
SciPost Physics Submission

Correspondence of boundary theories between internal and
crystalline symmetry protected topological phases

Jian-Hao Zhang1, Shang-Qiang Ning1†

1 Department of Physics, The Pennsylvania State University, University Park, Pennsylvania
16802, USA

2 Department of Physics, The Chinese University of Hong Kong, Sha Tin, New Territory, Hong
Kong, China

† sqning91@gmail.com

Abstract

Symmetry protected topological phases protected by crystalline symmetries and internal
symmetries are shown to enjoy fascinating one-to-one correspondence in classification.
Here we investigate the physics content behind the abstract correspondence in three or
higher-dimensional systems. We show correspondence between anomalous boundary
states, which provides a new way to explore the quantum anomaly of symmetry from its
crystalline equivalent counterpart. We show such a correspondence directly in two sce-
narios, including the anomalous symmetry-enriched topological orders (SET) and critical
boundary states. (1) First of all, for the surface SET correspondence, we demonstrate
it by considering examples involving time-reversal symmetry and mirror symmetry. We
show that one 2D topological order can carry the time reversal anomaly as long as it
can carry the mirror anomaly and vice versa, by directly establishing the mapping of
the time reversal anomaly indicators and mirror anomaly indicators. Besides, we also
consider other cases involving continuous symmetry, which leads us to introduce some
new anomaly indicators for symmetry from its counterpart. (2) Furthermore, we also
build up direct correspondence for (near) critical boundaries. In this perspective, we
first consider the edge-corner correspondence between edge theory as 1+1D conformal
field theory of internal fermionic SPT and the 0+1D corner modes of (higher-order) crys-
talline fermionic SPT. By viewing the corner modes on 1D boundary as perturbed CFT
is crucial insight for the correspondence, but also help to discover the boundary theory
of some intrinsically interacting fermionic SPT, whcih are challenging. Next, we discuss
this correspondence bosonic systems, again taking topological phases protected by time
reversal and mirror symmetry as examples, the direct correspondence of their (near)
critical boundaries can be built up by coupled chain construction that was first proposed
by Senthil and Fisher. The examples of critical boundary correspondence we consider in
this paper can be understood in a unified framework that is related to hierarchy struc-
ture of topological O(n) nonlinear sigma model (NLσM), that generalizes the Haldane’s
derivation of O(3) sigma model from spin one-half system. To our best of knowledge,
this hierarchy structure of the O(n) NLσM is first exposed, which inspires us to explore
more interesting connection between different theories in the light of the boundary cor-
respondence.
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1 Introduction41

Symmetry-Protected Topological (SPT) phases, as short-range entangled states of matter, have42

been the focus of intensive research over the past decades [1]. They represent a new paradigm43

in the realm of quantum matter, extending beyond Landau’s symmetry-breaking framework. A44

well-known example of an SPT phase in fermionic systems is the topological insulator, which45

is protected by both time-reversal and charge conservation symmetries [2,3]. Bulk properties46

of SPT phases have been systematically constructed and classified for interacting bosonic and47

fermionic systems using various methods [4–17]. Remarkably, one perspective for investigat-48

ing these intriguing quantum states is the study of anomalous boundary theories associated49

with SPT phases. This has led to the development of the bulk-boundary correspondence (BBC)50

theory for SPT phases.51

The boundaries of SPT phases can exhibit various intriguing characteristics. That is, they52

may be gapless, symmetry broken [18], or topologically ordered in three or higher dimensions53

[19], but they cannot have a unique symmetric gapped ground state. Extensive studies have54

been conducted on the anomalous boundaries of the SPT [14,18–32]. A celebrated example is55

the two-dimensional topological superconductor, which is protected by time reversal symmetry56

with T 2 = −1. This phase is notable for hosting helical Majorana edge modes that are robust57

and protected as long as time-reversal symmetry is preserved [33]. Generally, one fundamental58

question is: What types of boundaries can a SPT phase have? Given a SPT, its boundary can59

be realized many by different phases. It turns out that even though being different as a first60

glance, all such boundaries have the same topological nature to some sense, that is the ’t61

Hooft anomalies associated with the corresponding symmetries [34,35]. To be more precise,62

an nD boundary, which can be either gapless or gapped, can be realized with specific ’t Hooft63

anomalies on the boundary of the corresponding n+1D SPT phase. This motivates the study of64

’t Hooft anomalies in nD quantum theories, including the conformal field theory [20,31,32,36],65

symmetric gapped phases, such as 2D Symmetry-Enriched Topological Order, etc [23,37–42].66

Very recently, the study of ’t Hooft anomaly are formulated into a more general framework of67

generalized symmetry. For example, the ’t Hooft anomaly corresponding to 2D SPT is shown68

to be equivalent to the generalized symmetry, described by the unitary fusion category whose69

objects and fusion are the group elements and their group multiplication, and the associated70

3-cocycle is the F symbol [43, 44]. One great significance of ’t Hooft anomaly is that it is71

an invariance under the renormalization group and then provides important non-perturbative72

knowledge of IR physics even though the corresponding many-body Hamiltonian may be too73

hard to be attached [45]. For example, the LSM anomaly, one of the ’t Hooft anomalies, will74

forbid the group state from being symmetric uniquely gapped from the only knowledge of each75

unit cell no matter what Hamiltonian it takes as long as it preserves the symmetry [46–51].76

Recently, there has been extensive theoretical [52–77] and experimental [78–81] interest77

in symmetry-protected topological (SPT) phases protected by crystalline symmetries. Distin-78

guished from internal SPT phases, the boundaries of d-dimensional crystalline SPT phases are79

typically gapped, yet they exhibit protected lower-dimensional gapless modes at the hinges80

or corners. This type of topological phase is dubbed higher-order topological phases [82–91],81

topological crystalline phases or crystalline SPT. The robustness of the hinge or corner modes82

against symmetry perturbations reflects the nontrivial topology of the bulk phases, resulting83

in the bulk-boundary correspondence (BBC) of these topological crystalline phases.84

The study of topological crystalline phases has been predominantly explored in free-fermion85

systems. Due to analytical limitations, a few representative examples of strongly correlated86

topological crystalline phases have been analytically understood through coupled-wire con-87

structions [90,91]. An established real-space construction of topological crystals has been pro-88

posed to construct and classify topological crystalline phases in interacting systems [63–68].89
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This construction encompasses both bulk and boundary properties, achieved by decorating90

suitable lower-dimensional SPT or invertible topological phases on the corresponding blocks91

of the topological crystals, often referred to as “decorated block states" or “decorated topolog-92

ical crystals."93

Very interestingly, it was pointed out that there are profound relationships between the94

crystalline and internal SPT phases. In Ref. [57], the so-called “crystalline equivalence principle”95

(CEP) was conjectured: the classification of crystalline SPT phases with space group G is96

identical to that of SPT phases protected by internal symmetry in a subtle and abstract way.97

Therefore, the crystalline SPT (in Euclidean space) and internal SPT protected by the groups98

that have the symmetry in the same group structure are one-to-one correspondence. The99

crystalline symmetry G and internal symmetry correspond to each other by relating the spacial100

orientation reversing symmetry (such as mirror symmetry) to anti-unitary internal symmetry101

(such as time-reversal symmetry). For fermionic systems, it has been conjectured and justified102

by enumerations that the crystalline equivalence principle should be applied in a twisted way:103

spinless (spin-1/2) fermions should be mapped into spin-1/2 (spinless) fermions [64–67,92].104

Nevertheless, the crystalline equivalence principle is performed in a rather formal term, and a105

more physical understanding of this principle is very desired.106

In this paper, we focus on the physical properties, especially on the boundary, of crys-107

talline topological phases and SPT phases following the crystalline equivalence principle. In-108

spired by the bulk correspondence, it is natural to postulate that the Bulk-Boundary Corre-109

spondence (BBC) should also adhere to the crystalline equivalence principle. In this paper,110

we demonstrate the universal existence of such a correspondence relation in various situa-111

tions of SPT phases, which we can dub Crystalline-Equivalent Bulk-Boundary Correspondence112

(CEBBC). More specifically, we consider the examples in 2+1D fermionic SPT, and 3+1D and113

higher bosonic SPT. The boundary of 2+1D fermionic SPT are typically symmetrically gapless114

theories while for 3D and higher-dimensional SPT phases, except being symmetric gapless,115

they can be symmetry-enriched topological orders (SET). So we will investigate the CEBBC116

in both fermionic and bosonic systems, which mainly consists of two scenarios: surface SET117

correspondence and critical boundary correspondence.118

1. Fermionic SPT We will construct the correspondence between the boundaries of 2+1D119

fermionic SPT phases protected by on-site symmetry and 2+1D crystalline fermionic SPT120

phases with point group symmetry. The correspondence can be established by treating121

the corner modes of 2+1D crystalline fermionic SPT phases as “crystalline symmetric"122

domain walls of 1D modes. For illustrating examples, we build the correspondence123

between reflection-symmetric topological superconductor (TSC) and the time reversal124

symmetric TSC with T 2 = −1, and also between C2-symmetric TSC and TSC protected125

by unitary on-site Z2 [93–95, 95–97], whose bulks follow the crystalline equivalence126

principle. Furthermore, as an application of the crystalline equivalent BBC, we discover127

the new boundary theory of one intrinsically interacting fSPT protected by non-Abelian128

Z4 ⋊ZT
2 symmetry through its crystalline partner D4-symmetric TSC.129

2. Bosonic SPT Now we generalize the CEBBC to bosonic systems. Now we focus on the130

3+1D or higher dimensional bosonic SPT. One the one hand, we focus on the surface131

SET correspondence between internal SPT phases and their crystalline SPT counterparts.132

We establish that if a particular topological order can reside on the boundary of an in-133

ternal SPT phase, it can similarly exist on the boundary of the corresponding crystalline134

SPT phase, and vice versa. To rigorously establish this surface SET correspondence, we135

leverage the utility of anomaly indicators, which are fundamental in quantifying the BBC136

for topological phases. Following this correspondence, we introduce, to the best of our137

knowledge, new anomaly indicators [such as Eqs. (51) and (52)] for SO(N)× ZM
2 sym-138

4



SciPost Physics Submission

metry indicated by those for the crystalline counterparts SO(N)×ZT
2 that were obtained139

by computing the 3+1d partition function on certain manifolds in Ref. [42].140

On the other hand, we delve into scenario where the boundaries are either in or near a141

critical state. For this purpose, we harness the description of the nonlinear sigma model142

for 3+1D or higher dimensional bosonic SPT phases, which is a powerful framework143

for phases of matter in or near criticality. In the pursuit of establishing direct corre-144

spondences in these (near) critical surface scenarios, we unveil an intriguing “hierarchy145

structure" of the O(n) sigma model, which provide a unified understanding of the sur-146

face criticality correspondence discussed in this paper. This structure can be traced back147

to Haldane’s derivation of the O(3) nonlinear sigma model, originating from the study148

of spin-half systems on lattice sites. To the best of our knowledge, such a hierarchy149

structure of topological nonlinear sigma model are for the first-time exposure. In this150

paper, our illustrative cases primarily revolve around mirror symmetry and time-reversal151

symmetry, though we also explore rotational systems to offer a comprehensive under-152

standing of the correspondence between crystalline and SPT phases.153

Through these few examples, we demonstrated that not just formal establish of the CEBBC,154

it is a powerful concept and tool to investigate the new boundary theory and relation between155

two seemingly unrelated theories. For example, the correspondence between anomalous SET156

is also utilized in Ref. [98] to construct gapped boundary of 4+1d bosonic SPT beyond group157

cohomology.158

The rest of the paper is organized as follows: In Sec. 2, we sketch the main idea of the159

anomalous boundary correspondence of internal SPT and crystalline SPT in Sec. 2.1 and160

the main result of surface SET correspondence and surface criticality correspondence in Sec.161

2.2 and in Sec. 2.3. In Sec. 4, we will mainly discuss the surface SET correspondence in162

details for time reversal and mirror SPT and also generalize to discuss the cases with additional163

continuous symmetry in Sec. 4.3. In Sec. 5 and Sec. 6, we discuss the surface criticality164

correspondence of the mirror system and rotation system respectively. We discuss the hierarchy165

structure of the O(n) sigma model in Sec. 5.3 that provides a unified understanding of the166

surface criticality correspondence discussed in this paper. We summarize and outlook in Sec.167

7.168

2 Overview169

2.1 Generality of anomalous boundary correspondence170

It was conjectured that the topological action that describes the bosonic crystalline SPT with171

crystalline symmetry Gs in Euclidean space R4 is largely classified by [55,57]172

Hd+1(BGs, U(1)r) (1)

where BGs is the classifying space for the group Gs and the subscript r means that for spatial173

orientation reversing group element, it will act as a complex conjugate on the U(1) coefficient.174

Recall that the bosonic SPT protected by internal symmetry Gint is also largely classified by175

Hd+1(BGint , U(1)T ) where the subscript T means the complex conjugate action on the U(1)176

coefficient when the group element is anti-unitary [7]. Therefore, it was observed that the177

classification of the crystalline SPT by Gs is the same as that of internal SPT by Gint which is178

the same group as Gs by identifying the spatial orientation reversing group element in Gs as an179

anti-unitary element in Gint . On physical ground, when coupling to an external probe field,180

either conventional gauge field or spatial gauge field, the topological response is controlled by181
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the same topological class, for example, in Hd+1(BG, U(1)σ)whereσ conjugate the coefficient182

if it reverses the space-time orientation. Such an observation can also be generalized to the183

beyond group cohomology SPT and crystalline SPT, and also to the fermionic SPT. Now this184

classification correspondence is phrased as the so-called crystalline equivalence principle [57].185

So in Euclidean space, the crystalline SPT and internal SPT are one-to-one correspondence.186

This result is also shown by the decorated block state or topological crystal construction for187

crystalline topological phases [55].188

It is well-known that when putting on the open manifold, the internal SPT phase can have189

a very interesting boundary phase, which carries a symmetry anomaly that can be canceled190

by the bulk phase [34, 35]. Usually, the quantum anomaly of symmetry is called the ’t Hooft191

anomaly, which is defined by obstruction to gauging the symmetry. To carry such an anomaly,192

the boundary phase can be degenerate or gapless but not symmetric unique gapped. Such a193

phenomenon is called boundary-bulk correspondence.194

For crystalline SPT, there is also such a phenomenon, such as the hing mode or corner195

modes of some crystalline SPT. This will make the nontrivial topology of the bulk phase man-196

ifest, leading to the boundary-bulk correspondence for crystalline SPT. We may also call such197

nontrivial boundary carries quantum anomaly of the symmetry. Even though the obstruction198

of gauging crystalline symmetry is still rarely discussed in the literature, we can still justify199

such a statement by adopting a modern definition of the quantum anomaly of symmetry as an200

obstruction to have a symmetric unique gapped ground state.201

The decorated block state construction is very helpful for understanding the existence of202

boundary-bulk correspondence of crystalline topological phase in a strongly correlated system.203

To see this, we first choose one boundary that is called standard such that its cell decompo-204

sition is one-to-one correspondence to that of the bulk. In fact, such a one-to-one correspon-205

dence can be easily established if all the cells in the bulk cell decomposition terminate on the206

chosen boundary. Then from the decorated block state construction, the decorated nontrivial207

invertible phase on some lower dimensional cell will terminate on the boundary with nontriv-208

ial feature, being gapless or having degenerate ground states. Yet if there might be some low209

dimensional cells that do not terminate on the chosen boundary, which we call nonstandard,210

then the crystalline topological phase constructed from by decorating these cells would have211

no nontrivial feature on the boundary due to the decorated invertible phase is not exposed to212

the boundary. For example, in the two-dimensional CN rotation system on a disk geometry,213

there are nontrivial phases by decorating the rotation center with ZN charge which is at the214

origin that does not terminate with the boundary that now can be symmetric unique gapped.215

Recalling the bulk phases of internal SPT and crystalline SPT are one-to-one correspon-216

dence, while the nontrivial boundary states can also manifest the nontrivial topology of the217

bulk, it is very natural to expect that there is also correspondence between their nontrivial218

boundary states.219

The main idea of anomalous boundary correspondence or crystalline equivalent BBC is220

summarized in Fig.1. We will make a few remarks as below.221

1. Exact anomaly The quantum anomaly of symmetry is invariant under renormalization222

flow. So the anomaly specified at the UV limit will always be present in the low energy223

limit (IR limit). There might be an emergent anomaly of symmetry [99] and even anomaly224

of emergent symmetry (in contrast to the exact symmetry that is defined in UV limit), but225

we do not consider these cases in this paper by assuming the quantum anomaly of exact226

(not emergent) symmetry is exact, i.e., present in the UV limit. In this paper by symmetry227

we always mean the exact symmetry.228

2. Symmetry-preserving operation In the UV limit, the quantum anomaly of symmetry is in-229

variant under symmetry preserving operation (such as tuning parameters of surface Hamil-230
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Figure 1: The anomalous boundary correspondence.

tonian) even though phase transition happens in the ground state1. That means two bound-231

ary phases with the same quantum anomaly could transfer into each other under by tuning232

some parameter of the surface Hamiltonian. More generally, one can conjecture that two233

arbitrary boundary phases with the same quantum anomaly can transform into each other234

by symmetry allowed operation possibly in an indirect way. One general scheme for such a235

transformation is through one path of a series of Hamiltonian parameterized by α ∈ [0,1]:236

H(α) = αH0 + (1− α)H1 where H0 and H1 realize the two target phases respectively. As237

both H0 and H1 is symmetric, then the whole path are symmetric, which means the sym-238

metry anomaly in the UV limit is also present. While at the two ends of the path are the239

two target boundary phases, it is possible along the path some intermediate phase(s) occur.240

3. Topological class of anomaly For orientation preserving symmetry, one way to see the241

quantum anomaly of boundary theories is to use the anomaly in-flow approach which is242

cancelled by the presence of the topological bulk2. For orientation changing symmetry,243

there is alternative way to detect the anomaly that is determined by the bulk topology. In244

other words, the boundary quantum anomaly of symmetry is classified by the topological245

class of their bulk [34, 35]. We say two quantum anomaly of symmetry are equivalent if246

they correspond to the same topological class, such as Hd+2(BGs, Z) for bosonic SPT.247

4. Anomaly-preserving operation The boundary correspondence is assumed to be in the248

sense of quantum anomaly, namely the boundary correspondence is defined up to anomaly-249

preserving operation. The anomaly-preserving operation is defined to the transformation250

that can not change the topological class of the quantum anomaly of symmetry. In fact, the251

two symmetry anomalies in the boundary correspondence here we discuss are equivalent252

because the two bulks are subject to the crystalline equivalence principle and controlled253

by the same topological classes. So the boundary correspondence is nothing but the two254

boundary theories carrying the same topological class of anomaly can transform into each255

other by anomaly-preserving operation.256

5. One-to-one correspondence Together with the above mentioned points that any two the-257

ories on the SPT can be transformed into each other by symmetry-preserving operation,258

then the one-to-one correspondence can be made if we can make a connection (up to some259

1In fact, the anomaly of symmetry is already defined if we have defined the symmetry realization no matter
what types of Hamiltonian we take. See Ref [43] for more details about this point.

2That is, one can couple the boundary to external probe field, either conventional gauge field or lattice gauge
field, which itself is not gauge invariant but becomes invariant when the presence of the bulk. The bulk and
boundary together couple to the external probe field, and the gauge variant part of the boundary will be cancelled
by the gauge variant of topological terms terminating on the boundary.
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proper anomaly-preserving operation) between arbitrary one boundary theory of the inter-260

nal SPT and arbitrary one boundary of crystalline SPT.261

6. Application One important application of the boundary correspondence is that we can262

explore the quantum anomaly of symmetry by studying its crystalline partner. Recalling263

that for a phase or theory (such the underlyding topological order of SET), whether it can264

carry quantum anomaly of certain internal symmetry is equivalent to say whether it can be265

put on the boundary of SPT protected by that internal symmetry. Then by the boundary266

correspondence, whether it can be put on the boundary of the SPT is equivalent to whether267

it can be put on the boundary of the crystalline partner of the SPT. On the other hand, we268

can also study whether a phase/theory be put on the crystalline SPT by studying whether it269

can be put on the boundary of internal SPT. Another important application is the guidence270

for exploring the relation between theories, even for theories live on different dimensions,271

such as the wire/layer construction for high dimension theory from lower dimensional one272

(See the examples in Sec.5.3).273

2.2 Surface SET correspondence274

To elucidate the concept of boundary correspondence, we begin by examining scenario where275

the surfaces of three-dimensional topological phases exhibit topological order with anomalous276

symmetry, specifically focusing on SET with symmetry anomalies.277

Surface correspondence implies that a surface’s topological order, denoted as C, can exist278

on the boundary of topological phases protected by internal symmetry as long as it can also re-279

side on the boundary of the corresponding crystalline topological phases while maintaining the280

crystalline symmetry, and vice versa. In general, for a given topological order, we can enumer-281

ate its symmetry enrichment data, including permutations, symmetry fractionalization, and282

stacking SPT, for both internal and crystalline symmetries. We then investigate whether there283

exists at least one anomalous symmetry-enriched pattern for both internal and crystalline sym-284

metries that can be applied to the boundaries of internal SPT and the corresponding crystalline285

SPT.286

To delve into this concept further, we focus our analysis on the surface SET of time-reversal287

SPT and mirror SPT. It becomes evident that the topological order C can exhibit a time-reversal288

anomaly if and only if it can manifest a mirror anomaly. This is demonstrated by establishing289

that when the topological order C possesses a nontrivial time-reversal anomaly indicator, de-290

noted as ηT = −1, it can also exhibit a nontrivial mirror anomaly indicator, ηM = −1, and291

vice versa. (For detailed proofs and additional examples involving U(1), SU(2), and SO(3) or292

SO(N) symmetries, please refer to Sec.4.)293

Additionally, we extend the concept of surface correspondence to another intriguing sce-294

nario where both surface theories are either at or near criticality.295

2.3 Surface criticality correspondence296

Now, let’s delve into the study of correspondence within the context of edge or surface theories297

that reside in or near critical states.298

2.3.1 Edge-corner correspondence of 2+1D fermionic SPT299

We first consider the gapless edge correspondence of 2+1D fermionic SPT. The edge theory of300

2+1D SPT phases protected by internal symmetries are 1+1D conformal field theores (CFT)301

when preserving the symmetry while that of 2+1D higher order SPT are usually corner modes,302

such as majorana corner modes. A very crucial insight is that the corner modes can be viewed303

as 1+1D CFT perturbed by some crystalline symmetric terms which will gap out all the fields304

8
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but leaving some zero modes that becomes the corner modes of the higher-order SPT. This305

understanding of the corner modes will directly lead to a very benificial idea of what 1+1D306

CFT can be put on the boundary of the 2+1D fermionic SPT protected by internal symmetries,307

which in general are difficult to find.308

To directly show the CEBBC is to prove that the same 1+1D CFT can be put on the bound-309

aries of both SPT protected by crystalline and internal symmetries, but with different symmetry310

properties—one is internal and the other is spatial. We explicitly consider three different ex-311

amples: (1) the spinless fermion with reflection symmetry Z2× Z f
2 and spin-1/2 fermion with312

time reversal symmetry Z T f
4 , (2) spin-1/2 fermion with two fold rotation C2 symmetry C2 = Pf313

and spinless fermion with Z2 symmetry Z2 × Z f
2 and (3) spinless fermion with D4 symmetry314

and spin-1/2 fermion with Z4 ⋊ Z T
2 . We note that spin-1/2 fermion with Z4 ⋊ Z T

2 means that315

the symmetry operators satisfy the relations A4 = Pf , T 2 = Pf and T AT −1A= 1 where A and316

T are the generators of Z4 and Z T
2 , respectively. For the former two examples, we know both317

the edge theories of internal SPT and higher order SPT. So what we contribute is the directly318

build the connection between their theories, confirming the above perturbed-CFT views of the319

corner modes and the same CFT can also be live on the boundary of internal SPT.320

Remarkably, for the third example, we only know the corner modes of the higher order SPT.321

The edge theory of the corresponding SPT protected by a non-Abelian symmetry is challenging322

to obtain. One specific challenging point is that we do not know a priori which CFT can323

potentially live on the boundary of the corresponding SPT. In other words, given a specific ’t324

Hooft anomaly, we do not know a priori which CFT can carry it. So, without further priori325

knowledge, we need to enumerate or conjecture which CFT could carry the given ’t Hooft326

anomaly. Back to our specific example here, using the perturbed-CFT views of these corner327

modes, now we know which CFT are potentially be put on the boundary of the corresponding328

Z4 ⋊ Z T
2 FSPT. With this crucial information, we finally also find out the proper symmetry329

realization in the CFT that has the proper anomaly.330

2.3.2 Surface-line correspondence of 3+1D bosonic SPT and beyond331

To further illustrate this, we will still use time reversal and mirror bosonic SPT states as exam-332

ples. As previously mentioned, the surface-SET correspondence discussed above establishes333

a clear one-to-one relationship between the surfaces of time reversal and mirror SPT states.334

This correspondence demonstrates that all surface theories belonging to the same SPT class335

can be transformed into one another through appropriate symmetric operations. These op-336

erations may involve adjustments to the surface Hamiltonian parameters or coupling to new337

degrees of freedom. However, our curiosity extends beyond this, as we are keenly interested338

in establishing a direct connection between the (near) critical surfaces of time reversal, mirror339

SPT states.340

To explore the behavior of (near) critical surfaces, we adopt an alternative description of341

the bulk SPT theory, one based on the nonlinear sigma model [19, 100]. This approach is342

particularly potent when the theory resides near criticality.343

In the context of 3D time reversal SPT (within the framework of group cohomology), it is344

described by the O(5) nonlinear sigma model, featuring a topological theta term with Θ = 2π.345

What makes the topological sigma model especially convenient is that its surface theory corre-346

sponds to the O(5) nonlinear sigma model with a level one Wess-Zumino-Witten (WZW) term,347

which exhibits fascinating critical behavior [19].348

In the case of the 3D mirror bulk, it is constructed by decorating the mirror plane with the349

2D Levin-Gu state. This state can be effectively characterized using the O(4) nonlinear sigma350

model, with a topological theta term of Θ = 2π [100]. When the mirror plane terminates at351

the boundary, a protected gapless mode emerges on the termination line of the mirror plane.352

9



SciPost Physics Submission

This mode is aptly described by the O(4) nonlinear sigma model featuring a level-one WZW353

term. It is worth noting that the O(4) nonlinear sigma model with a level one WZW term is354

renowned for exhibiting 1+1D SU(2)1 CFT behavior at low energies.355

To directly illustrate the surface correspondence in this scenario, we must establish a direct356

connection between the time reversal surface state and the mirror surface state. The time357

reversal surface state is described as the 2+1D O(5) sigma model with a level one WZW term,358

while the mirror surface state corresponds to the 1+1D O(4) sigma model localized on the359

mirror termination line, with the rest of the surface remaining trivial.360

To transition from the time reversal surface state to the mirror surface state, we introduce a361

mirror-symmetric magnetic field, denoted as g(x)n⃗5(x), where the function g(x) exhibits mir-362

ror symmetry, meaning g(x) = −g(−x) together with mirror action on M : n⃗(x)→−n⃗(−x).363

This magnetic field effectively creates a domain wall along the mirror termination line. This364

domain wall formation is achieved by selecting a specific profile for g(x) such that g(0) = 0365

and g(x)≫ 1 for x ̸= 0. It can be shown that on this domain wall, the 2+1D O(5) sigma model366

with a level one WZW term reduces to the 1+1D O(4) sigma model featuring a level-one WZW367

term.368

Transitioning from the mirror surface state to the time reversal surface state presents a369

more complex challenge. One naive approach involves regarding the 1+1D O(4) theory on370

the mirror termination line as a reduced description of the 2+1D O(5) theory, utilizing the371

specific g(x) profile discussed earlier. To recover the 2+1D O(5) theory, one might need to372

carefully adjust the g(x) profile back to g(x) = 0. However, it’s crucial to emphasize that373

this approach has its limitations due to the non-time reversal symmetric nature of the mag-374

netic term g(x)n5(x). Consequently, it may not provide a entirely valid method for transi-375

tioning between the mirror and time reversal surface states while maintaining the required376

symmetry properties. More sophisticated techniques may be necessary to establish a robust377

and symmetry-preserving correspondence between these states.378

A valid approach to bridging the mirror to time reversal surface states involves the use379

of a coupled chain construction. Specifically, we can construct the 2+1D O(5) model with380

a level one Wess-Zumino-Witten (WZW) term by coupling an infinite number of 1+1D O(4)381

models, each equipped with a level one WZW term, preserving the time reversal symmetry.382

This construction can be traced back to the pioneering work of Senthil and Fisher [101], where383

they considered coupled 1+1D O(4) chains with a level one WZW term to construct the 2+1D384

O(4) sigma model featuring a topological term Θ = π, all while preserving the crucial time385

reversal symmetry.386

To complete this construction and establish a direct connection between the mirror and387

time reversal surface states, it is essential to view the 2+1D O(4) topological sigma model as388

the 2+1D O(5) sigma model with a level-one WZW term, supplemented by an additional large389

anisotropic term, such as (n5)2. Importantly, this anisotropic term maintains time reversal390

symmetry, ensuring the preservation of symmetry throughout the transition.391

The coupled chain construction, stemming from Haldane’s work, originally generated the392

1+1D O(3) sigma model with a topological term Θ = π by coupling an infinite array of 0+1D393

spin one-half systems. This construction methodology can be extended to diverse O(n) situ-394

ations, enabling the creation of an nD O(n+ 1) sigma model with a topological term Θ = π395

through the coupling of an infinite number of (n−1)D O(n+1) sigma models, each endowed396

with a level one WZW term. By introducing a similar supplemented anisotropic term, the re-397

sultant nD O(n+ 1) model with a topological term Θ = π can be regarded as an anisotropic398

variant of an nD O(n+2) topological sigma model featuring a level one WZW term. This ver-399

satile construction framework, which we call it the hierarchy structure of O(n) sigma model,400

can be applied to establish surface criticality correspondences in various scenarios.401
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3 Gapless edge correspondence of 2+1D fermionic topological phases402

The CEP for fermionc SPT shows a one-to-one correspondence between SPT phases with403

crystalline symmetry and on-site symmetry with a twist of spin of fermions where spinless404

(spin-1/2) fermions should be mapped into spin-1/2 (spinless) fermions, by an explicit lower-405

dimensional block-state constructions of 2D crystalline fSPT phases, which is called topologi-406

cal crystals [65, 66]. In this section, we consider three examples of crystalline symmetries—407

reflection symmetry, C2 rotation symmetry and D4 symmetry. For the first two examples, both408

the edge theories of crystalline and on-site fermionic SPT are known, we connect the edge409

theories of the two sides by directly establishing the correspondence. Remarkably, in the light410

of the proposed CEBBC, we can investigate and discover the unknown CFT boundary theory411

of the fermionic SPT protected by Z4 ⋊ Z T
2 in spin-1/2 systems through that of its crystalline412

counterpart—spinless D4 FSPT.413

3.1 Spinless fermion with reflection symmetry and spin-1/2 fermion with time414

reversal symmetry415

Firstly we study the simplest case of spinless fermions with reflection symmetry. From topolog-416

ical crystals and explicit model construction [66], we know that for a 2D reflection-symmetric417

system with spinless fermions, there is a nontrivial higher-order topological phase with two418

Majorana corner modes ξ1 and ξ2, see Fig. 2.419

An alternative understanding of these Majorana corner modes is provided: For ξ1, con-420

sider two branches of gapless Majorana modes γ↑ and γ↓ (↑ and ↓ are virtual indices) on the421

boundary that move oppositely, with a mass term m(x):422

H =

∫

dx · γT
�

iσ3∂x +m(x)σ2
�

γ (2)

where γ(x) =
�

γ↑(x),γ↓(x)
�T

. The reflection symmetry M is defined as:423

M : γ↑(x)↔ γ↓(−x) (3)

It is easy to verify that H is invariant under M if m(−x) = −m(x), which means the mass m(x)424

has a domain-wall structure. For simplicity, take m(x) ∼ x , then the Hamiltonian H reduces425

to:426

H =

∫

dx · γTH(x)γ, H(x) = iσ3∂x + xσ2 (4)

There is a Majorana zero mode localized at x = 0 as a Gaussian wavepacket (See Appendix427

A):428

|0〉=Ae−x2/2 (1, 1)T (5)

where A is a normalization factor. Equivalently, the Majorana corner modes of nontrivial429

higher-order topological phase in 2D reflection-symmetric system with spinless fermions can430

be treated as a domain-wall at the corner of the system. In particular, this domain wall is431

reflection symmetric. To see this, denote Hm(x) = 2im(x)γ↑(x)γ↓(x), under M , Hm(x) maps432

to Hm(−x). The whole domain wall is symmetric under reflection. In other words, the domain433

wall is carrying neutral reflcetion quantum number.434

Subsequently, we define a effective “time-reversal symmetry” T in γ-basis and treat ↑ and435

↓ as effective “spin indices”: T = iσ2K , T 2 = −1, where K is the complex conjugate operator.436

It is easy to verify that the kinetic term is symmetric under T :437

T −1(iσ3∂x)T = iσ3∂x (6)
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ξ1

ξ2

M

⇒

M

ξ1

Figure 2: Edge modes of 2D reflection-symmetric system with spinless fermions.
Right panel is the zoom-in of the Majorana corner modes ξ1. Reflection axis is de-
picted by dashed line.

ξ1

ξ2

⇒R

ξ1

ξ2

R x

y

Figure 3: Edge modes of 2D C2-symmetric system with spin-1/2 fermions. Green dot
represents the center of C2.

But the mass term breaks T :438

T −1
�

m(x)σ2
�

T = −m(x)σ2 (7)

i.e., the domain wall structure is time reversal broken.439

Furthermore, we investigate the symmetry properties of zero mode (5) under reflection440

symmetry and “time-reversal symmetry”. According to Eq. (3), it is easy to see that this zero441

mode is reflection symmetric. On the other hand, under T , the zero mode (5) transforms as:442

T |0〉= (iσ2K)|0〉=Ae−x2/2 (−1,1)T (8)

i.e., this zero mode breaks T . However, this zero mode carries T 2 = −1.443

To arrive at the helical edge theory of 2D time-reversal-invariant TSC [93], there are two444

ways: one can turn off the time reversal broken domain wall, leaving only the kinetic term445

which is “time-reversal-invariant” [cf. Eq. (6)], or proliferate this domain wall that traps446

Majorana zero mode [102]. One can also go from the helical edge theory of 2D time-reversal-447

invariant TSC to obtain the Majorana corner zero modes of refelection symmetric TSC by448

adding the the reflection symmetric domain wall as in (2) and realizing reflection on helical449

majorana fermions as (3). This just establishes the “crystalline equivalence principle” of BBC450

between time reversal and reflection symmetric TSC.451

3.2 Spin-1/2 fermion with C2 symmetry and spinless fermion with Z2 symmetry452

Repeatedly from topological crystals and explicit model construction [64, 66], we know that453

for a 2-fold rotational-invariant 2D system with spin-1/2 fermions, there is a nontrivial higher-454

order topological phase with two Majorana corner modes ξ1 and ξ2 on the boundary of the455

system, see Fig. 3. We introduce polar coordinates (x , y) = r(cosθ , sinθ ) to describe the456

Majorana corner modes at the north/south poles. Under the 2-fold rotation, the two zero457

modes ξ1 and ξ2 exchange.458
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Consider two branches of gapless Majorana modes γA and γB that move oppositely, with a459

mass term m(θ)∼ cosθ :460

H =

∫

dθ · γT
�

−iσ3∂θ + cosθ ·σ2
�

γ (9)

where γ = (γA,γB)T , and the C2 property of γ is (sgn(x) = 1 for x > 0, sgn(x) = −1 for461

x < 0):462

R : γ(θ ) 7→ sgn(θ −π) (γA(θ +π),γB(θ +π))
T (10)

It is easy to verify that H is C2-symmetric. The mass term cos(θ ) has a domain wall structure,463

which is C2-symmetric. Near northpole/southpole, the total Hamiltonian can be approximately464

expressed as:465

HN =

∫

dx · γTHNγ, HN = iσ3∂x + xσ2

HS =

∫

dx · γTHSγ, HS = −iσ3∂x − xσ2

(11)

We concentrate on the physics near northpole, and the physics near southpole can be obtained466

from northpole by a 2-fold rotation. The Hamiltonian HN has a zero mode:467

|0〉=Ae−x2/2 (1,1)T (12)

Equivalently, the Majorana corner mode ξ1 of nontrivial higher-order fSPT phase in 2D C2-468

symmetric system with spin-1/2 fermions can be treated as a domain-wall at the northpole of469

a spherical geometry as illustrated in Fig. 3. Similar for ξ2 at the southpole. The C2 symmetric470

domain wall structure promises that ξ1 and ξ2 exchange under R.471

Subsequently, we define an effective “Z2 on-site symmetry” O in γ-basis: O = σ3, the472

kinetic term is symmetric under O:473

O−1(−iσ3∂θ )O = −iσ3∂θ (13)

But the mass term breaks this “Z2 symmetry”:474

O−1
�

cosθ ·σ2
�

O = − cosθ ·σ2 (14)

Furthermore, under O, the zero mode (10) transforms as:475

O|0〉= σ3|0〉=Ae−x2/2 (1,−1)T (15)

i.e., this zero mode breaks O, however it has O2 = 1.476

Similarly to time reversal TSC, we have two ways to obtain the gapless majorana edge477

modes of Z2 TSC: turn off the Z2-broken mass term cos(θ) [94–97], or proliferate the domain478

wall that traps majorana zero modes [102]. One can also begin with gapless majorana edge479

theory of Z2 TSC to construct the boundary corner modes of C2-symmetric TSC by adding mass480

term as in (9) and realizing the C2 symmetry R as (10). Then the crystalline equivalent BBC481

between unitary Z2 TSC and C2 symmetric TSC is just established.482
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ξ1

ξ′1
M1 M2

ξ2

ξ′2

ξ3

ξ′3ξ4

ξ′4

⇒

M2

ξ2 ξ′2

ξ′1

ξ1M1

ξ3

ξ′3

ξ4ξ′4

Figure 4: Edge modes of 2D D4-symmetric system with spinless fermions. All dashed
lines are reflection axes and green dot is the center of 4-fold rotation symmetry C4.

3.3 Spinless fermion with D4 symmetry and spin-1/2 fermion with Z4 ⋊ Z T
2483

Topological crystals and explicit model construction [65,103] show that for a 2D D4-symmetric484

system with spinless fermions (D4 is 4-fold dihedral symmetry D4 = C4⋊ZM
2 with two genera-485

tors R ∈ C4 as a 4-fold rotation and M1 ∈ ZM
2 as a reflection), there is a nontrivial higher-order486

fSPT phase, with 8 localized Majorana corner modes ξ j and ξ′j ( j = 1, 2,3, 4), see Fig. 4 [103].487

Similar to the C2-symmetric case, we introduce polar coordinates (x , y) = r(cosθ , sinθ) to de-488

scribe the Majorana corner modes at poles (northpole, southpole, westpole and eastpole).489

We introduce 4 branches of itinerating Majorana modes γ= (γ↑1,γ↓1,γ↑2,γ↓2)
T on the bound-490

ary, where the Majorana modes with ↑ and ↓ indices move in opposite directions:491

H0 =

∫

dθ · γT
�

i(τ3 ⊗σ3)∂θ
�

γ (16)

where τ1,2,3 are Pauli matrices characterizing the pseudo-spin indices. These Majorana modes492

have the following symmetry properties:493

M1 :

(

θ 7→ 2π− θ
�

γ1
↑ ,γ

1
↓ ,γ

2
↑ ,γ

2
↓

�

7→
�

γ2
↑ ,γ

2
↓ ,γ

1
↑ ,γ

1
↓

�

R :

(

θ 7→ θ +π/2
�

γ1
↑ ,γ

1
↓ ,γ

2
↑ ,γ

2
↓

�

7→
�

γ1
↑ ,γ

1
↓ ,γ

2
↑ ,γ

2
↓

�

(17)

That satisfy R4 = M2
1 = 1. It is easy to verify that H0 is invariant under D4 generators (17).494

We further consider a D4-symmetric “mass term” with a spatial-dependent mass m j(θ ):495

Hm =

∫

dθ · γT
�

sin(2θ) · (τ3 ⊗σ2)
�

γ (18)

And we can straightforwardly confirm that Hm is invariant under D4 generators (17). After in-496

vestigating the symmetry properties of the total Hamiltonian H = H0+Hm, we can concentrate497

on the Hamiltonian near each pole (intersection between the boundary of system and reflec-498

tion axes along the vertical/horizontal directions, see right panel of Fig. 4). Near eastpole,499

from θ ∼ 0 we obtain sin(2θ )∼ 0, the low-energy physics near the eastpole can be described500

by the following Hamiltonians:501

HE =

∫

dy · γT
�

i(τ3 ⊗σ3)∂y + y(τ3 ⊗σ2)
�

γ (19)
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The Hamiltonian HE has two zero modes (x = r):502

|0〉1 =Ae−y2/2 (1,1, 0,0)T

|0〉1′ =Ae−y2/2 (0, 0,1, 1)T
(20)

Equivalently, the Majorana corner modes γ1 and γ′1 of nontrivial higher-order topological phase503

in 2D D4-symmetric systems with spinless fermions can be treated as two domain walls near504

the eastpole of the spherical geometry in Fig. 4. Similar for Majorana corner modes at other505

poles with θ ∼ π/2,π, 3π/2 at which sin(2θ )∼ 0. Near westpole (x = −r):506

|0〉3 =Ae−y2/2 (1,1, 0,0)T

|0〉3′ =Ae−y2/2 (0, 0,1, 1)T
(21)

Near north and south poles (y = ±r):507

|0〉2,4 =Ae−x2/2 (1,1, 0,0)T

|0〉2′,4′ =Ae−x2/2 (0, 0,1, 1)T
(22)

Subsequently we define an effective “Z4 on-site symmetry” A (with A4 = −1):508

A=
1
p

2

�

12×2 −iσ2

−iσ2
12×2

�

(23)

H0 is symmetric under A, mass term Hm breaks A:509

A−1i(τ3 ⊗σ3)A= i(τ3 ⊗σ3)

A−1(τ3 ⊗σ2)A ̸= τ3 ⊗σ2 (24)

Then we define an effective “time-reversal symmetry” T :510

T = i(τ2 ⊗12×2)K , T 2 = −1 (25)

It is easy to verify that H0 and Hm preserve T :511

T −1i(τ3 ⊗σ3)T = i(τ3 ⊗σ3)

T −1(τ3 ⊗σ2)T = τ3 ⊗σ2 (26)

All zero modes [cf. Eqs. (20)-(22)] are symmetric under D4 and also T symmetry, but not512

symmetric under A (See Appendix B).513

Nevertheless, if we “release” the Majorana corner modes ξ j and ξ′j (by removing the do-514

main walls, j = 1,2, 3,4), the Hamiltonian H reduces to H0 which is “Z4-symmetric” [cf. Eq.515

(23)] and “time-reversal symmetric” [cf. Eq. (25)]. Hence the Hamiltonian H0 describes516

the edge theory of 2D (Z4⋊ZT
2 )-symmetric systems with spin-1/2 fermions. Furthermore, we517

study if these edge modes can not be gapped in a symmetric way. We bosonize the edge theory518

H0 in terms of γ1,2
σ (σ =↑,↓):519

eiφ1 = γ↑1 + iγ↓2, eiφ2 = γ↓1 + iγ↑2 (27)

And the topological edge theory H0 can be rephrased in terms of bosonic fields Φ= (φ1,φ2)T :520

Ledge =
KI J

4π
(∂xΦ

I)(∂tΦ
J ) +

VI J

8π
(∂xΦ

I)(∂xΦ
J ) (28)
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where K = σz as the K-matrix characterizing the topology of Ledge. Under A and T , the field521

of edge modes Φ transforms as [32]:522

A : Φ 7→W AΦ+δΦA, T : Φ 7→WT Φ+δΦT (29)

where523
¨

W A = 12×2

WT = σx ,

¨

δΦA = π(1/4,−1/4)T

δΦT = π(1/2,1/2)T
(30)

Also the fermion parity will map γ↑,↓i to −γ↑,↓i , so according to Eq.(27), we should have524

W Pf = 12×2 , δφPf = (π,π)T . (31)

We now try to construct interaction terms that gap out the edge without breaking the A and T525

symmetries, either explicitly or spontaneously. Consider the backscattering terms of the form:526

U =
∑

j

U(Λ j) =
∑

j

U(x) cos
�

ΛT
j KΦ−α(x)
�

(32)

The backscattering term (32) can gap out the edge as long as the vectors {Λ j} satisfy the527

“null-vector” conditions [104] for ∀i, j:528

ΛT
i KΛ j = 0 (33)

The simplest term isΛ1 = (1, 1) orΛ2 = (1,−1). However,Λ1 breaks T symmetry andΛ2 break529

A symmetry. We turn to the next simplest term Λ3 = (2, 2) or Λ4 = (2,−2). Λ3 preserve all530

the symmetry but leads to spontaneously symmetry breaking, i.e., 〈φ−〉 where φ− := φ1−φ2,531

has two energy vacca: 0 and π (take α(x) = 0 for simplicity) which transform into each other532

by A2. Similar analysis show Λ4 would spontaneously break T . So it seems to be no way to533

symmetrically gap out the edge fields. One may guess it is possible to stack trivial edge fields534

to gap them out together symmetrically. We argue that in fact it is impossible by gauging the535

fermion parity symmetry. It turns out that the fermion parity flux carries projective represen-536

tation of Z4⋊ZT
2 , which reflects the anomalous nature of the edge theory of the corresponding537

FSPT. Equivalently, H0 or Ledge with (30) characterizes the nontrivial topological edge theory538

for 2D (Z4 ⋊ZT
2 )-symmetric fSPT phase with spin-1/2 fermions.539

Now we show that fermion parity flux carries projective representation of Z4⋊ZT
2 for the540

symmetry properties (30) of H0. Following the method in Ref. [32], we can gauge the fermion541

parity symmetry and the fermion parity flux are represented by the “fractionalized" vertext542

operators ei φ2 where φ = φ1 +φ2. Now we study the symmetry properties of the remaining543

symmetry Z4 ⋊ZT
2 . In fact, under symmetry, the fermion parity flux form a doublet, which is544

represented by (ei φ2 , e−i φ2 )T . The components of the doublet differ by attaching local fermions.545

Under A and T ,546

A :

�

ei φ2

e−i φ2

�

→
�

1 0
0 1

�

�

ei φ2

e−i φ2

�

(34)

T :

�

ei φ2

e−i φ2

�

→
�

0 i
−i 0

�

�

ei φ2

e−i φ2

�

(35)

Namely, acting on the fermion parity flux doublet, UA = 12×2 and UT = −σy K . Recalling that547

the group relation T AT −1 = A−1, namely A and T do not commute, such a realization of A,T548

is indeed projective. One can compute the invariants for this projective representation, that is,549

I1 = n2(A
2T ,A2T ) = −1 (36)

I2 = n2(A
3T ,A3T ) = −1 (37)
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where n2 is the 2-cocycle corresponding to this projective representation [105]. We note that550

the corresponding 2-cocycle with such invariants are in fact nontrivial in H2
�

Z4 ⋊ZT
2 , U(1)
�

,551

and hence nontrivial in H2(Z4 ⋊ZT
2 ,Z2) which is the true symmetry fractionalization classifi-552

cation of fermion parity flux. In fact, the symmetry fractionalization class (−1)n2 of fermion553

parity flux corresponds to the complex fermion decoration in the supercohomology theory for554

fermionic SPT [106]. In the classification of fermionic SPT, the complex fermion decoration555

with n2 = w2 is trivialized [12]. [The meaning of w2 is that it defines the extension that char-556

acterizes the fermionic symmetry group, see Eq. (C.7)] Such projective representation UA and557

UT , labeled by n2, differs from the ω2 in Eq. (C.7) since they have different invariants [see558

Eq. (C.9)]. Therefore, the edge theory indeed corresponds to a nontrivial fermionic SPT.559

4 Surface SET correspondence for 3D topological phases560

Here we will show that the surface SET on the surface of SPT protected by time reversal561

symmetry and mirror symmetry are one-to-one correspondence, namely the same topological562

order C can or cannot carry time reversal anomaly and mirror anomaly simultaneously. We563

also discuss the cases with additional continuous symmetry such as U(1), SO(N) and SU(2).564

4.1 Bulk description of time reversal and mirror topological phases565

The 3D bosonic SPT protected by time reversal is classified by Z2 × Z2 [19]. The first root is566

group cohomology type that is characterized by the effective action [107]567

S =
1
2

∫

M
w1 ∪w1 ∪w1 ∪w1 (38)

where wi ∈ Hi(M , Z2) is the ith-order Stiefel-Whitney class. The physics of the this phase is568

to see that on the codimension-2 time reversal defect, which is a line defect, there is Haldane569

phase protected by time reversal, whose effective Lagrangian is 1
2 w1 ∪ w1. There is another570

equivalent description of this time reversal SPT state as discussed in Sec.2.3. The second root571

state is beyond group cohomolgy, whose effective action is [108]572

S =
1
2

∫

M
w2 ∪w2 (39)

The physics of this state is on the time reversal domain wall (surface defect), there is E8 state.573

The classification of 3D mirror SPT in bosonic system on Euclidean space is also Z2 × Z2,574

compatible with the crystalline equivalence principle [55]. From the view of decorated topo-575

logical crystal, the mirror SPT can be constructed by decorating two dimensional SPT protected576

by Z2 symmetry and the invertible E8 state at the mirror plane.577

4.2 Surface SET and their correspondence578

On the surface of 3D SPT phases, it can develop topological order but with anomalous sym-579

metry realization, called anomalous symmetry enriched topological order (SET). Here we will580

discuss the surface SET correspondence of 3D topological phases protected by time reversal581

and mirror symmetry. More exmaples see Sec.4.3582

One convenient way to see the surface SET correspondence is to use the anomaly indicator583

of the anomalous SET. To characterize the SET with G symmetry anomaly, one need two set of584

data [109]. The first set is the intrinsic data that is the topological quantities that characterize585

the topological order when ignoring the symmetry, such as the anyon types a, b, c..., quantum586
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Figure 5: Mirror plane decoration for 3D mirror SPT. Applying some local unitary
transformation, we can also remove the entanglement of left and right wing of the
mirror plane (orange color plane) so that it is in trivial product state (as illustrated in
(b)). Then the nontrivial mirror SPT is to decorate the mirror plane with (1) E8 state
or (2) Z2 internal SPT state. The bottom purple plane terminates the mirror plane is
the chosen boundary of the mirror SPT which can be gapless along this mirror line
(the line of mirror plane terminating on the boundary) or be (anomalous) SET.

dimension da, db, dc ..., topological spin of the anyon θa,θb,θc and so on. The other set is587

the extrinsic data that characterize the symmetry enrichment of the SET, including how the588

symmetry permute the anyon, G symmetry quantum number carrying by the anyon, etc. The589

set of anomaly indicator is a set of expression in terms of these two set of data that can uniquely590

determine surface of which SPT with the same global symmetry G it can be put on. In other591

words, the anomaly indicator is just the quantitative boundary-bulk correspondence.592

The time reversal anomaly indicators of SET on the surface of bosonic time reversal SPT593

is given by [110]594

ηT =
1
DC

∑

a∈C
daθaT 2

a . (40)

Here T 2
a = ±1,0. If the anyon a is invariant under time reversal, i.e., ρT (a) = a, T 2

a = T 2
ā = ±1595

correspond to whether a is locally Kramer degenerate or not. In particular, T 2
1 = 1. If596

ρT (a) ̸= a, it is not well-defined to talk about whether a carries Kramer degeneracy or not,597

then T 2
a = 0. When ρT (a) = a, θT (a) = −θa, then θa = 0,π. Further, if ρT (a) = (̸=)a, then598

ρT (ā) = (̸=)ā. When the time reversal anomaly ηT takes -1, it is anomalous and can only live599

on the surface of time reversal SPT.600

Meanwhile the mirror anomaly indicator for SET on the surface (See Fig.5) of bosonic601

topological crystalline phase protected by mirror symmetry is given by [111]602

ηM =
1
DC

∑

a∈C
daθaµa. (41)

Here µa is the mirror eigenvalue related to the anyon a. If ρM(a) = ā, µa = µā = ±1 while603

ρM(a) ̸= ā, µa = µā = 0. In particular, µ1 = 1. When ρM(a) = (̸=)ā, ρM(ā) = (̸=)a. The604

indicator ηM can only takes values ±1 and the value −1 means it is anomalous and can only605

live on the surface of mirror SPT.606

Now we show that for a topological order C, when ηT = −1, then we can also have607

ηM = −1 for proper mirror symmetry realization. For this, we first divide the anyon of C608

into two sets: A = {a|ā = a, a ∈ C} and B = {a|ā ̸= a, a ∈ C}. In other words, A consists of609

anyon that are self-conjugate and B consists of non-self-conjugate one. For example, all the610

anyons in toric code are self-conjugate but the nontrivial anyons in ν = 1/3 Laughlin state is611
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non-self-conjugate. We can further pick one of each conjugate pair (a, ā) in B to consist of B1.612

Then the above two anomaly indicators can be expressed into613

ηT =
1
DC

�

∑

a∈A

daθaT 2
a +
∑

a∈B1

2daθaT 2
a

�

(42)

ηM =
1
DC

�

∑

a∈A

daθaµa +
∑

a∈B1

2daθaµa

�

(43)

where we have used daθa = dāθā and µa = µā and T 2
a = T 2

ā . To make connection between614

the symmetry properties, we first relate them as615

ρM = ρKρT (44)

T 2
a = µa (45)

where ρK is the charge conjugate operation of a topological order that maps any anyon a616

into its conjugate ā while keeping all the topological quantities invariant. We note that such617

a connection between the time reversal and mirror symmetry properties was also utilized in618

Ref. [112]. If we have a symmetry permutation ρT and T 2
a for the topological order C, which619

leads to ηT = −1, then through Eq.(44) and (45), we have the corresponding properties for620

mirror symmetry, i.e., {ρM,µa}, which eventually leads to ηM = −1. Therefore, if we have621

ηT = −1 for a topological order, we can also have proper mirror symmetry realization such622

that ηM = −1 for the same topological order and vice versa. In other words, a topological623

order can carry the time reversal anomaly if and only if it can carry the mirror anomaly.624

Besides the above time reversal anomaly and mirror anomaly which correspond the group625

cohomology class, there is still the beyond group cohomology class. For this case, the surface626

anomalous SET correspondence is more obvious by checking the anomaly indicator for these627

states [113]628

η1 =
1
DC

∑

a∈C
d2

aθa. (46)

This anomaly indicator is for both time reversal and mirror SPT that are beyond group coho-629

mology. As the time reversal and mirror properties do not explicitly enter in the expression of630

this indicator.631

4.3 Other examples632

4.3.1 Topological insulator and topological crystalline insulator protected by mirror633

symmetry634

For 3D bosonic topological insulators with U(1) × ZT
2 and their crystalline counterparts—635

topological crystalline insulator with U(1)× ZM
2 , their classification are both (Z2)4 [19,114].636

Two of the roots are protected by only time reversal or mirror symmetry, which can be detected637

by the above mentioned two anomaly indicators η1 and ηT or ηM. The other two roots need638

the protection jointly by U(1) and time reversal or mirror. For U(1)× ZT
2 , these two roots can639

be detected by the following two anomaly indicators [115]640

η3,T =
1
DC

∑

a∈C
d2

aθaei2πqT (a) (47)

η4,T =
1
DC

∑

a∈C
daθaei2πqT (a)T 2

a (48)
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where qT (a) is the fractional U(1) charge carried by anyon a, that satisfies qT (a)+qT (b) = qT (c)641

mod 1 if N c
ab nonzero. We put the subscript T here to imply this is defined under the present of642

time reversal symmetry. In particular, qT (a)+qT (ā) = 0 mod 1 since N1
aā = 1. Even though the643

time reversal does not explicitly enter in the expression of η3, time reversal indeed has effect644

on η3 by enforcing further constraint on the fractional charge qT (a). As the group structure645

U(1)× ZT
2 indicates Q̂T = −T Q̂, we have qT (ρT (a)) = −qT (a). So for ρT (a) = a, we have646

qT (a) = qT (ā) = 0, 1
2 mod 1.647

For U(1)× ZM
2 , the corresponding two indicators are [116]648

η3,M =
1
DC

∑

a∈C
d2

aθaei2πqM(a) (49)

η4,M =
1
DC

∑

a∈C
daθaei2πqM(a)µa (50)

where qM(a) also satisfies qM(a)+qM(b) = qM(c)mod 1 if N c
ab nonzero and then qM(a)+qM(ā) = 0649

mod 1. Similarly, the mirror symmetry enforces additional constraint on the qM(a) that is650

qM(ρM(a)) = qM(a). Therefore, for ρM(a) = ā, we have qM(a) = qM(ā) = 0, 1
2 .651

Now we can see that we can mapη3,T andη4,T toη3,M andη4,M respectively by identifica-652

tion ρM = ρKρT , µa = T 2
a as discussed in Sec. 4.2 and also qM(a) = qT (a) for all a ∈ C. The653

last identification can be checked by qM(ρM(a)) = qT (ρT (a)) = −qT (ρT (a)) = qT (a) = qM(a)654

mod 1. The first equality uses the identification ρM = ρKρT . The second equality use655

qT (a) + qT (ā) = 0 mod 1. The third equality uses qT (ρT (a)) = −qT (a).656

Therefore, we can conclude that if a topological order with time-reversal symmetry can be657

put on the boundary of the 3D topological phases protected by U(1)× ZT
2 , it can also be put658

on the boundary of the 3D topological phases protected by U(1)× ZM
2 and vice versa. This659

just builds up the surface anomalous SET correspondence to a bosonic topological insulator660

by U(1)× ZT
2 and topological crystalline insulator by U(1)× ZM

2 . The results for U(1)⋊ ZT
2661

and U(1)⋊ ZM
2 can be discussed similarly.662

4.3.2 Topological phase with SU(2)×ZT
2 and topological crystalline phase with SU(2)×ZM

2663

664

The classification for 3D bosonic topological phase protected by SU(2)× ZT
2 and SU(2)× ZM

2665

is (Z2)3. The first two roots do not need the protection of SU(2) and have already been666

discussed above. So we focus on the third root here. As the phase is still protected by breaking667

the SU(2) down to U(1)z = {eiαŜz |α ∈ [0,4π)} where Ŝz =
σ̂z
2 . So we can utilize the above set668

of indicators for U(1) case. As it was shown in Ref. [116] we can use η̃3,M = η1η3,M to detect669

to third root state, which always takes the trivial value η̃3 = 1 for all possible topological670

order. That leads to the result that there is the so-called “symmetry enforced gaplessness"671

phenomenon on the surface of the topological phase protected jointly by SU(2)× ZM
2 . On the672

other hand, it is also shown that there is also “symmetry enforced gaplessness" on the surface673

of topological phase protected jointly by SU(2)× ZT
2 . This is consistent with the surface SET674

correspondence: no SET can carry this anomaly.675

4.3.3 Topological phase with SO(N)×ZT
2 and topological crystalline phase with SO(N)×ZM

2676

677

The classification for 3D topological phases protected by SO(3)× ZT (M)
2 is classified by (Z2)4.678

Two roots of them are protected only by time reversal. And the other two ones are one-to-one679

correspondence to the ones by breaking SO(3) down to U(1)z = {eiαŜz |α∈[0,2π)]} where Ŝz is680
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the integer spin z-component operator. It was shown in Ref. [116] by replacing q(a)→ sz
a, we681

have two anomaly indicators for these two root phases for SO(3)× ZM
2682

η3,M =
1
DC

∑

a∈C
d2

aθaei2πsa (51)

η4,M =
1
DC

∑

a∈C
daθaei2πsaµa (52)

where we used sz
a = sa mod 1 and sa is the SO(3) spin carried by anyon a.683

Following similar reasoning above, we can conjecture the two corresponding anomaly in-684

dicators for 3D topological phases protected by SO(3)× ZT
2 are685

η3,T =
1
DC

∑

a∈C
d2

aθaei2πsa (53)

η4,T =
1
DC

∑

a∈C
daθaei2πsaT 2

a . (54)

Interestingly, these were proved using a different approach in Ref. [42] where these two for-686

mulas are also shown to be the same for general SO(N)× ZT
2

3. So in turn, we can conjecture687

the two anomaly indicators (51) and (52) are also the same for SO(N)× ZM
2 which might be688

derived using the folding trick in Ref. [116].689

Therefore, the topological order C can or cannot be put on the surface of 3D topological690

phases protected by SO(N) × ZT
2 and SO(N) × ZM

2
4. This builds up the surface SET corre-691

spondence of them.692

5 Surface criticality correspondence of 3D topological phases: mir-693

ror system694

In this section, we discuss the (near) critical surface of 3D mirror symmetry-protected topolog-695

ical phase and also its counterpartner—3D time-reversal topological phase—that is classified696

by group cohomology.697

5.1 The near critical bulk description of mirror and time reversal topological698

phase699

As mentioned in Sec.4.1, the 3D bosonic mirror SPT can be constructed by decorated the700

mirror plane with the Levin-Gu state, the Z2 bosonic SPT. We note that there are a few effective701

theories to characterize the Levin-Gu state, such as Chern-Simons theory and nonlinear sigma702

model (NLσM). Here we will adopt the nonlinear sigma model because it is a powerful theory703

for the phases at or near criticality. In 2D the Levin-Gu state can be characterized by the O(4)704

NLσM with Θ term [100]705

LNLSM =
1
g

�

∂µn⃗
�2
+LΘ (55)

where LΘ is the topological Θ term706

LΘ2D =
i2π
Ω3
εabcd na∂x nb∂y nc∂τnd (56)

3We thanks Dr.Weicheng Ye to tell us the results in this paper [42].
4There is another root state for N ≥ 4, but they are shown to be “symmetry enforced gapless” [117], so there

is not surface SET of these phases
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with Ω3 the area of unit 3-sphere. The on-site Z2 symmetry acts on the vector707

Z2 : n⃗ 7→ −n⃗ (57)

The vector field n⃗ is specified on the interface 5. As g →∞, the ground state of the nd NLσM708

is disordered and symmetric.709

Furthermore, the time reversal SPT classified by group cohomology can also described by710

the NLσM [100]. Recall that the classification of odd spatial dimensional time-reversal SPT by711

group cohomology is Z2. The (n+1)d (odd n) system with time-reversal symmetry ZT
2 which712

can be described by an O(n+ 2) NLσM with a topological Θ term with Θ = 2π. In 1+1d, it713

is the well-known O(3) NLσM with Θ term which describes the Haldane phase. In 3+1d, the714

time-reversal bosonic SPT by group cohomology can be characterized O(5) NLσM Eq. (55)715

with Θ term716

LΘ3D =
i2π
Ω4
εabcdena∂x nb∂y nc∂znd∂τne (58)

where Ω4 is the unit 4-sphere area. The time-reversal symmetry to the O(5)-vector n⃗ is717

ZT
2 : n⃗ 7→ −n⃗ (59)

5.2 Critical surface theory718

Now we turn to discuss the (near) critical surface theory of the 3D mirror and time reversal719

symmetric SPT.720

First, we investigate the boundary of the mirror SPT by truncating the block states with an721

open surface, which is chosen to be perpendicular to the mirror interface. Therefore, the two722

surface 2 cells are the boundary of the bulk 3 cells and the 1 cell is that of the bulk 2 cell. This723

surface is to some sense standard since its cell decomposition is one-to-one correspondence to724

the bulk cell decomposition.725

Now we are interested in the surface where both the 2-cell are trivially symmetric gapped726

out but there is a gapless mode on the 1-cell, i.e., the surface mirror interface, that is now727

described by 1+1d O(4) NLσM with the Wess-Zumino-Witten (WZW) term (see Fig.5)728

LWZW
2D [n⃗] =

∫

dudx
i2π
Ω3
εabcd na∂unb∂x nc∂τnd . (60)

The WZW term involves an extension of O(n+ 1) vector n⃗(r ,τ) to n⃗(r ,τ, u), such that729

n⃗(r ,τ, u= 0) = (0, · · ·, 1), n⃗(r ,τ, u= 1) = n⃗(r ,τ) (61)

In other words, the topological boundary theory of the mirror-symmetric SPT phase is the730

1+1d O(4) NLσM with WZW term on the mirror interface of the boundary of the system.731

The 1+1d NLσM with WZW term (if the O(4) symmetry does not break) describes the so-732

called SU(2)1 CFT in 1+1d, so typically there are protected gapless modes along the surface733

mirror domain wall. We note that such a boundary theory is derived from the viewpoint of734

a topological crystal where away from the mirror interface it is disentangled. However, in735

reality, the nontrivial entanglement can spread over the whole system, not just confine at the736

interface.737

5One can imagine that away from the interface, these vector fields are trivially gapped with a large enough
energy mass in a mirror-symmetric way.
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Then we turn to the surface of 3D time-reversal invariant SPT phases which is well-known738

and can be described by the 2+1d O(5) NLσM with level one WZW term739

LWZW
3D =

∫

dudxdy
i2π
Ω4
εabcdena∂unb∂x nc∂y nd∂τne (62)

With preserving time-reversal, we have 〈n5〉 = 0 which can be treated as zero so that we can740

integrate the n5 component and obtain the O(4) NLσM with topological Θ term (56) but now741

Θ = π in contrast to 2π, with which values symmetric gapped unique ground state is possible.742

However, in fact, the Θ = π prevents the boundary from being featureless, i.e., having a743

symmetric gapped unique ground state.744

Now we discuss the correspondence between surface criticalities. The surface of time re-745

versal SPT is described by the 2+1d O(5) level-one WZW term with time-reversal symmetry746

(59) while the surface of mirror SPT is O(4) level-one WZW term (i.e., 1+1d SU(2)1 CFT) with747

Z2 symmetry (57) on the mirror interface. The correspondence between these two surfaces748

means that they can be connected to each other under proper operation that are allowed by749

symmetry.750

The above correspondence implies, on the one hand, we can obtain 1+1d SU(2)1 CFT at751

the mirror interface from the 2+1d O(5) NLσM with WZW term in a mirror symmetric way. In752

fact, this is easily done by adding a magnetic field g(x)n5(x) with g(x) = −g(−x) and choos-753

ing the profile of g(x) : g(0) = 0 and |g(x)| ≥ 1 for x ̸= 0. On the other hand, it implies that754

we can construct the 2+1d O(5) NLσM with WZW term in a time-reversal invariant manner755

according to (59) from the SU(2)1 CFT which are located at the mirror interface. Indeed, such756

construction does exist which was done in Ref. [101]. Roughly speaking, the authors started757

from the infinite coupled spin-1/2 chain described by the SU(2)1 CFT which in fact has an758

emergent symmetry O(4)∼= SU(2)L ×SU(2)R, and turned on the interchain coupling which is759

also O(4) invariant and followed the way similar to Haldane’s well-known derivation for O(3)760

Θ term in 1+1d spin chain, they obtained the 2+1d O(4) NLσM with Θ term where Θ = π,761

which is equivalent to the O(5) NLσM with WZW term when preserving the time-reversal sym-762

metry. Below we will review such construction in more detail and then generalize to general763

cases.764

5.3 Coupled chain approach for O(5) WZW and generalization to O(n) case765

To see the Senthil-Fisher’s coupled chain construction O(5) WZW [101], we will first review766

Haldane’s derivation for 1+1d O(3) Θ term from WZW term that can generalized straightfor-767

wardly to O(n) case. Then n= 5 gives us the Senthil-Fisher’s construction.768

5.3.1 Review on Haldane’s derivation769

To begin with, we first review that effective description of 0+1d spin one-half system that is770

the 0+1d O(3) nonlinear sigma model with level one WZW term771

S0 =

∫

dτ
1
g
(∂τn⃗)2 + 2πkΓ [n⃗(u,τ)] (63)

We have level k = 1 and Γ [n⃗(u,τ)] is the 0+1D WZW772

Γ [n⃗] =
1

4π

∫

dudτn⃗ · (∂un⃗× ∂τn⃗) (64)

where we have extended the vector field n⃗ from τ dependent to (u,τ) with u ∈ [0,1] such773

that n⃗(0,τ) = ẑ and n⃗(1,τ) = n⃗(τ). The extension of n⃗(u,τ) is a choice of the convention as774
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one can use the south pole instead of the north one at the position of u = 0. It is easy to see775

that Γ [−n⃗] = 4π−Γ [n⃗] = −Γ [n⃗]mod 4π. We note that the 4π here is nothing but the volume776

of unit S2.777

Now we consider a chain consisting of an infinite number of spin one half n⃗i and turn on778

the antiferromagnetic coupling between two nearest neighborhood spin one half. Then the779

theory is effectively given by780

S1 =

∫

dτ
∑

i

S0[n⃗i(τ)] + u

∫

dτ
∑

i

n⃗i(τ) · n⃗i+1(τ) (65)

with u> 0. The antiferromagnetic coupling drives the nearest neighboring spin to polarize in781

the opposite direction, namely782

n⃗i = (−1)i n⃗′i (66)

where n⃗′ are smooth varying fields. Substitute this ansatz into the intersite coupling u, we783

have784

u

∫

dτ
∑

i

n⃗i · n⃗i+1 ≃
au
2

∫

d xdτ(∂x n⃗′(x ,τ))2 (67)

Now we turn to the term S0[n⃗i]. The first term in S0 combined with the inter-site coupling785

just discussed above, we arrive at786

S0
1 =

1
ag

∫

d xdτ
1

v2
1

(∂x n⃗′)2 + (∂τn⃗′)2 (68)

where v1 = 1/(apug).787

Now we turn to the WZW terms in S0. We follow Haldane’s approach to derive the topo-788

logical Theta term from the summed alternative WZW terms. Due to the ansatz Eq.(66) and789

Γ [−n⃗] = −Γ [n⃗] mod 4π, the summed WZW terms becomes790

∑

i

Γ [n′2i]− Γ [n
′
2i−1]

=
1
2

∫

d x
a
δΓ [n⃗′(x ,τ)]

δn⃗′
· ∂x n⃗′a

=
1

8π

∫

d xdτ n⃗′ · (∂τn⃗′ × ∂x n⃗′)

=
1
2
I[n⃗] (69)

where we have used 6
791

δΓ [n⃗] =
1

4π

∫

dτδn⃗ · (n⃗× ∂τn⃗). (70)

I[n⃗] is the winding number from S2 spanned by (x , t) to S2 spanned by n⃗. We note that in the792

continuum limit, Γ [n′2i]−Γ [n
′
2i−1]= Γ [n

′
2i−1]−Γ [n

′
2i−2], which lead to the factor 1

2 . Therefore,793

the second term of summed S0[ni] gives the O(3) topological theta term with Θ = π.794

Now we give a more intuitive derivation of Eq.(69). Recall that the physical meaning of795

Γ [n⃗′i] is the surface angle on the sphere surrounded by the trajectory of physical vector n⃗′i(τ)796

6See Eq.(10.34) in [118].
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Figure 6: The n-Sphere angles traced by two configurations of ni( x⃗ ,τ) and ni+1( x⃗ ,τ)
sweeping from τ = 0 to τ = β . (Here we use ni instead of n′i .) The shaded "narrow
ribbon" is equal to the difference between the sphere angles, namely ∆Γi .

from τ = 0 to τ = β . Then Γ [n⃗′2i] − Γ [n⃗
′
2i−1] is just the difference of surface angle of the797

two nearest vectors n⃗′2i and n⃗′2i−1. As the field n⃗′ varies smoothly in space, then the surface798

angle difference can be represented by a very “narrow ribbon" on the sphere (See Fig.6). For799

the closed boundary condition, as i starts from the initial site, passes over the chain, and then800

back to the initial site, the “narrow ribbon" just smoothly moves on the sphere and then back801

to the original position. In the continuum limit, it will swap around the sphere continuously.802

Therefore, the summation just gives us the winding number of the mapping n⃗′ : S2→ S2. This803

geometric derivation is convenient to generalize to higher dimensions.804

5.3.2 Generalization to (n+ 1)D805

Let us begin with the nD O(n+ 2) nonlinear sigma model with level one WZW terms806

Sn =

∫

d xn 1
g
(∂µn⃗)2 + 2πkΓn+1[n⃗] (71)

where n⃗ is the n+ 2 component unit vector k = 1 is the level and Γn[n⃗] is the WZW term807

Γn+1[n⃗] =
1
Ωn+1

∫

dud xnεabc...d na∂unb∂x nc ...∂τnd (72)

whereΩn+1 is the volume of n+1 sphere. We have extended the vector field n⃗( x⃗ ,τ) to n⃗(u, x⃗ ,τ)808

such that n⃗(u = 0, x⃗ ,τ) = x̂n+2 and n⃗(u = 1, x⃗ ,τ) = n⃗( x⃗ ,τ). The meaning of Γn+1[n⃗] is then809

the volume (divide Ωn+1) surrounded by the trajectory of n⃗( x⃗ ,τ) on the n+ 1 sphere. Note810

that the extension of n⃗( x⃗ ,τ) is a convention, as one can also choose the − x̂n+2 are the position811

with u = 0. By reversing the direction of n⃗, the surrounded volume Γn+1[−n⃗] is connected to812

Γn+1[n⃗] by Γn+1[−n⃗] = −Γn[n⃗] mod Ωn+1.813

Now we consider an infinite copy of these nD theories arranged in the n+1 (spatial) direc-814

tion, whose vector fields are denoted as n⃗i . Then we turn on the antiferromagnetic coupling815

between two nearest neighboring vectors n⃗i and n⃗i+1. So the total action is given by816

Sn+1 =
∑

i

Sn[n⃗i] + u

∫

d xn
∑

i

n⃗i · n⃗i+1. (73)
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with u > 0. The antiferromagnetic coupling then drives, similarly to the 1+1D case in Sec.817

5.3.1, n⃗i and n⃗i+1 polarize in opposite direction. So we can take the following ansatz818

n⃗i = (−)i n⃗′i . (74)

Substitute this ansatz into antiferromagnetic coupling action, very similar to Eq.(67), we819

have820

u

∫

d xn
∑

i

n⃗i · n⃗i+1 ≃
au
2

∫

d xndz(∂z n⃗′(x ,τ))2 (75)

Then the first term in Sn combined with the inter-layer coupling just discussed above, we821

arrive at822

S0
n+1 =

∫

d xndz
1

ag
(∂µn⃗′)2 +

au
2
(∂z n⃗′)2. (76)

Now we consider the WZW terms in Sn. Noticing the ansatz (74), the summed WZW terms823

becomes, similarly to 1+1D case,824

S1
n+1 =
∑

i

Γn+1[n⃗
′
2i]− Γn+1[n⃗

′
2i−1]

=
1
2

∑

i

∆Γn+1[n⃗
′
i] (77)

Each term ∆Γn+1[n⃗′i] is a very “narrow ribbon" on the Sn+1 sphere (See Fig.6). In the contin-825

uum limit, the summation of them gives the winding number I[n⃗′] of Sn+1 by the vector field826

n⃗′(z, x⃗ ,τ), that is827

S1
n+1 =

1
2
I[n⃗′]

=
1

2Ωn+1

∫

d xn+1εabc...d n′a∂zn′b∂x n′c ...∂τn′d . (78)

where n⃗′ : Sn+1→ Sn+1. This is a topological term so it is invariant under any local continuous828

coordinate transformation, such as the rescaling of one coordinate. Combined Eqs. (76) and829

(78), and up to proper rescaling of z coordinate, we arrive at830

Sn+1 =
1

ag

∫

d xn+1(∂µn⃗)2

+
π

Ωn+1

∫

d xn+1εabc...d n′a∂zn′b∂x n′c ...∂τn′d (79)

which is just the n+1D O(n+2) nonlinear sigma model with theta term Θ = π. We note that831

when n= 2, it is just the Senthil-Fisher’s construction in Ref. [101] as mentioned in Sec. 5.2.832

Now we discuss how to obtain the level one WZW term from Θ term with θ = π while833

preserving the anomaly. Let us begin with the 1 + 1d case. As it is known in 1+1D spin834

1/2 chain, there are two equivalent descriptions for the IR physics [119]: the O(3) nonlinear835

sigma model with Θ term θ = π, and the O(4) nonlinear sigma model with level one WZW836

term 7. Even though the direct proof of the equivalence between these two models is not at837

all straightforward, we utilize another indirect way to argue that they are indeed equivalent838

7There is some study that shows the two theories may deviate from each other in the critical behavior when
beyond some critical temperature [120].
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Σn,(0) Σn,(1)Σn-2

Σn-1,(01)

Σn-1,(10)

Figure 7: The cell decomposition of the 2-fold rotation-symmetric systems. The nD
system with C2 symmetry can be cell decomposed into two n cells Σn,(0) and Σn,(1),
two n− 1 cells Σn−1,(01) and Σn−1,(10) and one n− 2 cell Σn−2. For example, in 2D,
there are two 2-cells, two 1-cells, and one 0-cell. Often the (n-2)-cell is also called
the rotation center.

(at least in terms of the quantum anomaly of certain symmetry). The way is that we start with839

the O(4) model, by adding an anisotropic term of one component, says n4, i.e., −u(n4)2 with840

ferromagnetic coupling constant u> 0 8. This term preserves the symmetry n4→−n4 and has841

the effect that the expectation value of n4 is pinned to zero. So we can integrate out the n4
842

component in O(4) WZW model which exactly gives us the O(3) nonlinear sigma model with843

θ = π. Such a justification of equivalence between the 1+1D O(3) and O(4) model also hints844

that the anisotropic coupling is irrelevant in the IR limit for the 1+1D case [119].845

For a general nD situation, we can still apply the above anisotropic term argument to relate846

the O(n + 2) k = 1 WZW model and O(n + 1) model with θ = π. In terms of focus on the847

quantum anomaly, as long as the anisotropic term preserves the symmetry, these two theories848

still have the same anomaly, so such a connection between the two theories is satisfying. We849

note that while the two theories may maintain the same quantum anomaly, they might not be850

equivalent in terms of local dynamics in the IR limit. In other words, the possible anisotropic851

term added may not be irrelevant in the IR limit for general n> 2 but it seems to be irrelevant852

for n= 1.853

From the above discussion, we see that it is possible to construct the nD O(n+1) nonlinear854

sigma model with Θ = π (nD O(n+ 2) k = 1 WZW model) that usually maintains quantum855

anomaly of certain symmetry (such as some symmetry with only order-two element) from856

lower dimension counterparts, and step by step eventually down to the 0 + 1D case. This857

messages us that we can track the quantum anomaly down to the 0d system. In fact, such a858

construction/scenario is also shown in other situations, such as the fermion surface anomaly859

[121] and the LSM anomaly.860

6 More examples of surface criticality correspondence: rotation861

system862

Consider systems with rotation symmetry CN . We demonstrate C2 symmetry as an example.863

8We can also add anisotropic term for another component with special attention to the symmetry requirement
which we will discuss soon later.
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6.1 Bulk description of rotation systems and their counterpartners864

The rotation SPT can be constructed by decorating the rotation center. At the rotation center865

(see Fig.7), the rotation symmetry acts as a unitary on-site Z2 symmetry. The rotation symmet-866

ric SPT can be constructed by decorating the (n−2)D Z2 SPT at the rotation center. For 0D and867

2D, there is one nontrivial Z2 bosonic SPT (the nontrivial Z2 charge 0D SPT and 2D Levin-Gu868

state), while there is none in 1D, which indicates that there is no nontrivial 3D rotation SPT.869

There is one nontrivial two-fold rotation SPT in 2D and 4D. So here we focus on two cases:870

2D and 4D rotation systems. The effective actions of Levin-Gu states are given by Eq. (56)871

with Z2 symmetry n⃗→−n⃗. For 0D Z2 SPT, the effective action Lθ0D takes the following form872

LΘ0D =
i2π
Ω1
εabna∂τnb (80)

which together with the O(2) NLσM dynamical term 1
g (∂τn⃗)2 guarantees the ground state is873

in 0D Z2 SPT state.874

On the other hand, we consider an (n+1)d system (n= 2, 3,4) with Z2 on-site symmetry,875

which is the crystalline equivalence counterpart of two-fold rotation SPT. The effective field876

theory is still NLσM with topological Θ-term [cf. Eq. (55)], with Z2 symmetry defined as Eq.877

(57), which is only well-defined in (2+1)d system as a Levin-Gu state [14] and (4+1)d system878

with O(6) vector n⃗ and topological Θ = 2π term879

LΘ4D =
i2π
Ω5
εabcde f na∂x nb∂y nc∂znd∂wne∂τn f . (81)

where x , y, z, w are the four physical spatial dimensions while τ is the imaginary time dimen-880

sion.881

The classifications of the Z2 SPT phases in (n+1)D systems are882

n= 2 : Z2; n= 3 : Z1; n= 4 : Z2 (82)

which is one-to-one corresponding to the classifications of the C2-symmetric SPT phases in883

(n+1)d systems.884

We now discuss the (higher) domain defect of SPT protected by internal Z2. For 2D, there885

is 0D SPT protected by Z2 at the codimension-2 domain defect. Meanwhile, for 4D, there886

is 2D SPT protected by Z2 at the codimension-2 domain defect. This physics can be easily887

checked using the NLσM framework. Interestingly, both decorated rotation center and higher888

codimension domain defect carry similar nontrivial states.889

6.2 Critical boundary theories and their correspondence890

It is well-known that the topological boundaries of Z2 SPT are O(n+2) NLσM with level-one891

WZW term [cf. (60) for 2+1d] [100]. The WZW term for 3+ 1d is given by892

LWZW
3D =

∫ 1

0

du
i2π
Ω5
εabcde f na∂x nb∂y nc∂znd∂une∂τn f . (83)

where O(6) vector field n⃗ are subject to the similar extension as (61).893

Now we consider the boundary theory of rotation SPT. The boundary we choose is required894

to respect the rotation symmetry. For 2D, the systems can naturally be made into a disk D2895

whose boundary is just S1 = ∂ D2. However, such a boundary is non-standard since it intersects896

with only the 2-cells and 1-cells but not the rotation center, which means that CD of S1 respect897

rotation symmetry is not one-to-one correspondence with the bulk CD. For such a boundary, we898
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do not expect there is the surface criticality correspondence. In fact, the boundary theory on899

S1 can be symmetrically gapped out without any degeneracy. In contrast, the boundary with900

the same geometry of the 2+ 1d internal Z2 SPT can not be gapped out without degeneracy,901

i.e., is necessary to be gapless or spontaneously symmetry breaking.902

For 3D and 4D systems, we can choose a standard boundary, whose structure of CD is one-903

to-one correspondence to the bulk one. For 3D, we can take the boundary to be perpendicular904

to the rotation center axis, which is in the same form as Fig. 7, while the bulk extends into the905

third direction that is not present. The 4D situation is similar.906

Physically, with such chosen boundary geometry, the (4+1)d boundary we consider here907

is trivially symmetrically gapped out almost everywhere but at the boundary rotation center908

axis there is a gapless mode, i.e., the (1+1)d edge theory that is the (2+1)d Levin-Gu state,909

described by the O(4) level-one WZW term. As with the standard boundary we do expect there910

is surface correspondence for 4D C2 rotation systems and internal Z2 SPT.911

Now we discuss the correspondence of surface criticality for rotation SPT and Z2 SPT. We912

focus on 4+ 1d. In fact, with the Z2 symmetry, the six component n6 can be treated as zero913

and then integrated so that 3+1d O(6) level-one WZW term (83) becomes the 3+1d O(5)914

topological Θ term with θ = π in contrast to (58) where θ = 2π. The surface correspondence915

for the C2 rotation system implies that the 1+1d SU(2)1 CFT and 3+1d NLσM with topological916

Θ = π term might have an ultimate connection while preserving symmetry. On the one hand,917

it is easy to see that the 3+1d NLσM with topological Θ = π term reduces to the O(4) NLσM918

with level-one WZW term, which is equivalent to 1+1d SU(2)1 CFT on the codimension-2 Z2919

domain wall.920

On the other hand, we should be able to construct the O(5) NLσM with θ = π term921

from the 1+1d SU(2)1 CFT in a Z2 symmetric manner. We expose the existence of such a922

construction by recalling the Hierarchy construction of O(n) topological term discussed in923

Sec.5.3. More explicitly, for the construction, we notice that the 2+1d O(4) NLσM with Θ = π924

term is equivalent to 2+1d O(5) NLσM with level-one WZW term if the symmetry Z2 : n⃗→−n⃗925

is preserved without changing the surface anomaly. Then the desired construction comes into926

two steps: First, we use the Senthil-Fisher’s construction to obtain 2+1d O(5) NLσM with927

level-1 WZW term for each layer z ∈ Z from the coupled 1+ 1d SU(2)1 CFT; Second, turning928

on the O(5) invariant coupling which preserves the Z2 symmetry between different layers, and929

following the derivation in Sec.5.3, we obtain the 3+1d O(5) NLσM with Θ = π which is then930

equivalent to the 3+1d O(6) NLσM with level-one WZW term while preserving the anomaly.931

7 Summary and outlook932

In this work, we established the anomalous surface correspondence for internal SPT and933

crystalline SPT that are subject to the crystalline equivalence principle in three and higher-934

dimensional bosonic systems, generalizing the so-called crystalline equivalent bulk-boundary935

correspondence for topological phases. We first discuss the correspondence for the surface936

Symmetry-Enriched Topological order that can appear on the boundary of three or higher-937

dimensional SPT. For time reversal and mirror SPT, we explicitly show, by utilizing the anomaly938

indicators, that if one topological order with anomalous time reversal symmetry can live on the939

boundary of time reversal SPT, it can also live on the boundary of mirror SPT with assigning940

appropriate mirror symmetry properties and vice versa. We also discuss the SET correspon-941

dence including other symmetries which lead us to propose some new anomaly indicators. On942

the other hand, we also established the direct correspondence between the surface theory in943

or near criticality by taking the advantage of topological nonlinear sigma model. In pursuit944

of the direct connection of the (near) critical surface theories, we find the hierarchy structure945
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of the topological O(n) sigma model, originally pioneered by Haldane, that provides a unified946

way to understand the surface criticality correspondence discussed in this paper. Below we947

discuss several future problems.948

1. Generalize to three and higher fermionic dimension949

2. Study the surface criticality correspondence for SPT beyond group cohomology950

3. Generalize to SPT phases with average symmetry [122–126].951

Note − While preparing this manuscript, we notice that the mapping between the time952

reversal and reflection data in 2D SET are also discussed in Ref. [117].953
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A Majorana zero modes as a domain wall963

In the main text, we have concluded that for a 2D higher-order fSPT phase protected by reflec-964

tion symmetry M with spinless fermions, the “domain-wall” physics near x = 0 is described965

by the Hamiltonian:966

H =

∫

dx · γTH(x)γ (A.1)

where γ=
�

γ↑,γ↓
�T

and967

H(x) = iσ3∂x + xσ2 (A.2)

To get the zero-energy solution, we define an alternative basis from a unitary transformation968

on γ:969

χ =

�

χ1
χ2

�

=
1
p

2
(σ1 +σ3)γ=

1
p

2

�

γ↑ + γ↓
γ↑ − γ↓

�

(A.3)

Under the basis χ, the Hamiltonian H will be transformed to:970

H′ = 1
p

2
(σ1 +σ3)
�

iσ3∂x + xσ2
� 1
p

2
(σ1 +σ3)

= iσ1∂x − xσ2 (A.4)
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Define the effective creation/annihilation operators a and a† in terms of x and ∂x :971











a =
1
p

2
(x +σ3∂x)

a† =
1
p

2
(x −σ3∂x)

(A.5)

with commutation relation:972

�

a, a†
�

=
1
2

�

x +σ3∂x , x −σ3∂x

�

= σ3

Then we can rephrase the Hamiltonian H′2 in terms of a and a† we defined above:973

H′2 = (iσ1∂x − xσ2)2 = −∂ 2
x + x2 +σ3 = 2a†a (A.6)

So if H′2 has a zero mode, so do H′. Suppose |0〉 is a zero mode of H′2 that is proportional to974

(1,0)T and satisfying a|0〉= 0 in χ-basis:975

a|0〉= (x + ∂x)|0〉, ⇒ |0〉 ∝ e−x2/2

�

1
0

�

(A.7)

that is a Gaussian wavepacket localized near x = 0. As the consequence, H′2 (and thus H′)976

has zero mode |0〉 that is localized near x = 0. In γ-basis, this zero mode is expressed as:977

|0〉 ∝ e−x2/2 1
p

2

�

1
1

�

(A.8)

B Symmetry properties of Majorana corner modes in D4-symmetric978

case979

In the main text, for 2D D4-symmetric systems with spinless fermions, we have reformulated980

the Majorana corner modes of the corresponding higher-order fSPT phase in terms of the981

domain walls on the boundary. In particular, these domain walls can be expressed in terms of982

the following basis:983

γ=
�

γ1
↑ ,γ

1
↓ ,γ

2
↑ ,γ

2
↓

�T

The Majorana corner modes at other poles can also be formulated in γ-basis:984

|0〉1,3 =Ae−y2/2 (1,1, 0,0)T

|0〉1′,3′ =Ae−y2/2 (0, 0,1, 1)T

|0〉2,4 =Ae−x2/2 (1,1, 0,0)T

|0〉2′,4′ =Ae−x2/2 (0, 0,1, 1)T

(B.1)

Under 4-fold rotation R ∈ C4 and reflection M1, these zero modes transform as:985

R :
�

|0〉1, |0〉1′ , |0〉2, |0〉2′ , |0〉3, |0〉3′ , |0〉4, |0〉4′
�

7→
�

|0〉2, |0〉2′ , |0〉3, |0〉3′ , |0〉4, |0〉4′ , |0〉1, |0〉1′
�

(B.2)

and986

M1 :
�

|0〉1, |0〉1′ , |0〉2, |0〉2′ , |0〉3, |0〉3′ , |0〉4, |0〉4′
�

7→
�

|0〉1′ , |0〉1, |0〉4′ , |0〉4, |0〉3′ , |0〉3, |0〉2′ , |0〉4
�

(B.3)
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i.e., all Majorana corner modes are D4-invariant. Alternatively, we can phrase the D4 symmetry987

properties in a more transparent way be redefine the Majorana zero modes:988

|z〉1,3 = (|0〉1,3 + |0〉1′,3′)/
p

2

|z〉1′,3′ = (|0〉1,3 − |0〉1′,3′)/
p

2

|z〉2,4 = (|0〉2,4 + |0〉2′,4′)/
p

2

|z〉2′,4′ = (|0〉2,4 − |0〉2′,4′)/
p

2

(B.4)

Under 4-fold rotation R ∈ C4 and reflection M1, these zero modes transform as:989

R :
�

|z〉1, |z〉1′ , |z〉2, |z〉2′ , |z〉3, |z〉3′ , |z〉4, |z〉4′
�

7→
�

|z〉2, |z〉2′ , |z〉3, |z〉3′ , |z〉4, |z〉4′ , |z〉1, |z〉1′
�

(B.5)

and990

M1 :
�

|z〉1, |z〉1′ , |z〉2, |z〉2′ , |z〉3, |z〉3′ , |z〉4, |z〉4′
�

7→
�

|z〉1,−|z〉1′ , |z〉4,−|z〉4′ , |z〉3,−|z〉3′ , |z〉2,−|z〉2′
�

(B.6)

i.e., Majorana zero modes |z〉 j
�

� j = 1, 2,3, 4;1′, 2′, 3′, 4′ carry charges of reflection generator991

M1.992

In the main text, we have defined an effective “Z4 on-site symmetry” A which satisfies993

A4 = −1. Under A, these Majorana corner modes will be transformed as:994

|0〉1,3 7→Ae−y2/2 (1, 1,−1,1)T

|0〉1′,3′ 7→Ae−y2/2 (−1,1, 1,1)T

|0〉2,4 7→Ae−x2/2 (1, 1,−1,1)T

|0〉2′,4′ 7→Ae−x2/2 (−1,1, 1,1)T

(B.7)

i.e., these Majorana corner modes are not invariant under A symmetry. Furthermore, we have995

defined another effective “time-reversal symmetry” T which satisfies T 2 = −1. Under T , these996

Majorana corner modes will be transformed as:997

|0〉1,3 7→Ae−y2/2 (0, 0,−1,−1)T = −|0〉1′,3′

|0〉1′,3′ 7→Ae−y2/2 (1,1, 0,0)T = |0〉1,3

|0〉2,4 7→Ae−x2/2 (0, 0,−1,−1)T = −|0〉2′,4′

|0〉N ,S
4 7→Ae−x2/2 (1, 1,0, 0)T = |0〉2,4

(B.8)

i.e., there Majorana corner modes are invariant under T symmetry. Equivalently, these 8998

Majorana corner modes are not compatible with the effective Z4⋊ZT
2 on-site symmetry (with999

A4 = −1 and T 2 = −1).1000

C Representation of Z4 ⋊ZT
2 in 2D system with spin-1/2 fermions1001

In this section, we demonstrate that 4 Majorana fermions γ j
σ (σ =↑,↓ and j = 1, 2) introduced1002

in the main text, with the following symmetry properties:1003

A=
1
p

2

�

12×2 −iσ2

−iσ2
12×2

�

(C.1)
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and1004

T = i(τ2 ⊗12×2)K (C.2)

realize a reprensentation of Z4⋊ZT
2 group in 2D system with spin-1/2 fermions, where A∈ Z41005

and T ∈ ZT
2 are two generators of the symmetry group Z4⋊ZT

2 . For a fermionic system, there1006

is always a fermion parity symmetry Z f
2 = {1, Pf = (−1)F}, where F is the total number of1007

fermions. The spin of fermions is characterized by the factor system ω2 of the following short1008

exact sequence:1009

0→ Z f
2 → G f → Z4 ⋊ZT

2 → 0 (C.3)

where G f depicts the total symmetry group of the system, as a group extension of Z4⋊ZT
2 and1010

fermion parity Z f
2 . ω2 is an element of the following group 2-cohomology:1011

ω2 ∈H2
�

Z4 ⋊ZT
2 ,Z f

2

�

= Z3
2 (C.4)

In particular, the spin-1/2 fermions corresponding to the 2-cocycleω2 satisfying the following1012

conditions:1013











A4 = Pf

T 2 = Pf

T AT −1A= 1

(C.5)

To satisfy these conditions, we consider the 2-cocycle ω2 as following. For ∀ag , bh ∈ Z4 ⋊ZT
21014

defined as:1015

Z4 ⋊ZT
2 =
n

(a, g) = ag

�

�

�0≤ a ≤ 3, 0≤ g ≤ 1
o

(C.6)

we choose1016

ω2(ag , bh) =

�
�

(−1)g+ha
�

2n +
�

(−1)h b
�

2n

2n

�

+ (1−δa)(a+ 1)h+ g · h (C.7)

where we define [x]n ≡ x(mod n) with n= 2, ⌊x⌋ as the greatest integer less than or equal to1017

x , and1018

δa =

�

1 if a = 0

0 otherwise
(C.8)

It is straightforward to check that A and T satisfy condition (C.5), hence A and T are generators1019

of the symmetry group Z4 ⋊ ZT
2 for spin-1/2 fermions. One can also calculate that the two1020

invariants defined above are both trivial, namely1021

I1 = (−1)ω2(A2T ,A2T ) = 1

I2 = (−1)ω2(A3T ,A3T ) = −1. (C.9)

33



SciPost Physics Submission

References1022

[1] X. Chen, Z.-C. Gu and X.-G. Wen, Phys. Rev. B 82, 155138 (2010).1023

[2] X.-L. Qi and S.-C. Zhang, Topological insulators and superconductors, Rev. Mod. Phys.1024

83, 1057 (2011).1025

[3] M. Z. Hasan and C. L. Kane, Colloquium: Topological insulators, Rev. Mod. Phys. 82,1026

3045 (2010).1027

[4] Z.-C. Gu and X.-G. Wen, Tensor-entanglement-filtering renormalization approach and1028

symmetry-protected topological order, Phys. Rev. B 80, 155131 (2009).1029

[5] X. Chen, Z.-C. Gu and X.-G. Wen, Classification of gapped symmetric1030

phases in one-dimensional spin systems, Phys. Rev. B 83, 035107 (2011),1031

doi:10.1103/PhysRevB.83.035107.1032

[6] X. Chen, Z.-C. Gu, Z.-X. Liu and X.-G. Wen, Symmetry-protected topological orders in1033

interacting bosonic systems, Science 338, 1604 (2012).1034

[7] X. Chen, Z.-C. Gu, Z.-X. Liu and X.-G. Wen, Symmetry protected topological orders and1035

the group cohomology of their symmetry group, Phys. Rev. B 87, 155114 (2013).1036

[8] T. Senthil, Symmetry-protected topological phases of quantum matter, Annu. Rev.1037

Condens. Matter Phys. 6(1), 299 (2015), doi:10.1146/annurev-conmatphys-031214-1038

014740.1039

[9] D. S. Freed and M. J. Hopkins, Reflection positivity and invertible topological phases,1040

arXiv e-prints (2016), 1604.06527.1041

[10] Z.-C. Gu and X.-G. Wen, Symmetry-protected topological orders for interacting fermions:1042

Fermionic topological nonlinear σ models and a special group supercohomology theory,1043

Phys. Rev. B 90, 115141 (2014), doi:10.1103/PhysRevB.90.115141.1044

[11] Q.-R. Wang and Z.-C. Gu, Towards a complete classification of symmetry-protected topo-1045

logical phases for interacting fermions in three dimensions and a general group superco-1046

homology theory, Phys. Rev. X 8, 011055 (2018).1047

[12] Q.-R. Wang and Z.-C. Gu, Construction and classification of symmetry-protected topo-1048

logical phases in interacting fermion systems, Phys. Rev. X 10(3), 031055 (2020),1049

doi:10.1103/PhysRevX.10.031055, 1811.00536.1050

[13] A. Kapustin, Symmetry protected topological phases, anomalies, and cobordisms: Beyond1051

group cohomology 1403.1467.1052

[14] M. Levin and Z.-C. Gu, Braiding statistics approach to symmetry-protected topological1053

phases, Phys. Rev. B 86, 115109 (2012).1054

[15] C. Wang and M. Levin, Topological invariants for gauge theories and symmetry-protected1055

topological phases, Phys. Rev. B 91, 165119 (2015), doi:10.1103/PhysRevB.91.165119.1056

[16] X. Chen, Y.-M. Lu and A. Vishwanath, Symmetry-protected topological phases from deco-1057

rated domain walls, Nature Communications 5(1) (2014), doi:10.1038/ncomms4507.1058

[17] Q.-R. Wang, S.-Q. Ning and M. Cheng, Domain Wall Decorations, Anomalies and Spectral1059

Sequences in Bosonic Topological Phases, arXiv e-prints arXiv:2104.13233 (2021), 2104.1060

13233.1061

34

https://doi.org/10.1103/PhysRevB.83.035107
https://doi.org/10.1146/annurev-conmatphys-031214-014740
https://doi.org/10.1146/annurev-conmatphys-031214-014740
https://doi.org/10.1146/annurev-conmatphys-031214-014740
1604.06527
https://doi.org/10.1103/PhysRevB.90.115141
https://doi.org/10.1103/PhysRevX.10.031055
1811.00536
1403.1467
https://doi.org/10.1103/PhysRevB.91.165119
https://doi.org/10.1038/ncomms4507
2104.13233
2104.13233
2104.13233


SciPost Physics Submission

[18] X. Chen, Z.-X. Liu and X.-G. Wen, Two-dimensional symmetry-protected topological or-1062

ders and their protected gapless edge excitations, Phys. Rev. B 84, 235141 (2011),1063

doi:10.1103/PhysRevB.84.235141.1064

[19] A. Vishwanath and T. Senthil, Physics of three-dimensional bosonic topological insulators:1065

Surface-deconfined criticality and quantized magnetoelectric effect, Phys. Rev. X 3, 0110161066

(2013).1067

[20] Y.-M. Lu and A. Vishwanath, Theory and classification of interacting integer topological1068

phases in two dimensions: A chern-simons approach, Phys. Rev. B 86, 125119 (2012),1069

doi:10.1103/PhysRevB.86.125119.1070

[21] C. Wang and T. Senthil, Boson topological insulators: A window into highly entangled1071

quantum phases, Phys. Rev. B 87, 235122 (2013).1072

[22] F. J. Burnell, X. Chen, L. Fidkowski and A. Vishwanath, Exactly soluble model of a three-1073

dimensional symmetry-protected topological phase of bosons with surface topological or-1074

der, Phys. Rev. B 90, 245122 (2014), doi:10.1103/PhysRevB.90.245122.1075

[23] X. Chen, F. J. Burnell, A. Vishwanath and L. Fidkowski, Anomalous symmetry fraction-1076

alization and surface topological order, Phys. Rev. X 5, 041013 (2015).1077

[24] M. A. Metlitski, C. L. Kane and M. P. A. Fisher, Symmetry-respecting topologically or-1078

dered surface phase of three-dimensional electron topological insulators, Phys. Rev. B 92,1079

125111 (2015), doi:10.1103/PhysRevB.92.125111.1080

[25] C. Wang, C.-H. Lin and M. Levin, Bulk-boundary correspondence for three-dimensional1081

symmetry-protected topological phases, Phys. Rev. X 6, 021015 (2016).1082

[26] P. Bonderson, C. Nayak and X.-L. Qi, A time-reversal invariant topological phase at the1083

surface of a 3d topological insulator, Journal of Statistical Mechanics: Theory and Ex-1084

periment 2013, P09016 (2013).1085

[27] C. Wang, A. C. Potter and T. Senthil, Gapped symmetry preserving surface state for the1086

electron topological insulator, Phys. Rev. B 88, 115137 (2013).1087

[28] L. Fidkowski, X. Chen and A. Vishwanath, Non-abelian topological order on the surface1088

of a 3d topological superconductor from an exactly solved model, Phys. Rev. X 3, 0410161089

(2013).1090

[29] X. Chen, L. Fidkowski and A. Vishwanath, Symmetry enforced non-abelian topological1091

order at the surface of a topological insulator, Phys. Rev. B 89, 165132 (2014).1092

[30] C. Wang and T. Senthil, Interacting fermionic topological insulators/superconductors in1093

three dimensions, Phys. Rev. B 89, 195124 (2014), doi:10.1103/PhysRevB.89.195124.1094

[31] M. Cheng and D. J. Williamson, Relative anomaly in (1 + 1)d rational conformal field1095

theory, Phys. Rev. Res. 2, 043044 (2020), doi:10.1103/PhysRevResearch.2.043044.1096

[32] S.-Q. Ning, C. Wang, Q.-R. Wang and Z.-C. Gu, Edge theories of two-dimensional1097

fermionic symmetry protected topological phases protected by unitary abelian symmetries,1098

Phys. Rev. B 104, 075151 (2021), doi:10.1103/PhysRevB.104.075151.1099

[33] X.-L. Qi, T. L. Hughes, S. Raghu and S.-C. Zhang, Time-reversal-invariant topological su-1100

perconductors and superfluids in two and three dimensions, Phys. Rev. Lett. 102, 1870011101

(2009), doi:10.1103/PhysRevLett.102.187001.1102

35

https://doi.org/10.1103/PhysRevB.84.235141
https://doi.org/10.1103/PhysRevB.86.125119
https://doi.org/10.1103/PhysRevB.90.245122
https://doi.org/10.1103/PhysRevB.92.125111
https://doi.org/10.1103/PhysRevB.89.195124
https://doi.org/10.1103/PhysRevResearch.2.043044
https://doi.org/10.1103/PhysRevB.104.075151
https://doi.org/10.1103/PhysRevLett.102.187001


SciPost Physics Submission

[34] X.-G. Wen, Classifying gauge anomalies through symmetry-protected trivial orders and1103

classifying gravitational anomalies through topological orders, Phys. Rev. D 88, 0450131104

(2013), doi:10.1103/PhysRevD.88.045013.1105

[35] A. Kapustin and R. Thorngren, Anomalies of discrete symmetries in vari-1106

ous dimensions and group cohomology, arXiv e-prints arXiv:1404.3230 (2014),1107

doi:10.48550/arXiv.1404.3230, 1404.3230.1108

[36] S.-Q. Ning, L. Zou and M. Cheng, Fractionalization and anomalies in1109

symmetry-enriched u(1) gauge theories, Phys. Rev. Res. 2, 043043 (2020),1110

doi:10.1103/PhysRevResearch.2.043043.1111

[37] M. Barkeshli, P. Bonderson, M. Cheng and Z. Wang, Symmetry fractionalization,1112

defects, and gauging of topological phases, Phys. Rev. B 100, 115147 (2019),1113

doi:10.1103/PhysRevB.100.115147, 1410.4540.1114

[38] J. Wang, X.-G. Wen and E. Witten, Symmetric gapped interfaces of spt and set states: Sys-1115

tematic constructions, Phys. Rev. X 8, 031048 (2018), doi:10.1103/PhysRevX.8.031048.1116

[39] M. Barkeshli and M. Cheng, Relative anomalies in (2+1)D symmetry enriched topological1117

states, SciPost Physics 8(2), 028 (2020), doi:10.21468/SciPostPhys.8.2.028, 1906.1118

10691.1119

[40] D. Bulmash and M. Barkeshli, Absolute anomalies in (2+1)D symmetry-enriched topo-1120

logical states and exact (3+1)D constructions, Physical Review Research 2(4), 0430331121

(2020), doi:10.1103/PhysRevResearch.2.043033, 2003.11553.1122

[41] S. X. Cui, C. Galindo, J. Y. Plavnik and Z. Wang, On Gauging Symmetry of Mod-1123

ular Categories, Communications in Mathematical Physics 348(3), 1043 (2016),1124

doi:10.1007/s00220-016-2633-8, 1510.03475.1125

[42] W. Ye and L. Zou, Anomaly of (2+ 1)-dimensional symmetry-enriched topological order1126

from (3+1)-dimensional topological quantum field theory, SciPost Phys. 15, 004 (2023),1127

doi:10.21468/SciPostPhys.15.1.004.1128

[43] K. Kawagoe and M. Levin, Anomalies in bosonic symmetry-protected topological edge1129

theories: Connection to f symbols and a method of calculation, Phys. Rev. B 104, 1151561130

(2021), doi:10.1103/PhysRevB.104.115156.1131

[44] S.-Q. Ning, B.-B. Mao and C. Wang, Building 1D lattice models with G-graded fusion1132

category, arXiv e-prints arXiv:2301.06416 (2023), doi:10.48550/arXiv.2301.06416,1133

2301.06416.1134

[45] C.-M. Chang, Y.-H. Lin, S.-H. Shao, Y. Wang and X. Yin, Topological defect lines and1135

renormalization group flows in two dimensions, Journal of High Energy Physics 2019(1),1136

26 (2019), doi:10.1007/JHEP01(2019)026, 1802.04445.1137

[46] E. Lieb, T. Schultz and D. Mattis, Two soluble models of an antiferromagnetic chain, An-1138

nals of Physics 16(3), 407 (1961), doi:https://doi.org/10.1016/0003-4916(61)90115-1139

4.1140

[47] M. Oshikawa, Topological approach to luttinger’s theorem and the fermi surface of a kondo1141

lattice, Phys. Rev. Lett. 84, 3370 (2000), doi:10.1103/PhysRevLett.84.3370.1142

[48] M. B. Hastings, Lieb-schultz-mattis in higher dimensions, Phys. Rev. B 69, 1044311143

(2004), doi:10.1103/PhysRevB.69.104431.1144

36

https://doi.org/10.1103/PhysRevD.88.045013
https://doi.org/10.48550/arXiv.1404.3230
1404.3230
https://doi.org/10.1103/PhysRevResearch.2.043043
https://doi.org/10.1103/PhysRevB.100.115147
1410.4540
https://doi.org/10.1103/PhysRevX.8.031048
https://doi.org/10.21468/SciPostPhys.8.2.028
1906.10691
1906.10691
1906.10691
https://doi.org/10.1103/PhysRevResearch.2.043033
2003.11553
https://doi.org/10.1007/s00220-016-2633-8
1510.03475
https://doi.org/10.21468/SciPostPhys.15.1.004
https://doi.org/10.1103/PhysRevB.104.115156
https://doi.org/10.48550/arXiv.2301.06416
2301.06416
https://doi.org/10.1007/JHEP01(2019)026
1802.04445
https://doi.org/https://doi.org/10.1016/0003-4916(61)90115-4
https://doi.org/https://doi.org/10.1016/0003-4916(61)90115-4
https://doi.org/https://doi.org/10.1016/0003-4916(61)90115-4
https://doi.org/10.1103/PhysRevLett.84.3370
https://doi.org/10.1103/PhysRevB.69.104431


SciPost Physics Submission

[49] M. Cheng, M. Zaletel, M. Barkeshli, A. Vishwanath and P. Bonderson, Translational1145

symmetry and microscopic constraints on symmetry-enriched topological phases: A view1146

from the surface, Phys. Rev. X 6, 041068 (2016), doi:10.1103/PhysRevX.6.041068.1147

[50] D. V. Else and R. Thorngren, Topological theory of lieb-schultz-mattis theorems in quantum1148

spin systems, Phys. Rev. B 101, 224437 (2020), doi:10.1103/PhysRevB.101.224437.1149

[51] W. Ye, M. Guo, Y.-C. He, C. Wang and L. Zou, Topological characterization of Lieb-Schultz-1150

Mattis constraints and applications to symmetry-enriched quantum criticality, SciPost1151

Phys. 13, 066 (2022), doi:10.21468/SciPostPhys.13.3.066.1152

[52] L. Fu, Topological crystalline insulators, Phys. Rev. Lett. 106, 106802 (2011).1153

[53] T. H. Hsieh, H. Lin, J. Liu, W. Duan, A. Bansil and L. Fu, Topological crystalline insulators1154

in the snte material class, Nat. Commun. 3, 982 (2012), doi:10.1038/ncomms1969.1155

[54] H. Isobe and L. Fu, Theory of interacting topological crystalline insulators, Phys. Rev. B1156

92, 081304(R) (2015).1157

[55] H. Song, S.-J. Huang, L. Fu and M. Hermele, Topological phases protected by point group1158

symmetry, Phys. Rev. X 7, 011020 (2017).1159

[56] S.-J. Huang, H. Song, Y.-P. Huang and M. Hermele, Building crystalline topological phases1160

from lower-dimensional states, Phys. Rev. B 96, 205106 (2017).1161

[57] R. Thorngren and D. V. Else, Gauging spatial symmetries and the classification of topo-1162

logical crystalline phases, Phys. Rev. X 8, 011040 (2018).1163

[58] L. Zou, Bulk characterization of topological crystalline insulators: Stability under inter-1164

actions and relations to symmetry enriched u(1) quantum spin liquids, Phys. Rev. B 97,1165

045130 (2018).1166

[59] H. Song, C. Z. Xiong and S.-J. Huang, Bosonic crystalline symmetry protected topolog-1167

ical phases beyond the group cohomology proposal, Phys. Rev. B 101, 165129 (2020),1168

doi:10.1103/PhysRevB.101.165129, 1811.06558.1169

[60] J. Kruthoff, J. de Boer, J. van Wezel, C. L. Kane and R.-J. Slager, Topological classification1170

of crystalline insulators through band structure combinatorics, Phys. Rev. X 7, 0410691171

(2017), doi:10.1103/PhysRevX.7.041069.1172

[61] Z. Song, S.-J. Huang, Y. Qi, C. Fang and M. Hermele, Topological states from topological1173

crystals, Sci. Adv. 5, eaax2007 (2019), doi:10.1126/sciadv.aax2007, 1810.02330.1174

[62] D. V. Else and R. Thorngren, Crystalline topological phases as defect networks, Phys. Rev.1175

B 99, 115116 (2019).1176

[63] Z. Song, C. Fang and Y. Qi, Real-space recipes for general topological crystalline states,1177

Nature Communications 11, 4197 (2020), doi:10.1038/s41467-020-17685-5, 1810.1178

11013.1179

[64] M. Cheng and C. Wang, Rotation symmetry-protected topological phases of fermions 1810.1180

12308.1181

[65] J.-H. Zhang, Q.-R. Wang, S. Yang, Y. Qi and Z.-C. Gu, Construction and1182

classification of point-group symmetry-protected topological phases in two-1183

dimensional interacting fermionic systems, Phys. Rev. B 101, 100501(R) (2020),1184

doi:10.1103/PhysRevB.101.100501.1185

37

https://doi.org/10.1103/PhysRevX.6.041068
https://doi.org/10.1103/PhysRevB.101.224437
https://doi.org/10.21468/SciPostPhys.13.3.066
https://doi.org/10.1038/ncomms1969
https://doi.org/10.1103/PhysRevB.101.165129
1811.06558
https://doi.org/10.1103/PhysRevX.7.041069
https://doi.org/10.1126/sciadv.aax2007
1810.02330
https://doi.org/10.1038/s41467-020-17685-5
1810.11013
1810.11013
1810.11013
1810.12308
1810.12308
1810.12308
https://doi.org/10.1103/PhysRevB.101.100501


SciPost Physics Submission

[66] J.-H. Zhang, S. Yang, Y. Qi and Z.-C. Gu, Real-space construction of crystalline topological1186

superconductors and insulators in 2d interacting fermionic systems 2012.15657.1187

[67] J.-H. Zhang, Y. Qi and Z.-C. Gu, Construction and classification of crystalline topological1188

superconductor and insulators in three-dimensional interacting fermion systems (2022),1189

2204.13558.1190

[68] S.-J. Huang and M. Hermele, Surface field theories of point group symmetry protected1191

topological phases, Phys. Rev. B 97, 075145 (2018), doi:10.1103/PhysRevB.97.075145.1192

[69] A. Rasmussen and Y.-M. Lu, Intrinsically interacting topological crystalline insulators and1193

superconductors 1810.12317.1194

[70] S. Ono, H. C. Po and K. Shiozaki, z2-enriched symmetry indicators for topological su-1195

perconductors in the 1651 magnetic space groups, Phys. Rev. Res. 3, 023086 (2021),1196

doi:10.1103/PhysRevResearch.3.023086.1197

[71] J.-H. Zhang and S. Yang, Tensor network representations of fermionic crystalline topolog-1198

ical phases on two-dimensional lattices (2021), 2109.06118.1199

[72] N. Manjunath and M. Barkeshli, Crystalline gauge fields and quantized discrete geometric1200

response for abelian topological phases with lattice symmetry, Phys. Rev. Research 3,1201

013040 (2021), doi:10.1103/PhysRevResearch.3.013040.1202

[73] M. Barkeshli, Y.-A. Chen, P.-S. Hsin and N. Manjunath, Classification of (2+1)d invertible1203

fermionic topological phases with symmetry, arXiv e-prints arXiv:2109.11039 (2021),1204

2109.11039.1205

[74] E. Khalaf, H. C. Po, A. Vishwanath and H. Watanabe, Symmetry indicators and anoma-1206

lous surface states of topological crystalline insulators, Phys. Rev. X 8, 031070 (2018),1207

doi:10.1103/PhysRevX.8.031070.1208

[75] F. Tang, H. C. Po, A. Vishwanath and X. Wan, Comprehensive search for topological1209

materials using symmetry indicators, Nature 566, 486 (2019), doi:10.1038/s41586-1210

019-0937-5.1211

[76] H. C. Po, Symmetry indicators of band topology, J. Phys.: Condens. Matter 32, 2630011212

(2020), doi:10.1088/1361-648X/ab7adb.1213

[77] J.-H. Zhang and S.-Q. Ning, Crystalline equivalent boundary-bulk correspondence of two-1214

dimensional topological phases (2021), 2112.14567.1215

[78] Y. Tanaka, Z. Ren, T. Sato, K. Nakayama, S. Souma, T. Takahashi, K. Segawa and Y. Ando,1216

Experimental realization of a topological crystalline insulator in snte, Nature Physics 8,1217

800 (2012), doi:10.1038/nphys2442.1218

[79] P. Dziawa, B. J. Kowalski, K. Dybko, R. Buczko, A. Szczerbakow, M. Szot, E. Łusakowska,1219

T. Balasubramanian, B. M. Wojek, M. H. Berntsen, O. Tjernberg and T. Story, Topo-1220

logical crystalline insulator states in pb1−x snx se, Nature Materials 11, 1023 (2012),1221

doi:10.1038/nmat3449.1222

[80] Y. Okada, M. Serbyn, H. Lin, D. Walkup, W. Zhou, C. Dhital, M. Neupane, S. Xu, Y. J.1223

Wang, R. Sankar, F. Chou, A. Bansil et al., Observation of dirac node formation and mass1224

acquisition in a topological crystalline insulator, Science 341, 1496 (2013).1225

38

2012.15657
2204.13558
https://doi.org/10.1103/PhysRevB.97.075145
1810.12317
https://doi.org/10.1103/PhysRevResearch.3.023086
2109.06118
https://doi.org/10.1103/PhysRevResearch.3.013040
2109.11039
https://doi.org/10.1103/PhysRevX.8.031070
https://doi.org/10.1038/s41586-019-0937-5
https://doi.org/10.1038/s41586-019-0937-5
https://doi.org/10.1038/s41586-019-0937-5
https://doi.org/10.1088/1361-648X/ab7adb
2112.14567
https://doi.org/10.1038/nphys2442
https://doi.org/10.1038/nmat3449


SciPost Physics Submission

[81] J. Ma, C. Yi, B. Lv, Z. Wang, S. Nie, L. Wang, L. Kong, Y. Huang, P. Richard, P. Zhang,1226

K. Yaji, K. Kurado et al., Experimental evidence of hourglass fermion in the candidate1227

nonsymmorphic topological insulator khgsb, Sci. Adv. 3, e1602415 (2017).1228

[82] Q. Wang, C.-C. Liu, Y.-M. Lu and F. Zhang, High-temperature majorana corner states,1229

Phys. Rev. Lett. 121, 186801 (2018), doi:10.1103/PhysRevLett.121.186801.1230

[83] Z. Yan, F. Song and Z. Wang, Majorana corner modes in a high-temperature platform,1231

Phys. Rev. Lett. 121, 096803 (2018), doi:10.1103/PhysRevLett.121.096803.1232

[84] T. Liu, J. J. He and F. Nori, Majorana corner states in a two-dimensional magnetic topo-1233

logical insulator on a high-temperature superconductor, Phys. Rev. B 98, 245413 (2018),1234

doi:10.1103/PhysRevB.98.245413.1235

[85] H. Shapourian, Y. Wang and S. Ryu, Topological crystalline superconductivity and second-1236

order topological superconductivity in nodal-loop materials, Phys. Rev. B 97, 0945081237

(2018), doi:10.1103/PhysRevB.97.094508.1238

[86] R.-X. Zhang, W. S. Cole and S. Das Sarma, Helical hinge majorana1239

modes in iron-based superconductors, Phys. Rev. Lett. 122, 187001 (2019),1240

doi:10.1103/PhysRevLett.122.187001.1241

[87] C.-H. Hsu, P. Stano, J. Klinovaja and D. Loss, Majorana kramers pairs1242

in higher-order topological insulators, Phys. Rev. Lett. 121, 196801 (2018),1243

doi:10.1103/PhysRevLett.121.196801.1244

[88] N. Bultinck, B. A. Bernevig and M. P. Zaletel, Three-dimensional superconduc-1245

tors with hybrid higher-order topology, Phys. Rev. B 99(12), 125149 (2019),1246

doi:10.1103/PhysRevB.99.125149.1247

[89] K. Laubscher, D. Loss and J. Klinovaja, Majorana and parafermion corner states from1248

two coupled sheets of bilayer graphene, Physical Review Research 2(1), 013330 (2020),1249

doi:10.1103/PhysRevResearch.2.013330.1250

[90] J.-H. Zhang, Strongly correlated crystalline higher-order topological phases in two-1251

dimensional systems: A coupled-wire study, Physical Review B 106(2), l020503 (2022),1252

doi:10.1103/PhysRevB.106.L020503.1253

[91] J. May-Mann, Y. You, T. L. Hughes and Z. Bi, Interaction-enabled fractonic1254

higher-order topological phases, Physical Review B 105(24), 245122 (2022),1255

doi:10.1103/PhysRevB.105.245122.1256

[92] N. Manjunath, V. Calvera and M. Barkeshli, Nonperturbative constraints from symmetry1257

and chirality on majorana zero modes and defect quantum numbers in (2+1) dimensions,1258

Phys. Rev. B 107, 165126 (2023), doi:10.1103/PhysRevB.107.165126.1259

[93] Z. Wang, S.-Q. Ning and X. Chen, Exactly solvable model for two-dimensional topological1260

superconductors, Phys. Rev. B 98, 094502 (2018), doi:10.1103/PhysRevB.98.094502.1261

[94] S. Ryu and S.-C. Zhang, Interacting topological phases and modular invariance, Phys.1262

Rev. B 85, 245132 (2012), doi:10.1103/PhysRevB.85.245132.1263

[95] Z.-C. Gu and M. Levin, Effect of interactions on two-dimensional fermionic symmetry-1264

protected topological phases with z2 symmetry, Phys. Rev. B 89, 201113(R) (2014).1265

39

https://doi.org/10.1103/PhysRevLett.121.186801
https://doi.org/10.1103/PhysRevLett.121.096803
https://doi.org/10.1103/PhysRevB.98.245413
https://doi.org/10.1103/PhysRevB.97.094508
https://doi.org/10.1103/PhysRevLett.122.187001
https://doi.org/10.1103/PhysRevLett.121.196801
https://doi.org/10.1103/PhysRevB.99.125149
https://doi.org/10.1103/PhysRevResearch.2.013330
https://doi.org/10.1103/PhysRevB.106.L020503
https://doi.org/10.1103/PhysRevB.105.245122
https://doi.org/10.1103/PhysRevB.107.165126
https://doi.org/10.1103/PhysRevB.98.094502
https://doi.org/10.1103/PhysRevB.85.245132


SciPost Physics Submission

[96] X.-L. Qi, A new class of (2 + 1)-dimensional topological superconductors with Z8 topolog-1266

ical classification, New Journal of Physics 15(6), 065002 (2013), doi:10.1088/1367-1267

2630/15/6/065002, 1202.3983.1268

[97] H. Yao and S. Ryu, Interaction effect on topological classification of superconductors in1269

two dimensions, Phys. Rev. B 88, 064507 (2013), doi:10.1103/PhysRevB.88.064507.1270

[98] X. Yang and M. Cheng, Gapped boundary of (4+1)d beyond-cohomology bosonic SPT1271

phase, arXiv e-prints arXiv:2303.00719 (2023), doi:10.48550/arXiv.2303.00719,1272

2303.00719.1273

[99] M. A. Metlitski and R. Thorngren, Intrinsic and emergent anomalies at deconfined critical1274

points, Phys. Rev. B 98, 085140 (2018), doi:10.1103/PhysRevB.98.085140.1275

[100] Z. Bi, A. Rasmussen, K. Slagle and C. Xu, Classification and description of bosonic sym-1276

metry protected topological phases with semiclassical nonlinear sigma models, Physical1277

Review B 91(13), 134404 (2015), doi:10.1103/PhysRevB.91.134404.1278

[101] T. Senthil and M. P. A. Fisher, Competing orders, nonlinear sigma models,1279

and topological terms in quantum magnets, Phys. Rev. B 74, 064405 (2006),1280

doi:10.1103/PhysRevB.74.064405.1281

[102] R. A. Jones and M. A. Metlitski, 1d lattice models for the boundary of 2d “Majo-1282

rana” fermion SPTs: Kramers-Wannier duality as an exact Z2 symmetry, arXiv e-prints1283

arXiv:1902.05957 (2019), 1902.05957.1284

[103] H.-R. Zhang, J.-H. Zhang, R.-X. Zhang, Z.-C. Gu and S. Yang (unpublished).1285

[104] F. D. M. Haldane, Stability of chiral luttinger liquids and abelian quantum hall states,1286

Phys. Rev. Lett. 74, 2090 (1995), doi:10.1103/PhysRevLett.74.2090.1287

[105] J. Yang and Z.-X. Liu, Irreducible projective representations and their physical applications,1288

Journal of Physics A: Mathematical and Theoretical 51(2), 025207 (2017).1289

[106] J. Sullivan and M. Cheng, Interacting edge states of fermionic symmetry-1290

protected topological phases in two dimensions, SciPost Physics 9(2), 016 (2020),1291

doi:10.21468/SciPostPhys.9.2.016, 1904.08953.1292

[107] A. Kapustin, Symmetry Protected Topological Phases, Anomalies, and Cobor-1293

disms: Beyond Group Cohomology, arXiv e-prints arXiv:1403.1467 (2014),1294

doi:10.48550/arXiv.1403.1467, 1403.1467.1295

[108] J. C. Y. Teo and C. L. Kane, From luttinger liquid to non-abelian quantum hall states,1296

Phys. Rev. B 89, 085101 (2014), doi:10.1103/PhysRevB.89.085101.1297

[109] M. Cheng and Z.-C. Gu, Topological response theory of abelian symmetry-protected topo-1298

logical phases in two dimensions, Phys. Rev. Lett. 112, 141602 (2014).1299

[110] C. Wang and M. Levin, Anomaly indicators for time-reversal symmetric topological orders,1300

Phys. Rev. Lett. 119, 136801 (2017), doi:10.1103/PhysRevLett.119.136801.1301

[111] Y. Qi, C.-M. Jian and C. Wang, Folding approach to topological order enriched by mirror1302

symmetry, Phys. Rev. B 99, 085128 (2019), doi:10.1103/PhysRevB.99.085128.1303

[112] M. Barkeshli and M. Cheng, Time-reversal and spatial-reflection symmetry localization1304

anomalies in (2+1)-dimensional topological phases of matter, Phys. Rev. B 98, 1151291305

(2018), doi:10.1103/PhysRevB.98.115129.1306

40

https://doi.org/10.1088/1367-2630/15/6/065002
https://doi.org/10.1088/1367-2630/15/6/065002
https://doi.org/10.1088/1367-2630/15/6/065002
1202.3983
https://doi.org/10.1103/PhysRevB.88.064507
https://doi.org/10.48550/arXiv.2303.00719
2303.00719
https://doi.org/10.1103/PhysRevB.98.085140
https://doi.org/10.1103/PhysRevB.91.134404
https://doi.org/10.1103/PhysRevB.74.064405
1902.05957
https://doi.org/10.1103/PhysRevLett.74.2090
https://doi.org/10.21468/SciPostPhys.9.2.016
1904.08953
https://doi.org/10.48550/arXiv.1403.1467
1403.1467
https://doi.org/10.1103/PhysRevB.89.085101
https://doi.org/10.1103/PhysRevLett.119.136801
https://doi.org/10.1103/PhysRevB.99.085128
https://doi.org/10.1103/PhysRevB.98.115129


SciPost Physics Submission

[113] A. Kitaev, Anyons in an exactly solved model and beyond, Annals of Physics 321(1), 21307

(2006), doi:10.1016/j.aop.2005.10.005, cond-mat/0506438.1308

[114] A. Kapustin, Bosonic topological insulators and paramagnets: a view from cobordisms1309

(2014), 1404.6659.1310

[115] M. F. Lapa and M. Levin, Anomaly indicators for topological orders with1311

u(1) and time-reversal symmetry, Phys. Rev. B 100, 165129 (2019),1312

doi:10.1103/PhysRevB.100.165129.1313

[116] S.-Q. Ning, B.-B. Mao, Z. Li and C. Wang, Anomaly indicators and bulk-1314

boundary correspondences for three-dimensional interacting topological crystalline phases1315

with mirror and continuous symmetries, Phys. Rev. B 104, 075111 (2021),1316

doi:10.1103/PhysRevB.104.075111.1317

[117] W. Ye and L. Zou, Classification of symmetry-enriched topological quantum spin liq-1318

uids, arXiv e-prints arXiv:2309.15118 (2023), doi:10.48550/arXiv.2309.15118, 2309.1319

15118.1320

[118] A. Auerbach, Interacting Electrons and Quantum Magnetism, Graduate Texts in Con-1321

temporary Physics. Springer New York, ISBN 9781461208693 (2012).1322

[119] R. Shankar and N. Read, The θ = π nonlinear sigma model is massless, Nuclear Physics1323

B 336(3), 457 (1990), doi:https://doi.org/10.1016/0550-3213(90)90437-I.1324

[120] V. Azcoiti, G. Di Carlo, E. Follana and M. Giordano, Critical behavior of the O(3) nonlinear1325

sigma model with topological term at θ=π from numerical simulations, 86(9), 0960091326

(2012), doi:10.1103/PhysRevD.86.096009, 1207.4905.1327

[121] D.-C. Lu, J. Wang and Y.-Z. You, Definition and Classification of Fermi Surface Anoma-1328

lies, arXiv e-prints arXiv:2302.12731 (2023), doi:10.48550/arXiv.2302.12731, 2302.1329

12731.1330

[122] R. Ma and C. Wang, Average symmetry-protected topological phases (2022), 2209.02723.1331

[123] J.-H. Zhang, Y. Qi and Z. Bi, Strange Correlation Function for Average Symmetry-Protected1332

Topological Phases (2022), 2210.17485.1333

[124] J. Y. Lee, Y.-Z. You and C. Xu, Symmetry protected topological phases under decoherence1334

(2022), 2210.16323.1335

[125] R. Ma, J.-H. Zhang, Z. Bi, M. Cheng and C. Wang, Topological Phases with Average1336

Symmetries: the Decohered, the Disordered, and the Intrinsic (2023), 2305.16399.1337

[126] J.-H. Zhang, K. Ding, S. Yang and Z. Bi, Fractonic Higher-Order Topological Phases in1338

Open Quantum Systems (2023), 2307.05474.1339

41

https://doi.org/10.1016/j.aop.2005.10.005
cond-mat/0506438
1404.6659
https://doi.org/10.1103/PhysRevB.100.165129
https://doi.org/10.1103/PhysRevB.104.075111
https://doi.org/10.48550/arXiv.2309.15118
2309.15118
2309.15118
2309.15118
https://doi.org/https://doi.org/10.1016/0550-3213(90)90437-I
https://doi.org/10.1103/PhysRevD.86.096009
1207.4905
https://doi.org/10.48550/arXiv.2302.12731
2302.12731
2302.12731
2302.12731
2209.02723
2210.17485
2210.16323
2305.16399
2307.05474

	Introduction
	Overview
	Generality of anomalous boundary correspondence
	Surface SET correspondence
	Surface criticality correspondence
	Edge-corner correspondence of 2+1D fermionic SPT
	Surface-line correspondence of 3+1D bosonic SPT and beyond


	Gapless edge correspondence of 2+1D fermionic topological phases
	Spinless fermion with reflection symmetry and spin-1/2 fermion with time reversal symmetry
	Spin-1/2 fermion with C2 symmetry and spinless fermion with Z2 symmetry
	Spinless fermion with D4 symmetry and spin-1/2 fermion with Z4Z2T

	Surface SET correspondence for 3D topological phases
	Bulk description of time reversal and mirror topological phases
	Surface SET and their correspondence
	Other examples 
	 Topological insulator and topological crystalline insulator protected by mirror symmetry
	Topological phase with SU(2)Z2T and topological crystalline phase with SU(2) Z2M 
	Topological phase with SO(N)Z2T and topological crystalline phase with SO(N) Z2M 


	Surface criticality correspondence of 3D topological phases: mirror system 
	The near critical bulk description of mirror and time reversal topological phase
	Critical surface theory
	Coupled chain approach for O(5) WZW and generalization to O(n) case
	Review on Haldane's derivation
	Generalization to (n+1)D


	More examples of surface criticality correspondence: rotation system
	Bulk description of rotation systems and their counterpartners
	Critical boundary theories and their correspondence

	Summary and outlook
	Majorana zero modes as a domain wall
	Symmetry properties of Majorana corner modes in D4-symmetric case
	Representation of Z4Z2T in 2D system with spin-1/2 fermions
	References

