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Abstract

Optical Bloch Equations (OBEs) are canonical equations of quantum open systems, that

describe the dynamics of a classically driven atom coupled to a thermal bath. Their
thermodynamics is highly relevant to establish fundamental energetic bounds of key
quantum processes. A consistent framework is available in the regime where drives and
baths can be treated classically, i.e. remain insensitive to the coupling with the atom.
This regime, however, is not adapted to explore minimal energy costs, nor to measure
atom-induced energy variations inside drives and baths — a key ability to directly measure
and optimize work and heat exchanges. This calls for a new framework where the atomic
back-action on drives and baths would be accounted for. Here we build such a framework
suitable to analyze the situation where the atom, the drive and the bath form a joint
autonomous system, the drive and the bath being parts of the same electromagnetic
field. Our approach captures atom-field correlations at fundamental timescales, as well
as the atomic back-action on the field. This allows us to define work-like (heat-like)
flows as energy flows stemming from effective unitary dynamics induced by one system
on the other (non-unitary dynamics induced by correlations). Time-integrated work-
like and heat-like flows are shown to be directly measurable in the field, as changes
of energy locked in the mean field and fluctuations, respectively. Our approach differs
from standard open analyses by identifying an additional unitary contribution in the
atom’s dynamics, the self-drive, and its energetic counterpart, the self-work, which yields
a tighter expression of the second law. We quantitatively relate this tightening to the
extra-knowledge about the field state as compared with usual treatments of the atom
as an open system. Our autonomous framework deepens the current understanding of
thermodynamics in the quantum regime and its potential for energy management at
quantum scales. Its predictions can be probed in state-of-the-art quantum hardware,
such as superconducting and photonic circuits.
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1 Introduction

The question of how to measure work and heat flows in the quantum realm has represented
one of the biggest challenges of quantum thermodynamics since its early days [1-7]. In
classical thermodynamics, distinguishing the work from the heat received by a system relies on
characterizing the processes giving rise to these energy flows. Thus, work and heat flows are
usually reconstructed from the evolution of the system of interest, which requires to record
its trajectory. While applying such strategy has provided pioneering measurements of heat
and work flows in classical stochastic thermodynamics [8-12], it can hardly be applied in
the quantum realm, because of measurement back-action. Namely, monitoring the trajectory
of a quantum system impacts its subsequent dynamics [13] as well as its thermodynamic
balance [14], calling for alternative strategies.

In that respect, it has been proposed to measure the integrated work flow (resp. heat flow)
directly inside their sources, by identifying it to the energy change of the drive (resp. the bath)
coupled to the system [15-19]. Here, it is in principle enough to perform measurements on
the bath and the drive at the initial and at the final time of the protocol. This strategy becomes
considerably simpler than tracking the system’s trajectory, provided the drive and the bath are
small enough systems so that measurements can be carried out and energy changes induced by
the system take non-negligible values. Tremendous progresses in experimental capacities have
already allowed to detect such small energy variations in the system’s environment, whether
drive or bath [20-22].

Nevertheless, describing the dynamics in presence of such finite-energy environments is
beyond the scope of standard (weak coupling) quantum open system theory where drives and
baths are treated classically - i.e. by neglecting any perturbation of their states upon interacting
with the system [23]. Actually, a consistent dynamic and thermodynamic treatment rather
requires to “close" the formerly open quantum systems. Namely, one should model the systems,
drives and baths as the parties of a globally closed and isolated quantum system, taking into
account their respective back-actions on one another. In such an autonomous picture, the
parties should not have predetermined roles such as heat source, work sources, or working
body. To make this obvious, it is instructive to consider the case of a quantum gate involving
a qubit driven by a resonant pulse [24, 25]. Pulses of infinite energy qualify as ideal work
sources, providing energy and no entropy to the qubit. Conversely, finite energy pulses get
entangled with the qubit, changing its entropy along the process — while the qubit back-acts
on the driving pulses, also acting as an energy and entropy source. This back-action gives
rise to corrections to the drive which cannot be neglected anymore, such that the pulse hardly
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Figure 1: Schematics of a) the open and b) autonomous model, where the atom
dynamics obeys the optical Bloch equations. a) The atom is coupled to a classical
drive and to a thermal bath, receiving work W and heat Q from them respectively.
Multiple tomographies of the atom are needed to measure the work and heat flows,
which are then time-integrated between the initial time ¢, and the final time t;. b)
The atom, the drive and the bath form an autonomous system such that the total
energy is conserved. Work-like (bVV) and heat-like (bQ) quantities can be directly
related to changes of the field amplitude and fluctuations between the initial and
final time.

qualifies as an ideal work source.

This blurring of well-established thermodynamic roles calls for a new thermodynamic
paradigm tailored for autonomous situations. Here the parties should play symmetric roles,
while heat-like (work-like) flows should be defined with respect to the very nature of the
processes inducing them. In this spirit, preliminary propositions have related heat (work) to
energy exchanges induced by correlating (entropy-preserving) processes [26-31]. It is the
purpose of this article to lay out the foundations of this paradigm shift. We shall consider a
universal, textbook situation which can be both described as an autonomous, closed bipartite
system, and as a driven open-quantum system weakly coupled to a Markovian bath.

With this aim, we focus on the canonical case of a coherently driven two-level atom weakly
coupled to a thermal bath, whose dynamics is captured by the Optical Bloch Equations (OBEs)
(See Fig. 1). The OBEs are interesting as they are hardware-universal, describing as well
neutral atoms, superconducting qubits, quantum dots, or trapped ions [32-35]. They also
provide a solid basis to explore a broad range of questions of fundamental and practical interest
in quantum optics and quantum technologies, like quantum interfaces and quantum gates [ 36—
38]. Therefore, their thermodynamics is highly relevant to explore and optimize the energy
cost of quantum technologies [39].

Deriving the OBEs is textbook in the open-system paradigm [23, 40], as they correspond
to a famous example of the Lindblad equation. The thermodynamic analysis of the driven-
dissipative atom has been conducted in various regimes [41-44]. In these analyses, the heat
flow (the work flow) is defined as the power received from the bath (the classical drive).
Minimal energy costs for atomic manipulations are identified with the heat irreversibly wasted
in the bath. While thermodynamically consistent, these analyzes do not encompass any physical
model for the drive, and do not keep track of the back-action of the system on the bath.
Therefore, they cannot capture their actual energy and entropy changes, nor support consistent
definitions of work-like and heat-like flows in the regime of finite energy for the drive and bath,
let alone consistent protocols to measure them.
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In this paper, we circumvent these limitations by focusing on an autonomous situation
giving rise to the OBEs. A convenient physical scenery is provided by an atom coupled to
driving pulses propagating in a circuit, as in circuit Quantum ElectroDynamics (QED) [34,
45-47] or in waveguide QED [48-50]. Remarkably, the electromagnetic field contained in
the circuit encompasses both the drive and the bath. We build a framework to analyze the
fully autonomous atom-field dynamics and thermodynamics, which unlocks the possibility
of defining and measuring heat-like and work-like flows directly in the field. Additional
information available in the field state and captured by our framework gives rise to a tighter
expression of the second law, opening perspectives for energy savings with respect to the open
description, both by enabling the use of low power pulses.

We first show that, in the regime of emergence of the OBEs, the autonomous dynamics of
the joint atom-field system can be mapped onto a collision model [51,52]. Importantly, this
mapping allows us to keep track of the field evolution, as well as of the atom-field correlations,
a major progress with respect to the state of the art and a key capacity to capture the back-
action of each system on the other. Unlike when a non-autonomous collision model is pheno-
menologically introduced to emulate the action of an environment [52-56], here the total
Hamiltonian is time-independent, ensuring global energy conservation. However within a
single collision, each system is driven by an effective time-dependent Hamiltonian entailing
the reduced state of the other system, giving rise to a work-like energy exchange. The remnant
term captures the effect of the correlations, giving rise to heat-like energy exchange. In this
situation, the work-like flow (the heat-like flow) takes a remarkably simple form, as it equals
the change of coherent (incoherent) power of the field induced by its coupling to the atom.
These quantities are routinely accessible in -dyne and spectroscopic experiments, proving the
operationality of the autonomous framework. As a matter of fact, these definitions have
already been postulated in a handful of theoretical works [57-59], with the heuristic argument
that the coherent part of the output field can be potentially reused to perform work on another
emitter. They have also given rise to first direct measurements of heat-like and work-like flows
in the autonomous scenery of circuit QED [60] and quantum optics with semiconducting
quantum dots [31]. Our findings demonstrate they are rooted in a general and consistent
framework, which can serve as a paradigm to characterize the nature of energy flows within
closed autonomous systems.

In a second step, we quantitatively compare the open and the autonomous approaches. We
show that they solely differ by an additional term in the effective drive on the atom - the self-
drive — and its energetic counterpart, the self-work. The self-drive is induced by the coherent
component of the radiation locally emitted by the atom, that our model allows to capture. We
show that the energy carried by this local coherent component corresponds to the self-work.
This quantity is usually not distinguished from the heat contribution in the open framework.
This extra-component can be reused to drive other qubits, naturally reducing the amount of
wasted heat. This yields a new expression of the second law that is tighter than the one
obtained with open heat and work flows [44,52]. We quantitatively relate the smaller entropy
production to the increase of knowledge about the field state, that our framework accounts
for. To make the comparison more concrete, we conduct it on two concrete situations routinely
encountered in a quantum optics lab: a 7t/2 pulse, and a continuous driving.

Our results shed new light on fundamental mechanisms of quantum optics and quantum
thermodynamics, and on key processes for light-based quantum technologies. Importantly,
they provide the proper theoretical tools to analyze energy exchanges between quantum systems
of interest, drives and baths, beyond the standard classical treatment of the latter. They
can be probed on all experimental platforms modeled by waveguide or circuit QED, such as
superconducting qubits [61] or semi-conducting quantum dots in micro-pillar cavities [31].
More generally, our autonomous collision model unlocks the possibility of exploring the impact
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of correlations on the wide range of quantum open systems compliant with collision models.

The outline of the paper in the following. We first recall the open approach leading to
state of the art thermodynamic analysis of the OBEs (Sec. 2). This approach is based on an
open quantum system model involving a classical drive and bath, which remain unsensitive
to the atom. We then introduce our autonomous dynamical model (Sec. 3). We define the
classical regime for the drive, beyond which correlations between light and matter must be
tracked. To do so, we upgrade our framework in Section 4 to keep track of these correlations,
and propose the thermodynamical analysis fitting this description (Sec. 5). We then apply our
thermodynamic framework the case of a pulse, and of a steady-state atomic driving (Sec. 6).
This allows us to single out in concrete situations the potential of the autonomous approach
for energy savings in the quantum regime. We respectively devote the last two sections (Sec. 7
and 8) to the measurement of work and heat flows through spectrally-resolved observables of
the field, and to a comparison with non-autonomous collision models.

2 Open approach

The OBEs model the dynamics of a classically driven atom coupled to a thermal bath. Their
dynamics in the interaction picture reads:

s == [Hp(0), p5(0]+ Logel (0], ®

where pg is the state of the atom characterized by its transition frequency w, and excited
(resp. ground) state denoted by |e) (resp. |g)). The bare Hamiltonian of the atom reads
Hg = (hwy/2)o, with o, = |e)(e] —|g)(g|. Hp(t) is the Hamiltonian induced by the classical
drive of frequency w;. It reads

hQ :
Hp(t) = lT ety ity ), 2)

where we have introduced the Rabi frequency €, which quantifies the strength of the atom-
field coupling. Lqgg is a Completely Positive Trace Preserving map (CPTP) which captures the
effect of the thermal bath characterized by its inverse temperature 3 (thermal population 71,)
and atomic spontaneous emission rate y. It reads

Lopelps] = Ly (g, + 1o, ps)

+ L(V/ 1m0 —, ps), (3)
where we have defined the Lindblad form
A |
E(O,p)EOpOT—E{p,O‘O}- 4

We now briefly recall the result of textbook thermodynamic analyses of the OBEs [44, 62-64].
Introducing the atom internal energy

U(t) =Trs {ps (t) (Hs + Hp ()}, )
its time derivative U (t) splits into two components:

U()=W(6)+Q(1), (6)
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180 where the work (heat) flow W(t) (Q(t)) characterizes the power coherently exchanged with
100 the classical drive (the power exchanged with the thermal bath). Within the approximations
101 leading to the OBEs, they read:

W(t) =Trg {ps () Hp (1)}, (7)

Q(t) =Trs {(Hs + Hp(t)) Loge [ps (D1} - (8)

103 This choice of splitting brings out a consistent expression of the second law of thermodynamics [ 30,
102 44,65]. Indeed, one recovers an equivalent of Clausius inequality by defining the quantity

105 %(t) = AS(t) —pQ(t), where AS =S (ps(t))—S (ps(0)) is the change in the von Neumann

106 entropy of the atom and Q(t), the total heat received by the atom between the initial time
197ty = 0and the time of interest t. Introducing the relative entropy D (p||o) = Tr{p(log p—log o)}
108 between p and o, one can rewrite X as

192

2(t)=D (p (1) llps ()& pf ) 2 0. )

100 We have introduced pf the thermal equilibrium state of the bath at inverse temperature .
200 Owing to the positivity of the relative entropy, X(t) has been interpreted as a thermodynamic
201 entropy production. As the environment is Markovian, its rate of change > > 0 can be
202 seen as a manifestation of the second law in the quantum regime [44, 65,66]. This entropy
203 production allows to estimate fundamental work costs associated to atomic manipulations,
204 such as quantum gates. In particular, it provides access to the value of the non-recoverable
205 work, i.e. the irreversibly wasted heat, over a thermodynamic cycle W, = ﬁ—lz(fcyd) where
206 Ty 1S the duration of the cycle. Like in the classical realm, limiting the production of entropy
207 is thus expected to have quantitative technological implications as it may impact the energetic
208 bill of fundamental quantum processes.

209 While thermodynamically consistent, the open framework gives rise to challenging exper-
210 imental protocols as depicted in Fig. 1a). Firstly, the drive is not given any physical description,
211 and the variations of the bath and drive states are not tracked. This restricts the scope of
212 measurements predicted by this approach to the sole atomic observables, as it appears from
213 Egs.(7) and (8). Moreover, the framework provides expressions for work and heat flows, which
214 must be integrated over the duration of the whole experiment, i.e. between t, =0 and t = t4,
215 to access the total work and heat received by the atom. However, these flows at time t involve
216 the atomic state pg(t), which must therefore be extracted by tomography at time t for all ¢
217 betweent = 0 and t = ty. As measurement back-action alters the atom’s state, hence its
218 subsequent dynamics, the tomography of the atom requires to repeat the experiment from
210 to=0and t, for all t between t =0 and t = t;.

220 This complex and heavy protocol strongly motivates to develop new strategies to measure
221 heat and work, based on direct measurements inside the drive and the bath (See Fig. 1b).
222 This in turn requires to develop autonomous models of light-matter interaction encompassing
223 a quantum description of the bath and the drive, which is the purpose of the next section.

»« 3 Autonomous model
225 In this Section we show that the coupled dynamics of the atom and the electromagnetic field

26 of a circuit can be mapped onto an autonomous collision model, in the regime of emergence
27 of the OBEs. As we shall see in this approach, the field plays the role of the drive and the bath.
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&% —20At  —vAt (0 VAt 20At

Figure 2: a) Joint atom-field system at the initial time t = t;,. The gray boxes
represent the field collision units of size vAt. The input units are located on x # 0,
the n™ unit being at position x,, = —nvAt. In the case of Bloch equations, the input
units are initially prepared in a displaced thermal field (See text). b) Evolution of
the joint atom-field system between the times ¢, and t,, ;. The circular area denotes
the interaction region. The atom starts to interact with the input unit (n™? unit), and
stops to interact with the output one ((n — 1)™ unit). Unlike the output units, the
input units are prepared in a product of states that only differ by a relative phase.

3.1 Microscopic description

The situation we consider is depicted on Fig. 2. The atom stands at the position x = 0 of
a one-dimensional (1D) reservoir of electromagnetic modes of momentum k, frequency w;,
and lowering operators a;. All along the paper, we dub this collection of modes the 1D field,
or more simply, the field. This situation is typical of circuit QED [34, 45-47] or waveguide
QED [38,50], and also captures the case of quantum emitters weakly coupled to adiabatically
eliminated directional cavities [67]. All these situations lie at the basis of a wide range of
light-matter functionalities (quantum interfaces, gates, networks, repeaters, etc) in a variety
of physical platforms, from semiconducting quantum dots [31], superconducting circuits [20],
to atomic physics [68], to name a few.

The autonomous atom-field dynamics is ruled by the time-independent Hamiltonian

H=Hg+H;+V, (10)

where Hy is defined in Section 2 and the bare Hamiltonian of the field reads H; = Do ho ka;; a.
The field modes follow a linear dispersion relation around the atomic resonance, Aw; = vAk,
with Aw; = w; —wy and Ak = (k —kg), v being the group velocity and wy = vk,. We shall
use the rotating wave approximation, such that the coupling Hamiltonian V reads

V= ihz gk (aka+—a;{a_). (11D
k>0

We have introduced gy as the coupling strength between the atom and the mode of frequency
wy, and the atomic operators o_ = |g){e|, o, = o'. Following [29, 48, 67,69-71], we only
consider pulses propagating in one direction, restricting without loss of generality the study

8
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to the modes of positive momentum k > 0. In this picture, pulses propagate from left to right.
The atom-field dynamics is ruled by the following equation in the interaction picture with
respect to Hg + Hp:

dp(t) _

i
7 = Vel (12)

p(t) (V(t)) is the joint quantum state of the atom-field system (the coupling Hamiltonian)
in the interaction picture. Introducing the field operators B(x,t) = >, gre Berlt=xMg, e
rewrite the coupling Hamiltonian as

V(t)=ih(B(0,t)o, —o_B'(0,1)). (13)

The operators B(x,t) have the dimension of a frequency and are proportional to the local
electric field at the position x. Finally, in the spirit of textbook microscopic derivations of the
Lindblad equation of which the OBEs are a canonical example [23, 40], we shall take into
account the finite spectral width of the coupling term characterized by the bandwidth Ay,
over which the coefficients g; take non-negligible values. We introduce the atom spontaneous
emission rate y = 21 ), | 2126 5(Awy), where &, stands for the Dirac distribution, and the
correlation function C(t,t") = >, | gklzem“’k(t_t/). This function takes non-zero values over
a time interval |t — t’| < 7., where 7, is the correlation time which scales like the inverse of
the bandwidth Ay,,. Throughout the paper, we suppose the weak coupling hypothesis, which
states

YT, K 1. (14)

3.2 Coarse-grained collision model

Let us first write the atom-field evolution operator between t, = 0 and t; = T as a product
of N discrete-time dynamical maps of the form U, = Texp{ f ”“dtV(t)/h} where
t, = & = nAt and T is the time ordering operator. We define the coarse-grained operators
b

ths1

b, = (yAt)_l/ZJ dtB(0,t), (15)

tn

which verify the commutation relation

[b,, bl 1= f dtfm dt’C(t,t). (16)

The weak coupling assumption [Eq.(14)] allows us to consider time intervals At such that
T, < At < y7!. The inequality 1. < At yields [bn,bm] = 6, ensuring that the
b, correspond to independent modes (see Appendix A for the formal derivation of the
discretization of B(0, t) into b, modes). We then us the Magnus expansion [72,73] to remove

the time-ordering operator in 4, and write
i ]
U, =exp 7 J duV(u) ; = exp{—iV,}. a7
tn

We have introduced the discrete evolution generator V,, = i4/ }/At(bnour—b:;a_) (the technical
details about the truncation of the Magnus expansion are provided in Appendix B).

9
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From Eq.(17), we see that the atom-field evolution splits into a sequence of two-body
interactions, or collisions, between the atom and collision units corresponding to the field
modes {b,}. The n™ collision involves the operator b, and occurs during the time interval
[t the1]- Below, we refer to the modes related to the operators b, as collision modes, or
collision units. One can then exploit the inequality At < y~! (naturally fulfilled in the
usually considered case of a vanishing coarse-graining time, here enabled by the weak-coupling
assumption) to expand U, up to first order in yAt, i.e., at second order in V,. Introducing
Pn=p(t,) and A,p = p,+1—Pn, We obtain the two first terms of the expansion (also known
as the Dyson series),

App = 2,00 +A,0P +o(yAD),

Anp(l) = _il:vn: pn]: (18)
i
Anp(Z) = _E[Vn: Anp(l)]
= L(Vy, py)-

Finally, we make the assumption that the atom and the collision units are initially prepared
in a product state. As already noticed by [52, 74-76] for infinitely short collisions, the
OBEs emerge for very specific initial unit states, i.e., displaced thermal states defined by
N, = D(an)p)/fDT(an), where D(a,) = exp{anb:: — h.c.} displaces the n™ collision unit by
a,. The field thermal state of inverse temperature 3 has been introduced above. It here
verifies (See Appendix C) p§; = Q20 nP, where nP = e=Phwobibn /(1 — ¢=Phw0) is the thermal
state of the n'™ collision mode. As we show below, the initial displacement of the field gives
rise to a coherent energy exchange with the atom, known as the classical Rabi oscillation, that
corresponds to the open work. Conversely, the initial thermal component of the field yields a
non-unitary evolution associated to an exchange of open heat.

Input-Output Operators

We now define operators related to the collision modes that are about to interact or have just
interacted with the atom, i.e., input and output operators. To do so, we first relate the collision
modes to the spatial position of the field. The linear dispersion relation in the waveguide
allows us to write B(x, t) = B(0, t —x /v), giving rise to another expression for the annihilation

operators of the collision units, b, = (v w/yAt)_l fx‘” ) dxB(x,0) with x; = lvAt. Thus, the

X—(n+
n™ collision unit can equivalently be understood as the unit coupled to the atom between
t, and t,,;, or as the unit positioned between x_(,,1) and x_, at the initial time t, = O
[see Fig. 2a)]. Writing the general expression of the operator acting on the mode positioned
between x,_; and x, at any time t,,, b, (t,) = (v \/yAt)_l f;” 1 dxB(x,t,,), the field free
dynamics is captured by the intuitive map b, (tp41) = bxn_l(tnm) [see Fig. 2b)], naturally
yielding the output (input) operator:

by (t0)
bout(in)(t) = yiltrgo %- (19)

These operators written in the interaction picture should not be confused with the usual input
and output operators defined in the Heisenberg picture [69]. Unlike the operators b,, which
are dimensionless, the operators by (t) have the dimension of [t71/2].

10
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3.3 Consistency with the OBEs and input-output theory

Before going further, we check that our model allows to recover the OBEs ruling the open
dynamics of the atom as introduced in Section 2. To do so, we define

AnP§ry = Trps)[ A1 = 1,2), (20)
npéi()f) /At. On the atom side, this leads to the

emergence of the OBEs [Eq. (1)], where the Hamiltonian H(t) stems from the first term of the
Dyson series. It features a constant external drive at the frequency w;, and is unambiguously
set by the initial state of the field [52] such that the the classical Rabi frequency Q2 (see Eq. (2))
arises from the amplitude of the collision units as derived in Appendix C:

then write down the continuous limit of A

L = lim L()tnei(“’r“’(’)t". 21
2 yAt—0 ¥ At
Conversely, the dissipator Lopg stems from the second order term of the Dyson series.

On the field side, one recovers the input-output equations which traditionally model the
dynamics of an emitter coupled to the field of a circuit [69]. The demonstration goes as
follows. Let us consider the field amplitude change between t, and t,,;. During this time
interval, only the n™ collision unit of the field interacts with the atom (See Section 3.2 and
Fig. 2(b)). Hence, only this unit’s amplitude changes and hence, the total field amplitude
change between t, and t,,; is captured by the quantity Tr{b,A,ps}. Eq. (18) yields the
identity Tr{b,An,0s} = (by,(tn41))r,,, — (by,(tn))r, where we denoted (0), = Tr{Op(t)}.
Noticing that only the first order term contributes to the change of the field amplitude (see
Appendix D for the detailed derivation), we recover a mean input-output equation in the
continuous time limit:

(bout(t))¢ = (bin(t))¢ — v/7{0_),. (22)

3.4 Towards an operationally-relevant thermodynamic description

At this point we are ready to formulate the thermodynamic question we answer in this article.
To do so, we apply the thermodynamic definitions established in the open framework, and
show that they are only consistent in the classical regime for the drive and the bath, that our
approach allows us to quantitatively define. We then present our strategy to extend them
beyond the classical regime.

In this section and for the sake of pedagogy, we focus on the resonant case, which we
define as a resonant drive w; = wy, or as the absence of a drive. We first express the
open thermodynamic quantities defined in Section 2 in the context of input-output theory.
Introducing the output (input) photon flow Ny (t) = (bzut(in)(t)bout(m)(t))t allows us to
rewrite Egs.(6), (7) and (8) as

U(t) = ﬁwO(Nin(t) _Nout(t)) (23)
W(t) = _thNdrive(t) (24)
Q(t) = —hwoNpam(t), (25)

where Ny,ive and Ny, have the following expressions:

Ndrive = _\/?(<O-+)t<bin(t)>t + <O-—>t<b1;(t))t) > (26)
Nbath:}/((ﬁth-’_%)(z <O'+O'_)t—1)+%). (27)
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The meaning of the equations above is transparent. The open work flow W [Eq.(24)] is
proportional to the photon flow Nyye. It stems from the unitary driving process induced
by the input field, that is known as the classical Rabi oscillation. This is a coherent energy
exchange, as it appears from Eq.(26) which has the form of an interference term between the
amplitude of the atomic radiation and that of the input field. Conversely the open heat flow
Q [Eq.(25)] is proportional to the photon flow Ny, exchanged with the thermal component
of the input field, which plays the role of a bath. In the case of a zero-temperature field, this
distinction captures the splitting between stimulated emissions and absorptions on the one
hand, and spontaneous emissions on the other.

We now define the classical limit of the drive as y|({b;,)|? > 1, i.e. Ngsive > Npa- Here the
atom dynamics is purely unitary and ruled by the Hamiltonian Hg + Hp,(t). The change of the
field energy simply equals the integrated work flow received by the atom as computed from
Eq.(24). This identity allowed for pioneering direct measurements of work flows in circuit
QED [20].

The purpose of this paper is to explore the thermodynamics of the atom-field interaction
in the case of a finite input power, for which both Ny and Ny, contribute to the atom-field
power exchange. As it appears from their expressions [Egs.(26) and (27)], these components
cannot be distinguished based on the sole output field observables. The amount of open work
(heat) exchanged between 0 and t must be accessed via a series of atomic tomographies at
each time step, as explained in Section II, depicted in Fig. 1 and argued in [60]. Beyond
the practical obstacles they give rise to, the definitions stemming from the open approach are
incompatible with a finite input power. Indeed, one expects the driving mode to get correlated
with the atom, giving rise to entropy inputs which do not correspond to the behavior of an
ideal work source. In addition, the impact of the interaction with the atom on the field’s state
cannot be neglected anymore. Corrections to the field-induced driving are therefore expected.

These limitations have lead some of us to propose an alternative approach to identify heat
and work in this regime [57], which has been used in a handful of theoretical [59, 77] and
experimental works [31,60]. Work (heat) is defined as the change of energy carried by the
coherent (incoherent) component of the field. Here the rationale is that the field induces a
unitary drive of the atom, and therefore exerts some work on it, via its coherent component.
This boils down to splitting the term (o ,o_), appearing in Eq.(27) into its mean field and
fluctuations, |(o_),|? + (60,.60_),, and to let the mean field term contribute to the work
flow. This definition matches the open work (heat) definition in the classical regime of high
input power, where the coherent driving dominates. Moreover, it is operational as coherent
(incoherent) field components can be distinguished in -dyne experiments, hence the direct
measurements of these quantities in circuit QED [60] and quantum photonics [31].

In the two next sections, we show that these definitions are actually rooted in a broader,
thermodynamically consistent framework. Unlike the standard framework of quantum
thermodynamics which focuses on open systems, the new framework we build is tailored for
a fully autonomous situation like the model proposed above. Our thermodynamic definitions
are inspired from former attempts developed for composite autonomous systems [26,27,78].
In these approaches, the key idea is to define work-like (heat-like) flows as entropy-preserving
(correlating) processes. As we show below, applying such a strategy confirms the heuristic
definitions proposed and exploited in [31,57,59, 60, 77].

Building this framework requires in the first place to develop the capacity to track
atom-field correlations inside our autonomous model: this is the purpose of the next section.
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4 Tracking correlations

Here we refine the autonomous model introduced in Section 3 to keep track of the correlations
forming during one collision. We first introduce this analysis in the general case, then we focus
on the OBEs, where we unveil the impact of the correlations on the atom and on the field
dynamics.

4.1 General case

Let us resume from the Dyson expansion [Egs. (18)] and rewrite the first order term as

1
Anp(l) = Anpg ) ® pf(tn)

+ps(tn) ® Bpt? + 2,1 . 28)
The first order terms Anpgt}) have been introduced in Egs.(20). They allow us to express the
change of the atom-field correlations during the n collision:

Anx(l) = _i[Vn - (Vn>S - (Vn>f) pn] (29)

Injecting Eq. (28) into Eqgs.(18) splits the second term of the Dyson series into three new terms:

1
Anp(z’s) = _E[Vn:HVn)f;pn]],
1
Anp(z’f) = _E[Vn’ [(Vn>S’ pn]]; (30)
1
Anp(Z’X) = _E[Vna[vn_“/n)f_(Vn)Sapn]]'
Egs.(30) unveil three new mechanisms in the evolution of each subsystem, which
are hidden in the standard approach. The term Anng’S) = Tr[A,p35)] (resp.
2, . ,
AnP} D= Trg[A,p?H]) can be rewritten as ApCY = —3[(V,)r, [(Va) s, ps(t,)]]
(resp. Anp}(cz’f) = _%an)S:[(Vn>5’pf(tn)]])- Thus, these expressions capture the

second-order terms in the expansion of the unitary evolution generated by the effective

Hamiltonian (V);(s). Conversely, crossed terms like Anpgz’f ) = Trf[Anp(z’f )] (resp.

Anpj(cz’s) = Trg[A,p*%]) can be rewritten as Anpgz’f) = —%Trf{ [Vn,Aan(,D ® ps(t,)]}

(resp. Anpj(fz’s) = —%Trs{ [Vn,Anpél) ® ps(t,)]} ). Each term features an effective drive of
S(f), mediated by the first-order evolution of f(S): we dub such a mechanism a self-drive.
Both the second order drive and the self-drive correspond to Hamiltonian processes in the
reduced dynamics of the atom and the field. Conversely, terms of the form A, pé%fx))
remnant non-unitary evolution of the atom (field) state induced by the atom-field correlations.

Finally, this ability to track correlations invites us to rewrite the evolution of the atom-field
system along one collision, by isolating the contributions of the correlations/unitary evolutions

up to the second order in the Dyson expansion:

capture the

A p D+ A pP =ApX+A p°. (31)

We have introduced A,p* and A,p®:

1 1
A% = 2P ®pp(ty) +ps(ty) ® Anp](f :

+A,p%9 + A, p3) (32)
A,p* = Anx(l)+AnP(2’X)'
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The analysis above is valid for any bipartite system S — f complying with a Magnus expansion
treatment. Now focusing on the regime of emergence of the OBEs, we exploit the splitting
captured by Eq. (31) to explore how the correlations impact the atom’s (field’s) evolution.

4.2 Imprint on the atom

To highlight the role of correlation in the atom’s dynamics, we re-derive the master equation
of the atom (see Appendix E):

App* +A,p° }

Hs(t,) =lim, A, oTr
ps(ty) yYAt—0 f{ At

=_%[HD(t)+H§(t)>pS(t)]+£t’S’X' 33

The uncorrelated part of the dynamics captured by A,p® yields two unitary contributions.
The only non-zero first order contribution associated with A, pgl) is unchanged with respect
to the Dyson series [Eq. (20)], and yields the classical driving term Hp(t) already present in

the standard form of the OBEs [Eq.(1)]. In addition, our approach singles out an additional

. o . 2
unitary contribution, stemming from the second-order term A, pé £

Hamiltonian, or self-drive:

, that we call self-driving

e (6) = —iﬁ£(<0_)ta+ —(0,),0.). (34)

The self-drive is induced by the coherent component of the radiation locally emitted by the
atom, which scales like the atom coherence (o_),. It can take finite values in the absence of
any external drive, provided the atom initially carries coherences in the energy basis. At zero
temperature, it yields a rotation of the atom’s state in the Bloch sphere during the transient
regime of spontaneous emission. Reciprocally, the correlations are responsible for a non-
unitary term £, g , stemming from A, p@1) which can be cast as:

Lisy= E(V Y (M + (oL —(04)0), Ps)
+L(V1n(o_— (o)), ps). 35)

This term constitutes a new Lindbladian involving jump operators shifted by their
instantaneous average value.

We stress that Eq. (33) yields the exact same state evolution as the OBEs [Eq. (1)]. This
property can be retrieved by noting that these two Lindblad equations are connected by one of
the transformations of the Lindblad operators and Hamiltonian leaving the dynamics invariant
[23]. Another insight is provided by realizing that the dissipator Logg [Eq. (1)] stems from the
second order term Ap,(lz) of the Dyson expansion, which splits into a unitary and a non-unitary
part to give rise to the maps captured by the self-drive Hg (t) and the new Lindbladian £, g ,,
respectively.

Pioneering studies in quantum open systems conducted in Heisenberg picture have singled
out the self-reaction as the physical process giving rise to the self-drive [79] — namely, the
result on the atom of the polarisation of the field by the atom. Because it treats symmetrically
the atom and the field, and provides full access to the field state, our framework sheds new
light on the self-reaction, and draws so far overlooked consequences of this mechanism in
the weak atom-field coupling regime. As we show below, the imprint of the self-drive on the
field takes the form of a tiny amount of coherent energy, the self-work. These observable
thermodynamic consequences (see Section 5) constitute a key difference between the open
and the autonomous approach.
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4.3 Imprint on the field

Let us now focus on the impact of the correlations on the field’s evolution. The mean input-
output equation [Eq.(22)] ruling the variation of the field’s amplitude remains unaltered by
the new splitting since it solely involves the first order term Anp](cl). This is not the case for

the change of the photon flow, which involves the second order term Anpj(cz). Eq.(23) can be
rewritten as:

Ny — Ny, = N® + N7 (36)

We have introduced the change of the photon flow stemming from Hamiltonian (correlating)
processes N® (N%), which verify (see Appendix D for the derivation):

Te[b} b2, ®]
At
= |<bout(t)>t|2_|<bin(t)>t|23 (37)
Te[blb,A,p*]
At
= (855, ()8bou () — (b7 (£)5 by (0)).. (38)

“® 1.
N*® = hm)/At—>0
NZ¥ = hm')/At—>0

The term 6 boye(iny)(t) = bour(in)(t) — (bourin)(t))¢ stands for the fluctuations of the output
(input) field. Egs. (36), (37) and (38) unveil an intimate relation between mean field evolution
and Hamiltonian processes on the one hand, and between fluctuations and correlating
processes on the other.

We now consider the physical meaning of the flows N® and N*. As it appears on Eq.(37),
N® captures the change of the mean photon flow contained in the coherent component of the
field. For this reason, we shall refer to it as the coherent photon flow. From the mean value of
the output field [Eq.(22)], we get

N® = 7 (02 (b)) + (o) (b (D))
+Y|<U—)t|2 (39

The first contribution to N® has already been identified as Ny, [Eq.(26)] and captures the
exchange of photons with the coherent component of the input field through classical Rabi
oscillations. Moreover, N® features an additional term scaling like |{o_),|2. This contribution
is the imprint of the atom’s self-drive, which is manifested by an additional coherent radiation
emitted by the atom in the bath. As we show below, it carries the main thermodynamic
difference between the open and the autonomous approach. Conversely, the flow N* induced
by the atom-field correlating processes [Eq.(38)] reads

N* =y (50,(t)60_(1)),, (40)

where 60_(t) = o_(t) — (o_), stands for the fluctuations of the atomic dipole and
o_(t) = e7'*’g_. This corresponds to a purely incoherent atomic radiation in the bath —
we shall refer to it as the incoherent photon flow. The change of the field mean value and
fluctuations can be measured through -dyne or photon counting experiments. The splitting
we propose between Hamiltonian and correlating processes thus corresponds to physical,
experimentally accessible quantities. As we show below, these quantities exactly map the
splitting between work-like and heat-like flows.
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5 Thermodynamics of the autonomous scenario

We now draw the consequences of the dynamical framework built above for the
thermodynamics of the autonomous atom-field system. To make a clear distinction with the
standard, open approach, we shall use curly symbols to denote all energetic quantities defined
within the autonomous framework.

5.1 General considerations

Firstly, we define the atom and field internal energies as U;(t) = Tr; {H i p(t)}, where
j €4S, f}, which ensures a symmetric treatment of the two parties. The coupling energy term
is defined as V(t) = Tr{V(t)p(t)}. Recalling that the total Hamiltonian Hy,, = Hg + Hy +V
is time-independent, the total emergy U, = Us(t) + Us(t) + V(t) is conserved, thus
equal to the initial amount of energy injected in the joint atom-field system. Such global
energy conservation allows us to analyze individual energy changes as resulting from energy
exchanges between the atom, the field, and the coupling term.

Building on the analysis of a collision performed above, we now consider the energy
changes locally experienced by the atom and the field during the n™ collision. In full generality,
they split into two different contributions, giving rise to two symmetrical expressions,
equivalent to a first law for each system:

AUy = A [bW;1+ A,[bQ;], (41)
for j € {S, f}, with
A DWW 1=Tr {H;A,p®%} (42)
and
A [bQ;1=Tr{H;Ap"}. (43)

The amount of energy A,[bW]; received by the system j during the n™ collision stems from
the effective unitary exerted by the other system. It is entropy-preserving, and reminiscent of
a work flow. To make a clear distinction with the concept of work established for open systems
(corresponding to Eq.(7) in the case of the OBE), we dub the corresponding energy flow in the
continuous time limit ij(t) = lim, a0 Ap[bW;]/ At a “bipartite work flow" or more simply
b-work flow. In the classical limit of the drive, where negligible correlations build up between
the two parties during their interaction, the dynamics of system j is unitary, and it only receives
b-work: in this limit, the b-work matches the standard work in quantum thermodynamics,
i.e. the change of energy of a system evolving under a time-dependent Hamiltonian [63]. In
the case of the OBEs, this classical limit corresponds to a high-power drive as explained in
Section 3.4. Then, the only energy flow received by the atom is the open work flow [Eq.(7)].
Conversely, ij(t) = lim, 5,0 Ay [bQ;]/At is induced by the correlations between the two
parties during one collision — we refer to it as the “bipartite heat flow" or b-heat flow. The
considerations above can be applied to any bipartite dynamics captured by an autonomous
description as described in Section 3. The rest of this section is devoted to the thermodynamic
analysis of the autonomous OBEs.

5.2 First laws

As in Section 3.4, here we consider the resonant regime defined by w; = w,, or by the absence
of a drive. To keep the text light, the expressions in the non-resonant regime are provided in
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Appendix F, as well as all technical calculations. In this resonant regime, the time-derivative of
the coupling term V(t) vanishes, yielding the simple expression for the energy conservation:

Up () = —Us(t) = hewo(Nyy () — Ni (1)). (44)

Moreover, the resonant condition imposes that the b-work (b-heat) flows received by the atom
and the field are opposite. From the general considerations above, it should not come as a
surprise that the splitting between b-work and b-heat flows reflects the splitting between mean
values and fluctuations captured by Egs.(37) and (38). Indeed we show in Appendix F that
the b-work flows are proportional to the change of the coherent photon flow N® [Eq. (37)]:

bW (t) = —bWs(t) = hwoN® (45)
= hewo (|(Bout () 1> = 1{bin(t))1?)

Conversely, the b-heat flows are proportional to the incoherent photon flow [Eq. (38)], and
read

bQ;(t) = —bQg(t) = hewoN* (46)
= hewo((8b] ()5 biy(t)) = (5], (£)5boye(1)))

These remarkably simple and intuitive relations unlock the possibility of measuring directly
the integrated amounts of b-work and b-heat exchanged between the atom and the field. This
is because unlike for the atom, measuring observables of the output field at time t does not
impact its subsequent evolution. Thus, the b-work is simply equal to the change of energy
stored in the field’s coherent component, or field’s coherent energy. In the same way, the b-
heat is equal to change of energy stored in the field’s fluctuations, or incoherent energy. These
quantities are routinely extracted from -dyne measurements. In this picture, the field appears
as a bookkeeper of the processes by which it has exchanged energy with the atom. In particular,
these findings shed new light on the phase-space deformations of the field, which appear as
direct consequences of correlating processes — even if these correlations no longer exist. In
this view, the b-heat has been interpreted as a witness of past correlations in [29, 31].

To conclude and as already mentioned in the introduction, these definitions were
theoretically postulated in [29,57-59, 77], with the heuristic argument that the coherent part
of the output field can be potentially reused to perform work on another emitter. They have
given rise to first direct measurements of heat and work flows in the circuit QED platform
[60] and in the semi-conducting platform [31]. The autonomous thermodynamic framework
proposed here provides a general consistency to this body of work, and extends its validity to
the case of arbitrary driving fields and finite bath temperatures.

5.3 Self-work

We now compare the open and the autonomous approach from a thermodynamic viewpoint,
first focusing on the energetic differences. We recall that the open work flow received by the
atom is proportional to the photon flow Ny coherently exchanged with the driving mode
[Eq.(24)]. Conversely, the b-work flow is proportional to the total coherent photon flow N®.
Comparing Egs.(24), (39), and (45) yields

W = bWs — bW, (47)
where we have introduced the self-work flow
|2

W5 = —rhw, |(o_)t (48)

17



552

553

554

555

556

557

558

559

560

561

562

563

564

565

566

567

568

569

570

571

572

573

574

575

576

577

578

579

580

581

582

583

584

585

586

587

588

589

590

591

592

593

SciPost Physics Submission

The self-work is equal to the work exerted by the self-drive [Eq. (34)] on the atom. From
Eq.(48), the self-work is always negative in the physical situation under study. It corresponds to
the coherent contribution of the energy radiated by the atom in the bath. Thus, it is considered
as a contribution to heat in the open approach. This is captured by the equations comparing
b-heat flows and open heat flow,

Q (1) = bW5(t)—bQ; (1)
= bWi(t) + b Qs (1) (49)

Unlike the open work, the self-work flow can take finite values, even in the absence of a
coherent component in the input field. The presence of self-work was predicted in [57] and
experimentally reported in [31] in the case where the field is initially in the vacuum state. In
the presence of a coherent component in the input field, measuring the self-work is more tricky
and has not been conducted yet. It can be extracted in principle, by measuring independently
the b-work and the open work flow - with the drawback that measuring the open work flow
is a heavy process as already argued in Section II, depicted in Fig. 1 and reported in [60].
Another strategy can be used if the atom weakly radiates in other leaky modes than the 1D
channel. Denoting as 7 the ratio of coupling between the leaky modes and the 1D channel,
and measuring the coherent power P,,,; radiated in the leaky modes yields the expression of
the self-work ng = NPoqk-

Egs. (47) and (49) convey that the self-work can be interpreted as a reusable energy,
which is unlocked by the increased knowledge over the field provided by the one-dimensional
environment. We now relate these intuitions to the second law of thermodynamics,
and explore how potential energy savings impact entropy production in the autonomous
framework.

5.4 A tighter second law

Let us first recall the expression of the open entropy production between the initial time t; = 0
and t, %(t)=D (p () |ps(t)® pf) [Eq. (9)]. It can be decomposed as

2(6)=1()+D(ps (O1Ipf), (50)

where I(t) = S(pgs(t)) +S(ps(t)) —S(p(t)) is the mutual information between the atom and
the field at time t. The splitting in Eq. (50) suggests an information-theoretic interpretation
of the second law, in which irreversibility is attributed to the lack of information about the
joint atom-field state at time t, as quantified by the right-hand side terms [65,66]. The term

I(t) accounts for the ignorance of the atom-field correlations, consistent with the fact that we
solely access local quantities. Conversely, the relative entropy D (p ¢ ()] pj/f ) measures the
informational distance between the reduced output field state at time t and the estimate of its
state. In the open approach, this estimate simply corresponds to the thermal equilibrium state
pf , assumed to be unperturbed by the interaction with the atom to derive the weak-coupling

master equations.

In contrast, keeping track of the field dynamics induced by the coupling to the atom conveys
more information about the reduced field state at time t. This additional information can
be used to modify the field reference state appearing in Eq. (50), letting the b-heat appear.
Namely, we now take the new reference state to be the field state propagated by the effective
unitary induced by the atom. This effective unitary corresponds to a sequence of displacements
on each collision unit, between the initial time t, = 0 and the time of interest t (see Appendix C
and H for the derivation):
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Open Approach Closed Approach
Atomm ps =71 [Hp(0), ps()]+ Lopelps()] | ps =~ [Hp(6) + H5(0), ps()] + Los
Les, = Lopslps(t)]— (=5 [H5(0), ps(D)])
Nout_Nin =N®+ N7
Field Nout _Nin = Ndrive + Nbath N® = Ndrive + Y|<0—>t|2
NZ* = Nyah _Y|(0—)t|2
Work and W = —hwoNgsive bWs = —hewoN® =W + ng
Heat Q = _thNbath bQS = —thNX == Q - ng
received by ng = —yhw, (o)
the Atom
. _ bWs = hey (|<bin(t)T>|2 ~ {bou()I?)
Measuremend V @nd Q not d1recjc1y measurable in the bQg = hw0(§5 b, (£)6biy(t)))
Protocol field ~1120((8 bgu ()8 bou(£)))
Inferred via “stroboscopic" tomography of Directly measurable in the field via single
the atom (See Fig.1a) -dyne measurement of the field (see
Section 5)
% =1(t) + D(pylpy) b= I(t) + D(py][D(t)p; D'(£))
Entropy
Production = ASs— pQ(t) = 0: Clausius Inequality = ASs— P bQg(t) > 0: Tighter
expression of Second Law

Table 1: Table summarizing the differences between the open and the autonomous
frameworks in the resonant regime, from both the dynamical and thermodynamical

viewpoint.

N
p)=] [D(ew).
n=0

(51)

so4 where we have introduced D(p,) = exp{(cpnb:; —rb,)} and w, = —/rAt{o_), . The new
so5 field reference state is then D(t) pj/f D (t) = I::OD(apn)ngDT (¢,). The modified entropy

so6 production reads

bx(t) =D (p(t)

n=0

=I(t)+D(pf(t)
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N
®D(son>n£2>*'(cpn)).
n=0

N
ps (R D (¢ )P D (cpn))

(52)
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Crucially, the rate of change of bX(t) gives rise to an inequality featuring the b-heat flow
received by the field (see Appendix H for the derivation):

bY(t) =S5+ pbQs >0, (53)

which we interpret as the formulation of the second law consistent with the autonomous
approach. At resonance, we retrieve a Clausius-like inequality, where b¥ = ASg—fbQs > 0.
In this case, using Eq. (49), it is straightforward to notice that —Q(t) > —bQg(t) as bW: < 0
and hence, b3 < ¥ - leading to a smaller entropy production rate and also a tighter expression
of the second law.

This smaller entropy production is directly related to a more accurate accounting of the
non-equilibrium resources present in the output field state, to include the work exchanges via
displacements of the temporal modes. As they contain a coherent component, they can be
used in principle to coherently drive other emitters, providing work to them [31,59,77]. They
are therefore relevant if one attempts to recycle the field after its interaction with the atom.
When even more knowledge (or control) about the local state of the bath can be assumed, a
similar approach was used by some of us to derive an expression of the second law in general
autonomous quantum setups, accounting for all non-equilibrium resources [30]. Proposing
concrete protocols to recycle this energy, however, is beyond the scope of this paper.

The main elements of the comparison between the autonomous and the open approach
are provided in Table 1. It shows that we have fulfilled our initial motivations to provide
a thermodynamically consistent, operational and potentially useful framework capturing the
dynamics and the thermodynamics of a driven atom coupled to a thermal bath, beyond the
classical regime for the drive (the bath). To make the comparison more concrete, we devote
the next Section to the study of a few physical situations.

6 Applications

In this section, we consider two situations captured by the OBEs, concerning respectively the
transient dynamics (a 7t/2 pulse) and the steady-state regime of the atom.

6.1 Thermodynamics of a /2 pulse

We first study the thermodynamic balance in the case of a /2 pulse. The atom is initially
prepared in its ground state |g). At time t, = 0, it is coupled to the 1D field. The driving pulse
has a square shape, its Rabi frequency €2 and duration 7 are tuned such that Q7 = /2, and
the field is at zero temperature. Thus the ideal transformation reached in the limit Q/y > 1
is |g) — |+). After interacting with the pulse, the atom spontaneously emits a (partially)
coherent superposition of 0 and 1 photon in the field.

Fig. 3 displays the open and autonomous thermodynamic flows as a function of time, and
the corresponding integrated quantities for 2/y = 10 and Q/y = 2. The energetic advantage
of using the autonomous framework is obvious. While the pulse is applied, the open work
cost overcomes the b-work, while the amount of b-heat wasted in the bath is lower than the
open heat. In both cases, the self-work is responsible for the reduction of the energetic bill.
In the second step, the atom spontaneously releases its energy. There is no extraction of open
work associated to this relaxation as there is no external drive. However, the initial coherence
present in the atom gives rise to the extraction of a finite self-work in the field, which again,
lowers the amount of wasted heat.

In Fig. 4, we have plotted the thermodynamic quantities integrated over the duration of the
pulse, the relaxation, and both, as a function of the ratio 2/y. Increasing this ratio brings the
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Figure 3: Thermodynamic flows in the open and in the autonomous approach (in
units of yhw,) in the case of a 7t/2 pulse (See text). The atom is resonantly excited
by a square coherent pulse of strength (2 for a duration T = 7t /29 (grey region), then
left to relax through spontaneous emission process (white region). The dashed blue
(red) line denotes the open work (heat). The purple (red) solid line denotes the flow
of b-work (b-heat) exchanged with the drive. The crossed green lines denote the
self-work flow. a) Strong drive Q = 10y b) Weak drive Q2 = 2y. Insets: Bar plots of
the total open work and heat, b-work and b-heat and self-work received by the atom
during the interaction with the 7/2 pulse and relaxation stages. The striped area
denotes the proportion of self-work with respect to the different energetic quantities.
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Total b) 7/2 Pulse C) Relaxation
0.0

S
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gy (in units of hwy)
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I
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--=-W/hwy ----Q/lhwo bWs [ hwg bQg/hwy ———— bWE/hwg

Figure 4: Time-integrated thermodynamic flows against the ratio Q/y in the case of a
11/2 pulse (See text). The dashed blue and red lines denote the open work and heat,
while the solid purple and red lines denote the b-work and b-heat received by the
atom. The crossed-green line denotes the self-work. The integration is performed
over a) the total duration of the protocol (pulse+relaxation) b) the /2 pulse c) the
relaxation.

pulse closer to ideality, which corresponds to a vanishing amount of wasted open heat during
the driving step. For this reason, the self-work vanishes, as well as the difference between
open and autonomous quantities. Conversely, the maximal self-work is reached for Q ~ y.
During the relaxation step, no open work is received by the atom, but self-work is provided to
the field. Here the amount of self-work increases with the ratio Q/y, as it allows to prepare
the purest coherent atomic superposition |+). In this case, the self-work lowers the amount of
wasted open heat by half a photon.

The considerations above can easily be generalized to the case of a Hadamard gate, by
taking an arbitrary atom’s initial state. Depending on whether the driving pulse provides or
receives work (i.e., depending on the initial atom’s population), the self-work lowers the work
cost paid by the field or increases the work received by the field. This gives a glimpse of the
potential of the autonomous framework for energy savings in fundamental quantum processes.

6.2 Steady-state thermodynamics

Let us now suppose that the steady-state regime of the OBEs is reached. Namely, we consider
a continuous, resonant driving and focus on the open and the autonomous thermodynamic
quantities reached after a time t, > 7™}, where the mean values of the observables of the
atom and the output field become independent of time. Steady-state driving is prevalent in
quantum optics in the context of reservoir engineering [80], quantum engines [81], or more
recently, for the generation of non-Gaussian resources using optical non-linearities [82]. A
convenient parameter to analyze this steady-state situation is the saturation parameter s [40],
which has the following expression in the resonant regime

202

= —= (54)
r2 (27, + 1)

Whether in the autonomous or in the open approach, the work and the heat flows received by
the atom are equal and opposite. We chose to plot in Fig. 5a) the steady-state work flows for
both approaches, and in Fig. 5b) their difference, i.e. the self-work, as a function of s and for
three different temperatures. As it appears on Fig. 5a), the open work flow does solely depend
on the temperature through the saturation parameter, and steadily increases as a function of
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Figure 5: Steady state plots illustrating Eq. (47) with energetic quantities in units
of yhw,. The b-work and self-work rates are depicted by colored lines, dash-dotted
blue line for ny, = 0, dashed red line for iy, = 0.5, and solid green line iy, = 2.
a) Resonant b-work flow and work flow (black dashed line) are plotted against the
saturation parameter s. The b-work converges towards the work (which does not
depend explicitly on the temperature) for increase in temperature and s. b) Resonant
self-work flow is plotted against s. It depicts the difference between the b-work and
the work. c) coherent ratio r at steady state against s.

s. For high saturation parameters, the steady-state atom’s coherence (o _), vanishes and the
open work flow reaches a typical rate of half a photon per atomic lifetime. Conversely, both
the b-work flow and the self-work flow explicitly depend on temperature. This is expected as
the self-work flow scales like the steady-state atom’s coherence given by

bW? 1 s
DN 2= S = ) 55
Ho)eo —vhewy  2(27y + 1) ((1 +s)2) e

Maximal values of the self-work flow are reached for a vanishing temperature, and for s ~ 1,
i.e. Q ~ y. Finally, remembering that in the steady-state |Q|o, > |bW§|oo, it is useful to define
[BW5 oo
power emitted in the bath vlvhoioch can, in principle, be used to provide b-work to another qubit.
Hence, this ratio could also quantify the potential of recycling the field emitted in the bath.
We have plotted in Fig. 5 the coherent ratio, which reaches 1 for s — 0 and zero temperature.
This regime has been dubbed the Heitler or Rayleigh regime, and captures the emission of
a quasi-coherent field by an atomic dipole in the low excitation regime [83]. Conversely, r
decreases with s and with temperature as both parameters lower the steady-state coherence
of the atomic dipole.

a coherent ratio as r = This ratio characterizes the coherence in the steady-state

7 Spectral analysis

In the autonomous thermodynamic framework, the splitting between b-work and b-heat is
reflected in the splitting between coherent and incoherent photon flows, which can be traced
back through time-resolved -dyne measurements of the field. However, this splitting can also
be captured through the field spectral observables. It is the purpose of this section to explore
this alternative path. Most of the calculations are presented in Appendix I. As above, we
consider the resonant case where wy = w; and we focus on the steady-state regime of the
OBEs, that is reached after driving the atom from t, = 0 to typical times t = to, >y~ !. We
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first define the input (output) spectral density of flow as

t
. 1 o
Sin(oun (@) = ERef dre lAwTGin(out)(T), (56)
0

where Aw = w — w, Re denotes the real part and we have introduced the steady-state input
(output) field correlation functions

Gingoun(7) = {b], 1 (oo + Tbinoun (teo)), - 57)

too

The spectral densities of flow can be measured through standard spectroscopic
experiments performed on the input (output) fields. We trivially recover the identity
f dwSinoun(®@) = Ninuy(teo)- We show in Appendix I that the correlation functions
Gin(oun) () split to reveal the Hamiltonian (correlating) processes yielding them:

Gin(out)(T) :Gsl(out)(’r) + Gi)fl(out)(T)’ (58)
® _ [t
G2 000 (™) ={Bloun (too + 7)), (Bincouo(teo)), .

too
GZ 000 () = (8] o0 (foo + T)8 bingoun (foo))

teo

This naturally leads to a splitting in the difference of spectral densities of flow
Sout(@) = Sin(w) = $%(w) + $*(w):

too
S$®(w) = %Ref dre_iA“’T(Gfut(T) - G2 (7)) (59)
0
too
S*(w) = %Rej dre 297 (GL (1) — GX (1)), (60)
0

where we check that fdcoS"g(l)(w) = N®®)(¢t,,). For this reason we dub $®(w) (S$*(w))
a coherent (an incoherent) spectral density of flow. Expressing the output field observable
as a function of the atomic observables, we find that the coherent spectral density of flow
is composed of a single frequency, which is the driving frequency (here equal to the atomic
frequency):

$%(w) = —6 (e — wo)[% ((0_). +cc)
—yl(o_nwlz]. (61)

The presence of two terms in the coherent spectral density of flow is consistent with the
structure of N®(ts,) [Eq.(39)]. The term scaling like Q results from the coherent driving
process. Conversely, the term scaling like y corresponds to the elastic component of the
atomic emission spectrum, known at zero temperature as the Mollow triplet [40]. In Appendix
1.2, we show that the inelastic component of the Mollow triplet is equal to the incoherent
spectral density of flow $* (w) when the temperature is set to zero. Generalizing to non-zero
temperatures, we recover in Appendix I that $* (w) has a three-peak structure centered around
wg and of typical width y(1 + fg,).

Owing to their different spectral characteristics (Dirac-delta vs triplet of peaks of
finite width), the coherent and the incoherent spectral densities of flow can be simply
distinguished experimentally,. =We now exploit these results to provide a new way of
measuring work and heat flows. To do so, we define the field energy spectral density as
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us(w, t) = D 6plwr — co)hwkTr[aZakp(t)]. As shown in Appendix I, the power spectral
density verifies:

i () = 1o (Soue(@) = Sin(@)), (62)

which can be rewritten as
bws(w) = hwS®(w), (64)
bgr(w) = hwS* (w). (65)

We easily check that f dwbwy(w) = be and similarly for the b-heat. Since the coherent and
incoherent spectral densities of flow are experimentally accessible, we conclude that we can
extract the values of the steady-state b-work and b-heat flows from a spectroscopic analysis of
the input and output fields. These results provide another evidence of the operational value
of our framework and enrich the set of experimental tools to characterize energy exchanges
between light and matter.

8 Connection to the non-autonomous collision model

In this final section, we connect the energy balance of our autonomous model to the
one derived for more standard non-autonomous collision models (also known as repeated
interaction schemes) [52,53,84]. We extend the study to non-resonant cases 6 = w;—wgq # 0,
where the coupling energy V(t) plays a non-trivial role in the energy balance:

Us(D)+Us (D) + V(1) =0. (66)

The definitions of Ugyy(t) and V(t) are given in Section 5.1, yielding
Y = —%Tr{V(t)[Hf +H5,p(t)]}. In the energy balance Eq. (66), the coupling term
hence effectively behaves as an independent party which can store and provide energy. We
show in Appendix F that the system, field and coupling energy flows take in our model the
simple expressions:

US(t) = th(Nin _Nout)
uf(t) = _ﬁwL(Nin _Nout)
V(t) = iS5 (N, — Nyyo), (67)

which can be interpreted as a conversion of photons at energy hw; into excitations of the
atom at energy hwg. As already noticed in [44] and exploited in [85], this is the simultaneous
conservation of energy and number of excitations in the atom-field system which implies a
non-zero coupling energy flow proportional to the detuning 6.

We can now compare the non-resonant energy balance captured by Eq. (66) to the one
that would stem from a non-autonomous collision model picture of the OBEs. Collision
models were first introduced in theory of open quantum system as effective reservoir models
reproducing Lindblad open dynamics as OBEs [52-54]. They postulate the coupling of
the atom to a reservoir of bosonic collision units, through an explicitly time-dependent
Hamiltonian tuned such that the Lindblad master equation is retrieved upon tracing over the
state of the units. The input units are prepared in the same displaced thermal states introduced
in our autonomous collision model (See Sec. 3.2). The bare atomic Hamiltonian is still Hg,
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the one of the reservoir of collision units is H}na) = hw; 2., bib,, and the time-dependent
coupling reads

(na) i V ALt(bno--F - b;';O'_), te [tn: tn+1)
VoD () = (68)

0 otherwise.

Because of the explicit time-dependence, those models are intrinsically non-autonomous.
A previously identified thermodynamic consequence of this non-autonomous nature is the
existence of a work cost needed to switch on and off the interaction with each unit [54, 84].
Consequently, the energy balance of the non-autonomous collision model of the OBEs
reads [54]

Us(£) + U () = Weicens (69)

CIOINASI )

at .
unit interaction. In the case of the OBEs, it is non-zero only out of resonance & # O.
Moreover, the internal energy flows of the system /s and the reservoir of collision units (field)

where Wy (t) = lim, A0 > is the work to switch on and off the system-

% <H}na) >t = Z]f are identical by construction to those found for our autonomous model. By
comparing Eq. (69) with Eq. (66), we find that V(t) = —W,;.p,. Therefore, this is the variation
of coupling energy in our autonomous model which provides the energy necessary to switch
on and off the atomic coupling with the collision units.

The existence of a non-zero external work needed to generate the OBEs dynamics was a
puzzling consequence of the non-autonomous collision models. Autonomous models show
that external work is not actually necessary to generate the dynamics. In [86,87], this issue
was addressed by giving the units an extra motional degrees of freedom, whose kinetic energy
was able to provide the necessary energy. In our case, no additional degree of freedom is
required as the coupling term acts as a reservoir of energy.

9 Conclusions and outlooks

We have provided new elements to answer a long-lasting question in quantum
thermodynamics: how can we measure heat-like and work-like quantities in the quantum
realm, knowing that measuring a quantum system alters its thermodynamic balance because
of measurement back-action? We have focused on optical Bloch equations, which are universal
and widely used equations of quantum optics. We have built a new dynamical autonomous
model which keeps track of atom-field correlations formed during a single collision, as well
as the thermodynamic framework allowing us to characterize energy exchanges inside this
autonomous atom-field system. This approach provides remarkably simple and operational
expressions for work-like and the heat-like flows, which can be directly measured in the change
of the mean field and of its fluctuations. These definitions have already been exploited in a
handful of recently published works [31, 57,59, 60, 77], both experimental and theoretical,
based on heuristic arguments. In our manuscript, we root these definitions in a very general
and thermodynamically consistent framework.

The difference between the standard (open) approach and our autonomous approach
is the self-drive and its energetic counterpart, the self-work. We show that the self-work
corresponds to some potentially reusable energy emitted in the bath, which is treated as
heat in the open approach. Hence, the autonomous model carries the seeds for better energy
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management at quantum scales - which translates into a tighter expression of the second law
of thermodynamics.

More specifically, we expect the self-work to impact the optimization of quantum heat
engines and the work cost of control operations at the fundamental level. In the first case,
exploiting field displacements induced in the bath, that is re-using the self-work, can in
principle lead to better performances (see e.g. [88] for a recent illustration in the case of an
Otto engine at strong system-bath coupling). In the second, the negative self-work captures
the unnecessary work expenditure beyond the minimum needed for a given control task,
allowing to minimize it in view of reaching more energy-efficient control at quantum scales.
An alternative strategy is the recycling of the driving pulse after its interaction with the atom.
In this context, the degradation of the coherence of the pulse and consequently, the work it
can provide on another atom is related to the entropy production bY.. These considerations
pertain to the emerging field of fundamental quantum energetics [89], with potential impact
on the energetics of quantum technologies [39].

Interestingly, the constant sign of the self-work in our problem can be related to the sign
of the self-reaction defined and analyzed in [79] from linear-response arguments. It reflects
the impossibility for the thermal component of the input field to increase the coherence of
the atomic dipole. This results is intimately related to the notion of passivity of the thermal
state [90,91]. It would be instructive to analyze the radiation emitted by the atom in presence
of incoherent initial field states which are non-passive i.e., in which the energy level occupancy
would not be monotonously decreasing with the energy, to look for occurrences of positive self-
work.

Finally, we stress that our findings are very general. On the dynamical side, the correlation
tracking we have set up can be activated on all physical situations captured by an autonomous
collision model. On the thermodynamic side, our definitions of work and heat flows can
be used on all autonomous bipartite systems. Our framework provides a powerful new
approach to analyze the thermodynamics of open systems, designed to take advantage of the
tremendous technological progresses in the control and the engineering of environments.
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A Discrete field modes decomposition

In this Appendix, we discretize the field operator B(x,t) = >, gre et=x/M) g, present in
the interaction V(t) (see Eq. (13)), into b, ; modes satisfying [bn,j,b;rn’k] = 6mndjk- This
decomposition will be used in Appendix B to ensure that the atom interacts only with the
input modes of light. Furthermore, we will relate these modes to the number and Hamiltonian
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operators of the field that will be used to discretize the input field in Appendix C.

To obtain a discrete decomposition of the functions of time, we introduce the basis of

Lo .
functions w,, ;(t) = L@n(t)e_’ﬂﬁ, for n,j € Z, where ©,(t) = 1 for t € [t,,tp41]
and O everywhere else. The function w), ; has therefore only support on the time interval
[t,, tn+1] and has an average frequency 27tj/At. The basis is orthonormal in the sense that
oo

(W j Wiy 1) = f_oo dtwfl’j(t)wn/,j/(t) =0, j/Opn,n- We then have:

n,j»
B(0,£)= > \/TWy;()by ), (A.1)
n’j

with b, ; the discrete field mode localized within time interval [t,, t,;;] and with average
frequency 21j/At:

t, +At N
dte'ac)'B(0, t). (A.2)

bnj= \/_

We have introduced the parameter y; = 27 S lgrl?6p(Awy — 27” A:)- The b, ; are normalized
to verify:

[b,, b, ]

n,j» n’,j!

|:J dtzg e lAwktW (t)ak,Jdt ng/ lAwk/t n/ (t )ak/
= JdtJdt D lgilPelt e, (w, (1), (A.3)

The correlation function of the field C(t,t") = >, | gi|2et2e(t=1) hag a correlation time T..
Given the choice of coarse-graining time At > 1., terms with n # n’ in Eq (A.3) will only
involve values of |t — t’| much larger than 7. and can then be neglected.

1 O, T iy 1,1
—%fdt@n(t)fdtle)n(t’)C(t, t')e~ B Ut=i't)
J

[bnj(0), b}, ()] =~
1 5nn/ —M('—'/)t _2im i'r
= ——— | dte” &V, (t) | dTO,(t —7)C(7,0)e™ 2t/
fdte_%(j_j/)f@n(t) ff:o dTC(T,O)e_%j’T
= Sn,n’5j,j" (A4)

To go to the second line we have changed integration variable from t’ to T =t — t’. To go to
the third line, we have used that C(t,0) is non zero for |t| < 7. such that ©(t — 7) can be
approximated by ©,(t) in the integral over 7.

Finally, it is useful to have in mind the correspondence relation that we derive from the
explicit expression of B(0, t):

At ; 7 t 1
? Z gke—l(Awk_ZA_t])(fn+AT)sinc (5 (Akat — 27-51‘)) ag. (A.5)
J ok

This relation imply the equivalence of the two description in term of number of excitations
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in the field:

anl nj = ZAt

Awi At Aw;At
i 81, "y el et +At)smc(w—k - ﬂ:j) sinc( b nj)
i G 2 2

At « 1 Oploy—wy) . (Akat ) . (Aa)ZAt )
~ E a,aj————=sinc| ——— — mj |sinc -7
Y kl 81814 a1 At 5 j 5 ]

wi At .
= Z Z|gk|2akaksmc (Tk—n])ZSD(wl—wk)
1
N At
ZZa,’(aksincz(Tk—nj)
ik
= > ala. (A.6)
k

To go to the fourth line, we have used that the sinc functions are peaked around
Awy = 2mj/At, such that |gk|221 Op(wy — w;) =~ y; provided the coupling coefficients
can be considered constant over the frequency interval 27t/At, which holds true in the
limit At > 1, considered in this article. To go to the last line, we have used the identity
ZJC:_OO sinc?(x —mj) = 1.

Using that 2w/At < wy over the frequency range in which the atom and field interact, we
can also deduce the equivalence relation in terms of the field Hamiltonian:

215\ ¢ 2mj T 2mj
Z (a)o + E) b')]b nj = Z(a)o + E)Za,’(aksmcz (a)o + E
J
Awp At
ZZwka aksmc 5 —7'[,']

= Zwka ay. (A.7)

12

2

B Coarse-grained unitary evolution operator

Here, we discretize the evolution into time intervals of At using the Magnus expansion in
order to obtain Eq. (17) and find the order of error involved. To do so, we derive the explicit
expression of the Unitary evolution operator over a time interval At, whose formal expression

reads
—i/h,ff:“ dev(e)

Uty ta)=Te (B.1)
Magnus expansion allows one to remove the time-ordering U,, = etntnr1) with
.t n+1
Qty, they) = —LJ dtV(t)——J dtJ de'[v(e),v(t)]+.
h Ny 2h2
= Q;+Q,. (B.2)

We now use the decomposition Eq.(A.1) in discrete modes b, ; to evaluate Q(t,, t,11). We
first note that:

t,+At
Q = J- dtB(0,t)o, +H.c.
t

n

= V1At (b0 b0 ). (B.3)
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On the other hand:

t,+At t
Q,=—= J de J dt’ (B(0,t)B™(0,t")o,o_ +B'(0,t)B(0,t)o_o, —H.c.)
t t,

1 ty AL t T ,
J (i -
:_EJ dtJ dt’Z\ E(elm”B(O t)b' OO te lAt”B‘(O t)b, jo_0, — H.c.)
YJ e RESLN T —i2%j't
=——Z 127r At )B(O,t)bn,j,mro_—(e ac) )B (0,t)b, jyo_o, |—H.c.
1

/#0
1 [y " N
VA ft ((t —t,)B(0,6)b! (00— +(t— £,)B' (0,6) b,00_0, —H.c.). (B.4)

n

To go to the second line, we have introduced the discrete mode decomposition of B(0, t’) for
t’ € [tp, tye1] (Which corresponds to keeping only the terms with time label n). Noting that
the integration over t yields by definition (see Eq. (A.2)) the modes b, ;; up to a factor /v At,
we obtain:

) E N CH R RA IR R
j'#0
At
; \/YY] (b] b ,j’+bl’j/bn,0)o-
J
:le_ﬁt > (YJ_J (b5 by, + o0 )~ ‘/JYTJ (b gbny +b] byo) az) (B.5)
£

Here, we have chosen t; = 0 without loss of generality. We see that Q, contains the
term: Qy; = —hég0,0_+ 5 lm 71£0 77 br bn’j/O'z, with &5 = % 750 % 015 induces
a correction to the atom frequency (Lamb shlft) while there is also a dispersive coupling with
the higher frequency modes (j # 0) which causes a shift of the atom’s frequency (light shift)
that we can evaluate by taking the average over a thermal state of the field in each time bin.

We find that, it's magnitude is

. ¥ b b . ADpy/2 _ —_
Aty = lAtZ J< n,.] n,J> §AtYf dwn[w0+o)] nfwy— w]
2T 4 Jj o w
Jj#0 At
Abw/2 = =
2 +1
~Aty f deo A (A +1)Bw
s w
At
EAtT_lth(T_lth + 1)')’[3 Abw (B6)
where Ay, is the band-width of the atom-field coupling (see main text) and we have
. . . . . _ Zﬂ:j .
approximated the sum over j with an integral over frequencies w = w; = Z;. In the first

line, we have introduced n[w] = (e #" —1)~! which is the Bose-Einstein distribution of the
field, and to go to the second line we have assumed that the bandwidth Ay, is much smaller
than wq so that we can expand the distribution around w,. One can notice that 6;; < wy
from the fact that 7, > hf3, Agvlv [23] and y7. < 1 (and similarly for 6;¢).

One can recover the usual expression to the Lamb shift (appearing e.g. in the context of
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the derivation of the OBEs) by taking into account the limit At > 7. > A ! hf:

bw?
2mj’
bis = Z Z|gk| Sp(Aw =)
]>O
1 op(Aw; —w)
~ —p|d 27Dk TP
> f w;gu -
|gi |
= Z , (B.7)
2nk¢OAwk

where P stands for Cauchy’s principal value and again we have approximated the sum over j’
with an integral over frequencies w = w;.

The other terms of Q,, induces an effective coupling, mediated by the atom, between the
modes b, ; for j = 0 (the closer to the atom’s frequency) to modes further detuned from
the atom j # 0. This coupling term is already of first order in yAt. Assuming a factorized
initial thermal state of the modes b, ; (and no initial correlation with the atom) ensures that
(b, j(O)) = 0, such that this coupling term yield no contribution at first order to the reduced
dynamics of the atom or of the b, ; modes.

Reabsorbing the Lamb shift in the definition of w,, we can therefore approximate
Q(t,, the1) = VTAL (bn,00+ + b:;,oa—) + o(yAt). To first order in yAt, the atom therefore
effectively interacts only with the modes b, ;o = b,. To be consistent with our first order
truncation of Q(t,, t,,1), we finally expand the exponential in U (t,, t,;1) to obtain

" A .
U(ty, the1) =1+ V/YAL (bna+ — b:lo_) + YTt (bna+ — b:la_)z + o(yAt). (B.8)

C Decomposition of a displaced-Thermal field in temporal bins

Here we discretize a flat and continuous displaced-thermal field into collision units and also
relate the Rabi frequency to the amplitude of these units. Starting with a thermal field, it is
described by the density matrix pﬁ = exp{ —pBH f} /Z as defined in the main text. Using the
equivalence relation Eq. (A 7), we see that such state is well approximated by a factorized of

the modes b, ;, namely: pf ~ Qe B (w03 )b, b'”/Z. In particular, the modes b, = b, j—o
involved in the collision model description of the dynamics are described by the state:

—Bawoblb,

pPU= — (R ¢ —®nn, (C.1)

n

with Z, = Tr{e P«o 2% bybn n},

Let the field be displaced by an amplitude a; at frequency w;. The displacement operator
has the form D (a;) = exp {aLaL aLaL} in terms of the operator a; destroying excitations
of the field’s mode of frequency w;. Eq. (A.5) implies that all the modes b,, are displaced by
an amplitude a, which verifies:

At At ; t
a, =\ 7gL agsinc ((wL — wo) ?) emi(@r—wo)(tat 5 (C.2)

la;| = lim Y M (C.3)

yat-0 VAt g
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The displaced-thermal field can hence be written as,

—o
P! "(t0) = QD (@) nsD' (ay), (C4)
n
where, t, = 0 is the initial time before the interaction. Hence we find,

\/7 (bin (t»t = yiitn—{O V ﬁ <bX0 (tn)>tn = Yiigo éan = gLaLe_i(wL_wO)t = e_i(wL_wO)tQ/z'
(C.5)

D Field’s reduced dynamics

In this section, we analyze the effect of the different orders of evolution of each collision unit
of the field during its interaction with the atom, on its amplitude and excitations number. In
particular, we derive Eq. (22), Eq. (26), Eq. (27), Eq. (37) and Eq. (38). We begin by deriving
the input-output equation Eq. (22). Taking the change in the coherent part of the field over
the collision with the atom, i.e., <bx1 (t,ﬂrl))th — <be (tn)>tn = Tr{bnAnpf} and inject that

He(ty) = (Va)s/At =iy Y/At(<0+>tn b, — (O-—>tn b;l) We find

Anp;l) =Trs {Anp D} = —iAt [Hy (t0), 05 ()], (D.1)
Tr{bnAan(cl)} =— iAtTI'{bn [Hf(tn)ﬂ pf (tn)]} = —‘/'}/At <0-_>tn , (D.2)

while, we find Tr{be (tn)Anpjgz)} = O(AtvAt) as At (b,), = o(AtvAt). Hence, only
the first order term of the Dyson series provides a non-negligible contribution to the change in
the coherent part of the field. These results are equivalent to the input-output equations [69]
and in the continuous time limit leads to Eq. (22) as shown in Section 3.3. The first order term
also displays photons that are emitted through to stimulated emission Ny,.. We find:

Tr {bib, 2,0 } =—iaeTe{b]b, [H;(t,), pf (6)]}
== VrAt({(04), by, (), + {0 ), (] (€0))e). (D.3)

In the continuous limit, this leads to Eq. (26).
To compute the effect on the incoherent part of the field, we start from Egs. (30) in the
case of the field f (taking the trace over the atom), and inject (V,,)s. We first focus on the term

A, p}(cz’f ). Unlike the case of the atom, this term is of order O(4/yAt), such that

Anpfcz’f) = —iATt[%f(tn),Anpjﬁl)]
At?
= _T[Hf(tn)7[Hf(tn):pf(tn)]]
= YTAt[bn<o-+)tn—b2(0_>tn,[bn<0'+)tn—bl(a_)tn,pf(tn)]] (D.4)

is of first order in yAt. This terms is in particular important to compute the change of field
photon number across a collision (see main text).
The self-drive Hamiltonian for the field takes the explicit form:

n

#5 (6) ==L (020, ((b1), b= (b, b]) (0.5)
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As (b,),, = O(Q4/ %) (see Appendix C), we see that the term Anpﬁz’s)is of order O(At3/?)
and hence the field’s self-drive is negligible in the continuous limit.

Now we use A, p(z’f ) to derive its contribution to the change in the photon number of the field
in Eq. (36). This is given by:

Tr{blbnAnpﬁz’f)} :%“Tr{[[bibn: (bn <O+>tn - b;: (O-—>tn):|’ (bn <0+>tn - br‘l (O'_>tn)]Pf (tn)}
2

=yAt ‘(o_hn , (D.6)

which contributes to the change in the field’s amplitude. We can now compute the second
order correlation for the field, i.e., A, pj(cz’l ) by taking the trace over the atom in A,p %) (see

Egs. (30)). Substituting (V,,)s and (V,,); we find:

Anp‘(fz,){) =- %Tfs {[Vna [Vn - (Vn>f - (Vn>Sa pn]]}

=— %Trs{[vn,
[V = iv7aE (({Ba)e, 04 = (b)), o) + ((01)y, o), B1)) o ()] ]}

(D.7)

Its contribution to the change in the photon number of the field (Eq. (36)) is given by:
_. 2,
Tr(b; by, 0 ")

=—%Tr{[|:bflbn,vn:|,
Vo= iV/7AE(((ba),, 0 = (b]), 0-)+((02),, b= (0),, b)) ]p (m}
:_Tr{[_i,/—mt(a+bn+a_b;g),
Vo= iv/7BE(((B)y, 04 = (b)), 0-) + ({02}, Ba— (o), b)) ]p ()}

=yAt((r‘zth+%)(0z)tn +%)—yAt‘(a_)t |

2
, (D.8)

n

which governs the fluctuations of the photon number change and in the continuous
limit gives Eq. (38). Using Tr{b:;bnAnpj(cz)} = Tr{b;rlbnAnpj(fz’f)} + Tr{bibnAnp;Z’X)} and

Tr{bibnAan?} = Tr{b:;bnAan(cD} + Tr{bj;bnAnp)(cz’f)} we find Eq. (27) and Eq. (37) in
the continuous limit respectively.
E Atom’s reduced dynamics

Here, we will evaluate the second order contributions to the unitary part of the atomic

dynamics. Let us begin with the self-driving term Anpéz’f ), Substituting V,, and (V,)s in
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Eq. (30) and taking the trace with the field, we find,

A0 =Tr; { 2,02}
= — 211 { [V [Vs s (8] s ()]}
=_%ndwﬂwhmvmﬂpd%ﬂ+%ﬁﬁUWhmﬂ%ﬂmU0%}

=— %At [—ih% (<0—>rn o — (o4, U—) »Ps (tn)]

=— - At [ (6), ps (t0)] (D)

which is a driving term resulting from the change of the field state during the collision. This

reciprocal driving leads to self-driving of the atom. Similarly substituting (V,); in Eq. (30),
(2,5) .

we find that A,pg™" is
2,8
Apd®) =Trp {8,035}

__ % [(Vn>f , [(Vn>f > Ps (tn)]]

T2 (b), 0 [ (80 72— (0], ) s ()]
IR, o (oo (1), 0 )eps @] @)

2

As At ‘(bn)tn = %(’) (QzAtz), this term is negligible and does not contribute to the atomic

dynamics.

F Energy Analysis and Expressions

In this section, we derive relations between the energy flows and express them in terms of the
atom and field averages in the regime of the OBEs.

E1 Expressions of energetic quantities in terms of atom averages for initial
coherent-thermal field

Here, we compute the rate of change (fluxes) of the BQE quantities in terms of the averages
of atomic operators and list them for convenience. To do so we use the definitions introduced
in section 5 along with the balance equations and substitute the OBEs (Eq. (1)). This gives
the change in the energies over the collision interval. We also introduce the approximation to
relate the atom and field energetic quantities. The BQE quantities are
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* Atom internal energy flow:

AnpS}
At

= —i%Tl’{[O'Z,HD (tn)]pS (tn)}

AnL{S (tn)
At

=Tr {HS

hwqyit 1
+OTthTr (GZU+PS (t))o_— EUZ {o_0w.ps (tn)})

i Yhew (;_lth +1)

h(l)oQ —ilw —w — 1 tho
= 5 (<O'+€ (@ O)tn>tn +H.C.)_'}’h6()0 (nth‘i‘i) <0z>tn_ 2 .
(ED)

Tr (O'ZO'—PS (tn) 04— %O-z {0+0—’ Ps (tn)})

* Coupling energy flow (see Appendix E4):

Anv (tn) — AnTr {HD (tn) Ps (tn)}

At At
0 T (e, e ) )
2 At
:iﬁ_QTr {ps (tn) A, (e i(wp, C‘)o)tno-+ —pllwy wo)tno._) }
2 At

+ihTQT1’ {(e—i(wL—wo)tno-_'_ _ ei(wL—wo)tn O'_) %}

At

hQ(w; — : : 1
=IHOLZ90) (oritonent (0., e @m0 (o), )= (a4 2 ) (o),
(E2)
* Field internal energy flow:
Anuf (tn) _ AnZ/[S (tn) _ Anv(trl)
At At At

hewoQ , _. 1 h

= — wTO (e_l(O)L—(OO)tn <O-+>tn + H.C.) + h(l)o')/ (ﬁth + 5) (O-Z)tn + Y 2(’()0

hQ — . 1

_M (ermdta(o,), +He)+y (ﬁth + 5) (Hp (t)):,
heor i —o _ 1

=—TL(€ (wp O)tn (O-+>tn +HC.)+Y(nth+§)(th (O-Z>tn

hew
+ (Hp (t,)), )+ ! > . (E3)

From the last lines of Eq. (E1) and Eq. (E3), we notice that AUs/At = —(hewq/hw )AU [ At
up to a relative error of O(2/ wq, (w; —wq)/wg). This relative error is negligible in the regime
of validity of the OBEs.
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964 * Atom bipartite work flow (using results of Appendix E):
An[bWs](tn) { Tl’f{AnP®}}
S g {Hg———
At At
(1) (2,f)
An n
=Tr{HS Ps } +Tr{HSL}
At At
hwoQd , _: . 2
=% (e—l(wL—wo)tn (04), + el(@r=wo)ty <0—)tn) — yhw, ‘(O-—>tn
(E4)
965 * Field bipartite work flow (see Appendix G for the derivation of the first line of the
966 following):
A”[bwf](t”) TrS{Anp®} Anvv(tn) An‘/vself(tn)
——— " =Tr,; {H; =— —
At At At At
AH ( ) A H ()
:—Tr{ s (t,) =21 } { s(fn)—tn
i
+-Tr{ps () [Hs, Hp ()1} + gTr {os (tx) [Hs, Hg ()]}
hew 2 —i(w;—w i(w;—w
= PR (oot (o), 4 e (o), ) g (Hp (£)),. (02,
2
+rhw ‘(o_hn (E5)
967 * Atom bipartite heat flow:
An[bQS’] (tn) :AHUS (tn) _ An[bWS] (tn)
At At At
2 hew - 1
:Yﬁ(x)o‘((}'_)tn — 4 5 0 —’}/h(,oo (nth+£) <O-Z>tn‘ (F6)
968 * Field bipartite heat flow:
A [be](tn) A z/{f (tn) n[be](tn)
At At At
2 yh
yhe
——yhoo|(o ), | + T2y (g + 3 ) (ho (o), + (Hp (0),)
L {Hp (t),, (02), (7)

so E2 Expressions of energetic quantities in terms of field averages for initial
970 coherent-thermal field

or1  Here, we apply the input-output formalism presented in section 3.2 to derive measurable
o2 expressions for the BQE quantities for the atom and the field. From Eq. (19) and Eq. (A.7),
o3 taking lim,z,_,o t,, = t We can easily see that for a quasi-monochromatic field when w; > Q,
o74 i.e., within the regime of the OBEs,

Us(0)=heoy, lim (b (t)by, (tn) = bl ()b, (£)) /(A1)
= heop (b5, (0bou(0) = b], (O)bin (1))

= th(Iout - Iin)
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is a good approximation for the rate of change of internal energy of the field. As we can
relate the rate of change of internal energy of the atom with that of the field (see the previous
section), we will now compute the b-work flows in terms of the field operators.

E2.1 Bipartite work done on the atom

Using Eq. (E4), we have

ALlb . 2
W = hwQRe (e‘(“’L_“’O)t“ <O‘_)tn) —rhew ‘(O‘_)tn (E8)
Now we substitute %e‘i(“’f‘”o)tn = V7 {bn(ty)),, (see Appendix C) and
JY (a_)tn = ((bin (tn))tn — (bout (tn))tn) (see Eq. (22)) into Eq. (F4) and we find:
An[bWs](t,)

=2heoRe (b (t,)), ((bin (t))e, = (boue (ta)):,))
—heog (b (t)), — (bl (t)), ) ((bin (), = (boue (£a):,)
=—2hawoRe ({b] (t)), (boue (ta))e, ) +2heoRe ((b], (£1)), (Bou (2)):,)
2 2 2
oo [(Bin b |+ (B b | ) + 2000 [t e,
2
). (F9)

The above equation shows that the work done on the atom by a propagating field (Eq. (45))
can be attributed to the change of the first moment of the latter and is measurable.

At

=hwq O (bin (tn)>tn : - ’(bout (tn»tn

E2.2 Bipartite work done on the propagating field
We begin with Eq. (E5),

At - 2

(e—i(wL—wo)fn <G+>t + ei(wL—wo)fn (G—)t )

2y
-5 (HD (tn))tn (az)tn . (F.lO)

+ rhew ‘(O-—>tn 9

As done in the previous section, we substitute %e‘i(“’L_“’O)t" = V7 (bin (t,)),, (see Appendix
C) and VY (o), = ((bin(tn))tn — (bout(tn))tn) (see Eq. (22)) in the first term of Eq. (E5).

2
(bout(tn)) ty we find:

Adding and subtracting hcw;

ALLOWA(t) z 2
e ([CO  (TN N
2
Hrh(wo—wp)|(2),| =L Hp (), (02),, (B1D)

Up to a relative error of O(Q/wg, (w; — wg)/wy),

)
which is the measurable expression of the rate of bipartite work done on the field
by the atom (see Eg. (45) and Section 8). This is exact at steady state as,

2
%(HD(too))too (), = yh(wo—a)L)’(a_)tm‘ . Comparing with Eq. (45), we find the
simple relation bWs = —(hewq/hiew L)be which is exact at steady state.

(62 = o, | s (00D, | = [(Bin e,

too
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E3 Expressions of energetic quantities at steady state

By definition, at steady state (O:x)too = <0y>too = <O:Z)t°° = 0, implying
Us(too) = Hf(too) = V(ts) = O (see section 5). This results in the atom and the field
exchanging b-work and b-heat such that bWs()(too) = —bQg(s)(t o). As shown in Appendix
E2.2, at steady state, bWy (too) = —(w[/wo)bWs(too). Hence, the all energetic quantities
at steady state can be derived from bWs(to,) and bW¢(to,) which can be computed using

Eq. (E4). The steady state averages are expressed in terms of the saturation parameter
s =202/ (4(w; — wo)? + 12 (27, + 1)%):

bW (too) = ——111€20 ( > )+th°( u ) (F12)

2274 +1)% \L(1 +5)? 2 \1+s
. yhewg s
DWE (te) = — . (F13)
s (foo) 2(2ﬁth+1)2((1+s)2)

E4 Average coupling energy for initial coherent-thermal field and atom using
the collisional model

Here, we derive the average value of the interaction picture coupling Hamiltonian V(t). We
start with its discrete-time version given in Eq. (13) of the main text

V,=iVyAt(o b, —blo_). (E14)

Throughout we will use the fact that Tr¢ {Vnnﬁ} = 0. The change of the coupling energy after

the n'? collision is

ZEAY =ZE 0 (i) =V (1)

=Tr {Vn-t-lp/ (tn+1)} —Tr {VnPs (tn) ®D(am) nquT (am)} > (E15)

where p/(th) is the bipartite state of the atom and the field after the n unit has interacted
(tracing over all other (n — 1) units that have already interacted). The state of the field may
contain all the field units that have yet to interact. As stated in Section 3.2 of the main text,
the evolution of the bipartite state reads

p/(tn-i—l) :un (pS(tn)®p(am)nrﬁnDT(am))MZ- (E16)

Expanding the unitary to the first order in yAt,

P/ (tn+1) =Ps (tn) ®D(am) T)fq,DJ' (am) —1 |:Vna Ps (tn) ®D(am) 'r){i'D' (am)]

_% |:Vnﬂ |:Vn: Ps (tn) ®D(am) ﬂfﬂﬁ (am)]] : (E17)

Substituting this in the coupling energy, we get

%Anv =Tr {(Vn+1 =V ps (t,) ® D(am) T)Q{DT (am)}
—iTr {[Vn+1> Vn] Ps (tn) ® D (am) ﬂﬁp" (am)}

—%Tr {vn+1 [vn, [Vn,ps (t,) (?D(am) nP DI (am)ﬂ} ) (F18)
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1014 We can trace over all the units that are not involved in the evolution and use the cyclic property
1015 of the trace to apply the displacement on V(1) to get

AVAL=Tr{(Hp (tyr) At + W) (ps (t) @ 02, ) = (Hp (£) At + 1V;) ps (t,) @ 0 }
—iTr{[HD (tns1) At + AV,p1, Hp (t) At + BV, ] (ps (tn)®nfn)}
m
1
_ETI. {[[HD (tn+1) At + hVn+17HD (tn) At + hVn] ’HD (tn)At + hVn]pS (tn) ® n?n} :
m
(F19)
1016 Now we use that Tr {Vn+1p5 (t,) nfﬂ} =0and AHp (t,) = Hp (t,41) —Hp (t,),
AHVAt :TrS {AHD (tn)AtpS (tn)}
—iTr{[HD(tn+1)At + WV,i1, Hp (t) At + BV, ] (ps (tn)(g)ng)}
m
1
—ETr{[[HD (tne1) At + AV,p1, Hp (t) At +V, 1, Hp (t,) At + 1V, ] ps (tn)(g)ng}.
m
(F20)
1017 Re-writing the second and third lines we get
Tr{[HD (tns1) At + RV, Hp () At + AV, ] (Ps (%)@nﬁl)}
m

= Tr {Hp (tns1) At [Hp (t,) At + 2V, (ps (t,) ©1°) ]}
T { WV, Hp (6 A+ 1V, (ps () @ 1l )}

1018 where, we see that Tr {[hVn+1,HD (t) At +hV,] (ps (t)® ng)} =0 as V,,; gets traced only
1010 with 7754,1 and hence, Tr {Vn+1Vn7)§+1} = 0. Defining V,, = Hj, (t,,) At + iV,

Tr{[[HD (tn+1)At + hVn+1:‘7n:|7Vn]pS (tn)®n§1} =Tr {[[HD (tn+1)At’ Vn] :Vn]Ps (%)@ﬂﬁ}

+Tr{[[hvn+1,vn],vn]ps(tn)®ng}.

B

ns1 and hence,

1020 Again, the second term is zero as V,,; gets traced only with 7

1021 Tr{Vn+1 Vnnfﬂ} = 0. Finally, we get
AZVAL =Trg {AHp (t,) Atps (t,)} + Tr {Hp (t,11) At [Hp () At + hV,, (ps (£,) ® 77,/13)]}
+Tr {HD (tre1) At |:(HD (tn) At +hV,), |:(HD (ta) AL +1V,), o5 (6,) Q) "7{,51]]}
m
=Trs {A,Hp (t,) Atps (t,)}

+Trg {HD (tp1) AtTry {u (Ps t) Q) n,ﬁn)d,i —ps(t) X nﬁ}} : (E21)

where U, = D'(a,)U,D(a,). Noticing that
Tr {zifnps () Qb = ps () ®n{i} = Ps(tni1) = Ps(tn) = Dpps

39



1022

1023

1024

1025

1026

1027

1028

1029

1030

1031

1032

1033

1034

1035

1036

1037

1038

1039

1040

1041

1042

1043

SciPost Physics Submission

is the change of the atom’s state after the n™ collision, we get A,V = A, (H}, (tn))tn, which in
the continuous limit results in,

V()= %(Hp(t)h = AV(t) = A(Hp(t)),. (F22)

G Energetic relations between Open and Autonomous Scenarios

Here we compare the energetic framework applied in the standard open approach with the
one detailed in Section 5 for the autonomous scenario. We first relate b-work done on the
field with the standard definition of work W. We begin showing that out of resonance, at
any time t, be = —W — Trg {pgab) (tn)An"H;(lab) (t,)/At}, where for simplicity we define
Weee(t) = Trs{pgab) (ty) An%;(lab) (t,)/At}. We can then use this result to get Eq. (48) and
(49) of the main text by taking V = V® = V¥ = 0 which is true at resonance [29] and also
show Eq. (47) out of resonance. Here, we work in the lab frame with respect to the atom (still
rotating with H¢) and remove the notation 1ab for the operators in this section. Substituting
A,p® (see Eq. (32)) in Eq. (41) for the field, we find:

A, [bWy [ =Tr{H; 7,0}
=Try {H; 2up{0 } 4+ Try {Hy 8,p 30} 4+ Ty {Hy 8,05}

=Tr; {H; 2,00} + Ty {H; 8,0%} G.1)

where, the contribution of Anpj(cz’s) is negligible (see Appendix D). The first and second order

terms of the b-work done on the field are equal and opposite to the work and self-work
respectively. Substituting Eq. (D.1) in the first order contribution, it becomes:

1 .
Tr{H;A,p"} =—iTr {[Hy, V] o} (G.2)
Now, we use that in the interaction picture, the operators evolve as |:H f,Vn] = —ihAAVt”.
Substituting this in the above, we find
Tr{H;7,p"} =—iTr {[H;, V] .}
ALV,
:—hT n'n }
{5,
ALV,
:_Tr{AnHDpS (tn)} _hTr{ Antnps ® ng}
=—Tr{A,Hpps(t,)} =—A,W. (G.3)

Hence, the first order contribution to the field’s b-work is equal and opposite to the work done
on the atom A,W. This can be seen as a result of Anpj(cl) arising from stimulated emission
processes of the atom and hence, leads to an energetic contribution which is equal and opposite
to the standard work done on the atom —W.

Similarly, substituting Eq. (30) after taking the trace over the atom, in the second order
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contribution, we find:

Tr {HfAanEZ’f)} =— %Tr{[HfaVn] [(Va)s. o (t)]}

:%Tr{[%, (Vn>S:| P (tn)}

:%Tr {i_'t‘ [V (Vi)s]) (cn)} _ %Tr {([v %‘ZMSD p (tn)}

=—Tr{ps (t,) A, (H ()} — %;LTT{([W")S’#DW (t”)}’
(G.4)

where, we used that [Vn, (Vn)S] = Zl—ﬁt?-[ss (t,,). Finally it is easy to see that:

—%Tr{[(vn)s,%]pf (tn)} =—%Tr{[<Vn)s,W}Pf ("-n)} =0, (G:5)

and hence,
Tr{Hy 8,0} = —Tr{ps (t) Ay (H (6))} = =2, W (G.6)
The b-work rate is finally written as:
bW = —W — Wt (G.7)

where the first term is the work rate (Eq. (7) computed in the lab frame) and the we will
now show that W,s = (w;/ wo)bW3. Explicitly computing W, by differentiating self-drive
in Eq. (34) we find:

2
(G.8)

; Y
Wself = E (HD (tn»tn (Uz>tn - tho ‘(U—)tn

At resonance, V(t) = A(Hp(t)) = 0 and hence, as (Hp(t)) = O, Weep = ng. Using
be = —bW; and global energy conservation, we also find Eq. (48) and (49) of the main
text.

Out of resonance, at steady state we find

2

>

L (Hp (teo)) e (02)e = Yo —y)

5 (0-)

too

and hence,
. «w .
Wierr = —2 bW, (G.9)
Wo

The above equation is true at all times up to a relative error of O(Q2/ wg, (w;—wg)/wy). Hence,
we see that the second order contribution Anp(z’f ) which results from the unitary part of the
spontaneous emission process, has an energetic contribution which is equal and opposite to
the self-work in the steady state regime done at the frequency of the field. With both these
results, we find Eq. (47).

H Derivation and Validity of Second Law from the Collisional
model

Here we derive Eq. (53) and prove that it provides a tighter bound over the second law given
by Eq. (9) and the standard Clausius inequality.
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H.1 Derivation of the Clausius inequality

In order to derive the Clausius relation with the b-heat, we employ the collision model
description of the interaction between the atom and the waveguide field as described in section
3.2. Here we work in the displaced frame with respect to the initial displacement of the field
and denote by 7, the state of the n'™ unit of the field in the input cell before the collision and
7/, as the state of the same unit in the output cell after the collision in this frame. We begin the
derivation with Eq. (52), where we rewrite the displacement operator (see Eq. (51)) in terms
of displacements on the collisional units using Eq. (A.5)

D(t) =®exp{v YAt ((G+>tn b,— (O-—>tn bZ)}
n=0

N
=)D (¢n) (H.1)
n=0
where, ¢, = —y/vAt{o_), and N = (t — to)/At such that, as yAt — 0, N — oo.

Substituting in Eq. (52) we get

b% = —Tr{ps (1) Inps ()} +Tr {p () Inp (1)}
N

—Yiitrgo 4 Tr{nnln(D(apn) nnD"-((pn))}. (H.2)

Now we use the fact that the state of the collisional unit is a thermal white noise in the displaced

frame where n,, = n,/f to get

b% =—Tr{ps (1) Inps (1)} + Tr {p () Inp (£)}

N
+pB limozn:Tr {DT (¢)n., D ((pn)Hf} +1n(Z,)

YAt—
N
:/5 }/gtrgo Tr{(p,((pn)n;ﬂ)((pn)_nn)Hf} +ASSJ (HB)
n

where ASg is the change of the entropy of the atom and we used that fact that
Tr{p (t)Inp (t)} = Tr{p (0)Inp (0)} as it is a closed system. Hence, the rate of change of
bX is given by,

by = é (2,85 + BT {(D (0) 0, D(p)—nn)Hy}), (H.4)

where, A,S; is the change of the entropy of the atom during the collision with the n™ unit
of the field. Following the same strategy as the Dyson expansion to derive Eq. (18), up to an
order of yAt, the action of the displacement on 7/, is

. , ;. At?
D' ((pn)nnp((pn) :’I’)n +iAt [Hf (tn):nn] - T [Hf (tn)J [,Hf (tn):nn]]
=1, +Trm¢n{Anp}1) + Anpﬁz’f ), (H.5)

where, in the last line we have substituted Eq. (D.1) and Eq. (D.4) and the trace is over all
collision modes expect the n™ mode. Substituting Eq. (H.5) in Eq.(H.4), we get

bEAt =A,Ss+ BTr{(n),—n,)Hy}
+ipTr {Hy (200 + 2,080} (H.6)
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We identify be(tn)At = —%Tr {Hf ( npj(cl) npﬁzf))} as the rate of b-work done on each

field unit. Hence, substituting AUy = Tr{(n),—n,)H;} and be(tn) in Eq. (H.6) and taking
the continuous limit we get

Ay
by Ss+/3 lim

L_p lim bW(t,)

At—0 At yAt—0
=SS + ﬁUf(t)—ﬂbe(t)
=S5+ Bb Qs (1) (H.7)

We also find the integrated expression:

N N
bY =ASs + yilrnlozn: Ay — B yilrnlozn: AtbWy(t,)

=ASg + BbQ(t). (H.8)
Atresonance, bQ¢(t) = —bQ(t), using which we find the Clausius relation from Eq. (53).

The positivity of bX: and bX. arises from the positivity of the relative entropy, noting that this
relative entropy before the first collision (before interaction has begun) is zero.

H.2 Sign of W,

We begin with Wye = —bW; — W = Tr{p(lab)(t)dH‘;(lab)(t)/dt} (see Appendix G). Using
global energy conservation this can be expressed as, Qs +bQ; = r = Weerr— V. We first show that
Wees < 0. We compute

Wear = —ih2 (6) (0.) = (04) (o). (H.9)
Using the atom’s master equation, we find
() ==iwo (o)~ Jee (o) -y (T2 (o). (H.10)
Introducing for readability the Bloch coordinates q(t) = (o) for ¢ = x, y, z, we obtain
Wi = =L (200 72(0) + (00, (.11

When sweeping the admissible atom states (i.e., verifying x2(t) + y2(t) +22(t) < 1 and
x(t),y(t),z(t) € [—1,1]), it is easy to show that W, < O except when we have both

x(t) € [—v/=y2t) —ey()z(0), v/ —y2(t) —ey()z(0)], and y(t)(y(t) +ez(t)) < 0, with
€ =Q/wy < 1. In this range of parameter it is easy to check that the maximum value taken by

Weee(t) is rh wo (VI+e2—1)~ yhwy—2s Tow? < vhwg. Both the maximum positive value of Wy

and the range of parameters allowing to have Wees = 0 vanish as O(Q?/ wo) Therefore, except
in that narrow interval, where the work-like quantities are sensibly equivalent, W, < 0. To
show that, bZ < ¥, we need that Qg + be = W, — V < 0 where,

yhewg

((xz(t) +y2(6)) + ey(t)z(t) + 2¢ (ﬁth + %)y(t) + Mﬂt)) )

self V -
(H.12)

Similarly, we can notice, for a quasi-resonant field, where e\/ (ﬁth + 5 ) (e wo )2 <1, for
the range of values considered, this quantity is negative, and hence, the ﬁeld’s bipartite heat
is smaller than the heat received by the bath according to the OBEs. This finally implies a
smaller entropy production for the closed analysis, i.e, bZ < .
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I Spectral signatures of correlations

Here we derive the equations present in Section 7 starting from the output photon-number
spectrum. We first relate this to the Fourier transform of the correlation function of field at
position x; and then find the contributions of the different processes during the interaction
in Eq. (32) to the spectrum. We do this in order to derive Eq. (61) and the form of $%(w) to
relate it to the inelastic component of the Mollow triplet.

I.1 Spectrum in terms of collision modes

In this section, we relate the Fourier transform of the correlation function of field at position
x, to the output photon-number spectrum Tr{aZakp #(too)}. The state p(to) is the state of
the field at long times, it includes both, a large number of units that have already interacted
and the ones that will interact even after the atom has already reached its limit cycle (or steady
state (p,,) if the atom is in the frame rotating with the laser frequency w;). This field state is
given by

Py (too)_TrS {Hk ()Uk(pS(tO)®p1n)Hk 0 k} (L.1)

We use this state because the measurement of a single frequency requires access to a large
number of temporal correlations created between all the interacted units. We hence, start with
the Fourier transform of the field correlation function at position x; at a frequency w; and at
some time ¢;. Using Eq. (A.5) we find:

A . . .
2_; e—lAwitmelAwitnTr{bgq (tm) bx1 (tn)pf (tj)}
m,n
At? s —i(wi—w)ty, ji(wi—w)t T
ZZ_MZnggze edtmelteedtnTy {ajaypp (t;)}

m,n k,l

. [ 1 1
% e—l(wl—wk)%sinc (EAkat) sinc (EAwIAt)

LAt Zzg gl —i(w;— “’k)t“Tr{a awpy (t )}

27'cvy

. 1 1
% e—L(wi—wk)T sinc (EAkat) sinc (EA(OIAt)

2
:Tr{Z(SD(wk_wi)aLaka (fj)} sinc’ (EAwlAt) 2 8o ln o

Y
~ S(w;t)), (1.2)

where Aw; = w; — wy, L is the typical length of the waveguide and v is the group velocity
of the light. L/v is required to get the density of modes used in defining a Kronecker delta.
The approximation in the last line holds for w; € [wy — T/2At, wq + m/2A¢t], that is, the
range of frequencies spanned by the collision modes b,,. On this frequency interval, the sinc
function can be approximated by 1 and D, g£5 p(wy — w;) ~ v, as ensured by the inequality
At > 71, 2 Agvlv. As Q,(w; — wy) < At~ ! in the regime of the OBEs, the Mollow triplet
(fluorescence spectrum) is fully contained in this range of frequencies. Note that the field
spectrum outside this frequency range could be in principle computed from the modes b,, j,
evolving quasi-freely, see Appendix A.

We  eventually deduce the expression of spectral flow, verifying
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ALY S (coi, ti; tn) = S(w;, t}), as a function of the b, mode:

S (a)i, tis tn) =%Rez e IAiltnip gl AW Ty {b;t1 (tn+p) by, (tn) py (tj)} , (1.3)
P

with the input (output) spectral flow being obtained by setting t; = t; =0 (t; = too > Y.
We re-write the output spectrum in terms of the collision modes, introducing the delay time
(tp = tpyp —tp):

) 1 N .
Sout (4, tr) = —Re > e AW Te{b], bupy (teo)), (1.4)
p
which in the continuous limit gives:

too

. 1 . .
Sout (@, 1) = ERe f dre (@m0)T (BT (£ +7) boy (£))
0

(1.5)

too

Note that above the expressions in terms of the delay times is equivalent to Eq. (I.2) as the
real part is taken in the expression.

1.2 Separating signatures of correlations

Here, we will separate the contribution to the spectrum that appear due to the evolution of
correlations during the interaction and in doing so derive Eq. (61) and the form of $*(w). We
are interested in its effect on the Mollow triplet and hence, we will only consider collisions
after the atom has reached its limit cycle, that is t,, > y~! or equivalently, that n is larger than
a number of collisions ng required to reach the limit cycle. Singling out the input spectral
flow, we obtain:

: . 1 e 4
Sout (@;, £7) = Sip (W, t,) + %Rez el Coo)tpTrf {brg+p by AnipnPy } > (1.6)
p
where,
A =Trs {U g U () uilul L.7)
n+nnpf I's n+pnn+p S nMaPs\tp) Uy n+p f > .

tnap—tn . . . ..
and £ " is the evolution super-operator for the atom state over time t,, and is given by

n+p
tnip—tn ,
& " ps] = [Ty {UnpsnaUl}. (1.8)
k=n
For simplicity, we define for n > ng,
Grp =Trs {b) 4, buAip s} (1.9)

such that Sy, (w;) = Siy(w;) + (1/27‘C)ZP e_i(‘”i_“)o)tPan. The term G,, contains the
change of two collisional units of the field. To separate the correlation induced evolution
during these two collisions, we first separate that for the first collision and hence find

AnipnPf = An+p,np}® + An+p,npjf, where
thip—tn B
An+p,np? = Tryg {Un+pnn+pgs +p [Anp® +ps(t)® nn] U,Lrp} — Nntp ® N> (1.10)

tnen—tn
Anipnp? = Tes {Upipusp€s™ " [2p* 1ULL, }- (L.11)
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. . . . _ 2] X .
Their contribution to the spectrum is separated as G, = an + Gpp with

GeW =Tr; {b],, buBnspupf*} . (1.12)

We will show that this separation is enough to separate the effect of the correlation induced
evolution, as the evolution induced by the correlation in the second collision has negligible
contribution to Gfp. We will now compute the two contributions to G,,. Substituting Eq.(32)
in the above we find:

G;?p :TrS,n+p,n {b:;+p ann+pnn+p [pS (tn+p) ® Anpj(fl) + pS (tn+p) ® nn] Ui+p}

" tn
FTEs i { B p PaUnapMspEs™ " [ 800 @S + 28,00 ]UT, - (brip),,, (Bude,
(113)

and
i thyp—ln
Gr}z(p = TrS,rH—p,n {b31+p ann+pnn+pgS v [An}((l) + Anp(z’}():l Unr+p} (1‘14)

where, we used that the contribution of Anps is of order (w; — w()O QAt,/ as ps(ty)

is in its limit cycle and A, pgz ) = 0.

Let us first compute G®p Substituting Eq. (30) in G,f’p, we find that the contribution of
A,p@9) is of order O (AL /yAt) while that of A,p®/) is of order (1 + fig) 0 (yAt). Using

Eq. (D.1), we find Tr {bnAnp)(cl)} =—y/vAt{o_), and hence,

Gf?p =¢ (@m0l Trg n+p {bn+p [—Vrat (o), + (bn)tn] Un+p (ps (tn+p) ® nn+p) Uri+p}
—(brsp),,, (Bude, -

The action of the second collision, similarly gives

Gr?p =—V YAt (( > <bl+p> + (bn>tn <O-+)tn+p) +vAt <0'+> <0—>fn . (1.15)

tn+p
where, we use that Trg {pr n+px(1)} =0, Trsynﬂ,{ n+pp§1) ® bT+ppf( n+p)} =0,
TrS ,n+p {pS (tn+p) ® bn+p n+ppj(fl)} = -V YA <G+ thip and

Trs nip {ps(tn+p)® bn+pnn+p} = <b’2+P>tn+p' As one can notice, there is no contribution

from the correlation induced evolution during the second collision to fo’p. Hence, Eq.(1.14)
is enough to separate the contributions of the correlations on the spectrum.

Now let us compute fop. Using Eq. (30), we find that the contribution of the second order
correlation evolution is Tr,, {bnAnp(z’l )} = o0 (yAt). Therefore, the only contribution from the
first collision is from the creation of correlation during dynamics at first order. Using Eq. (29)

in G,)fp, and taking the trace over the first collisional unit (mode n) we find

— VI i {bhapUnip (677 {05 (620} @ 0y ) U, )
i VY AT iy { By U (£677 " {Lps (60), 0T} ® My ) Ul |
YAL(o ), Trsnep (b1 pUnip (05 (trap) ® Masp) Uty }- (1.16)
Only the first order evolution terms contribute during the second collision as the second order

evolution contribution to fop are of order o (yAt). By expanding G,)fp in the form of Eq. (18)
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uss and Eq. (32), we find that the uncorrelated evolution terms of the second collision do not
182 contribute. Therefore, only the first order correlating part of the evolution during the second
uss collision contributes to the correlated part of the spectrum and by taking the trace over the
186 second collisional unit (mode n + p) we find

G2, =yAt(Tr{o &7 {o_ps (t)}} = Tr {0, £ {[ps (), 0T} )
—yAt{oy), (o_), . 1.17)

n+p n

1s7 Hence, the contribution to the correlated and uncorrelated part of the spectral flows is

. 1 Z
® — i t ®
S (C()i) tn) —ERe ; —i(o; wO) pan

VYAt (e
__ - ReZe i(w;—wo)t, ((O' ) <bTE+P>tn+p+<bn)fn (O-+>tn+p)
p
YAt —i(w;—wo)t
+TR3;6 o (O-+>tn+p (U—)tn: (1.18)
. 1 —ilw—
S* (w;, ty) =;Re2e i(e “’O)tPGﬁfp
p
_YAt —i(w;—wo)t “*P
12 Re;e (e {0, 85" {o_ps ()}

—ﬁthTr{G+ M pg (b)), 0 ]}})

At :
— Y_Rez e_l(wi_wo)tp (O-+>t

T n+p
p

(o), (1.19)
1188 We rewrite the expressions using only atomic operators, using (b;, (t)) = %e‘i(%_‘“o)t and

1189 <O-+>tn+p

1100 and S*, this leads to the following expressions:

= el(@1=w0)tp <G+>tn as the atom is in its limit cycle. Taking the continuous limit of $®

82 (@, too) == Bp (@) 5 (7 (0 ), +emen (), )

2

+5D(w—wL)r‘(0_)t (1.20)
$% (, too) =%Re Jotw dre @0 (Tr {0, £7 {o_ps (too)}}
— iy Tr {0, €5 {[ps (too),0-1}} )
- %Re Ltm dre @0 (o) | (o), . 1.21)

1101 Hence, we find Eq. (61) by setting w; = wq in S® (w) = $® (w, to, ). The inelastic component
1102 of the Mollow triplet can be recovered by setting w; = wg and fig, = 0 in $¥(w) = S* (w, teo).
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Similarly the input photon spectral rate takes the form:

too

. 1 P
Sinle, O = Re J dre 7ol (b, (¢+), ., (bin (D)

t
1 = —i(w—w il
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