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Abstract

In these notes, we elucidate some subtle aspects of coherent-state path integrals, focus-
ing on their application to the equilibrium thermodynamics of quantum many-particle

systems. These subtleties emerge when evaluating path integrals in the continuum,

ei-

ther in imaginary time or in Matsubara-frequency space. Our central message is that,
when handled with due care, the path integral yields results identical to those obtained
from the canonical Hamiltonian approach. We illustrate this through a pedagogical treat-
ment of several paradigmatic systems: the bosonic and fermionic harmonic oscillators,
the single-site Bose-Hubbard and Hubbard models, the weakly-interacting Bose gas with

finite-range interactions, and the BCS superconductor with finite-range interactions.
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1 Introduction

The central problem of equilibrium (quantum) thermodynamics is the determination of the
thermodynamic potential, namely, the Helmholtz free energy in the canonical ensemble or the
grand potential in the grand canonical ensemble. In both cases, the thermodynamic poten-
tial is proportional to the logarithm of the partition function, which encodes the full equilib-
rium properties of the system. Hence, the accurate evaluation of the partition function lies
at the heart of any theoretical description of quantum many-particle systems at finite tem-
perature. The direct route to the partition function consists in evaluating the trace of the
density operator, which involves the exponential of the Hamiltonian. Because the Hamiltoni-
ans of interacting many-particle systems contains non-commuting operators, this procedure
is typically limited to perturbative treatments, giving rise to diagrammatic methods [1]. An
alternative route to evaluating the partition function, and to constructing the associated per-
turbative and diagrammatic expansions, is provided by the coherent-state path integral. By
expressing the partition function as a functional integral over complex- or Grassmann-valued
fields, this formalism forges a natural bridge between the canonical (Hamiltonian) description
and the field-theoretic methods that are central to modern theoretical physics.

While many standard textbooks are devoted to the path-integral formalism [2-8], subtle
technical points are often treated only briefly in favor of practical applications, understandably
so, yet this can leave students (and not only them [9-12]) with lingering confusion. These
subtleties become evident when taking the continuum limit, whether in imaginary time or
in the Matsubara-frequency representation, and concern, in particular, the correct treatment
of variable transformations, functional determinants, and the regularization of Matsubara-
frequency summations. Neglecting such details may lead to discrepancies between results
obtained from the path-integral formalism and those derived from the canonical Hamiltonian
approach, even for the simplest systems.

The purpose of these notes is to discuss in detail these subtleties and to show that, when
handled correctly, the coherent-state path integral yields results fully consistent with the canon-
ical formalism. We present a unified account that emphasizes both the logical coherence of
the formalism and the common sources of error. To this end, we develop a series of exam-
ples of increasing complexity, beginning with the bosonic and fermionic harmonic oscillators
and their immediate extensions to the single-site Bose-Hubbard and Hubbard models, and
proceeding to the weakly interacting Bose gas and the Bardeen-Cooper-Schrieffer (BCS) su-
perconductor, the two paradigmatic models for ultracold quantum systems in the continuum.
For these systems, we also generalize both the Hamiltonian and the path integral formalisms
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to include finite-range interactions, an aspect rarely treated at a pedagogical level. Each ex-
ample serves a dual role: it illustrates the technical aspects of constructing and evaluating
coherent-state path integrals in the continuum, and it clarifies the conceptual equivalence be-
tween the path-integral and operator-based descriptions of equilibrium thermodynamics. Due
to this focus, the discussion emphasizes the technical aspects of the computations rather than
the physical interpretation or consequences of the quantities obtained, which are however ex-
tensively reviewed in the standard textbooks. In doing so, we aim to provide a pedagogical
yet rigorous resource for students seeking a transparent and internally consistent treatment of
coherent-state path integrals in quantum many-particle physics.

2 Coherent-state path integrals

We begin by reviewing the standard construction of the coherent-state path integral, following
Refs. [2-8].

2.1 Bosonic path integrals

Consider a Hamiltonian H involving a single pair of bosonic creation and annihilation opera-
tors @', a satisfying the canonical commutation relations

[4,6"]=1, [4,a]=[a",a"]=0, (2.1)

where [A,B] = AB — BA. The Hilbert space is generated by the algebra of the creation and
annihilation operators acting on the vacuum state |0) defined by @|0) = 0, and as such it has
an overcomplete basis constituted by the coherent states |a), defined as the eigenstates of the
annihilation operator,

dla) = ala). (2.2)
These satisfy
la) = e’ |0), (2.3a)
(ald’) =", (2.3b)
J da d.a e_a*ala)(al =1, (2.30)
271

where a*, a are complex conjugate numbers and da*da/27i = d(Rea)d(Ima)/m. As a conse-
quence of the completeness relation (2.3c), the trace of an any operator Q = Q(&,4") can be
written as

A da*d . A
TrQ=f 228 ea'a(a]Q]a). (2.4)
271
The canonical partition function of the system may thus be written as
Yy d >kd * y
Z=Tr (e_ﬂH) = f a ‘a e ¥ Uale PH|a), (2.5)
271

where f3 is the reciprocal of the thermodynamic temperature. Inserting M — 1 resolutions of
the identity at equally-spaced imaginary-time intervals of length 6t = /M, we get

M

M daj.‘daj S g sy
Z= l_[ oy e lejll_[(ajle [ |a]._1>, (2.6)

j=1 j=1
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with the identification a = a;; = aj.

Let us take a closer look at an individual term in the product on the right-hand side of
Eq. (2.6). For definiteness, consider the simple case of a Gaussian Hamiltonian H = ed4,
with € > 0. This can be viewed either as a noninteracting many-particle system with a single
available energy level ¢, or as a 1D harmonic oscillator (without the zero-point energy), where

the many particles correspond to its quasiparticle excitations. Using the definition of the expo-
b0 71
& = Be/M. By using the commutation relations (2.1), the p-th power of 4'a can be written in
normal-ordered form, i.e. with all creation operators to the left of all annihilation operators,
as (aTa)y = i:o {i}(d'i')k&k, where {i} are Stirling numbers of the second kind, having the
combinatorial interpretation of the number of partitions of a set of p objects into k non-empty
subsets [13]. Therefore

nential, we can write (ajle_%maj_l) = (ajle_é‘i‘i‘dlaj_l) => (ajl(c“l“"&)Plaj_l), where

S (=8P &
(ajle~4)a, ;) = <aj|aj_1>2) ( p‘? kz(; {i}(a;aj_l)k. 2.7)
p: =

Since € > 0, this double series is absolutely convergent, and we can swap the two summations

to obtain!
i p) (=&
k) p!

p=k
(ef—1)
k!

oo
—gat
(ale™*4a ) = (ajla;y) D (ata;p)F
k=0

oo
k
= (aj|aj—1>Z(a}kaj—1)
k=0

= (ajlaj_,) exp [a;faj—1(e_§—1)], (2.8)

where in the second line we used the known closed form for the inner p-sum (the exponential
generating function of the Stirling numbers of the second kind). If £ is sufficiently small, i.e.
M is sufficiently large, we can expand this exact result up to first order in &, obtaining

(a;le ™" %a;_1) = (ajla;_)e "G5 +O(&2). (2.9)

This is the building block of the coherent-state path integral. The same argument applies to
a generic Hamiltonian H = H(d,a") after it has been put in normal-ordered form using the
commutation relations. Using Eq. (2.3b), we thus get

T * _ 6t P
(ajle_g?Hlaj_l) = 44177 Alaa) 4 o(672). (2.10)

Substituting this into Eq. (2.6) then yields Z = Z,, + 0(572), where

M da*da; M M
. 8
Zy= f | | _J e_zj=1 afaiezjzl[afai—l_?fH(af’af—l)]

i1 27l
M da*da; z - x

B g i P R s CE @2.11)
i1 2mi

is the discretized coherent-state path integral representation of the partition function?. Taking
the limit M — oo, 67 — 0, 6T7M = B, this converges to the exact the partition function,

lim 2y = Z. (2.12)

M—o0

!Considering the partial sum up to p = L, it is easy to verify that one can reorder the finite sums as
L (=8P ~wp k L koL —&P c e . . N .
Zp:O ( :!) o {i}(a;faj_l) = Zk:O(a;faj_l) Zp:k {i}(:!) , which is just a reindexing identity. The fact that
the equivalence remains valid in the limit P — o0 is guaranteed by the absolute convergence of the double series.
2We notice that the term a*(a ;—a,_;) at the exponent of Eq. (2.11) can be written equivalently in the symmetric

form [a;.‘(aj —a;_)— (a;.k - a;f_l)aj_l]/Z.
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The exponent of Eq. (2.11) is the discrete-time version of the classical Euclidean action

Bh
S[a*,a] = f dz {a*(r)hafa(f) +H(a*,a)}, (2.13)
0
where .
H(a", ) = ‘UHla) (2.14)
(ala)

is the expectation value of the normal-ordered Hamiltonian on the bosonic coherent state, and
a*(7), a(t) are complex-valued functions, periodic of period x. Therefore we will also write
Z as the continuous imaginary-time path integral

Z= f Da*Da e Sla"al/f, (2.15)
a(Bh)=a(0)
where o .
da*da;
* — 1 j
Da*Da= lim g P (2.16)

At this point it is worth mentioning that different operator orderings (e.g. Weyl ordering,
anti-normal ordering, etc.) are also possible, which correspond to different discretizations
of the coherent-state path integral [14]. Each discretized path integral represents the same
quantum Hamiltonian, and all orderings are physically equivalent in the sense that, if each dis-
cretized partition function is computed with its own time-slice rule and the continuum limit
M — oo is taken only the end, they all reproduce the same partition function. By contrast,
the continuum Euclidean action by itself is ambiguous unless the underlying discretization is
specified. Among the possible choices, the normal-ordered action is distinguished in that it ad-
mits a safe, direct continuum interpretation. For other orderings, the path integral must either
be evaluated in discretized time, or the continuous action must supplemented by ordering-
dependent corrections, which effectively convert the action to its normal-ordered form.

The construction presented above readily extends to the many-particle case. A many-
particle bosonic Hamiltonian involves a complete set of annihilation operators {d,} and the
corresponding creation operators {&Z}, satisfying the canonical commutation relations

[dar @3] =60p,  [da ap]=[al,a51=0. 217)

In this case a bosonic coherent state |a) is defined by

dqla) = ayla) (2.18)
and satisfies
la) = eXa%li|0), (2.19a)
(ala’) = eXat, (2.19b)
da*da . N
f(l_[ N ,a)e—zaaaaa|a)(a|=1, (2.19¢)
« 271

da*da
TrO = @ %) e 2% || a). 2.19d
rQ f(]_[ = )e (alQla) (2.19d)

The path-integral representation of the grand canonical partition function Z = Tr[e ™" Gty )]
is then

Z= f Da*Da e Sl el (2.20)
a(Bh)=a(0)

5
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where

Bh
S[a*,a]= f dr [Z a;(hd, —u)a, +H(a’, a)] (2.21)
0

a

and Da*Da =[], Da’Da,. In what follows, we will repeatedly encounter Gaussian path
integrals. Accordingly, we will make extensive use of the identity

da’d :
(l—[ % ?a)e—zaﬁaawaﬁaﬁz L (2.22)
o 2mi detW

where W is a complex matrix with positive-definite Hermitian part.

2.2 Fermionic path integrals

Let us now turn to the case of fermions. Differently from bosons, fermions do not have a corre-
spondence with a classical system. One may therefore wonder how a path-integral description,
based on a classical action, can be constructed in this case. Indeed, such a formulation is not
possible using ordinary complex numbers. However, by introducing Grassmann numbers, a
path-integral description of fermionic systems can be developed in a way that is entirely anal-
ogous to the bosonic case.

Grassmann numbers are anticommuting quantities defined as the elements of a Grassmann
algebra. A Grassmann algebra with n generators Gr,, is a C-algebra whose generators 64, ..., 0,
satisfy

0,0;+0,6,=0, i,j=1,...,n (2.23)

In particular, they are nilpotent: Oiz = 0. As a vector space, Gr,, has dimension 2", with basis
elements given by all distinct monomials formed from the generators, with each generator
appearing at most once:

{(1,0,,..., 6, 6:0,,...,0,0,0s,...}. (2.24)

A general function on this algebra can thus be written as

n

f0y,...,0,) = Z Z fir.i. 0 O fi,..i, €C. (2.25)

k=0 1<i; <<} <n

Differentiation with respect to Grassmann numbers can be defined according to the following
rules:

a26; 5} 9 26;
— =5, (99)— — 0,22 =61 0; — 0k 0;. (2.26)
26; Y ) 9 100, ' '
This means that the derivatives satisfy the anticommutation relations
1%} Ja 0
— 0.\ =5.. — — =0 2.2
{aei: ]} ij> {891’89]} 5 ( 7)

where {A,B} = AB + BA. Integration over Grassmann numbers is provided by the Berezin
integral f d0, that is a linear functional satisfying

fd@ [af(9)+bg(9)]=aJd@f(9)+bfd9g(9), a,beC, (2.28a)
fdG:O, Jd99=1, (2.28b)
f dO; -+ d0, 051y Oy = (1)), (2.28¢)

6



SciPost Physics Lecture Notes Submission

where o is a permutation of n elements and sgn(c) is its signature. In particular, this integra-
tion acts as a differentiation.

For the fermionic path-integral, we need a complex Grassmann algebra with an even num-
ber of generators 6, 51, .., 0., 5,1. In such an algebra there is a natural conjugation operation
(an involution) such that

6; =0, () =6, (6,6,)" = 667 (2.29)

Using a complex Grassmann algebra, the path integral description of fermionic systems can
be given in a manner totally similar to the bosonic case. Consider a Hamiltonian H involving
a single pair of fermionic creation and annihilation operators ¢', ¢ satisfying the canonical
anticommutation relations

{¢,¢"y =1, {¢,ey=1{e", ey =o. (2.30)

The Hilbert space has an overcomplete basis constituted by the coherent states |c) defined by

¢lc) =clc), (2.31)
which satisfy
lc) = e~¢'|0) = (1 —c&")|0), (2.32a)
(c|lc’y =€ =1+cc, (2.32b)
J dcdce|c){c| =1, (2.320)
where ¢, ¢ are Grassmann numbers satisfying
{c,c}={c,c} ={c,c}=0. (2.33)
Furthermore, they satisfy ' '
{c,e}={c,¢"}={c,¢'}=0. (2.34)

In fact, the property ¢2 = 0 implies that the variable ¢ defined by Eq. (2.31) must satisfy c? = 0.
The Hermitian conjugate of Eq. (2.31), (c|¢" = ¢{c|, requires to introduce another variable ¢
which also satisfies €% = 0. In order for the coherent state to be written as in Eq. (2.32a), we
also have to impose that ¢ anticommutes with &; in fact, if |c) = (1 —c¢")|0) = |0) —c|1), then
¢lc) = —éc|1) = +cé|1) = c|0) = c(1 —cé)|0) = c|c) only if cé = —éc. Moreover, we have to
impose that ¢ anticommutes with ¢'; in fact, |c) = {¢,&7}|c) = &¢7(|0) —c|1)) + &7¢(|0) —c|1))
= ¢|1) 4+ &7¢|0) = 0) — c&T]0) = |0) —c|1) = |c) only if c&" = —¢Tc. In turn, this implies that
the variables ¢ and ¢ also anticommute with each other: cc = —cc. This makes ¢ and ¢ the
generators of the complex Grassmann algebra Gr,.

As a consequence of the completeness relation (2.32c¢) and the anticommutation properties
of Grassmann numbers, the trace of any operator Q= Q(¢,¢&") can be written as

TrQ = J dcdce*(—c|Qc). (2.35)

Notice that the bra state carries an opposite sign relative to the ket. Following the same steps
as in the bosonic case, the canonical partition function is then given by

Z= Tr(e_/m) = f dcdc (—cle_ﬂHIC)

LR —58 o[ L +H G0
= fim | | [ [dejde; |7 &mlommm a0, (2.36)
j=1
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with the identification ¢ = ¢;; = —c,. The exponent in Eq. (2.36) is the discretized version of
the Euclidean action

ph
S[c,c] = J dr [E(v)hdc(7) +H(E,0) ], (2.37)
0
where .
(c|H|c)
(clc)

and ¢(7), c(7) are Grassmann-valued functions, antiperiodic of period #i. Therefore we will
also write

H(c,c) =

(2.38)

Z= f DeDe e Slocl/n, (2.39)
c(BH)=—c(0)
where
M
DeDe = lim | |dc;de;. (2.40)
j=1

A many-particle fermionic Hamiltonian involves a complete set of annihilation operators
{¢,} and the corresponding creation operators {¢!}, satisfying the canonical anticommutation
relations

A ATy _ A Ay _ fat aTy_
{Ca: Cﬁ} - 60([3) {Ca: C[j} - {Cc't’ C/'j} =0. (241)

In this case a fermionic coherent state |c¢) is defined by

Eale) = c4le) (2.42)
and satisfies
lc) = e~ Zecatal0) = [ J(1—c,eDl0), (2.43a)
(cle) = eXefara = | J(1 +24c)), (2.43b)
f (l_[ dEadca) e Lataae) (e = 1, (2.43¢)
TrQ= f (l_[ dEadca) e~ 2atata (—clQlc), (2.43d)
with
{C(,U C[j} = {Ea)Eﬁ} = {Caazﬁ} = 07 (2~44)
and )
{car€p} = {Car )} = {car e} =0. (2.45)

The path-integral representation of the grand canonical partition function Z = Tr[e (H-pN )]
is then

Z= J DeDeeSleel/n (2.46)
c(Bh)=—c(0)

where

Bh
S[e,c]= J dt [Zza(haf — e, +H(E, c)] (2.47)
0

a
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and DeDc = [, D¢, Dc,. In what follows, we will repeatedly encounter Gaussian path inte-
grals. Accordingly, we will make extensive use of the identity

f(l_[ dc,dc ) 2apCaWaptp = det W, (2.48)

where W is an arbitrary complex matrix.

3 Path integrals in imaginary time

Having reviewed the construction of the path integral, we now turn to its application, begin-
ning with the simplest systems that admit a coherent-state path-integral representation: the
bosonic and fermionic harmonic oscillators. Despite their simplicity, they capture all essen-
tial aspects of the formalism (discretization in imaginary time, boundary conditions, and the
continuum limit) and therefore provide a natural starting point for examining the correspon-
dence between the path integral and canonical approaches in a fully controlled setting. Later,
in Sections 3.3 and 3.4, we will extend the discussion to the simplest interacting models, the
single-site Bose-Hubbard and Hubbard models, and show how their partition functions can be
computed exactly in the continuum using the Hubbard-Stratonovich transformation.

3.1 Bosonic oscillator

Consider the bosonic oscillator

A

H=c¢d"4d=¢N, e =Hhw. (3.1)

For convenience, here we are neglecting the constant zero-point energy &/2, since it only
contributes to the partition function with the term e #¢/2 multiplying the partition function
for the Hamiltonian (3.1).

Hamiltonian approach—We can directly evaluate the canonical partition function as a
trace over the basis of normalized eigenstates |N) of the number operator N':

oo o0 1
—ﬁeN —BeN _ -
Z= NZ; Nle PN |N) NZ;e =——% (3.2)

Discretized path integral—In the discretized path integral, we have H (a;‘, aj_q)= sa}‘.‘ aj_q
with a,; = ay, and thus at the exponent of Eq. (2.11)

M M
> la@—a ) +édia | == D @i (3.3)
=1 jk=1
where & = f&/M and the matrix —G ! is given by
( 1 0 o .- 0 £— 1\
1 0 0
0 -1 1 -~ 0 0
—G'= : : o : : . (3.4)
Lo o o F—1 1 )
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The result of the Gaussian integrations over a;, ajis 1/ det(—G™), and the determinant is

easily calculated as 1 — (1 — &)M. We thus obtain

M1
S [ (L g -

M—o0 M _e—ﬁs’

which coincides with the previous result.
Continuous path integral—The Euclidean action (2.13) is

h
S= Jﬂ dta*(7)(ho, + €)a(rt), (3.6)
0
hence the partition function (2.15) is
z_ f Da*Da et [4" dra*(T)(hd.+e)a(r) (3.7)
Introducing the adimensional variable u = 7/fH, this can be rewritten as
Z= f Da*Da e o @ @E+pew — det(d, + Be) L. (3.8)

With the periodicity condition used in Eq. (2.15), the functional determinant det[d, + f (u)],
where f (u) is in general a smooth adimensional function of u, is given by

B
det[d, + fw)] = 1—e Jo S — 1 _ g~ fo 47F() (3.9)

To prove this result, we observe that the discretized version of fol dua*(u)[d, + f(w)]a(u) is
M M

ijla}k(aj —a;-1)+(fj/M)aja;, = Zj,k:l a;Fjiay, where Fj = 6 +(f;/M —1)5; ;, and

Fiy = F1o = fi/M — 1. The determinant of F is therefore detF =1— ]_[j.w:l(l — fj/M). Since

f(u) is smooth, we can write indifferently f; or f;_; and exponentiate the product to obtain

M
detF =1— e_zf=1ff M O(M~2), which converges to the functional determinant (3.9) in the
continuum limit. In our case, f (u) = ¢ is constant and thus we obtain

1
_ -1 _
Z =det(9,+ Be) " = gy (3.10)
which is once again the correct result.
3.2 Fermionic oscillator
We consider similarly the fermionic oscillator
H=¢t"¢ =¢N. (3.11)

Hamiltonian approach—The canonical partition function is easily evaluated in the basis
of eigenstates of the number operator as

2= (NlePRINy= D7 e PN =14e7Pe, (3.12)
N=0,1 N=0,1

Discretized path integral—In the discretized path integral, we have H(c;,c;_;) = &cjcj_4
with ¢,; = —c¢g, and thus at the exponent of Eq. (2.36)

M M
—Z [EJ(C] - Cj—l) + észj_l] = — Z Ej(—g_l)jkck, (313)
j=1 j,k=1

10
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where § = Be/M and the matrix —G ! is given by

[1 0 o -- 0 —(5—1)\
£—1 o - 0 0

0o -1 1 --- 0 0
Lo o0 0 . -1 1 )

The result of the Gaussian integrations over ¢;, ¢; is det(—G™'), and the determinant is easily
calculated as 1+ (1 —&)™. We thus obtain

M—oo

M
Z = lim [1+(1—&) ]=1+e—f”£, (3.15)
M

which coincides with the previous result.
Continuous path integral—The Euclidean action (2.37) is

Bh
S = J dtc(t)(ho, + €)c(t), (3.16)
0
thus the partition function (2.39) is
z_ f DeDe et Jo dTe(D) (o, +e)e(x)
1 —
= J DeDc e Jo WEW@tPe)cw) — det(9, + Be). (3.17)

With the periodicity condition used in Eq. (2.39), the functional determinant det[J, + f (u)],
where f (u) is in general a smooth adimensional function of u, is given by

1 li2d
det[d, + F(u)] =1+ e Jodwf@ =1 4 o~pi Jo 47/ (), (3.18)

The proof goes as in the bosonic case. The discretized version of f 01 duc(w)[d, + f(u)]c(u) is
M - — M -

ijl Cj(cj - Cj—l) + (f]/M)C]C]_l = Zj,kZl Cijka, where F]k = 6]1( + (f]/M - 1)5]"]'_1 and

Fiy = —F19 = —(f1/M —1). The determinant of F is therefore detF =1+ ]_[;M:l(l — fi/M).

Since f(u) is smooth, we can write indifferently f; or f;_; and exponentiate the product to

M
obtaindetF =1 +e_zi=1f i/M +0(M™2), which converges to the functional determinant (3.18)
in the continuum limit. In our case, f(u) = B¢ is constant and thus we obtain

Z =det(9,+ Be) = 1+ e Pe, (3.19)

which is once again the correct result.

3.3 Single-site Bose-Hubbard model

We consider as a simple example of interacting theory the single-site Bose-Hubbard model

AH=—ud'a+

b |09

ataTaa = —ul + %N(N —1). (3.20)

11
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The canonical partition function is computed in the Hamiltonian approach as

o0
2 Z o~ Bl—BN+5N(N-1)] (3.21)
N=0

Let us see how the same result can be obtained with the continuous path integral. The Eu-
clidean action is [Eq. (2.13)]

B
S= J dt {%[a*(f)d(’r) —a*(t)a(t)]—ua*(t)a(r) + %[a*(r)a(r)]z} , (3.22)
0

where @ = hd.a, and we have integrated by parts the kinetic term to put it in symmetric
form. Wilson and Galitski [9] proposed to compute the partition function as follows. Let
a(t) = /N (1)et?™ and a*(1) = v/N(1)e "), so that the measure is Da*Da = DNDO and
the action (3.22) becomes

Bh
S = J dt[iN(7)0(t)+H(N)], (3.23)
0
where .
) = UHD N+ ENe, (3.24)
(ala) 2

Integrating by parts the term iN(7)6(7), we get S = iIN(0)AB +f0ﬁh dt[—iN(7)0(T)+H(N)],

where N(0) = N(fk) and AB = 8(Bh)— 6(0) = 2wk. The integer k, which counts how many

times O wraps around the circle as 7 goes from O to #, defines different topological sectors
i

which contribute to the partition function. The path integral f DO et Jo dTNOE) thep gives

5[N(7)], which fixes N(7) to the constant x = N(0) > 0. The partition function is therefore

oo oo
Z= Z JO dx e 2mikx p=pH(x), (3.25)

k=—00

Using the Poisson summation formula® szi oo g 2mikx — Z;i_oo 6(x —N), and noting that
since x > 0 only non-negative integers contribute, we obtain

o oo
Z= Z e BHWN) — Z ¢ PUN+EN?) (incorrect). (3.26)
N=0 N=0

It is clear from Eq. (3.26) that if H = (a|H|a)/(a|a), written in terms of N = |a|?, is equal to
(H)y = (N|H|N), then the result of this path integral calculation is identical to the one ob-
tained from the Hamiltonian approach. This is the case for a Gaussian Hamiltonian, H = €44,
for which H = eN = (H),. However, it is not the case for interacting Hamiltonians such as
(3.20), for which H = —uN + £N?, whereas (H)y = —uN + $N(N—1)#H.

Wilson and Galitski deduced from this seemingly exact calculation that the continuous path
integral fails to produce the correct result in the cases where the square of a'é is involved.
This deduction is wrong, because it is based on a mistaken assumption on the continuum
limit of the nonlinear change of variables to the number-phase representation. The change

The Poisson summation formula is simply the statement that .- e " is the Fourier series of

the Dirac comb A(x) = Z;o:_oo 6(x — N). It is clear that A(x) is periodic with unit period, there-
fore it can be expanded in Fourier series as A(x) = 2,2700 Age 27k The Fourier coefficients are

12 i _ 100 1/2 ikx _ (/2
A, = _1/2dxA(x)e2’“ = e _1/2dx5(x—N)ez’“ =],

the formula.

dx §(x)e?™** = 1 for any k, which proves

12
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of variables is perfectly valid at the level of the discretized path integral, and performing the
calculation there does indeed give the correct result. The problem arises in the continuum
limit, in assuming that a*(7)d.a(7) can be replaced by %8TN(T)+ iN(7)2.0(7), which clearly
leads to incorrect results. The correct continuum limit of the number-phase representation was
given by Bruckmann and Urbina [15]. We will not discuss their treatment here, but instead
present an alternative derivation using the Hubbard-Stratonovich (HS) transformation. As we
will see, this too must be handled with care.

3.3.1 Hubbard-Stratonovich (HS) transformation

As shown by Rancon [14], the continuous path integral yields the exact result, Eq. (3.21), if
all the manipulations are legitimate. The partition function can be computed exactly using
a HS transformation, which allows us to decouple the interaction term H;,, = %[a*(*c)a(*c)]2
using the identity

J

o [ de [ (eI J D ot [ FoGr-io )] (3.27)

where the real HS field ¢(7) has the dimensions of energy and the normalization of the Gaus-
sian integral over ¢ (7) has been included in the measure

M
L 0T
D¢ = lim_ g %dqu. (3.28)
We can thus write the partition function as
Z= f D¢ Da*Da e Susle-a-al/h (3.29)
where
o [e)
Sys = dt 22 +a*(t)[hd, —u—i¢p(r)]a(r) (3.30)
0

is the HS action. The strategy is now to perform the Gaussian integration over the bosonic
fields to obtain an effective action for the HS field, and from this the partition function. If
¢ (1) were a smooth function, we could apply Eq. (3.9) and compute the partition function as
follows:

o Jo AT e(e)

fov sl
1_eﬁu+%fo dto(1)

> 1 (b 1 2_;

ZeﬁuNJD¢ I Eer-ing ()]

=0

Z

= Z ¢~ PUN+EN?) (incorrect), (3.31)
N=0

where in the second line we have used the geometric series identity (1 —x)™! = Z;ozo xN.
Again we obtain an incorrect result, identical to that in Eq. (3.26). The reason is that ¢ (1)
is not a smooth function, and therefore the functional determinant det[}id, —u—i¢(7)] can-
not be computed as in Eq. (3.9). In fact, the HS field is governed by the Gaussian action

Sp = Oﬁ dt %qﬁ(r)z, which implies that its correlation function diverges at equal times,

J Db ()b (r et [T o _ ga(f—h f’), (3.32)

13
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The physical origin of this behavior can be understood by looking at the definition (3.27).
What we are actually doing is resolving a contact interaction between four a fields in terms
of two pairs of a fields exchanging a ¢ field; since the original interaction has strength g
and is instantaneous, the force-carrying ¢ field must satisfy (¢ (7) (v’ )¢ =86 (T_TTI), that is
exactly Eq. (3.32) [7].

This kind of white-noise correlation is responsible for the non-differentiability of ¢(7),
and calls for a different way to compute functional determinants involving the HS field. The
discretized version of Eq. (3.32) is

B R _omymoge 0y
!:1[ 2mig 19 | it T =8 (3.33)

Since ¢; is always integrated over at the end, similarly to the noise of a stochastic process, Eq.

(3.33) means that we should think of ¢; as being of order & 7712 in all expressions involving
it, and all physical quantities are averaged over independent realizations of ¢; with a Gaussian
distribution of variance fig/67. Therefore, when computing the functional determinant, it is

. foks id: . .
not true that 1+ ‘%(,u +ip;)=er (u+ié;) 4 0(6572), because the expansion of the exponential
produces a term proportional to §72¢ jz, which is actually of order 57, and not of order 572 as
for smooth functions. One therefore needs to correct the exponentiation for stochastic fields,

5T . ot
1+ %(M +ig)= o T WHD+ 3507 | 0(8572), which implies

M
1 [1 + %(M + i¢j)] = T Dh(erie567) | o(542), (3.34)
=1

Although this expression is now correct to order 572, it bears the inconvenience that the term
M 2 . . . .
> =1 % (‘%) ¢]2 does not have a nice continuum limit. Here comes to rescue the observation

. . o 108TN2 421 6
that since all expressions are to be eventually averaged over ¢, replacing 5(%)*¢ j by %%
in all these expressions give a vanishing error in the limit 67 — 0, in a sense that can be made
rigorous in the context of Itd calculus, where this is the so-called It6 substitution rule [16].
Therefore, the functional determinant involving the HS field is

det[d, — Bu—ifp)] =1 —etJo drluti+io@], (3.35)

where u = 7/fh as in Eq. (3.9). The correction g/2 is similar to a shift of the chemical
potential, the origin of which is the stochastic nature of the HS field. The exact partition
function is then

Z = f Dep e Sl /T, (3.36)

where

ph 2
e = f ar 85 —mn{ f Da*Dae_%f(?ﬁdTa*(T)[haf_“_i‘p(T)]a(T)}
0 g

ph 2
=f dr ‘P;T) +h1n{1—e%ffhdf[“+§+i¢“)]} (3.37)
. g

is the effective action for the HS field. Computing Z as in Eq. (3.31) now gives the correct

14
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result:

1 (PR 1
e Jo dTagb(e)

D¢

AN
Il
—

1 — B+ [ dr g (o)

(PN f D et delFoEr-iNe(m)]

o Bl-UN+EN(N-1)] (3.38)

M 1M

2
Il

0

3.3.2 HS transformation and mean-field approximation

We conclude this section by emphasizing the connection between the HS transformation we
just discussed and the mean-field approximation. The mean-field approximation for the ac-
tion S[a*,a] is based on the assumption that the fluctuations é6n(t) = a*(7v)a(t) — N of the
operator d'd around its average N are small, so that we may decouple the interaction term
Hy, = 4[a*(t)a(7)]* as Hyy = $[N + 6n(7)]* = gNa*(7)a(t) — §N? + O(6n?). The mean-
field action is therefore

B
Spela*,a] = —ﬂh%Nz + J dta*(t)(hd, —u+ gN)a(r). (3.39)
0

Using Eq. (3.9), we then obtain the mean-field partition function

s [a*.al/h eﬁ%Nz
= * —omfld ,a -_ - -
Zm JDa Dae 1— oPligh)’ (3.40)
where the value of N is fixed by the self-consistency condition
At f Da*Da a*(fr)a(rg)e—smf[a*,a]/h
N = (a a)mf — f Da*Da e_Smf[a*,a]/h
1 Jdln me
B du
1
(3.41)

- eB(—u+gN) _1°

Notice that S,,/[a*,a] is, up to a constant, the action of an harmonic oscillator with energy
¢ = —u + gN; consistently, we find that N follows the Bose-Einstein distribution (e —1)7!.

This mean-field approximation is equivalent to a static saddle-point approximation of the
HS action, in which one replaces the HS field by its average saddle configuration. In fact,
replacing ¢ (7) — @ in Eq. (3.30) we obtain

P2 ph
Sus-pla®,al = ﬁﬁg + J dt a*(t)(hd; —u—i®)a(7), (3.42)
0

and the correspondence with Eq. (3.39) is given by the identification of ® with the average of
the saddle configuration ¢,(7) solving 0 = 35H5/3¢(T)|¢:¢sp = ¢sp(T)— iga*(t)a(t):*

P = (py,(7)) =ig{a*(7)a(t)) =igN, (3.43)

“This implies that the saddle configuration ¢,,(7) is purely imaginary. Since Sy is holomorphic, we can deform
the real integration contour over ¢ of Eq. (3.30) in the complex ¢ plane without changing the value of Z. The
physically relevant saddle that dominates the integral is purely imaginary.
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where (---) is defined self-consistently as the average computed using the action Shs.sp (OF
Smf) itself, as in Eq. (3.41).

We remark that a different approximation of the partition function can be obtained from
the saddle-point approximation of the effective action (3.37) for the HS field. In this case
Zp = e Serlv1/M where ¢(7) is the solution of

a8 '
_ eff _ ¢(7) . - L ) (3.44)
9P(T)p=y & =ty drlutirie®] _1
This fixes ¢ to the constant '
L8
_ § 3.45
? eBlu—3—ip) _q (3.45)
and
L“72
B
¢ — (3.46)

» = 1 — ePlu+i+iv)’

We see that Z, differs from Z,, by the effective shift of g/2 of the chemical potential, which is
a consequence of the fact that in the former case we perform the saddle point approximation
after computing the path integral over the bosonic fields.

3.4 Single-site Hubbard model

A fermionic analogue of the single-site Bose-Hubbard model discussed in Section 3.3 is the
single-site Hubbard model for spin-% fermions,
A=Y ethe, +gelefe ey = ey + M)+ gy, (3.47)
o=",l

whose partition function is readily evaluated in the basis of eigenstates [Ny, N} ), with N, =0, 1,
o=11,as
Z=1+2¢ P 4¢P, (3.48)

Now consider the continuous path integral. The corresponding Euclidean action is [Eq. (2.37)]
B
S = J dr Z co(T)(R0; +€)cs(7) + gcy(T)e (T)ey(T)ep(7) | - (3.49)
0 o=1,l

The partition function can be computed exactly using a HS transformation, which allows us to
decouple the interaction term H;,, = gc;(7)c;(7)c;(7)cy(7) using the identity

6_§ ffﬁdTET(T)El(T)Cl(T)CT(T) — J Do e—% fﬁdT[w—i¢1(T)ET(T)CT(T)_i‘Pz(T)EL(T)Cl(7)] (3.50)

B ] ) L [P g 100200
where the measure D¢ = D¢, D¢, is normalized so that f Dee flo ¢ =1[17]. We
can thus write the partition function as
Z = J D¢DEUDCU e_SHS[d)l’d)Z’Eo"Co]/h, (3.51)
where
[ 91(0)9a()
Sps = J dt {4 + > C(Dd e id)a(r)]cg(r)} . (3.52)
0 & o=1(1),4(2)
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Here we observe an important distinction relative to the bosonic case. Now we have two

HS fields, governed by the action Sy = f "dr éd)l(r)qbz(f). This structure permits only
instantaneous ¢;-¢, mixing, which mediates the interaction between the four c fields, while
neither ¢, nor ¢, propagate independently. That is, the correlation functions are

T—1'

n

G Ns=25(T75), (BB = oD =0. (35
The two Gaussian integrations over the fermionic fields in Eq. (3.51) yield the product of two
independent functional determinants, det[Ad, + ¢ —i¢,(7)]det[Ad, + & —i¢p,(7)]. Since the
two HS fields are not auto-correlated, they can be treated as smooth functions, so that we
can compute the functional determinants according to Eq. (3.18). Hence, no Itd correction is
needed in the present case. The result for the partition function is indeed

z— f D¢{1 4ot f({’ﬁdf[s—igbl(f)]}{l 4ot ffhd’r[&‘—i(ﬁz(’r)]} ot Jo a2

:fD¢{1+e—ﬁ6 [egffﬁdrm(r)+e§ffﬁdf¢2(r)]

+ e—Zﬁse%ffﬁdq:[¢1(r)+¢2(q;)]}e_%ffﬁd,rw
=1+42eP¢ f Do e_fli fﬁdT @[(ﬁz(f)—ig]

4 2P J Dot o dr{ D411+ a(2)
=1+2e P8 e 2PeePe (3.54)

which coincides with Eq. (3.48).

4 Path integrals in frequency space

In most applications, coherent-state path integrals are typically evaluated in frequency space.
In fact, since a(7) and c(7) (and their conjugates) are, respectively, periodic and antiperiodic
with period f, we may expand them in Fourier series with respect to bosonic and fermionic
Matsubara frequencies, defined by

27n
{ B bosons,

W, = nez. 4.1)

(2"/;—,71)” fermions,
However, in doing this we must be careful, as it is important to remember that by construction,
time-ordering is implicit in the path integral. This means that a*(7) and ¢(7) always appear
at a slightly later time than a(7) and c(7) in the action. Introducing the unitary notation a(t)
for a*(7) and ¢(7), and a(7) for a(7) and c(7), we should thus replace a(t) — a(t"), where
7t =1+ 0%. When expanding with respect to Matsubara frequencies we will then have

o0 o0
a(th) = Z Enei“’"(ﬂm), a(t) = Z o, e ienT, 4.2)
n=-—00 n=—o00

Consider for instanceﬁa bosonic or fermionic oscillator with H = hwa&'a. Its Euclidean
action is given by S = ff dra(t*)(ho, + hw)a(t) [Egs. (3.6) and (3.16)]. According to Eq.
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(4.2), the precise form of the action in frequency space is

oo

S=ph Y. Wy(—ifiw, +hw)a,e . (4.3)

n=—oo

The transformation from imaginary times to Matsubara frequencies has unit Jacobian, and the
partition function is given by the Gaussian integral

oo —
l_[ da,da, e—/j2;’2_00an(—ifmnJrfm,)aneiwn0+
(2711)541

—0Q

Z

da dan —a WLBA(—iw +co)e“""0 la,
(2711)551

]_[ [ﬂﬁ(—lwn+w)ei“’"0+]_c, (4.4)

n=—oo

where

(=

+1 Dbosons,
(4.5)

—1 fermions.

As expected, the infinite product in Eq. (4.4) is real, because the Matsubara frequencies come
in e, pairs, and (—iw, + w)(iw, + w) = a)rz1 + w? € R. The natural logarithm of Z is then

InZ=- i In [ﬂh(—iwn + w)ei‘*’“0+]

n=—oo

=—¢ Z In[Bh(—iw, + w)]e“O" (4.6)

n=—

In the second line we have used the fact that 6 is infinitesimal to replace an expression of the
form In(fe!®) = In f +i6 with the expression (In f)e!® = lnf +i81nf +0(52), a substitution
which is valid in the limit § — 0*. The additional ¢'“:*" in Eq. (4.6) serves as a conver-
gence factor that regularizes otherwise ill-convergent Matsubara frequency summations. The
time-ordering of the path integral is thus reflected in the prescription that when performing
calculations in the Matsubara frequency representation, we should include a convergence fac-
tor e!“n% and eventually take the limit 5§ — 0 at the end of the calculations [4-6].
The summation in Eq. (4.6) gives

o0
~{InZ= lim > In[Bh(—iw, + @)]e® =1n(1— e Phe), 4.7)
- +n=—o<>

which we know to be the exact result, see Egs. (3.2) and (3.12). This crucial result can be
proved in several ways, typically by making use of techniques of finite-temperature field theory
based on complex integration, which we review in the following section. Before that, let us
present an alternative approach based on Frullani’s integral representation of the logarithm,

Ina = lim J é (e_s —e_as) =N — lim f ﬁe_as (4.8)
€

e—0+ S e—0t N

where N is a (divergent) pure number that for our purposes can be neglected [8]. Hence

ds .
— — 7 —_ 1i s —PBhws 2mins
{InZ E In[BA(—iw, + w)] lim J; - e E e . 4.9)

e—0t
n=—o0 n=—o0
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The summation on the right-hand side can be evaluated using the Poisson summation formula
S0 e = Zsi_oo 5(s —n), which gives indeed

n=—o0
—{an——hmJ ~ e Phes X" §(s—n)

e—0t o0
Z (Ce

4.1 Summations of Matsubara frequencies

—Bhwyn
L (1—gePhe), (4.10)

The standard scheme to perform summations such as that in Eq. (4.7) is based on the residue
theorem and the fact that the functions n,(z) = (eP™* — )71, the extensions of the Bose and
Fermi distributions to the complex z plane, have poles with residue ({f#) ! inz = iw, [4-7]:

R 1 — lim Z—lw, lim Z—1iw,
o €PTE — T asithy o5 | smsics, ePhingPh(a—iw)) — ¢
_ z—1iw, 1
zl_l)gl) CTePr—on) _1] Cﬁh. (4.11)
For any function f (z) holomorphic in 2 = iw,,, these facts allow us to write
D fliw) =B Res [n(2)f ()] = ¢ j( 77 e @f (), (4.12)

where C is a positively-oriented contour that fully encloses the imaginary axis. This contour
integral is usually intractable; however, as long as we are careful not to cross any singularity
of ny(z) and any singularity or branch cut of f(z), Cauchy’s integral theorem allows us to
deform the integration path to a contour along which the integral can actually be performed.
In particular, if n,(z)f (z) decays faster than 2|71, i.e. |2|[n¢(2)f ()| < 1 for |z| — o0, we can
inflate the original contour to an infinitely large circle. The integral along the outer perimeter
of the contour then vanishes and we are left with the integral along a negatively-oriented
contour I' around the branch cuts and the singularities z; of f(z), so that

S fliw,) = Bh j; & @ @) =-tpnY Res[n ) @)],  @13)
Wy r Zk §

where the final equality holds when f(z) has only a discrete number of singularities.

In the case at hand, f(z) = In[fA(—z + w)]e®?; we have that In;(2)f ()| behaves like
¢~ (Br=8)Re(2)| |n(—Bhiz)| for Re(z) — oo and like e ?Re()l| In(—pBHz)| for Re(z) — —oo. Thus
forany 0 < 6 < f3# the integrand is exponentially suppressed at infinity, and we can inflate C to
an infinitely large circle avoiding the branch cut on the positive real axis for x = Re(z) > w > 0,
where f(x +i0%) — f(x —i0") = —27i. Then by Eq. (4.13), taking the limit 6 — 0%,

_ ® dx f(x+i0%t)—f(x—i0")
_Can—gﬁhfw % eﬂhx—g
=—g/5th emi—x_g =1In(1-ge M), (4.14)

which proves Eq. (4.7).
Another possibility is to differentiate —¢ In Z with respect to w, obtaining

A(—CInZ) . =  elond
A Lt . 4.15
dw 5gg+n:z_:oo —lw, +w (4.15)
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In this case, f (z) = e%*/(—z+ ), and In(2)f ()| behaves like e~ (BM=0)Re(2) /|5| for Re(z) — 00
and like e ®Re()l /|5| for Re(z) — —oo. Thus, for any 0 < 6 < B the integrand is exponen-
tially suppressed at infinity, and we can inflate C to an infinitely large circle avoiding the single
pole in z = w. Then by Eq. (4.13), taking the limit § — 0,

(—CIn 2) 1 _ (pn

dw __gﬂh-g{eas)(—z+w)(eﬁﬁz—l) ePhe

(4.16)

Integrating we get —{ In Z = In(1 — e ") + A/, where N is a constant independent of w.
Since N is dimensionless, it cannot depend on f3 alone and is therefore a pure number. Taking
the limit 3 — oo, where we know that In Z — 0, unambiguously sets N to zero.

The necessity for the convergence factor—This second approach illustrates well the im-
portance of the convergence factor el@n0” Suppose we neglect this factor, that is, we forget
the implicit time-ordering of the path integral, and simply consider

< 1
—_ . 4.17
n;oo —lw, +w ( )

Here f(z) = 1/(—2 + w), and |n/(2)f ()| behaves like e PMRe(z) /|| for Re(z) — oo and like
1/|z| for Re(z) — —oo. The integrand is exponentially suppressed at infinity in the right
half-plane, but it only decays as |z|~! in the left half-plane. Therefore, if we inflate C to an
infinitely large circle avoiding the single pole in z = w, we will have the contribution of the
negatively-oriented integral around w and, in addition, the contribution from the positively-
oriented integral along the half circle in the left half-plane. The latter is given by

37'[/2
dz 1
¢ph J = ph J — (4.18)
half circle 27—” CZ
therefore
% 1 h h
Z P P + —,fﬂ . (4.19)
— —iw,tw 2 eflo—(

This is not 8(—¢1n Z)/dw, since it would imply that —{InZ = Bhw/2 + In(1 — {e F1®),
which is an incorrect result [see also the discussion following Eq. (4.24)]. We thus see that
the presence of the factor el@n0” g necessary to properly regularize d(—{1In Z)/d w so as to
obtain the correct expression for the partition function.

4.2 Summations of Matsubara frequencies when the action is in matrix form
Matsubara frequencies possess a simple parity property. Defining

2n bosons,
wr="L with 4= ' nez, (4.20)
2n+1 fermions,

it follows immediately that
W_yp = —wy. (421)
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For example, this allows us to rewrite Eq. (4.6) as

—~InZ =) In|ph(—iw +w)e ]
14

= 5,1 In(Brw) + Y {In[ Bh(—iw, + w)e®" | +In[ paiw, + w)e 0" |}

(>0
1 1
=61y (BP0 + 2 > In[ p2P(e] + )]
(£0
1
= Zezln [ (w2 + w?)], (4.22)
where in the second line we used the symmetry w_, = —w,, taking care that the term w, =0

(in the bosonic case) is the only one not doubled by the symmetry. Here and in the following,
it is understood that £ takes on even (odd) integers in the bosonic (fermionic) case. While this
pairing manipulation is algebraically valid term by term for symmetric finite truncations, i.e.
for £ € [—N,N], the limit N — oo is clearly problematic, since the summation in the first line
of Eq. (4.22) is convergent, while the summation in the last line is manifestly divergent. A
regularization scheme is therefore needed to make sense of Matsubara frequency summations
that exploit this symmetry property. More generally, summations of the type encountered in
the last line of Eq. (4.22) arise naturally in the evaluation of the partition function as a path
integral over multi-component fields, when the action is expressed in matrix form. As we
shall see, the appropriate regularization procedure is once again dictated by the underlying
construction of the path integral and its associated time-ordering.

Naively, one might hope to be able to avoid regularization by relying on the fact that
differentiating Eq. (4.22) with respect to w one obtains a finite result,

Bh Bhew
(—-C1nZ 5 coth| =— | bosons,
w:z i > ( 2 ) (incorrect). (4.23)

2 - :
dw W+ w? @ tanh (ﬁhTw) fermions,
Integrating and setting to In 2 the arbitrary numerical constant, we get

i}
—{InZ = ﬂTw +In (1 — Ce‘ﬁh“’) (incorrect), (4.24)

that is the same result following from Eq. (4.19). Despite being presented in several textbooks
on finite-temperature field theory, e.g. Refs. [5, 18], this computation leads to an incorrect
result. Apparently this problem is not given much importance, perhaps because the spurious
term BhHw/2 contributes to the free energy —3!1n Z merely as the constant {iw/2. This
constant energy is then removed a posteriori, based on the fact that in the limit 3 — oo the
free energy must equal the ground state energy of the Hamiltonian, which in the present case
is is zero. However, this procedure is ad hoc and lacks a sound mathematical justification, and
thus should definitely be avoided. Crucially, there is a difference between using the known
asymptotic behavior of the free energy to fix an overall numerical constant, as we did after
Eq. (4.16), and using it to cancel a dimensional quantity that depends on system parameters,
here the frequency w. While energies may be defined up to an additive constant, the fact that
the magnitude of that constant depends on the physical properties of the system is unsettling.

Introducing by hand the usual convergence factor el@0" in Eq. (4.22) does not solve the
issue either. In fact, the function f(z) = In[f%h%(—2% + w?)]e%* has two branch cuts, one on
the positive real axis for x = Re(z) > w, and one on the negative real axis for x < —w, where
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f(x+i0")— f(x—i0") = —sgn(x)2mi. Therefore

.1 2320 2 2\ ,iw, 6
511>r1@01+52l:1n[/5 h*(wj + w )] e’
B[ [T dx (=2mi)e®™ [T dx (2mi)ed™
= lim — —_— + S ra——
5§50+ 2 W 2mi ePhx—(¢ oo 2mi ePix — ¢
prl [ dx , ° e 0x
=— 1 dx ——|. .25
2 L eP—1 M © X {—ePhx (4.25)

The first integral, which we already evaluated in Eq. (4.14), yields —(¢/Bh)In(1 — (e Pr®).
The second integral can be evaluated as follows:

JOO o0 S o 0%
dx —— = gf dx ——
° é’_e Bhx o 1_4’6 Bhx

oo oo
— CZJ dx gne—(5+ﬁhn)x

e—(6+Bhn)w
B CZ S pn
—(5+ﬁhn)w
—C[ ZC 5+ phn ] (%:20)

In the limit 6 — 0™, neglecting a divergent pure number proportional to 1/8, we thus obtain

S o 0% (ge—/&hw)n
J e [ ﬁﬁz }

1
_ g[—w—ﬁln(l—é’e_ﬁﬁ”)]. .27)

Putting things together, we thus obtain that

. 2 o5 _ PHW —ph
51%52[:111[/52;1 (f +0)]e? = == +In(1- e "), (4.28)

with the term fiw/2 coming from the integration around the branch cut in the left-half plane.

The reason for this apparent difficulty is that, as anticipated, Eq. (4.22) corresponds to
an action written in matrix form, and different components of the matrix require different
convergence factors due to the different time-ordering [6]. This can be clearly seen by writing

Bh
S= j dra(t")(ho, + hw)a(T)
0

1 (P" S ho, +hw 0 a(7)
~3 JO d (a(7") “(”)( 0 {(—h87+ﬁw))(a(r+))

_pn — (—ifew, + Hw)e' @O 0 ay
= Z (a, a_[)( 0 Lo + rm)e—iw) (a_z (4.29a)

L
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or, equivalently,

S =B > @il +hw)e q,
14
h . o
= % Z [EE(—ihcoL; +Hw)e'® ay + a_{(ifw; + w)e @O a_e]

J4
_ s G (—iftwy + fiw)el@® 0 »
= ; (ae a—Z) ( 0 ¢(ifw, + hw)e_i“)fm) (a_e) . (4.29b)

Denoting the matrix in the last line as —G~!({), and taking into account that a, and a_, are
not independent integration variables, the corresponding partition function is

- da,da,da_,da_ B )
Z:f lZ[ i eeXp{‘(“e a)[-BG 1(@)](&3)}

=] [det-pg' 01, (4.30)
14

where the prime indicates that the integration is restricted to half of the frequency space, to
prevent overcounting the fields. Therefore

—{InZ= %Zlndet[—[jg_l(f)]
{
= 5 S (n[-por O]+ m[-pGZ O]}
{
= %Z {in[Ba(—iee + w)e® | +1n[ palioy + w)e " |+Ing}.  (@4.3D)
{

The last term is zero in the bosonic case ({ = 1), whereas in the fermionic case ({ = —1) it is
> im. This is a (divergent) pure number that can be neglected. The final result is therefore

—~{InZ =) In|ph(—iw, +w)e® ], (4.32)
{

which is again Eq. (4.4). The first line of Eq. (4.31) corresponds to the last line of Eq.
(4.22). Thus we see that to render summations of this type well defined, we need to retrace
the steps that led us to Eq. (4.22), writing the matrix determinant in terms of its component
contributions, each with its own convergence factor according to the original time-ordering.

One may also choose to write the action in a matrix form such that both components appear
with the same convergence factor [4]. In order to do so, let us consider the action

Bh
ST = J dt a(tH){(—hd, + hw)a(t) = ﬂhz a_¢(ihw, + hw)ei‘”fm&_g. (4.33)
0 14
We have [see Eq. (4.27)]

—InZ = 511_)r{)1+ ; In[Bh(icwy + w)]e’?® =1n (P — ), (4.34)

therefore the partition function Z~ is related to the partition function Z = (1 — {e P"®) ¢ of
the action S in the first line of Eq. (4.29a) by Z~ = e ¢ Z_ This gives us a relation between
the actions themselves, S = —{fh%w + S~. We can now use this relation to write the action
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So9 appearing as the 22 component of the matrix form in the second line of Eq. (4.29a) in
terms of the corresponding S, obtaining

22°

_ phe 1 (P ha, + he 0 a(t)
S=thTy f 4 (a) W))( 0 C(—haf+ﬁw))(6(f))

— Pt B SG ) ((—ihwf +He)eir®” 0 ) ( o ) ,

2 2 £ 0 (ihw + hw)el@ J\a_,
(4.35)

Comparing Egs. (4.29a) and (4.35), we see that we have effectively changed the time-ordering
of the fields of the 22 component at the cost of adding a constant term to the action, and
both components now appear with the same convergence factor in frequency space. When
performing the Gaussian integration, the contribution of the Gaussian part of the action to
—{In Z is then given by Eq. (4.28), while the contribution of the constant part of the action
exactly cancels the spurious term f#iw/2, so that we obtain again the exact result

ho 1 :
—~{lnz= —/57” + 5 Jim D [ B2 (wf + w?)]el“d =1n(1— e Pre). (4.36)
4

The preceding discussion should further clarify that the specific form of the convergence
factors is determined by the time-ordering of the path integral. While the physical time-
ordering is fixed by the construction of the discretized path integral, one may alter the time-
ordering, and consequently the convergence factors, at the cost of introducing counterterms
in the action. These counterterms ensure that the final result remains identical to that ob-
tained using the original time-ordering. There are two reasons why one might prefer writing
the action in the form of Eq. (4.35). The first, more formal, is that the two-component field
AlT) = (a(r) E(T))T and its conjugate are then assigned a single, well-defined time argu-
ment: both components of A are evaluated at the same imaginary time 7, while both compo-
nents of A are evaluated at the slightly later time 7. Hence the two-component field can really
be considered as a single object, and the Gaussian part of the action (4.35) takes the canonical

R, = _ . . .
form foﬂ dt A(tH)[—G(7)]A(7). The second, more practical, reason is that performing the
Matsubara-frequency summations may turn out to be easier when both components carry the
same convergence factor. We will see some examples of this in the following sections.

5 Weakly-interacting Bose gas

We consider now the (D + 1)-dimensional quantum field theory for a nonrelativistic system of
interacting bosons. The many-particle Hamiltonian is in general

2
A= f dPx ¥ (x) |:_h2V2 + U(x)] U(x)

m
+ % J dPx dPx’ U ()T (x )V (x —x W (x )P (x), (5.1)

where ¥(x), ¥'(x) are bosonic field operators, U(x) is an external potential, and V(x —x’)
is the interaction potential. The number operator N = f dPx ¥T(x)¥(x) and the momentum
operator P = —ihf dPx ¥T(x) V¥ (x) commute with the Hamiltonian and are therefore con-
served in all physical processes. Our goal will be to compute the grand canonical partition

function o A
Z=Tr [e‘ﬂ(H_“N)] = Tr(e P¥). (5.2)
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The system can be considered weakly interacting if the diluteness condition |a,|°N/LP < 1
holds, where a, is the s-wave scattering length and L is the linear size of the system. In
this scenario, a perturbative treatment of H is viable. At small temperatures, the standard
perturbative approach introduced by Bogoliubov [1, 19-24] is based on the assumption that
the system exhibits Bose-Einstein condensation (BEC), namely a macroscopic occupation of
a single one-particle state described by the normalized wavefunction y,(x). Writing the field
operator in terms of annihilation operators as

B(x) = $o(x) + 1) = 20(X)do + Y 1:(¥)ds, (5.3)
i£0

the macroscopic occupation of yy(x) is realized by means of the Bogoliubov prescription
ay, — 4/Ny, where N, is the occupation number of y,(x). This amounts to replace the zero-
mode component of the field operator by the classical field

Wy(x) = v/Noxo(%), (5.4)

which defines the BEC order parameter. At the mean-field level, this is related to the chemical
potential u of the system by

1 D n2v? D , ) o
u=— | dx¥;(x)|— +UX)+ | d7°X V(x—x)|¥ (X, t)]* | o (x), (5.5)
Ny 2m

and its time evolution is given by the Gross-Pitaevskii equation [25,26]

2v72

iﬁ%\lfo(x, t) = [—h

: Py +U(x)+JdDX’V(x—X’)llllo(x’,t)|2]\110(x,t). (5.6)

For simplicity, in the following we specialize the Hamiltonian (5.1) to the case of a uniform
system by setting U(x) = 0, while allowing for an arbitrary repulsive interaction potential

/ 1 ik-(x—x') 77
V(x—x)= L—Dzek( W (K), (5.7)
k

where V (k) = f dPx e Xy (x) > 0 is the corresponding Fourier transform.

5.1 Hamiltonian approach

The field operator can be expanded on the basis of eigenfunctions {v(x)} of the one-particle
Hamiltonian h = —h?V?/2m, which are plane waves indexed by the wave vector k, as

ik-x

b)) =S P = > ay. (5.8)
; k k Zk:\/L_D k

This corresponds to a change of basis in the one-particle Hilbert space, from the position basis
to the momentum basis. The Hamiltonian then becomes

A At a 1 SNt AT A A
H = Z eka;(ak + ﬁ Z V(q)alqua;(,_qak/ak, (5.9)
k kK q
where k = |k| and
n2k?
€= (5.10)
2m

is the one-particle energy.
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A rigorous result is that for a uniform noninteracting Bose gas below the critical tem-
perature for BEC, the macroscopically occupied one-particle state is the ground state of the
one-particle Hamiltonian, i.e. the state with k = 0. We assume the same for the uniform
weakly-interacting gas, so that the Bogoliubov prescription is

ik-x

A e
lI’(X) = \IJO + E
io VLP

AN
Ty = L—gE\/n_o. (5.12)

Correspondingly, the number operator is

N=No+ > Ne=No+ Y. afd (5.13)
K40 40

dy, (5.11)

where

Substituting a, — 4/Ny in Eq. (5.9) and retaining only the interaction terms that are no more
than quadratic in @, and c“zli operators with k # 0 (Bogoliubov approximation, also called
Gaussian or one-loop), we obtain H ~ H, where

N ~ ~ ~ . V(K . .
He=Eog+ Y. {[ek +n,7(0) + % (V) + V(—k))] il + ”0—()(&11&11( + aka_k)} (5.14)
k£0
and - )
V(0)n
0= o VO (5.15)
2
is the mean-field ground state energy. It follows that s, = H; — uN is
/
Ay =+ Z{ [ek + gV (0)—p+ % (P + V(—k))] (afay +a’ ay)
k£0
+noV(k)(afa’, + aka_k)}, (5.16)
where
QO =EO_.U,N0 (5.17)

and the prime indicates that the summation is restricted to one half of momentum space, since
the terms corresponding to k and —k must be counted only once>.

The Hamiltonian (5.16) can be diagonalized via the Bogoliubov transformation, that is the
pseudorotation [20, 23]

(B2 ) @-G ) e
b_k —Vk Uk a_, a_, Vk Uk b_k

where by, bii are new bosonic operators satisfying canonical commutation relations, provided
that the real functions uy, vy satisfy

1

2
up=vi+1=—
k~ 'k 2[

e +noV(0)—p+ F (V) + V(-K) N 1], (5.19)

&, no)

>We notice that, at the level of Gaussian approximation, it does not make any difference whether the condensate
density n,, or the total density n appears in summation, since one could use Eq. (5.13) to write N, in terms of N up to
corrections of quartic order in the @, and &]T( operators. However, it has been suggested on variational grounds that
the second possibility provides a more accurate result for the grand potential and the condensate fraction [27,28].
Nevertheless, here we will stick to the standard treatment, where there is n, and not n.
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where

S, ng) = \J [ek + 1, 7(0) — i + % (V) + x7(—k))]2 —[neV (W7 (5.20)

is the generalized Bogoliubov spectrum. The diagonalized Hamiltonian reads

Ay =0+ +> bl (5.21)
k20
where 1
o = 5 > [é’k —ex—noV(0) +p— % (V) + ‘7(—1())] - (5.22)
k20

This shows that, within the assumptions made, the original system of interacting bosons
can be described by a Hamiltonian of noninteracting bosonic quasiparticles with the Bogoli-
ubov spectrum &,. The operators blT( and by represent the creation and annihilation oper-

ators of these quasiparticles. From this perspective, a physical particle created by d;i is de-
scribed as a superposition of quasiparticles, according to Eq. (5.18). At small momenta,
uy ~ v/me,/2hk > 1, where ¢, = 4/nyV(0)/m is the Bogoliubov sound velocity, and vy ~ —u,
therefore d;i ~ v/ mc,/ 2771((?)]1;— ?)_k) and a physical particle is described by a very large number
of quasiparticles. This is equivalent to say that a single quasiparticle excitation corresponds to
a collective excitation of many physical particles. Instead, at large momenta uy ~ 1 and v ~ 0,
so that &lt ~ ZAJ;Z and the quasiparticles become indistinguishable from the real particles.
In terms of the new quasiparticle operators, Eq. (5.13) becomes

N = NO + Z Vl% + Z(ulz( + V]%)i);ii)k + Z uka(E;:Bik + i)ki)—k)' (523)
k#0 k#0 k#0

The expectation value of last term on the eigenstates of the Hamiltonian (5.21) vanishes,
because the Hamiltonian commutes with each I\AII?‘ = i)l'(i)k Therefore the number operator
may be written equivalently without such term. Since the chemical potential is related to n,
by [see Egs. (5.5) and (5.12)]

u=noV(0), (5.24)

we then have

. 1 e+ 2 (V) + V(1) —&lng) e+ 2V +7(1), .,
NN+ + biby, (5.25
° 2; &) ;0 E(no) e (529

&) = \J e+ 2 (0 + fi(—k))]2 — [V T (5.26)

Quasiparticles are noninteracting, thus the thermal average of their number (N;*) follows the
Bose-Einstein distribution. This yields

1 Z e+ 2 (V(K) + V(=k)) — Elng) +Z e+ 2 (V(K) +V(-k))

NNy, B) =No+£ (P D) (5.27)

k#£0 gk(no)

which is an implicit equation for the condensate fraction Ny/N at finite temperature [28].
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At this point, the grand canonical partition function is computed from Eq. (5.21) as
2 = Te(eP7%)

= PO S (e Do ST g
{NY

_ B+ L
— ¢ P 1];[) _eﬁsk (5.28)

which gives the grand potential
1
QG = —E In ZG

SRS [ == no¥(0) + p— 22 (V) + V(—10) | + Zln(l —ePi). (5.29)
2 k#£0 k#O

One can easily verify that N = —3Q; /3 u evaluated in u = nyV(0) gives back Eq. (5.27).

Zero-range interaction—In the case of a repulsive zero-range interaction modeled by a
delta function potential V(x—x’) = g&6°(x—x’), with g > 0, we have V(k) = g = const., hence
the above result simplifies to

1 1 _
QG:QO+EZ(Sk—ek—Zgn0+,u)+EZln(l—e ﬁgk), (5.30)
k#0 k#0
with
Ex(u,ng) = v/ (e +2gng — w)? — (gng)>2. (5.31)

5.2 Path integral approach

Now we will show how exactly the same result can be obtained with the path integral approach.
The grand canonical partition function is [Eq. (2.20)]

Z= J DYDY ¢ SI¥ I/ = J DYDY et fo dr [ dPxLIv ] (5.32)

where

292
L=U%x,T1) (ﬁ@T Y
2m

— ,u) U(x,7)+ % J dPx' V(x—x)|¥(x, 7)]* ¥, t)> (5.33)

is the Lagrangian density of the system, and ¥(x) are the eigenfunctions associated to the
bosonic coherent states [¥) o< e d7x V0¥ () |0) that we use as the representation basis for the
path integral [cf. Eq. (2.18)]. Following the Bogoliubov prescription (5.11), the eigenfunc-
tions W(x, T) are separated as®

U(x, 1) =¥+ n(x, 7). (5.34)
The part of the Lagrangian that depends only on ¥, and ¥ reads

V(O)

Lo=—ul¥2+ —=2|Y|%,  V(0)>o0. (5.35)

The reason for ¥, to be time independent is that in the construction of the path integral, time-slicing and
the introduction of time-dependent integration variables were required because the Hamiltonian contained non-
commuting operators. Since the Bogoliubov prescription replaces the quantum operator W, with a classical quan-
tity, the corresponding integration variable in the path integral is time independent.
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For large ||, the quartic term dominates and guarantees the action S, = BALPL, to be
bounded from below, and thus the stability of the system, for any value of u. In particular, for
u <0, Sy has a global minimum at |¥,| = 0, which means that there is no stable condensate
amplitude. Instead, for u > 0, Sy has the shape of a “Mexican hat”, with a full circle of degen-
erate minima at |¥,|?> = u/V(0), corresponding to a finite condensate density ny = u/V(0),
in agreement with Eq. (5.5). This condition fixes ¥, = 4/u/V(0)e®, with 6 € S'. By fixing
the phase 0 we select a particular minimum, determining the spontaneous breakdown of the
U(1) symmetry of the action. Without loss of generality, we take 8 = 0, so that ¥, is real and
positive, corresponding to ¥y = /iy = v/ U/ V(0).

Analogously to what we did in the Hamiltonian approach, we now substitute Eq. (5.34)
into Eq. (5.33) and retain only terms up to second order in the fluctuations n, n* around ¥,

(Gaussian or one-loop approximation). The condition ¥, = 4/u/V(0) ensures that we are
expanding around a minimum of the action, hence linear terms in the fluctuations vanish.
Expanding the fluctuations in Fourier series as

1 =~ i(k 2nn
n(x,7)=— Ay e Eem = (5.36)
VID ;,HZZOO " " ph

and taking into account the time-ordering, we obtain

-1 iw, 0" -1
S~ S, =BHLP Ly + %Z(a;“ a_q)( Gr1(@)e —912(@) ) ( % ) (5.37)
q

—Gi(q)  —Gp(ge i J\aX,
where
~11 (@) = —ifiw, + € +ngV(0) —pu + % (Va0 +V (1), (5.38a)
—G15 (@) = =G5 (@) = noV(K), (5.38b)
G5 (@) = ifieoy + & + o T(0) = p+ =2 (V019 + V(—10), (5.380)

and g = (k,n) with k # 0. G(q) is the classical propagator of the 7 field in Fourier space. Its
poles, that are determined by the condition det[—G~*(q)] = 0, yield the dispersion relation of
the excitations, which is again the generalized Bogoliubov spectrum (5.20).

To compute the partition function we must now perform the path integral over the fluctu-
ation fields, following the procedure illustrated in Section 4.2. The measure is

dn*(x, 7)dn(x,7) ‘rdagdagda” da
Dn*Dn = = 5 5.3
f e fl_[ 2mi/LD l:[ (2mi)? (5:39)

(x,7)

where the prime indicates that the product is restricted to one half of k space. Hence

daZdaqdaiqda_q

—-q

= P75 | Jdet[-pG 4 (g)] (5.40)
q

Here we have used that fact that the matrix —G~!(q), although it is not Hermitian, has a
positive-definite Hermitian part. Furthermore, its determinant is manifestly real, ensuring
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that the partition function is real. We then obtain

Q¢ =0+ 1 Zlndet [-8G7' ()]

—no+—Zln B2671(9)G5,(0) — B2G5 ()G ()]

G (q)g;;(q)]}
G1(9)G,,(q)
(5.41)

—QO+%Z{ [—BGTH(@)e™® | +In[—BGy (e ]+ln[1

where Qo = LP L, = LPV(0)n3/2 — uNy, in agreement with Eq. (5.17). The last term in the
summation is convergent, but it is convenient to multiply it by e!n® which does not change
the result [6]. Exploiting the fact that QZ (@)=6, 1(—q), the summation is then equal to

. P o1 (975 (q) iwnd _
a5 {21“[ P g“(q)]““[l Tl T
QE&Z{ln[—/ﬂgfftq)]—ln[—ﬂg;;(q)] +Indet[~BG ! (q) ]} ' (5.42)
q

Using [see Egs. (4.7), (4.34), and (4.28), respectively]

hrn Z 111 ﬂglll (q) iw,6 Z 11’1{ e—ﬁ[ek+n0\7(0)—u+n70(\7(k)+\7(—k))]} ., (5.43a)

120

hm Zln —BG;, (q)] iw,6 Zln {eﬂ[€k+noV(0) —ut+ 2 (VR+V(-K)] _ }’ (5.43b)
k740

§hno1+ lndet[—ﬂg_l(q)]ei“’“‘5 = Z[ﬁ5k+21n(1—e_ﬁ€k):|, (5.430)
Uy k20

we finally obtain

Qg =0+~ Z[ k—ek—nOV(0)+,u——(V(k)+V( k)] Zlnu—e—ﬁfk) (5.44)
2i5 B 20

which coincides with the Hamiltonian result, Eq. (5.29). We note that an undoubted ad-
vantage of the path integral over the Hamiltonian approach is the possibility of avoiding the
complications related to the Bogoliubov transformation.

Alternative time-ordering—Alternatively, we can change the time-ordering so that both
components of the matrix in Eq. (5.37) appear with the same convergence factor. As described
in Section 4.2, the action then becomes

h ~ ~ ~
Se=PBHLP Ly — % Z [ek +nyV(0)—u+ % (V(k) + V(—k))]
k#0
PR (g —G (@ =G (@) ) ( : )
T2 ; o) ( G (@ =Gy (@ J\ag)’ (549

The corresponding grand potential is

Q:QO—%Z[ek+n0V(O) p+ 2 (709 + (k) ]+—Zlndet —BGL(g)]eien"
120
(5.46)

30



SciPost Physics Lecture Notes Submission

and using result (5.43c) for the last summation, we immediately obtain Eq. (5.44). This al-
ternative time-ordering allows us to obtain the result by calculating only one frequency sum-
mation instead of three.

The treatments we have presented, which are based on the careful treatment of conver-
gence factors following the implicit time-ordering of the path integral, and which reproduce
exactly the Hamiltonian result, are not the most common in the literature, even for the simpler
case of a zero-range interaction. The usual route is to write Eq. (5.41) as

Q=0+ 57 Zln (hPw?+&2)]. (5.47)

We considered summations of this form in Section 4.2 [see in particular Eq. (4.28)] and
showed that a naive evaluation of the Matsubara summation yields the commonly quoted
expression [18,22,27-30]

Qg =+ = Zsk+ > n(1—eP). (5.48)

k;éO k;éo

This does not coincide with the result obtained from the Hamiltonian approach because certain
contributions to Q(C?) are missing. This discrepancy is not catastrophic in practice, since the
zero-point energy must be regularized in any case [30-36], and after a suitable regularization
Egs. (5.29) and (5.48) lead to the same grand potential [30]. Nevertheless, the difference is
conceptually important: when Matsubara summations are performed naively, the regulariza-
tion procedures required for the Hamiltonian and path-integral calculations differ, and only
the final, regularized results coincide. By contrast, the method advocated here yields agree-
ment already at the intermediate stage, so that the subsequent regularization is identical in
both approaches.

6 BCS Superconductor

We consider as a final example the Bardeen-Cooper-Schrieffer (BCS) theory of superconductiv-
ity [37-39]. The conceptual foundation of the theory is the existence of an effective attractive
interaction between electrons mediated by vibrations of the crystal lattice (phonons), which
induces an instability of the electron gas towards the formation of bound states of two elec-
trons (Cooper pairs) in the vicinity of the Fermi surface. Cooper pairs behave like composite
bosonic quasiparticles, and at low temperatures they form a condensate which is responsible
for conventional superconductivity.

6.1 Hamiltonian approach
The Hamiltonian of the system in momentum space is [40,41]
N "T N I\ A A
H= Z Eka’UCk,U 2LD Z Voo"(k k )Ck+q/2 o k+q/2 o —k’+q/2 U’Ck’+q/2 o (6.1)
ko Kk ,q

a,a’

where él'w, & (0 =1,]) are fermionic creation and annihilation operators and V,,.(k—k’)

is the interaction matrix element between the two-electron states |k + %, o;—k+ ‘2—1, o’) and

K+ 3 0;—Kk' +3 o’). The assumption that the ground state |® of the superconductor is
2 2 p g BCS p

a condensate of Cooper pairs implies a nonzero expectation value of the pair amplitude,

e = (®pcslCirq/2,0/C+q/2,01PBCs) # O. (6.2)
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Similarly to what we did for the Bose gas, we use this fact to write &_y1q/2 0/Clv+q/20 =

/ A A / . . . .
<I>1‘Z,‘;1 + (Cw+q/2,0'Ck+q/2,0 — <I>1‘Z,‘,7q) in Eq. (6.1) and retain only terms up to first order in

the fluctuations (¢_y1q/2,6/Ck/+q/2,0 — @1‘3,2/). Introducing the gap parameter

1 ,
A"U = L—D Voa,(k—k’)cpg,ffq (6.3)

we thus obtain that the Gaussian approximation for 5 = H — uN is

Ay =) (ex— W] bxo

1 oco’* oo’ oo Al
+ E kZ (—A ':I) + Akq C —k+q/2, U’Ck+q/2 ot Ak q k+q/2 - —k+q/2 o ) (6.4)
7q

o,0’

To simplify things a bit, we now consider the case of a spin singlet superconductor, where
the effective interaction is V,,/(k) = (1 — §,4,/)V(k), and we assume that the Cooper pairs
have zero center-of-mass momentum, i.e. ¢ = 0. In this case, Eq. (6.4) becomes

%G—Z(Gk—M)CkUCkO-‘FZ( A (bk—i_Akc_lekT—i_AkckT kl)
k,o

= _Zk: APy + Zk:(ek —u)+ ; (é;i,T 6—k,l) (ka—iu —efl—(l- M) (AC;k’T ) , (6.5

="
with

A 1Sy
q)k’ = <(1)BCS|C—k’,le’,T|q)BCS)3 Ak = L_D Z V(k— k/)‘bk/. (66)
k/

The matrix in the last line of Eq. (6.5) is Hermitian and thus can be diagonalized by the unitary

Bogoliubov transformation [4]
) o (M d“ 6.7)
6'_k’l _VE d T ) .

T - * * s
d—k o ko Yk i 5
where dk o a;(' are new fermionic operators satisfying canonical anticommutation relations,
provided that the complex functions uy, vy satisfy

1 Ex— U Ay
2_q_ 2:_(1+ K ) “, — Bk 6.8
|l Vil 2 & ) U Vk 28, (6.8)
where
Ee= v (ex—1)2 + 1 Ag[2. (6.9)

The diagonalized Hamiltonian reads
‘%G = —Z Ai¢k+2(€k—u—gk) +nga£,a&k,o. (610)
k k

This shows that the elementary excitations of the system, the Bogoliubov quasiparticles created
by d "a, have a minimum energy equal to |Ay|, which is nonzero in the superconducting phase
(hence the name gap parameter). Owning to the energy gap separating filled and empty
quasiparticle states, these are difficult to excite at low temperatures, implying the rigidity of
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the BCS ground state |®pcs). The latter is the vacuum state of the algebra {dy , cAZlI 1>, namely

the state that is annihilated by all annihilation operators ak,(,:

|CI)BCS> = l_[ &k,TcAi_k’”O) = l_[ (uk + VkC ) |0> (611)
k k
where |0) is the vacuum state of the the algebra {¢ ,, éli o)
The grand canonical partition function is then
24 = Te(e P 70)
— e_ﬁ[ Zk A*(I)k+zk(€k—[4—gk)] l_[ Z Nex }l _ﬁ Zk 5]( Ko |{N§fca})
o=T,0 {NZ, }
— Bl Apdict Dpler—1—E)] l—[ (1+ePa)?, (6.12)
k
which gives the grand potential
2
G :—ZA§¢k+Z(ek—u—5k)—EZln(1+e_ﬁgk). (6.13)
k k k

At this point, the gap parameter A, and the chemical potential y must be determined self-
consistently solving a ‘gap equation’ together with a ‘number equation’.

Gap equation—Substituting Eq. (6.11) into Eq. (6.6), and making use of Eq. (6.8), we
obtain

Ay
26

(I)k’ . <O|(lllt, + vlt’é_k/,lék/,T)é_k',lék',T(uk + Vk’éiif,Téik/,i)|0> . ul*(,vk/ = (614)

It follows that the self-consistent equation for the gap parameter at zero temperature is

Zv(k K) 251(/ (6.15)

At finite temperature, the anomalous average ®;, is defined on a thermal state rather than
on the ground state. Using relations (6.7) and the fact that the only nonzero thermal average
for noninteracting quasiparticles is (dli’gdk’a) = (eP% +1)7! (Fermi-Dirac distribution), we
obtain

o - - Ay (P&
b = (C—k’,lck’,T> = _ultlvk’<dl‘(/’Tdk’,T> + ultlvk’<d—k’,ldlk/’l> = _251( tanh(T , (6.16)

and thus the finite-temperature gap equation

1 - Ay /Sé’k,)
Ag=—=> V(k—K)—-t h( . 6.17
kK="7p ; ( )2 £ anh| = (6.17)
This corresponds to the condition
Q¢
=0. 6.18
Al (6.18)

Number equation—The total number of particles is N = 2{(c, TCkT> where the factor of
two accounts for the two spin polarizations. Using again relatlons (6.7), we obtain

N=Zk:[1—%tanh(%)], (6.19)
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that is an implicit equation for u. This corresponds to the thermodynamic relation

N=—221G (6.20)

Zero-range interaction—In the case of an attractive zero-range interaction modeled by

a delta function potential V(x —x) = g6°(x —x') = —g,6°(x —x’), with g, > 0, we have

V (k) = —go = const., hence the gap parameter A = —f—g w @i is constant, the gap equation
simplifies to

1 1 tanh(f&,/2)

—_—=— s 6.21
g LP4 28k 21
and the grand potential reduces to
LP|Al? 2
Qe = gl | +Z(6k—,u—€k)—EZln(l+e_ﬁ5k). (6.22)
0 k k

6.2 Path integral approach

The same results can be obtained with the path integral. We start directly with the case of a
spin singlet superconductor, whose grand canonical partition function is given by [Eq. (2.46)]

zZ= J DU, DYDY, DY, e Jo 47 X L[0T, (6.23)
where [Eq. (6.1)]
— v
L= v, (%, 1) (hBT— o —,u) v, (x,7)
o=11
+ J dPx' V(x—x ) (x, 0¥ (X, 1) (X, 7)) (x, 7). (6.24)

is the Lagrangian density of the system, and ¥, (x) are the Grassmann eigenfunctions asso-

ciated to the fermionic coherent states |¥) = e Zo=t1] dDX‘I’o(X)‘i’z(XNO) that we use as the
representation basis for the path integral [cf. Eq. (2.42)]. Introducing an auxiliary bilocal
bosonic field A(x,x’, 7), which will turn out to be the gap parameter, the interaction term can
be decoupled via the Hubbard-Stratonovich transformation

e% ff V (x—x )04 (x, 7)) (x', 7)) (X, 7) (x,7) —

J DA*DA e_fl_i ff[A*(x,x’,r)V‘l(x—x’)A(x,x’,r)—(A*(x,x’,T)\Ili(x’,T)\I'T(x,T)+h.c.):|, (6.25)

where f f = f f g dt f dPxdPx’. Defining the two-component Nambu spinors

w(x,r)=(§1822), Px, 1) = (Ty(x,7) ¥(x,7)), (6.26)

we can rewrite the partition function as

Z = f DA DADYDY e~ SuslA AU (6.27)
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where

SHs = JJ [—A*(x, X, )V (x—x)AX X, 7))+ Y, 7)[-G (%X, T)]l/)(x/,r)], 6.28)

5(x—x/)(ho, — L — A(x, X
_g—]_(X, X/, T) — (X X )( T ) 2m Au) ) (X,X ) Th)zvz ) (6.29)
A*(x, X, T) o(x—x")(ho, + 5. +u)
We can now perform the Gaussian path integral over spinor fields to obtain
Z= J DA*DA e St AmAI/M, (6.30)

where
S = JJ [—A*(x, %, 1)V (x—x)A(x, %, 7) | - Indet[ -G (x,%, 7)]. (6.31)

Up to here everything is exact. We now make the assumptions that the HS field is static and
translationally invariant, A = A(x —x’). The latter corresponds to the assumption we made
in Eq. (6.5), that the Cooper pairs have zero center-of-mass momentum. Taking the Fourier
transform of Eq. (6.31), and accounting for the time-ordering, then yields

Syr=—B Y At —T Y Indet[-BG (@], (6.32)
k q

where

—g—l(q)z(—gﬁl(qk“%w @ )

_gz—ll(q) _g2—21 (q)e—ia)n0+
N Af (—ihw, —€x + ,u)e_i‘"”0+ ’ ’

w, =(2n+1)n/Ph, and q = (k,n). The Gaussian approximation now consists in evaluating
the partition function at the saddle point of the HS field:

_ * 1
Zo=eSalfoMdM .= ﬁSEﬁC[A*,Ak], (6.34)
where Ay, Ay satisfy the saddle-point conditions
Q¢ 9Qg
=——=0. 6.35
0A; A (6-35)

These identify the HS field as the gap parameter of the BCS theory, see Eq. (6.18).

Using the fact that g;zl(q) = —91_11 (—q), and neglecting the overall minus sign [see the
discussion following Eq. (4.31)], we can then follow the same procedure of Egs. (5.41)-(5.42)
to obtain

Q== Ay — %Zlndet[—ﬂg_l(q)]
k q

1. - - - iw
:_;Aiﬁq’k‘ B 515&;{ln[—ﬂgu%q)]—ln[—ﬂgzzl(qﬂ+1ndet[—/59 (@]} e’
(6.36)
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Using [see Egs. (4.7), (4.34), and (4.28), respectively]

5li_>rg+zq:1n [—BG ()] el Zln[l +ePlam], (6.372)
6113&2(1:111 [—BG, (q)] el =Zk:1n [ePla) 4 1], (6.37b)
Jim, q Indet[—BG(g)] el = Zk: [BEA+2In(1+e7PE)], (6.370)
we finally obtain
Qg = —Zk: ALy + Zk:(ek_“_gk) — % Zk:mu +ePE), (6.38)

which coincides with the Hamiltonian result, Eq. (6.13).

Alternative time-ordering—Let us consider also the alternative time-ordering, in which
both components of the matrix (6.33) appear with the same convergence factor. As described
in Section 4.2, the action becomes

Sy = ﬁhZA*¢k+ﬁhZ(ek—u)

_ —glf(q)elwno —g;;(q) )]
ﬁZlndet[ ( U —0 (e (6.39)

The corresponding grand potential is
1 i 0F
6 == A0+ D ()= B D Indet[-pg7 (@], (6.40)

and using result (6.37c) for the last summation, we immediately obtain Eq. (6.38).

We emphasize that here (differently from the case of the weakly-interacting Bose gas,
where the chemical potential is fixed by the condensate density) obtaining exactly this grand
potential is crucial; if we had computed det{—BG*(q)] naively, as in Eq. (5.47), the second
term in Eq. (6.38) would have been — ), &, and consequently the relation N = —9Q5/9u
would have produced an incorrect number equation.

7 Conclusion

We have presented a unified account of the coherent-state path-integral approach to the parti-
tion function of quantum many-particle systems, emphasizing the technical subtleties that, if
overlooked, can lead to incorrect or inconsistent results. Starting from the construction of the
discretized path integral, we showed how to take the continuum limit in imaginary time or
in Matsubara-frequency space without losing contact with the canonical Hamiltonian formal-
ism. Through a sequence of paradigmatic examples, from the bosonic and fermionic harmonic
oscillators to the weakly interacting Bose gas and the BCS superconductor, we demonstrated
that, when treated with due care, the path-integral formalism reproduces exactly the thermo-
dynamic quantities obtained by canonical operator methods. Our emphasis has been delib-
erately technical rather than interpretive, focusing on how to compute equilibrium quantities
rather than on the physical consequences of the results, which are extensively reviewed in the
existing literature. We hope these notes serve as a practical reference and a didactic comple-
ment to popular textbooks, and that they help readers avoid common pitfalls while applying
coherent-state path integrals to new problems.
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