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Exact zero modes in interacting Majorana X- and Y-junctions
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Abstract

We report the emergence of exact zero modes in junctions of two, three and four short
interacting Majorana wires, equivalent to a chain with an impurity bond, Y- and X- junc-
tions respectively. These exact zero modes are due to incommensurate short-range cor-
relations induced by the interacting Majorana fermions, and they appear as unavoided
level crossings between in-gap states upon continuously tuning the interaction. In a
junction of only two chains we report exact zero modes and parity switching as soon as
the coupling between the chains across a junction is positive. Remarkably, for junctions
with multiple chains the in-gap states group up into sets of parity pairs — pairs of states
with opposite parity and similar energies. We demonstrate that the formation of these
parity pairs are always due to the effective interaction of the outer edges of the junction.
The behavior within each pair can be efficiently described by two coupled chains. In the
Y-junction, we detect four in-gap states (two parity pairs) that show exact zero modes not
only within each pair but also between them. This is attributed to an additional Majo-
rana fermion localized at the center of junction that is protected by symmetry. Therefore,
coupling between the Majorana fermions at the outer edges of the junction is mediated
by that in the center. We argue that this is a generic feature of junctions with an odd
number of arms. In the X-junction we detect eight in-gap states (four parity pairs) that
are the result of two Majorana degrees of freedom localized at the center of the junction.
However, we demonstrate that, by contrast to the Y-junction, the appearance of Majo-
rana fermions at the center of the X-junction is not protected and the interaction across
the junction can be tuned to the point where there are only Majorana fermions localized
at the four outer edges of the junction, forming four in-gap states.
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1 Introduction

Topological phases of matter have been at the forefront of condensed matter physics, with a
particular interest in Majorana fermions — particles that are their own antiparticles. As noted
by Kitaev [1], a chain of spinless Dirac fermions, an effective model of a p-wave superconduc-
tor, displays topoligically non-trivial properties with a single "unpaired" zero-energy Majorana
fermion localized at its edges. This generates a partner-state with opposite parity for each
state in the many-body spectrum, creating a degeneracy for each of them. If this affects the
entire spectrum these zero energy modes are referred to as strong zero modes (SZM) — a term
popularized by Fendley [2]. Because of their foundational framework for fault tolerant quan-
tum computing [3-5], observing signatures of these SZM has been the hallmark in various
experimental works over the past decades [6-12].

In the Kitaev chain Majorana fermions are non-interacting, but there are multiple proposals
extending the model to the interacting case [13-19]. Such interacting Majorana chains have
been studied in various contexts, including quantum phase transitions [19-23], and in the
presence of quenched disorder [24-30] with a recent focus on many-body localization at high
energy [31-35]. Several forms of interaction have been proposed, but here we focus on the
Hamiltonian with the simplest non-trivial translationally-invariant interaction term, described
by

N
H:ZithYj+1_ngYj+1Yj+2Yj+3) )
j=1

where y; are the typical Majorana fermionic operators satisfying y]' =7 },]2_ =land{y;,v;} =20;j;

N the number of Majorana fermions in the chain; t is the hopping amplitude and g is the cou-
pling strength of the interaction term.

Contrary to the non-interacting case, no explicit and exact construction of SZM exist for this
model - or interacting chains in general [36-39], with the notable exception being the inte-
grable XXZ chain [40,41]. However, in incommensurate phases the effective coupling between
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edges states can be fined-tuned to a set of points where it vanishes and, correspondingly, the
energy levels of the in-gap states cross each other — called exact zero modes (EZM) [12,42-45].
While these do not guarantee the presence of SZM, EZM do signal edge states. On top of that,
in-gap states are easily accessible numerically through exact diagonalization or by targeting
excited states in the density matrix renormalization group algorithm [46].

Interestingly, systematic studies of localized edge states in multi-chain junctions of Kitaev
chains are scarce and limited to situations in which the outer edge states are either screened
[47] or pushed far from the junction [48], or the Majorana fermions are non-interacting [49].
At the same time the interest in physics of junctions in general is steadily increasing following
technological developments in the contexts of coupled superconducting wires [50-53] and
braiding protocols based on tri-junctions [54]; and recent conceptual progress on Majorana
corner states in second-order topological superconductors [55-58] that may eventually open
up new avenues to explore more complex junction architectures. Here we aim to fill this
knowledge gap by studying Majorana edge states through EZM in interacting Kitaev chains
coupled at the edges in moderately sized Y- and X-junctions.

In this paper we focus on the family of interacting Majorana chains defined in Eq.(1) cou-
pled at one edge, as illustrated in Fig.1, by some coupling term H,piing(@), With a being an
external parameter controlling the strength of the coupling across the junction. For practical
reasons we re-formulate the Hamiltonian of Eq.(1) in terms of spins using the Jordan-Wigner
transformation (see Appendix A for more details):

’H(") = ZZ (‘]O- O-l J+1 _ho-f,j + go.ijo.f,j+1 + go—lj'c,jo.i'ij+2) + Hcoupling(a); (2)
i j=1

where of]. and o jare Pauli matrices acting on site j in chain i and n is the number of chains.

Each chain i contains N; = N;/2 spins. We use h and J notations of the transverse field Ising
model, t(2j) = h and t(2j + 1) = —J, explicitly allowing alternation the Majorana hopping
term when h # J. H oupiing(@) depends on the geometry of the junction and will be defined
explicitly in the corresponding sections. We limit ourselves to the symmetric case in which J,
g, h and N are the same for each chain, and we assume an even number of Majorana fermions
per chain.
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Figure 1: Sketches of the junction geometries addressed in this paper; two cou-
pled Majorana chains (left), Y-junction (middle), and X-junction (right). Dark green
dotted lines denote the coupling between the ends of the chains that is described
by Heoupling(@).- In red we mark the Majorana degrees of freedom v, in arm
i, with 1 < k < N;. And in dark blue the corresponding spin-1/2 o, with
1<k <N,=N;/2.
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We study oscillations in the in-gap energy spectrum by tuning the magnetic field h — ef-
fective parameter that allows to tune the coupling between the edge states in this model —
while the system is initialized in the incommensurate topologically non-trivial parity-broken
Z, phase located at |h| <1 and 0 < g $ 0.4 [19]. We fix g = 0.2 unless stated otherwise. For
more information on the calculation of the low-energy spectrum of the Hamiltonian, we refer
to Appendix B.

The rest of the paper is structured as follows. In Sec. 2 we benchmark our method with the
simplest case of two coupled chains. We present numerical evidences of the exact zero modes
in the Y-junction in Sec. 3. In Sec. 4 we study exact zero modes appearing in X-junction and
discuss the strategy to manipulate them. Finally, we conclude our results and put them into
perspective in Sec. 5.

2 Two coupled chains

We start our analysis with the simplest case of two chains coupled to each other. Equivalently,
one can consider this system as a long chain with a single impurity bond. This system is similar
to the junction studied recently in Ref. [59], in which two non-interacting Kitaev chains with
different magnetic fields h and coupling strengths J were considered. Here we consider the
coupling of two identical but interacting Majorana chains instead. The term that couples the
ends of these two chains consists of all two and four Majorana operators that cross the junction:

Hcoupling(a) =H(i’j)
=a [itYi,Ni YiN; ~ g(YiN—2YinN-1YiN, YN 3
TYiNYiNY NTY N TYONY N —2Y N1 Yj,Nj)] s

where i and j label two chains, simply i = 1 and j = 2 here. Through the Jordan-Wigner
transformation, we find that

k=N,
(i,j) — 4 z . x X b'e X X x Z
H ago, g Uj,Nj +ai Jai,Nin,Nj + goi,Ni_laj,Nj + 89 Uj,z\"rj—l | | O ks “4)
i<m<j,k=1

where we, in accordance to the hopping term in Eq.(2), relabeled t as J. The string of o*
operators is a result of the two chains being ordered such that its ends meet. Note, one of
the o* operators in this string acts on the same site as the o* operator in chain j (effectively
hiding the Hermitian nature of the coupling at a first glance). For two chains of N; = N; = 20
Majorana fermions coupled by Eq.(3), we show the four lowest energies as a function of the
coupling strength a in Fig.2(a), centered around the average of the two smallest energies for
visual clarity. We label each energy level by calculating the parity

i=1 j=1

from its corresponding state, taking the product over all spins in the systems. We observe, as
expected, that when the two chains are uncoupled (a = 0), the ground and second excited
state are both unique and have P = 1, while the first excited state is double degenerate with
P = —1. When we couple the two chains this degeneracy is lost and two states with opposite
parity pair up — from now on we will refer to such a pair as parity pairs — and form the in-gap
spectrum while the other two become part of the bulk excitation spectrum.
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Figure 2: Numerical results for the energy spectrum of two chains of N = 20 Majo-
rana fermions each, coupled by Eq.(3). We fix the four-Majorana coupling strength
at g = 0.2. All data are centered around the average of the two lowest energy levels.
(a) Four lowest energy levels as a function of the coupling strength a. The magnetic
field h = 0.3 is fixed. When coupling the two chains (a > 0), two states with op-
posite parity (light blue crosses and dark blue dots) form the in-gap spectrum while
the other two become part of the bulk excitations (grey lines). (b) In-gap spectrum
as a function of the magnetic field h for a small coupling strength a = 0.015. Exact
zero modes appear as soon as a > 0. For small a the intervals where negative parity
sector forms the ground-state are much shorter compared to that of positive one. In-
set: first crossings between the parity sectors zoomed in. (¢) Same as in (b) but for
a = 0.6. Interval in which the ground state has a negative parity is larger compared
to a = 0.015. (d) Same as in (b) but for negative coupling a = —1. We observe no
parity switching and no exact zero modes. Inset: Final avoided crossing zoomed in.

For the in-gap spectrum we show its dependence on the magnetic field h in Fig.2(b) for
when the chains are weakly coupled, i.e. a = 0.015. The two weakly coupled chains show
clear oscillations with a vanishing energy gap between the two parity sectors. Unlike the
uniform interacting Kitaev chain though, the interval in which the negative parity sector is
the ground state is much smaller than that of a positive parity sector. When increasing the
coupling up to a = 0.6 the intervals over which the negative parity sector is the ground state
become much wider, as demonstrated in Fig.2(c). Intuitively, this is a result of the two coupled
chains approaching the single-chain limit ¢ — 1 where symmetry between even and odd parity
sectors is restored.

We also computed the in-gap spectrum for the case of negative coupling @ = —1 across
the junction, presented in Fig.2(d). Now we detect a set of avoided crossings showing no
parity switching, and thus no EZM appear. This provides a first indication that the sign of the
interaction at a junction plays a crucial role on the formation of EZM in the in-gap spectrum.

In addition to the energy spectrum, we also visualize the spatial location of Majorana
fermions in the two chains by calculating the local density of states (LDOS)

o)

6)

Yk,j Vk,j

1 .
LDOS,(()(w,J)=Im[<¢l w+in—HM +E,
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for each Majorana fermion 1 < j < Ny, in chain k. For both in-gap states 1;, with an energy F;,
we carry out this procedure for the two chains in the junction. We always set the broadening
parameter 11 = 0.1 and compute the LDOS at frequency «w = 0 — value for which a Majorana
zero mode is normally expected. We calculate the LDOS numerically by iteratively solving the
eigenvalue problem obtained from Eq.(6) with the conjugate-gradient method (see [60] for
more detail). In Fig. 3(a) we provide the LDOS for the ground state for four different coupling
strengths a and two magnetic fields h. In all four cases there are clear Majorana edge states
localized at the ends of the two chains. There also appear two modes at the center of the
junction for small a that slowly disappear upon increasing a and upproaching a single-chain
limit. The LDOS profiles for ¢« = —1 and a = +1 are similar. Interestingly, as show in Fig.3(b),
the spatial profile of both in-gap states is nearly identical, highlighting that the states differ
solely by the interaction between Majorana edge states rather than by their spatial appearance
and location.

(a), Ground state (b) Excited state
2t a=0.015 15 o H a=0.015 7
1 I [n] [n] [n] [n] 1 1 1 B [n] Q
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220 a=0.2 o2g §2Q a=0.2
I 1710 1L
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1t 1192 Q17
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Figure 3: Spatial profile two chains containing N = 20 Majorana fermions each,
coupled by four different strengths a. Data is provided for the two in-gap states. Four-
Majorana interaction strength is fixed at g = 0.2. Blue circles and orange diamonds
depict the strength of the magnetic field h. (a) Spatial profile for the ground state.
Left side indicates the first chain while the right side the second chain. Amplitude
of local density of states for ¢ = 0.015 in the middle of the chain is slightly smaller
than at the edges. As expected, the local density of states in the center vanishes
when approaching the single interacting Kitaev chain limit, i.e. @ — 1. For negative
coupling a = —1 the Majoranas in the center is also absent. (b) Same as in (a) but
for the excited state. Local density of states is only shown for the first arm. Note that
the profile is visually identical to that of the ground state.
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3 The Y-junction: three coupled chains

Let us now move on to the case when three chains are coupled at the ends, forming the Y-
junction. The full three-chain coupling term

2 3
Hcoupling(a): ZZH(M) +H(1’2’3); (7
i=1 j>i

consists of all possible two chain couplings (the terms in the brackets) and the term that couples
three chains labeled i, j and k:

HEPK = —ga® (Yi,Ni—l}’i,Ni ViN YN, T YN Y N1V N YN, T Vi, Yj,Nij,Nk—lYk,Nk) . (8

Note, the factor a? stems from the Majorana operators crossing the gap between the chains
twice. In terms of spin-operators

1=,
(L,7:K) — o y27 z x z
H ga‘i ai,N,-aj,Njak,Nk oy
j<m=<k,l=1
1=K,
X X Z
LT A Tim,l ©)
i<m<k,l=1

Again, the o” strings are due to the chosen ordering of the chains.

For a junction of three chains containing N = 14 Majorana fermions each coupled by Eq.9,
we show the eight lowest energy levels as a function of the coupling strength a in Fig.4(a) —
we provide the same plot but for the full range —1 < a < 1 in Appendix C.1. At the decou-
pled point a = 0 the degenerate sets of excitations come in triplets — contrary to the doublet
excitations for two coupled chains — that is a direct consequence of having three arms in the
junction. The ground state corresponds to the state with all three arms of the junction being
in the parity sector P = 1; the first three-fold degenerate excitation set has P = —1 and corre-
sponds to two arms with parity 1 and one arm with parity —1; the next set has two arms with
parity —1 and one with parity +1, so the overall parity is P = 1 again; finally, the eighth state,
highest in energy, corresponds to all three arms being in the parity —1 sector. As soon as a > 0
four out of the eight states become part of the bulk excitation spectrum while the remaining
four make up the in-gap spectrum and form two parity pairs. For comparison, we provide the
results for N = 12 Majorana fermions per arm featuring similar exact zero modes in Appendix
C.2.

We show the dependence of this in-gap spectrum on the magnetic field h for a fixed a =1
in Fig.4(b). Again, for visual clarity, we center the data around the average of the four energy
levels. Similar to the previous case we detect exact level crossings with a vanishing energy
gap. Note, this time it is not the energy within each parity pairs that is vanishing but the
energy gap between the two pairs. Since the splitting between the parity sectors vanishes fast
with the system size !, all four states are degenerate at the points of exact zero modes. As a
reference, we also show the two in-gap states of a single interacting Kitaev chain of N = 14

IFor instance, there are two consecutive crossing points located within the distance 5h ~ 2-107° for N = 10
Majorana fermions per arm. Increasing the number of Majorana sites to N = 14 per arm reduces this the distance
to Sh~2-107%
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Figure 4: Energy spectrum of three interacting Kitaev chains, each containing N = 14
Majorana fermions, coupled as defined by Eq. 7 in a Y-junction geometry for a fixed
four-Majorana interaction strength g = 0.2. Dots and crosses denote the positive and
negative parity sectors respectively. (a) Eight lowest energies, centered around the
average of the four in-gap states, as a function of the coupling strength a and a fixed
magnetic field h = 0.45. In a Y-junction four states make up the in-gap spectrum and
group up into two parity pairs (red and blue curves), while the other four become
bulk excitations (grey lines). (b) In-gap spectrum as a function of h at a = 1, cen-
tered around the average of the lowest four levels. Note that there are two levels
marked with red and two different levels with blue that are barely distinguishable on
this scale; the oscillations within each pair is analyzed in (c). Parity pairs show mul-
tiple crossings as a fincvtion of h. For reference, we show level crossings in a single
interacting Kitaev chain of N = 14 Majorana fermions (grey curve). (c) Same data as
in (b) but centered around the average of each parity pair. For comparison, we show
two chains of N = 14 Majorana fermions each coupled with a strength a = 1.25.
(d)-(f) In-gap spectrum for a = —1 plotted with the same convention as in (a)-(c).
While we still see two parity pairs (d) and crossing between them (e), the crossings
within each pair are now avoided (f).

Majorana fermions (grey lines in Fig.4(b)) — same length as a single arm in the Y-junction.
Quite fascinating, the single chain shows the same number of crossings between the two parity
sectors as the ones occurring between two parity pairs of the Y-junction. This implies that the
crossings we observe are controlled by a characteristic length of a single arm, rather then, for
instance the interaction between the outer edges separated by a lattice distance that is twice as
large. This interesting phenomenon is attributed to the odd number of Majorana zero modes
at the center of the junction. Since they can not annihilate all at once, an additional Majorana
degree of freedom is localized at the center of the junction and the crossing between the pairs
are due to the interaction of this additional Majorana zero mode with those localized at the
outer edges. Therefore, we expect similar behavior for other multi-chain junctions with an
odd number of arms.

In Fig.4(c) we plot the same data as in the panel (b) but now centered around the average
of each parity pair. There is a stark symmetry present: the same parity sectors of the two parity
pairs completely mirror each other 2. Strikingly, the oscillations resemble those of two chains

2Red crosses almost perfectly overlap with blue dots, and visa versa
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Figure 5: Spatial profile of Majorana fermions in the Y-junction for two coupling
strenghts a. Data is presented for the ground state — for other in-gap states we refer
to Appendix C.4 — and for three different magnetic fields h (blue circles, orange
diamonds and green squares). The four-Majorana interaction strength is fixed at
g = 0.2. (a) Local density of states for all three chains for a = 1. Third chain is
greyed out for visual clarity. Each chain has a clear Majorana zero mode localized at
its edge and another mode appears at the center of the junction with its amplitude
distributed equally among the three arms. The amplitude and spatial distribution
varies with the magnetic field. Asymmetry in the energy spectrum with respect to
the magnetic field (see Fig.4(b)) is also present here. (b) Same as in (a) but for
a = —1. Note, the spectrum appears the same as in (a) but mirrored around h = 0.

of N = 14 Majorana fermions coupled by a strength a = 1.25 — in Appendix C.3 we show that
this similarity with this non-universal value of a holds throughout most of the incommensurate
region. Intuitively, one can argue that in the Y-junction each arm is coupled to two other arms
and that it is therefore natural to expect a > 1 when comparing with two coupled chains.
This simple comparison demonstrates that characteristic length scale for level crossings within
each parity sector is twice larger than the length of an arm implying that the crossings within
each parity pair are, by contrast to the previous case, due to interactions of the Majorana
fermions localized at outer edges. This picture is further supported by twice as many crossings
in Fig.4(c) compared to Fig.4(b), and a significantly smaller amplitude that is expected to
decay exponentially fast with the distance between the localized edge states.

When the chains are coupled with a negative coupling a < 0 we again report four in-gap
states that group into two parity pairs, as shown in Fig.4(d). Like in the case with positive
coupling a we see crossings between the two parity pairs when we vary the magnetic field h
(see Fig.4(e)) with, again, a characteristic length scale similar to that of a single arm. In strik-
ing contrast is the behavior within each parity pair presented in Fig.4(f) — no parity switching
and thus no exact level crossing.

We would like to emphasize that the difference between the cases of a being —1 or 1 is
interesting. When centering the data around the entire in-gap spectrum, both cases show
similar behavior. The similarity with a single chain that is precisely the length of a single arm
suggests that the dominant energy scale here is that of the coupling between the outer edges
and the Majorana in the center of the junction — fewer oscillations and a larger amplitude,
compared to centering the data around each parity pair, are characteristic of systems where
the interaction between the edge states can be continuously tuned [12,42]. By centering the
data around each parity pair we effectively 'zoom-in’ on the coupling between the outer edges,
note the reduced amplitude and increased frequency of the oscillations. However, only when
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the coupling is positive do we observe a vanishing of the parity gap.

We provide the spatial profile of the Majorana fermions in the junction for the ground state
in Fig.5(a) for a = 1 and three values of the magnetic field h (we show the LDOS for the full
in-gap spectrum in Appendix C.4). Each of the arms is symmetric with respect to one another
and has a clear Majorana zero mode localized at the outer edges — similar to two couple chains.
On top of this another Majorana degree of freedom is localized at the center of the junction,
equally distributed between the three chains. One can notice that for h > 0 the Majorana
degree of freedom in the center of the junction is less localized, effectively shortening the
distance between the Majorana fermions at the edges and the center. In Fig.5(b) we show the
LDOS a = —1 that is qualitatively similar to the previous case with a single Majorana degree of
freedom localized in the center of the junction and three of them localized at the outer edges.

4 The X-junction: four coupled chains

Let us now proceed with the X-junction in which we couple the ends of four chains. The
Hamiltonian describing this coupling is given by

3 4 2 3 4
Heoupling(@) = | D > HOD |+ [ STHTH 19000 | 4 940,239, (10)
=1 j>i i=1 j>i k>j

where the terms in the first brackets contain all possible two chain couplings, the second all
possible three chain couplings, and the final term

ikl — 3
HEPD = — gy nyin T TN,

I=Nq q=K, (11)
—_ 3 X X X X z 4
g0 oinoinin| L1 ong|{ 11 i
i<m<j,q=1 k<m<l,g=1

couples the outer four Majorana fermions in four chains labeled i, j, k and . The factor a®

comes from the Majorana operators crossing the center of the junction three times. We provide
the sixteen lowest eigenvalues for four chains of N = 10 Majorana fermions in Fig.6(a) °.
When the chains are uncoupled, i.e. a = 0, both the ground and sixteenth state are unique
and have parity P = 1, in which the former has all arms in the party +1 sector while the latter
has parity —1 for all four of them. The remaining states group up into three degenerate sets;
two of these are quartets with a parity of —1, and they correspond to either the four possible
configurations for a single excitation in an arm or the four possibilities for an excitation in three
arms at once; the other set is six-fold degenerate and accounts for two excitations distributed
over two of the four arms. As soon as the chains are coupled the degeneracy of these states
is lifted and eight states form the in-gap spectrum and partner up into four parity pairs, while
the other eight become part of the bulk excitation spectrum.

Fig.6(b)-(d) shows how the relative energy of these eight in-gap states changes with the
magnetic field h for a fixed junction coupling a = 1. The picture is more complex and remark-
ably different in comaprison to the Y-junction shown in Fig.4. To understand the underlying
physics, let us first take a look at Fig.6(d) - the crossings within each parity pair. As in the
case of Y-junction these crossings are reasonably well described by two coupled chains - this
similarity holds through a large part of the incommensurate interval as shown in Appendix
D.3. This implies that the energy splitting within each parity pair, as in all previous cases, are

3Results for smaller system sizes are qualitatively similar and provided in Appendix D.1

10
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Figure 6: Energy spectrum of four Majorana chains of N = 10 Majorana fermions
each coupled in the X-junction geometry. The interaction strength is kept constant
at g = 0.2. Dots and crosses mark parity sectors P = 1 and P = —1 respectively. (a)
16 lowest energy levels as a function of the coupling strength a > 0, eight of which
form four parity pairs (blue, red, green and purple) of in-gap states. Magnetic field
is kept constant at h = 0.6. Data is centered around the average of these eight in-gap
states. (b) In-gap spectrum centered around its average as a function of magnetic
field h. Note that there are two levels marked for each of the four pairs that are barely
distinguishable on this scale; the oscillations within each pair are analyzed in (d).
Spectrum looks remarkably different from the Y-junction (see Fig.4 for comparison).
First and last parity, and third and fourth pair never cross. There is only a single
crossing between the second and third pair and two very rapid intersections between
the third and fourth pair occur on the right. Crossings between first and second
pair occur shortly after each other. Inset: avoided crossing zoomed between first
and fourth pair zoomed in. (c¢) Same data as in panel (b) the group of lower four
and higher four in-gap states centered around their corresponding average. Only
crossings between the first and second pair occur. Inlet: second crossing zoomed in.
Spectrum acts surprisingly similar to a system of two weakly coupled chains, i.e. by
a strength a = 0.015, of N = 5 Majoranas each (grey lines). (d) Same data as in (b)
but centered around the mean of each parity pair. Oscillations in the energy show
a remarkable similarity with two chains coupled with a coupling strength a = 1.33

(grey line).

due to the coupling between Majorana fermions localized at the outer edges of the system that
are separated by the lattice distance twice larger than the distance of a single arm.

By looking at Fig.6(c) we see that crossings between pairs one and two resembles a weakly
coupled pair of chains (grey lines) 4, except now we have two copies of it. The number of
pairwise crossings and periodicities of oscillations in Fig.6(c) matches those in Fig.6(d). At
the same time, the other two parity pairs show avoided crossings, as is clearly visible in the

“The two weakly coupled chains do not fit the first and second parity pairs of the X-junction due to the slight
delocalization of the Majorana fermions at the center of the junction, shortening the effective length scale over
which the center and edges couple.
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0.5)

LDOS,i02(w

o h=-03 h=0.0 = h=0.3

Figure 7: Spatial profile of Majorana degrees of freedom in the X-junction for three
different junction strengths; (a) a =1, (b) @ = 0.5 and (c) o = —1; and three values
of the magnetic fields h (blue circles, orange diamonds and green squares); and
g = 0.2. All data are computed for N = 10 Majoranas per arm and is presented for
the ground state only — data for all in-gap states is provided in Appendix D.3. Third
and fourth chain are greyed out for visual clarity. In all profiles we see Majorana zero
modes localized at the outer edges (j = 1). In (a) and (b) two Majorana modes are
localized at the center of the junction equally distributed between four legs. In (c)
We see no signature of the Majorana degrees of freedom at the center of the junction.

inset of Fig.6(c), and resembles the physics of two chains with a < 0 presented in Fig.2(d),
except again we have two copies of each state.

We interpret these results as follows. In the center of the X-junction four Majorana fermions
neither fully annihilate as in the case of two chains, nor create some symmetric structure
with all four degrees of freedom present. Instead, our results suggest that a pair of Majorana
fermions is localized at the center of the junction. This picture is fully supported by our LDOS
calculations presented in Fig.7(a) showing that the total density of the Majorana degrees of
freedom in the center is about twice as large as the LDOS at each of the four outer edges.
This picture also explains the unusual number of in-gap states that we observe: six localized
Majorana fermions — four localized at the outer edges and two in the center of the junction —
have a total Hilbert space of size (v2)° = 8.

In the picture outlined above the state of the pair of Majorana fermions in the center of the
junction determines the splitting between the lower and higher four in-gap states. At a =1
the system is fine-tuned (see Fig.6(a)) such that we observe all of them on a roughly same
scale. For smaller values of a, we see a clear separation between the two parity-pair below
and the two parity-pairs above, as clearly visible in Fig.8(a) for a = 0.5. When we vary the
value of h, as shown in Fig.8(a)-(c), the picture still holds though: despite the four lower states
being well separated from the upper four, pairwise crossing (avoided crossings for the upper
four levels), as well as crossing within each parity pair, remains qualitatively identical to the
case described in Fig.6. In the LDOS presented in Fig.7(b) we also notice that the Majorana
fermions are now better localized in the center of the junction.

The situation is drastically different if we change the parity of the coupling in the junction
—in Fig.8(d)-(f) we show examples for a < 0. In Fig.8(d) we observe only four in-gap states,
indicating that the Majorana degrees of freedom in the center of the junction vanished, leaving
only the four Majorana edge states localized at the outer edges of the junction. This is fully
supported by the LDOS calculations that we present in Fig.7(c), with a negligibly small density
of states in the center of the junction. As a result, the in-gap spectrum behaves, unlike the Y-
junction, qualitatively different from o > 0 under tuning of the magnetic field h, see Fig.8(e).
Negative coupling at the junction leads to a sequence of level crossings for h > 0 but only
between states with negative parity, and a set of avoided crossings for h < 0. This rich behavior

12
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Figure 8: Energy spectrum of four chains of N = 10 Majorana fermions each cou-
pled in the X-junction geometry. All shown examples are for the interaction strength
g = 0.2. Colors denote the different parity pairs that make up the in-gap spectrum;
dots (crosses) mark a parity P = 1 (P = —1). (a) Eight states that make up the in-gap
spectrum for the junction coupling a = 0.5 as a function of magnetic field h. Data
is centered around its average. Each parity pair contain two energy levels that are
visually indistinguishable on this scale. We show the oscillations within each pair
in (c). (b) Same data as in panel (a) but pair one and two centered around their
average, and the same for pair three and four. Grey lines depict the in-gap spectrum
of a two weakly coupled chains of N = 5 Majoranas each, which shows a remarkable
similarity to the behavior of the first and second parity pairs. Note that the two par-
ity sectors of each pair, i.e. the dots and crosses, are visually indistinguishable. (c)
Same data as in (a) but centered around the mean of each parity pair. Oscillations
in the energy resemble those of the re-scaled spectrum of two chains coupled with a
coupling strength a = 0.67 (grey line). (d) Spectrum of the sixteen lowest energies
as a function of the coupling strength a < 0 and h = 0.6. By contrast to a > 0 (see
Fig.6(a) for comparison) there are only four in-gap states forming two parity pairs.
Data is centered around the lowest four states. (e) Four in-gap states as a function of
the magnetic field h for @ = —1. Positive parity sectors never cross while the negative
ones show multiple points with a vanishing energy gap. (f) Energy for each parity
pair centered around its average. Similar to the the Y-junction for a = —1 (Fig.4(f))
we see no parity switching within the pairs.

suggests that in junctions with an even number of arms the appearance and character of exact
zero modes can be manipulated by the type and strength of the coupling across the junction.
In agreement with our results for @ = —1 in the Y-junction, presented in Fig.4(f), there are
only avoided crossings within each parity pair, suggesting that this feature is generic for all
junctions with a < 0.

5 Conclusion and Discussion

To summarize, we report the appearance of exact zero modes in interacting Kitaev chains
coupled in Y- and X-junctions as well as in a junction coupling two chains through a weaker link.
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We focussed on topologically non-trivial phases with alternating hopping between even and
odd pairs of Majorana sites and the simplest non-trivial interaction g spanning four consecutive
Majorana fermions. We studied these junctions numerically with exact diagonalization by first
mapping them to their dual spin-1/2 models.

In the junction with two chains we report exact zero modes and parity switching in the in-
gap spectrum as soon as the coupling across the junction a becomes positive. Exact zero modes
must also be expected in more generic situations including, in particular, quench disorder with
eventual weak bonds as impurities. This is because the short-range incommensurability that
gives rise to the sequence of exact zero modes, by continuously tuning an external parameter,
persists in the presence of this disorder [30,61]. This creates an inspiring perspective to ob-
serve regular parity switching in disordered interacting Majorana chains, which we leave for
future investigations.

In the Y-junction we report four in-gap states that group into two parity pairs. These four
states are attributed to there being four Majorana degrees of freedom: three localized at the
outer edges and a single Majorana fermion localized in the center of the junction °. This cen-
tral degrees of freedom mediates the interaction between the outer degrees of freedom and
is responsible for the exact level crossings between two parity pairs. Appearance of the Majo-
rana fermion in the center of the Y-junction is protected by symmetry, and we expect, for the
same reason, similar behavior for junctions with an odd number of arms. Such junctions can
then, as this suggests, be effectively used as a single tuning knob to manipulate all outer edge
states. This might be of particular interest as the Y-junction has been used to realize braiding
of Majorana fermions that requires the constant tuning of variables, such as the electrostatic
potential, to move Majorana fermions around in the junction [54, 62-67].

The X-junction, on the other hand, has eight in-gap states that group into four parity pairs,
which stems from the emergence of two Majorana fermions in the center of the junction.
These degrees of freedom are stabilized by the symmetric four-Majorana coupling term shown
in Eq.(11). Unlike the Y-junction, the appearance of these two additional Majorana fermions
in the center of the junction is not protected: we have shown that localization of these degrees
of freedom and even their appearance can be tuned by the coupling at the junction. On top of
that, the asymmetric nature of the in-gap spectrum between sets of parity pairs suggest that
the X-junction for positive coupling can be viewed as two weakly coupled chains crossing each
other in the middle, with the control of the impurity bond depending inversely on the strength
of the coupling in the junction.

Finally, we observe that in all junctions in-gap states appear as parity pairs. Within each
parity pairs the energy levels behave similarly to the two weakly coupled chains, showing
exact zero modes for @ > 0 and a set of avoided crossings for « < 0. The characteristic
length controlling the frequency of the parity switching is well described by the lattice distance
between two outer edges of the junction. This suggests that the formation of parity pairs are
due to interactions between the Majorana fermions localized at those edges. This property
seems to be generic for any junction and shows no signature of even-odd effect with respect
to the number of chains coupled in the junction; neither is it sensitive to the location of the
Majorana degrees of freedom near the center at the junction.
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SIn principle, we do not exclude the possibility of having three Majorana degrees of freedom at the center as
well for different couplings between the chains
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A Mapping Majorana fermions to spins

To map Majorana fermions to spins, we first start of with the usual relation between Dirac

fermion and Majoranas:
Yoii1 =C +c;
o (A1)
Yoj = l(Cj —cj).

The Dirac fermions can directly be mapped to Pauli spin operator through the Jordan-Wigner
transformation, such that .
crz. =1- 2cTc-

- =K; (c +¢;), (A.2)

where K; = ]_[k 1 0~ For convenience, we rename every odd numbered Majorana operators
Y2j—1 = a; and all even numbered y,; = b; (see Fig.9 for a sketch). In terms of the odd and
even Majorana operators, the Jordan-Wigner transformation can be formulated as

a; = K]O' ] ,
b; =K; -O'A
- iK%, (A.3)
ajb; = io?,
where in the second relation we used 0¥ = —ic®c*. Before mapping the interacting Kitaev

chain to its dual spin model, we first rewrite Eq. 1 in terms of a; and b; as well, such that

N
= » iha;b;—iJb;a;.;—g,a;b;a;.b;
Z jYj jYj+1 8z jYi%i+1Vj+1 (A4)
gxbjaj+1bj+1aj+2~

Note, the sum runs over the number of Majorana pairs N = N/2 — equivalently the number
of spins. The hopping amplitude t and coupling strength g are renamed into their respective

g

r .9
H . \ )
t t AT t I = © t
S 2 3 ]
ke -
Viaps  Visjo Vizjr Vizj Vigjr1 Vizje2 Vigjes Vigjra

gy iy

A b a,; b Gy b Qi Do

Figure 9: Schematic of labeling of the Majorana chain. In the top image we show the
ordinary interacting Kitaev chain consisting of Majorana operators y; 55,1 with the
hopping t and four-Majorana interaction strength g. Bottom: same as in the top but
all odd 2j +1 and even 2j numbered Majoranas are re-labeled as a; and b; respec-
tively. In addition, we renamed t and g into the coupling strength J, magnetic field
h and x and z component of g according to the following: t(2j) =h, t(2j+1)=—J,

g(2j) =g, and g(2j +1) = g,.
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spin counterpart for which t(2j) =h, t(2j+1) =—J, g(2j) = g, and g(2j +1) = g,.. We also
show this renaming in Fig.9. By applying the Jordan-Wigner transformation to the interacting
Kitaev chain we find the spin Hamiltonian

N/2
— X X z Z -2 X <X
H—ZJojaj+1—hUj+gzaj0j+1+gx0'joj+2, (A.5)
j=1

which is the as the one shown in the brackets in Eq.(2) when setting g, = g, = g.

We always arrange the chains inward, as shown in the illustrations in Fig.1, causing the
final three Majorana fermions of each chain to be b; 5.3, a; 5. and b; 5. As result, even for
the benchmark case of coupling two chains, strings of o,-operators appear after applying the
Jordan-Wigner transformation on the terms Hqypiing(@) that couple these chains.
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B Computing the low-energy spectrum

To compute the eigenvalues and eigenvectors of the spin Hamiltonians we use the Lanczos
algorithm [68] with its subspace spanned by the Krylov basis. We construct this Krylov basis
without explicitly constructing the Hamiltonian as a (sparse) matrix. For an N-body system,
any arbitrary many-body quantum state is encoded as a 2V dimensional vector, where each
element describes a product state of the N spins and its relative phase in the full many-body
state. Essentially, all the 2V indices of this vector can be straightforwardly converted to a binary
string of length N. By considering this as a product state of spin — we adopt the convention
that 1 corresponds to spin-up and 0 to spin-down — operators can be directly applied to this bit
string. To be more precise, the operators 0;‘ and o* act on such a binary string in the following
way: aj.( flips O to 1 at site j, or visa versa, and 0% multiplies the relative phase by —1 when in
site j is spin down. Applying the Hamiltonian would entail summing over all product states, or
equivalently binary numbers, and tracking how the operators that make up the Hamiltonian
affect it.

To illustrate this, we encode % [T1) +§ [T1) as (O, 0, %, % T, and applying the operator oo}

. . T
to this vector results in —%, %, 0, O) .

As an initial guess for the Lanczos algorithm we always use a vector with its elements
initialized as random complex numbers.
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C Additional results Y-junction

C.1 In-gap spectrum as a functionof -1 <a <1

In the main text we discussed the energy spectrum of the Y-juncton as a function of the coupling
strength a, see Fig.4(a) and (d). In Fig.10 we show the same data but over an extended range
a,ie. 0 < a <1in panel (a) and —1 < a < 0 in panel (b). The data is shown for a fixed
magnetic field h; different values of h could result in different curves, but the number of in-gap
states remains invariant. We observe that the number of in-gap states remains four in both
intervals, further confirming the robustness of the four Majorana modes in the junction.

x10*

1.2 (a)
& 00°Ff
—1.27
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—12r
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x 1072 . . .
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o
pair 2: --e-- P=1 P=—-1

Figure 10: In-gap spectrum of the Y-junction for three chains of N = 14 Majoranas
s a function of the coupling strength a. Four out of the eight states form the in-gap
spectrum and group into two pairs with opposite parity (blue and red lines). Crosses
depict a parity P = —1 and dots +1. We fix the four-Majorana interaction strength
g = 0.2. The spectra are provided for a fixed magnetic field h = 0.45. (a) Spectrum
for 0 < a < 1. (b) Same as in (a) but for -1 < a < 0.
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C.2 In-gap spectrum as a function of h for N = 12 Majoranas per arm

Characteristic of chains where the interaction between the edge states can be continuously
tuned and depends on the distance between the edges is that the amplitude and frequency of
the corresponding oscillations depends on the system size [12,42]. In the Y-junction, these
finite size effects also appear. We show the in-gap spectrum for three arms of N = 12 Majoranas
each in Fig.11(a) and (b). The spectrum is qualitatively the same as the one for N = 14
Majoranas per arm (see Fig.4); the four in-gap states group up into two parity pairs; the
energy of these pairs oscillate and the energy gap between them closes; the parity gap within
each pair also vanishes frequently. The amplitude of the oscillations for N = 12 Majoranas
per arm is larger while its frequency is smaller, showing the same finite size effect as for the
regular interacting Kitaev chain [19].

x10°? ' ' ' x10°t ' '
2™ 4 /] 8.0 -A (b) oy ~
3 Y ; ’ S| Y £% Fox Y
X / \\ ;E 40t X \'k X
\ % & WS T \ ]
| X Aooob1 1 00f ki H (L ¥
& i Xk % = ! * o [
P . LA - h L
P 2 X V1 —40F ¥ ’
] 8 P 3 X e i X X F
207 a=10 A et 1 —sot : N -
—-08 —04 0.0 0.4 0.8 —-08 —0.4 0.0 0.4 0.8
h h
pair 1: --e-- P=1 P=—1 pair 2: --e-- P=1 P=—1

Figure 11: In-gap spectrum of three chains of N = 12 Majoranas, coupled with a
strength a = 1, in the Y-junction as a function of the magnetic field h. This spec-
trum consists of four states that group into two pairs (red and blue data), each pair
containing a state with negative (crosses) and positive (dots) parity. Four-Majorana
interaction strength is fixed at g = 0.2. In both panels, the number of EZM are
smaller, and the amplitude of the oscillations bigger, than the Y-junction with three
arms of N = 14 Majoranas each (see Fig.4 for reference). (a) Spectrum centered
around its average. Pairs show a vanishing energy gap between them when varying
h. For each pair the two parity sectors are barely distinguishable. (b) Same data as
in (a) but centered around the average of each parity pair. Opposite parity sectors of
both pairs, e.g. red dots and blue crosses, almost perfectly align with each other.
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C.3 In-gap spectrum as a function of the four-Majorana interaction strength

In addition to this, we show the effect varying the four-Majorana interaction strength g on
Y-junction in Fig.12(a). We fix the magnetic field h = 0.45 and coupling strength a = 1; the
results are centered around their average. Similar to a single interacting Kitaev chain [19],
we see clear crossings of energy levels upon tuning g. On top of that, the value of g strongly
affects the formation of the two parity pairs. For small values the two parity sectors of each
pair show visually inseparable differences. On the other hand, this similarity is destroyed for
g 2 0.2, resulting in a sequence of pair-wise energy crossings.

We show logarithm of the absolute value of parity gap Ep_; — Ep—_; for both parity pairs
in Fig.12(b). Dips indicate a vanishing of this gap. The parity gaps associated to both pairs
align closely up to the boundary of the incommensurate region at large g. Rather interestingly,
the similarity with the two chains coupled with a = 1.25 holds through most of the incom-
mensurate interval. Although the matching coupling a seems non-universal, our results imply
that crossings within each parity gap are controlled by outer edge states and can effectively be
described by the simplest two-chain junction.
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Figure 12: Energies of the four in-gap states as a function of the four-Majorana in-
teraction strength g for three chains of N = 14 Majorana fermions coupled in the
Y-junction geometry. We fix the magnetic field h = 0.45 and coupling strength a = 1.
(a) Data centered around the average of the in-gap spectrum. In-gap states pair
up and form two pairs (blue and red curves). Dots and crosses denote the positive
and negative parity sectors respectively. (b) Logarithm of the absolute parity gap
|Ep—; — Ep—_;|; dips indicate exact zero modes. Data is shown for both parity pairs
(dark blue open circles and crosses respectively). Grey diamonds correspond to two
chains of N = 14 Majorana fermions each, coupled with a = 1.25.
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C.4 Spatial profile for all in-gap states

Similar to the two chains with an impurity bond, the spatial profile of all four in-gap states in
the Y-junction shows remarkable similarities. In Fig.13(a) and (b) we show the LDOS of a sin-
gle arm with N = 14 Majoranas of the Y-junction for both positive and negative coupling. The
profiles do not show any visual differences, suggesting that also in more complex structures,
such as the Y-junction, the only difference between the states is the interaction between the
Majorana degrees of freedom.
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Figure 13: Spatial profile of three chains of N = 14 Majoranas coupled in the Y-
junction for the four in-gap states (yo;53). We show the local density of states
for three magnetic fields h (blue circles, orange diamonds, green squares). Data is
presented for a single arm of the junction only. (a) Local density of states for positive
coupling a = 1. Note that the profiles are visually identical. (b) Same as in (a) but
for negative coupling a = —1.

22



SciPost Physics Submission

«ws D Additional results X-junction

a0 D.1 In-gap spectrum for N = 8 Majoranas per arm

a0  The X-junction shows finite size effects that are expected for systems with edge states where the
a1 interaction between the edges can be continuously tuned and is distance dependent [12,42]. In
a12  Fig.14 we show the spectrum of the eight in-gap states for the X-junction with N = 8 Majoranas
413 per arm as a function of the magnetic field h. Qualitatively, the spectrum behaves similar to
414 the one depicted for N = 10 Majoranas per arm in Fig.6. That is, the states group into four
415 parity pairs; pairs one and two show regular crossings, pair two and three cross only once,
a16  and pairs three and four do not cross; the parity gap within each pair closes at approximately
417 the same time.
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o
—
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pair l:-e- p_1 P=—1 pair 2:-e- p_1 P=—1
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Figure 14: In-gap spectrum for the X-junction with N = 8 Majoranas per arm as a
function of the magnetic field h. Chains are coupled with a strength a = 1. States
group into four pairs (red, blue, green and pink curves); each pair consisting of a
state with negative and positive parity, crosses and dots respectively. We fix the four-
Majorana interaction strength g = 0.2. Amplitude of the oscillations is larger while
its frequency is smaller compared to the case of N = 10 Majoranas per arm (see
Fig.4). (a) Spectrum centered around its average. Red and green data cross once.
(b) Spectrum of pair one and two centered around its average, and the same for pairs
three and four. Only blue and red cross curves cross, green and purple do not. (c)
Spectrum of each pair centered around its respective average. Parity gap closes in all
pairs.
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D.2 Dependence on the four-Majorana interaction strength

We show the dependence of the in-gap spectrum on the four-Majorana interaction strength g
in Fig.15(a) for N = 10 Majorana fermions per arm and a fixed magnetic field h = 0.6. Similar
to the Y-junction, the behavior of the in-gap spectrum strongly depends on the value of g. For
small values parity pairs are nicely formed, and there is a clear divergence of the third and
fourth pair from the first two as we approach the boundary of the incommensurate region. In
stark contrast to this is the in-gap spectrum at g £ 0.18. Similarities between the negative
and positive parity sectors in each pair is destroyed and there are a lot of sporadic crossings
between the energy levels. Note, the first and second parity pairs, and the third and fourth,
behave similar to those of the Y-junction.

In Fig.15(b) we show the logarithm of absolute parity gap of each parity pair. A vanishing
parity gap occurs at multiple instances of g for each pair. Remarkably, only in the region
0.11 £ g < 0.15 does this vanishing occur at approximately the same point. For small g
the grouping of the first and second, and the third anf fourth parity pairs can be observed:
vanishing of the parity gap of the first two pairs occurs simultaneously while it also occurs
simultaneously for the third and fourth pair but at a different value of g. On the other boundary
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Figure 15: Energy spectrum of the eight in-gap states of four chains coupled in the
X-junction geometry as a function of the four-Majorana interaction strength g. Data
is shown for N = 10 Majorana fermions per arm, coupled by a strength a = 1.0,
and a fixed magnetic field h = 0.6. States partner up with a single other state with
opposite parity P into parity pairs (blue, red, green and pink data).Crosses denote
parity —1 and dots +1. (a) Spectrum centered around its average. Formation of
parity pairs is destroyed for large g. Third and fourth pair diverge away from the first
two for small g. (b) Logarithm of the absolute value of the parity gap. Dips indicate
a vanishing of this gap. Parity pairs one and two (three and four) are dark purple
(neon pink) and odd (even) pairs open circles (crosses). For small g, the parity gap
vanishes simultaneously for the first and second parity pair and, equivalently, for the
third and fourth pair, but at a difference location. Parity gap vanishes at difference
locations for each pair for g large. Grey line with diamonds shows the parity gap for
two chains of N = 10 Majorana fermions coupled by a strength a = 1.33. The two
systems show similar behavior.
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43¢ vanishing of the gap is much more sporadic and occurs at different locations for each pair. We
435 once again observe that the difference within the pairs of eigenvalues in the X-junction is
436 similar to two chains of N = 10 Majoranas each coupled by a strength a = 1.33.

25



437

438

439

440

441

442

SciPost Physics

Submission

D.3 Spatial profile for all in-gap states

We show the LDOS for a single arm of N = 10 Majoranas of the X-junction in Fig.16(a)-(c) for
all in-gap states. We present the data for the same couplings as shown in Fig.7. Again, similar
to the other two cases discussed in this study, all in-gap states show identical spatial profiles of
the Majoranas, suggesting that these profiles are merely influences by the interaction between
the edge states and not the
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Figure 16: Spatial profile of four chains of N = 10 Majoranas each coupled at its
ends in the X-junction for three different coupling strengths a. We present the local
density of states for a single arm for the in-gap spectrum. We show the local density of
states for three magnetic fields h (blue circles, orange diamonds, green squares). (a)
Local density of states for the eight in-gap states (Y1 23 45,6,7) for positive coupling
a = 1. Note that the profiles are visually identical. (b) Same as in (a) but for coupling
a = 0.5. (c) Spatial profiles for the four in-gap states (1 ; 5 3) for negative coupling

a=-—1.
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