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Abstract

We investigate integrable boundary states in the anisotropic Heisenberg chain under
periodic or twisted boundary conditions, for both even and odd system lengths. Our work
demonstrates that the concept of integrable boundary states can be readily generalized.
For the XXZ spin chain, we present a set of factorized integrable boundary states using
the KT-relation, and these states are also applicable to the XYZ chain. It is shown that a
specific set of eigenstates of the transfer matrix can be selected by each boundary state,
resulting in an explicit selection rule for the Bethe roots.
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1 Introduction

Integrability is a powerful tool in the study of one-dimensional models. Integrable models
possess enough conserved quantities, which allows us to derive its exact solutions. Since
the pioneering work of Yang and Baxter [1, 2], many approaches have been developed to
obtain exact solutions of integrable models, including the T–Q relation [3], the algebraic Bethe
ansatz [4, 5], Sklyanin’s separation of variables [6], the thermodynamic Bethe ansatz [7],
and the off-diagonal Bethe ansatz [8]. Integrable systems provide exact solvable laboratories
for testing theoretical ideas, understanding non-perturbative effects, exploring the physics of
many-body interactions, and developing powerful analytical techniques. This point of view is
backed up by the revolutionary progress in cold atomic physics [9].

A fundamental question in quantum many-body physics is whether and how a closed quan-
tum system reaches thermal equilibrium. Quantum integrable systems are notable examples
of systems that do not thermalize, where the presence of higher conserved charges is linked to
the absence of full relaxation to equilibrium, and the correct statistical description of these sys-
tems is called the Generalized Gibbs Ensemble [10–17]. The non-equilibrium dynamics of in-
tegrable model has been observed experimentally [18–20], and studied theoretically [21,22].
A probably simplest protocol inducing out of equilibrium dynamics is the so called quantum
quench, where a system is prepared in a well defined initial state and let evolve unitarily ac-
cording to a known Hamiltonian [23, 24]. Among many analytical methods, quench action
approach has been proven to be a powerful tool in the study of quantum quench in integrable
models [25]. A key ingredient of this approach is the calculation of overlaps between the ini-
tial state and the eigenstates of the post-quench Hamiltonian. A subclass of integrable initial
states, called integrable boundary states, was discussed in Ref. [26], and their definition is
inspired by the classical work [27]. Among them, initial states that can be constructed from
the solution of the boundary Yang–Baxter equation [28] have received considerable attention
due to their neat overlaps with Bethe states. For the isotropic XXX chain, the overlaps between
these states and Bethe states are known, and the corresponding results can be generalized to
higher rank cases [29,30]. The key feature that shows up in the overlap is a universal term of
the ratio of Gaudin determinant [31,32], while the pre-factor is boundary dependent.
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Integrable boundary states are also important in the weak coupling limit of integrability
within the AdS/CFT [33] correspondence. In this context, a key class of states known as Ma-
trix Product States (MPS) arises [34]. These MPS are integrable and can be interpreted as
boundary states corresponding to a domain wall version of the N = 4 supersymmetric Yang-
Mills (SYM) theory. In many cases, the one-point functions of conformal operators—given
by the overlap between these MPS and the Bethe eigenstates of the underlying integrable
spin chain [35, 36] —can be computed in a closed form [37, 38]. One can refer to [39] for
a review. Alternatively, one can calculate such overlap using the representation theory of
twisted Yangian [40, 41]. Furthermore, three-point correlation functions involving two giant
gravitons and a single-trace operator in N = 4 SYM can be evaluated using MPS of bond
dimension two [42, 43]. The resulting expression generalizes the notion of g-functions in
two-dimensional quantum field theory. A similar structure appears in the lower-dimensional
ABJM theory. Here, the spectral problem is encoded in an alternating integrable spin chain
with distinct representations on even and odd-site [44, 45]. The three-point function of two
giant gravitons and a single-trace operator has likewise been computed using MPS [46, 47].
Moreover, one can formulate a 1/2-BPS domain wall version of ABJM theory, whose corre-
sponding one-point functions admit a closed-form expression via MPS techniques applied to
the alternating spin chain [48].

Boundary
state

Twist G
σα I

|Ψ+,e〉
�

∑

σ=±
aσ |ϕα,σ〉 ⊗ |ϕα,−σ〉

�⊗L/2







a
b
c
d







⊗L/2

|Ψ−,e〉
�

∑

σ=±
aσ |ϕα,σ〉 ⊗ |ϕα,σ〉

�⊗L/2

—

Table 1: Two-site integrable boundary states |Ψ±,e〉 in even sites spin chain. Notation:
t(u) is corresponding transfer matrix, σα|ϕα,±〉 = ±|ϕα,±〉, σα with α = 1,2,3 are
Pauli matrices, a± ∈ C and L ∈ 2k, k ∈ N is the number of sites. Here G is the twist
matrix, with G = I corresponding to the periodic boundary.

A state |Ψ〉 satisfying the condition t(u)|Ψ〉 = t(−u)|Ψ〉 is referred to as an integrable
boundary state, where t(u) denotes the transfer matrix. So far, most studies of integrable
boundary states have focused on spin chains with an even number of sites. In this paper, we
propose the a boundary states |Ψ±,s〉 satisfying

t(u)|Ψ±,s〉= ±t(−u)|Ψ±,s〉, s = e, o, (1)

where the index s = e, o corresponds to even and odd site numbers, respectively. We obtain
explicit expressions for several factorized boundary states in anisotropic spin chains with pe-
riodic and twisted boundaries. Our generalized integrable boundary states are summarized
in Tables 1 and 2, and they are valid for both the XXZ and XYZ chains. The novelty of this
work lies in the following aspects. First, we establish the existence of integrable boundary
states in systems with an odd site number. Second, in contrast to existing work focused only
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on the “+” branch in Eq. (1), we investigate both the “+” and “−” branches comprehensively.
Furthermore, we extend the framework of integrable boundary states from the XXX/XXZ chain
to the XYZ chain. In addition, we study XXZ/XYZ spin chains with both periodic and twisted
boundary conditions. All integrable boundary states presented in this work are factorized and
derived from the KT-relation, no matter what integrable boundary conditions are imposed
or whether the number of sites is even or odd. We also discuss the non-existence of certain
boundary states in particular integrable models (see the blank entries in Tables 1 and 2).

Boundary
state

Twist G
σα I

|Ψ+,o〉
∏

even n
σαn

�

1
a

�⊗L

—

|Ψ−,o〉 —

�

1
a

�⊗L

Table 2: Integrable boundary states |Ψ±,o〉 in odd-site spin chain. Notation: t(u) is
corresponding transfer matrix, σα with α = 1,2, 3 are Pauli matrices, a ∈ C and
L ∈ 2k+ 1, k ∈ N is the number of sites.

A key feature of integrable boundary states is that they select particular eigenstates (Bethe
states) of the transfer matrix and Hamiltonian. The overlap between a Bethe state and an
integrable boundary state may be nonzero only when the eigenvalue Λ(u) of t(u) satisfy
Λ(u) = ±Λ(−u). For the XXZ and XYZ chains with integrable boundaries, the function Λ(u)
can be parameterized by the T -Q relation [3,5, 8,49–53], where a set of Bethe roots is intro-
duced. As a consequence, Λ(u) = ±Λ(−u) will leads to some constraints for the Bethe roots.
In some cases, these constraints force the roots to form specific pairs. In others, no simple
pairing pattern exists; instead, the roots should satisfy a set of non-trivial equations. In each
case, we present the corresponding T -Q relation, and then discuss the selection rule.

This paper is organized as follows. Section 2 serves as a review of previous results in the
periodic XXZ spin chain and sets up the notation. We establish a generalization of integrable
boundary states and show that they exist in odd-site periodic XXZ chains. In section 3, we lay
out the explicit expression for generalized integrable boundary states and the corresponding
selection rules in XXZ spin chain with twisted boundaries. Section 4 focuses on the gener-
alization of integrable boundary states to XYZ chain with periodic and twisted boundaries.
Then, we give the corresponding selection rule of the integrable boundary states in Section
5. In section 6, we conclude our results and provide a outlook for future research. Appendix
A is about the convention of elliptic functions. Appendix B presents the construction of the
dual states for the integrable boundary state. We prove the equivalence of KYB equation and
BYB equation for both XXZ and XYZ chain in Appendix C. The component expressions of the
KT-relation are given in Appendix D.
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2 Integrable boundary states in the periodic XXZ chain

So far, most studies of integrable boundary states have focused on periodic systems. In this
section, using the periodic XXZ spin chain as an example, we recall some fundamental concepts
of integrable models, review existing research results on integrable boundary states, and then
generalize the definition of integrable boundary states.

2.1 Integrability and exact solutions of the periodic XXZ chain

The Hamiltonian of the periodic XXZ chain is

H =
L
∑

i=1

∑

α=x ,y,z

Jασαi σ
α
i+1, J x = J y = 1, J z = coshη, σαL+1 ≡ σ

α
1 . (2)

The R-matrix corresponding to the XXZ model reads

R0, j(u) =
1
2

�

sinh(u+η)
sinhη

(1+σz
0σ

z
j ) +

sinh u
sinhη

(1−σz
0σ

z
j )
�

+
1
2
(σx

0σ
x
j +σ

y
0σ

y
j ), (3)

where 0 index denotes the auxiliary space and j denotes the j-th site physical space. Lax
operator is defined by a shift of spectral parameter of the R matrix L0, j(u) = R0, j(u − η/2).
The Lax operator satisfies the crossing relation

L0,1(u) = −σ
y
1L

t
0,1(−u)σ y

1 , (4)

with t denoting transpose. One can build the monodromy matrix from the Lax operator

T0(u) = L0,L(u) . . .L0,1(u) =

�

A(u) B(u)
C(u) D(u)

�

, (5)

and the RTT-relation is guaranteed by the fundamental relation

R0,0̄(u− v)L0, j(u)L0̄, j(v) = L0̄, j(v)L0, j(u)R0,0̄(u− v). (6)

The trace of the monodromy matrix in the auxiliary space gives the transfer matrix

t(u) = Tr0(T0(u)) = A(u) + D(u). (7)

The logarithmic derivative of the transfer matrix yields the Hamiltonian in Eq. (2)

H = 2 sinhη
∂ ln t(u)
∂ u

�

�

�

u= η2
− L coshη× I. (8)

The eigenvalue of the transfer matrix, denoted as Λ(u), can be given by the T -Q relation [3]

Λ(u)Q(u) = a(u)Q(u−η) + d(u)Q(u+η), (9)

where

d(u) = a(u−η) =

�

sinh
�

u− η2
�

sinhη

�L

, (10)

and

Q(u) =
M
∏

j=1

sinh
�

u− u j

�

sinhη
. (11)
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The integer M in (11) takes values from 0 to L, which can be seen as the magnon number.
The Bethe roots {u1, . . . , uM} must satisfy the following Bethe equations

�

sinh
�

u j +
η
2

�

sinh
�

u j −
η
2

�

�L

=
M
∏

k ̸= j

sinh
�

u j − uk +η
�

sinh
�

u j − uk −η
� , l = 1, . . . , M . (12)

One can also construct the eigenvectors of the transfer matrix by the algebraic Bethe ansatz
approach [4], specifically as follows

|u〉= B(u1) . . . B(uM )|0〉, (13)

〈u|= 〈0|C(u1) . . . C(uM ), (14)

where |0〉 is the all spin up state and u = {u1, . . . , uM} are given by Eq. (12). The energy
corresponding to Bethe state |u〉 is given by

E(u) = 2
M
∑

j=1

[g(u j −
η
2 )− g(u j +

η
2 )] + Lg(η), g(u) = sinhη coth u. (15)

2.2 Integrable boundary states

Following Refs. [54, 55], a state |Ψ〉 is called an integrable boundary state if it satisfies the
following constraint

[t(u)− t(−u)]|Ψ〉= 0. (16)

It turns out that a very large class of states satisfies Eq. (16) [56,57]. Among these, there
exists a subclass that exhibits a factorized structure and can be constructed using the boundary
K-matrix. In this work, we focus on this specific subclass.

The generic K-matrix of the XXZ model can be written in the following form [58]

K(u) =
α1

k1(u)
σx +

α2

k2(u)
σ y +

α3

k3(u)
σz +

α4

k4(u)
I

=

�

k11(u) k12(u)
k21(u) k22(u)

�

, (17)

where α1,α2,α3 and α4 are free parameters and

k1(u) = k2(u) = 1, k3(u) = 2 coshu, k4(u) = 2 sinhu. (18)

The K-matrix Eq. (17) satisfies the boundary Yang-Baxter equation

R1,2(u−w)K1(u)R1,2(u+w)K2(w) = K2(w)R1,2(u+w)K1(u)R1,2(u−w). (19)

Theorem 1. For an even number of sites system, we can construct the following integrable bound-
ary state

|Ψ0〉= |ψ0〉
⊗L/2
1,2 , (20)

where |ψ0〉1,2 is a two-site state derived from the K-matrix

|ψ0〉1,2 =
2
∑

i, j=1

[K(η2 )σ
y]i j|i〉1 ⊗ | j〉2. (21)
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Proof. Denote the vector version of the boundary K(u) matrix as K⃗ ′(u), which takes the form

K⃗ ′(u) =
∑

i, j

k′i j(u)ei ⊗ e j , k′i j = [K(−u)σ y]i j , (22)

where the vector e1 = (1, 0) and e2 = (0, 1). We get a similar KYB equation (see Appendix B
for more details)

L1,3(u− v)L1,4(u+ v)K⃗ ′1,2(u)K⃗
′
3,4(v +

η
2 ) = L2,4(u− v)L2,3(u+ v)K⃗ ′1,2(u)K⃗

′
3,4(v +

η
2 ). (23)

From the above KYB equation Eq. (23), one will get the KT-relation

σ
y
0 K t

0(−u)σ y
0 T0(u)|Ψ0〉= T0(−u)σ y

0 K t
0(−u)σ y

0 |Ψ0〉. (24)

Assuming that all eigenstates of the reflection matrix K(u) are non-degenerate, taking the trace
over the auxiliary space on both sides of (24) yields directly [t(u)− t(−u)]|Ψ0〉= 0.

Obviously, the state |Ψ0〉 introduced in Eq. (20) is a boundary state for a chain with an even
L, and has a factorized structure. Because the K–matrix contains four independent parame-
ters, the two-site state |ψ0〉1,2 in (21) can represent an arbitrary vector of the tensor-product
space V1⊗V2 by an appropriate choice of the boundary parameters {α1, . . . ,α4}. One can also
construct the bra vector 〈Ψ0| with the same technique, see Appendix B.

It should be noted that the KT relation (24) yields a set of identities regarding the matrix
elements of T (−u) and T (u). These identities are essential for proving the existence of bound-
ary states in spin chains with an odd number of sites. More details are given in Appendix
D.

Selection rule A characteristic feature of an integrable boundary state is that it selects only
a subset of Bethe states. Consider the overlap between a Bethe state |u〉 and the boundary
state |Ψ〉. From Eq. (16) we obtain

〈u|[t(u)− t(−u)]|Ψ〉= [Λ(u)−Λ(−u)]〈u|Ψ〉= 0.

This equation implies that the overlap 〈u|Ψ〉 can be non-zero only when Λ(u) = Λ(−u). Thus
the boundary state imposes a selection rule on the configurations of Bethe roots.

A sufficient and necessary condition for Λ(u) = Λ(−u) is that the Bethe roots in Eqs. (9)
and (12) satisfy the following selection rules

{u1, . . . , uM}= {−u1 + iπl1, . . . ,−uM + iπlM}, li ∈ Z, (25)

with even sites L. We should emphasize that given the above selection rules, the overlap 〈u|Ψ〉
may still be zero in some specific cases, and this comment applies to the rest of paper.

The overlap 〈u|Ψ〉 plays a crucial role in the study of non-equilibrium dynamics of inte-
grable systems. For the state |Ψ0〉 introduced in Eq. (20), it has been shown that, when the
Bethe roots satisfy the selection rule (25), the overlap 〈u|Ψ0〉 can be expressed as a Gaudin-type
determinant [31,32].

2.3 Generalized boundary states

In this paper, we aim to generalize the concept of an integrable boundary state in Eq. (16).
The generalization manifests in the following aspects: (1) the constraint for the boundary state
can be extended from t(u)|Ψ〉 = t(−u)|Ψ〉 to t(u)|Ψ〉 = ±t(−u)|Ψ〉; (2) boundary states can
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also exist in systems with an odd number of sites. For convenience, we adopt the following
definition for the extended boundary state:

t(u)|Ψ±,s〉= ±t(−u)|Ψ±,s〉, s = e, o, (26)

where e and o denote systems with an even and odd total number of sites, respectively.
In Section 2.2, we have demonstrated the existence of |Ψ+,e〉 (see Eq. (20)) in periodic

XXZ chain. We now turn to the investigation of other possible extended boundary states in the
periodic XXZ chain.

Theorem 2. For a periodic XXZ chain with an odd L, we can construct the following factorized
integrable boundary state

|Ψ−,o〉=
�

1
a

�⊗L

, a ∈ C. (27)

Proof. Let us define

L0,L(u) · · ·L0,2(u) =

�

A(u) B(u)
C(u) D(u)

�

, L0,1(u) =

�

a(u) b(u)
c(u) d(u)

�

. (28)

The transfer matrix defined in Eq. (7) can be expressed as

t(u) = A(u)a(u) +B(u)c(u) + C(u)b(u) +D(u)d(u). (29)

Acting the transfer matrix on the state |Ψ−,o〉, one can derive

t(±u)|Ψ−,o〉=





h

sinh(±u+ η2 )
sinhη A(±u) + aB(±u) +

sinh(±u− η2 )
sinhη D(±u)
i

|Φ0〉
h

(a
sinh(±u− η2 )

sinhη A(±u) + C(±u) + a
sinh(±u+ η2 )

sinhη D(±u)
i

|Φ0〉



 , (30)

where

|Φ0〉=
�

1
a

�

2

⊗
�

1
a

�

3

⊗ · · · ⊗
�

1
a

�

L−1

⊗
�

1
a

�

L
. (31)

We see that the state |Φ0〉 defined in Eq. (31) can be seen as a two-site boundary state, which
can be obtained from Eq. (21) by setting the K-matrix parameters to the following specific
values

α1 = 1, α2 = −
i(a2 + 1)k2(

η
2 )

(a2 − 1)k1(
η
2 )

, α3 =
2ak3(

η
2 )

(a2 − 1)k1(
η
2 )

, α4 = 0. (32)

The operators A(u), B(u), C(u), D(u) and the state |Φ0〉 now satisfy Eq. (158). Using Eqs.
(32) , (158) and the following identities

sinh
�

u± η2
�

sinhη
=

1
2

�

k4(u)
k4(

η
2 )
±

k3(u)
k3(

η
2 )

�

, (33)

k1(u) = k2(u) = 1, k3(−u) = k3(u), k4(−u) = −k4(u), (34)

we can finally prove that

t(u)|Ψ−,o〉= −t(−u)|Ψ−,o〉. (35)
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A nonzero overlap between |Ψ−,o〉 and Bethe state |u〉 requires Λ(u) = −Λ(−u), implying
the following selection rule for the Bethe roots (L is odd)

{u1, . . . , uM}= {−u1 + iπl1, . . . ,−uM + iπlM}, li ∈ Z. (36)

We have shown that the boundary states |Ψ+,e〉 and |Ψ−,o〉 exist in the periodic XXZ chain.
A natural question is whether one can also construct |Ψ−,e〉 and |Ψ+,o〉. From the T -Q relation
Eq. (9), we can get

lim
u→+∞

Λ(u)
(2 sinhη)−LeLu

= 2cosh
�

( L
2 −M
�

η),

lim
u→+∞

Λ(−u)
(2 sinhη)−LeLu

= 2(−1)L cosh
�

( L
2 −M)η
�

.
(37)

For an even L, it follows directly from Eq. (37) that the condition Λ(u)+Λ(−u) = 0 can not be
satisfied. If a state |Ψ−,e〉 nevertheless existed, its overlap with every eigenstate of the transfer
matrix t(u) would have to vanish, forcing |Ψ−,e〉 to be the trivial (null) state. Similarly, for a
periodic system with odd L, no nontrivial |Ψ+,o〉 can exist.

3 Integrable boundary states in the twisted XXZ chain

It is well known that the XXZ model with a twisted boundary remains integrable. Let G denote
the operator that implements the twisted boundary. When the matrix entries of G satisfy

G11G12 = G11G21 = G22G12 = G22G21 = 0, (38)

the R-matrix in Eq. (3) satisfies

[R(u), G ⊗ G] = 0. (39)

Define the transfer matrix

t(u) = Tr0(G0T0(u))≡ Tr0(T0(u)G0), (40)

where T0(u) is given by Eq. (5). Using the RLL relation (6) together with Eq. (39), we can
prove the commutation relation [t(u), t(v)] = 0. This demonstrates that the twist preserves
the integrability of the system.

In Ref. [55], the authors generalized the KT relation and presented an approach to con-
struct a two-site integrable boundary state |Ψ+,e〉 in a spin chain with twisted boundary con-
ditions (for even L). The key idea of the construction is that the following two-site state

|Ψ0〉= |ψ0〉
⊗L/2
1,2 , |ψ0〉1,2 =

2
∑

i, j=1

[K(η2 )σ
y]i j|i〉1 ⊗ | j〉2, (41)

satisfies the integrable boundary condition

[t(u)− t(−u)]|Ψ0〉= 0, (42)

provided that the twist matrix G and the K-matrix obey the compatibility relation

σ y K t(−u)σ y G = Gσ y K t(−u)σ y . (43)

We realize that this method remains applicable for constructing a two-site integrable boundary
state |Ψ−,e〉 by replacing (43) with

σ y K t(−u)σ y G = −Gσ y K t(−u)σ y . (44)

9
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3.1 Construction of |Ψ+,e〉

The compatibility relation (43) gives
�

G11k22(−u)− G21k12(−u) G12k22(−u)− G22k12(−u)
G21k11(−u)− G11k21(−u) G22k11(−u)− G12k21(−u)

�

=

�

G11k22(−u)− G12k21(−u) G12k11(−u)− G11k12(−u)
G21k22(−u)− G22k21(−u) G22k11(−u)− G21k12(−u)

�

. (45)

Since Eq. (45) must hold for arbitrary u, with the help of the expression of ki j(u) in Eq. (17),
one can get the following equations

G21k12(−u) = G12k21(−u), G12[k22(−u)− k11(−u)] = 0,

k12(−u)(G11 − G22) = 0, G21[k11(−u)− k22(−u)] = 0,

k21(−u)(G11 − G22) = 0.

(46)

In the case G12 = G21 = 0 and G11, G22 ̸= 0, we get

k12(−u) = k21(−u) = 0. (47)

Therefore, the local two-site state reads

|ψ0〉1,2∝
�

0 −k11(
η
2 ) k22(

η
2 ) 0
�t

, (48)

with t denoting a transpose. Now we consider the case G11 = G22 = 0 and G12, G21 ̸= 0, we
get

k11(−u) = k22(−u), k21(−u) =
G21

G12
k12(−u). (49)

The local two-site state thus reads

|ψ0〉1,2∝
�

k12(
η
2 ) −k11(

η
2 ) k11(

η
2 ) −

G21
G12

k12(
η
2 )
�t

. (50)

Let us study another case with G11 = G21 = 0 and G12, G22 ̸= 0. From Eq. (46), we obtain

k12(−u) = k21(−u) = 0, k11(−u) = k22(−u). (51)

The corresponding local two-site state becomes

|ψ0〉1,2∝
�

0 −k11(
η
2 ) k11(

η
2 ) 0
�t

. (52)

3.2 Construction of |Ψ−,e〉

The compatibility relation (44) leads to
�

G11k22(−u)− G21k12(−u) G12k22(−u)− G22k12(−u)
G21k11(−u)− G11k21(−u) G22k11(−u)− G12k21(−u)

�

=

�

−G11k22(−u) + G12k21(−u) −G12k11(−u) + G11k12(−u)
−G21k22(−u) + G22k21(−u) −G22k11(−u) + G21k12(−u)

�

. (53)

10
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One can easily see that the above equation only has non-trivial solutions in the following cases:
(i): G11 = G22 = 0, G12, G21 ̸= 0; (ii): G = σz . In the case G11 = G22 = 0, we can get

k12(−u) = −
G12

G21
k21(−u), k11(−u) = −k22(−u), (54)

and the local two-site state then reads

|ψ0〉1,2∝
�

k12(
η
2 ) −k11(

η
2 ) −k11(

η
2 )

G21
G12

k12(
η
2 )
�t

. (55)

Once G = σz , we obtain
k11(−u) = k22(−u) = 0, (56)

and the local two-site state reads

|ψ0〉1,2∝
�

k12(
η
2 ) 0 0 −k21(

η
2 )
�t

. (57)

An interesting observation is that once G = σα, both |Ψ+,e〉 and |Ψ−,e〉 exist. This fact can
be summarized in the following theorem.

Theorem 3. Once G = σα, α = x , y, z, we can construct the following two-sites integrable
boundary states with an even L

|Ψ+,e〉=

�

∑

σ=±
aσ |ϕα,σ〉 ⊗ |ϕα,−σ〉

�⊗L/2

, (58)

|Ψ−,e〉=

�

∑

σ=±
aσ |ϕα,σ〉 ⊗ |ϕα,σ〉

�⊗L/2

, (59)

where σα|ϕα,±〉= ±|ϕα,±〉 and a± ∈ C.

3.3 Construction of |Ψ+,o〉

In case of G = σα, we can also construct |Ψ+,o〉. The corresponding result can be summarized
in the following theorem.

Theorem 4. Once G = σα, α = x , y, z, we can construct the following factorized integrable
boundary states with an odd L

|Ψ+,o〉=
∏

even n

σαn

�

1
a

�⊗L

, a ∈ C. (60)

Proof. The proof of the Theorem 4 is similar to that demonstrated in Theorem 2. Let us con-
sider the case G = σz as an example.

Define

L0,L(u) · · ·L0,2(u) =

�

A(u) B(u)
C(u) D(u)

�

, L0,1(u) =

�

a(u) b(u)
c(u) d(u)

�

. (61)

The transfer matrix can be expressed as

t(u) = A(u)a(u) +B(u)c(u)− C(u)b(u)−D(u)d(u). (62)

Acting the transfer matrix on the state |Ψ+,o〉, one can derive

t(±u)|Ψ+,o〉=





h

sinh(±u+ η2 )
sinhη A(±u) + aB(±u)− sinh(±u− η2 )

sinhη D(±u)
i

|Φ0〉
h

(a
sinh(±u− η2 )

sinhη A(±u)− C(±u)− a
sinh(±u+ η2 )

sinhη D(±u)
i

|Φ0〉



 , (63)

11
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where

|Φ0〉=
�

1
−a

�

2

⊗
�

1
a

�

3

⊗ · · · ⊗
�

1
−a

�

L−1

⊗
�

1
a

�

L
. (64)

We see that the state |Φ0〉 defined in Eq. (64) can be a two-site boundary state, which can be
derived from Eq. (21) with

α1 = −

�

a2 + 1
�

k1(
η
2 )

2ak4(
η
2 )

, α2 =
i(a2 − 1)k2(

η
2 )

2ak4(
η
2 )

, α3 = 0 α4 = 1. (65)

The operators A(u), B(u), C(u), D(u) and the state |Φ0〉 now satisfy the same relations as in
Eq. (158). Using Eqs. (65) (158) and the following identities

sinh
�

u± η2
�

sinhη
=

1
2

�

k4(u)
k4(

η
2 )
±

k3(u)
k3(

η
2 )

�

,

k1(u) = k2(u) = 1, k3(−u) = k3(u), k4(−u) = −k4(u), (66)

we can thus prove

t(u)|Ψ+,o〉= t(−u)|Ψ+,o〉. (67)

Analogously, the theorem also holds for the case G = σx ,y .

It should be noted that |Ψ−,o〉 should not exist. When G = σz , we see the eigenvalue of
t(u) has the following properties (see Eq. (74))

lim
u→+∞

Λ(u)
(2sinhη)−LeLu

= 2sinh
�

( L
2 −M)η
�

, (68)

lim
u→+∞

Λ(−u)
(2sinhη)−LeLu

= 2(−1)L+1 sinh
�

( L
2 −M)η
�

, M = 0,1 . . . , L. (69)

Hence, for an odd system size L, the identity Λ(u) + Λ(−u) = 0 cannot be satisfied. Conse-
quently, no nontrivial quantum states can satisfy 〈u| [t(u) + t(−u)] |Ψ−,o〉 = 0, which implies
the absence of |Ψ−,o〉.

For the case G = σx ,y , we can also prove the non-existence of |Ψ−,o〉. From Refs. [8,50,59],
we know that the eigenvalue of the transfer matrix Λ(u) should satisfy

�

Λ(η2 )
�L
= ±1, Λ(η2 )Λ(−

η
2 ) = (−1)L+1. (70)

When L is odd, the condition Λ(η/2) = −Λ(−η/2) contradicts Eq. (70). This implies that the
relation Λ(u) = −Λ(−u) cannot be satisfied. Consequently, the boundary state |Ψ−,o〉 does not
exist for G = σx ,y .

From Theorems 3 and 4, we see that G = σα is more interesting than the generic case.
Therefore, in the following, we focus on these specific cases. In the next sections, we let
G = σz and G = σx and derive the selection rules for Bethe roots corresponding to each type
of boundary state.

3.4 Diagonal twist

Integrability We will start with a diagonal twist G = σz . The Hamiltonian takes the form

H =
L
∑

i=1

∑

α=x ,y,z

Jασαi σ
α
i+1, σαL+1 = σ

z
1σ
α
1σ

z
1. (71)

12
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The monodromy matrix in such case would be

T̂0(u) = G0L0,L(u) . . .L0,1(u) =

�

A(u) B(u)
−C(u) −D(u)

�

, (72)

where the R-matrix is given in Eq. (3). The transfer matrix is defined as usual by tracing out
the auxiliary space t(u) = Tr0(T̂0(u)). The Hamiltonian in (71) can be given by the transfer
matrix as follows

H = 2 sinhη
∂ ln t(u)
∂ u

�

�

�

u= η2
− L coshη× I. (73)

Exact solutions The twisted boundary condition does not break the U(1) symmetry, so the
eigenvalues and eigenvectors of the transfer matrix can be constructed via the standard alge-
braic Bethe ansatz.

The eigenvalue of the transfer matrix Λ(u) can be parametrized by the following T -Q re-
lation

Λ(u)Q(u) = a(u)Q(u−η)− d(u)Q(u+η), (74)

where a(u) and d(u) are defined in Eq. (10) and Q(u) reads

Q(u) =
M
∏

j=1

sinh
�

u− u j

�

sinhη
, M = 0,1, . . . , L. (75)

The Bethe roots {u1, . . . , uM} should satisfy the Bethe equations

−

�

sinh
�

u j +
η
2

�

sinh
�

u j −
η
2

�

�L

=
M
∏

k ̸= j

sinh
�

u j − uk +η
�

sinh
�

u j − uk −η
� , j = 1, . . . , M . (76)

The eigenvectors of t(u) can be parameterized as

|u〉= B(u1) . . . B(uM )|0〉,
〈u|= 〈0|C(u1) . . . C(uM ).

(77)

The corresponding energy in terms of the Bethe roots is

E(u) = 2
M
∑

j=1

[g(u j −
η
2 )− g(u j +

η
2 )] + Lg(η), (78)

which is the same as in the periodic case.

Selection rule The overlap between |Ψ±,s〉 and |u〉 in non-zero only when Λ(u) = ±Λ(−u),
which will give specific selection rule for {u1, . . . ,uM}. For the states |Ψ−,e〉 and |Ψ+,o〉, the
Bethe roots must be paired as follows

{u1, . . . , uM}= {−u1 + iπl1, . . . ,−uM + iπlM}, li ∈ Z. (79)

For the state |Ψ+,e〉, one finds that the Bethe roots do not exhibit a paired structure. However,
the condition Λ(u) = Λ(−u) still imposes multiple constraints on the Bethe roots. To analyze
them, we examine the properties of Λ(u) at the points u= ±η/2. And this yields the following
relations

dkΛ(u)
duk

�

�

�

u= η2
=

dkΛ(u)
duk

�

�

�

u=− η2
, k = 0,2, . . . ,

dkΛ(u)
duk

�

�

�

u= η2
= −

dkΛ(u)
duk

�

�

�

u=− η2
, k = 1,3, . . . .

(80)

13
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By considering the first three terms (k = 0, 1,2), we get the following selection rule

M
∏

j=1

sinh
�

u j +
η
2

�

sinh
�

u j −
η
2

� = ±iL−1,

M
∑

j=1

1

sinh2(u j +
η
2 )
=

M
∑

j=1

1

sinh2(u j −
η
2 )

.

(81)

It should be noted that Eq. (81) is a necessary condition for Λ(u) = Λ(−u). Considering a
larger k in Eq. (80) or analyzing Λ(u) at other points may yield further constraints on the
Bethe roots.

From Eq. (74), we can derive

lim
u→+∞

Λ(u)
(2 sinhη)−LeLu

− lim
u→+∞

Λ(−u)
(2sinhη)−LeLu

= 4sinh
�

( L
2 −M)η
�

. (82)

It is obvious that the overlap 〈u|Ψ+,e〉 vanishes except in the sector with M = L/2. In other
words, M = L/2 is a supplementary condition for the selection rule shown in (81).

3.5 Off-diagonal twist

Integrability For an XXZ chain, the twists G = σx and G = σ y play identical roles. In the
following, we focus on the case G = σx . The Hamiltonian of the XXZ chain now reads

H =
L
∑

i=1

∑

α=x ,y,z

Jασαi σ
α
i+1, σαL+1 ≡ σ

x
1σ

α
1σ

x
1 . (83)

The monodromy matrix takes the form

T̃0(u) = σ
x
0L0,L(u) . . .L0,1(u) =

�

C(u) D(u)
A(u) B(u)

�

, (84)

and the transfer matrix t(u) is defined as

t(u) = Tr0(T̃0(u)) = B(u) + C(u). (85)

The first derivative of log t(u) gives the Hamiltonian in (83)

H = 2 sinhη
∂ ln t(u)
∂ u

�

�

�

u= η2
− L coshη× I. (86)

Exact solutions The topological boundary condition σαL+1 ≡ σ
x
1σ

α
1σ

x
1 breaks the U(1)-

symmetry. As a consequence, the T -Q relation should contain an inhomogeneous term [8,49]

Λ(u)Q̃(u) = eu− η2 a(u)Q̃(u−η)− e−u− η2 d(u)Q̃(u+η)− c(u)a(u)d(u), (87)

where a(u) and d(u) are given by Eq. (10), the function Q̃(u) in (87) is a polynomial of fixed
degree L [60]

Q̃(u) =
L
∏

j=1

sinh
�

u− u j

�

sinhη
, (88)
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and c(u) is defined as

c(u) = exp

�

u−
η

2
−

L
∑

l=1

�

ul +
η

2

�

�

− exp

�

−u−
η

2
+

L
∑

l=1

�

ul −
η

2

�

�

. (89)

The corresponding BAEs now take the following form

eu j−
η
2 a(u j)Q̃(u j −η)− e−u j−

η
2 d(u j)Q̃(u j +η)− c(u j)a(u j)d(u j) = 0, j = 1, . . . , L. (90)

The energy of the model now is

E(u) = 2
L
∑

j=1

[g(u j −
η
2 )− g(u j +

η
2 )] + Lg(η) + 2sinhη. (91)

Based on the inhomogeneous T -Q relation (87), the Bethe state has been retrieved [61], specif-
ically as follows

|u〉=
L
∏

i=1

D(ui)|Ω〉, (92)

where {ui|i = 1, . . . , L} are given by Eq. (90). The reference state |Ω〉 in (92) is a highly
entangled state

|Ω〉=
L
∑

l=0

(B−)l

[l]q!
|0〉, (93)

where

[l]q =
1− q2l

1− q2
, [l]q!= [l]q[l − 1]q . . . [1]q, q = eη, (94)

B− =
L
∑

l=1

e
L−1

2 ηe
η
2

∑L
k=l+1σ

z
kσ−l e−

η
2

∑l−1
k=1σ

z
k . (95)

Selection rule To make the overlap 〈u|Ψ±,s〉 non-zero, we need either Λ(u) = Λ(−u) or
Λ(u) = −Λ(−u), each of which imposes a specific selection rule on the Bethe roots. For the
states |Ψ−,e〉 and |Ψ+,o〉, the selection rules are clear and the Bethe roots should form the
following pattern

{u1, . . . , uL}= {−u1 + iπl1, . . . ,−uL + iπlL}, li ∈ Z.

In contrast, for the state |Ψ+,e〉, no simple root pattern exists. Using the method illustrated
in Eq. (80), we can get the following selection rule by analyzing the properties of Λ(u) at
u= ±η/2

L
∏

j=1

sinh
�

u j +
η
2

�

sinh
�

u j −
η
2

� = ±iL−1,
L
∑

j=1

1

sinh2(u j +
η
2 )
=

L
∑

j=1

1

sinh2(u j −
η
2 )

. (96)

4 Integrable boundary states in the XYZ chain

In this section, we begin by reviewing the integrability of XYZ chain under a generic twist.
Then, we construct the two-site integrable boundary state for an even number of sites L and
extend the construction of boundary states to odd L with a rigorous proof. In the end, we
analyze the T -Q relation and derive the associated selection rules.
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4.1 Integrability of the XYZ chain

Let us first introduce the following functions

wi(u) =
θ5−i(u+

η
2 )

2θ5−i(
η
2 )

, i = 1, . . . , 4, (97)

where θi(u) are theta-functions (see Appendix A). The R-matrix corresponding to the XYZ
model is [3,52]

R0, j(u) = w1(u)σ
x
0 ⊗σ

x
j +w2(u)σ

y
0 ⊗σ

y
j +w3(u)σ

z
0 ⊗σ

z
j +w4(u)I0 ⊗ I j . (98)

The Lax operator L0, j is related to the R-matrix by a shift

L0, j(u) = R0, j(u−
η
2 ), with L0, j(u) = −σ

y
0L

t0
0, j(−u)σ y

1 , (99)

and satisfies the RLL relation

R0,0̄(u− v)L0, j(u)L0̄, j(v) = L0̄, j(v)L0, j(u)R0,0̄(u− v). (100)

The monodromy matrix is defined as

T0(u) = G0L0,L(u) . . .L0,1(u), (101)

where G represents the twist. To guarantee the integrability, the following RTT-relation needs
to be satisfied

R0,0̄(u− v)T0(u)T0̄(v) = T0(u)T0̄(v)R0,0̄(u− v). (102)

This implies the commutation relation R0,0̄(u)G0G0̄ = G0G0̄R0,0̄(u), which yields the following
solutions for the twist operator G

G = I, or G = σx ,y,z . (103)

The corresponding transfer matrix is

t(u) = Tr0(T0(u)). (104)

With the help of Eq. (102), we can prove [t(u), t(v)] = 0. Similar to the XXZ case, one can
obtain the Hamiltonian H by taking the logarithmic derivative of the transfer matrix

H = 2
θ1(η)
θ ′1(0)

∂ ln t(u)
∂ u

�

�

�

u= η2
− L
θ ′1(η)

θ ′1(0)
× I

=
L
∑

i=1

∑

α=x ,y,z

Jασαi σ
α
i+1, (105)

where the boundary condition is σαL+1 ≡ G1σ
α
1 G1 and the coupling constants in Eq. (105) are

parametrized as

Jx =
θ4(η)
θ4(0)

, Jy =
θ3(η)
θ3(0)

, Jz =
θ2(η)
θ2(0)

. (106)
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4.2 Construction of |Ψ±,e〉

The notion of generalized integrable boundary states extends directly from the XXZ to the XYZ
spin chain. We begin by recalling their definition

t(u)|Ψ±,s〉= ±t(−u)|Ψ±,s〉, s = e, o, (107)

where e and o denote systems with an even and odd total number of sites, respectively.
The integrable boundary states |Ψ±,e〉 for an even L can be obtained directly form the K-

matrix, which has been discussed in Ref. [62]. The generic K-matrix corresponding to the XYZ
chain is [63–65]

K(u) =
α1

k1(u)
σx +

α2

k2(u)
σ y +

α3

k3(u)
σz +

α4

k4(u)
I, ki(u) = θ5−i(u), (108)

where α1,α2,α3 and α4 are free parameters. It obeys the following boundary Yang-Baxter
equation

R1,2(u−w)K1(u)R2,1(u+w)K2(w) = K2(w)R1,2(u+w)K1(u)R2,1(u−w). (109)

Following Theorem 1, we can build the two-site states from the K-matrix as follows [62]

|Ψ+,e〉= |ψ0〉
⊗L/2
1,2 , |ψ0〉1,2 =

2
∑

i, j=1

[K(η2 )σ
y]i j|i〉1 ⊗ | j〉2. (110)

In the presence of twists G = σa, we find that Theorem 3 is also applicable to the XYZ
chain. The construction of |Ψ±,e〉 follows the same procedure as in Sections 3.1 and 3.2. We
can solve the compatibility conditions in Eqs. (43) or (44) to get proper integrable boundary
states |Ψ±,e〉, and the integrability condition of the states are given by the corresponding KT-
relation respectively.

4.3 Construction of |Ψ±,o〉

It is also possible to construct integrable boundary states for the XYZ chain on odd-length
lattices. We find Theorems 2 and 4 all remain valid for the XYZ chain. As an example, we
demonstrate the existence of the following boundary state

|Ψ+,o〉=
�

1
a

�⊗L

, a ∈ C, with G = I. (111)

Proof. Let us define

L0,L(u) · · ·L0,2(u) =

�

A(u) B(u)
C(u) D(u)

�

, L0,1(u) =

�

a(u) b(u)
c(u) d(u)

�

. (112)

The transfer matrix defined in Eq. (104) can be expressed as

t(u) = A(u)a(u) +B(u)c(u) + C(u)b(u) +D(u)d(u). (113)

Acting the transfer matrix on the state |Ψ+,o〉, one can derive

2t(u)|Ψ−,o〉=
� (θ̃1(u) + θ̃2(u))A(u) |Φ0〉

a(θ̃1(u)− θ̃2(u))A(u) |Φ0〉

�

+
� (θ̃1(u)− θ̃2(u))D(u) |Φ0〉

a(θ̃1(u) + θ̃2(u))D(u) |Φ0〉

�

+
�a(θ̃4(u) + θ̃3(u))B(u) |Φ0〉
(θ̃4(u)− θ̃3(u))B(u) |Φ0〉

�

+
�a(θ̃4(u)− θ̃3(u))C(u) |Φ0〉
(θ̃4(u) + θ̃3(u))C(u) |Φ0〉

�

, (114)
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where

|Φ0〉=
�

1
a

�

2

⊗
�

1
a

�

3

⊗ · · · ⊗
�

1
a

�

L−1

⊗
�

1
a

�

L
. (115)

And here we use the short notation

θ̃i(u) =
θi(u)
θi(

η
2 )
=

k5−i(u)
k5−i(

η
2 )

, i = 1,2, 3,4. (116)

The state defined in Eq. (115) can be seen as a two-sites boundary state, which can be derived
from Eq. (110) with

α1 = −

�

a2 + 1
�

k1(
η
2 )

2ak4(
η
2 )

, α2 =
i(a2 − 1)k2(

η
2 )

2ak4(
η
2 )

, α3 = 0, α4 = 1. (117)

The matrices A(u), B(u), C(u), D(u) and the state |Φ0〉 now satisfy the same relations as in
Eq. (158). Equations (21), (158) together with the following identities

k1(−u) = k1(u), k2(−u) = k2(u), k3(−u) = k3(u), k4(−u) = −k4(u), (118)

give rise to

t(u)|Ψ−,o〉= t(−u)|Ψ−,o〉. (119)

For other integrable boundary states |Ψ±,o〉, the same proof technique applies. We therefore
omit the details.

4.4 Non-existence of specific integrable boundary states

From Refs. [8,50,59], we know that the eigenvalue of the transfer matrix Λ(u) should satisfy

G = I :
�

Λ(η2 )
�L
= 1, Λ(η2 )Λ(−

η
2 ) = (−1)L , (120)

G = σα :
�

Λ(η2 )
�L
= ±1, Λ(η2 )Λ(−

η
2 ) = (−1)L+1. (121)

With the help of Eqs. (120) and (121), we can conclude that the condition Λ(η2 ) = ±Λ(−
η
2 )

cannot be satisfied in the following cases: (1) |Ψ+,o〉 for G = I; (2) |Ψ−,o〉 for G = σα

(α= x , y, z). Consequently, the corresponding boundary states are absent.
In case of G = I, the identityΛ(η/2) = −Λ(−η/2) can be satisfied only when L = 4l, l ∈ N+.

From Eq. (37), we know that the non-trivial |Ψ−,e〉 cannot be constructed in the periodic XXZ
spin chain. Since the XXZ chain can be regarded as a specific smooth limit of the XYZ chain,
it is natural to infer that |Ψ−,e〉 does not exist in the periodic XYZ model either.

5 Exact solutions of the XYZ chain and selection rules

5.1 Periodic XYZ chain

Due to the lack of U(1) symmetry in the XYZ chain, its reference state is rather complicated.
Therefore, we will not delve into the details of constructing Bethe eigenstates [52,66]. From
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Baxter’s pioneering work [2,3], the T -Q relation for the periodic XYZ chain with an even L is
given by [3]

Λ(u) =eiπην

�

θ1(u+
η
2 )

θ1(η)

�L M
∏

k=1

θ1(u− uk −η)
θ1(u− uk)

+ e−iπην

�

θ1(u−
η
2 )

θ1(η)

�L M
∏

k=1

θ1(u− uk +η)
θ1(u− uk)

, (122)

where M = L/2 and the parameter ν is an integer. The Bethe roots {uk} satisfy the following
Bethe equations

e2iπην

�

θ1(u j +
η
2 )

θ1(u j −
η
2 )

�L M
∏

k ̸= j

θ1(u j − uk −η)
θ1(u j − uk +η)

= 1, j = 1, 2, . . . , M , (123)

and the valid Bethe roots satisfy the selection rule

2
M
∑

j=1

u j = k+ ντ, k,ν ∈ Z. (124)

The energy of Hamiltonian in terms of Bethe roots is

E(u) = 2
M
∑

j=1

[ f (u j −
η
2 )− f (u j +

η
2 )] + L f (η), f (u) =

θ1(η)θ ′1(u)

θ ′1(0)θ1(u)
. (125)

Selection rule given by |Ψ+,e〉 To make the overlap between integrable boundary state |Ψ+,e〉
and Bethe eigen-states non-zero, we need the constraint Λ(u) = Λ(−u), which gives us the
following selection rule for the Bethe roots configuration (M = L/2)

{u1, . . . ,uM}= {−u1 + l1τ+ j1, . . . ,−uM + lMτ+ jM}, ν=
M
∑

i=1

li , li , ji ∈ Z. (126)

Once L is odd, it has been discussed in Ref. [8] that the T -Q relation should contain an
inhomogeneous term and can take the following form

Λ(u) =eiπl1(u−
η
2 )+iξ

�

θ1(u+
η
2 )

θ1(η)

�L
Q1(u−η)

Q2(u)
+ e−iπl1(u+

η
2 )−iξ

�

θ1(u−
η
2 )

θ1(η)

�L
Q2(u+η)

Q1(u)

+ c
θ1(u)
θ1(η)

�

θ1(u+
η
2 )

θ1(η)

�L �
θ1(u−

η
2 )

θ1(η)

�L
1

Q1(u)Q2(u)
, (127)

where l1 is an even integer and

Q1(u) =
M
∏

j=1

θ1(u−µ j)

θ1(η)
, Q2(u) =

M
∏

j=1

θ1(u− ν j)

θ1(η)
, M =

L + 1
2

. (128)
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The 2M + 2 parameters ξ, c, {µ j} and {ν j} should satisfy the following Bethe equations

(L − 2M)η− 2
M
∑

j=1

(µ j − ν j) = l1τ+ 2m1, m1 ∈ Z,

M
∑

j=1

(µ j + ν j) = m2, m2 ∈ Z,

c
eiπl1(µ j+

η
2 )+iξθ1(µ j)

θ1(η)

�

θ1(µ j +
η
2 )

θ1(η)

�L

= −Q2(µ j)Q2(µ j +η),

c
e−iπl1(ν j−

η
2 )−iξθ1(ν j)

θ1(η)

�

θ1(ν j −
η
2 )

θ1(η)

�L

= −Q1(ν j)Q1(ν j −η),

eiLξ

�

Q1(−
η
2 )

Q2(
η
2 )

�L

= 1.

(129)

The energy of the system can be given by the Bethe roots as follows

E(µ,ν) = 2
M
∑

j=1

[ f (ν j −
η
2 )− f (µ j +

η
2 )] + L f (η) + 2iπl1

θ1(η)
θ ′1(0)

, (130)

where f (u) is defined in Eq. (125).

Selection rule given by |Ψ−,o〉 The boundary state |Ψ−,o〉 can select the Bethe state |Ψ(µ,ν)〉
satisfying Λ(u)|Ψ(µ,ν)〉 = −Λ(−u)|Ψ(µ,ν)〉. For the overlap 〈Ψ(µ,ν)|Ψ−,o〉 to be non-zero,
the Bethe roots and the parameter ξ should satisfy the following constraint

{ν1, . . . ,νM}= {−µ1, . . . ,−µM}, eiξ = (−1)
L(L+1)

2 . (131)

5.2 XYZ chain with twisted boundary

In the presence of a σx twist, the construction of transfer matrix is laid out in Section 4.1,
while the corresponding Hamiltonian reads (105). The construction of Bethe states is not
well-established in this case, therefore, we will not delve too deeply into this matter. The
eigenvalue of the transfer matrix can be parameterized by the following inhomogeneous T -Q
relation [8]

Λ(u) =eiπl1(u−
η
2 )+iξ

�

θ1(u+
η
2 )

θ1(η)

�L
Q1(u−η)

Q2(u)
− e−iπl1(u+

η
2 )−iξ

�

θ1(u−
η
2 )

θ1(η)

�L
Q2(u+η)

Q1(u)

+ c
eiπuθm

1 (u)

θm
1 (η)

�

θ1(u+
η
2 )

θ1(η)

�L �
θ1(u−

η
2 )

θ1(η)

�L
1

Q1(u)Q2(u)
, (132)

where l1 is an odd integer, m is 0 for even L and 1 for odd L and

Q1(u) =
M
∏

j=1

θ1(u−µ j)

θ1(η)
, Q2(u) =

M
∏

j=1

θ1(u− ν j)

θ1(η)
, M =

L +m
2

. (133)
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The 2M + 2 parameters ξ, c, {µ j} and {ν j} should satisfy the following Bethe equations

(L − 2M)η− 2
M
∑

j=1

(µ j − ν j) = l1τ+ 2m1, m1 ∈ Z,

2
M
∑

j=1

(µ j + ν j) = 2m2 +τ, m2 ∈ Z,

c
eiπµ j eiπl1(µ j+

η
2 )+iξθm

1 (µ j)

θm
1 (η)

�

θ1(µ j +
η
2 )

θ1(η)

�L

=Q2(µ j)Q2(µ j +η),

c
eiπν j e−iπl1(ν j−

η
2 )−iξθm

1 (ν j)

θm
1 (η)

�

θ1(ν j −
η
2 )

θ1(η)

�L

= −Q1(ν j)Q1(ν j −η),

eiLξ

�

Q1(−
η
2 )

Q2(
η
2 )

�L

= ±1.

(134)

The energy of the system now reads

E(µ,ν) = 2
M
∑

j=1

[ f (ν j −
η
2 )− f (µ j +

η
2 )] + L f (η) + 2iπl1

θ1(η)
θ ′1(0)

. (135)

Selection rule For a nonzero overlap between the boundary state and a Bethe state, the
condition Λ(u) = Λ(−u) or Λ(u) = −Λ(−u)must hold. This condition gives a specific selection
rule on the Bethe roots. Unfortunately, no simple pattern is evident for the Bethe roots in this
case. Nevertheless, we can obtain a selection rule by analyzingΛ(u) at u= ±η/2 (cf. Eq. (80)).
The function Λ(u) at the points u= ±η/2 can be calculated

Λ(η2 ) = eiξQ1(−
η
2 )

Q2(
η
2 )

, Λ(−η2 ) = e−iξ(−1)L+1 Q2(
η
2 )

Q1(−
η
2 )

. (136)

Imposing Λ(u) = Λ(−u) yields the following necessary condition for a non-zero overlap be-
tween the Bethe state and the boundary state

eiξQ1(−
η
2 )

Q2(
η
2 )
= ±iL+1, (137)

Once we require Λ(u) = −Λ(−u), the following necessary constraint must be satisfied

eiξQ1(−
η
2 )

Q2(
η
2 )
= ±iL , (138)

Here, we only consider the values of Λ(u) at u = ±η/2. Considering the k-th derivative of
Λ(u) should yield further constraints on the Bethe roots.

6 Conclusion and discussion

Previous studies on integrable boundary states have focused on the periodic spin chain with
even number of sites. Our work presents a new family of generalized integrable boundary
states in XXZ and XYZ chains under both periodic and twisted boundary conditions (summa-
rized in Tables 1 and 2). Our generalized integrable boundary states differ from conventional
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ones in two key aspects: they exist for odd-site systems, and their defining condition gener-
alizes from t(u)|Ψ〉 = t(−u)|Ψ〉 to t(u)|Ψ〉 = ±t(−u)|Ψ〉. Based on the variant of KT-relation,
all the boundary states can be proved in a simple way.

The selection rules given by the boundary states is also studied. In most cases, the Bethe
roots in the T -Q relation must form pairs to guarantee a nonzero overlap between the Bethe
state and the integrable boundary state. However, this paired pattern fails to appear in the
following settings: (i) |Ψ+,e〉 for the XXZ chain with twisted boundary; (ii) |Ψ±,e〉 and |Ψ+,o〉
for the XYZ chain with twisted boundary. In these specific cases, the selection rules for the
Bethe roots are obtained by analyzing the behavior of Λ(u) at the points u = ±η/2 (see Eqs.
(80), (81), (96), (137) and (138)).

The selection rule need to be discussed further. Let F± be the set of Bethe states |φ〉 for
which 〈Ψ±,s|φ〉 ̸= 0, s = e or o. The dimension of F± is less than the dimension of the Hilbert
space, while its exact value depends on the explicit form of the boundary state. In this paper,
what we investigate is another enlarged set F±u (F±u ⊇ F±), defined as the collection of Bethe
states |φ〉 satisfying t(u)|φ〉 = ±t(−u)|φ〉. We numerically compute the dimension of F±u for
the XXZ and XYZ chains under various integrable boundary conditions and present the results
in Table 3. We conclude that

dim(F−u ) =
Æ

dim(H), or 2
Æ

dim(H), (139)

except when G = I and L is even, for which we do not obtain a closed formula. This result
implies that the boundary state significantly restricts the set of Bethe states that are relevant for
the dynamical issue. In some cases, a necessary and sufficient condition for t(u)|φ〉= ±t(−u)|φ〉
cannot be expressed in an elegant closed form. Nevertheless, useful constraints can be ob-
tained by analyzing Λ(u) at the points u= ±η/2. Let us introduce another set F±η (F±η ⊇ F

±
u ),

defined as the collection of Bethe states |φ〉 satisfying t(η2 )|φ〉 = ±t(−η2 )|φ〉. Note that the
operator t(η2 ) = G1R1,N . . .R1,3P1,2 acts as a shift operator. Since t(η2 )t(−

η
2 )= (−1)k × I, the

condition t(η2 )|φ〉= ±t(−η2 )|φ〉 forces the total momentum to take specific quantized values.
The numerical results for the dimension of F±η are summarized in Table 4. For small system
sizes (L ≤ 6), the sets F±η and F±u nearly coincide, except when G = I and L is a multiple of
four; in that case F−η ̸= ;, F

−
u = ; (see the red parts in Table 4). We conclude (except the case

where G = I and L = 4k, k ∈ N+)

dim(F−η )∼ L−1dim(H), or 2L−1dim(H). (140)

This result demonstrates that even the zero-order derivative of Λ(u) (i.e., its value) at specific
point u= η

2 is sufficient to enforce a strict constraint on the Bethe state.
A natural follow-up question is the explicit overlap between these integrable boundary

states and Bethe states. An open question is whether such overlap takes the same universal
term, namely the ratio of Gaudin-like determinant [31,32], as in rational case. Some numerical
evidence has shown that such Gaudin-like determinant will be present in odd site periodic XXZ
chain [67]. Nevertheless, this question is challenging because the explicit form of the Bethe
states is not fully accessible in certain cases. In the XXZ chain with non-diagonal twist, Bethe
states are known yet their norms and scalar products are undetermined [61]. Likewise, for the
periodic XYZ chain with odd L or with twisted boundaries, an explicit construction of Bethe
states is still lacking.

In this work, we focus on constructing integrable boundary states via the KT relation,
restricting these states to the two-site factorized form. However, it has been discussed that
some other integrable states beyond these two-site states can still exist, such as the cross-
cap state [56] and Dicke states [68] 1. All the boundary states constructed in this paper can

1In certain cases, Dicke states can be obtained directly from our two-point boundary states. For example, in
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G

N+ L
3 4 5 6 7 8 9 10

I 0 10 0 24 0 54 0 120

σx 4 4 8 8 16 16 32 32

σ y 4 4 8 8 16 16 32 32

σz 4 4 8 8 16 16 32 32

G

N− L
3 4 5 6 7 8 9 10

I 4 0 8 0 16 0 32 0

σx 0 4 0 8 0 16 0 32

σ y 0 4 0 8 0 16 0 32

σz 0 4 0 8 0 16 0 32

Table 3: Zero eigenvalue degeneracy N± of the operator t(u)∓ t(−u) versus system
length L and twist matrix G. We obtain the results numerically by setting the spectral
parameter u and the crossing parameter η as random parameters. All results in this
table hold for both the XXZ and XYZ chains.

G

eN+

L

3 4 5 6 7 8 9 10

I 0 10 0 24 0 70 0 208

σx 4 4 8 12 20 32 60 104

σ y 4 4 8 12 20 32 60 104

σz 4 4 8 12 20 32 60 104

G

eN−

L

3 4 5 6 7 8 9 10

I 4 6 8 0 20 66 60 0

σx 0 4 0 12 0 32 0 104

σ y 0 4 0 12 0 32 0 104

σz 0 4 0 12 0 32 0 104

Table 4: Zero eigenvalue degeneracy eN± of the operator t(η2 )∓ t(−η2 ) versus system
length L and twist matrix G. We obtain the results numerically by setting the crossing
parameter η to a random value. All results in this table hold for both the XXZ and
XYZ chains.
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annihilate certain parity-symmetric charges. This restriction, though simple, is not the only
possibility. There may exist other states that can select certain Bethe states, but one can not
find such an obvious restriction on the transfer matrix. The existence of other (generalized)
integrable states could be a way of proceeding for future research.

The integrable boundary states constructed in this paper have a remarkable simple factor-
ized structure, which makes it more likely to be prepared in cold atom experiments [9,69,70].
These states are idea examples to study non-thermalizing dynamics, in quantum many-body
systems, both analytically and experimentally. Another interesting question is to see whether
these integrable boundary states retain a simple structure in the thermodynamic limit.
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A Theta function convention

We use the Jacobi θ -function with definition as

θ1(u|τ) = −i
∑

k∈Z
(−1)kq(k+1/2)2eiπ(2k+1)u,

θ2(u|τ) =
∑

k∈Z
q(k+1/2)2eiπ(2k+1)u,

θ3(u|τ) =
∑

k∈Z
qk2

e2iπku,

θ4(u|τ) =
∑

k∈Z
(−1)kqk2

e2iπku,

(141)

where τ ∈ C, Im(τ) > 0 and q = eiπτ. And we will use ϑi(u) := θ (u|2τ) for short hand
notation.

B Integrable final state from Boundary Yang-Baxter equation

The boundary Yang-Baxter equation Eq. (19) can be reformulated into the KYB equation,
which is proved in Appendix C,

K⃗1,2(u)K⃗3,4(v +
η
2 )L1,4(u+ v)L1,3(u− v) = K⃗1,2(u)K⃗3,4(v +

η
2 )L2,3(u+ v)L2,4(u− v), (142)

where we use the convention in [55] that K⃗ is a re-arrangement of K(u) into a co-vector as

K⃗(u) =
∑

i, j

k̃i j(u)e
∗
i ⊗ e∗j , k̃i j = [σ

y K(−u)]i j , (143)

the periodic case, the product state
�1

a

�⊗L
with arbitrary parameter a constitutes an integrable boundary state.

Expanding this state in powers of a yields a set of Dicke states, which are also integrable boundary states.
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with the column vector e∗1 =

�

1
0

�

, e∗2 =

�

0
1

�

. From KYB equation, we can now define integrable

finial states as
〈Ψ|= K⃗(η2 )

⊗ L
2 , (144)

one can easily get the so called KT-relation,

〈Ψ|K⃗12(u)T1(u) = 〈Ψ|K⃗12(u)T
π
2 (u), (145)

where Tπ0 = L0,1(u) . . .L0,L(u) is the space reflected version of the monodromy matrix, T (u)
is the monodromy matrix. Eq. (145) can be rewritten as

〈Ψ|σ y K t(−u)σ y T (u) = 〈Ψ|T (−u)σ y K t(−u)σ y . (146)

By taking a trace over the auxiliary space, one can easily prove the integrability condition
〈Ψ|(t(u)− t(−u)) = 0.

C The equivalence between KYB equation and BYB equation

Given the operator V acting on h1, we use the following convention for its matrix elements [26]

〈i|V | j〉= Vi j = V i
j , (147)

so that
〈i|V = 〈 j|V i

j . (148)

Analogously, given the operator R12(u) acting on h1 ⊗ h2, we use

1〈i|2〈 j|R12(u)|l〉1|k〉2 = Ri j
lk(u), (149)

so that
〈i, j|R12(u) = Ri j

lk〈l, k|. (150)

Using these conventions, the matrix elements for the partial transposed are easily written

1〈i|2〈 j|R
t1
12(u)|l〉1|k〉2 = Rl j

ik(u). (151)

The KYB equation reads

K⃗12(u)K⃗34(v +
η
2 )L14(u+ v)L13(u− v) = K⃗12(u)K⃗34(v +

η
2 )L23(u+ v)L24(u− v). (152)

The LHS of Eq. (152) is

LHS= 〈i1|⊗〈i2|⊗〈i3|⊗〈i4|k̃i1,i2(u)k̃i3,i4(v +
η
2 )L14(u+ v)L13(u− v)

= 〈k1|⊗〈i2|⊗〈 j3|⊗〈 j4|k̃i1,i2(u)k̃i3,i4(v +
η
2 )L

i1 i4
j1 j4
(u+ v)L j1 i3

k1 j3
(u− v)

= 〈 j1|⊗〈 j2|⊗〈 j3|⊗〈 j4|k̃i1, j2(u)k̃i3,i4(v +
η
2 )L

i1 i4
i2 j4
(u+ v)Li2 i3

j1 j3
(u− v),

(153)

where the RHS of Eq. (152) is

RHS= 〈 j1|⊗〈 j2|⊗〈 j3|⊗〈 j4|k̃ j1,i2(u)k̃i3,i4(v +
η
2 )L

i2 i3
i1 j3
(u+ v)Li1 i4

j2 j4
(u− v). (154)

Then we will get

k̃i1, j2(u)k̃i3,i4(v +
η
2 )L

i1 i4
i2 j4
(u+ v)Li2 i3

j1 j3
(u− v)

= k̃ j1,i2(u)k̃i3,i4(v +
η
2 )L

i2 i3
i1 j3
(u+ v)Li1 i4

j2 j4
(u− v). (155)
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Rewrite 〈i|⊗〈 j|k̃i j = 〈i|⊗〈 j|k̃
j
i , we went back to the matrix convention, then (154) yields

k̃ j2
i1
(u)k̃i4

i3
(v + η

2 )L
i1 i4
i2 j4
(u+ v)Li2 i3

j1 j3
(u− v) = k̃i2

j1
(u)k̃i4

i3
(v + η

2 )L
i2 i3
i1 j3
(u+ v)Li1 i4

j2 j4
(u− v)

⇔k̃ j2
i1
(u)k̃i4

i3
(v + η

2 )L
i1 j4
i2 i4
(u+ v)Li2 i3

j1 j3
(u− v) = k̃i2

j1
(u)k̃i4

i3
(v + η

2 )L
i1 i3
i2 j3
(u+ v)L j2 j4

i1 i4
(u− v)

⇔1〈 j2|2〈 j4|(σ y K(−u))1 L
t2
12(u+ v)(σ y K(−v − η2 ))2L12(u− v)| j1〉1| j3〉2

= 1〈 j2|2〈 j4|L
t1 t2
12 (u− v)(σ y K(−v − η2 ))2L

t1
12(u+ v) (σ y K(−u))1 | j1〉1| j3〉2,

(156)

where in the second line we use a transpose. Then use the crossing relation for the Lax oper-
ator, one can easily get

σ
y
2 (σ

y K(v))2 L12(u+ v)σ y
1

�

σ y K(u− η2 )
�

1 L12(u− v)

= L12(u− v)σ y
1

�

σ y K(u− η2 )
�

1 L12(u+ v)σ2 (σ
y K(v))2 , (157)

use the relation L0, j(u) = R0, j(u − η/2), one can get the BYB Equation Eq. (19). Here the
proof works for both XXZ spin chain and XYZ spin chain.

D KT-relation in components of XXZ and XYZ chain

The KT-relation Eq. (24) is useful for the proof of integrable condition in the presence of twist.
Expanding in components of Eq. (24) we have

[k22(−u)(A(−u)− A(u))− k21(−u)B(−u) + k12(−u)C(u)] |Ψ0〉= 0,

[k11(−u)B(−u)− k22(−u)B(u) + k12(−u)(D(u)− A(−u))] |Ψ0〉= 0,

[k21(−u)(A(u)− D(−u))− k11(−u)C(u) + k22(−u)C(−u)] |Ψ0〉= 0,

[k21(−u)B(u)− k12(−u)C(−u) + k11(−u)(D(−u)− D(u))] |Ψ0〉= 0,

(158)

which means that we can solve A(−u), B(−u), C(−u), D(−u) reversely

A(−u)|Ψ0〉=−
1

K(u)

�

− A(u)k11(−u)k22(−u)− B(u)k21(−u)k22(−u)

+ C(u)k11(−u)k12(−u) + D(u)k12(−u)k21(−u)
�

|Ψ0〉,

B(−u)|Ψ0〉=
1

K(u)

�

A(u)k22(−u)k12(−u) + B(u)k22(−u)k22(−u)

− C(u)k12(−u)k12(−u)− D(u)k12(−u)k22(−u)
�

|Ψ0〉,

C(−u)|Ψ0〉=
1

K(u)

�

− A(u)k21(−u)k11(−u)− B(u)k21(−u)k21(−u)

+ C(u)k11(−u)k11(−u) + D(u)k11(−u)k21(−u)
�

,

D(−u)|Ψ0〉=
1

K(u)

�

− A(u)k21(−u)k12(−u)− B(u)k21(−u)k22(−u)

+ C(u)k11(−u)k12(−u) + D(u)k11(−u)k22(−u)
�

|Ψ0〉,

(159)

with K(u) = k11(−u)k22(−u)−k12(−u)k21(−u), where k11(u), k12(u), k21(u), k22(u) is defined
in Eq. (17) with the following relation

k11(u) =
α4

k4(u)
+
α3

k3(u)
, k12(u) =

α1

k1(u)
−

iα2

k2(u)
,

k21(u) =
α1

k1(u)
+

iα2

k2(u)
, k22(u) =

α4

k4(u)
−
α3

k3(u)
.

(160)
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