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Abstract

Optical Bloch Equations (OBEs) are canonical equations of quantum open systems, that
describe the dynamics of a classically driven atom coupled to a thermal bath. Their
thermodynamics is highly relevant to establish fundamental energetic bounds of key
quantum processes. A consistent framework is available in the regime where drives and
baths can be treated classically, i.e. remain insensitive to the coupling with the atom.
This regime, however, is not adapted to explore minimal energy costs, nor to measure
atom-induced energy variations inside drives and baths – a key ability to directly measure
and optimize work and heat exchanges. This calls for a new framework where the atomic
back-action on drives and baths would be accounted for. Here we build such a framework
suitable to analyze the situation where the atom, the drive and the bath form a joint
autonomous system, the drive and the bath being parts of the same electromagnetic
field. Our approach captures atom-field correlations at fundamental timescales, as well
as the atomic back-action on the field. This allows us to define work-like (heat-like)
flows as energy flows stemming from effective unitary dynamics induced by one system
on the other (non-unitary dynamics induced by correlations). Time-integrated work-
like and heat-like flows are shown to be directly measurable in the field, as changes
of energy locked in the mean field and fluctuations, respectively. Our approach differs
from standard open analyses by identifying an additional unitary contribution in the
atom’s dynamics, the self-drive, and its energetic counterpart, the self-work, which yields
a tighter expression of the second law. We quantitatively relate this tightening to the
extra-knowledge about the field state as compared with usual treatments of the atom
as an open system. Our autonomous framework deepens the current understanding of
thermodynamics in the quantum regime and its potential for energy management at
quantum scales. Its predictions can be probed in state-of-the-art quantum hardware,
such as superconducting and photonic circuits.
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I Spectral signatures of correlations 4444

I.1 Spectrum in terms of collision modes 4445

I.2 Separating signatures of correlations 4546

References 4847

48

49

1 Introduction50

The question of how to measure work and heat flows in the quantum realm has represented51

one of the biggest challenges of quantum thermodynamics since its early days [1–7]. In52

classical thermodynamics, distinguishing the work from the heat received by a system relies on53

characterizing the processes giving rise to these energy flows. Thus, work and heat flows are54

usually reconstructed from the evolution of the system of interest, which requires to record55

its trajectory. While applying such strategy has provided pioneering measurements of heat56

and work flows in classical stochastic thermodynamics [8–12], it can hardly be applied in57

the quantum realm, because of measurement back-action. Namely, monitoring the trajectory58

of a quantum system impacts its subsequent dynamics [13] as well as its thermodynamic59

balance [14], calling for alternative strategies.60

In that respect, it has been proposed to measure the integrated work flow (resp. heat flow)61

directly inside their sources, by identifying it to the energy change of the drive (resp. the bath)62

coupled to the system [15–19]. Here, it is in principle enough to perform measurements on63

the bath and the drive at the initial and at the final time of the protocol. This strategy becomes64

considerably simpler than tracking the system’s trajectory, provided the drive and the bath are65

small enough systems so that measurements can be carried out and energy changes induced by66

the system take non-negligible values. Tremendous progresses in experimental capacities have67

already allowed to detect such small energy variations in the system’s environment, whether68

drive or bath [20–22].69

Nevertheless, describing the dynamics in presence of such finite-energy environments is70

beyond the scope of standard (weak coupling) quantum open system theory where drives and71

baths are treated classically - i.e. by neglecting any perturbation of their states upon interacting72

with the system [23]. Actually, a consistent dynamic and thermodynamic treatment rather73

requires to “close" the formerly open quantum systems. Namely, one should model the systems,74

drives and baths as the parties of a globally closed and isolated quantum system, taking into75

account their respective back-actions on one another. In such an autonomous picture, the76

parties should not have predetermined roles such as heat source, work sources, or working77

body. To make this obvious, it is instructive to consider the case of a quantum gate involving78

a qubit driven by a resonant pulse [24, 25]. Pulses of infinite energy qualify as ideal work79

sources, providing energy and no entropy to the qubit. Conversely, finite energy pulses get80

entangled with the qubit, changing its entropy along the process – while the qubit back-acts81

on the driving pulses, also acting as an energy and entropy source. This back-action gives82

rise to corrections to the drive which cannot be neglected anymore, such that the pulse hardly83
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Figure 1: Schematics of a) the open and b) autonomous model, where the atom
dynamics obeys the optical Bloch equations. a) The atom is coupled to a classical
drive and to a thermal bath, receiving work W and heat Q from them respectively.
Multiple tomographies of the atom are needed to measure the work and heat flows,
which are then time-integrated between the initial time t0 and the final time t f . b)
The atom, the drive and the bath form an autonomous system such that the total
energy is conserved. Work-like (bW) and heat-like (bQ) quantities can be directly
related to changes of the field amplitude and fluctuations between the initial and
final time.

qualifies as an ideal work source.84

This blurring of well-established thermodynamic roles calls for a new thermodynamic85

paradigm tailored for autonomous situations. Here the parties should play symmetric roles,86

while heat-like (work-like) flows should be defined with respect to the very nature of the87

processes inducing them. In this spirit, preliminary propositions have related heat (work) to88

energy exchanges induced by correlating (entropy-preserving) processes [26–31]. It is the89

purpose of this article to lay out the foundations of this paradigm shift. We shall consider a90

universal, textbook situation which can be both described as an autonomous, closed bipartite91

system, and as a driven open-quantum system weakly coupled to a Markovian bath.92

With this aim, we focus on the canonical case of a coherently driven two-level atom weakly93

coupled to a thermal bath, whose dynamics is captured by the Optical Bloch Equations (OBEs)94

(See Fig. 1). The OBEs are interesting as they are hardware-universal, describing as well95

neutral atoms, superconducting qubits, quantum dots, or trapped ions [32–35]. They also96

provide a solid basis to explore a broad range of questions of fundamental and practical interest97

in quantum optics and quantum technologies, like quantum interfaces and quantum gates [36–98

38]. Therefore, their thermodynamics is highly relevant to explore and optimize the energy99

cost of quantum technologies [39].100

Deriving the OBEs is textbook in the open-system paradigm [23, 40], as they correspond101

to a famous example of the Lindblad equation. The thermodynamic analysis of the driven-102

dissipative atom has been conducted in various regimes [41–44]. In these analyses, the heat103

flow (the work flow) is defined as the power received from the bath (the classical drive).104

Minimal energy costs for atomic manipulations are identified with the heat irreversibly wasted105

in the bath. While thermodynamically consistent, these analyzes do not encompass any physical106

model for the drive, and do not keep track of the back-action of the system on the bath.107

Therefore, they cannot capture their actual energy and entropy changes, nor support consistent108

definitions of work-like and heat-like flows in the regime of finite energy for the drive and bath,109

let alone consistent protocols to measure them.110
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In this paper, we circumvent these limitations by focusing on an autonomous situation111

giving rise to the OBEs. A convenient physical scenery is provided by an atom coupled to112

driving pulses propagating in a circuit, as in circuit Quantum ElectroDynamics (QED) [34,113

45–47] or in waveguide QED [48–50]. Remarkably, the electromagnetic field contained in114

the circuit encompasses both the drive and the bath. We build a framework to analyze the115

fully autonomous atom-field dynamics and thermodynamics, which unlocks the possibility116

of defining and measuring heat-like and work-like flows directly in the field. Additional117

information available in the field state and captured by our framework gives rise to a tighter118

expression of the second law, opening perspectives for energy savings with respect to the open119

description, both by enabling the use of low power pulses.120

We first show that, in the regime of emergence of the OBEs, the autonomous dynamics of121

the joint atom-field system can be mapped onto a collision model [51, 52]. Importantly, this122

mapping allows us to keep track of the field evolution, as well as of the atom-field correlations,123

a major progress with respect to the state of the art and a key capacity to capture the back-124

action of each system on the other. Unlike when a non-autonomous collision model is pheno-125

menologically introduced to emulate the action of an environment [52–56], here the total126

Hamiltonian is time-independent, ensuring global energy conservation. However within a127

single collision, each system is driven by an effective time-dependent Hamiltonian entailing128

the reduced state of the other system, giving rise to a work-like energy exchange. The remnant129

term captures the effect of the correlations, giving rise to heat-like energy exchange. In this130

situation, the work-like flow (the heat-like flow) takes a remarkably simple form, as it equals131

the change of coherent (incoherent) power of the field induced by its coupling to the atom.132

These quantities are routinely accessible in -dyne and spectroscopic experiments, proving the133

operationality of the autonomous framework. As a matter of fact, these definitions have134

already been postulated in a handful of theoretical works [57–59], with the heuristic argument135

that the coherent part of the output field can be potentially reused to perform work on another136

emitter. They have also given rise to first direct measurements of heat-like and work-like flows137

in the autonomous scenery of circuit QED [60] and quantum optics with semiconducting138

quantum dots [31]. Our findings demonstrate they are rooted in a general and consistent139

framework, which can serve as a paradigm to characterize the nature of energy flows within140

closed autonomous systems.141

In a second step, we quantitatively compare the open and the autonomous approaches. We142

show that they solely differ by an additional term in the effective drive on the atom – the self-143

drive – and its energetic counterpart, the self-work. The self-drive is induced by the coherent144

component of the radiation locally emitted by the atom, that our model allows to capture. We145

show that the energy carried by this local coherent component corresponds to the self-work.146

This quantity is usually not distinguished from the heat contribution in the open framework.147

This extra-component can be reused to drive other qubits, naturally reducing the amount of148

wasted heat. This yields a new expression of the second law that is tighter than the one149

obtained with open heat and work flows [44,52]. We quantitatively relate the smaller entropy150

production to the increase of knowledge about the field state, that our framework accounts151

for. To make the comparison more concrete, we conduct it on two concrete situations routinely152

encountered in a quantum optics lab: a π/2 pulse, and a continuous driving.153

Our results shed new light on fundamental mechanisms of quantum optics and quantum154

thermodynamics, and on key processes for light-based quantum technologies. Importantly,155

they provide the proper theoretical tools to analyze energy exchanges between quantum systems156

of interest, drives and baths, beyond the standard classical treatment of the latter. They157

can be probed on all experimental platforms modeled by waveguide or circuit QED, such as158

superconducting qubits [61] or semi-conducting quantum dots in micro-pillar cavities [31].159

More generally, our autonomous collision model unlocks the possibility of exploring the impact160
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of correlations on the wide range of quantum open systems compliant with collision models.161

The outline of the paper in the following. We first recall the open approach leading to162

state of the art thermodynamic analysis of the OBEs (Sec. 2). This approach is based on an163

open quantum system model involving a classical drive and bath, which remain unsensitive164

to the atom. We then introduce our autonomous dynamical model (Sec. 3). We define the165

classical regime for the drive, beyond which correlations between light and matter must be166

tracked. To do so, we upgrade our framework in Section 4 to keep track of these correlations,167

and propose the thermodynamical analysis fitting this description (Sec. 5). We then apply our168

thermodynamic framework the case of a pulse, and of a steady-state atomic driving (Sec. 6).169

This allows us to single out in concrete situations the potential of the autonomous approach170

for energy savings in the quantum regime. We respectively devote the last two sections (Sec. 7171

and 8) to the measurement of work and heat flows through spectrally-resolved observables of172

the field, and to a comparison with non-autonomous collision models.173

2 Open approach174

The OBEs model the dynamics of a classically driven atom coupled to a thermal bath. Their175

dynamics in the interaction picture reads:176

ρ̇S = −
i
ℏ
[HD(t),ρS(t)] +LOBE[ρS(t)], (1)

where ρS is the state of the atom characterized by its transition frequency ω0 and excited177

(resp. ground) state denoted by |e〉 (resp. |g〉). The bare Hamiltonian of the atom reads178

HS = (ℏω0/2)σz with σz = |e〉〈e| − |g〉〈g|. HD(t) is the Hamiltonian induced by the classical179

drive of frequency ωL . It reads180

HD(t) =
iℏΩ
2

�

ei(ω0−ωL)tσ+ − e−i(ω0−ωL)tσ−
�

, (2)

where we have introduced the Rabi frequency Ω, which quantifies the strength of the atom-181

field coupling. LOBE is a Completely Positive Trace Preserving map (CPTP) which captures the182

effect of the thermal bath characterized by its inverse temperature β (thermal population n̄th)183

and atomic spontaneous emission rate γ. It reads184

LOBE[ρS] = L(
Æ

γ (n̄th + 1)σ+,ρS)

+L(
p

γn̄thσ−,ρS), (3)

where we have defined the Lindblad form185

L(O,ρ)≡ OρO† −
1
2
{ρ, O†O}. (4)

We now briefly recall the result of textbook thermodynamic analyses of the OBEs [44,62–64].186

Introducing the atom internal energy187

U (t)≡ TrS {ρS (t) (HS +HD (t))} , (5)

its time derivative U̇ (t) splits into two components:188

U̇ (t) = Ẇ (t) + Q̇ (t) , (6)
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where the work (heat) flow Ẇ (t) (Q̇(t)) characterizes the power coherently exchanged with189

the classical drive (the power exchanged with the thermal bath). Within the approximations190

leading to the OBEs, they read:191

Ẇ (t) = TrS

�

ρS (t) ḢD (t)
	

, (7)
192

Q̇ (t) = TrS {(HS +HD(t))LOBE [ρS (t)]} . (8)

This choice of splitting brings out a consistent expression of the second law of thermodynamics [30,193

44, 65]. Indeed, one recovers an equivalent of Clausius inequality by defining the quantity194

Σ(t) =∆S(t)− βQ(t), where ∆S = S (ρS (t))− S (ρS (0)) is the change in the von Neumann195

entropy of the atom and Q(t), the total heat received by the atom between the initial time196

t0 = 0 and the time of interest t. Introducing the relative entropy D (ρ||σ) = Tr{ρ(logρ−logσ)}197

between ρ and σ, one can rewrite Σ as198

Σ(t) =D
�

ρ (t) ||ρS (t)⊗ρ
β

f

�

≥ 0. (9)

We have introduced ρβf the thermal equilibrium state of the bath at inverse temperature β .199

Owing to the positivity of the relative entropy, Σ(t) has been interpreted as a thermodynamic200

entropy production. As the environment is Markovian, its rate of change Σ̇ ≥ 0 can be201

seen as a manifestation of the second law in the quantum regime [44, 65, 66]. This entropy202

production allows to estimate fundamental work costs associated to atomic manipulations,203

such as quantum gates. In particular, it provides access to the value of the non-recoverable204

work, i.e. the irreversibly wasted heat, over a thermodynamic cycle Wirr = β−1Σ(τcycl) where205

τcycl is the duration of the cycle. Like in the classical realm, limiting the production of entropy206

is thus expected to have quantitative technological implications as it may impact the energetic207

bill of fundamental quantum processes.208

While thermodynamically consistent, the open framework gives rise to challenging exper-209

imental protocols as depicted in Fig. 1a). Firstly, the drive is not given any physical description,210

and the variations of the bath and drive states are not tracked. This restricts the scope of211

measurements predicted by this approach to the sole atomic observables, as it appears from212

Eqs.(7) and (8). Moreover, the framework provides expressions for work and heat flows, which213

must be integrated over the duration of the whole experiment, i.e. between t0 = 0 and t = t f ,214

to access the total work and heat received by the atom. However, these flows at time t involve215

the atomic state ρS(t), which must therefore be extracted by tomography at time t for all t216

between t = 0 and t = t f . As measurement back-action alters the atom’s state, hence its217

subsequent dynamics, the tomography of the atom requires to repeat the experiment from218

t0 = 0 and t, for all t between t = 0 and t = t f .219

This complex and heavy protocol strongly motivates to develop new strategies to measure220

heat and work, based on direct measurements inside the drive and the bath (See Fig. 1b).221

This in turn requires to develop autonomous models of light-matter interaction encompassing222

a quantum description of the bath and the drive, which is the purpose of the next section.223

3 Autonomous model224

In this Section we show that the coupled dynamics of the atom and the electromagnetic field225

of a circuit can be mapped onto an autonomous collision model, in the regime of emergence226

of the OBEs. As we shall see in this approach, the field plays the role of the drive and the bath.227
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Figure 2: a) Joint atom-field system at the initial time t = t0. The gray boxes
represent the field collision units of size v∆t. The input units are located on x ̸= 0,
the nth unit being at position xn = −nv∆t. In the case of Bloch equations, the input
units are initially prepared in a displaced thermal field (See text). b) Evolution of
the joint atom-field system between the times tn and tn+1. The circular area denotes
the interaction region. The atom starts to interact with the input unit (nth unit), and
stops to interact with the output one ((n − 1)th unit). Unlike the output units, the
input units are prepared in a product of states that only differ by a relative phase.

3.1 Microscopic description228

229

The situation we consider is depicted on Fig. 2. The atom stands at the position x = 0 of230

a one-dimensional (1D) reservoir of electromagnetic modes of momentum k, frequency ωk,231

and lowering operators ak. All along the paper, we dub this collection of modes the 1D field,232

or more simply, the field. This situation is typical of circuit QED [34, 45–47] or waveguide233

QED [38,50], and also captures the case of quantum emitters weakly coupled to adiabatically234

eliminated directional cavities [67]. All these situations lie at the basis of a wide range of235

light-matter functionalities (quantum interfaces, gates, networks, repeaters, etc) in a variety236

of physical platforms, from semiconducting quantum dots [31], superconducting circuits [20],237

to atomic physics [68], to name a few.238

The autonomous atom-field dynamics is ruled by the time-independent Hamiltonian239

H = HS +H f + V, (10)

where HS is defined in Section 2 and the bare Hamiltonian of the field reads H f =
∑

k ℏωka†
kak.240

The field modes follow a linear dispersion relation around the atomic resonance,∆ωk = v∆k,241

with ∆ωk = ωk −ω0 and ∆k = (k − k0), v being the group velocity and ω0 = vk0. We shall242

use the rotating wave approximation, such that the coupling Hamiltonian V reads243

V = iℏ
∑

k≥0

gk

�

akσ+ − a†
kσ−
�

. (11)

We have introduced gk as the coupling strength between the atom and the mode of frequency244

ωk, and the atomic operators σ− = |g〉〈e|, σ+ = σ
†
−. Following [29, 48, 67, 69–71], we only245

consider pulses propagating in one direction, restricting without loss of generality the study246

8
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to the modes of positive momentum k ≥ 0. In this picture, pulses propagate from left to right.247

The atom-field dynamics is ruled by the following equation in the interaction picture with248

respect to HS +H f :249

dρ(t)
d t

= −
i
ℏ
[V (t),ρ(t)]. (12)

ρ(t) (V (t)) is the joint quantum state of the atom-field system (the coupling Hamiltonian)250

in the interaction picture. Introducing the field operators B(x , t) =
∑

k gke−i∆ωk(t−x/v)ak, we251

rewrite the coupling Hamiltonian as252

V (t) = iℏ
�

B(0, t)σ+ −σ−B†(0, t)
�

. (13)

The operators B(x , t) have the dimension of a frequency and are proportional to the local253

electric field at the position x . Finally, in the spirit of textbook microscopic derivations of the254

Lindblad equation of which the OBEs are a canonical example [23, 40], we shall take into255

account the finite spectral width of the coupling term characterized by the bandwidth ∆bw256

over which the coefficients gk take non-negligible values. We introduce the atom spontaneous257

emission rate γ = 2π
∑

k |gk|2δD(∆ωk), where δD stands for the Dirac distribution, and the258

correlation function C(t, t ′) ≡
∑

k |gk|2ei∆ωk(t−t ′). This function takes non-zero values over259

a time interval |t − t ′| < τc, where τc is the correlation time which scales like the inverse of260

the bandwidth ∆bw. Throughout the paper, we suppose the weak coupling hypothesis, which261

states262

γτc ≪ 1. (14)

3.2 Coarse-grained collision model263

Let us first write the atom-field evolution operator between t0 = 0 and t f = T as a product264

of N discrete-time dynamical maps of the form Un = T exp
¦

−i
∫ tn+1

tn
d tV (t)/ℏ
©

, where265

tn =
nT
N = n∆t and T is the time ordering operator. We define the coarse-grained operators266

bn267

bn = (γ∆t)−1/2

∫ tn+1

tn

d tB(0, t), (15)

which verify the commutation relation268

[bn, b†
m] =

1
γ∆t

∫ tn+1

tn

d t

∫ tm+1

tm

d t ′C(t, t ′). (16)

The weak coupling assumption [Eq.(14)] allows us to consider time intervals ∆t such that269

τc ≪ ∆t ≪ γ−1. The inequality τc ≪ ∆t yields [bn, b†
m] = δm,n, ensuring that the270

bn correspond to independent modes (see Appendix A for the formal derivation of the271

discretization of B(0, t) into bn modes). We then us the Magnus expansion [72,73] to remove272

the time-ordering operator in Un and write273

Un = exp

¨

−
i
ℏ

∫ tn+1

tn

duV (u)

«

≡ exp{−iVn}. (17)

We have introduced the discrete evolution generator Vn = i
p

γ∆t(bnσ+−b†
nσ−) (the technical274

details about the truncation of the Magnus expansion are provided in Appendix B).275
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From Eq.(17), we see that the atom-field evolution splits into a sequence of two-body276

interactions, or collisions, between the atom and collision units corresponding to the field277

modes {bn}. The nth collision involves the operator bn and occurs during the time interval278

[tn, tn+1]. Below, we refer to the modes related to the operators bn as collision modes, or279

collision units. One can then exploit the inequality ∆t ≪ γ−1 (naturally fulfilled in the280

usually considered case of a vanishing coarse-graining time, here enabled by the weak-coupling281

assumption) to expand Un up to first order in γ∆t, i.e., at second order in Vn. Introducing282

ρn ≡ ρ(tn) and ∆nρ ≡ ρn+1−ρn, we obtain the two first terms of the expansion (also known283

as the Dyson series),284

∆nρ =∆nρ
(1) +∆nρ

(2) + o(γ∆t),

∆nρ
(1) = −i[Vn,ρn], (18)

∆nρ
(2) = −

i
2
[Vn,∆nρ

(1)]

= L(Vn,ρn).

Finally, we make the assumption that the atom and the collision units are initially prepared285

in a product state. As already noticed by [52, 74–76] for infinitely short collisions, the286

OBEs emerge for very specific initial unit states, i.e., displaced thermal states defined by287

ηn = D(αn)ρ
β

f D
†(αn), where D(αn) = exp{αn b†

n − h.c.} displaces the nth collision unit by288

αn. The field thermal state of inverse temperature β has been introduced above. It here289

verifies (See Appendix C) ρβf =
⊗∞

n=0η
β
n , where ηβn ≡ e−βℏω0 b†

n bn/(1− e−βℏω0) is the thermal290

state of the nth collision mode. As we show below, the initial displacement of the field gives291

rise to a coherent energy exchange with the atom, known as the classical Rabi oscillation, that292

corresponds to the open work. Conversely, the initial thermal component of the field yields a293

non-unitary evolution associated to an exchange of open heat.294

Input-Output Operators295

We now define operators related to the collision modes that are about to interact or have just296

interacted with the atom, i.e., input and output operators. To do so, we first relate the collision297

modes to the spatial position of the field. The linear dispersion relation in the waveguide298

allows us to write B(x , t) = B(0, t− x/v), giving rise to another expression for the annihilation299

operators of the collision units, bn =
�

v
p

γ∆t
�−1 ∫ x−n

x−(n+1)
d xB(x , 0) with x l = l v∆t. Thus, the300

nth collision unit can equivalently be understood as the unit coupled to the atom between301

tn and tn+1, or as the unit positioned between x−(n+1) and x−n at the initial time t0 = 0302

[see Fig. 2a)]. Writing the general expression of the operator acting on the mode positioned303

between xn−1 and xn at any time tm, bxn
(tm) ≡
�

v
p

γ∆t
�−1 ∫ xn

xn−1
d xB(x , tm), the field free304

dynamics is captured by the intuitive map bxn
(tm+1) = bxn−1

(tm) [see Fig. 2b)], naturally305

yielding the output (input) operator:306

bout(in)(t)≡ lim
γ∆t→0

bx1(x0)(tn)
p
∆t

. (19)

These operators written in the interaction picture should not be confused with the usual input307

and output operators defined in the Heisenberg picture [69]. Unlike the operators bn which308

are dimensionless, the operators bout(in)(t) have the dimension of [t−1/2].309

10
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3.3 Consistency with the OBEs and input-output theory310

Before going further, we check that our model allows to recover the OBEs ruling the open311

dynamics of the atom as introduced in Section 2. To do so, we define312

∆nρ
(i)
S( f ) = Tr f (S)[∆nρ

(i)](i = 1,2), (20)

then write down the continuous limit of ∆nρ
(i)
S( f )/∆t. On the atom side, this leads to the313

emergence of the OBEs [Eq. (1)], where the Hamiltonian HD(t) stems from the first term of the314

Dyson series. It features a constant external drive at the frequency ωL , and is unambiguously315

set by the initial state of the field [52] such that the the classical Rabi frequency Ω (see Eq. (2))316

arises from the amplitude of the collision units as derived in Appendix C:317

Ω

2
= lim
γ∆t→0

s

γ

∆t
αnei(ωL−ω0)tn . (21)

Conversely, the dissipator LOBE stems from the second order term of the Dyson series.318

On the field side, one recovers the input-output equations which traditionally model the319

dynamics of an emitter coupled to the field of a circuit [69]. The demonstration goes as320

follows. Let us consider the field amplitude change between tn and tn+1. During this time321

interval, only the nth collision unit of the field interacts with the atom (See Section 3.2 and322

Fig. 2(b)). Hence, only this unit’s amplitude changes and hence, the total field amplitude323

change between tn and tn+1 is captured by the quantity Tr{bn∆nρ f }. Eq. (18) yields the324

identity Tr{bn∆nρ f } = 〈bx1
(tn+1)〉tn+1

− 〈bx0
(tn)〉tn

where we denoted 〈O〉t ≡ Tr{Oρ(t)}.325

Noticing that only the first order term contributes to the change of the field amplitude (see326

Appendix D for the detailed derivation), we recover a mean input-output equation in the327

continuous time limit:328

〈bout(t)〉t = 〈bin(t)〉t −
p
γ〈σ−〉t . (22)

3.4 Towards an operationally-relevant thermodynamic description329

At this point we are ready to formulate the thermodynamic question we answer in this article.330

To do so, we apply the thermodynamic definitions established in the open framework, and331

show that they are only consistent in the classical regime for the drive and the bath, that our332

approach allows us to quantitatively define. We then present our strategy to extend them333

beyond the classical regime.334

In this section and for the sake of pedagogy, we focus on the resonant case, which we335

define as a resonant drive ωL = ω0, or as the absence of a drive. We first express the336

open thermodynamic quantities defined in Section 2 in the context of input-output theory.337

Introducing the output (input) photon flow Ṅout(in)(t) = 〈b
†
out(in)(t)bout(in)(t)〉t allows us to338

rewrite Eqs.(6), (7) and (8) as339

U̇(t) = ℏω0(Ṅin(t)− Ṅout(t)) (23)

Ẇ (t) = −ℏω0Ṅdrive(t) (24)

Q̇(t) = −ℏω0Ṅbath(t), (25)

where Ṅdrive and Ṅbath have the following expressions:340

Ṅdrive = −
p
γ
�

〈σ+〉t〈bin(t)〉t + 〈σ−〉t〈b
†
in(t)〉t
�

, (26)

Ṅbath = γ
��

n̄th +
1
2

�

�

2 〈σ+σ−〉t − 1
�

+
1
2

�

. (27)

11
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The meaning of the equations above is transparent. The open work flow Ẇ [Eq.(24)] is341

proportional to the photon flow Ṅdrive. It stems from the unitary driving process induced342

by the input field, that is known as the classical Rabi oscillation. This is a coherent energy343

exchange, as it appears from Eq.(26) which has the form of an interference term between the344

amplitude of the atomic radiation and that of the input field. Conversely the open heat flow345

Q̇ [Eq.(25)] is proportional to the photon flow Ṅbath exchanged with the thermal component346

of the input field, which plays the role of a bath. In the case of a zero-temperature field, this347

distinction captures the splitting between stimulated emissions and absorptions on the one348

hand, and spontaneous emissions on the other.349

We now define the classical limit of the drive as γ|〈bin〉|2≫ 1, i.e. Ṅdrive≫ Ṅbath. Here the350

atom dynamics is purely unitary and ruled by the Hamiltonian HS +HD(t). The change of the351

field energy simply equals the integrated work flow received by the atom as computed from352

Eq.(24). This identity allowed for pioneering direct measurements of work flows in circuit353

QED [20].354

The purpose of this paper is to explore the thermodynamics of the atom-field interaction355

in the case of a finite input power, for which both Ṅdrive and Ṅbath contribute to the atom-field356

power exchange. As it appears from their expressions [Eqs.(26) and (27)], these components357

cannot be distinguished based on the sole output field observables. The amount of open work358

(heat) exchanged between 0 and t must be accessed via a series of atomic tomographies at359

each time step, as explained in Section II, depicted in Fig. 1 and argued in [60]. Beyond360

the practical obstacles they give rise to, the definitions stemming from the open approach are361

incompatible with a finite input power. Indeed, one expects the driving mode to get correlated362

with the atom, giving rise to entropy inputs which do not correspond to the behavior of an363

ideal work source. In addition, the impact of the interaction with the atom on the field’s state364

cannot be neglected anymore. Corrections to the field-induced driving are therefore expected.365

These limitations have lead some of us to propose an alternative approach to identify heat366

and work in this regime [57], which has been used in a handful of theoretical [59, 77] and367

experimental works [31, 60]. Work (heat) is defined as the change of energy carried by the368

coherent (incoherent) component of the field. Here the rationale is that the field induces a369

unitary drive of the atom, and therefore exerts some work on it, via its coherent component.370

This boils down to splitting the term 〈σ+σ−〉t appearing in Eq.(27) into its mean field and371

fluctuations, |〈σ−〉t |2 + 〈δσ+δσ−〉t , and to let the mean field term contribute to the work372

flow. This definition matches the open work (heat) definition in the classical regime of high373

input power, where the coherent driving dominates. Moreover, it is operational as coherent374

(incoherent) field components can be distinguished in -dyne experiments, hence the direct375

measurements of these quantities in circuit QED [60] and quantum photonics [31].376

In the two next sections, we show that these definitions are actually rooted in a broader,377

thermodynamically consistent framework. Unlike the standard framework of quantum378

thermodynamics which focuses on open systems, the new framework we build is tailored for379

a fully autonomous situation like the model proposed above. Our thermodynamic definitions380

are inspired from former attempts developed for composite autonomous systems [26,27,78].381

In these approaches, the key idea is to define work-like (heat-like) flows as entropy-preserving382

(correlating) processes. As we show below, applying such a strategy confirms the heuristic383

definitions proposed and exploited in [31,57,59,60,77].384

Building this framework requires in the first place to develop the capacity to track385

atom-field correlations inside our autonomous model: this is the purpose of the next section.386

387
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4 Tracking correlations388

Here we refine the autonomous model introduced in Section 3 to keep track of the correlations389

forming during one collision. We first introduce this analysis in the general case, then we focus390

on the OBEs, where we unveil the impact of the correlations on the atom and on the field391

dynamics.392

4.1 General case393

Let us resume from the Dyson expansion [Eqs. (18)] and rewrite the first order term as394

∆nρ
(1) =∆nρ

(1)
S ⊗ρ f (tn)

+ρS(tn)⊗∆nρ
(1)
f +∆nχ

(1). (28)

The first order terms ∆nρ
(1)
S( f ) have been introduced in Eqs.(20). They allow us to express the395

change of the atom-field correlations during the nth collision:396

∆nχ
(1) = −i[Vn − 〈Vn〉S − 〈Vn〉 f ,ρn]. (29)

Injecting Eq. (28) into Eqs.(18) splits the second term of the Dyson series into three new terms:397

∆nρ
(2,S) = −

1
2
[Vn, [〈Vn〉 f ,ρn]],

∆nρ
(2, f ) = −

1
2
[Vn, [〈Vn〉S ,ρn]], (30)

∆nρ
(2,χ) = −

1
2
[Vn, [Vn − 〈Vn〉 f − 〈Vn〉S ,ρn]].

Eqs.(30) unveil three new mechanisms in the evolution of each subsystem, which398

are hidden in the standard approach. The term ∆nρ
(2,S)
S = Tr f [∆nρ

(2,S)] (resp.399

∆nρ
(2, f )
f = TrS[∆nρ

(2, f )]) can be rewritten as ∆nρ
(2,S)
S = −1

2[〈Vn〉 f , [〈Vn〉 f ,ρS(tn)]]400

(resp. ∆nρ
(2, f )
f = −1

2[〈Vn〉S , [〈Vn〉S ,ρ f (tn)]]). Thus, these expressions capture the401

second-order terms in the expansion of the unitary evolution generated by the effective402

Hamiltonian 〈Vn〉 f (S). Conversely, crossed terms like ∆nρ
(2, f )
S = Tr f [∆nρ

(2, f )] (resp.403

∆nρ
(2,S)
f = TrS[∆nρ

(2,S)]) can be rewritten as ∆nρ
(2, f )
S = − i

2Tr f { [Vn,∆nρ
(1)
f ⊗ ρS(tn)]}404

(resp. ∆nρ
(2,S)
f = − i

2TrS{ [Vn,∆nρ
(1)
S ⊗ ρ f (tn)]} ). Each term features an effective drive of405

S( f ), mediated by the first-order evolution of f (S): we dub such a mechanism a self-drive.406

Both the second order drive and the self-drive correspond to Hamiltonian processes in the407

reduced dynamics of the atom and the field. Conversely, terms of the form∆nρ
(2,χ)
S( f ) capture the408

remnant non-unitary evolution of the atom (field) state induced by the atom-field correlations.409

Finally, this ability to track correlations invites us to rewrite the evolution of the atom-field410

system along one collision, by isolating the contributions of the correlations/unitary evolutions411

up to the second order in the Dyson expansion:412

∆nρ
(1) +∆nρ

(2) =∆nρ
χ +∆nρ

⊗. (31)

We have introduced ∆nρ
χ and ∆nρ

⊗:413

∆nρ
⊗ = ∆nρ

(1)
S ⊗ρ f (tn) +ρS(tn)⊗∆nρ

(1)
f

+∆nρ
(2,S) +∆nρ

(2, f ), (32)

∆nρ
χ = ∆nχ

(1) +∆nρ
(2,χ).

13
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The analysis above is valid for any bipartite system S− f complying with a Magnus expansion414

treatment. Now focusing on the regime of emergence of the OBEs, we exploit the splitting415

captured by Eq. (31) to explore how the correlations impact the atom’s (field’s) evolution.416

4.2 Imprint on the atom417

To highlight the role of correlation in the atom’s dynamics, we re-derive the master equation418

of the atom (see Appendix E):419

ρ̇S(tn) = limγ∆t→0Tr f

§

∆nρ
χ +∆nρ

⊗

∆t

ª

= −
i
ℏ
�

HD(t) +Hs
S(t),ρS(t)
�

+Lt,S,χ . (33)

The uncorrelated part of the dynamics captured by ∆nρ
⊗ yields two unitary contributions.420

The only non-zero first order contribution associated with ∆nρ
(1)
S is unchanged with respect421

to the Dyson series [Eq. (20)], and yields the classical driving term HD(t) already present in422

the standard form of the OBEs [Eq.(1)]. In addition, our approach singles out an additional423

unitary contribution, stemming from the second-order term ∆nρ
(2, f )
S , that we call self-driving424

Hamiltonian, or self-drive:425

Hs
S (t) = −iℏ

γ

2
(〈σ−〉tσ+ − 〈σ+〉tσ−). (34)

The self-drive is induced by the coherent component of the radiation locally emitted by the426

atom, which scales like the atom coherence 〈σ−〉t . It can take finite values in the absence of427

any external drive, provided the atom initially carries coherences in the energy basis. At zero428

temperature, it yields a rotation of the atom’s state in the Bloch sphere during the transient429

regime of spontaneous emission. Reciprocally, the correlations are responsible for a non-430

unitary term Lt,S,χ stemming from ∆nρ
(2,χ), which can be cast as:431

Lt,S,χ = L
�
Æ

γ (n̄th + 1)(σ+ − 〈σ+〉t),ρS

�

+L
�p

γn̄th(σ− − 〈σ−〉t),ρS

�

, (35)

This term constitutes a new Lindbladian involving jump operators shifted by their432

instantaneous average value.433

We stress that Eq. (33) yields the exact same state evolution as the OBEs [Eq. (1)]. This434

property can be retrieved by noting that these two Lindblad equations are connected by one of435

the transformations of the Lindblad operators and Hamiltonian leaving the dynamics invariant436

[23]. Another insight is provided by realizing that the dissipator LOBE [Eq. (1)] stems from the437

second order term∆ρ(2)n of the Dyson expansion, which splits into a unitary and a non-unitary438

part to give rise to the maps captured by the self-drive Hs
S (t) and the new Lindbladian Lt,S,χ ,439

respectively.440

Pioneering studies in quantum open systems conducted in Heisenberg picture have singled441

out the self-reaction as the physical process giving rise to the self-drive [79] – namely, the442

result on the atom of the polarisation of the field by the atom. Because it treats symmetrically443

the atom and the field, and provides full access to the field state, our framework sheds new444

light on the self-reaction, and draws so far overlooked consequences of this mechanism in445

the weak atom-field coupling regime. As we show below, the imprint of the self-drive on the446

field takes the form of a tiny amount of coherent energy, the self-work. These observable447

thermodynamic consequences (see Section 5) constitute a key difference between the open448

and the autonomous approach.449
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4.3 Imprint on the field450

Let us now focus on the impact of the correlations on the field’s evolution. The mean input-451

output equation [Eq.(22)] ruling the variation of the field’s amplitude remains unaltered by452

the new splitting since it solely involves the first order term ∆nρ
(1)
f . This is not the case for453

the change of the photon flow, which involves the second order term ∆nρ
(2)
f . Eq.(23) can be454

rewritten as:455

Ṅout − Ṅin = Ṅ⊗ + Ṅχ . (36)

We have introduced the change of the photon flow stemming from Hamiltonian (correlating)456

processes Ṅ⊗ (Ṅχ), which verify (see Appendix D for the derivation):457

Ṅ⊗ ≡ limγ∆t→0
Tr[b†

n bn∆nρ
⊗]

∆t
= |〈bout(t)〉t |2 − |〈bin(t)〉t |2, (37)

Ṅχ ≡ limγ∆t→0
Tr[b†

n bn∆nρ
χ]

∆t
= 〈δb†

out(t)δbout(t)〉t − 〈δb†
in(t)δbin(t)〉t . (38)

The term δbout(in)(t) = bout(in)(t) − 〈bout(in)(t)〉t stands for the fluctuations of the output458

(input) field. Eqs. (36), (37) and (38) unveil an intimate relation between mean field evolution459

and Hamiltonian processes on the one hand, and between fluctuations and correlating460

processes on the other.461

We now consider the physical meaning of the flows Ṅ⊗ and Ṅχ . As it appears on Eq.(37),462

Ṅ⊗ captures the change of the mean photon flow contained in the coherent component of the463

field. For this reason, we shall refer to it as the coherent photon flow. From the mean value of464

the output field [Eq.(22)], we get465

Ṅ⊗ =
p
γ
�

〈σ+〉t〈bin(t)〉t + 〈σ−〉t〈b
†
in(t)〉t
�

+ γ
�

�〈σ−〉t
�

�

2
(39)

The first contribution to Ṅ⊗ has already been identified as Ṅdrive [Eq.(26)] and captures the466

exchange of photons with the coherent component of the input field through classical Rabi467

oscillations. Moreover, Ṅ⊗ features an additional term scaling like |〈σ−〉t |2. This contribution468

is the imprint of the atom’s self-drive, which is manifested by an additional coherent radiation469

emitted by the atom in the bath. As we show below, it carries the main thermodynamic470

difference between the open and the autonomous approach. Conversely, the flow Ṅχ induced471

by the atom-field correlating processes [Eq.(38)] reads472

Ṅχ = γ 〈δσ+(t)δσ−(t)〉t , (40)

where δσ−(t) = σ−(t) − 〈σ−〉t stands for the fluctuations of the atomic dipole and473

σ−(t) = e−iω0 tσ−. This corresponds to a purely incoherent atomic radiation in the bath –474

we shall refer to it as the incoherent photon flow. The change of the field mean value and475

fluctuations can be measured through -dyne or photon counting experiments. The splitting476

we propose between Hamiltonian and correlating processes thus corresponds to physical,477

experimentally accessible quantities. As we show below, these quantities exactly map the478

splitting between work-like and heat-like flows.479
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5 Thermodynamics of the autonomous scenario480

We now draw the consequences of the dynamical framework built above for the481

thermodynamics of the autonomous atom-field system. To make a clear distinction with the482

standard, open approach, we shall use curly symbols to denote all energetic quantities defined483

within the autonomous framework.484

5.1 General considerations485

Firstly, we define the atom and field internal energies as U j(t) ≡ Tr j

�

H jρ(t)
	

, where486

j ∈ {S, f }, which ensures a symmetric treatment of the two parties. The coupling energy term487

is defined as V(t) = Tr{V (t)ρ(t)}. Recalling that the total Hamiltonian Htot = HS + H f + V488

is time-independent, the total energy Utot = US(t) + U f (t) + V(t) is conserved, thus489

equal to the initial amount of energy injected in the joint atom-field system. Such global490

energy conservation allows us to analyze individual energy changes as resulting from energy491

exchanges between the atom, the field, and the coupling term.492

Building on the analysis of a collision performed above, we now consider the energy493

changes locally experienced by the atom and the field during the nth collision. In full generality,494

they split into two different contributions, giving rise to two symmetrical expressions,495

equivalent to a first law for each system:496

∆nU j =∆n[bW j] +∆n[bQ j], (41)

for j ∈ {S, f }, with497

∆n[bW j] = Tr
�

H j∆nρ
⊗	 (42)

and498

∆n[bQ j] = Tr
�

H j∆nρ
χ
	

. (43)

The amount of energy ∆n[bW] j received by the system j during the nth collision stems from499

the effective unitary exerted by the other system. It is entropy-preserving, and reminiscent of500

a work flow. To make a clear distinction with the concept of work established for open systems501

(corresponding to Eq.(7) in the case of the OBE), we dub the corresponding energy flow in the502

continuous time limit bẆ j(t)≡ limγ∆t→0∆n[bW j]/∆t a “bipartite work flow" or more simply503

b-work flow. In the classical limit of the drive, where negligible correlations build up between504

the two parties during their interaction, the dynamics of system j is unitary, and it only receives505

b-work: in this limit, the b-work matches the standard work in quantum thermodynamics,506

i.e. the change of energy of a system evolving under a time-dependent Hamiltonian [63]. In507

the case of the OBEs, this classical limit corresponds to a high-power drive as explained in508

Section 3.4. Then, the only energy flow received by the atom is the open work flow [Eq.(7)].509

Conversely, bQ̇ j(t) ≡ limγ∆t→0∆n[bQ j]/∆t is induced by the correlations between the two510

parties during one collision – we refer to it as the “bipartite heat flow" or b-heat flow. The511

considerations above can be applied to any bipartite dynamics captured by an autonomous512

description as described in Section 3. The rest of this section is devoted to the thermodynamic513

analysis of the autonomous OBEs.514

5.2 First laws515

As in Section 3.4, here we consider the resonant regime defined byωL =ω0, or by the absence516

of a drive. To keep the text light, the expressions in the non-resonant regime are provided in517
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Appendix F, as well as all technical calculations. In this resonant regime, the time-derivative of518

the coupling term V̇(t) vanishes, yielding the simple expression for the energy conservation:519

U̇ f (t) = −U̇S(t) = ℏω0(Ṅout(t)− Ṅin(t)). (44)

Moreover, the resonant condition imposes that the b-work (b-heat) flows received by the atom520

and the field are opposite. From the general considerations above, it should not come as a521

surprise that the splitting between b-work and b-heat flows reflects the splitting between mean522

values and fluctuations captured by Eqs.(37) and (38). Indeed we show in Appendix F that523

the b-work flows are proportional to the change of the coherent photon flow Ṅ⊗ [Eq. (37)]:524

bẆ f (t) = −bẆS(t) = ℏω0Ṅ⊗ (45)

= ℏω0

�

|〈bout(t)〉|2 − |〈bin(t)〉|2
�

Conversely, the b-heat flows are proportional to the incoherent photon flow [Eq. (38)], and525

read526

bQ̇ f (t) = −bQ̇S(t) = ℏω0Ṅχ (46)

= ℏω0(〈δb†
in(t)δbin(t)〉 − 〈δb†

out(t)δbout(t)〉)

These remarkably simple and intuitive relations unlock the possibility of measuring directly527

the integrated amounts of b-work and b-heat exchanged between the atom and the field. This528

is because unlike for the atom, measuring observables of the output field at time t does not529

impact its subsequent evolution. Thus, the b-work is simply equal to the change of energy530

stored in the field’s coherent component, or field’s coherent energy. In the same way, the b-531

heat is equal to change of energy stored in the field’s fluctuations, or incoherent energy. These532

quantities are routinely extracted from -dyne measurements. In this picture, the field appears533

as a bookkeeper of the processes by which it has exchanged energy with the atom. In particular,534

these findings shed new light on the phase-space deformations of the field, which appear as535

direct consequences of correlating processes – even if these correlations no longer exist. In536

this view, the b-heat has been interpreted as a witness of past correlations in [29,31].537

To conclude and as already mentioned in the introduction, these definitions were538

theoretically postulated in [29,57–59,77], with the heuristic argument that the coherent part539

of the output field can be potentially reused to perform work on another emitter. They have540

given rise to first direct measurements of heat and work flows in the circuit QED platform541

[60] and in the semi-conducting platform [31]. The autonomous thermodynamic framework542

proposed here provides a general consistency to this body of work, and extends its validity to543

the case of arbitrary driving fields and finite bath temperatures.544

5.3 Self-work545

We now compare the open and the autonomous approach from a thermodynamic viewpoint,546

first focusing on the energetic differences. We recall that the open work flow received by the547

atom is proportional to the photon flow Ṅdrive coherently exchanged with the driving mode548

[Eq.(24)]. Conversely, the b-work flow is proportional to the total coherent photon flow Ṅ⊗.549

Comparing Eqs.(24), (39), and (45) yields550

Ẇ = bẆS − bẆ s
S , (47)

where we have introduced the self-work flow551

bẆ s
S = −γℏω0

�

�〈σ−〉t
�

�

2
. (48)
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The self-work is equal to the work exerted by the self-drive [Eq. (34)] on the atom. From552

Eq.(48), the self-work is always negative in the physical situation under study. It corresponds to553

the coherent contribution of the energy radiated by the atom in the bath. Thus, it is considered554

as a contribution to heat in the open approach. This is captured by the equations comparing555

b-heat flows and open heat flow,556

Q̇ (t) = bẆ s
S(t)− bQ̇ f (t)

= bẆ s
S(t) + bQ̇S (t) (49)

Unlike the open work, the self-work flow can take finite values, even in the absence of a557

coherent component in the input field. The presence of self-work was predicted in [57] and558

experimentally reported in [31] in the case where the field is initially in the vacuum state. In559

the presence of a coherent component in the input field, measuring the self-work is more tricky560

and has not been conducted yet. It can be extracted in principle, by measuring independently561

the b-work and the open work flow - with the drawback that measuring the open work flow562

is a heavy process as already argued in Section II, depicted in Fig. 1 and reported in [60].563

Another strategy can be used if the atom weakly radiates in other leaky modes than the 1D564

channel. Denoting as η the ratio of coupling between the leaky modes and the 1D channel,565

and measuring the coherent power Pleak radiated in the leaky modes yields the expression of566

the self-work bẆ s
S = ηPleak.567

Eqs. (47) and (49) convey that the self-work can be interpreted as a reusable energy,568

which is unlocked by the increased knowledge over the field provided by the one-dimensional569

environment. We now relate these intuitions to the second law of thermodynamics,570

and explore how potential energy savings impact entropy production in the autonomous571

framework.572

5.4 A tighter second law573

Let us first recall the expression of the open entropy production between the initial time t0 = 0574

and t, Σ(t) = D
�

ρ (t) ||ρS (t)⊗ρ
β

f

�

[Eq. (9)]. It can be decomposed as575

Σ(t) = I (t) + D
�

ρ f (t) ||ρ
β

f

�

, (50)

where I(t) = S(ρS(t)) + S(ρ f (t))− S(ρ(t)) is the mutual information between the atom and576

the field at time t. The splitting in Eq. (50) suggests an information-theoretic interpretation577

of the second law, in which irreversibility is attributed to the lack of information about the578

joint atom-field state at time t, as quantified by the right-hand side terms [65, 66]. The term579

I(t) accounts for the ignorance of the atom-field correlations, consistent with the fact that we580

solely access local quantities. Conversely, the relative entropy D
�

ρ f (t) ||ρ
β

f

�

measures the581

informational distance between the reduced output field state at time t and the estimate of its582

state. In the open approach, this estimate simply corresponds to the thermal equilibrium state583

ρ
β

f , assumed to be unperturbed by the interaction with the atom to derive the weak-coupling584

master equations.585

586

In contrast, keeping track of the field dynamics induced by the coupling to the atom conveys587

more information about the reduced field state at time t. This additional information can588

be used to modify the field reference state appearing in Eq. (50), letting the b-heat appear.589

Namely, we now take the new reference state to be the field state propagated by the effective590

unitary induced by the atom. This effective unitary corresponds to a sequence of displacements591

on each collision unit, between the initial time t0 = 0 and the time of interest t (see Appendix C592

and H for the derivation):593
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Open Approach Closed Approach

Atom
ρ̇S = −

i
ℏ [HD(t),ρS(t)] +LOBE[ρS(t)] ρ̇S = −

i
ℏ
�

HD(t) +Hs
S(t),ρS(t)
�

+Lt,S,χ

Lt,S,χ = LOBE[ρS(t)]− (−
i
ℏ
�

Hs
S(t),ρS(t)
�

)

Field
Ṅout − Ṅin = Ṅ⊗ + Ṅχ

Ṅout − Ṅin = Ṅdrive + Ṅbath Ṅ⊗ = Ṅdrive + γ|〈σ−〉t |2

Ṅχ = Ṅbath − γ|〈σ−〉t |2

Work and
Heat
received by
the Atom

Ẇ = −ℏω0Ṅdrive bẆS = −ℏω0Ṅ⊗ = Ẇ + bẆ s
S

Q̇ = −ℏω0Ṅbath bQ̇S = −ℏω0Ṅχ = Q̇− bẆ s
S

bẆ s
S = −γℏω0 |〈σ−〉t |

2

Measurement
Protocol

bẆS = ℏω0

�

|〈bin(t)〉|2 − |〈bout(t)〉|2
�

Ẇ and Q̇ not directly measurable in the
field

bQ̇S = ℏω0(〈δb†
in(t)δbin(t)〉)

−ℏω0(〈δb†
out(t)δbout(t)〉)

Inferred via “stroboscopic" tomography of
the atom (See Fig.1a)

Directly measurable in the field via single
-dyne measurement of the field (see

Section 5)

Entropy
Production

Σ= I(t) + D(ρ f ||ρ
β

f ) bΣ= I(t) + D(ρ f ||D(t)ρ
β

f D
†(t))

=⇒ ∆SS − βQ(t)≥ 0: Clausius Inequality =⇒ ∆SS − β bQS(t)≥ 0: Tighter
expression of Second Law

Table 1: Table summarizing the differences between the open and the autonomous
frameworks in the resonant regime, from both the dynamical and thermodynamical
viewpoint.

D (t) =
N
∏

n=0

D (ϕn) , (51)

where we have introduced D(ϕn) = exp{(ϕn b†
n −ϕ

∗
n bn)} and ϕn = −

p

γ∆t〈σ−〉tn
. The new594

field reference state is then D (t)ρβf D
† (t) =
⊗N

n=0 D (ϕn)η
β
nD† (ϕn). The modified entropy595

production reads596

bΣ(t) =D

�

ρ (t)

�

�

�

�

�

�

�

�

ρS (t)
N
⊗

n=0

D (ϕn)η
β
nD

† (ϕn)

�

=I (t) + D

�

ρ f (t)

�

�

�

�

�

�

�

�

N
⊗

n=0

D (ϕn)η
β
nD

† (ϕn)

�

. (52)
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Crucially, the rate of change of bΣ(t) gives rise to an inequality featuring the b-heat flow597

received by the field (see Appendix H for the derivation):598

bΣ̇(t) = ṠS + β bQ̇ f ≥ 0, (53)

which we interpret as the formulation of the second law consistent with the autonomous599

approach. At resonance, we retrieve a Clausius-like inequality, where bΣ=∆SS −β bQS ≥ 0.600

In this case, using Eq. (49), it is straightforward to notice that −Q̇(t) ≥ −bQ̇S(t) as bẆ s
S ≤ 0601

and hence, bΣ̇≤ Σ̇ - leading to a smaller entropy production rate and also a tighter expression602

of the second law.603

This smaller entropy production is directly related to a more accurate accounting of the604

non-equilibrium resources present in the output field state, to include the work exchanges via605

displacements of the temporal modes. As they contain a coherent component, they can be606

used in principle to coherently drive other emitters, providing work to them [31,59,77]. They607

are therefore relevant if one attempts to recycle the field after its interaction with the atom.608

When even more knowledge (or control) about the local state of the bath can be assumed, a609

similar approach was used by some of us to derive an expression of the second law in general610

autonomous quantum setups, accounting for all non-equilibrium resources [30]. Proposing611

concrete protocols to recycle this energy, however, is beyond the scope of this paper.612

613

The main elements of the comparison between the autonomous and the open approach614

are provided in Table 1. It shows that we have fulfilled our initial motivations to provide615

a thermodynamically consistent, operational and potentially useful framework capturing the616

dynamics and the thermodynamics of a driven atom coupled to a thermal bath, beyond the617

classical regime for the drive (the bath). To make the comparison more concrete, we devote618

the next Section to the study of a few physical situations.619

6 Applications620

In this section, we consider two situations captured by the OBEs, concerning respectively the621

transient dynamics (a π/2 pulse) and the steady-state regime of the atom.622

6.1 Thermodynamics of a π/2 pulse623

We first study the thermodynamic balance in the case of a π/2 pulse. The atom is initially624

prepared in its ground state |g〉. At time t0 = 0, it is coupled to the 1D field. The driving pulse625

has a square shape, its Rabi frequency Ω and duration τ are tuned such that Ωτ = π/2, and626

the field is at zero temperature. Thus the ideal transformation reached in the limit Ω/γ≫ 1627

is |g〉 → |+〉. After interacting with the pulse, the atom spontaneously emits a (partially)628

coherent superposition of 0 and 1 photon in the field.629

Fig. 3 displays the open and autonomous thermodynamic flows as a function of time, and630

the corresponding integrated quantities for Ω/γ = 10 and Ω/γ = 2. The energetic advantage631

of using the autonomous framework is obvious. While the pulse is applied, the open work632

cost overcomes the b-work, while the amount of b-heat wasted in the bath is lower than the633

open heat. In both cases, the self-work is responsible for the reduction of the energetic bill.634

In the second step, the atom spontaneously releases its energy. There is no extraction of open635

work associated to this relaxation as there is no external drive. However, the initial coherence636

present in the atom gives rise to the extraction of a finite self-work in the field, which again,637

lowers the amount of wasted heat.638

In Fig. 4, we have plotted the thermodynamic quantities integrated over the duration of the639

pulse, the relaxation, and both, as a function of the ratio Ω/γ. Increasing this ratio brings the640
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Figure 3: Thermodynamic flows in the open and in the autonomous approach (in
units of γℏω0) in the case of a π/2 pulse (See text). The atom is resonantly excited
by a square coherent pulse of strength Ω for a duration τ= π/2Ω (grey region), then
left to relax through spontaneous emission process (white region). The dashed blue
(red) line denotes the open work (heat). The purple (red) solid line denotes the flow
of b-work (b-heat) exchanged with the drive. The crossed green lines denote the
self-work flow. a) Strong drive Ω = 10γ b) Weak drive Ω = 2γ. Insets: Bar plots of
the total open work and heat, b-work and b-heat and self-work received by the atom
during the interaction with the π/2 pulse and relaxation stages. The striped area
denotes the proportion of self-work with respect to the different energetic quantities.
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Figure 4: Time-integrated thermodynamic flows against the ratioΩ/γ in the case of a
π/2 pulse (See text). The dashed blue and red lines denote the open work and heat,
while the solid purple and red lines denote the b-work and b-heat received by the
atom. The crossed-green line denotes the self-work. The integration is performed
over a) the total duration of the protocol (pulse+relaxation) b) the π/2 pulse c) the
relaxation.

pulse closer to ideality, which corresponds to a vanishing amount of wasted open heat during641

the driving step. For this reason, the self-work vanishes, as well as the difference between642

open and autonomous quantities. Conversely, the maximal self-work is reached for Ω ∼ γ.643

During the relaxation step, no open work is received by the atom, but self-work is provided to644

the field. Here the amount of self-work increases with the ratio Ω/γ, as it allows to prepare645

the purest coherent atomic superposition |+〉. In this case, the self-work lowers the amount of646

wasted open heat by half a photon.647

The considerations above can easily be generalized to the case of a Hadamard gate, by648

taking an arbitrary atom’s initial state. Depending on whether the driving pulse provides or649

receives work (i.e., depending on the initial atom’s population), the self-work lowers the work650

cost paid by the field or increases the work received by the field. This gives a glimpse of the651

potential of the autonomous framework for energy savings in fundamental quantum processes.652

6.2 Steady-state thermodynamics653

Let us now suppose that the steady-state regime of the OBEs is reached. Namely, we consider654

a continuous, resonant driving and focus on the open and the autonomous thermodynamic655

quantities reached after a time t∞ ≫ γ−1, where the mean values of the observables of the656

atom and the output field become independent of time. Steady-state driving is prevalent in657

quantum optics in the context of reservoir engineering [80], quantum engines [81], or more658

recently, for the generation of non-Gaussian resources using optical non-linearities [82]. A659

convenient parameter to analyze this steady-state situation is the saturation parameter s [40],660

which has the following expression in the resonant regime661

s =
2Ω2

γ2 (2n̄th + 1)2
. (54)

Whether in the autonomous or in the open approach, the work and the heat flows received by662

the atom are equal and opposite. We chose to plot in Fig. 5a) the steady-state work flows for663

both approaches, and in Fig. 5b) their difference, i.e. the self-work, as a function of s and for664

three different temperatures. As it appears on Fig. 5a), the open work flow does solely depend665

on the temperature through the saturation parameter, and steadily increases as a function of666
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Figure 5: Steady state plots illustrating Eq. (47) with energetic quantities in units
of γℏω0. The b-work and self-work rates are depicted by colored lines, dash-dotted
blue line for n̄th = 0, dashed red line for n̄th = 0.5, and solid green line n̄th = 2.
a) Resonant b-work flow and work flow (black dashed line) are plotted against the
saturation parameter s. The b-work converges towards the work (which does not
depend explicitly on the temperature) for increase in temperature and s. b) Resonant
self-work flow is plotted against s. It depicts the difference between the b-work and
the work. c) coherent ratio r at steady state against s.

s. For high saturation parameters, the steady-state atom’s coherence 〈σ−〉∞ vanishes and the667

open work flow reaches a typical rate of half a photon per atomic lifetime. Conversely, both668

the b-work flow and the self-work flow explicitly depend on temperature. This is expected as669

the self-work flow scales like the steady-state atom’s coherence given by670

| 〈σ−〉∞ |
2 =

bẆ s
S

−γℏω0
=

1

2 (2n̄th + 1)2

�

s

(1+ s)2

�

. (55)

Maximal values of the self-work flow are reached for a vanishing temperature, and for s ∼ 1,671

i.e. Ω∼ γ. Finally, remembering that in the steady-state |Q̇|∞ ≥ |bẆ s
S|∞, it is useful to define672

a coherent ratio as r =
|bẆ s

S |∞
|Q̇|∞

. This ratio characterizes the coherence in the steady-state673

power emitted in the bath which can, in principle, be used to provide b-work to another qubit.674

Hence, this ratio could also quantify the potential of recycling the field emitted in the bath.675

We have plotted in Fig. 5 the coherent ratio, which reaches 1 for s→ 0 and zero temperature.676

This regime has been dubbed the Heitler or Rayleigh regime, and captures the emission of677

a quasi-coherent field by an atomic dipole in the low excitation regime [83]. Conversely, r678

decreases with s and with temperature as both parameters lower the steady-state coherence679

of the atomic dipole.680

7 Spectral analysis681

In the autonomous thermodynamic framework, the splitting between b-work and b-heat is682

reflected in the splitting between coherent and incoherent photon flows, which can be traced683

back through time-resolved -dyne measurements of the field. However, this splitting can also684

be captured through the field spectral observables. It is the purpose of this section to explore685

this alternative path. Most of the calculations are presented in Appendix I. As above, we686

consider the resonant case where ω0 = ωL and we focus on the steady-state regime of the687

OBEs, that is reached after driving the atom from t0 = 0 to typical times t = t∞ ≫ γ−1. We688
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first define the input (output) spectral density of flow as689

Ṡin(out)(ω) =
1
π

Re

∫ t∞

0

dτe−i∆ωτGin(out)(τ), (56)

where ∆ω=ω−ω0, Re denotes the real part and we have introduced the steady-state input690

(output) field correlation functions691

Gin(out)(τ) =
¬

b†
in(out)(t∞ +τ)bin(out)(t∞)

¶

t∞
. (57)

The spectral densities of flow can be measured through standard spectroscopic692

experiments performed on the input (output) fields. We trivially recover the identity693
∫

dωṠin(out)(ω) = Ṅin(out)(t∞). We show in Appendix I that the correlation functions694

Gin(out)(τ) split to reveal the Hamiltonian (correlating) processes yielding them:695

Gin(out)(τ) =G⊗in(out)(τ) + Gχin(out)(τ), (58)

G⊗in(out)(τ) =
¬

b†
in(out)(t∞ +τ)
¶

t∞+τ




bin(out)(t∞)
�

t∞
,

Gχin(out)(τ) =
¬

δb†
in(out)(t∞ +τ)δbin(out)(t∞)

¶

t∞
.

This naturally leads to a splitting in the difference of spectral densities of flow696

Ṡout(ω)− Ṡin(ω) = Ṡ⊗(ω) + Ṡχ(ω):697

Ṡ⊗(ω) =
1
π

Re

∫ t∞

0

dτe−i∆ωτ(G⊗out(τ)− G⊗in(τ)) (59)

Ṡχ(ω) =
1
π

Re

∫ t∞

0

dτe−i∆ωτ(Gχout(τ)− Gχin(τ)), (60)

where we check that
∫

dωṠ⊗(χ)(ω) = Ṅ⊗(χ)(t∞). For this reason we dub Ṡ⊗(ω) (Ṡχ(ω))698

a coherent (an incoherent) spectral density of flow. Expressing the output field observable699

as a function of the atomic observables, we find that the coherent spectral density of flow700

is composed of a single frequency, which is the driving frequency (here equal to the atomic701

frequency):702

Ṡ⊗(ω) = −δD(ω−ω0)
�

Ω

2

�

〈σ−〉t∞ + c.c.
�

− γ|〈σ−〉t∞ |
2
�

. (61)

The presence of two terms in the coherent spectral density of flow is consistent with the703

structure of Ṅ⊗(t∞) [Eq.(39)]. The term scaling like Ω results from the coherent driving704

process. Conversely, the term scaling like γ corresponds to the elastic component of the705

atomic emission spectrum, known at zero temperature as the Mollow triplet [40]. In Appendix706

I.2, we show that the inelastic component of the Mollow triplet is equal to the incoherent707

spectral density of flow Ṡχ(ω) when the temperature is set to zero. Generalizing to non-zero708

temperatures, we recover in Appendix I that Ṡχ(ω) has a three-peak structure centered around709

ω0 and of typical width γ(1+ n̄th).710

Owing to their different spectral characteristics (Dirac-delta vs triplet of peaks of711

finite width), the coherent and the incoherent spectral densities of flow can be simply712

distinguished experimentally. We now exploit these results to provide a new way of713

measuring work and heat flows. To do so, we define the field energy spectral density as714
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u f (ω, t) ≡
∑

k δD(ωk − ω)ℏωkTr[a†
kakρ(t)]. As shown in Appendix I, the power spectral715

density verifies:716

u̇ f (ω) = ℏω
�

Ṡout(ω)− Ṡin(ω)
�

, (62)

which can be rewritten as717

u̇ f (ω) = bẇ f (ω) + bq̇ f (ω), (63)

bẇ f (ω)≡ ℏωṠ⊗(ω), (64)

bq̇ f (ω)≡ ℏωṠχ(ω). (65)

We easily check that
∫

dωbẇ f (ω) = bẆ f and similarly for the b-heat. Since the coherent and718

incoherent spectral densities of flow are experimentally accessible, we conclude that we can719

extract the values of the steady-state b-work and b-heat flows from a spectroscopic analysis of720

the input and output fields. These results provide another evidence of the operational value721

of our framework and enrich the set of experimental tools to characterize energy exchanges722

between light and matter.723

8 Connection to the non-autonomous collision model724

In this final section, we connect the energy balance of our autonomous model to the725

one derived for more standard non-autonomous collision models (also known as repeated726

interaction schemes) [52,53,84]. We extend the study to non-resonant cases δ =ωL−ω0 ̸= 0,727

where the coupling energy V(t) plays a non-trivial role in the energy balance:728

U̇S(t) + U̇ f (t) + V̇(t) = 0. (66)

The definitions of US( f )(t) and V(t) are given in Section 5.1, yielding729

V̇ = − i
ℏTr
�

V (t)[H f +HS ,ρ(t)]
	

. In the energy balance Eq. (66), the coupling term730

hence effectively behaves as an independent party which can store and provide energy. We731

show in Appendix F that the system, field and coupling energy flows take in our model the732

simple expressions:733

U̇S(t) = ℏω0(Ṅin − Ṅout)

U̇ f (t) = −ℏωL(Ṅin − Ṅout)

V̇(t) = ℏδ(Ṅin − Ṅout), (67)

which can be interpreted as a conversion of photons at energy ℏωL into excitations of the734

atom at energy ℏω0. As already noticed in [44] and exploited in [85], this is the simultaneous735

conservation of energy and number of excitations in the atom-field system which implies a736

non-zero coupling energy flow proportional to the detuning δ.737

We can now compare the non-resonant energy balance captured by Eq. (66) to the one738

that would stem from a non-autonomous collision model picture of the OBEs. Collision739

models were first introduced in theory of open quantum system as effective reservoir models740

reproducing Lindblad open dynamics as OBEs [52–54]. They postulate the coupling of741

the atom to a reservoir of bosonic collision units, through an explicitly time-dependent742

Hamiltonian tuned such that the Lindblad master equation is retrieved upon tracing over the743

state of the units. The input units are prepared in the same displaced thermal states introduced744

in our autonomous collision model (See Sec. 3.2). The bare atomic Hamiltonian is still HS ,745
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the one of the reservoir of collision units is H(na)
f = ℏωL
∑

n b†
n bn, and the time-dependent746

coupling reads747

V (na)
n (t) =







i
q

γ
∆t (bnσ+ − b†

nσ−), t ∈ [tn, tn+1)

0 otherwise.
(68)

Because of the explicit time-dependence, those models are intrinsically non-autonomous.748

A previously identified thermodynamic consequence of this non-autonomous nature is the749

existence of a work cost needed to switch on and off the interaction with each unit [54, 84].750

Consequently, the energy balance of the non-autonomous collision model of the OBEs751

reads [54]752

U̇S(t) + U̇ f (t) = Ẇswitch, (69)

where Ẇswitch(t)≡ limγ∆t→0

®

∂ (
∑

n V (na)
n (t))

∂ t

¸

t

is the work to switch on and off the system-753

unit interaction. In the case of the OBEs, it is non-zero only out of resonance δ ̸= 0.754

Moreover, the internal energy flows of the system U̇S and the reservoir of collision units (field)755

d
d t

¬

H(na)
f

¶

t
≡ U̇ f are identical by construction to those found for our autonomous model. By756

comparing Eq. (69) with Eq. (66), we find that V̇(t) = −Ẇswitch. Therefore, this is the variation757

of coupling energy in our autonomous model which provides the energy necessary to switch758

on and off the atomic coupling with the collision units.759

The existence of a non-zero external work needed to generate the OBEs dynamics was a760

puzzling consequence of the non-autonomous collision models. Autonomous models show761

that external work is not actually necessary to generate the dynamics. In [86, 87], this issue762

was addressed by giving the units an extra motional degrees of freedom, whose kinetic energy763

was able to provide the necessary energy. In our case, no additional degree of freedom is764

required as the coupling term acts as a reservoir of energy.765

9 Conclusions and outlooks766

We have provided new elements to answer a long-lasting question in quantum767

thermodynamics: how can we measure heat-like and work-like quantities in the quantum768

realm, knowing that measuring a quantum system alters its thermodynamic balance because769

of measurement back-action? We have focused on optical Bloch equations, which are universal770

and widely used equations of quantum optics. We have built a new dynamical autonomous771

model which keeps track of atom-field correlations formed during a single collision, as well772

as the thermodynamic framework allowing us to characterize energy exchanges inside this773

autonomous atom-field system. This approach provides remarkably simple and operational774

expressions for work-like and the heat-like flows, which can be directly measured in the change775

of the mean field and of its fluctuations. These definitions have already been exploited in a776

handful of recently published works [31, 57, 59, 60, 77], both experimental and theoretical,777

based on heuristic arguments. In our manuscript, we root these definitions in a very general778

and thermodynamically consistent framework.779

The difference between the standard (open) approach and our autonomous approach780

is the self-drive and its energetic counterpart, the self-work. We show that the self-work781

corresponds to some potentially reusable energy emitted in the bath, which is treated as782

heat in the open approach. Hence, the autonomous model carries the seeds for better energy783
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management at quantum scales - which translates into a tighter expression of the second law784

of thermodynamics.785

More specifically, we expect the self-work to impact the optimization of quantum heat786

engines and the work cost of control operations at the fundamental level. In the first case,787

exploiting field displacements induced in the bath, that is re-using the self-work, can in788

principle lead to better performances (see e.g. [88] for a recent illustration in the case of an789

Otto engine at strong system-bath coupling). In the second, the negative self-work captures790

the unnecessary work expenditure beyond the minimum needed for a given control task,791

allowing to minimize it in view of reaching more energy-efficient control at quantum scales.792

An alternative strategy is the recycling of the driving pulse after its interaction with the atom.793

In this context, the degradation of the coherence of the pulse and consequently, the work it794

can provide on another atom is related to the entropy production bΣ. These considerations795

pertain to the emerging field of fundamental quantum energetics [89], with potential impact796

on the energetics of quantum technologies [39].797

Interestingly, the constant sign of the self-work in our problem can be related to the sign798

of the self-reaction defined and analyzed in [79] from linear-response arguments. It reflects799

the impossibility for the thermal component of the input field to increase the coherence of800

the atomic dipole. This results is intimately related to the notion of passivity of the thermal801

state [90,91]. It would be instructive to analyze the radiation emitted by the atom in presence802

of incoherent initial field states which are non-passive i.e., in which the energy level occupancy803

would not be monotonously decreasing with the energy, to look for occurrences of positive self-804

work.805

Finally, we stress that our findings are very general. On the dynamical side, the correlation806

tracking we have set up can be activated on all physical situations captured by an autonomous807

collision model. On the thermodynamic side, our definitions of work and heat flows can808

be used on all autonomous bipartite systems. Our framework provides a powerful new809

approach to analyze the thermodynamics of open systems, designed to take advantage of the810

tremendous technological progresses in the control and the engineering of environments.811
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A Discrete field modes decomposition823

In this Appendix, we discretize the field operator B(x , t) =
∑

k gke−i∆ωk(t−x/v)ak present in824

the interaction V (t) (see Eq. (13)), into bn, j modes satisfying [bn, j , b†
m,k] = δm,nδ j,k. This825

decomposition will be used in Appendix B to ensure that the atom interacts only with the826

input modes of light. Furthermore, we will relate these modes to the number and Hamiltonian827
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operators of the field that will be used to discretize the input field in Appendix C.828

To obtain a discrete decomposition of the functions of time, we introduce the basis of829

functions wn, j(t) =
1p
∆t
Θn(t)e−i 2π

∆t j t , for n, j ∈ Z, where Θn(t) = 1 for t ∈ [tn, tn+1]830

and 0 everywhere else. The function wn, j has therefore only support on the time interval831

[tn, tn+1] and has an average frequency 2π j/∆t. The basis is orthonormal in the sense that832

〈wn, j , wn′, j′〉=
∫∞
−∞ d tw∗n, j(t)wn′, j′(t) = δ j, j′δn,n′ . We then have:833

B(0, t) =
∑

n, j

p

γ jwn, j(t)bn, j , (A.1)

with bn, j the discrete field mode localized within time interval [tn, tn+1] and with average834

frequency 2π j/∆t:835

bn, j =
1
p

γ j∆t

∫ tn+∆t

tn

d tei 2π
∆t j t B(0, t). (A.2)

We have introduced the parameter γ j = 2π
∑

k |gk|2δD(∆ωk −
2π j
∆t ). The bn, j are normalized836

to verify:837

[bn, j , b†
n′, j′] =

�

∫

d t
∑

k

gke−i∆ωk t wn, j(t)ak,

∫

d t ′
∑

k′
g∗k′e
−i∆ωk′ t

′
w∗n′, j′(t

′)a†
k′

�

=

∫

d t

∫

d t ′
∑

k

|gk|2ei∆ωk(t−t ′)wn, j(t)w
∗
n′, j′(t

′). (A.3)

The correlation function of the field C(t, t ′) =
∑

k |gk|2ei∆ωk(t−t ′) has a correlation time τc.838

Given the choice of coarse-graining time ∆t ≫ τc, terms with n ̸= n′ in Eq (A.3) will only839

involve values of |t − t ′| much larger than τc and can then be neglected.840

[bn, j(t), b†
n′, j′(t)] ≃

1
γ j

δn,n′

∆t

∫

d tΘn(t)

∫

d t ′Θn(t
′)C(t, t ′)e−

2iπ
∆t ( j t− j′ t ′)

=
1
γ j

δnn′

∆t

∫

d t e−
2iπ
∆t ( j− j′)tΘn(t)

∫

dτΘn(t −τ)C(τ, 0)e−
2iπ
∆t j′τ

≃ δn,n′

∫

d te−
2iπ
∆t ( j− j′)tΘn(t)

∆t

∫∞
−∞ dτC(τ, 0)e−

2iπ
∆t j′τ

γ j

= δn,n′δ j, j′ . (A.4)

To go to the second line we have changed integration variable from t ′ to τ = t − t ′. To go to841

the third line, we have used that C(τ, 0) is non zero for |τ| ≲ τc such that Θ(t − τ) can be842

approximated by Θn(t) in the integral over τ.843

Finally, it is useful to have in mind the correspondence relation that we derive from the844

explicit expression of B(0, t):845

bn, j =

√

√

√
∆t
γ j

∑

k

gke−i(∆ωk−
2π j
∆t )(tn+

∆t
2 )sinc
�

1
2
(∆ωk∆t − 2π j)

�

ak. (A.5)

This relation imply the equivalence of the two description in term of number of excitations846
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in the field:847

∑

n, j

b†
n, j bn, j =
∑

n, j

∆t
γ j

∑

k,l

g∗k gl a
†
kal e

i(ωl−ωk)(tn+∆t)sinc
�

∆ωk∆t
2
−π j
�

sinc
�

∆ωl∆t
2
−π j
�

≃
∑

j

∆t
γ j

∑

k,l

g∗k gl a
†
kal
δD(ωl −ωk)

∆t
sinc
�

∆ωk∆t
2
−π j
�

sinc
�

∆ωl∆t
2
−π j
�

=
∑

j

1
γ j

∑

k

|gk|2a†
kaksinc2
�

∆ωk∆t
2
−π j
�

∑

l

δD(ωl −ωk)

≃
∑

j

∑

k

a†
kaksinc2
�

∆ωk∆t
2
−π j
�

=
∑

k

a†
kak. (A.6)

To go to the fourth line, we have used that the sinc functions are peaked around848

∆ωk = 2π j/∆t, such that |gk|2
∑

l δD(ωk − ωl) ≃ γ j provided the coupling coefficients849

can be considered constant over the frequency interval 2π/∆t, which holds true in the850

limit ∆t ≫ τc considered in this article. To go to the last line, we have used the identity851
∑∞

j=−∞ sinc2(x −π j) = 1.852

Using that 2π/∆t ≪ ωk over the frequency range in which the atom and field interact, we853

can also deduce the equivalence relation in terms of the field Hamiltonian:854

∑

n, j

�

ω0 +
2π j
∆t

�

b†
n, j bn, j ≃
∑

j

(ω0 +
2π j
∆t
)
∑

k

a†
kaksinc2
�

ω0 +
2π j
∆t

�

≃
∑

j

∑

k

ωka†
kaksinc2
�

∆ωk∆t
2
−π j
�

=
∑

k

ωka†
kak. (A.7)

B Coarse-grained unitary evolution operator855

Here, we discretize the evolution into time intervals of ∆t using the Magnus expansion in856

order to obtain Eq. (17) and find the order of error involved. To do so, we derive the explicit857

expression of the Unitary evolution operator over a time interval∆t, whose formal expression858

reads859

U (tn, tn+1) = T e−i/ℏ
∫ tn+1

tn
d tV (t) (B.1)

Magnus expansion allows one to remove the time-ordering Un = eΩ(tn,tn+1) with860

Ω (tn, tn+1) = −
i
ℏ

∫ tn+1

tn

d tV (t)−
1

2ℏ2

∫ tn+1

tn

d t

∫ t

tn

d t ′
�

V (t) , V
�

t ′
��

+ ...

= Ω1 +Ω2. (B.2)

We now use the decomposition Eq.(A.1) in discrete modes bn, j to evaluate Ω (tn, tn+1). We861

first note that:862

Ω1 =

∫ tn+∆t

tn

d tB(0, t)σ+ +H.c.

=
p

γ∆t
�

bn,0σ+ − b†
n,0σ−

�

. (B.3)
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On the other hand:863

Ω2 = −
1
2

∫ tn+∆t

tn

d t

∫ t

tn

d t ′
�

B(0, t)B†(0, t ′)σ+σ− + B†(0, t)B(0, t ′)σ−σ+ −H.c.
�

= −
1
2

∫ tn+∆t

tn

d t

∫ t

tn

d t ′
∑

j′

√

√ γ j′

∆t

�

ei 2π
∆t j′ t ′B(0, t)b†

n, j′σ+σ− + e−i 2π
∆t j′ t ′B†(0, t)bn, j′σ−σ+ −H.c.

�

= −
1
2

∑

j′ ̸=0

√

√ γ j′

∆t

∫ tn+∆t

tn

d t
∆t

i2π j′

�

�

ei 2π
∆t j′ t − 1
�

B(0, t)b†
n, j′σ+σ− −
�

e−i 2π
∆t j′ t − 1
�

B†(0, t)bn, j′σ−σ+

�

−H.c.

−
1
2

s

γ

∆t

∫ tn+1

tn

d t
�

(t − tn)B (0, t) b†
n,0σ+σ− + (t − tn)B

† (0, t) bn,0σ−σ+ −H.c.
�

. (B.4)

To go to the second line, we have introduced the discrete mode decomposition of B(0, t ′) for864

t ′ ∈ [tn, tn+1] (which corresponds to keeping only the terms with time label n). Noting that865

the integration over t yields by definition (see Eq. (A.2)) the modes bn, j′ up to a factor
p

γ j′∆t,866

we obtain:867

Ω2 =−
∆t
4π

∑

j′ ̸=0

�p

γ j′

i j′

�

p

γ j′
�

b†
n, j′ bn, j′σz +σ+σ−

�

+
p
γ
�

b†
n,0 bn, j′σ−σ+ − bn,0 b†

n, j′σ+σ−

��

−H.c.

�

−
∑

j ̸=0

i
p

γγ j′∆t

4π j′

�

b†
n,0 bn, j′ + b†

n, j′ bn,0

�

σz

=
i∆t
2π

∑

j′ ̸=0

�

γ j′

j′

�

b†
n, j′ bn, j′σz +σ+σ−

�

−
p

γγ j′

j′

�

b†
n,0 bn, j′ + b†

n, j′ bn,0

�

σz

�

(B.5)

Here, we have chosen t0 = 0 without loss of generality. We see that Ω2 contains the868

term: Ω2,1 = −ℏδLSσ+σ− +
i∆t
2π

∑

j′ ̸=0
γ j′

j′ b†
n, j′ bn, j′σz , with δLS =

1
2π

∑

j′>0
γ j′

j′ . δLS induces869

a correction to the atom frequency (Lamb shift) while there is also a dispersive coupling with870

the higher frequency modes ( j ̸= 0) which causes a shift of the atom’s frequency (light shift)871

that we can evaluate by taking the average over a thermal state of the field in each time bin.872

We find that, it’s magnitude is873

∆tδls =

�

�

�

�

�

�

i∆t
2π

∑

j ̸=0

γ j

¬

b†
n, j bn, j

¶

j

�

�

�

�

�

�

≲∆tγ

�

�

�

�

�

∫ ∆bw/2

π
∆t

dω
n[ω0 +ω]− n[ω0 −ω]

ω

�

�

�

�

�

≃∆tγ

�

�

�

�

�

∫ ∆bw/2

π
∆t

dω
2n̄th(n̄th + 1)βω

ω

�

�

�

�

�

≃∆t n̄th(n̄th + 1)γβ∆bw (B.6)

where ∆bw is the band-width of the atom-field coupling (see main text) and we have874

approximated the sum over j with an integral over frequencies ω ≡ ω j =
2π j
∆t . In the first875

line, we have introduced n[ω] = (e−βℏω − 1)−1 which is the Bose-Einstein distribution of the876

field, and to go to the second line we have assumed that the bandwidth ∆bw is much smaller877

than ω0 so that we can expand the distribution around ω0. One can notice that δls ≪ ω0878

from the fact that τc ≥ ℏβ ,∆−1
bw [23] and γτc ≪ 1 (and similarly for δLS).879

One can recover the usual expression to the Lamb shift (appearing e.g. in the context of880
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the derivation of the OBEs) by taking into account the limit ∆t ≫ τc ≥∆−1
bw,ℏβ:881

δLS =
1

2π

∑

j′>0

1
j′

∑

k

|gk|2δD(∆ωk −
2π j′

∆t
)

≃
1

2π
P

∫

dω
∑

k

|gk|2
δD(∆ωk −ω)

ω

=
1

2π

∑

k ̸=0

|gk|2

∆ωk
, (B.7)

where P stands for Cauchy’s principal value and again we have approximated the sum over j′882

with an integral over frequencies ω≡ω j .883

The other terms of Ω2, induces an effective coupling, mediated by the atom, between the884

modes bn, j for j = 0 (the closer to the atom’s frequency) to modes further detuned from885

the atom j ̸= 0. This coupling term is already of first order in γ∆t. Assuming a factorized886

initial thermal state of the modes bn, j (and no initial correlation with the atom) ensures that887

〈bn, j(0)〉 = 0, such that this coupling term yield no contribution at first order to the reduced888

dynamics of the atom or of the bn, j modes.889

Reabsorbing the Lamb shift in the definition of ω0, we can therefore approximate890

Ω (tn, tn+1) =
p

γ∆t
�

bn,0σ+ + b†
n,0σ−

�

+ o(γ∆t). To first order in γ∆t, the atom therefore891

effectively interacts only with the modes bn, j=0 ≡ bn. To be consistent with our first order892

truncation of Ω (tn, tn+1), we finally expand the exponential in U (tn, tn+1) to obtain893

U (tn, tn+1) = 1+
p

γ∆t
�

bnσ+ − b†
nσ−
�

+
γ∆t

2

�

bnσ+ − b†
nσ−
�2
+ o(γ∆t). (B.8)

C Decomposition of a displaced-Thermal field in temporal bins894

Here we discretize a flat and continuous displaced-thermal field into collision units and also895

relate the Rabi frequency to the amplitude of these units. Starting with a thermal field, it is896

described by the density matrix ρβf = exp
�

−βH f

	

/Z as defined in the main text. Using the897

equivalence relation Eq. (A.7), we see that such state is well approximated by a factorized of898

the modes bn, j , namely: ρβf ≃
⊗

n, j e−β
�

ω0+
2π j
∆t

�

b†
n, j bn, j/Z . In particular, the modes bn ≡ bn, j=0899

involved in the collision model description of the dynamics are described by the state:900

ρ
β ,( j=0)
f =
⊗

n

e−βω0 b†
n bn

Z0
=
⊗

n
ηβn , (C.1)

with Z0 = Tr{e−βω0
∑

n b†
n bn}.901

Let the field be displaced by an amplitude αL at frequency ωL . The displacement operator902

has the form D (αL) = exp
�

αLa†
L −α

∗
LaL

	

in terms of the operator aL destroying excitations903

of the field’s mode of frequency ωL . Eq. (A.5) implies that all the modes bn are displaced by904

an amplitude αn which verifies:905

αn =

√

√∆t
γ

gLαLsinc
�

(ωL −ω0)
∆t
2

�

e−i(ωL−ω0)(tn+
∆t
2 ), (C.2)

|αL|= lim
γ∆t→0

s

γ

∆t
|αn|
gL

. (C.3)
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The displaced-thermal field can hence be written as,906

ρ
( j=0)
f (t0) =
⊗

n
D (αn)η

β
nD

† (αn) , (C.4)

where, t0 = 0 is the initial time before the interaction. Hence we find,907

p
γ 〈bin (t)〉t = lim

γ∆t→0

s

γ

∆t




bx0
(tn)
�

tn
= lim
γ∆t→0

s

γ

∆t
αn = gLαLe−i(ωL−ω0)t = e−i(ωL−ω0)tΩ/2.

(C.5)

D Field’s reduced dynamics908

In this section, we analyze the effect of the different orders of evolution of each collision unit909

of the field during its interaction with the atom, on its amplitude and excitations number. In910

particular, we derive Eq. (22), Eq. (26), Eq. (27), Eq. (37) and Eq. (38). We begin by deriving911

the input-output equation Eq. (22). Taking the change in the coherent part of the field over912

the collision with the atom, i.e.,



bx1
(tn+1)
�

tn+1
−



bx0
(tn)
�

tn
= Tr
�

bn∆nρ f

	

and inject that913

H f (tn)≡ 〈Vn〉S/∆t = i
p

γ/∆t(〈σ+〉tn
bn − 〈σ−〉tn

b†
n). We find914

∆nρ
(1)
f =TrS

�

∆nρ
(1)
	

= −i∆t
�

H f (tn) ,ρ f (tn)
�

, (D.1)

Tr
¦

bn∆nρ
(1)
f

©

=− i∆tTr
�

bn

�

H f (tn),ρ f (tn)
�	

= −
p

γ∆t 〈σ−〉tn
, (D.2)

while, we find Tr
¦

bx0
(tn)∆nρ

(2)
f

©

= O
�

∆t
p
∆t
�

as ∆t 〈bn〉tn
= o
�

∆t
p
∆t
�

. Hence, only915

the first order term of the Dyson series provides a non-negligible contribution to the change in916

the coherent part of the field. These results are equivalent to the input-output equations [69]917

and in the continuous time limit leads to Eq. (22) as shown in Section 3.3. The first order term918

also displays photons that are emitted through to stimulated emission Ndrive. We find:919

Tr
¦

b†
n bn∆nρ

(1)
f

©

=− i∆tTr
�

b†
n bn

�

H f (tn),ρ f (tn)
�	

=−
p

γ∆t(〈σ+〉tn
〈bx0
(tn)〉tn

+ 〈σ−〉tn
〈b†

x0
(tn)〉tn

). (D.3)

In the continuous limit, this leads to Eq. (26).920

To compute the effect on the incoherent part of the field, we start from Eqs. (30) in the921

case of the field f (taking the trace over the atom), and inject 〈Vn〉S . We first focus on the term922

∆nρ
(2, f )
f . Unlike the case of the atom, this term is of order O(

p

γ∆t), such that923

∆nρ
(2, f )
f = −

i∆t
2
[H f (tn),∆nρ

(1)
f ]

= −
∆t2

2
[H f (tn), [H f (tn),ρ f (tn)]]

=
γ∆t

2
[bn〈σ+〉tn

− b†
n〈σ−〉tn

, [bn〈σ+〉tn
− b†

n〈σ−〉tn
,ρ f (tn)]] (D.4)

is of first order in γ∆t. This terms is in particular important to compute the change of field924

photon number across a collision (see main text).925

The self-drive Hamiltonian for the field takes the explicit form:926

Hs
f (tn) = −

iγ
2
〈σz〉tn

�




b†
n

�

tn
bn − 〈bn〉tn

b†
n

�

(D.5)
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As 〈bn〉tn
= O(Ω
Ç

∆t
γ ) (see Appendix C), we see that the term ∆nρ

(2,S)
f is of order O(∆t3/2)927

and hence the field’s self-drive is negligible in the continuous limit.928

Now we use∆nρ
(2, f )
f to derive its contribution to the change in the photon number of the field929

in Eq. (36). This is given by:930

Tr
¦

b†
n bn∆nρ

(2, f )
f

©

=
γ∆t

2
Tr
���

b†
n bn,
�

bn 〈σ+〉tn
− b†

n 〈σ−〉tn

��

,
�

bn 〈σ+〉tn
− b†

n 〈σ−〉tn

��

ρ f (tn)
	

=γ∆t
�

�

�〈σ−〉tn

�

�

�

2
, (D.6)

which contributes to the change in the field’s amplitude. We can now compute the second931

order correlation for the field, i.e., ∆nρ
(2,χ)
f by taking the trace over the atom in∆nρ

(2,χ) (see932

Eqs. (30)). Substituting 〈Vn〉S and 〈Vn〉 f we find:933

∆nρ
(2,χ)
f =−

1
2

TrS

�

[Vn, [Vn − 〈Vn〉 f − 〈Vn〉S ,ρn]]
	

=−
1
2

TrS

¦�

Vn,
�

Vn − i
p

γ∆t
��

〈bn〉tn
σ+ −



b†
n

�

tn
σ−

�

+
�

〈σ+〉tn
bn − 〈σ−〉tn

b†
n

�

�

,ρ (tn)
��©

(D.7)

Its contribution to the change in the photon number of the field (Eq. (36)) is given by:934

Tr{b†
n bn∆nρ

(2,χ)
f }

= −
1
2

Tr
§�

�

b†
n bn, Vn

�

,

Vn − i
p

γ∆t
��

〈bn〉tn
σ+ −



b†
n

�

tn
σ−

�

+
�

〈σ+〉tn
bn − 〈σ−〉tn

b†
n

�

�

�

ρ (tn)
ª

=
γ∆t

2
Tr
§�

− i
p

γ∆t
�

σ+bn +σ−b†
n

�

,

Vn − i
p

γ∆t
��

〈bn〉tn
σ+ −



b†
n

�

tn
σ−

�

+
�

〈σ+〉tn
bn − 〈σ−〉tn

b†
n

�

�

�

ρ (tn)
ª

=γ∆t
��

n̄th +
1
2

�

〈σz〉tn
+

1
2

�

− γ∆t
�

�

�〈σ−〉tn

�

�

�

2
, (D.8)

which governs the fluctuations of the photon number change and in the continuous935

limit gives Eq. (38). Using Tr{b†
n bn∆nρ

(2)
f } = Tr{b†

n bn∆nρ
(2, f )
f } + Tr{b†

n bn∆nρ
(2,χ)
f } and936

Tr
¦

b†
n bn∆nρ

⊗
f

©

= Tr
¦

b†
n bn∆nρ

(1)
f

©

+ Tr
¦

b†
n bn∆nρ

(2, f )
f

©

we find Eq. (27) and Eq. (37) in937

the continuous limit respectively.938

E Atom’s reduced dynamics939

Here, we will evaluate the second order contributions to the unitary part of the atomic940

dynamics. Let us begin with the self-driving term ∆nρ
(2, f )
S . Substituting Vn and 〈Vn〉S in941
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Eq. (30) and taking the trace with the field, we find,942

∆nρ
(2, f )
S =Tr f

�

∆nρ
(2, f )
	

=−
1
2

Tr f

��

Vn,
�

〈Vn〉S ,ρ f (tn)
�

ρS (tn)
�	

=−
1
2

Tr f

�

Vn

�

〈Vn〉S ,ρ f (tn)
�

ρS (tn)
	

+
1
2

Tr f

��

〈Vn〉S ,ρ f (tn)
�

ρS (tn)Vn

	

=−
i
ℏ
∆t
h

−iℏ
γ

2

�

〈σ−〉tn
σ+ − 〈σ+〉tn

σ−
�

,ρS (tn)
i

=−
i
ℏ
∆t
�

Hs
S (tn) ,ρS (tn)
�

, (E.1)

which is a driving term resulting from the change of the field state during the collision. This943

reciprocal driving leads to self-driving of the atom. Similarly substituting 〈Vn〉 f in Eq. (30),944

we find that ∆nρ
(2,S)
S is945

∆nρ
(2,S)
S =Tr f

�

∆nρ
(2,S)
	

=−
1
2

�

〈Vn〉 f ,
�

〈Vn〉 f ,ρS (tn)
��

=
γ∆t

2

�

〈bn〉tn
σ+,
��

〈bn〉tn
σ+ −



b†
n

�

tn
σ−

�

,ρS (tn)
��

−
γ∆t

2

�




b†
n

�

tn
σ−,
��

〈bn〉tn
σ+ −



b†
n

�

tn
σ−

�

,ρS (tn)
��

. (E.2)

As ∆t
�

�

�〈bn〉tn

�

�

�

2
= 1
γO
�

Ω2∆t2
�

, this term is negligible and does not contribute to the atomic946

dynamics.947

F Energy Analysis and Expressions948

In this section, we derive relations between the energy flows and express them in terms of the949

atom and field averages in the regime of the OBEs.950

F.1 Expressions of energetic quantities in terms of atom averages for initial951

coherent-thermal field952

Here, we compute the rate of change (fluxes) of the BQE quantities in terms of the averages953

of atomic operators and list them for convenience. To do so we use the definitions introduced954

in section 5 along with the balance equations and substitute the OBEs (Eq. (1)). This gives955

the change in the energies over the collision interval. We also introduce the approximation to956

relate the atom and field energetic quantities. The BQE quantities are957
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• Atom internal energy flow:958

∆nUS (tn)
∆t

=Tr
§

HS
∆nρS

∆t

ª

=− i
ω0

2
Tr {[σz , HD (tn)]ρS (tn)}

+
ℏω0γn̄th

2
Tr
�

σzσ+ρS (tn)σ− −
1
2
σz {σ−σ+,ρS (tn)}

�

+
γℏω0 (n̄th + 1)

2
Tr
�

σzσ−ρS (tn)σ+ −
1
2
σz {σ+σ−,ρS (tn)}

�

=
ℏω0Ω

2

�




σ+e−i(ωL−ω0)tn
�

tn
+H.c.
�

− γℏω0

�

n̄th +
1
2

�

〈σz〉tn
−
γℏω0

2
.

(F.1)

• Coupling energy flow (see Appendix F.4):959

∆nV (tn)
∆t

=
∆nTr {HD (tn)ρS (tn)}

∆t

=
iℏΩ
2

∆nTr
��

e−i(ωL−ω0)tnσ+ − ei(ωL−ω0)tnσ−
�

ρS (tn)
	

∆t

=
iℏΩ
2

Tr

¨

ρS (tn)
∆n

�

e−i(ωL−ω0)tnσ+ − ei(ωL−ω0)tnσ−
�

∆t

«

+
iℏΩ
2

Tr
§

�

e−i(ωL−ω0)tnσ+ − ei(ωL−ω0)tnσ−
� ∆nρS

∆t

ª

=
ℏΩ(ωL −ω0)

2

�

e−i(ωL−ω0)tn 〈σ+〉tn
+ ei(ωL−ω0)tn 〈σ−〉tn

�

− γ
�

n̄th +
1
2

�

〈HD (tn)〉tn
.

(F.2)

• Field internal energy flow:960

∆nU f (tn)

∆t
=−

∆nUS (tn)
∆t

−
∆nV (tn)
∆t

=−
ℏω0Ω

2

�

e−i(ωL−ω0)tn 〈σ+〉tn
+H.c.
�

+ ℏω0γ

�

n̄th +
1
2

�

〈σz〉tn
+
γℏω0

2

−
ℏΩ(ωL −ω0)

2

�

e−i(ωL−ω0)tn 〈σ+〉tn
+H.c.
�

+ γ
�

n̄th +
1
2

�

〈HD (tn)〉tn

=−
ℏωLΩ

2

�

e−i(ωL−ω0)tn 〈σ+〉tn
+H.c.
�

+ γ
�

n̄th +
1
2

�

�

ℏω0 〈σz〉tn

+ 〈HD (tn)〉tn

�

+
γℏω0

2
. (F.3)

From the last lines of Eq. (F.1) and Eq. (F.3), we notice that ∆US/∆t = −(ℏω0/ℏωL)∆U f /∆t961

up to a relative error of O(Ω/ω0, (ωL−ω0)/ω0). This relative error is negligible in the regime962

of validity of the OBEs.963
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• Atom bipartite work flow (using results of Appendix E):964

∆n[bWS] (tn)
∆t

=TrS

�

HS
Tr f {∆nρ

⊗}
∆t

�

=Tr

¨

HS
∆nρ

(1)
S

∆t

«

+ Tr

(

HS
∆nρ

(2, f )
S

∆t

)

=
ℏω0Ω

2

�

e−i(ωL−ω0)tn 〈σ+〉tn
+ ei(ωL−ω0)tn 〈σ−〉tn

�

− γℏω0

�

�

�〈σ−〉tn

�

�

�

2
.

(F.4)

• Field bipartite work flow (see Appendix G for the derivation of the first line of the965

following):966

∆n[bW f ] (tn)

∆t
=Tr f

§

H f
TrS{∆nρ

⊗}
∆t

ª

= −
∆nW (tn)
∆t

−
∆nWself(tn)
∆t

=− Tr
§

ρS (tn)
∆nHD (tn)
∆t

ª

− Tr

�

ρS (tn)
∆nHs

S (tn)

∆t

�

+
i
ℏ

Tr {ρS (tn) [HS , HD (tn)]}+
i
ℏ

Tr
�

ρS (tn)
�

HS ,Hs
S (tn)
�	

=−
ℏωLΩ

2

�

e−i(ωL−ω0)tn 〈σ+〉tn
+ ei(ωL−ω0)tn 〈σ−〉tn

�

−
γ

2
〈HD (tn)〉tn

〈σz〉tn

+γℏω0

�

�

�〈σ−〉tn

�

�

�

2
. (F.5)

• Atom bipartite heat flow:967

∆n[bQS] (tn)
∆t

=
∆nUS (tn)
∆t

−
∆n[bWS] (tn)

∆t

=γℏω0

�

�

�〈σ−〉tn

�

�

�

2
−
γℏω0

2
− γℏω0

�

n̄th +
1
2

�

〈σz〉tn
. (F.6)

• Field bipartite heat flow:968

∆n[bQ f ] (tn)

∆t
=
∆nU f (tn)

∆t
−
∆n[bW f ] (tn)

∆t

=− γℏω0

�

�

�〈σ−〉tn

�

�

�

2
+
γℏω0

2
+ γ
�

n̄th +
1
2

�

�

ℏω0 〈σz〉tn
+ 〈HD (t)〉tn

�

+
γ

2
〈HD (tn)〉tn

〈σz〉tn
. (F.7)

F.2 Expressions of energetic quantities in terms of field averages for initial969

coherent-thermal field970

Here, we apply the input-output formalism presented in section 3.2 to derive measurable971

expressions for the BQE quantities for the atom and the field. From Eq. (19) and Eq. (A.7),972

taking limγ∆t→0 tm = t we can easily see that for a quasi-monochromatic field when ωL ≫ Ω,973

i.e., within the regime of the OBEs,974

U̇ f (t) = ℏωL lim
γ∆t→0

¬

b†
x1
(tm)bx1

(tm)− b†
x0
(tm)bx0

(tm)
¶

/(∆t)

= ℏωL




b†
out(t)bout(t)− b†

in(t)bin(t)
�

= ℏωL(Iout − Iin)
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is a good approximation for the rate of change of internal energy of the field. As we can975

relate the rate of change of internal energy of the atom with that of the field (see the previous976

section), we will now compute the b-work flows in terms of the field operators.977

F.2.1 Bipartite work done on the atom978

Using Eq. (F.4), we have979

∆n[bWS] (tn)
∆t

= ℏω0ΩRe
�

ei(ωL−ω0)tn 〈σ−〉tn

�

− γℏω0

�

�

�〈σ−〉tn

�

�

�

2
(F.8)

Now we substitute Ω
2 e−i(ωL−ω0)tn = p

γ 〈bin (tn)〉tn
(see Appendix C) and980

p
γ 〈σ−〉tn

=
�

〈bin (tn)〉tn
− 〈bout (tn)〉tn

�

(see Eq. (22)) into Eq. (F.4) and we find:981

∆n[bWS] (tn)
∆t

=2ℏω0Re
�




b†
in (tn)
�

tn

�

〈bin (tn)〉tn
− 〈bout (tn)〉tn
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�
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�

tn
−



b†
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�

tn

�

�

〈bin (tn)〉tn
− 〈bout (tn)〉tn

�

=− 2ℏω0Re
�




b†
in (tn)
�

tn
〈bout (tn)〉tn

�

+ 2ℏω0Re
�




b†
in (tn)
�

tn
〈bout (tn)〉tn

�

−ℏω0

�
�

�

�〈bin (tn)〉tn

�

�

�

2
+
�

�

�〈bout (tn)〉tn

�

�

�

2�

+ 2ℏω0

�

�

�〈bin (tn)〉tn

�

�

�

2

=ℏω0

�
�

�

�〈bin (tn)〉tn

�

�

�

2
−
�

�

�〈bout (tn)〉tn

�

�

�

2�

. (F.9)

The above equation shows that the work done on the atom by a propagating field (Eq. (45))982

can be attributed to the change of the first moment of the latter and is measurable.983

F.2.2 Bipartite work done on the propagating field984

We begin with Eq. (F.5),985

∆n[bW f ] (tn)

∆t
=−

ℏωLΩ

2

�

e−i(ωL−ω0)tn 〈σ+〉tn
+ ei(ωL−ω0)tn 〈σ−〉tn

�

+ γℏω0

�

�

�〈σ−〉tn

�

�

�

2
−
γ

2
〈HD (tn)〉tn

〈σz〉tn
. (F.10)

As done in the previous section, we substitute Ω2 e−i(ωL−ω0)tn = pγ 〈bin (tn)〉tn
(see Appendix986

C) and
p
γ 〈σ−〉tn

=
�

〈bin (tn)〉tn
− 〈bout (tn)〉tn

�

(see Eq. (22)) in the first term of Eq. (F.5).987

Adding and subtracting ℏωL

�

�

�〈bout (tn)〉tn

�

�

�

2
we find:988

∆n[bW f ] (tn)

∆t
=ℏωL

�
�

�

�〈bout (tn)〉tn

�

�

�

2
−
�

�

�〈bin (tn)〉tn

�

�

�

2�

+γℏ (ω0 −ωL)
�

�

�〈σ−〉tn

�

�

�

2
−
γ

2
〈HD (tn)〉tn

〈σz〉tn
(F.11)

Up to a relative error of O(Ω/ω0, (ωL −ω0)/ω0),989

bẆ f (tn) = ℏωL

�
�

�

�〈bout (tn)〉tn

�

�

�

2
−
�

�

�〈bin (tn)〉tn

�

�

�

2�

which is the measurable expression of the rate of bipartite work done on the field990

by the atom (see Eq. (45) and Section 8). This is exact at steady state as,991

γ
2 〈HD (t∞)〉t∞ 〈σz〉t∞ = γℏ (ω0 −ωL)

�

�

�〈σ−〉t∞

�

�

�

2
. Comparing with Eq. (45), we find the992

simple relation bẆS = −(ℏω0/ℏωL)bẆ f which is exact at steady state.993
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F.3 Expressions of energetic quantities at steady state994

By definition, at steady state ˙〈σx〉t∞ = ˙
σy

�

t∞
= ˙〈σz〉t∞ = 0, implying995

U̇S(t∞) = U̇ f (t∞) = V̇(t∞) = 0 (see section 5). This results in the atom and the field996

exchanging b-work and b-heat such that bẆS( f )(t∞) = −bQ̇S( f )(t∞). As shown in Appendix997

F.2.2, at steady state, bẆ f (t∞) = −(ωL/ω0)bẆS(t∞). Hence, the all energetic quantities998

at steady state can be derived from bẆS(t∞) and bẆ s
S(t∞) which can be computed using999

Eq. (F.4). The steady state averages are expressed in terms of the saturation parameter1000

s = 2Ω2/
�

4(ωL −ω0)2 + γ2 (2n̄th + 1)2
�

:1001

bẆS(t∞) = −
γℏω0

2 (2n̄th + 1)2

�

s

(1+ s)2

�

+
γℏω0

2

� s
1+ s

�

, (F.12)

bẆ s
S (t∞) = −

γℏω0

2 (2n̄th + 1)2

�

s

(1+ s)2

�

. (F.13)

F.4 Average coupling energy for initial coherent-thermal field and atom using1002

the collisional model1003

Here, we derive the average value of the interaction picture coupling Hamiltonian V (t). We1004

start with its discrete-time version given in Eq. (13) of the main text1005

Vn = i
p

γ∆t
�

σ+bn − b†
nσ−
�

. (F.14)

Throughout we will use the fact that Tr f {Vnη
β
n }= 0. The change of the coupling energy after1006

the nth collision is1007

∆t
ℏ
∆nV =

∆t
ℏ
(V (tn+1)−V (tn))

=Tr
¦

Vn+1ρ
′
(tn+1)
©

− Tr

�

VnρS (tn)
⊗

m
D (αm)η

β
mD

† (αm)

�

, (F.15)

where ρ
′
(tn+1) is the bipartite state of the atom and the field after the nth unit has interacted1008

(tracing over all other (n− 1) units that have already interacted). The state of the field may1009

contain all the field units that have yet to interact. As stated in Section 3.2 of the main text,1010

the evolution of the bipartite state reads1011

ρ
′
(tn+1) = Un

�

ρS (tn)
⊗

m
D (αm)η

β
mD

† (αm)

�

U†
n . (F.16)

Expanding the unitary to the first order in γ∆t,1012

ρ
′
(tn+1) =ρS (tn)

⊗

m
D (αm)η

β
mD

† (αm)− i

�

Vn,ρS (tn)
⊗

m
D (αm)η

β
mD

† (αm)

�

−
1
2

�

Vn,

�

Vn,ρS (tn)
⊗

m
D (αm)η

β
mD

† (αm)

��

. (F.17)

Substituting this in the coupling energy, we get1013

∆t
ℏ
∆nV =Tr

�

(Vn+1 − Vn)ρS (tn)
⊗

m
D (αm)η

β
mD

† (αm)

�

−iTr

�

[Vn+1, Vn]ρS (tn)
⊗

m
D (αm)η

β
mD

† (αm)

�

−
1
2

Tr

�

Vn+1

�

Vn,

�

Vn,ρS (tn)
⊗

m
D (αm)η

β
mD

† (αm)

���

. (F.18)
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We can trace over all the units that are not involved in the evolution and use the cyclic property1014

of the trace to apply the displacement on Vn(n+1) to get1015

∆nV∆t =Tr
¦

(HD (tn+1)∆t + ℏVn+1)
�

ρS (tn)⊗η
β
n+1

�

− (HD (tn)∆t + ℏVn)ρS (tn)⊗ηβn
©

−iTr

�

[HD (tn+1)∆t + ℏVn+1, HD (tn)∆t + ℏVn]

�

ρS (tn)
⊗

m
ηβm

��

−
1
2

Tr

�

[[HD (tn+1)∆t + ℏVn+1, HD (tn)∆t + ℏVn] , HD (tn)∆t + ℏVn]ρS (tn)
⊗
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ηβm

�

.

(F.19)

Now we use that Tr
¦

Vn+1ρS (tn)η
β
n+1

©

= 0 and ∆HD (tn) = HD (tn+1)−HD (tn),1016

∆nV∆t =TrS {∆HD (tn)∆tρS (tn)}

−iTr

�
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�
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��
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⊗

m
ηβm

�

.

(F.20)

Re-writing the second and third lines we get1017

Tr

�

[HD (tn+1)∆t + ℏVn+1, HD (tn)∆t + ℏVn]

�
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��
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��	
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�

ρS (tn)⊗η
β
n+1

�©

where, we see that Tr
¦

[ℏVn+1, HD (tn)∆t + ℏVn]
�

ρS (tn)⊗η
β
n

�©

= 0 as Vn+1 gets traced only1018

with ηβn+1 and hence, Tr
¦

Vn+1Vnη
β
n+1

©

= 0. Defining Ṽn = HD (tn)∆t + ℏVn1019

Tr

�

��
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�
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��
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+Tr

�
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�

, Ṽn
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ηβm
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.

Again, the second term is zero as Vn+1 gets traced only with η
β
n+1 and hence,1020

Tr
¦

Vn+1Ṽnη
β
n+1

©

= 0. Finally, we get1021

∆nV∆t =TrS {∆nHD (tn)∆tρS (tn)}+ Tr
�

HD (tn+1)∆t
�

HD (tn)∆t + ℏVn,
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��	
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�
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m
ηβm

���

=TrS {∆nHD (tn)∆tρS (tn)}

+TrS

�

HD (tn+1)∆tTr f
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Ũn
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Ũ†
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. (F.21)

where Ũn =D†(αn)UnD(αn). Noticing that

Tr f

�

ŨnρS (tn)
⊗

m
ηβmŨ

†
n −ρS (tn)
⊗

m
ηβm

�

= ρS(tn+1)−ρS(tn) =∆nρS
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is the change of the atom’s state after the nth collision, we get ∆nV =∆n 〈HD (tn)〉tn
, which in1022

the continuous limit results in,1023

V̇ (t) = d
d t
〈HD (t)〉t =⇒ ∆V (t) =∆ 〈HD (t)〉t . (F.22)

G Energetic relations between Open and Autonomous Scenarios1024

Here we compare the energetic framework applied in the standard open approach with the1025

one detailed in Section 5 for the autonomous scenario. We first relate b-work done on the1026

field with the standard definition of work Ẇ . We begin showing that out of resonance, at1027

any time t, bẆ f = −Ẇ − TrS{ρ
(lab)
S (tn)∆nH

s(lab)
S (tn)/∆t}, where for simplicity we define1028

Ẇself(t) = TrS{ρ
(lab)
S (tn)∆nH

s(lab)
S (tn)/∆t}. We can then use this result to get Eq. (48) and1029

(49) of the main text by taking V = V⊗ = Vχ = 0 which is true at resonance [29] and also1030

show Eq. (47) out of resonance. Here, we work in the lab frame with respect to the atom (still1031

rotating with H f ) and remove the notation lab for the operators in this section. Substituting1032

∆nρ
⊗ (see Eq. (32)) in Eq. (41) for the field, we find:1033

∆n
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(1)
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©
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H f∆nρ
(2,S)
	

=Tr f

¦

H f∆nρ
(1)
f

©

+ Tr f

¦

H f∆nρ
(2, f )
f

©

, (G.1)

where, the contribution of ∆nρ
(2,S)
f is negligible (see Appendix D). The first and second order1034

terms of the b-work done on the field are equal and opposite to the work and self-work1035

respectively. Substituting Eq. (D.1) in the first order contribution, it becomes:1036

Tr
¦

H f∆nρ
(1)
f

©

=− iTr
��

H f , Vn

�

ρn

	

. (G.2)

Now, we use that in the interaction picture, the operators evolve as
�

H f , Vn

�

= −iℏ∆Vn
∆t .1037

Substituting this in the above, we find1038

Tr
¦

H f∆nρ
(1)
f

©

=− iTr
��

H f , Vn

�

ρn

	

=− ℏTr
§

∆nVn

∆t
ρn

ª

=− Tr {∆nHDρS (tn)} − ℏTr
§

∆nVn

∆t
ρS ⊗ηβn

ª

=− Tr {∆nHDρS (tn)}= −∆nW. (G.3)

Hence, the first order contribution to the field’s b-work is equal and opposite to the work done1039

on the atom ∆nW . This can be seen as a result of ∆nρ
(1)
f arising from stimulated emission1040

processes of the atom and hence, leads to an energetic contribution which is equal and opposite1041

to the standard work done on the atom −Ẇ .1042

Similarly, substituting Eq. (30) after taking the trace over the atom, in the second order1043
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contribution, we find:1044

Tr
¦

H f∆nρ
(2, f )
f

©

=−
1
2

Tr
��

H f , Vn

� �

〈Vn〉S ,ρ (tn)
�	

=
iℏ
2

Tr
§�

∆nVn

∆t
, 〈Vn〉S
�

ρ (tn)
ª

=
iℏ
2

Tr
§

∆n

∆t

��

Vn, 〈Vn〉S
��

ρ (tn)
ª

−
iℏ
2

Tr
§��

Vn,
∆n 〈Vn〉S
∆t

��

ρ (tn)
ª

=− Tr
�

ρS (tn)∆n

�

Hs
S (tn)
�	

−
iℏ
2

Tr
§��

〈Vn〉S ,
∆n 〈Vn〉S
∆t

��

ρ f (tn)
ª

,

(G.4)

where, we used that
�

Vn, 〈Vn〉S
�

= 2i∆t
ℏ Hs

S (tn). Finally it is easy to see that:1045

−
iℏ
2

Tr
§�

〈Vn〉S ,
∆n 〈Vn〉S
∆t

�

ρ f (tn)
ª

=−
iℏ
2

Tr
§�

〈Vn〉S ,
〈Vn+1〉S − 〈Vn〉S

∆t

�

ρ f (tn)
ª

= 0, (G.5)

and hence,1046

Tr
¦

H f∆nρ
(2, f )
f

©

= −Tr
�

ρS (tn)∆n

�

Hs
S (tn)
�	

= −∆nWself. (G.6)

The b-work rate is finally written as:1047

bẆ f = −Ẇ − Ẇself (G.7)

where the first term is the work rate (Eq. (7) computed in the lab frame) and the we will1048

now show that Ẇself = (ωL/ω0)bẆ s
S . Explicitly computing Ẇself by differentiating self-drive1049

in Eq. (34) we find:1050

Ẇself =
γ

2
〈HD (tn)〉tn

〈σz〉tn
− γℏω0

�

�

�〈σ−〉tn

�

�

�

2
. (G.8)

At resonance, V(t) = ∆〈HD(t)〉 = 0 and hence, as 〈HD(t)〉 = 0, Ẇself = bẆ s
S . Using1051

bẆ f = −bẆS and global energy conservation, we also find Eq. (48) and (49) of the main1052

text.1053

Out of resonance, at steady state we find1054

γ

2
〈HD (t∞)〉t∞ 〈σz〉t∞ = γℏ(ω0 −ωL)

�

�

�〈σ−〉t∞

�

�

�

2
,

and hence,1055

Ẇself =
ωL

ω0
bẆ s

S . (G.9)

The above equation is true at all times up to a relative error of O(Ω/ω0, (ωL−ω0)/ω0). Hence,1056

we see that the second order contribution ∆nρ
(2, f )
f which results from the unitary part of the1057

spontaneous emission process, has an energetic contribution which is equal and opposite to1058

the self-work in the steady state regime done at the frequency of the field. With both these1059

results, we find Eq. (47).1060

H Derivation and Validity of Second Law from the Collisional1061

model1062

Here we derive Eq. (53) and prove that it provides a tighter bound over the second law given1063

by Eq. (9) and the standard Clausius inequality.1064
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H.1 Derivation of the Clausius inequality1065

In order to derive the Clausius relation with the b-heat, we employ the collision model1066

description of the interaction between the atom and the waveguide field as described in section1067

3.2. Here we work in the displaced frame with respect to the initial displacement of the field1068

and denote by ηn the state of the nth unit of the field in the input cell before the collision and1069

η′n as the state of the same unit in the output cell after the collision in this frame. We begin the1070

derivation with Eq. (52), where we rewrite the displacement operator (see Eq. (51)) in terms1071

of displacements on the collisional units using Eq. (A.5)1072

D (t) =
N
⊗

n=0

exp
�p

γ∆t
�

〈σ+〉tn
bn − 〈σ−〉tn

b†
n

�	

=
N
⊗

n=0

D (ϕn) (H.1)

where, ϕn = −
p

γ∆t 〈σ−〉tn
and N = (t − t0)/∆t such that, as γ∆t → 0, N → ∞.1073

Substituting in Eq. (52) we get1074

bΣ= −Tr {ρS (t) lnρS (t)}+ Tr {ρ (t) lnρ (t)}

− lim
γ∆t→0

N
∑

n

Tr
�

η′nln
�

D (ϕn)ηnD† (ϕn)
�	

. (H.2)

Now we use the fact that the state of the collisional unit is a thermal white noise in the displaced1075

frame where ηn = η
β
n to get1076

bΣ=− Tr {ρS (t) lnρS (t)}+ Tr {ρ (t) lnρ (t)}

+β lim
γ∆t→0

N
∑

n

Tr
�

D† (ϕn)η
′
nD (ϕn)H f

	

+ ln (Zn)

=β lim
γ∆t→0

N
∑

n

Tr
��

D† (ϕn)η
′
nD (ϕn)−ηn

�

H f

	

+∆SS , (H.3)

where ∆SS is the change of the entropy of the atom and we used that fact that1077

Tr {ρ (t) lnρ (t)} = Tr {ρ (0) lnρ (0)} as it is a closed system. Hence, the rate of change of1078

bΣ is given by,1079

bΣ̇=
1
∆t

�

∆nSS + βTr
��

D† (ϕn)η
′
nD (ϕn)−ηn

�

H f

	�

, (H.4)

where, ∆nSS is the change of the entropy of the atom during the collision with the nth unit1080

of the field. Following the same strategy as the Dyson expansion to derive Eq. (18), up to an1081

order of γ∆t, the action of the displacement on η′n is1082

D† (ϕn)η
′
nD (ϕn) =η

′
n + i∆t
�

H f (tn) ,ηn

�

−
∆t2

2

�

H f (tn) ,
�

H f (tn) ,ηn

��

=η′n + Trm ̸=n{∆nρ
(1)
f +∆nρ

(2, f )
f }, (H.5)

where, in the last line we have substituted Eq. (D.1) and Eq. (D.4) and the trace is over all1083

collision modes expect the nth mode. Substituting Eq. (H.5) in Eq.(H.4), we get1084

bΣ̇∆t =∆nSS + βTr
��

η′n −ηn

�

H f

	

+iβTr
¦

H f

�

∆nρ
(1)
f +∆nρ

(2, f )
f

�©

. (H.6)
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We identify bẆ f (tn)∆t = − i
ℏTr
¦

H f

�

∆nρ
(1)
f +∆nρ

(2, f )
f

�©

as the rate of b-work done on each1085

field unit. Hence, substituting ∆nU f = Tr{(η′n−ηn)H f } and bẆ f (tn) in Eq. (H.6) and taking1086

the continuous limit we get1087

bΣ̇=ṠS + β lim
γ∆t→0

∆nU f

∆t
− β lim

γ∆t→0
bẆ f (tn)

=ṠS + βU̇ f (t)− β bẆ f (t)

=ṠS + β bQ̇ f (t). (H.7)

We also find the integrated expression:1088

bΣ=∆SS + β lim
γ∆t→0

N
∑

n

∆nU f − β lim
γ∆t→0

N
∑

n

∆t bẆ f (tn)

=∆SS + β∆U f (t)− β bW f (t)

=∆SS + β bQ f (t). (H.8)

At resonance, bQ f (t) = −bQS(t), using which we find the Clausius relation from Eq. (53).1089

The positivity of bΣ̇ and bΣ arises from the positivity of the relative entropy, noting that this1090

relative entropy before the first collision (before interaction has begun) is zero.1091

H.2 Sign of Ẇself1092

We begin with Ẇself = −bẆ f − Ẇ = Tr{ρ(lab)
S (t)dHs(lab)

S (t)/d t} (see Appendix G). Using1093

global energy conservation this can be expressed as, Q̇S + bQ̇ f = Ẇself− V̇ . We first show that1094

Ẇself ≤ 0. We compute1095

Ẇself = −iℏ
γ

2
(〈σ̇−〉 〈σ+〉 − 〈σ̇+〉 〈σ−〉) . (H.9)

Using the atom’s master equation, we find1096

〈σ̇−〉= −iω0 〈σ−〉 −
Ω

2
e−iωL t 〈σz〉 − γ
�

2n̄th + 1
2

�

〈σ−〉 . (H.10)

Introducing for readability the Bloch coordinates q(t) = 〈σq〉 for q = x , y, z, we obtain1097

Ẇself = −
γℏω0

4

�

�

x2(t) + y2(t)
�

+
Ω

ω0
y(t)z(t)
�

. (H.11)

When sweeping the admissible atom states (i.e., verifying x2(t) + y2(t) + z2(t) ≤ 1 and1098

x(t), y(t), z(t) ∈ [−1, 1]), it is easy to show that Ẇself ≤ 0 except when we have both1099

x(t) ∈ [−
p

−y2(t)− εy(t)z(t),
p

−y2(t)− εy(t)z(t)], and y(t) (y(t) + εz(t)) < 0, with1100

ε= Ω/ω0≪ 1. In this range of parameter, it is easy to check that the maximum value taken by1101

Ẇself(t) is γℏω0
8 (
p

1+ ε2− 1)≃ γℏω0
Ω2

16ω2
0
≪ γℏω0. Both the maximum positive value of Ẇself1102

and the range of parameters allowing to have Ẇself ≥ 0 vanish as O(Ω2/ω2
0). Therefore, except1103

in that narrow interval, where the work-like quantities are sensibly equivalent, Ẇself < 0. To1104

show that, bΣ≤ Σ, we need that Q̇S + bQ̇ f = Ẇself − V̇ ≤ 0 where,1105

Ẇself − V̇ = −
γℏω0

4

�

�

x2(t) + y2(t)
�

+ εy(t)z(t) + 2ε
�

n̄th +
1
2

�

y(t) +
2ε(ωL −ω0))

γ
x(t)
�

.

(H.12)

Similarly, we can notice, for a quasi-resonant field, where ε
r

�

n̄th +
1
2

�2
+ (ωL−ω0

γ )2≪ 1 , for1106

the range of values considered, this quantity is negative, and hence, the field’s bipartite heat1107

is smaller than the heat received by the bath according to the OBEs. This finally implies a1108

smaller entropy production for the closed analysis, i.e, bΣ≤ Σ.1109
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I Spectral signatures of correlations1110

Here we derive the equations present in Section 7 starting from the output photon-number1111

spectrum. We first relate this to the Fourier transform of the correlation function of field at1112

position x1 and then find the contributions of the different processes during the interaction1113

in Eq. (32) to the spectrum. We do this in order to derive Eq. (61) and the form of Ṡχ(ω) to1114

relate it to the inelastic component of the Mollow triplet.1115

I.1 Spectrum in terms of collision modes1116

In this section, we relate the Fourier transform of the correlation function of field at position1117

x1 to the output photon-number spectrum Tr{a†
kakρ f (t∞)}. The state ρ f (t∞) is the state of1118

the field at long times, it includes both, a large number of units that have already interacted1119

and the ones that will interact even after the atom has already reached its limit cycle (or steady1120

state (ρss) if the atom is in the frame rotating with the laser frequency ωL). This field state is1121

given by1122

ρ f (t∞) = TrS

�

Π∞k=0Uk(ρS (t0)⊗ρin)Π
∞
k=0U†

k

	

. (I.1)

We use this state because the measurement of a single frequency requires access to a large1123

number of temporal correlations created between all the interacted units. We hence, start with1124

the Fourier transform of the field correlation function at position x1 at a frequency ωi and at1125

some time t j . Using Eq. (A.5) we find:1126

∆t
2π

∑

m,n

e−i∆ωi tm ei∆ωi tnTr
¦

b†
x1
(tm) bx1

(tn)ρ f

�

t j

�

©

=
∆t2

2πγ

∑

m,n

∑

k,l

gk g∗l e−i(ωi−ωl )tm ei(ωi−ωk)tnTr
�

a†
l akρ f

�

t j

�	

× e−i(ωl−ωk)
∆t
2 sinc
�

1
2
∆ωk∆t
�

sinc
�

1
2
∆ωi∆t
�

=
L∆t

2πvγ

∑

n

∑

k

gk g∗i e−i(ωi−ωk)tnTr
�

a†
i akρ f

�

t j

�	

× e−i(ωi−ωk)
∆t
2 sinc
�

1
2
∆ωk∆t
�

sinc
�

1
2
∆ωi∆t
�

=Tr

¨

∑

k

δD(ωk −ωi)a
†
kakρ f

�

t j

�

«

sinc2
�

1
2
∆ωi∆t
�

∑

k g2
kδD(ωk −ωi)

γ

≃ S
�

ωi , t j

�

, (I.2)

where ∆ωi = ωi −ω0, L is the typical length of the waveguide and v is the group velocity1127

of the light. L/v is required to get the density of modes used in defining a Kronecker delta.1128

The approximation in the last line holds for ωi ∈ [ω0 − π/2∆t,ω0 + π/2∆t], that is, the1129

range of frequencies spanned by the collision modes bn. On this frequency interval, the sinc1130

function can be approximated by 1 and
∑

k g2
kδD(ωk −ωi) ≃ γ, as ensured by the inequality1131

∆t ≫ τc ≥ ∆−1
bw. As Ω, (ωL −ω0) ≪ ∆t−1 in the regime of the OBEs, the Mollow triplet1132

(fluorescence spectrum) is fully contained in this range of frequencies. Note that the field1133

spectrum outside this frequency range could be in principle computed from the modes bn, j>0,1134

evolving quasi-freely, see Appendix A.1135

We eventually deduce the expression of spectral flow, verifying1136
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∆t
∑

n Ṡ
�

ωi , t j; tn

�

= S(ωi , t j), as a function of the bx1
mode:1137

Ṡ
�

ωi , t j; tn

�

=
1
π

Re
∑

p

e−i∆ωi tn+p ei∆ωi tnTr
¦

b†
x1

�

tn+p

�

bx1
(tn)ρ f

�

t j

�

©

, (I.3)

with the input (output) spectral flow being obtained by setting t j = t0 = 0 (t j = t∞≫ γ−1).1138

We re-write the output spectrum in terms of the collision modes, introducing the delay time1139

(tp = tn+p − tn):1140

Ṡout (ωi , tn) =
1
π

Re
∑

p

e−i∆ωi tp Tr f {b
†
n+p bnρ f (t∞)}, (I.4)

which in the continuous limit gives:1141

Ṡout (ω, t) =
1
π

Re

∫ t∞

0

dτe−i(ω−ω0)τ



b†
out (t +τ) bout (t)

�

t∞
. (I.5)

Note that above the expressions in terms of the delay times is equivalent to Eq. (I.2) as the1142

real part is taken in the expression.1143

I.2 Separating signatures of correlations1144

Here, we will separate the contribution to the spectrum that appear due to the evolution of1145

correlations during the interaction and in doing so derive Eq. (61) and the form of Ṡχ(ω). We1146

are interested in its effect on the Mollow triplet and hence, we will only consider collisions1147

after the atom has reached its limit cycle, that is tn≫ γ−1 or equivalently, that n is larger than1148

a number of collisions nss required to reach the limit cycle. Singling out the input spectral1149

flow, we obtain:1150

Ṡout (ωi , tn) = Ṡin (ωi , tn) +
1
π

Re
∑

p

e−i(ωi−ω0)tp Tr f

�

b†
n+p bn∆n+p,nρ f

	

, (I.6)

where,1151

∆n+p,nρ f = TrS

¦

Un+pηn+pE
tn+p−tn

S

�

UnηnρS (tn)U
†
n

�

U†
n+p

©

, (I.7)

and E tn+p−tn

S is the evolution super-operator for the atom state over time tp and is given by1152

E tn+p−tn

S [ρS] =
n+p
∏

k=n

Tr f

�

UnρSηnU†
n

	

. (I.8)

For simplicity, we define for n≥ nss,1153

Gnp = Tr f

�

b†
n+p bn∆n+p,nρ f

	

, (I.9)

such that Ṡout (ωi) = Ṡin (ωi) + (1/2π)
∑

p e−i(ωi−ω0)tp Gnp. The term Gnp contains the1154

change of two collisional units of the field. To separate the correlation induced evolution1155

during these two collisions, we first separate that for the first collision and hence find1156

∆n+p,nρ f =∆n+p,nρ
⊗
f +∆n+p,nρ

χ

f , where1157

∆n+p,nρ
⊗
f = TrS

¦

Un+pηn+pE
tn+p−tn

S

�

∆nρ
⊗ +ρS (tn)⊗ηn

�

U†
n+p

©

−ηn+p ⊗ηn, (I.10)

∆n+p,nρ
χ

f = TrS

¦

Un+pηn+pE
tn+p−tn

S [∆nρ
χ]U†

n+p

©

. (I.11)
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Their contribution to the spectrum is separated as Gnp = G⊗np + Gχnp with1158

G⊗(χ)np = Tr f

¦

b†
n+p bn∆n+p,nρ

⊗(χ)
f

©

. (I.12)

We will show that this separation is enough to separate the effect of the correlation induced1159

evolution, as the evolution induced by the correlation in the second collision has negligible1160

contribution to G⊗np. We will now compute the two contributions to Gnp. Substituting Eq.(32)1161

in the above we find:1162

G⊗np =TrS,n+p,n

¦

b†
n+p bnUn+pηn+p

�

ρS

�

tn+p

�

⊗∆nρ
(1)
f +ρS

�

tn+p

�

⊗ηn

�

U†
n+p

©

+TrS,n+p,n

¦

b†
n+p bnUn+pηn+pE

tn+p−tn

S

�

∆nρ
(2,S) +∆nρ

(2, f )
�

U†
n+p

©

−



b†
n+p

�

tn+p
〈bn〉tn

,

(I.13)

and1163

Gχnp = TrS,n+p,n

¦

b†
n+p bnUn+pηn+pE

tn+p−tn

S

�

∆nχ
(1) +∆nρ

(2,χ)
�

U†
n+p

©

, (I.14)

where, we used that the contribution of ∆nρ
(1)
S is of order (ωL −ω0)O

�

Ω∆t
Ç

∆t
γ

�

as ρS (tn)1164

is in its limit cycle and ∆nρ
(2,S)
S = 0.1165

1166

Let us first compute G⊗np. Substituting Eq. (30) in G⊗np, we find that the contribution of1167

∆nρ
(2,S) is of order O

�

Ω∆t
p

γ∆t
�

while that of ∆nρ
(2, f ) is of order (1+ n̄th) o (γ∆t). Using1168

Eq. (D.1), we find Tr
¦

bn∆nρ
(1)
f

©

= −
p

γ∆t 〈σ−〉tn
and hence,1169

G⊗np =e−i(ωL−ω0)tp TrS,n+p

�

b†
n+p

�

−
p

γ∆t 〈σ−〉tn
+ 〈bn〉tn

�

Un+p

�

ρS

�

tn+p

�

⊗ηn+p

�

U†
n+p

	

−



b†
n+p

�

tn+p
〈bn〉tn

.

The action of the second collision, similarly gives1170

G⊗np = −
p

γ∆t
�

〈σ−〉tn




b†
n+p

�

tn+p
+ 〈bn〉tn

〈σ+〉tn+p

�

+ γ∆t 〈σ+〉tn+p
〈σ−〉tn

. (I.15)

where, we use that TrS,n+p

�

b†
n+p∆n+pχ

(1)
	

= 0, TrS,n+p

¦

∆n+pρ
(1)
S ⊗ b†

n+pρ f

�

tn+p

�

©

= 0,1171

TrS,n+p

¦

ρS

�

tn+p

�

⊗ b†
n+p∆n+pρ

(1)
f

©

= −
p

γ∆t 〈σ+〉tn+p
and1172

TrS,n+p

�

ρS(tn+p)⊗ b†
n+pηn+p

	

=



b†
n+p

�

tn+p
. As one can notice, there is no contribution1173

from the correlation induced evolution during the second collision to G⊗np. Hence, Eq.(I.14)1174

is enough to separate the contributions of the correlations on the spectrum.1175

1176

Now let us compute Gχnp. Using Eq. (30), we find that the contribution of the second order1177

correlation evolution is Trn

�

bn∆nρ
(2,χ)
	

= o (γ∆t). Therefore, the only contribution from the1178

first collision is from the creation of correlation during dynamics at first order. Using Eq. (29)1179

in Gχnp, and taking the trace over the first collisional unit (mode n) we find1180

Gχnp =−
p

γ∆tTrS,n+p

¦

b†
n+pUn+p

�

E tn+p−tn

S {σ−ρS (tn)} ⊗ηn+p

�

U†
n+p

©

+n̄th

p

γ∆tTrS,n+p

¦

b†
n+pUn+p

�

E tn+p−tn

S {[ρS (tn) ,σ−]} ⊗ηn+p

�

U†
n+p

©

+
p

γ∆t 〈σ−〉tn
TrS,n+p

�

b†
n+pUn+p

�

ρS

�

tn+p

�

⊗ηn+p

�

U†
n+p

	

. (I.16)

Only the first order evolution terms contribute during the second collision as the second order1181

evolution contribution to Gχnp are of order o (γ∆t). By expanding Gχnp in the form of Eq. (18)1182
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and Eq. (32), we find that the uncorrelated evolution terms of the second collision do not1183

contribute. Therefore, only the first order correlating part of the evolution during the second1184

collision contributes to the correlated part of the spectrum and by taking the trace over the1185

second collisional unit (mode n+ p) we find1186

Gχnp =γ∆t
�

Tr
¦

σ+E
tn+p−tn

S {σ−ρS (tn)}
©

− n̄thTr
¦

σ+E
tn+p−tn

S {[ρS (tn) ,σ−]}
©�

− γ∆t 〈σ+〉tn+p
〈σ−〉tn

. (I.17)

Hence, the contribution to the correlated and uncorrelated part of the spectral flows is1187

Ṡ⊗ (ωi , tn) =
1
π

Re
∑

p

e−i(ωi−ω0)tp G⊗np

=−
p

γ∆t

π
Re
∑
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�

〈σ−〉tn
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�

tn+p
+ 〈bn〉tn
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�

+
γ∆t
π
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p

e−i(ωi−ω0)tp 〈σ+〉tn+p
〈σ−〉tn

, (I.18)

Ṡχ (ωi , tn) =
1
π

Re
∑

p

e−i(ωi−ω0)tp Gχnp

=
γ∆t
π

Re
∑

p

e−i(ωi−ω0)tp

�

Tr
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. (I.19)

We rewrite the expressions using only atomic operators, using 〈bin (t)〉 =
Ω

2
p
γ e−i(ωL−ω0)t and1188

〈σ+〉tn+p
= ei(ωL−ω0)tp 〈σ+〉tn

as the atom is in its limit cycle. Taking the continuous limit of Ṡ⊗1189

and Ṡχ , this leads to the following expressions:1190

Ṡ⊗ (ω, t∞) =−δD (ω−ωL)
Ω

2

�
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(I.20)

Ṡχ (ω, t∞) =
γ
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Re

∫ t∞
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0
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Hence, we find Eq. (61) by setting ωL =ω0 in Ṡ⊗ (ω)≡ Ṡ⊗ (ω, t∞). The inelastic component1191

of the Mollow triplet can be recovered by settingωL =ω0 and n̄th = 0 in Ṡχ(ω)≡ Ṡχ(ω, t∞).1192
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Similarly the input photon spectral rate takes the form:1193

Ṡin (ω, t) =
1
π

Re

∫ t∞

0

dτe−iωτeiω0τ
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