayay04,(p) < C(|9)) < 2n. O

We make several remarks. Firstly, Proposition 5 can
be viewed as the “robust” version of Proposition 4. It



implies that if a state is slightly magical, then it can-
not be too chiral. Secondly, while the computation of
C requires an optimization over continuous variables,
the computation of Cp, As or F only involves opti-
mization over a discrete (but exponentially large) set.
Thirdly, Proposition 5 applies to generic pure states of
qubits, including physical systems that describe chiral
or nonchiral phases of matter. It would therefore be
interesting to study the amount of chirality and the
amount of magic in the physical systems to see how
tight the bound is. Lastly, the bound can be used to
derive bounds of other notions of magic from chirality,
such as the number of T' gates needed to prepare the
state in addition to Clifford operations. The applica-
tions to many-body physics will be explored in future
work.

IV. CHIRALITY AND QUANTUM
CORRELATIONS

In this section, we relate chirality to another re-
source known as “discord-like quantum correlations.”
We will review this notion of quantum correlations in
Sec. IV A, discuss the relation of both chirality and
discord-like correlations to non-commutativity of den-
sity matrices in Sec. IV B, and establish a lower-bound
relating a particular chirality measure to a measure of
discord-like correlations in Sec. IV C and IV D.

A. Review of discord-like quantum correlations

Recall that a separable or unentangled mixed state
between two parties A and B takes the following form:

oS = i @y (58)

for some probability distribution {p;} and some den-
sity matrices pfj), pg). Such states are often seen as
being “classically correlated,” in the sense that they
can be prepared using only local operations and classi-
cal communications between A and B, with no need for
EPR pairs between A and B in the initial state. How-
ever, Ref. [26] introduced a different notion of the dis-
tinction between classical and quantum correlations.
According to their definition, pap is classically corre-
lated with respect to A if there exists a local complete
projective measurement in A with some rank-1 mea-
surement operators {Hgl)}iil such that the state pap
is unchanged by the measurement from the perspective
of an observer without access to the measurement out-
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come n, i.e.,

da
Z H(X)PABHE;) = PAB - (59)

n=1

A state satisfying the condition (59) can always be
written in the form

pan =D pili)(ila @ o). (60)

for an orthonormal basis {|i)4} and an arbitrary set
of states pg). Such states are referred to as classical-
quantum states, or classically correlated states with re-
spect to A. Any state which cannot be written in the
form (60) is said to have discord-like quantum corre-
lations with respect to A, even if it is an unentangled

state as in (58). A further subset of (60)

paAB = Zpij |i)(ila ©14) (5, (61)

is said to be classically correlated (or just classical)
with respect to both A and B, where {|j)p} is an
orthonormal basis of B.

Discord-like quantum correlations have been quan-
tified using a variety of measures, such as the quan-
tum discord defined in [26], and the interferometric
power (IP) defined in Refs. [28, 29]. Moreover, a
resource-theoretic formulation has been developed for
such correlations where the free states are the classical-
quantum states in (60), and the free operations are ar-
bitrary local channels in B and local commutativity-
preserving operations (LCPO) in A. See [27] for a
review.

In this section, we will discuss the relation between
chirality and discord-like quantum correlations. The
key underlying idea is that the computable chirality
measures that we introduced in Sec. II C are non-zero
only if at least one of the commutators [pag, pa] or
[paB, pB] is non-zero. The non-vanishing of such com-
mutators is also related to discord-like quantum corre-
lations, in ways that we will make precise in the next
two subsections. In Section IV B, we will show that
for generic states, the vanishing of [pag,pa] implies
that pap is a classical-quantum state, and use this as
an intermediate step in showing that the vanishing of
[paB, pa] implies that pp is bipartite nonchiral under
certain further conditions. In Sec. IV C, we will intro-
duce a new measure of discord-like correlations called
the intrinsic interferometric power, and in Sec. IV D,
we will show that this quantity is lower-bounded by
the chirality measure 7y, introduced in (22).

However, it is important to note that the interplay
between chirality and discord-like quantum correla-



tions is subtle, and is not fully captured by this in-
equality. In particular, while states that are classical
with respect to both A and B as in (61) are clearly
non-chiral, general classical-quantum states from (60)
are not always non-chiral. Returning to our first ex-
ample of a chiral quantum state in (2), we can see that
it is an example of a classical state with respect to A.
This fact is still consistent with the inequality we will
derive, as the chirality of the state (2) is not detected
by the measure 7.

B. Chirality and noncommutativity

As we have shown in Sec. II, a large class of chiral-
ity measures are given by nested commutators. Thus,
in order for a chiral state to be detected by these chi-
rality measures, noncommutativity between the den-
sity matrix pap and its marginals p4 and pp is es-
sential. This raises the following question: does chi-
rality always require noncommutativity of the density
matrices? Equivalently, is the state always nonchi-
ral if the commutativity conditions [pap, pa] = 0 and
[paB, pB] = 0 hold? Note that a stabilizer state satis-
fies the commutativity condition but is nonchiral. In
the following, we will show that the answer to the ques-
tion is yes given some additional constraints. We will
need the following lemma.

Lemma 2. For any bipartite state pap, if pa is non-
degenerate and [pap,pal =0, then pap is a classical-
quantum state.

Proof. Recall that the existence of a rank-1 projective
measurement in A that leaves the state invariant (eq.
(59)) is equivalent to pap being a classical-quantum
state (60). If [pap, pa] =0 and p4 is non-degenerate,
the eigenstates of p4 provide such a measurement ba-
sis.

Alternatively, we can directly verify the above state-
ment as follows. Let

pa = Zpi|i><i| (62)

be the eigenvalue decomposition of p4, where p;’s are
non-degenerate. We can expand pap in this basis

pan =3 [l ® 0y (63)
,J
Now we can compute
[paB: pal =Y _(pi — p)|i) (j] @ 03 (64)
4,J

If the commutator vanishes, it implies each term in the
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above sum vanishes. Due to the nondegeneracy of p;’s,
the cross term vanishes, thus,

Thus,
pap =Y pili)(i| @ p; (66)
i
is a classical-quantum state. O

Next, we prove that chirality requires noncommuta-
tivity of either pap and pa or pap and ppg, given some
additional conditions.

Proposition 6. For a bipartite state pap, if
[paB,pal =0 and[pap, p] =0, then pap is a nonchi-
ral state if given one of the following three conditions:
(1) Both pa and pp are nondegenerate.

(2) pa is nondegenerate and A is a qubit.

(8) pap is a two-qubit state.

Proof. About condition (1): Now suppose pa and pp
are both nondegenerate. Then by Lemma 2, the state
pap is a classical-quantum state and pp = >, pip;.
We can use [pap, pg] = 0, which implies that

[pB, pi] =0, (67)

which indicates that pp and p; are simultaneously di-
agonalizable. If pp is nondegenerate, then the eigen-
value decomposition is unique. Thus p; can be diago-
nalized in the same basis,

pi = ai;li)(il- (68)
J
This implies that the state p4p is a classical ensemble,

pAB = Zpiqij|i><i| ® 15)(J] (69)

which is nonchiral. This completes the first part of the
proof.

About condition (2): Now suppose A is a qubit, and
pa is nondegenerate. We can use Lemma 2 to restrict
pap to a classical-quantum state. Since A is a qubit,
we have pp = popo +p1p1, where 0 < pg,p1 < 1. Then
Eq. (67) implies that

[po, p1] = 0. (70)

Thus again they are simultaneously diagonalizable and
the state is of the form Eq. (69). The same argument
applies to the case that pp is nondegenerate.

About condition (3): Now we consider the case A, B
are two qubits. The only remaining case is that both



pa and pp are degenerate, which in the qubit case
reduces to the conditions that ps = I/2,pp = I/2.
We can then expand

3
1 i .
pap =71+ Z ijo' @ a’, (71)

ij=1

where o%’s are Pauli matrices. Now we use the result
of Ref. [37], which asserts that two two-qubit mixed
states can be connected by local unitaries if and only
if all the 18 invariants defined in Ref. [37] are equal. If
the two marginals are maximally mixed, there are only
3 nonvanishing invariants among the 18, which are

I = det(B), I, = Tr(BTB), Iy = Te((BTB)?).  (72)

Under complex conjugation, 8 transforms by an or-
thogonal matrix,

B — 0B0T, O = diag(1,—1,1). (73)

Thus all the three invariants do not change. The result
of Ref. [37] then implies that p and p* are related by
local unitaries. Thus p4p is nonchiral.

O

Going beyond two qubits, however, it is possible to
construct a chiral state which satisfies the commuta-
tivity condition.

Example 2. The following qudit-qubit state pap sat-
isfies [pap,pal = 0 and [pap,ps] = 0 and is chiral.
Let Hy be 4-dimensional and B be a qubit.

3
PAB = ZP1|1>A<Z| ® Vi) B(Wi| + pald) (4| @ pa (74)
im1

where |1;)’s are identical to those in Eq (3) and the
state py satisfies

3
> " pilthi) (il + papa = 1/2 (75)

i=1

and p;’s are nondegenerate and nonzero. Note that
the solution of ps to Eq. (75) can always be found if
p1, P2, p3 are sufficiently small.

pap is chiral by the same argument given for the
example in Eq. (2). Tt is worth noting that this coun-
terexample requires the degeneracy of pp. This is
a consequence of Proposition 6, which indicates that
such counterexamples have to be fine-tuned. The chi-
rality of this state cannot be detected by any of the
nested commutator ansatz. Nevertheless, it is still a
chiral state by definition and can be detected by the
chiral log-distance C45(p) > 0.
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To summarize, given a bipartite quantum state pap
with nondegenerate p4 and pp, a chiral state re-
quires noncommutativity, that is [pap,pa] # 0 or
[paB, pB] # 0. Thus, state pap changes under a local
measurement in the basis of p4 or pg. This implies
that a chiral state generically has discord-like quan-
tum correlations. We will make this statement more
quantitative in the next subsection.

C. Intrinsic interferometric power as a measure
of quantum correlations

In this section, we will motivate and define a new
measure of discord-like quantum correlations involv-
ing a certain quantum Fisher information, closely re-
lated to the interferometric power. Unlike the inter-
ferometric power, we will define this quantity in terms
of intrinsic properties of the state rather than with
reference to some externally given Hamiltonian. We
will show that this measure of quantum correlations
is lower-bounded by the chirality measure in (22), re-
called here for clarity

vs(pag) = iTe(paplK ) (s), KB)),  (76)

where K47 (s) = (pipKapay + papKapis)/2.
While this does not guarantee that all chiral states
have quantum correlations (notably, examples of chi-
ral classical-quantum states such as Example 1 have
zero values both of all our chirality measures and of
the quantum Fisher information), it does indicate that
states whose chirality can be detected by the measure
in (22) have non-trivial quantum correlations.

Given a state p and a Hamiltonian H, it can be
associated with the one-parameter family of states
p(H,s) = efspe~ s where s € R. The sensitivity
of this family of states to the parameter s is quantified
by the the quantum Fisher information (QFI), which
is defined as follows:

Fulote) =T (2R, (2))
= ~Tx (I, p(s) R (H.p(s))))  (77)

Here T\’,[jl is a superopererator whose action on any
operator O is defined as follows in terms of the eigen-
states {|¢;)} and eigenvalues p; of p: [38]

2
R,NO) = )
P .
7,k such that Pj + Pk
p;j+pr7#0

(¥5]O14w) [1h;) (x

(78)



The above operator is a solution to the equation
-1 -1 _
R, (O)p+pR, (O) =20 (79)

and its action on % is known as the symmetric loga-
rithmic derivative. For our later discussion, it will be

useful to note that if p is full-rank, then

& 1 1, 1_;
—1 —5+is —5—1s
R, (O)z/ ds p 2T 0pT27 (80)

oo coshms

This identity can be readily verified by expressing the
RHS of (80) in the eigenbasis of p and using the fact
that fjooo ds cos%l TS elks = m'

The QFI has found wide applications to quantum
metrology and estimation theory due to the Cramer-
Rao bound, according to which the QFT determines the
minimum uncertainty in estimates of the parameter s
from measurements of the state p [38—40].

In what follows, we focus on a bipartite system pap,
and take the Hamiltonian to be the modular Hamilto-
nian of one subsystems, H = K; := logp;. The cor-
responding quantum Fisher information is denoted as
FW(pag),

20 (pAB) = Fg, (pAB)’ (81)

which in the close form reads F®(psap) =
—Tr(pas(R;,, ([Ki,pa]))?), where i could be A or
B.

We will call this quantity intrinsic interferometric
power due to its close relation with the interferometric
power (IP) defined in Refs. [28, 29]. Given a bipartite
state pap and a real diagonal matrix I 4 of dimension
da, the IP is defined by the minimal quantum Fisher
information with respect to a Hamiltonian on A with
the same spectrum as I' 4, i.e.,

Pr,(pap) = min Fy,(pap), (82)
Ha~T 4
where ~ means that the eigenvalues are the same. The
IP is a resource of quantum correlations because it
satisfies the set of axioms in Ref. [27]. These includes
the four properties listed in Table I. The intrinsic TP
defined in Eq. (81) satisfies a similar set of properties,
with important differences explained below. The proof
is straightforward, see appendix for more details.

Let us clarify a few of the properties in the table.
(1) Faithfulness means that the quantity vanishes and
only vanishes for classical-quantum states. The IP is
faithful if I'4 is nondegenerate. This is also true for
the intrinsic IP if p,4 is nondegenerate. (2) Local uni-
tary invariance means that the quantity is invariant
under the conjugation of U4 and Upg. This is satisfied
for both quantities. (3) Monotonicity means that the
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quantity is monotonically decreasing under a quantum
channel on B. This is also satisfied for both quantities.
Note the apparent asymmetry between the subsystems
A and B in the properties (1) and (3). One may also
define another IP Pr,(pap) and another intrinsic IP
FB)(p4p) that satisfy similar properties with the roles
of A and B reversed. The property (4) is where the IP
and the intrinsic IP differ most. For pure states, the
IP reduces to minimal local variance [28], an entangle-
ment monotone. However, the intrinsic IP reduces to
capacity of entanglement [41], that is (K%) — (Ka)?.
It is not an entanglement monotone as it vanishes for
maximally entangled states. This is closely related to
the property (1) of the intrinsic IP, which requires non-
degeneracy of p4 for faithfulness.

D. Lower bound on intrinsic interferometric
power from chirality

We will now show that the intrinsic IP can be lower
bounded by one of our nested commutator chiral-
ity measures from Sec. II C. Specifically, we integrate
Eq. (76) with respect to the modular flow parameter s
to obtain an additive chirality measure

Y(pap) = /0; ds

Proposition 7. The following two inequalities hold if
PAB 18 full-rank:

1¥(pan)* < Tr(paK3)F P (pag). (84)
Y(pas)l> < TrpsKp) FW (pag).  (85)

coshrs ® (pan)- (83)

Proof. Using the cyclic property of trace, we can
rewrite Eq. (76) as

s = —iTe(KS) (8)[pan, Kg)) (86)

Combining Egs. (86) and (83), together with the fact
that 1/ cosh(ms) is an even function of s, we see that

o 1 7S —18
Y(paB) = — [m ds — ﬂ_STr(KApAB[pABv Kglpas)

(87)
Using (80), we then have

pas) = —iTe(KapiR, ), (pas. Ke)pils) (88)
We can now use the Cauchy Schwarz inequality
Te(PQ)* < Tr(PTP)TH(Q'Q), (89)

with P = Kaplip, Q = R;jB([PAB,KB])PX; Next,
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Property

IP Pr,(paB)

Intrinsic IP F) (p4p)

1) Faithfulness

is faithful if I'4 is nondegenrate

is faithful if p4 is nondegenerate

2) Local unitary invariance

is invariant under local unitaries

is invariant under local unitaries

3) Monotonicity

is monotonically decreasing
under local quantum channels on B

is monotonically decreasing
under local quantum channels on B

4) Reduction for pure states

reduces to minimal local variance [28]
which is an entanglement monotone

reduces to capacity of entanglement [41]
which is NOT an entanglement monotone

TABLE I. Properties of the IP and the intrinsic IP.

note that
Tr(P'P) = Tr(papK3) = Tr(paK3)  (90)
and

Tr(Q'Q) = —Tr(pan (R, , (lpas, K5)))
= —Tr ([pa, KBIR,,  ([paB, KB]))
= FP(pap). (91)

Then Eq. (89) implies that

1(pas)|? < Te(pak3) F P (pan) (92)

as desired.

Recall from Sec. II C that v, is odd under exchange
of A and B. The second inequality in the statement of
the proposition thus follows from the same proof with
the roles of A and B exchanged. O

We note that the prefactor Tr(p; K?) can be bounded
above with the dimension d; of the subsystem i = A, B.

Corollary 7.1.

1(pas)? < e(di) F9 (pas), (93)

where (i,7) = (A, B) or (B, A) and c¢(d) = (logd)? for
d>3.

The proof is simple and can be found in Appendix B.

Let us comment on the implication of the proposi-
tion above. Proposition 7 indicates that if the chirality
measure Y(pap) # 0, then both quantum Fisher infor-
mation F((pap) > 0 and FP)(pap) > 0. Thus,
a chiral state whose chirality can be detected by the
measure in (83) must have non-trivial quantum cor-
relations. Note that, however, v(pap) = 0 does not
imply that the state is nonchiral. As noted earlier, the
chiral classical-quantum in Eq. (2) is trivially consis-
tent with Proposition 7 despite being chiral, as it has
both F(4) =0 and v(pag) = 0.

V. DISCUSSION

In this work, we have discussed the notion of chi-
rality for generic quantum states. We defined a chiral
state as one that cannot be connected with its com-
plex conjugate in a local product basis by local unitary
transformations. We introduced two types of chirality
measures. We first considered a measure called the chi-
ral log-distance, which is operationally well-motivated
and even under complex conjugation. We further con-
structed a series of additive chirality measures based
on a nested commutator ansatz, which are odd under
complex conjugation and additive under tensor prod-
uct. The non-vanishing of any such measure can be
used as an indicator of chirality in a given state.

We showed the relation between chirality and two
kinds of quantum resources, magic and discord-like
quantum correlations. We showed that all stabilizer
states of qubits are non-chiral, and further that the
chiral log-distance lower-bounds various measures of
magic, including the BMSA with o = 2, the stabi-
lizer nullity and the min-relative entropy of magic.
We then discussed the relation between chirality and
discord-like quantum correlations. We showed that
chirality requires noncommutativity between the full
system and subsystem reduced density matrices un-
der certain generic conditions. More quantitatively,
we introduced the intrinsic interferometric power as a
measure of quantum correlations, and showed a lower
bound on this quantity in terms of one of the additive
nested commutator chirality measures.

One important question to resolve in future work
is whether one can construct a closed-form expres-
sion in term of the density matrix which serves as a
faithful chirality measure. There are bipartite chiral
states whose chirality cannot be detected by the addi-
tive measures we construct by the nested commutators
(Example 2). Even though the chiral log-distance can
always detect such chirality, it is not clear whether
there is a computation-efficient measure without opti-
mization over unitaries. Understanding the physics of
this exotic type of chirality remains a future problem.

Our work opens up several future directions. We
found that chirality gives a lower bound on magic,



which hinders classical simulation of quantum dynam-
ics. It is then a natural question whether one can more
directly understand why chirality provides an obstacle
to classical simulation. If a state is chiral, then there is
no local basis such that the wavefunction is real, which
indicates the sign problem in a Monte-Carlo simula-
tion. A related question is whether chiral states can be
efficiently represented by tensor networks, such as ma-
trix product states or projected entangled pair states.

Another interesting direction would be to compute
the various chirality measures introduced in this paper
in quantum many-body states, and use them to iden-
tify universal properties of chiral quantum phases. It
would further be interesting to understand how these
measures evolve under quantum dynamics, such as
Clifford circuits doped with T gates, floquet dynam-
ics, chaotic evolutions, and ergodicity-breaking sys-
tems. The behaviour of magic has previously been
studied in these contexts, and it would be interesting
to compare it to the behaviour of chirality. One partic-
ularly interesting example is the generalized W state
in one dimension [42], which exhibits both an extensive
amount of chirality and magic.

As discussed in the introduction and Sec. ITA,
n—partite chirality with a fixed partition falls out of
the scope of conventional resource theories due to its
non-monotonicity under partial trace. The fact that
additive chirality measures are necessarily odd under
time reversal, as we discussed in Sec. II B, and hence
can have either sign, poses a further challenge to for-
mulating a resource theory. However, this unusual fea-
ture of oddness can be viewed as a benefit rather than
a drawback, as it seems to detect a certain geome-
try of the multipartite quantum state that is invisi-
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ble to the traditional resource measures. The measure
of quantum state geometry modulo local unitary res-
onates with those considered in few-qubit states in the
early days [37, 43, 44]. It would be interesting to make
this geometric picture more precise.

From a more fundamental perspective, chirality un-
derlies the importance of complex numbers of quantum
mechanics. It would be thus interesting to relate chi-
rality to the discrimination of real and complex quan-
tum mechanics, which several recent theoretical pro-
posals and experiments have demonstrated [15-47].
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Appendix A: Proof of Proposition 3

In this appendix, we provide the technical details of proving Proposition 3.

Proof. For (1), the additivity follows from the fact that logpaa pp = logpap + logpa g for product state
paaBp = pap @ pap. The action of complex conjugation is (logpap)* = logp’ gz = logphp = (logpap)T.
log pa and log pp follow from the same argument, (2) is obvious.

For (3), the additivity follows from
[(X(paB ®@parp),Y(pap @ parp)]
= [X(pap) + X(pap),Y(pap) +Y(pap)] (A1)
= [X(paB),Y(pap)l + [X(pa5),Y (parn)],

where we have used the fact that operators on AB and operators on A’B’ commute. The action of complex
conjugation follows from

(X (Pap), Y (pas)]
= [aX(pAB)T7 bY(PAB)T]

(A2)
= ab[X (pan)", Y (pan)"]
= —ab[X (pan),Y (pan)]"-
For (4), the additivity of the chirality measure follows from
J(pap ® pap)
= 1Tr(pap ® parp (X (pas) + X(pars'))) (A3)

= i(Tr(papX(paB))Tr(pap) +iTr(parp X(parp))Tr(pan)
= J(pag) + J(parp).

Furthermore, J(pap)* = —J(plp) = —iTe(php X (pap)) = iTe(phpX (pap)") = iTr(papX(pan)) = —J(pap).
Thus, J is real and odd under complex conjugation.

For (5), the additivity follows from

J(pap @ parp’)

=1Tr (pap ® parp {X(pag) + X(parp),Y(pan) + Y (parp)})

=1Tr (pap {X(pap),Y(pap)}) +iTr (parp {X(pap),Y(parp)})
+ 2iTr (papX(pap)) Tr (parB'Y (parp)) (A4)
+ 2iTr (paBY (pap)) Tr (parp X (parp))

=iTr (pap{X(pap),Y(pap)}) +iTr (pap {X(pap ), Y(pap)})

= J(pag) + J(parp).
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The action of complex conjugation follows from

J(pap)” = —J(pap) = —iTr (pap {X(Pap), Y (Pan)})
= —Tr (php {aX(pan)",bY (pan)"})

— —iabTr (phs {X(pan), Y (pan)}") (A5)
— —iahTr (pap {X(pap). Y (pa5)})
= J(pan)-

Thus, J is an additive chirality measure. O

Appendix B: Bounding Tr(p; K?)

In Corollary 7.1, we have used the upper bound Tr(p; K?) < ¢(d;) where c(d;) = (logd;)? for d; > 3. In this
appendix, we provide a simple proof. Let 0 < z; < 1 and ), 2; = 1 be the eigenvalues of p, we can compute the
maximum of

f(@) = wi(logw,)? (B1)

using the Lagrange multiplier. Define

F(z,\) = f(z)+ A <Z x; — 1> (B2)

The extrema are given by the solutions of

OF OF
= — =0. B
ox; 0 OA 0 (B3)
This gives
(log ;)% + 2log z; = —A (B4)

If A <0, then the only solution is all z; being equal, thus the maximum is given by x; = 1/d and f(z) = (log d)?.
If A > 0, then the two solutions of log x; both have —2 < logz; < 0. Taking into account that ), z; = 1, we
must have d < €2, which means d < 7. Thus for d > 8 the only extremum is given by x; = 1/d for all i’s.

fl2) < (logd)?, d>8. (B5)

For d < 7, there are possibly many extrema, but one can enumerate them and compare the value of f(z) case
by case.

d = 2 - the extrema is either z; = 29 = 1/2, in which case f(z) = (log2)? = 0.4804 or 1, zs satisfying
r129 = e 2 and 21 + x5 = 1. In the latter case one solution is given by z; = 0.839, x5 = 0.161, which gives
f(x) =0.563. Thus the maximum is given by z; = 0.839, x5 = 0.161.

d = 3 - The extrema is either z; = 1/3, in which case f(z) = (log3)? = 1.207, or 27 = 79 # x3. In
the latter case we must have zi;x3 = e 2. However, this contradicts the condition that 2z; + 23 = 1, as
221 4+ 3 > 21/2x103 = 2¢/2/e > 1. Thus the only extremum is given by all 2; = 1/3 and f(x) = (log 3)? = 1.207.

d > 4 - the only possible extrema is again all x; = 1/d, analogous to the case of d = 3. For contradiction,
consider if one x; := a is different from others and suppose there are m of them which takes the same value, then
the rest of x;’s must take on the values b = e~2/a. This indicates that ma + (d — m)b = 1, which is not possible
since ma + (d — m)b > 2y/m(d — m)ab = 2/m(d —m)/e > 2/d — 1/e > 1.

Thus we obtain ¢(d) = max f(x) for all d,

c(d) = (logd)?, d>3. (B6)
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and ¢(2) = 0.563 > (log 2)2.

Appendix C: Properties of the intrinsic IP

In the main text, we list four properties of the intrinsic IP, that is, the quantum Fisher information F(A)(p AB)-

(1) If pap is a classical-quantum state then F' (4) (pap) vanishes; furthermore if p4 is nondegenerate then
F(A)(p Ap) vanishes only on classical-quantum states;

(2) F( (pap) is invariant under local unitary operations applied to the state pap;

(3) F“(pap) is monotonically decreasing under local quantum channels on subsystem B;

(4) F(pap) reduces to the so-called capacity of entanglement [41] for pure states pap.

We provide the proof in this appendix.

Proof. For the first part of (1), consider a classical-quantum state pap, we have [pap, Ka] = 0, which indicates
that pap is invariant under the modular flow. Thus F(4)(pap) = 0 by Eq. (C1).

The second part of (1) follows from the property (1) of the IP. The IP must vanish because the QFT vanishes
for a particular nondegenerate I'4 ~ log p 4.

(2) can be most easily seen from the basis independence of the QFI. More concretely, one can alternatively
write the QFI as [48]

L Dpl(p(X — dX), p(X + dX)
Fu = dggo dx? ’ (D)
where p(X) := e'84%p 1 ge=45  Such an expression is apparently invariant under a local change of basis,

(3) follows from the monotonicity of the QFI. For any Hamiltonian H4 on A and any state pap, Fr,(paB)
monotonically decreases under a quantum channel on B. This applies to F' (A)(pA B), which in particular chooses
Hp=Kjyu.

(4) follows from the fact that the QFI reduces the variance Fy(p) = Tr(pH?) — Tr(pH)? for a pure state. If
one chooses H = K 4, then the variance (K2) — (K4)? is exactly the capacity of entanglement [41]. O
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