SciPost Physics Submission

Correspondence of boundary theories between internal and
crystalline symmetry protected topological phases

Jian-Hao Zhang!, Shang-Qiang Ning!’

1 Department of Physics, The Pennsylvania State University, University Park, Pennsylvania
16802, USA
2 Department of Physics, The Chinese University of Hong Kong, Sha Tin, New Territory, Hong
Kong, China

T sqning91@gmail.com

Abstract

Symmetry protected topological phases protected by crystalline symmetries and internal
symmetries are shown to enjoy fascinating one-to-one correspondence in classification.
Here we investigate the physics content behind the abstract correspondence in three or
higher-dimensional systems. We show correspondence between anomalous boundary
states, which provides a new way to explore the quantum anomaly of symmetry from its
crystalline equivalent counterpart. We show such a correspondence directly in two sce-
narios, including the anomalous symmetry-enriched topological orders (SET) and critical
boundary states. (1) First of all, for the surface SET correspondence, we demonstrate
it by considering examples involving time-reversal symmetry and mirror symmetry. We
show that one 2D topological order can carry the time reversal anomaly as long as it
can carry the mirror anomaly and vice versa, by directly establishing the mapping of
the time reversal anomaly indicators and mirror anomaly indicators. Besides, we also
consider other cases involving continuous symmetry, which leads us to introduce some
new anomaly indicators for symmetry from its counterpart. (2) Furthermore, we also
build up direct correspondence for (near) critical boundaries. In this perspective, we
first consider the edge-corner correspondence between edge theory as 1+1D conformal
field theory of internal fermionic SPT and the 0+1D corner modes of (higher-order) crys-
talline fermionic SPT. By viewing the corner modes on 1D boundary as perturbed CFT
is crucial insight for the correspondence, but also help to discover the boundary theory
of some intrinsically interacting fermionic SPT, whcih are challenging. Next, we discuss
this correspondence bosonic systems, again taking topological phases protected by time
reversal and mirror symmetry as examples, the direct correspondence of their (near)
critical boundaries can be built up by coupled chain construction that was first proposed
by Senthil and Fisher. The examples of critical boundary correspondence we consider in
this paper can be understood in a unified framework that is related to hierarchy struc-
ture of topological O(n) nonlinear sigma model (NLo M), that generalizes the Haldane’s
derivation of O(3) sigma model from spin one-half system. To our best of knowledge,
this hierarchy structure of the O(n) NLo M is first exposed, which inspires us to explore
more interesting connection between different theories in the light of the boundary cor-
respondence.
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1 Introduction

Symmetry-Protected Topological (SPT) phases, as short-range entangled states of matter, have
been the focus of intensive research over the past decades [1]. They represent a new paradigm
in the realm of quantum matter, extending beyond Landau’s symmetry-breaking framework. A
well-known example of an SPT phase in fermionic systems is the topological insulator, which
is protected by both time-reversal and charge conservation symmetries [2,3]. Bulk properties
of SPT phases have been systematically constructed and classified for interacting bosonic and
fermionic systems using various methods [4-17]. Remarkably, one perspective for investigat-
ing these intriguing quantum states is the study of anomalous boundary theories associated
with SPT phases. This has led to the development of the bulk-boundary correspondence (BBC)
theory for SPT phases.

The boundaries of SPT phases can exhibit various intriguing characteristics. That is, they
may be gapless, symmetry broken [18], or topologically ordered in three or higher dimensions
[19], but they cannot have a unique symmetric gapped ground state. Extensive studies have
been conducted on the anomalous boundaries of the SPT [14,18-32]. A celebrated example is
the two-dimensional topological superconductor, which is protected by time reversal symmetry
with 72 = —1. This phase is notable for hosting helical Majorana edge modes that are robust
and protected as long as time-reversal symmetry is preserved [33]. Generally, one fundamental
question is: What types of boundaries can a SPT phase have? Given a SPT, its boundary can
be realized many by different phases. It turns out that even though being different as a first
glance, all such boundaries have the same topological nature to some sense, that is the 't
Hooft anomalies associated with the corresponding symmetries [34,35]. To be more precise,
an nD boundary, which can be either gapless or gapped, can be realized with specific 't Hooft
anomalies on the boundary of the corresponding n+1D SPT phase. This motivates the study of
’t Hooft anomalies in nD quantum theories, including the conformal field theory [20,31,32,36],
symmetric gapped phases, such as 2D Symmetry-Enriched Topological Order, etc [23,37-42].
Very recently, the study of 't Hooft anomaly are formulated into a more general framework of
generalized symmetry. For example, the 't Hooft anomaly corresponding to 2D SPT is shown
to be equivalent to the generalized symmetry, described by the unitary fusion category whose
objects and fusion are the group elements and their group multiplication, and the associated
3-cocycle is the F symbol [43, 44]. One great significance of 't Hooft anomaly is that it is
an invariance under the renormalization group and then provides important non-perturbative
knowledge of IR physics even though the corresponding many-body Hamiltonian may be too
hard to be attached [45]. For example, the LSM anomaly, one of the 't Hooft anomalies, will
forbid the group state from being symmetric uniquely gapped from the only knowledge of each
unit cell no matter what Hamiltonian it takes as long as it preserves the symmetry [46-51].

Recently, there has been extensive theoretical [52-77] and experimental [78-81] interest
in symmetry-protected topological (SPT) phases protected by crystalline symmetries. Distin-
guished from internal SPT phases, the boundaries of d-dimensional crystalline SPT phases are
typically gapped, yet they exhibit protected lower-dimensional gapless modes at the hinges
or corners. This type of topological phase is dubbed higher-order topological phases [82-91],
topological crystalline phases or crystalline SPT. The robustness of the hinge or corner modes
against symmetry perturbations reflects the nontrivial topology of the bulk phases, resulting
in the bulk-boundary correspondence (BBC) of these topological crystalline phases.

The study of topological crystalline phases has been predominantly explored in free-fermion
systems. Due to analytical limitations, a few representative examples of strongly correlated
topological crystalline phases have been analytically understood through coupled-wire con-
structions [90,91]. An established real-space construction of topological crystals has been pro-
posed to construct and classify topological crystalline phases in interacting systems [63-68].
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This construction encompasses both bulk and boundary properties, achieved by decorating
suitable lower-dimensional SPT or invertible topological phases on the corresponding blocks
of the topological crystals, often referred to as “decorated block states" or “decorated topolog-
ical crystals."

Very interestingly, it was pointed out that there are profound relationships between the
crystalline and internal SPT phases. In Ref. [57], the so-called “crystalline equivalence principle”
(CEP) was conjectured: the classification of crystalline SPT phases with space group G is
identical to that of SPT phases protected by internal symmetry in a subtle and abstract way.
Therefore, the crystalline SPT (in Euclidean space) and internal SPT protected by the groups
that have the symmetry in the same group structure are one-to-one correspondence. The
crystalline symmetry G and internal symmetry correspond to each other by relating the spacial
orientation reversing symmetry (such as mirror symmetry) to anti-unitary internal symmetry
(such as time-reversal symmetry). For fermionic systems, it has been conjectured and justified
by enumerations that the crystalline equivalence principle should be applied in a twisted way:
spinless (spin-1/2) fermions should be mapped into spin-1/2 (spinless) fermions [64-67,92].
Nevertheless, the crystalline equivalence principle is performed in a rather formal term, and a
more physical understanding of this principle is very desired.

In this paper, we focus on the physical properties, especially on the boundary, of crys-
talline topological phases and SPT phases following the crystalline equivalence principle. In-
spired by the bulk correspondence, it is natural to postulate that the Bulk-Boundary Corre-
spondence (BBC) should also adhere to the crystalline equivalence principle. In this paper,
we demonstrate the universal existence of such a correspondence relation in various situa-
tions of SPT phases, which we can dub Crystalline-Equivalent Bulk-Boundary Correspondence
(CEBBC). More specifically, we consider the examples in 241D fermionic SPT, and 3+1D and
higher bosonic SPT. The boundary of 2+1D fermionic SPT are typically symmetrically gapless
theories while for 3D and higher-dimensional SPT phases, except being symmetric gapless,
they can be symmetry-enriched topological orders (SET). So we will investigate the CEBBC
in both fermionic and bosonic systems, which mainly consists of two scenarios: surface SET
correspondence and critical boundary correspondence.

1. Fermionic SPT We will construct the correspondence between the boundaries of 2+1D
fermionic SPT phases protected by on-site symmetry and 241D crystalline fermionic SPT
phases with point group symmetry. The correspondence can be established by treating
the corner modes of 2+1D crystalline fermionic SPT phases as “crystalline symmetric"
domain walls of 1D modes. For illustrating examples, we build the correspondence
between reflection-symmetric topological superconductor (TSC) and the time reversal
symmetric TSC with 72 = —1, and also between C,-symmetric TSC and TSC protected
by unitary on-site Z, [93-95, 95-97], whose bulks follow the crystalline equivalence
principle. Furthermore, as an application of the crystalline equivalent BBC, we discover
the new boundary theory of one intrinsically interacting fSPT protected by non-Abelian
Zy ¥ Zg symmetry through its crystalline partner D,-symmetric TSC.

2. Bosonic SPT Now we generalize the CEBBC to bosonic systems. Now we focus on the
341D or higher dimensional bosonic SPT. One the one hand, we focus on the surface
SET correspondence between internal SPT phases and their crystalline SPT counterparts.
We establish that if a particular topological order can reside on the boundary of an in-
ternal SPT phase, it can similarly exist on the boundary of the corresponding crystalline
SPT phase, and vice versa. To rigorously establish this surface SET correspondence, we
leverage the utility of anomaly indicators, which are fundamental in quantifying the BBC
for topological phases. Following this correspondence, we introduce, to the best of our
knowledge, new anomaly indicators [such as Egs. (51) and (52)] for SO(N) x ZZM sym-
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metry indicated by those for the crystalline counterparts SO(N) x ZZT that were obtained
by computing the 3+1d partition function on certain manifolds in Ref. [42].

On the other hand, we delve into scenario where the boundaries are either in or near a
critical state. For this purpose, we harness the description of the nonlinear sigma model
for 34+1D or higher dimensional bosonic SPT phases, which is a powerful framework
for phases of matter in or near criticality. In the pursuit of establishing direct corre-
spondences in these (near) critical surface scenarios, we unveil an intriguing “hierarchy
structure" of the O(n) sigma model, which provide a unified understanding of the sur-
face criticality correspondence discussed in this paper. This structure can be traced back
to Haldane’s derivation of the O(3) nonlinear sigma model, originating from the study
of spin-half systems on lattice sites. To the best of our knowledge, such a hierarchy
structure of topological nonlinear sigma model are for the first-time exposure. In this
paper, our illustrative cases primarily revolve around mirror symmetry and time-reversal
symmetry, though we also explore rotational systems to offer a comprehensive under-
standing of the correspondence between crystalline and SPT phases.

Through these few examples, we demonstrated that not just formal establish of the CEBBC,
it is a powerful concept and tool to investigate the new boundary theory and relation between
two seemingly unrelated theories. For example, the correspondence between anomalous SET
is also utilized in Ref. [98] to construct gapped boundary of 4+1d bosonic SPT beyond group
cohomology.

The rest of the paper is organized as follows: In Sec. 2, we sketch the main idea of the
anomalous boundary correspondence of internal SPT and crystalline SPT in Sec. 2.1 and
the main result of surface SET correspondence and surface criticality correspondence in Sec.
2.2 and in Sec. 2.3. In Sec. 4, we will mainly discuss the surface SET correspondence in
details for time reversal and mirror SPT and also generalize to discuss the cases with additional
continuous symmetry in Sec. 4.3. In Sec. 5 and Sec. 6, we discuss the surface criticality
correspondence of the mirror system and rotation system respectively. We discuss the hierarchy
structure of the O(n) sigma model in Sec. 5.3 that provides a unified understanding of the
surface criticality correspondence discussed in this paper. We summarize and outlook in Sec.
7.

2 Overview

2.1 Generality of anomalous boundary correspondence

It was conjectured that the topological action that describes the bosonic crystalline SPT with
crystalline symmetry G, in Euclidean space R* is largely classified by [55,57]

HYY(BG,,U(1),) (1)

where BG; is the classifying space for the group G, and the subscript r means that for spatial
orientation reversing group element, it will act as a complex conjugate on the U(1) coefficient.
Recall that the bosonic SPT protected by internal symmetry G;,; is also largely classified by
HY*(BG;,,,U(1)r) where the subscript T means the complex conjugate action on the U(1)
coefficient when the group element is anti-unitary [7]. Therefore, it was observed that the
classification of the crystalline SPT by G, is the same as that of internal SPT by G;,,; which is
the same group as G, by identifying the spatial orientation reversing group element in G, as an
anti-unitary element in G;,,. On physical ground, when coupling to an external probe field,
either conventional gauge field or spatial gauge field, the topological response is controlled by
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the same topological class, for example, in H¢*1(BG, U(1),) where o conjugate the coefficient
if it reverses the space-time orientation. Such an observation can also be generalized to the
beyond group cohomology SPT and crystalline SPT, and also to the fermionic SPT. Now this
classification correspondence is phrased as the so-called crystalline equivalence principle [57].
So in Euclidean space, the crystalline SPT and internal SPT are one-to-one correspondence.
This result is also shown by the decorated block state or topological crystal construction for
crystalline topological phases [55].

It is well-known that when putting on the open manifold, the internal SPT phase can have
a very interesting boundary phase, which carries a symmetry anomaly that can be canceled
by the bulk phase [34,35]. Usually, the quantum anomaly of symmetry is called the ’t Hooft
anomaly, which is defined by obstruction to gauging the symmetry. To carry such an anomaly,
the boundary phase can be degenerate or gapless but not symmetric unique gapped. Such a
phenomenon is called boundary-bulk correspondence.

For crystalline SPT, there is also such a phenomenon, such as the hing mode or corner
modes of some crystalline SPT. This will make the nontrivial topology of the bulk phase man-
ifest, leading to the boundary-bulk correspondence for crystalline SPT. We may also call such
nontrivial boundary carries quantum anomaly of the symmetry. Even though the obstruction
of gauging crystalline symmetry is still rarely discussed in the literature, we can still justify
such a statement by adopting a modern definition of the quantum anomaly of symmetry as an
obstruction to have a symmetric unique gapped ground state.

The decorated block state construction is very helpful for understanding the existence of
boundary-bulk correspondence of crystalline topological phase in a strongly correlated system.
To see this, we first choose one boundary that is called standard such that its cell decompo-
sition is one-to-one correspondence to that of the bulk. In fact, such a one-to-one correspon-
dence can be easily established if all the cells in the bulk cell decomposition terminate on the
chosen boundary. Then from the decorated block state construction, the decorated nontrivial
invertible phase on some lower dimensional cell will terminate on the boundary with nontriv-
ial feature, being gapless or having degenerate ground states. Yet if there might be some low
dimensional cells that do not terminate on the chosen boundary, which we call nonstandard,
then the crystalline topological phase constructed from by decorating these cells would have
no nontrivial feature on the boundary due to the decorated invertible phase is not exposed to
the boundary. For example, in the two-dimensional Cy rotation system on a disk geometry,
there are nontrivial phases by decorating the rotation center with Z, charge which is at the
origin that does not terminate with the boundary that now can be symmetric unique gapped.

Recalling the bulk phases of internal SPT and crystalline SPT are one-to-one correspon-
dence, while the nontrivial boundary states can also manifest the nontrivial topology of the
bulk, it is very natural to expect that there is also correspondence between their nontrivial
boundary states.

The main idea of anomalous boundary correspondence or crystalline equivalent BBC is
summarized in Fig.1. We will make a few remarks as below.

1. Exact anomaly The quantum anomaly of symmetry is invariant under renormalization
flow. So the anomaly specified at the UV limit will always be present in the low energy
limit (IR limit). There might be an emergent anomaly of symmetry [99] and even anomaly
of emergent symmetry (in contrast to the exact symmetry that is defined in UV limit), but
we do not consider these cases in this paper by assuming the quantum anomaly of exact
(not emergent) symmetry is exact, i.e., present in the UV limit. In this paper by symmetry
we always mean the exact symmetry.

2. Symmetry-preserving operation In the UV limit, the quantum anomaly of symmetry is in-
variant under symmetry preserving operation (such as tuning parameters of surface Hamil-
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One-to-one correspondence

internal SPT < » crystalline SPT

up to symm. preserving operation

BBC BBC

boundary of _ One-to-one correspondence boundary of
interna] SPT u?) to anomaly preserving operation Crystalline SPT

Figure 1: The anomalous boundary correspondence.

tonian) even though phase transition happens in the ground state!. That means two bound-
ary phases with the same quantum anomaly could transfer into each other under by tuning
some parameter of the surface Hamiltonian. More generally, one can conjecture that two
arbitrary boundary phases with the same quantum anomaly can transform into each other
by symmetry allowed operation possibly in an indirect way. One general scheme for such a
transformation is through one path of a series of Hamiltonian parameterized by a € [0, 1]:
H(a) = aHy + (1 —a)H; where H, and H; realize the two target phases respectively. As
both Hy and H; is symmetric, then the whole path are symmetric, which means the sym-
metry anomaly in the UV limit is also present. While at the two ends of the path are the
two target boundary phases, it is possible along the path some intermediate phase(s) occur.

3. Topological class of anomaly For orientation preserving symmetry, one way to see the
quantum anomaly of boundary theories is to use the anomaly in-flow approach which is
cancelled by the presence of the topological bulk?. For orientation changing symmetry,
there is alternative way to detect the anomaly that is determined by the bulk topology. In
other words, the boundary quantum anomaly of symmetry is classified by the topological
class of their bulk [34,35]. We say two quantum anomaly of symmetry are equivalent if
they correspond to the same topological class, such as #?*%(BG,, Z) for bosonic SPT.

4. Anomaly-preserving operation The boundary correspondence is assumed to be in the
sense of quantum anomaly, namely the boundary correspondence is defined up to anomaly-
preserving operation. The anomaly-preserving operation is defined to the transformation
that can not change the topological class of the quantum anomaly of symmetry. In fact, the
two symmetry anomalies in the boundary correspondence here we discuss are equivalent
because the two bulks are subject to the crystalline equivalence principle and controlled
by the same topological classes. So the boundary correspondence is nothing but the two
boundary theories carrying the same topological class of anomaly can transform into each
other by anomaly-preserving operation.

5. One-to-one correspondence Together with the above mentioned points that any two the-
ories on the SPT can be transformed into each other by symmetry-preserving operation,
then the one-to-one correspondence can be made if we can make a connection (up to some

In fact, the anomaly of symmetry is already defined if we have defined the symmetry realization no matter
what types of Hamiltonian we take. See Ref [43] for more details about this point.

2That is, one can couple the boundary to external probe field, either conventional gauge field or lattice gauge
field, which itself is not gauge invariant but becomes invariant when the presence of the bulk. The bulk and
boundary together couple to the external probe field, and the gauge variant part of the boundary will be cancelled
by the gauge variant of topological terms terminating on the boundary.



260

261

262

263

264

265

266

267

268

269

270

271

272

273

274

275

276

277

278

279

280

281

282

283

284

286

287

288

289

290

291

292

293

294

205

296

297

208

299

300

301

302

303

304

SciPost Physics Submission

proper anomaly-preserving operation) between arbitrary one boundary theory of the inter-
nal SPT and arbitrary one boundary of crystalline SPT.

6. Application One important application of the boundary correspondence is that we can
explore the quantum anomaly of symmetry by studying its crystalline partner. Recalling
that for a phase or theory (such the underlyding topological order of SET), whether it can
carry quantum anomaly of certain internal symmetry is equivalent to say whether it can be
put on the boundary of SPT protected by that internal symmetry. Then by the boundary
correspondence, whether it can be put on the boundary of the SPT is equivalent to whether
it can be put on the boundary of the crystalline partner of the SPT. On the other hand, we
can also study whether a phase/theory be put on the crystalline SPT by studying whether it
can be put on the boundary of internal SPT. Another important application is the guidence
for exploring the relation between theories, even for theories live on different dimensions,
such as the wire/layer construction for high dimension theory from lower dimensional one
(See the examples in Sec.5.3).

2.2 Surface SET correspondence

To elucidate the concept of boundary correspondence, we begin by examining scenario where
the surfaces of three-dimensional topological phases exhibit topological order with anomalous
symmetry, specifically focusing on SET with symmetry anomalies.

Surface correspondence implies that a surface’s topological order, denoted as C, can exist
on the boundary of topological phases protected by internal symmetry as long as it can also re-
side on the boundary of the corresponding crystalline topological phases while maintaining the
crystalline symmetry, and vice versa. In general, for a given topological order, we can enumer-
ate its symmetry enrichment data, including permutations, symmetry fractionalization, and
stacking SPT, for both internal and crystalline symmetries. We then investigate whether there
exists at least one anomalous symmetry-enriched pattern for both internal and crystalline sym-
metries that can be applied to the boundaries of internal SPT and the corresponding crystalline
SPT.

To delve into this concept further, we focus our analysis on the surface SET of time-reversal
SPT and mirror SPT. It becomes evident that the topological order C can exhibit a time-reversal
anomaly if and only if it can manifest a mirror anomaly. This is demonstrated by establishing
that when the topological order C possesses a nontrivial time-reversal anomaly indicator, de-
noted as n = —1, it can also exhibit a nontrivial mirror anomaly indicator, n,, = —1, and
vice versa. (For detailed proofs and additional examples involving U(1), SU(2), and SO(3) or
SO(N) symmetries, please refer to Sec.4.)

Additionally, we extend the concept of surface correspondence to another intriguing sce-
nario where both surface theories are either at or near criticality.

2.3 Surface criticality correspondence

Now, let’s delve into the study of correspondence within the context of edge or surface theories
that reside in or near critical states.

2.3.1 Edge-corner correspondence of 2+1D fermionic SPT

We first consider the gapless edge correspondence of 241D fermionic SPT. The edge theory of
241D SPT phases protected by internal symmetries are 141D conformal field theores (CFT)
when preserving the symmetry while that of 241D higher order SPT are usually corner modes,
such as majorana corner modes. A very crucial insight is that the corner modes can be viewed
as 1+1D CFT perturbed by some crystalline symmetric terms which will gap out all the fields
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but leaving some zero modes that becomes the corner modes of the higher-order SPT. This
understanding of the corner modes will directly lead to a very benificial idea of what 1+1D
CFT can be put on the boundary of the 241D fermionic SPT protected by internal symmetries,
which in general are difficult to find.

To directly show the CEBBC is to prove that the same 141D CFT can be put on the bound-
aries of both SPT protected by crystalline and internal symmetries, but with different symmetry
properties—one is internal and the other is spatial. We explicitly consider three different ex-

amples: (1) the spinless fermion with reflection symmetry Z, x Zg and spin-1/2 fermion with
time reversal symmetry Z I f , (2) spin-1/2 fermion with two fold rotation C, symmetry C2 = P¢

and spinless fermion with Z, symmetry Z, X Zg and (3) spinless fermion with D, symmetry
and spin-1/2 fermion with Z, % Z]. We note that spin-1/2 fermion with Z, x Z] means that
the symmetry operators satisfy the relations A* = P, 72 = P; and TAT 'A =1 where A and
T are the generators of Z, and Z!, respectively. For the former two examples, we know both
the edge theories of internal SPT and higher order SPT. So what we contribute is the directly
build the connection between their theories, confirming the above perturbed-CFT views of the
corner modes and the same CFT can also be live on the boundary of internal SPT.

Remarkably, for the third example, we only know the corner modes of the higher order SPT.
The edge theory of the corresponding SPT protected by a non-Abelian symmetry is challenging
to obtain. One specific challenging point is that we do not know a priori which CFT can
potentially live on the boundary of the corresponding SPT. In other words, given a specific ’t
Hooft anomaly, we do not know a priori which CFT can carry it. So, without further priori
knowledge, we need to enumerate or conjecture which CFT could carry the given 't Hooft
anomaly. Back to our specific example here, using the perturbed-CFT views of these corner
modes, now we know which CFT are potentially be put on the boundary of the corresponding
Zy X ZZT FSPT. With this crucial information, we finally also find out the proper symmetry
realization in the CFT that has the proper anomaly.

2.3.2 Surface-line correspondence of 3+1D bosonic SPT and beyond

To further illustrate this, we will still use time reversal and mirror bosonic SPT states as exam-
ples. As previously mentioned, the surface-SET correspondence discussed above establishes
a clear one-to-one relationship between the surfaces of time reversal and mirror SPT states.
This correspondence demonstrates that all surface theories belonging to the same SPT class
can be transformed into one another through appropriate symmetric operations. These op-
erations may involve adjustments to the surface Hamiltonian parameters or coupling to new
degrees of freedom. However, our curiosity extends beyond this, as we are keenly interested
in establishing a direct connection between the (near) critical surfaces of time reversal, mirror
SPT states.

To explore the behavior of (near) critical surfaces, we adopt an alternative description of
the bulk SPT theory, one based on the nonlinear sigma model [19, 100]. This approach is
particularly potent when the theory resides near criticality.

In the context of 3D time reversal SPT (within the framework of group cohomology), it is
described by the O(5) nonlinear sigma model, featuring a topological theta term with © = 2.
What makes the topological sigma model especially convenient is that its surface theory corre-
sponds to the O(5) nonlinear sigma model with a level one Wess-Zumino-Witten (WZW) term,
which exhibits fascinating critical behavior [19].

In the case of the 3D mirror bulk, it is constructed by decorating the mirror plane with the
2D Levin-Gu state. This state can be effectively characterized using the O(4) nonlinear sigma
model, with a topological theta term of ® = 27t [100]. When the mirror plane terminates at
the boundary, a protected gapless mode emerges on the termination line of the mirror plane.
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This mode is aptly described by the O(4) nonlinear sigma model featuring a level-one WZW
term. It is worth noting that the O(4) nonlinear sigma model with a level one WZW term is
renowned for exhibiting 1+1D SU(2); CFT behavior at low energies.

To directly illustrate the surface correspondence in this scenario, we must establish a direct
connection between the time reversal surface state and the mirror surface state. The time
reversal surface state is described as the 2+1D O(5) sigma model with a level one WZW term,
while the mirror surface state corresponds to the 1+1D O(4) sigma model localized on the
mirror termination line, with the rest of the surface remaining trivial.

To transition from the time reversal surface state to the mirror surface state, we introduce a
mirror-symmetric magnetic field, denoted as g(x)iis(x), where the function g(x) exhibits mir-
ror symmetry, meaning g(x) = —g(—x) together with mirror action on M : fi(x) — —ii(—x).
This magnetic field effectively creates a domain wall along the mirror termination line. This
domain wall formation is achieved by selecting a specific profile for g(x) such that g(0) =0
and g(x) > 1 for x # 0. It can be shown that on this domain wall, the 2+1D O(5) sigma model
with a level one WZW term reduces to the 14+1D O(4) sigma model featuring a level-one WZW
term.

Transitioning from the mirror surface state to the time reversal surface state presents a
more complex challenge. One naive approach involves regarding the 1+1D O(4) theory on
the mirror termination line as a reduced description of the 241D O(5) theory, utilizing the
specific g(x) profile discussed earlier. To recover the 24+1D O(5) theory, one might need to
carefully adjust the g(x) profile back to g(x) = 0. However, it’s crucial to emphasize that
this approach has its limitations due to the non-time reversal symmetric nature of the mag-
netic term g(x)ns(x). Consequently, it may not provide a entirely valid method for transi-
tioning between the mirror and time reversal surface states while maintaining the required
symmetry properties. More sophisticated techniques may be necessary to establish a robust
and symmetry-preserving correspondence between these states.

A valid approach to bridging the mirror to time reversal surface states involves the use
of a coupled chain construction. Specifically, we can construct the 2+1D O(5) model with
a level one Wess-Zumino-Witten (WZW) term by coupling an infinite number of 1+1D O(4)
models, each equipped with a level one WZW term, preserving the time reversal symmetry.
This construction can be traced back to the pioneering work of Senthil and Fisher [101], where
they considered coupled 141D O(4) chains with a level one WZW term to construct the 2+1D
0(4) sigma model featuring a topological term © = 7, all while preserving the crucial time
reversal symmetry.

To complete this construction and establish a direct connection between the mirror and
time reversal surface states, it is essential to view the 24+1D O(4) topological sigma model as
the 2+1D O(5) sigma model with a level-one WZW term, supplemented by an additional large
anisotropic term, such as (ns)?. Importantly, this anisotropic term maintains time reversal
symmetry, ensuring the preservation of symmetry throughout the transition.

The coupled chain construction, stemming from Haldane’s work, originally generated the
1+1D O(3) sigma model with a topological term © = 7 by coupling an infinite array of 041D
spin one-half systems. This construction methodology can be extended to diverse O(n) situ-
ations, enabling the creation of an nD O(n + 1) sigma model with a topological term © = ©
through the coupling of an infinite number of (n—1)D O(n + 1) sigma models, each endowed
with a level one WZW term. By introducing a similar supplemented anisotropic term, the re-
sultant nD O(n + 1) model with a topological term © = 7 can be regarded as an anisotropic
variant of an nD O(n + 2) topological sigma model featuring a level one WZW term. This ver-
satile construction framework, which we call it the hierarchy structure of O(n) sigma model,
can be applied to establish surface criticality correspondences in various scenarios.

10
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w2 3 Gapless edge correspondence of 2+1D fermionic topological phases

403 The CEP for fermionc SPT shows a one-to-one correspondence between SPT phases with
a04 crystalline symmetry and on-site symmetry with a twist of spin of fermions where spinless
405 (spin-1/2) fermions should be mapped into spin-1/2 (spinless) fermions, by an explicit lower-
a6 dimensional block-state constructions of 2D crystalline fSPT phases, which is called topologi-
a07 cal crystals [65,66]. In this section, we consider three examples of crystalline symmetries—
a0s reflection symmetry, C, rotation symmetry and D, symmetry. For the first two examples, both
s00 the edge theories of crystalline and on-site fermionic SPT are known, we connect the edge
a10 theories of the two sides by directly establishing the correspondence. Remarkably, in the light
a1 of the proposed CEBBC, we can investigate and discover the unknown CFT boundary theory
a1z of the fermionic SPT protected by Z, x ZZT in spin-1/2 systems through that of its crystalline
413 counterpart—spinless D4 FSPT.

a1a 3.1 Spinless fermion with reflection symmetry and spin-1/2 fermion with time
415 reversal symmetry

a16  Firstly we study the simplest case of spinless fermions with reflection symmetry. From topolog-
a17  ical crystals and explicit model construction [66], we know that for a 2D reflection-symmetric
418 system with spinless fermions, there is a nontrivial higher-order topological phase with two
4190 Majorana corner modes &, and &, see Fig. 2.

420 An alternative understanding of these Majorana corner modes is provided: For &;, con-
a1 sider two branches of gapless Majorana modes y; and y| (T and | are virtual indices) on the
422 boundary that move oppositely, with a mass term m(x):

H= f dx-yT [ia?’ax + m(x)o*z]}f 2)

423 where y(x) = ()/T(x), Y l(x))T. The reflection symmetry M is defined as:
M : yy(x) e r(—x) (3)

424 It is easy to verify that H is invariant under M if m(—x) = —m(x), which means the mass m(x)
425 has a domain-wall structure. For simplicity, take m(x) ~ x, then the Hamiltonian H reduces
426 toO:

H= J dx - yTH()y, H(x)=i0%0, +x0? 4)

427 There is a Majorana zero mode localized at x = 0 as a Gaussian wavepacket (See Appendix
428 A):

0) = Ae ™2 (1,1)7 (5)

420 where A is a normalization factor. Equivalently, the Majorana corner modes of nontrivial
430 higher-order topological phase in 2D reflection-symmetric system with spinless fermions can
431 be treated as a domain-wall at the corner of the system. In particular, this domain wall is
a32  reflection symmetric. To see this, denote H,,(x) = 2im(x)y;(x)y,(x), under M, H,,(x) maps
433 to H,;(—x). The whole domain wall is symmetric under reflection. In other words, the domain
434 wall is carrying neutral reflcetion quantum number.

435 Subsequently, we define a effective “time-reversal symmetry” 7 in y-basis and treat T and
a36 | as effective “spin indices”: 7 =ic?K, T2 =—1, where K is the complex conjugate operator.
a37 It is easy to verify that the kinetic term is symmetric under 7:

T Hio33,)T =io3d, (6)
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1iM
°

&

Figure 2: Edge modes of 2D reflection-symmetric system with spinless fermions.
Right panel is the zoom-in of the Majorana corner modes &;. Reflection axis is de-
picted by dashed line.

€1 Y
1

R R X
3
&2

Figure 3: Edge modes of 2D C,-symmetric system with spin-1/2 fermions. Green dot
represents the center of C,.

But the mass term breaks 7 :
T [m(x)az] T =—m(x)o? (7)

i.e., the domain wall structure is time reversal broken.

Furthermore, we investigate the symmetry properties of zero mode (5) under reflection
symmetry and “time-reversal symmetry”. According to Eq. (3), it is easy to see that this zero
mode is reflection symmetric. On the other hand, under 7, the zero mode (5) transforms as:

T10) = (i02K)|0) = Ae ™ /2 (—1,1)7 (8)

i.e., this zero mode breaks 7. However, this zero mode carries 72 = —1.

To arrive at the helical edge theory of 2D time-reversal-invariant TSC [93], there are two
ways: one can turn off the time reversal broken domain wall, leaving only the kinetic term
which is “time-reversal-invariant” [cf. Eq. (6)], or proliferate this domain wall that traps
Majorana zero mode [102]. One can also go from the helical edge theory of 2D time-reversal-
invariant TSC to obtain the Majorana corner zero modes of refelection symmetric TSC by
adding the the reflection symmetric domain wall as in (2) and realizing reflection on helical
majorana fermions as (3). This just establishes the “crystalline equivalence principle” of BBC
between time reversal and reflection symmetric TSC.

3.2 Spin-1/2 fermion with C, symmetry and spinless fermion with Z, symmetry

Repeatedly from topological crystals and explicit model construction [64,66], we know that
for a 2-fold rotational-invariant 2D system with spin-1/2 fermions, there is a nontrivial higher-
order topological phase with two Majorana corner modes &; and &, on the boundary of the
system, see Fig. 3. We introduce polar coordinates (x,y) = r(cos8,sin8) to describe the
Majorana corner modes at the north/south poles. Under the 2-fold rotation, the two zero
modes &, and &, exchange.
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Consider two branches of gapless Majorana modes y, and yz that move oppositely, with a
mass term m(6) ~ cos 9:

H= f d6 -y (—io3dy +cos 0 - 0?)y 9

where ¥ = (y4,75)", and the C, property of y is (sgn(x) = 1 for x > 0, sgn(x) = —1 for
x <0):

R: y(0) = sgn(6 — m) (y4(0 + 1), y5(0 + m))" (10)

It is easy to verify that H is C,-symmetric. The mass term cos(8) has a domain wall structure,
which is C,-symmetric. Near northpole/southpole, the total Hamiltonian can be approximately
expressed as:

HY = J dx -yTHNy, HN =ic30, + xo?
(1D
HS = f dx - yTHSy, HS =—io®0, —xo?

We concentrate on the physics near northpole, and the physics near southpole can be obtained
from northpole by a 2-fold rotation. The Hamiltonian H" has a zero mode:

10) = Ae™"/2(1,1)" (12)

Equivalently, the Majorana corner mode &; of nontrivial higher-order fSPT phase in 2D C,-
symmetric system with spin-1/2 fermions can be treated as a domain-wall at the northpole of
a spherical geometry as illustrated in Fig. 3. Similar for £, at the southpole. The C, symmetric
domain wall structure promises that £; and &, exchange under R.

Subsequently, we define an effective “Z, on-site symmetry” O in y-basis: O = o, the
kinetic term is symmetric under O:

0 Y(—ic33y)0 = —ic35, (13)
But the mass term breaks this “Z, symmetry”:
o! (cose'az)o =—cosf-o? 14)
Furthermore, under O, the zero mode (10) transforms as:
0[0) = o3|0) = Ae /2 (1,—1)" (15)

i.e., this zero mode breaks O, however it has 0% = 1.

Similarly to time reversal TSC, we have two ways to obtain the gapless majorana edge
modes of Z, TSC: turn off the Z,-broken mass term cos(8) [94-97], or proliferate the domain
wall that traps majorana zero modes [102]. One can also begin with gapless majorana edge
theory of Z, TSC to construct the boundary corner modes of C,-symmetric TSC by adding mass
term as in (9) and realizing the C, symmetry R as (10). Then the crystalline equivalent BBC
between unitary Z, TSC and C, symmetric TSC is just established.
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M,
FIRS)
&1
13
& 1 &

Figure 4: Edge modes of 2D D,-symmetric system with spinless fermions. All dashed
lines are reflection axes and green dot is the center of 4-fold rotation symmetry Cy.

3.3 Spinless fermion with D, symmetry and spin-1/2 fermion with Z, x Z,

Topological crystals and explicit model construction [65,103] show that for a 2D D4-symmetric
system with spinless fermions (D, is 4-fold dihedral symmetry D, = C4 X ZIZVI with two genera-
tors R € C, as a 4-fold rotation and M; € lew as a reflection), there is a nontrivial higher-order
fSPT phase, with 8 localized Majorana corner modes & j and 53 (j=1,2,3,4), see Fig. 4[103].
Similar to the C,-symmetric case, we introduce polar coordinates (x, y) = r(cos 6, sin 8) to de-
scribe the Majorana corner modes at poles (northpole, southpole, westpole and eastpole).

We introduce 4 branches of itinerating Majorana modes y = (y{, yi, y;, yé)T on the bound-
ary, where the Majorana modes with T and | indices move in opposite directions:

Hy= J do-y"[i(r*®0®)dy |y (16)

where 7123 are Pauli matrices characterizing the pseudo-spin indices. These Majorana modes

have the following symmetry properties:
{9'—>27‘C—9
M, : 1.1 .2 .2 2.2 .1 .1
{9»—>9+7‘c/2
R:
1.,1.2 .2 1.,1.2 .2

(17)

That satisfy R* = M12 = 1. It is easy to verify that Hy is invariant under D, generators (17).
We further consider a D,-symmetric “mass term” with a spatial-dependent mass m;(6):

H, = J dg -yt [sin(29) (*® 02)]}, (18)

And we can straightforwardly confirm that H,, is invariant under D, generators (17). After in-
vestigating the symmetry properties of the total Hamiltonian H = Hy+H,,, we can concentrate
on the Hamiltonian near each pole (intersection between the boundary of system and reflec-
tion axes along the vertical/horizontal directions, see right panel of Fig. 4). Near eastpole,
from 6 ~ 0 we obtain sin(20) ~ 0, the low-energy physics near the eastpole can be described
by the following Hamiltonians:

HE = J dy -yT [i(’r?’ ® 03)8y +y(r®® 02):|}f (19)
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The Hamiltonian HE has two zero modes (x = r):

0); = Ae¥/%(1,1,0,0)"

(20)

10}y, = Ae™"/2(0,0,1,1)"
Equivalently, the Majorana corner modes y; and y] of nontrivial higher-order topological phase
in 2D D4-symmetric systems with spinless fermions can be treated as two domain walls near
the eastpole of the spherical geometry in Fig. 4. Similar for Majorana corner modes at other
poles with 6 ~ 7t/2, t,37/2 at which sin(26) ~ 0. Near westpole (x = —r):

10); = Ae>"/?(1,1,0,0)"

10)y = Ae™/2(0,0,1,1)" -
Near north and south poles (y = %r):
10)54 = Ae"/2(1,1,0,0)"
10}y 4 = Ae™72(0,0,1,1)" @2
Subsequently we define an effective “Z, on-site symmetry” A (with A* = —1):
A= ) @)
H, is symmetric under A, mass term H,, breaks A:
AtitPec®)A=i(r*®0®)
AN ®o2)A# P @02 (24)
Then we define an effective “time-reversal symmetry” 7 :
T=i(12®1y,,)K, T?2=-1 (25)
It is easy to verify that Hy and H,, preserve 7 :
Tli(r? )T =i(r®®0?)
(26)

Tl 0o T =1300?

All zero modes [cf. Egs. (20)-(22)] are symmetric under D, and also 7 symmetry, but not
symmetric under A (See Appendix B).

Nevertheless, if we “release” the Majorana corner modes &; and & 3 (by removing the do-
main walls, j = 1,2,3,4), the Hamiltonian H reduces to H, which is “Z4-symmetric” [cf. Eq.
(23)] and “time-reversal symmetric” [cf. Eq. (25)]. Hence the Hamiltonian H describes
the edge theory of 2D (Z4 % Zg )-symmetric systems with spin-1/2 fermions. Furthermore, we
study if these edge modes can not be gapped in a symmetric way. We bosonize the edge theory
Hy in terms of y? (o =1, ):

elf1 = )/1 + iyﬁ, elP2 = }f% + iy; 27
And the topological edge theory H, can be rephrased in terms of bosonic fields ® = (¢, ¢5)":

K Vi
Leage = 7~ (8:2)(8,8)) + 2= (3,21)(0:8)) (28)
T 87
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where K = 0 as the K-matrix characterizing the topology of L.4e. Under A and 7, the field
of edge modes ® transforms as [32]:

Ao W +50", T: 0> W d+507 (29)
where
wi=1,,, (6®*=mn(1/4,—1/9)"
T ’ T T 30
wT =g* 567 =m(1/2,1/2)
: S 1l 1l :
Also the fermion parity will map y;” to —y;”", so according to Eq.(27), we should have
W =1,5,,, 6¢% =(n,m)". (31)

We now try to construct interaction terms that gap out the edge without breaking the A and 7
symmetries, either explicitly or spontaneously. Consider the backscattering terms of the form:

U= > U(A)= Y U(x)cos| ATK& —a(x)] (32)
J j

The backscattering term (32) can gap out the edge as long as the vectors {A;} satisfy the
“null-vector” conditions [104] for Vi, j:

A[KA; =0 (33)

The simplest termis A; = (1,1) or A, = (1,—1). However, A; breaks 7 symmetry and A, break
A symmetry. We turn to the next simplest term A3 = (2,2) or A4 = (2,—2). Aj preserve all
the symmetry but leads to spontaneously symmetry breaking, i.e., (¢_) where ¢_ := ¢ — ¢,
has two energy vacca: 0 and 7 (take a(x) = 0 for simplicity) which transform into each other
by A2. Similar analysis show A, would spontaneously break 7. So it seems to be no way to
symmetrically gap out the edge fields. One may guess it is possible to stack trivial edge fields
to gap them out together symmetrically. We argue that in fact it is impossible by gauging the
fermion parity symmetry. It turns out that the fermion parity flux carries projective represen-
tation of 74 Zg , which reflects the anomalous nature of the edge theory of the corresponding
FSPT. Equivalently, Hy or Le4q. with (30) characterizes the nontrivial topological edge theory
for 2D (Z4 Zg )-symmetric fSPT phase with spin-1/2 fermions.

Now we show that fermion parity flux carries projective representation of 7, X ZZT for the
symmetry properties (30) of H,. Following the method in Ref. [32], we can gauge the fermion
parity symmetry and the fermion parity flux are represented by the “fractionalized" vertext

operators e'z where ¢ = ¢, + ¢,. Now we study the symmetry properties of the remaining
symmetry Z4 X ZZT . In fact, under symmetry, the fermion parity flux form a doublet, which is

represented by (ei% , e i% )T. The components of the doublet differ by attaching local fermions.

Under Aand 7,
¢ ¢
iz 1 0 iz
A (ee_i%) - (0 1) (ee_i%) G
¢ ¢
lj O . lf
T: (:_i%) — (—i (l)) (:_i%) (35)

Namely, acting on the fermion parity flux doublet, Uy = 1,,, and Uy = —0 K. Recalling that
the group relation TA7 ! =A™!, namely A and 7 do not commute, such a realization of A, T
is indeed projective. One can compute the invariants for this projective representation, that is,

T, = ny(A%T,A%T) =—1 (36)
I, = ny(AT,AT) = —1 (37)
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where n, is the 2-cocycle corresponding to this projective representation [105]. We note that
the corresponding 2-cocycle with such invariants are in fact nontrivial in 2 [Z4 X Zg , U(1)],
and hence nontrivial in H%(Z, % Zg ,Z,) which is the true symmetry fractionalization classifi-
cation of fermion parity flux. In fact, the symmetry fractionalization class (—1)"2 of fermion
parity flux corresponds to the complex fermion decoration in the supercohomology theory for
fermionic SPT [106]. In the classification of fermionic SPT, the complex fermion decoration
with n, = w, is trivialized [12]. [The meaning of w,, is that it defines the extension that char-
acterizes the fermionic symmetry group, see Eq. (C.7)] Such projective representation U, and
Uy, labeled by n,, differs from the w, in Eq. (C.7) since they have different invariants [see
Eq. (C.9)]. Therefore, the edge theory indeed corresponds to a nontrivial fermionic SPT.

4 Surface SET correspondence for 3D topological phases

Here we will show that the surface SET on the surface of SPT protected by time reversal
symmetry and mirror symmetry are one-to-one correspondence, namely the same topological
order C can or cannot carry time reversal anomaly and mirror anomaly simultaneously. We
also discuss the cases with additional continuous symmetry such as U(1), SO(N) and SU(2).

4.1 Bulk description of time reversal and mirror topological phases

The 3D bosonic SPT protected by time reversal is classified by Z, x Z, [19]. The first root is
group cohomology type that is characterized by the effective action [107]

1
S:—f W1UW1UW1UW1 (38)
2 M

where w; € H!(M, Z,) is the ith-order Stiefel- Whitney class. The physics of the this phase is
to see that on the codimension-2 time reversal defect, which is a line defect, there is Haldane
phase protected by time reversal, whose effective Lagrangian is %Wl Uwj. There is another
equivalent description of this time reversal SPT state as discussed in Sec.2.3. The second root
state is beyond group cohomolgy, whose effective action is [108]

1
S:—f W2UW2 (39)
2 M

The physics of this state is on the time reversal domain wall (surface defect), there is Eg state.

The classification of 3D mirror SPT in bosonic system on Euclidean space is also Z, x Z,,
compatible with the crystalline equivalence principle [55]. From the view of decorated topo-
logical crystal, the mirror SPT can be constructed by decorating two dimensional SPT protected
by Z, symmetry and the invertible Eg state at the mirror plane.

4.2 Surface SET and their correspondence

On the surface of 3D SPT phases, it can develop topological order but with anomalous sym-
metry realization, called anomalous symmetry enriched topological order (SET). Here we will
discuss the surface SET correspondence of 3D topological phases protected by time reversal
and mirror symmetry. More exmaples see Sec.4.3

One convenient way to see the surface SET correspondence is to use the anomaly indicator
of the anomalous SET. To characterize the SET with G symmetry anomaly, one need two set of
data [109]. The first set is the intrinsic data that is the topological quantities that characterize
the topological order when ignoring the symmetry, such as the anyon types a, b, c..., quantum
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h

N

Figure 5: Mirror plane decoration for 3D mirror SPT. Applying some local unitary
transformation, we can also remove the entanglement of left and right wing of the
mirror plane (orange color plane) so that it is in trivial product state (as illustrated in
(b)). Then the nontrivial mirror SPT is to decorate the mirror plane with (1) Eg state
or (2) Z, internal SPT state. The bottom purple plane terminates the mirror plane is
the chosen boundary of the mirror SPT which can be gapless along this mirror line
(the line of mirror plane terminating on the boundary) or be (anomalous) SET.

dimension dg, dy,d...., topological spin of the anyon 6,, 8y, 60, and so on. The other set is
the extrinsic data that characterize the symmetry enrichment of the SET, including how the
symmetry permute the anyon, G symmetry quantum number carrying by the anyon, etc. The
set of anomaly indicator is a set of expression in terms of these two set of data that can uniquely
determine surface of which SPT with the same global symmetry G it can be put on. In other
words, the anomaly indicator is just the quantitative boundary-bulk correspondence.

The time reversal anomaly indicators of SET on the surface of bosonic time reversal SPT
is given by [110]

ny= iZdaean. (40)
DC aeC
Here 7;2 = %1, 0. If the anyon a is invariant under time reversal, i.e., p7(a) = a, 7 2= 7:_12 =41
correspond to whether a is locally Kramer degenerate or not. In particular, 7'12 =1. 1If
p7(a) # a, it is not well-defined to talk about whether a carries Kramer degeneracy or not,
then 7> = 0. When p7(a) = a, 67, = —6,, then 6, = 0, . Further, if p7(a) = (#)a, then
p7(a) = (#)a. When the time reversal anomaly 1+ takes -1, it is anomalous and can only live
on the surface of time reversal SPT.

Meanwhile the mirror anomaly indicator for SET on the surface (See Fig.5) of bosonic

topological crystalline phase protected by mirror symmetry is given by [111]

1
Mm= D_Czdaeanua' (41)

aeC

Here u, is the mirror eigenvalue related to the anyon a. If p \4(a) = @, y, = pugz = =1 while
pm(a) #a, ug = gz = 0. In particular, u; = 1. When p \(a) = (#)a, pp(a@) = (#)a. The
indicator 1, can only takes values +1 and the value —1 means it is anomalous and can only
live on the surface of mirror SPT.

Now we show that for a topological order C, when 1 = —1, then we can also have
Ny = —1 for proper mirror symmetry realization. For this, we first divide the anyon of C
into two sets: A= {a|d@ = a,a € C} and B = {a|a # a,a € C}. In other words, A consists of
anyon that are self-conjugate and B consists of non-self-conjugate one. For example, all the
anyons in toric code are self-conjugate but the nontrivial anyons in v = 1/3 Laughlin state is
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non-self-conjugate. We can further pick one of each conjugate pair (a, a) in B to consist of B;.
Then the above two anomaly indicators can be expressed into

nr = Di(zdaeﬂf +> 2da9a7;2) (42)
C \aea

a€B;
1
Mm= D_(Zdaea“a +
¢ acA

> 2d, eaua) (43)

a€B;

where we have used d,6, = d;0; and u, = uz; and 7;2 = 7:.12. To make connection between
the symmetry properties, we first relate them as

PM = PKPT (44)
T2 =g (45)

where py is the charge conjugate operation of a topological order that maps any anyon a
into its conjugate a while keeping all the topological quantities invariant. We note that such
a connection between the time reversal and mirror symmetry properties was also utilized in
Ref. [112]. If we have a symmetry permutation p and 7;2 for the topological order C, which
leads to n = —1, then through Eq.(44) and (45), we have the corresponding properties for
mirror symmetry, i.e., {0 r(, Uq}, Which eventually leads to 1, = —1. Therefore, if we have
1Ny = —1 for a topological order, we can also have proper mirror symmetry realization such
that n, = —1 for the same topological order and vice versa. In other words, a topological
order can carry the time reversal anomaly if and only if it can carry the mirror anomaly.

Besides the above time reversal anomaly and mirror anomaly which correspond the group
cohomology class, there is still the beyond group cohomology class. For this case, the surface
anomalous SET correspondence is more obvious by checking the anomaly indicator for these
states [113]

— 1 2
n = D—CZdaea. (46)

aeC

This anomaly indicator is for both time reversal and mirror SPT that are beyond group coho-
mology. As the time reversal and mirror properties do not explicitly enter in the expression of
this indicator.

4.3 Other examples

4.3.1 Topological insulator and topological crystalline insulator protected by mirror
symmetry

For 3D bosonic topological insulators with U(1) x ZZT and their crystalline counterparts—
topological crystalline insulator with U(1) x Z, their classification are both (Z,)* [19,114].
Two of the roots are protected by only time reversal or mirror symmetry, which can be detected
by the above mentioned two anomaly indicators 1; and 1+ or . The other two roots need
the protection jointly by U(1) and time reversal or mirror. For U(1) x Z, these two roots can
be detected by the following two anomaly indicators [115]

1 .
N3, 7= Do Z ds Qaelzan(a) 47)
aeC
1 .
N4, 7= D_ Z da GaeIZﬂ.qT(a),];z (48)
C qeC
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641 Where gy(a) is the fractional U(1) charge carried by anyon a, that satisfies g7-(a)+q+(b) = q7(c)
es2 mod 1if N7, nonzero. We put the subscript 7 here to imply this is defined under the present of
643 time reversal symmetry. In particular, g¢7-(a)+q7(a) = 0 mod 1 since N c}d = 1. Even though the
644 time reversal does not explicitly enter in the expression of 713, time reversal indeed has effect
e4s on 13 by enforcing further constraint on the fractional charge g(a). As the group structure
eas  U(1) x Z;r indicates Q7 = —7Q, we have q7(p7(a)) = —q7(a). So for py(a) = a, we have
647 q7(a)=qy(a)=0, % mod 1.

648 For U(1) x ZM, the corresponding two indicators are [116]
1 .
N3 Mm = — Z di QaelzﬁqM(‘Z) (49)
D aeC
1 )
Nam= 7~ Z da anlzon(a).u'a (50)
DC aeC

sa0  where q,,(a) also satisfies g r((a)+q((b) = gr¢(c) mod 1if N7, nonzero and then g ((a)+qp (@) =0
eso mod 1. Similarly, the mirror symmetry enforces additional constraint on the g,,(a) that is
65t qr(paqg(a)) = gaq(a). Therefore, for p  (a) = a, we have g (a) =g (a) =0, %

652 Now we can see that we can map 73 7 and 14 7 to 13 v and 14 » respectively by identifica-
653 tion P g = P PT, Ug = 7;2 as discussed in Sec. 4.2 and also q4(a) = q7(a) foralla € C. The
es+ lastidentification can be checked by g \((p r((a)) = g1 (p7(a)) = —q7(p7(a)) = g7 (a) = g (a)
ess mod 1. The first equality uses the identification p,, = pxp7. The second equality use
es6  q7(a)+qr(a) =0 mod 1. The third equality uses g7(p7(a)) = —q(a).

657 Therefore, we can conclude that if a topological order with time-reversal symmetry can be
ess put on the boundary of the 3D topological phases protected by U(1) x Z7, it can also be put
650 on the boundary of the 3D topological phases protected by U(1) x ZZM and vice versa. This
60 just builds up the surface anomalous SET correspondence to a bosonic topological insulator
661 by U(1) x ZZT and topological crystalline insulator by U(1) x Zé\/l. The results for U(1) % Z;r
662 and U(1) % Zé\/‘ can be discussed similarly.

63 4.3.2 Topological phase with SU(2)xZ 27— and topological crystalline phase with SU(2)xZ zM

664

665 The classification for 3D bosonic topological phase protected by SU(2) x ZzT and SU(2) x ZzM
ee6 is (Z5)>. The first two roots do not need the protection of SU(2) and have already been
e67 discussed above. So we focus on the third root here. As the phase is still protected by breaking
668 the SU(2) down to U(1), = {.ei"‘gZ |a € [0,4m)} where §, = % So we can utilize the above set
e60 of indicators for U(1) case. As it was shown in Ref. [116] we can use 7j3 s = 1113 ¢ to detect
670 to third root state, which always takes the trivial value 75 = 1 for all possible topological
671 order. That leads to the result that there is the so-called “symmetry enforced gaplessness"
672 phenomenon on the surface of the topological phase protected jointly by SU(2) x Zé\/l. On the
673 other hand, it is also shown that there is also “symmetry enforced gaplessness" on the surface
674 of topological phase protected jointly by SU(2) x ZZT . This is consistent with the surface SET
675 correspondence: no SET can carry this anomaly.

e76 4.3.3 Topological phase with SO(N)xZ 2T and topological crystalline phase with SO(N)xZ é"‘

677

678 The classification for 3D topological phases protected by SO(3) x ZZT (M) s classified by (Z,)*.
679 'Two roots of them are protected only by time reversal. And the other two ones are one-to-one

— {eia§zla€[0,2n)

es0 correspondence to the ones by breaking SO(3) down to U(1), 1} where §, is
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the integer spin z-component operator. It was shown in Ref. [116] by replacing q(a) — s%, we
have two anomaly indicators for these two root phases for SO(3) x Z2/VI

1 .
Nam = D_ngeaemnsa (51)
C aeC
1 .
Nam = D_ Z da eaelzma Yq (52)
aeC

where we used s? =s, mod 1 and s, is the SO(3) spin carried by anyon a.
Following similar reasoning above, we can conjecture the two corresponding anomaly in-
dicators for 3D topological phases protected by SO(3) x ZZT are

1 .
N3, 7= D_ Z dc? Qaelznsa (53)
aeC
1 .
NaT7 = D_ Z da 9a612n5a7:12' (54)
C qeC

Interestingly, these were proved using a different approach in Ref. [42] where these two for-
mulas are also shown to be the same for general SO(N) x Z;r 3. So in turn, we can conjecture
the two anomaly indicators (51) and (52) are also the same for SO(N) x ZZM which might be
derived using the folding trick in Ref. [116].

Therefore, the topological order C can or cannot be put on the surface of 3D topological
phases protected by SO(N) x ZZT and SO(N) x ZzM“. This builds up the surface SET corre-
spondence of them.

5 Surface criticality correspondence of 3D topological phases: mir-
ror system

In this section, we discuss the (near) critical surface of 3D mirror symmetry-protected topolog-
ical phase and also its counterpartner—3D time-reversal topological phase—that is classified
by group cohomology.

5.1 The near critical bulk description of mirror and time reversal topological
phase

As mentioned in Sec.4.1, the 3D bosonic mirror SPT can be constructed by decorated the
mirror plane with the Levin-Gu state, the Z, bosonic SPT. We note that there are a few effective
theories to characterize the Levin-Gu state, such as Chern-Simons theory and nonlinear sigma
model (NLoM). Here we will adopt the nonlinear sigma model because it is a powerful theory
for the phases at or near criticality. In 2D the Levin-Gu state can be characterized by the O(4)
NLoM with © term [100]

1 )2
ENLSM = E (3Mn) + ﬁ@ (55)
where Lg is the topological © term
i2m
[’g)D = Q—BeabcdnaaxnbayncaTnd (56)

3We thanks Dr.Weicheng Ye to tell us the results in this paper [42].
“There is another root state for N > 4, but they are shown to be “symmetry enforced gapless” [117], so there
is not surface SET of these phases
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with Q5 the area of unit 3-sphere. The on-site Z, symmetry acts on the vector

Zo: i —i (57)

The vector field i is specified on the interface °. As g — 00, the ground state of the nd NLoM
is disordered and symmetric.

Furthermore, the time reversal SPT classified by group cohomology can also described by
the NLoM [100]. Recall that the classification of odd spatial dimensional time-reversal SPT by
group cohomology is Z,. The (n+1)d (odd n) system with time-reversal symmetry Zg which
can be described by an O(n +2) NLoM with a topological © term with © = 2x. In 1+1d, it
is the well-known O(3) NLoM with © term which describes the Haldane phase. In 3+1d, the
time-reversal bosonic SPT by group cohomology can be characterized O(5) NLoM Eq. (55)
with © term

12
4

where Q, is the unit 4-sphere area. The time-reversal symmetry to the O(5)-vector i is

Zl: i —i (59)

5.2 Critical surface theory

Now we turn to discuss the (near) critical surface theory of the 3D mirror and time reversal
symmetric SPT.

First, we investigate the boundary of the mirror SPT by truncating the block states with an
open surface, which is chosen to be perpendicular to the mirror interface. Therefore, the two
surface 2 cells are the boundary of the bulk 3 cells and the 1 cell is that of the bulk 2 cell. This
surface is to some sense standard since its cell decomposition is one-to-one correspondence to
the bulk cell decomposition.

Now we are interested in the surface where both the 2-cell are trivially symmetric gapped
out but there is a gapless mode on the 1-cell, i.e., the surface mirror interface, that is now
described by 1+1d O(4) NLoM with the Wess-Zumino-Witten (WZW) term (see Fig.5)

2
LI[] = J dudx%eabcdnaaunbaxncafnd. (60)

The WZW term involves an extension of O(n + 1) vector 7#i(r, 1) to #i(r, 7,u), such that
ﬁ(rJTJLl:O):(OJ"'J]-)n ﬁ(r,’L’,u= 1):ﬁ(r97’-) (61)

In other words, the topological boundary theory of the mirror-symmetric SPT phase is the
1+1d O(4) NLocM with WZW term on the mirror interface of the boundary of the system.
The 1+1d NLoM with WZW term (if the O(4) symmetry does not break) describes the so-
called SU(2); CFT in 141d, so typically there are protected gapless modes along the surface
mirror domain wall. We note that such a boundary theory is derived from the viewpoint of
a topological crystal where away from the mirror interface it is disentangled. However, in
reality, the nontrivial entanglement can spread over the whole system, not just confine at the
interface.

°One can imagine that away from the interface, these vector fields are trivially gapped with a large enough
energy mass in a mirror-symmetric way.
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Then we turn to the surface of 3D time-reversal invariant SPT phases which is well-known
and can be described by the 2+1d O(5) NLoM with level one WZW term

LW = J dudxdylé—neabcdenaaunbaxncaynd o, n° (62)
4
With preserving time-reversal, we have (ns;) = 0 which can be treated as zero so that we can
integrate the ns; component and obtain the O(4) NLoM with topological © term (56) but now
© = 1 in contrast to 27, with which values symmetric gapped unique ground state is possible.
However, in fact, the ® = 71 prevents the boundary from being featureless, i.e., having a
symmetric gapped unique ground state.

Now we discuss the correspondence between surface criticalities. The surface of time re-
versal SPT is described by the 2+1d O(5) level-one WZW term with time-reversal symmetry
(59) while the surface of mirror SPT is O(4) level-one WZW term (i.e., 1+1d SU(2), CFT) with
Z symmetry (57) on the mirror interface. The correspondence between these two surfaces
means that they can be connected to each other under proper operation that are allowed by
symmetry.

The above correspondence implies, on the one hand, we can obtain 1+1d SU(2); CFT at
the mirror interface from the 2+1d O(5) NLoM with WZW term in a mirror symmetric way. In
fact, this is easily done by adding a magnetic field g(x)ns(x) with g(x) = —g(—x) and choos-
ing the profile of g(x) : g(0) =0 and |g(x)| = 1 for x # 0. On the other hand, it implies that
we can construct the 2+1d O(5) NLoM with WZW term in a time-reversal invariant manner
according to (59) from the SU(2); CFT which are located at the mirror interface. Indeed, such
construction does exist which was done in Ref. [101]. Roughly speaking, the authors started
from the infinite coupled spin-1/2 chain described by the SU(2); CFT which in fact has an
emergent symmetry O(4) = SU(2); x SU(2)g, and turned on the interchain coupling which is
also O(4) invariant and followed the way similar to Haldane’s well-known derivation for O(3)
© term in 1+1d spin chain, they obtained the 2+1d O(4) NLoM with © term where © = 7,
which is equivalent to the O(5) NLoM with WZW term when preserving the time-reversal sym-
metry. Below we will review such construction in more detail and then generalize to general
cases.

5.3 Coupled chain approach for O(5) WZW and generalization to O(n) case

To see the Senthil-Fisher’s coupled chain construction O(5) WZW [101], we will first review
Haldane’s derivation for 1+1d O(3) © term from WZW term that can generalized straightfor-
wardly to O(n) case. Then n =5 gives us the Senthil-Fisher’s construction.

5.3.1 Review on Haldane’s derivation

To begin with, we first review that effective description of 0+1d spin one-half system that is
the 0+1d O(3) nonlinear sigma model with level one WZW term

S, = J dfé(afﬁf + 2k T 7w, 7)] (63)
We have level k =1 and I'[#i(u, 7)] is the 0+1D WZW
o 1 " " o
Ii]l=— J dudrtii- (8, x 9.1) (64)
4m

where we have extended the vector field 7i from 7 dependent to (u, ) with u € [0,1] such
that 71(0, 7) = £ and 7i(1, 7) = 7i(t). The extension of #i(u, T) is a choice of the convention as
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one can use the south pole instead of the north one at the position of u = 0. It is easy to see
that I'[—7] = 4w —TI'[fi] = —I'[7i] mod 47. We note that the 47 here is nothing but the volume
of unit S2.

Now we consider a chain consisting of an infinite number of spin one half 7i; and turn on
the antiferromagnetic coupling between two nearest neighborhood spin one half. Then the
theory is effectively given by

SlzdeZSo[ﬁi(T)]-l-uJdTZﬁi(T)-ﬁiH(T) (65)

with u > 0. The antiferromagnetic coupling drives the nearest neighboring spin to polarize in
the opposite direction, namely

i, = (—1)'7, (66)

where 7’ are smooth varying fields. Substitute this ansatz into the intersite coupling u, we
have

uf dt Z g o~ az_u f dxdt (2,7 (x,7))? (67)
i

Now we turn to the term Sy[7;]. The first term in S, combined with the inter-site coupling
just discussed above, we arrive at

1 1
S¥=— | dxdr = (8,i)* +(8,7)? (68)
ag V12

where v; = 1/(a,/ug).

Now we turn to the WZW terms in Sy. We follow Haldane’s approach to derive the topo-
logical Theta term from the summed alternative WZW terms. Due to the ansatz Eq.(66) and
['[—#] = —T[#] mod 47, the summed WZW terms becomes

2Ty 1 =Ty, )

1 [ dx or[i'(x,7)] o
== | —————>==-9,7'a
2 a on’

1
=— J dxdt i’ - (8.7 x 8,#")

8m

1 ..
==7[R] (69)

where we have used °©

- 1 = - =

6T [i] = —f dtéi - (i x d;11). (70)
41

7Z[#i] is the winding number from S2 spanned by (x, t) to S? spanned by ii. We note that in the
continuum limit, I'[n}.]—T[n)._,1=T[n,._,]-T[n5,_,], which lead to the factor 3. Therefore,
the second term of summed Sy[n;] gives the O(3) topological theta term with © = 7.

Now we give a more intuitive derivation of Eq.(69). Recall that the physical meaning of
I'[7i;] is the surface angle on the sphere surrounded by the trajectory of physical vector 7;(7)

6See Eq.(10.34) in [118].
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\ e

Figure 6: The n-Sphere angles traced by two configurations of n;(X, v) and n; (%, 7)
sweeping from T =0 to T = 3. (Here we use n; instead of ng .) The shaded "narrow
ribbon" is equal to the difference between the sphere angles, namely AT;.

from 7 = 0 to v = . Then F[Fi’zi] — I‘[fi’zl._l] is just the difference of surface angle of the
two nearest vectors 7, and iy, . As the field i’ varies smoothly in space, then the surface
angle difference can be represented by a very “narrow ribbon" on the sphere (See Fig.6). For
the closed boundary condition, as i starts from the initial site, passes over the chain, and then
back to the initial site, the “narrow ribbon" just smoothly moves on the sphere and then back
to the original position. In the continuum limit, it will swap around the sphere continuously.
Therefore, the summation just gives us the winding number of the mapping i’ : S — S2. This
geometric derivation is convenient to generalize to higher dimensions.

5.3.2 Generalization to (n+ 1)D

Let us begin with the nD O(n + 2) nonlinear sigma model with level one WZW terms
nl g o2 =
Sp= | dx"—=(9,A)" + 27mkT, 4[] (71)
8

where i is the n + 2 component unit vector k = 1 is the level and T, [7i] is the WZW term

T.qlil= J dudx™egp. qn®d,n?d,n...0.n¢ (72)

n+1
where Q,,,; is the volume of n+1 sphere. We have extended the vector field ri(X, 7) to ii(u, X, T)
such that 7i(u = 0,X,7T) = X490 and 7il(u = 1,X,7) = 7i(X, 7). The meaning of I}, ;[7] is then
the volume (divide €,,,;) surrounded by the trajectory of #i(X, ) on the n + 1 sphere. Note
that the extension of 7i(X, T) is a convention, as one can also choose the —x,,,, are the position
with u = 0. By reversing the direction of 7, the surrounded volume T, ;[—7i] is connected to
1—'n+1|:ﬁ] by 1—‘n+1|:_ﬁ:| = _Fn[ﬁ] mod Q-
Now we consider an infinite copy of these nD theories arranged in the n+1 (spatial) direc-
tion, whose vector fields are denoted as 7i;. Then we turn on the antiferromagnetic coupling
between two nearest neighboring vectors 7i; and 7;,;. So the total action is given by

St =an[ﬁi]+ujdx”2ﬁi-ﬁi+1. (73)
i i
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with u > 0. The antiferromagnetic coupling then drives, similarly to the 1+1D case in Sec.
5.3.1, ii; and #i;,; polarize in opposite direction. So we can take the following ansatz

i, = ()i, (74)

Substitute this ansatz into antiferromagnetic coupling action, very similar to Eq.(67), we
have

u J dx" > i gy & a?“ f dx"dz(8,7 (x, T))? (75)
i

Then the first term in S, combined with the inter-layer coupling just discussed above, we
arrive at

1
s%,, = J dx"dz @(auﬁ’)z + az—”(azﬁ’)z. (76)

Now we consider the WZW terms in S,,. Noticing the ansatz (74), the summed WZW terms
becomes, similarly to 1+1D case,

Sr11+1 = Z Fn+1[ﬁ/2i] - Fn+1[ﬁ/2i_1
i
1 -
= EZAFnH[nﬂ (77)
i

Each term AT,;,[7i!] is a very “narrow ribbon" on the S,,; sphere (See Fig.6). In the contin-
uum limit, the summation of them gives the winding number Z[#'] of S,,; by the vector field
i'(z,X%,7), that is

1
1 _ =/
Sn+1 - El[n ]
1
=20 f dx”“eabcmdn/aazn/baxn/c...ﬁfn/d. (78)
n+1

where #i’ : S,,; — S,.41. This is a topological term so it is invariant under any local continuous
coordinate transformation, such as the rescaling of one coordinate. Combined Egs. (76) and
(78), and up to proper rescaling of z coordinate, we arrive at

1
S - d n+1 o 2
n+1 agf X ( y,n)

+

fdx”“eabc___dn’aazn'baxn'c...afn'd (79)

n+1

which is just the n+ 1D O(n + 2) nonlinear sigma model with theta term © = 7t. We note that
when n = 2, it is just the Senthil-Fisher’s construction in Ref. [101] as mentioned in Sec. 5.2.

Now we discuss how to obtain the level one WZW term from © term with 8 = © while
preserving the anomaly. Let us begin with the 1 4+ 1d case. As it is known in 141D spin
1/2 chain, there are two equivalent descriptions for the IR physics [119]: the O(3) nonlinear
sigma model with © term 6 = 7, and the O(4) nonlinear sigma model with level one WZW
term /. Even though the direct proof of the equivalence between these two models is not at
all straightforward, we utilize another indirect way to argue that they are indeed equivalent

"There is some study that shows the two theories may deviate from each other in the critical behavior when
beyond some critical temperature [120].
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Fn-1,01)

Zn0) Zn(1)

Fn-1,(10)

Figure 7: The cell decomposition of the 2-fold rotation-symmetric systems. The nD
system with C, symmetry can be cell decomposed into two n cells 3, ) and %, (),
two n—1 cells X, _; (o1) and X,,_; (19) and one n —2 cell %,_,. For example, in 2D,
there are two 2-cells, two 1-cells, and one 0-cell. Often the (n-2)-cell is also called
the rotation center.

(at least in terms of the quantum anomaly of certain symmetry). The way is that we start with
the O(4) model, by adding an anisotropic term of one component, says n*, i.e., —u(n*)? with
ferromagnetic coupling constant u > 0 &. This term preserves the symmetry n* — —n* and has
the effect that the expectation value of n* is pinned to zero. So we can integrate out the n*
component in O(4) WZW model which exactly gives us the O(3) nonlinear sigma model with
0 = m. Such a justification of equivalence between the 1+1D O(3) and O(4) model also hints
that the anisotropic coupling is irrelevant in the IR limit for the 14+1D case [119].

For a general nD situation, we can still apply the above anisotropic term argument to relate
the O(n+ 2) k = 1 WZW model and O(n + 1) model with 6 = 7. In terms of focus on the
quantum anomaly, as long as the anisotropic term preserves the symmetry, these two theories
still have the same anomaly, so such a connection between the two theories is satisfying. We
note that while the two theories may maintain the same quantum anomaly, they might not be
equivalent in terms of local dynamics in the IR limit. In other words, the possible anisotropic
term added may not be irrelevant in the IR limit for general n > 2 but it seems to be irrelevant
forn=1.

From the above discussion, we see that it is possible to construct the nD O(n+ 1) nonlinear
sigma model with ©® = n (nD O(n + 2) k = 1 WZW model) that usually maintains quantum
anomaly of certain symmetry (such as some symmetry with only order-two element) from
lower dimension counterparts, and step by step eventually down to the 0 + 1D case. This
messages us that we can track the quantum anomaly down to the 0d system. In fact, such a
construction/scenario is also shown in other situations, such as the fermion surface anomaly
[121] and the LSM anomaly.

6 More examples of surface criticality correspondence: rotation
system

Consider systems with rotation symmetry Cy. We demonstrate C, symmetry as an example.

8We can also add anisotropic term for another component with special attention to the symmetry requirement
which we will discuss soon later.

27



864

865

866

867

868

869

870

871

872

873

874

875

876

877

878

879

880

881

882

883

884

885

886

887

888

889

890

891

892

893

894

895

896

897

898

SciPost Physics Submission

6.1 Bulk description of rotation systems and their counterpartners

The rotation SPT can be constructed by decorating the rotation center. At the rotation center
(see Fig.7), the rotation symmetry acts as a unitary on-site Z, symmetry. The rotation symmet-
ric SPT can be constructed by decorating the (n—2)D Z, SPT at the rotation center. For OD and
2D, there is one nontrivial Z, bosonic SPT (the nontrivial Z, charge 0D SPT and 2D Levin-Gu
state), while there is none in 1D, which indicates that there is no nontrivial 3D rotation SPT.
There is one nontrivial two-fold rotation SPT in 2D and 4D. So here we focus on two cases:
2D and 4D rotation systems. The effective actions of Levin-Gu states are given by Eq. (56)
with Z, symmetry ri — —ii. For 0D Z, SPT, the effective action E(Q)D takes the following form

27
ﬁO@D = Q—leabnaafnb (80)

which together with the O(2) NLoM dynamical term é(aﬁl)z guarantees the ground state is
in OD Z, SPT state.

On the other hand, we consider an (n+ 1)d system (n = 2, 3,4) with Z, on-site symmetry,
which is the crystalline equivalence counterpart of two-fold rotation SPT. The effective field
theory is still NLoM with topological ©-term [cf. Eq. (55)], with Z, symmetry defined as Eq.
(57), which is only well-defined in (2+1)d system as a Levin-Gu state [14] and (4+1)d system
with O(6) vector 7i and topological © = 27 term

£49D = lé—?eabcdefn“@xnbayncazndawneafnf. (81)
where x, y,z,w are the four physical spatial dimensions while 7 is the imaginary time dimen-
sion.

The classifications of the Z, SPT phases in (n+1)D systems are

n=2:%Zy; n=3:7Z1; n=4: 7Zy (82)

which is one-to-one corresponding to the classifications of the C,-symmetric SPT phases in
(n+1)d systems.

We now discuss the (higher) domain defect of SPT protected by internal Z,. For 2D, there
is OD SPT protected by Z, at the codimension-2 domain defect. Meanwhile, for 4D, there
is 2D SPT protected by Z, at the codimension-2 domain defect. This physics can be easily
checked using the NLoM framework. Interestingly, both decorated rotation center and higher
codimension domain defect carry similar nontrivial states.

6.2 Critical boundary theories and their correspondence

It is well-known that the topological boundaries of Z, SPT are O(n+2) NLoM with level-one
WZW term [cf. (60) for 2+1d] [100]. The WZW term for 3 + 1d is given by

1 .
2
ﬁg\ll)zw - f dulﬂ_ﬂ:eabcdefnaaxnbayncazndaunearnf' (83)
0 5

where O(6) vector field 7i are subject to the similar extension as (61).

Now we consider the boundary theory of rotation SPT. The boundary we choose is required
to respect the rotation symmetry. For 2D, the systems can naturally be made into a disk D,
whose boundary is just S; = d D,. However, such a boundary is non-standard since it intersects
with only the 2-cells and 1-cells but not the rotation center, which means that CD of S; respect
rotation symmetry is not one-to-one correspondence with the bulk CD. For such a boundary, we
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do not expect there is the surface criticality correspondence. In fact, the boundary theory on
S, can be symmetrically gapped out without any degeneracy. In contrast, the boundary with
the same geometry of the 2 + 1d internal Z, SPT can not be gapped out without degeneracy,
i.e., is necessary to be gapless or spontaneously symmetry breaking.

For 3D and 4D systems, we can choose a standard boundary, whose structure of CD is one-
to-one correspondence to the bulk one. For 3D, we can take the boundary to be perpendicular
to the rotation center axis, which is in the same form as Fig. 7, while the bulk extends into the
third direction that is not present. The 4D situation is similar.

Physically, with such chosen boundary geometry, the (4+1)d boundary we consider here
is trivially symmetrically gapped out almost everywhere but at the boundary rotation center
axis there is a gapless mode, i.e., the (1+1)d edge theory that is the (2+1)d Levin-Gu state,
described by the O(4) level-one WZW term. As with the standard boundary we do expect there
is surface correspondence for 4D C, rotation systems and internal Z, SPT.

Now we discuss the correspondence of surface criticality for rotation SPT and Z, SPT. We
focus on 4 + 1d. In fact, with the Z, symmetry, the six component ng can be treated as zero
and then integrated so that 3+1d O(6) level-one WZW term (83) becomes the 3+1d O(5)
topological © term with 6 = 1 in contrast to (58) where 8 = 27. The surface correspondence
for the C, rotation system implies that the 1+1d SU(2), CFT and 3+1d NLoM with topological
© = 7 term might have an ultimate connection while preserving symmetry. On the one hand,
it is easy to see that the 3+1d NLoM with topological ©® = 7t term reduces to the O(4) NLoM
with level-one WZW term, which is equivalent to 14+1d SU(2); CFT on the codimension-2 Z,
domain wall.

On the other hand, we should be able to construct the O(5) NLoM with 6 = 7 term
from the 1+1d SU(2); CFT in a Z, symmetric manner. We expose the existence of such a
construction by recalling the Hierarchy construction of O(n) topological term discussed in
Sec.5.3. More explicitly, for the construction, we notice that the 2+1d O(4) NLoM with® =7
term is equivalent to 2+1d O(5) NLoM with level-one WZW term if the symmetry Z, : i — —ii
is preserved without changing the surface anomaly. Then the desired construction comes into
two steps: First, we use the Senthil-Fisher’s construction to obtain 2+1d O(5) NLoM with
level-1 WZW term for each layer z € Z from the coupled 1+ 1d SU(2); CFT; Second, turning
on the O(5) invariant coupling which preserves the Z, symmetry between different layers, and
following the derivation in Sec.5.3, we obtain the 3+1d O(5) NLoM with ©® = 7 which is then
equivalent to the 3+1d O(6) NLoM with level-one WZW term while preserving the anomaly.

7 Summary and outlook

In this work, we established the anomalous surface correspondence for internal SPT and
crystalline SPT that are subject to the crystalline equivalence principle in three and higher-
dimensional bosonic systems, generalizing the so-called crystalline equivalent bulk-boundary
correspondence for topological phases. We first discuss the correspondence for the surface
Symmetry-Enriched Topological order that can appear on the boundary of three or higher-
dimensional SPT. For time reversal and mirror SPT, we explicitly show, by utilizing the anomaly
indicators, that if one topological order with anomalous time reversal symmetry can live on the
boundary of time reversal SPT, it can also live on the boundary of mirror SPT with assigning
appropriate mirror symmetry properties and vice versa. We also discuss the SET correspon-
dence including other symmetries which lead us to propose some new anomaly indicators. On
the other hand, we also established the direct correspondence between the surface theory in
or near criticality by taking the advantage of topological nonlinear sigma model. In pursuit
of the direct connection of the (near) critical surface theories, we find the hierarchy structure
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of the topological O(n) sigma model, originally pioneered by Haldane, that provides a unified
way to understand the surface criticality correspondence discussed in this paper. Below we
discuss several future problems.

1. Generalize to three and higher fermionic dimension
2. Study the surface criticality correspondence for SPT beyond group cohomology
3. Generalize to SPT phases with average symmetry [ 122-126].

Note — While preparing this manuscript, we notice that the mapping between the time
reversal and reflection data in 2D SET are also discussed in Ref. [117].
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A Majorana zero modes as a domain wall

In the main text, we have concluded that for a 2D higher-order fSPT phase protected by reflec-
tion symmetry M with spinless fermions, the “domain-wall” physics near x = 0 is described
by the Hamiltonian:

H = f dx - yTH(x)y (A.1)

where y = (YT,yl)T and
H(x) =i03d, + xo? (A.2)

To get the zero-energy solution, we define an alternative basis from a unitary transformation
ony:

(1,1, 3 ZL(YT"'YL) A3
x (Xz) x/i(aﬂr)y V2\ 1T (A-3)

Under the basis y, the Hamiltonian H will be transformed to:
H = i((71 + 03)[1'033 + xcrz]i(a1 +0%)
V2 * V2

=iold, —xo? (A.4)
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Define the effective creation/annihilation operators a and a' in terms of x and d,:

1

a= \/_(x +033,)
2 (A.5)
a'=—(x—-03%3,)
ﬁ X
with commutation relation:
- 1
[a,a'] =3 [x +0%9,,x —038X:| =03
Then we can rephrase the Hamiltonian #'? in terms of a and a’ we defined above:
H?=(iold, —x0?)? = —aj +x?+0%=2d"a (A.6)

So if 7’2 has a zero mode, so do #’. Suppose |0) is a zero mode of 7’2 that is proportional to
(1,0)T and satisfying a|0) = 0 in y-basis:

al0) = (x + 3,)[0), = |0) o< e_xz/z( (1) ) (A.7)

that is a Gaussian wavepacket localized near x = 0. As the consequence, #'? (and thus H’)
has zero mode |0) that is localized near x = 0. In y-basis, this zero mode is expressed as:

29 1 1
—x%/2
|0) o< e —ﬁ( 1 ) (A.8)

B Symmetry properties of Majorana corner modes in D,-symmetric
case

In the main text, for 2D D,-symmetric systems with spinless fermions, we have reformulated
the Majorana corner modes of the corresponding higher-order fSPT phase in terms of the
domain walls on the boundary. In particular, these domain walls can be expressed in terms of
the following basis:

T
(1,1 .2 .2
The Majorana corner modes at other poles can also be formulated in y-basis:

10); 5 = Ae/2(1,1,0,0)"
1,3

>

)
10)1,3 = Ae™*/2(0,0,1,1)7
10),.4 = Ae"/2(1,1,0,0)" @1
10)5 4 = Ae™72(0,0,1,1)"
Under 4-fold rotation R € C4 and reflection M, these zero modes transform as:
R: (]0)1,10)1/,10)2,10)2/,10)3,10)3:,10)4,10)4)
— (10)5,10)2/,10)3,10)3/,10)4,10)4:,10)1,10) /) (B.2)
and
M, : (|0>1:|O>1'>|0)2,|0>2/:|O>3>|0)3':|0>4’|O>4’)
= (10)1/,10)1,10)4/,10)4, 03/, 03,10}, [0)) (B.3)
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i.e., all Majorana corner modes are D,-invariant. Alternatively, we can phrase the D, symmetry
properties in a more transparent way be redefine the Majorana zero modes:

12)13=C(l0)1 5+ |0)1,’3,)/1/§
12)1/,3 = (10)1 53— |0)1/,3/)/\/§ B.4)
|2)2.4 = (10)24 +10)2,4)/¥2 .
|2) 2 40 = (10)2,4 — [0) 3 4)/ V2
Under 4-fold rotation R € C, and reflection M, these zero modes transform as:
R: (I12)1,12)1, [2)2, 12) 2 12)3, [2)37, 12) 4 12) &)
= (12)9, 12) 2 12) 3, 12) 31, 12) 45 [2) 4, [2)1, |2)17) (B.5)
and
My : (I2)1,12)1 12) 2, 12) 2, 12) 3, 12) 31, 12) 4, |2) 40
= (|Z)1;—|Z>1/: |2) 4, —12) 4, 12)3,—12) 3, |z)2,—|z)2/) (B.6)

i.e., Majorana zero modes |z) j| j=1,2,3,4;1',2/,3', 4’ carry charges of reflection generator
M.

In the main text, we have defined an effective “Z, on-site symmetry” A which satisfies
A* = —1. Under A, these Majorana corner modes will be transformed as:

10)15 — Ae/2(1,1,-1,1)7
0)yy = Ae ™ 12 (=1,1,1,1)"
10)5.4 — Ae™/2(1,1,-1,1)7
10)y 4 — Ae ™72 (=1,1,1,1)7

)
) (B.7)
)
)

i.e., these Majorana corner modes are not invariant under A symmetry. Furthermore, we have
defined another effective “time-reversal symmetry” 7 which satisfies 72 = —1. Under T, these
Majorana corner modes will be transformed as:

10)1 5 = Ae™*12(0,0,—1,—1)" =—[0)y. 5
0)1/ 3 — Ae"/2(1,1,0,0)" = 0)1,3
10024 Ae™/2(0,0,-1,—1)" = —[0)y 4
0N > Ae™/2(1,1,0,0)T = [0),4

)
) (B.8)
)
)

i.e., there Majorana corner modes are invariant under 7 symmetry. Equivalently, these 8
Majorana corner modes are not compatible with the effective Z, x ZZT on-site symmetry (with
A*=—1and T2 =-1).

C Representation of Z, x Zg in 2D system with spin-1/2 fermions

In this section, we demonstrate that 4 Majorana fermions ﬂ, (o =T1,land j =1, 2) introduced
in the main text, with the following symmetry properties:

2
A:i( l2xy —i0 ) (C.1)

—io? 1syo
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and

T = i(Tz ® ]]_sz)K (CZ)

realize a reprensentation of Z, x ZZT group in 2D system with spin-1/2 fermions, where A € Z,
and 7 € Zg are two generators of the symmetry group Z, X Zg . For a fermionic system, there

is always a fermion parity symmetry ZJ; ={1,pP; = (—1)F}, where F is the total number of
fermions. The spin of fermions is characterized by the factor system w, of the following short
exact sequence:

07} -Gy > ZynZE -0 (C.3)

where G depicts the total symmetry group of the system, as a group extension of Z, Zg and
fermion parity ZJ; . w, is an element of the following group 2-cohomology:

w, € 2|2y % 21,75 | = 75 (C.4)

In particular, the spin-1/2 fermions corresponding to the 2-cocycle w, satisfying the following
conditions:

A4 = Pf
T?=P; (C.5)
TAT 'A=1

To satisfy these conditions, we consider the 2-cocycle w, as following. For Ya,, by € Z4 % Zg
defined as:

Z4MZZT={(a,g)=ag‘0£aﬁ3,0£g£1} (C.6)

we choose

__1\g+h _ hb
wz(ag,bh):“( b a]z;:[( U ]Z"J

+(1—-6)(a+1)h+g-h (C.7)

where we define [x], = x(mod n) with n = 2, | x| as the greatest integer less than or equal to
x, and

(C.8)

a

1 ifa=0
0 otherwise

It is straightforward to check that A and 7T satisfy condition (C.5), hence Aand 7T are generators
of the symmetry group Z, X Zg for spin-1/2 fermions. One can also calculate that the two
invariants defined above are both trivial, namely

I, = (_1)a)2(A2’7’,A27’) =1

IZ — (_1)602(A37—,A3T) — _]_ (Cg)
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