
SciPost Physics Core Submission
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Abstract

The Eigenstate Thermalization Hypothesis (ETH) has been established as a cornerstone
for understanding thermalization in quantum many-body systems. Recently, there has
been growing interest in the full ETH, which extends the framework of the conventional
ETH and postulates a smooth function to describe the multi-point correlations among
matrix elements. Within this framework, free cumulants play a central role, and most
previous studies have primarily focused on closed systems. In this paper, we extend
the analysis to a system–bath setup, considering both an idealized case with a random-
matrix bath and a more realistic scenario where the bath is modeled as a defect Ising
chain. In both cases, we uncover a universal scaling of microcanonical free cumulants
of system observables with respect to the interaction strength. Furthermore we estab-
lish a connection between this scaling behavior and the thermalization dynamics of the
thermal free cumulants of corresponding observables.
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1 Introduction19

Thermalization of quantum many-body systems is one of the central questions in non-equilibrium20

statistical mechanics. Among the various frameworks that have been developed, the Eigen-21

state Thermalization Hypothesis [1,2] (ETH) is one among the most promising, which receive22

lots of attention during the last decade.23

The ETH explains the eventual thermalization of the system by postulating a universal24

structure for the matrix elements of physical observables in the energy eigenbasis, known as25

the ETH ansatz [3–5]. Despite the lack of a rigorous proof, the ETH ansatz has been verified26

numerically in numerous studies [6–18] and is now widely believed to hold in generic non-27

integrable systems for few-body observables.28

However, ETH in its conventional form (the ETH ansatz) is not the end of the story. Re-29

cently, several studies have focused on correlations among the matrix elements [19–26], and30

a generalized form of the ETH has been proposed [27], often referred to as the full ETH. The31

full ETH extends the standard framework by incorporating multi-point correlations, which32

are described in terms of smooth functions. Furthermore, the full ETH has intriguing con-33

nections to free probability theory [28], providing a powerful mathematical perspective on34

many-body thermalization. In recent years, this extended framework has attracted growing35

attention [28–37]. However, most of the existing studies focused primarily on isolated quan-36

tum systems.37

In this paper, we extend the investigation of the full ETH to open-system setups by consid-38

ering a central system coupled to a quantum chaotic bath. We study the structure of smooth39

multi-point correlation functions in this setting, with particular emphasis on the energy scale40

within which such correlation functions become structureless. Using large-scale numerical41

simulations, we demonstrate the existence of such an energy scale and identify its scaling be-42

havior with respect to the interaction strength and system size. Furthermore, we investigate43

the dynamical significance of this energy scale by analyzing the thermal free cumulants of the44

corresponding observables.45

The remainder of the paper is organized as follows. Section 2 introduces the main frame-46

work, including the setup, the Full ETH and the definition of free cumulants. Section 3 presents47

the numerical results: Subsection 3.1 focuses on a random-matrix model, where we first de-48

scribe the setup and then discuss microcanonical and thermal free cumulants. Subsection49

3.2 follows a similar structure but considers a defect Ising chain as a bath. Finally, Section 450

provides the conclusions and outlook.51

2 Framework52

2.1 Model and observables53

We consider an open-system setup, where the total Hamiltonian can, in full generality, be54

written as55

H =HS +λHI +HB. (1)

Here HS refers to the Hamiltonian of a comparatively small system, HB represents a bath and56

HI describes the interaction between the two, moderated by the coupling strength parameter57
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λ. The eigenstates and eigenvalues of H are denoted by |i〉 and Ei , respectively. We consider58

operators of the system, generically denoted by A.59

2.2 Full Eigenstate Thermalization Hypothesis60

The statistical properties of the matrix elements of an operator A in the energy eigenbasis,61

Ai j = 〈i|A| j〉, can be described by the full ETH framework, which extends the conventional62

ETH to include multi-point correlations. Specifically, it states that the statistical averages63

of products of matrix elements with repeated indices factorize, while with distinct indices,64

i1 ̸= i2 ̸= . . . ̸= in satisfy65

Ai1 i2Ai2 i3 . . . Ain i1 = Ω
1−n
E+ F (n)e+

�

ωi1 i2 , . . . ,ωin−1 in

�

, (2)

where ΩE+ is the density of states at the average energy E+ ≡ (Ei1 + · · ·+ Ein)/n. Here the F (n)e+66

are smooth functions of the average energy density e+ = E+/L and the eigenenergy differences67

ωi1 i2 = Ei1 − Ei2
1. These smooth functions F (n)e+ (ω⃗), with ω⃗ = (ωi1 i2 ,ωi2 i3 , . . . ,ωin,i1), will be68

referred to as ETH function throughout the rest of the paper.69

For n = 2, the full ETH ansatz reduces to the conventional ETH ansatz [3, 4] and the70

ETH function F (2)e+ (ω) are well understood in this case. It has been found that, for generic71

observables in chaotic systems, there often exists an energy scale ∆E(2)eq within which F (2)e+ (ω)72

is a constant [38,39], i.e.,73

F (2)e+ (ω) = const., ∀|ω| ≤∆E(2)eq . (3)

A natural question is, whether a corresponding energy scale ∆E(n)eq exists for more generic74

n such that75

F (n)e+ (ω⃗) = const., ∀ |ωi1 i2 | ≤∆E(n)eq , . . . , |ωin−1 in | ≤∆E(n)eq . (4)

Previous studies mainly focused on closed-system scenarios and evidence for the existence of76

∆E(n)eq has been presented [40]. However, not much has been done in open system scenarios.77

Most questions remain open, for instance, whether such an energy scale ∆E(n)eq exists, and if78

so, how it scales with parameters such as the coupling strength and the bath sizes, as well as79

what impact it has on the system’s dynamics. These will be the main questions explored in80

this paper.81

2.3 ETH free cumulants82

To understand the impact of the full ETH on the dynamics of the corresponding observable,83

let us consider the n-time thermal correlation function84

Cβn ( t⃗) =
1
Z

Tr[A(t1)e
− βn A(t2)e

− βn · · · e−
β
n A(tn)e

− βn ]

=
1
Z

 

∑

i1,...,in

e−
β
n (Ei1+···+Ein )Ai1 i2Ai2 i3 · · ·Ain i1 eiEi1 (t1−tn)+···+iEin (tn−tn−1)

!

(5)

where t⃗ = (t1, t2, . . . , tn) and Z = Tr[e−βH], indicating the partition function. When the sum85

of Eq. (5) is only taken over distinct indices, one can define the ETH free cumulants,86

κETH
n ( t⃗) =

1
Z







∑

i1,...,in
i1 ̸=i2···≠in

e−
β
n (Ei1+···+Ein )Ai1 i2Ai2 i3 · · ·Ain i1 eiEi1 (t1−tn)+···+iEin (tn−tn−1)






. (6)

1For n = 1,2, one recovers the conventional ETH [3], where F (1)e = A(e) is the constant equilibrium average
and F (2)e (ω) = | f (e,ω)|2 is the dynamical correlation function.
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It has been shown that, in the thermodynamic limit, κETH
n ( t⃗) is related to the ETH function87

F (n)e+ through88

κETH
n ( t⃗) =

∫

dω⃗F (n)eβ
(ω⃗)eiω⃗· t⃗−βω⃗·ℓ⃗n , (7)

where ℓ⃗n = (
n−1

n , n−2
n , . . . , 1

n) and eβ =
1

Z L Tr[e−βH H]. Applying the Fourier transform on both89

sides of Eq. (7), one obtains90

κETH
n (ω⃗)≡ FT[kETH

n ( t⃗)] = F (n)eβ
(ω⃗)e−βω⃗·ℓ⃗n . (8)

It should be noted that, although κETH
n ( t⃗) and Cβn ( t⃗) appear closely related, there is gener-91

ally no one-to-one correspondence between them. For instance, κETH
n ( t⃗) cannot be expressed92

in terms of Cβq ( t⃗).93

2.4 Thermal free cumulants94

After introducing the ETH free cumulants, we now turn to a closely related quantity: the95

thermal free cumulants. The thermal free cumulants κβn (t) are routinely defined recursively96

via97

Cβn (t1, t2, . . . , tn) =
∑

π∈NC(n)

κβπ(t1, t2, . . . , tn), (9)

where the sum runs over all non-crossing partitions NC(n) of the set given by {1, . . . , n}. See98

Ref. [28] for more details. For instance, in case of Cβ1 (0) = 099

Cβ1 (0) = κ
β
1 (0) = 0 (10)

Cβ2 (t1, 0) = κβ2 (t1, 0) (11)

Cβ3 (t2, t1, 0) = κβ3 (t2, t1, 0) (12)

Cβ4 (t3, t2, t1, 0) = κβ4 (t3, t2, t1, 0) + κβ2 (t3, t2)κ
β
2 (t1, 0) +κβ2 (t3, 0)κβ2 (t2, t1) (13)

. . .= . . . (14)

Eq. (9) can be easily inverted and the thermal free cumulants κβn ( t⃗) can also be expressed in100

terms of the correlation functions Cβn ( t⃗). In other words, the κβn ( t⃗) are unambiguously fixed101

by Cβq ( t⃗) (q ≤ n).102

The full ETH implies that thermal free cumulants κβn ( t⃗) are related to ETH free cumulants103

κ
β
n ( t⃗) as [28]104

κβn ( t⃗) = κ
ETH
n ( t⃗) +O(L−1) . (15)

In the thermodynamic limit L →∞, both quantities coincide κβn ( t⃗) = κETH
n ( t⃗). In this case,105

a connection between thermal free cumulants κβn ( t⃗) and the ETH function F (n)e+ (ω⃗) can be106

established using Eq. (8),107

κβn (ω⃗)≡ FT[kβn ( t⃗)] = F (n)eβ
(ω⃗)e−βω⃗·ℓ⃗n . (16)

From here on, we restrict ourselves to the case of infinite temperature (β = 0), but the con-108

sideration can in principle be generalized to the finite-temperature case. At β = 0, Eq. (16)109

becomes110

κn(ω⃗) = F (n)e0
(ω⃗), (17)
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where we omit the superscript β = 0 for brevity. It is clear from Eq. (17) that the non-trivial111

dependence of the ETH function F (n)e0
(ω⃗) governs the out-of-equilibrium dynamics of the ther-112

mal free cumulants κn( t⃗). At long times t, the low-frequency structure of F (n)e0
(ω⃗) becomes113

most relevant.114

In chaotic systems, κn( t⃗) generally thermalizes after a characteristic time scale T (n)eq . Based115

on the preceding discussion, a connection can be drawn between the thermalization time T (n)eq116

and the energy scale ∆E(n)eq , which characterizes the energy window within which F (n)e0
(ω⃗)117

becomes structureless:118

∆E(n)eq ∼
2π

T (n)eq

. (18)

This relation highlights the dynamical significance of the energy scale ∆E(n)eq .119

For n = 2, the thermal free cumulants κ2(t), which coincide with the connected auto-120

correlation function, have been thoroughly studied in the open system framework [41, 42],121

particularly in the weak-coupling regime (λ→ 0) where the Markovian approximation can be122

applied. Considering a system observable A that overlaps with HS , i.e. Tr[AHS] ̸= 0, it can be123

shown that, in the Markovian regime124

κ2(t)∝ e−Γ t , for L→∞ , (19)

where Γ ∝ λ2. Correspondingly, using Eq. (16), the ETH function F (2)e0
(ω) takes the form125

F (2)e0
(ω)∝

1
ω2 + Γ 2

. (20)

The function F (2)e0
(ω) can be regarded as constant at ω ≪ Γ ∝ λ2, thus it is expected that126

∆E(2)eq ∝ Γ ∝ λ
2. The standard open-system framework cannot be straightforwardly general-127

ized to the study of higher cumulants, and the general properties of κn( t⃗) and F (n)e0
(ω⃗), as well128

as∆E(n)eq remain unknown. The question we aim to address is whether the scaling∆E(2)eq ∝ λ
2,129

established for n= 2 in the weak-coupling regime, also carries over to higher-order cumulants130

with n> 2.131

2.5 Microcanonical free cumulants132

Studying the energy scale ∆E(n)eq by direct calculation of the ETH function F (n)e+
(ω⃗) is very133

challenging, particularly for system sizes beyond the limits of exact diagonalization (ED). To134

this end, we employ an approach used in Ref. [40] and consider the microcanonically truncated135

operator136

A∆E = P∆E
A P∆E , where P∆E =

∑

|Ei−E0|<∆E/2

|Ei〉〈Ei| . (21)

Here E0 indicates the center of the energy window which is chosen as E0 = Le0, corresponding137

to the infinite temperature β = 0. The microcanonical free cumulants are then given as a138

combination of the moments139

Mn(∆E) =
tr (A∆E)

n

d∆E
(22)

and read140

∆n(∆E) =Mn −
n−1
∑

j=1

∆ j

∑

a1+a2+···+a j=n− j

Ma1
. . .Ma j

, (23)
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where d∆E = Tr[P∆E]. In the eigenbasis ∆n can be expressed as141

∆n(∆E) =
1

d∆E

∑

i1,...,in,i1 ̸=i2···≠in
|Eik
−E0|<

∆E
2 ∀k

Ai1 i2Ai2 i3 · · ·Ain i1 . (24)

If the number of eigenstates within the energy windows is sufficiently large, one can replace142

Ai1 i2Ai2 i3 · · ·Ain i1 by its average Ai1 i2Ai2 i3 · · ·Ain i1 . Inserting Eq. (2), Eq. (24) becomes143

∆n(∆E) =
1

d∆E

∑

i1,...,in,i1 ̸=i2···≠in
|Eik
−E0|<

∆E
2 ∀k

F (n)e+ (ωi1 i2 , . . . ,ωin i1). (25)

In the case of ∆E ≤ ∆E(n)eq , the condition |ωik ik+1
| ≤ ∆E(n)eq holds for all k (with in+1 = i1).144

Making use of Eq. (4), one obtains145

∆n(∆E) =
1

d∆E

∑

i1,...,in,i1 ̸=i2···≠in
|Eik
−E0|<

∆E
2 ∀k

1≃ (d∆E)
n−1. (26)

For sufficiently small windows ∆E, within which the density of states ΩE can be regarded as146

constant, one has d∆E∝∆E, and Eq. (26) becomes147

∆n(∆E)∝∆En−1. (27)

Eq. (27) will serve as our primary indicator for identifying the energy scale ∆E(n)eq .148

3 Numerical investigation149

Below we expand on the models and observables considered in this work. Further details on150

the numerical methods may be found in App. A.151

3.1 A random-matrix bath152

As a first model we consider a setup where a central spin is coupled to a random-matrix153

bath, also known as the spin-Gaussian orthogonal random matrices (GORM) model [43]. The154

Hamiltonian reads155

H =ωSσ
S
x +λσ

S
z ⊗HI +HB, (28)

where HI and HB are random matrices from the Gaussian orthogonal ensemble (GOE). Their156

entries are drawn from a Gaussian distribution with zero mean and variance σ2
0 =

1
4d with d157

the dimension of the full system. To facilitate discussions we typically address the size L of the158

system, with d = 2L , rather than its dimension to treat it in the same language as other spin159

models. We fix the parameter ωS to ωS = 0.05, while varying the interaction strength λ.160

The out-of-equilibrium dynamics of the central spin have been well studied, e.g. in Refs.161

[43–46], which can also be straightforwardly generalized to the study of the second thermal162

free cumulant of the system observables. For instance, for A= σS
x , which coincides with HS up163

to a prefactor and will be the observable of interest in this paper, one has in the weak-coupling164

limit that κ2(t) ∝ e−ΓR t with ΓR ∝ λ2. This leads to the prediction ∆E(2)eq ∝ λ2, see also165

the preceding discussion in Subsection 2.4. In App. B we also investigate σS
z . To verify the166

6
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Figure 1: Top: Scaling of the microcanonical free cumulants ∆n (with n even) for
the random-matrix model with interaction strength λ = 0.15 for different system
sizes. Bottom: Scaling of the free cumulants ∆n in the random-matrix model with
size L = 14 for different interaction strengths λ = 0.05, . . . , 0.25. Here the dashed
black line indicates ∆EU as a guide to the eye. Note that L is related to the Hilbert
space dimension of the bath as d = 2L .

prediction for A, and to examine whether the same scaling persists for n > 2, we employ the167

criterion introduced in Eq. (27) and analyze the microcanonical free cumulants of A.168

To this end, we first consider the scaling of the microcanonical free cumulants ∆n with re-169

spect to the microcanonical energy window∆E for different system-bath interaction strengths170

λ, see Fig. 1. We find that energy scales ∆E(n)eq exist, within which the microcanonical cumu-171

lants to exhibit a power-law scaling with respect to ∆E, as in Eq. (27). From the top panel,172

∆E(n)eq appears to be almost independent of the system size. For small energy windows, devia-173

tions from Eq. (27) can be observed, which are probably due to the finite size effect, since the174

validity of Eq. (27) requires d∆E∝ 2L∆E≫ 1. However, it is evident that, the agreement with175

Eq. (27) seems to extend to smaller∆E, for larger system sizes. It suggests that∆n will follow176

the power-law scaling indicated by Eq. (27) to arbitrary small energy windows for L→∞.177

From the lower panel, a scaling law ∆n(∆E) = f
�

∆E
λ2

�

with respect to the system–bath178

interaction strength λ seems to hold for all cumulants considered. The observation reveals179

a scaling of the energy scale ∆Eeq with system–bath coupling strength ∆E(n)eq ∝ λ2, which180

highlights the first main result of our paper.181

In addition, we investigate specific thermal free cumulants κn(t) ≡ κ(t, 0, . . . , t, 0), of-182

ten considered in study of the long-time freeness [28, 32, 47–49]. From Eq. (9) we infer for183

n= 2,4, 6184

κ2(t) = 〈A(t)A〉, (29)

κ4(t) = 〈A(t)A A(t)A〉 −κ2(t)
2, (30)

κ6(t) = 〈A(t)A A(t)A A(t)A〉 − 6κ2(t)κ4(t)− 4κ3(t)
2 − 5κ2(t)

3. (31)

In Fig. 2 we depict the autocorrelation function for A = σS
x , as well as the higher cumulants185

κ4(t) and κ6(t) in the random-matrix model with size L = 14. An approximate data collapse186

of all thermal free cumulants κn(t) for n= 2,4, 6, with respect to the rescaled time λ2 t, can be187

7
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observed, most clearly after an initial transient time. This behavior indicates that T (n)eq ∝ λ
−2,188

in agreement with Eq. (18), T (n)eq ∼ 2π/∆E(n)eq , together with the scaling ∆E(n)eq ∼ λ
2. This189

constitutes the second main result of our paper. Considering T (n)eq of the thermal free cumulants190

κn(t), from Fig. 2 we infer the equilibration times scales to be largely independent of n, i.e.191

T (2)eq ∼ T (4)eq ∼ T (6)eq .192

Figure 2: Free cumulants κn(t) for n = 2, 4,6 in the random-matrix model with
L = 14 and different interaction strengths λ.

3.2 A chaotic Ising bath193

Further we investigate a quantum spin chain of similar structure. Its Hamiltonian is given by194

H = σS
x +λσ

S
z ⊗HI +HB, (32)

HI =
1

p
L − 1

L−1
∑

n=1

(−1)nσn
z , (33)

HB = J
∑

l

σl
zσ

l+1
z + hxσ

l
x + h2σ

2
z + h5σ

5
z . (34)

Due to the precise form of the coupling, we restrict ourselves to odd sizes of the full sys-195

tem. The bath is given by a transverse Ising chain with two defects imposed at sites 2 and196

5 to break symmetries and render the Hamiltonian chaotic. The parameters are chosen as197

(J , hx , h2, h5) = (1.0,1.0, 1.11,1.61) and periodic boundary conditions are imposed. As with198

the random-matrix model above, we consider the observable A= σS
x . Overall, similar results199

are observed in Figs. 3 and 4 when compared to the results for the random–matrix bath shown200

in Figs. 1 and 2, as detailed below.201

The energy scale ∆E(n)eq , within which Eq. (27) holds, can be identified here for n= 2,4, 6,202

and its value appears to be nearly independent of the system size (upper panel of Fig. 3).203

We again observe a scaling law ∆n(∆E) = f (∆E
λ2 ), which indicates the scaling ∆E(n)eq ∝ λ2

204

(lower panel of Fig. 3). As for the dynamics of the thermal free cumulants κn(t) (Fig. 4),205

an approximate data collapse is observed as a function of λ2 t, although it is less pronounced206

than in the random–matrix bath model. This implies T (n)eq ∝ λ
−2, consistent with the scaling207

of energy scale ∆E(n)eq ∝ λ
2. Further, we again observe the equilibration times scales T (n)eq to208

depend only weakly on n.209

8
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Figure 3: Top: System-size scaling of the microcanonical free cumulants ∆n in the
chaotic Ising bath model with interaction strength λ = 0.3. Bottom: Scaling the
microcanonical free cumulants ∆n in the chaotic Ising-bath model with system-size
L = 23 and different system-bath couplings λ. Here the dashed black line indicates
∆EU as a guidance to the eye.

Figure 4: Thermal free cumulants κn(t), where n= 2, 4,6, in the model with an Ising
bath and total size L = 23 and different coupling strengths λ.

4 Conclusion and Discussion210

In this work, we extended the discussion of the full Eigenstate Thermalization Hypothesis211

(ETH) framework to open quantum systems, focusing on a central system coupled to a quan-212

tum chaotic bath. Through numerical analysis of free cumulants, we identified a clear and213

universal scaling with respect to the interaction strength, valid for observables that have a214

nonvanishing overlap with the central system Hamiltonian. Moreover, we established a con-215

nection between this scaling behavior and the thermalisation time scales of thermal free cumu-216

lants of the corresponding observables, and further support it with numerical evidence. These217

findings highlight the versatility of the full ETH in describing thermalization dynamics in re-218

alistic system–bath setups and point toward promising directions for future studies of open219

many-body systems.220
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A Details on the numerics350

In the random-matrix model (28) the computation the microcanonical and the time-dependent351

cumulants ∆n and κn(t) were carried out using exact diagonalisation (ED). For the micro-352

canonical free cumulants, N = 10 realizations were considered.353

For the Ising model (32) the system sizes considered are beyond the reach of ED. Therefore354

both ∆n and κn(t) were obtained via techniques exploiting quantum typicality. Concretely,355

for the time-dependent quantities we use the concept of dynamical quantum typicality and356

time-evolve the respective quantities via Chebyshev-integrators. For the microcanonical free357

cumulants we employed the scheme suggested in Ref. [40] that expands the microcanonical358

projector (21) in terms of Chebyshev polynomials and then computes the moments (22) on359

the basis of typicality. For more details on the method we refer to [40]. For the expansion360

of the projectors we used Ntrunc = 10a 2π
∆E , with ∆E the width of the energy window and361

a = (Emax − Emin)/2 and Emin, Emax the edges of the spectrum. For every system size L study,362

we consider Ntyp ≥ 226−L different realisations.363

B Another observable in the random-matrix model364

Here we illustrate the investigation of another observable in the random-matrix model (28),365

given by A = σz
S . In Fig. 5 we depict the autocorrelation function 〈A(t)A〉, i.e. the second366

cumulant κ2(t) in this model. As becomes apparent in Fig. 5 κ2(t) does not show a coupling367

strength-dependent scaling with respect to time as for different λ the overall behavior of the368

functions changes. The picture is similar for the microcanonical free cumulants ∆n, see Fig. 6369

for the first three even cumulants. While for every interaction strength λ the microcanonical370

free cumulants individually obey a power law as Eq. (27), they do not allow for a rescaling371

like in the case for A= σx
S expanded on in the main text.

Figure 5: Autocorrelation function of the observable A = σz
S in the random-matrix

model (28) with system size L = 14 and different interaction strengths λ.

372

14



SciPost Physics Core Submission

Figure 6: The first three even microcanonical free cumulants ∆n for A = σz
S in the

random-matrix model. The solid lines serve as a guide to the eye for the scaling with
respect to the width of the microcanonical energy window ∆E, as described in Eq.
(27).
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