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We construct Symmetry Topological Field Theories (SymTFTs) for continuous subsystem
symmetries, which are inherently non-Lorentz-invariant. Our framework produces dual bulk
descriptions—gapped foliated and exotic SymTFTs—that generate gapless boundary theories
with spontaneous subsystem symmetry breaking via interval compactification. In analogy with
the sandwich construction of SymTFT, we call this Mille-feuille. This is done by specifying
gapped and symmetry-breaking boundary conditions. In this way we obtain the foliated dual
realizations ois a topological theory enjoying subsystem symmetries as well, i.e. a foliated BF-
type theoryf various models, including the XY plaquette, XYZ cube, and ¢, é theories. This
provides a systematic method for generating free theories that non-linearly realize subsystem

symmetries.
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1 Introduction

In recent years, the notion of symmetry in quantum field theory has undergone a profound gen-
eralization, extending far beyond the traditional framework of global, continuous, and invert-
ible symmetries [1]. This broader perspective encompasses generalized symmetries (see [2-8]
for a review), which include higher-form symmetries associated with extended operators, non-
invertible symmetries, and subsystem symmetries that act along lower-dimensional manifolds,
such as lines or planes within the system. These diverse symmetry structures have proven indis-
pensable in characterizing novel quantum phases of matter, particularly in strongly correlated
systems and in the presence of topological order. The interplay between such symmetries not
only enriches the classification of field theories but also guides the construction of effective
models and dualities, especially in settings where conventional symmetry descriptions fail.

A powerful framework for encoding generalized symmetries is provided by the Symmetry
Topological Field Theory (SymTFT) construction. SymTFTs are topological field theories
that encapsulate the universal symmetry properties of a given quantum field theory (QFT).
This framework has been extensively developed for finite symmetries |1}/3,/9-26], and more
recently extended to continuous symmetries [27-30] as well as finite subsystem and modulated
symmetries [31,32].

Given a d-dimensional QFT 7 with symmetry G, one can construct a (d + 1)-dimensional
TQFT with gauge group G, whose gauge fields couple to T, which resides on a d-dimensional
boundary. We refer to this TQFT as the SymTFT, and to the boundary supporting the
QFT as the physical boundary, BP"S. The topological operators of the SymTFT give rise to
symmetry operators of the boundary QFT and/or source charged operators when they are
projected onto or terminate at the boundary. To fully recover the QFT 7T, one must also
specify a topological boundary condition on a second, distinguished boundary. This places
the SymTFT on a spacetime of the form Mg, = My x I, where [ is a finite interval. Upon
compactifying the interval direction, one recovers the QFT T with symmetry G. Varying the
topological boundary condition alters both the resulting QFT and its associated symmetry
G—a procedure known as the sandwich construction. For instance, in pure gauge theories
with 1-form symmetries and no matter content, one can uniformly describe all global variants
within a single SymTFT by varying the topological boundary condition. This framework
applies to both finite and continuous symmetry groups.

A natural extension of this framework involves subsystem symmetries, which act not glob-
ally but along lower-dimensional submanifolds—such as lines or planes—in space. These

symmetries arise prominently in fracton phases and other models with constrained mobility



on the lattice and in the continuum, and they fall outside the traditional classification of global
or higher-form symmetries [33-51,51-70]. Unlike conventional symmetries, subsystem symme-
tries are intrinsically tied to the geometry of the system, often leading to exotic behavior such
as ground state degeneracy and restricted operator dynamics. Recent work [31,32] has shown
that SymTFT constructions can be adapted to incorporate such symmetries by replacing the
standard bulk gauge theory with more intricate foliated or modulated structures that encode
the direction-dependent nature of subsystem transformations [48,49]. This opens the door to
a unified treatment of foliated field theories, fracton dualities, and gapless phases enriched by
subsystem symmetry, within a generalized topological framework.

In this work, we construct the SymTFT for continuous subsystem symmetries, which are
inherently non—Lorentz—invariantE We propose two dual bulk SymTFTs that capture the same
symmetry structure: a gapped foliated theory and an exotic gapped theory, each serving as
a distinct bulk SymTFT for the same boundary physics. Our central goal is to construct
gapless foliated models that spontaneously break the subsystem symmetry under study in
the continuum. This is achieved by specifying two distinct boundary conditions: a gapped
boundary condition and a spontaneous symmetry-breaking (ssb) boundary condition, also
called singleton [73| or scale/conformal invariant boundary condition. Upon compactifying
the interval direction, this setup yields dual descriptions of gapless phases with spontaneously
broken subsystem symmetry [74,|75]. This construction is analogous to the sandwich one,
but due to the foliated nature of the bulk, and following the naming tradition of SymTFT
sandwich constructions, we dub this setup as Mille-feuille.

Notably, using the exotic SymTFT, the Mille-feuille recovers the Lagrangians of models
previously studied in [65]. Crucially the foliated SymTFT gives rise to dual gapless foliated
models. This is in contrast with the foliated models related to the exotic by RG-flows [61].
We demonstrate the power of this construction through explicit examples, including the XY-
plaquette and the XYZ-cube models with continuous subsystem symmetry, as well as the ¢
and ¢ models [48.149,51].

Finally, this work provides a systematic way to construct free gapless theories that non-
linearly realize continuous subsystem symmetries. By using the SymTFT framework with
appropriate bulk and boundary data, we can generate a wide class of models that exhibit
spontaneous subsystem symmetry breaking, along with their dual descriptions.

The paper is organized as follows. In section [2] we review the SymTFT for Lorentz in-
variant continuous symmetries and how to construct gapless models that non-linearly realize

a U(1) symmetry focusing on the 2-dimensional case [74]. In section [3| we introduce subsys-

!See |71L|72] for the appearance of non-Lorentz invariant SymTFT in the string theory context.



tem symmetries and continuous lagrangian models that have them. In section [] we provide
the non-Lorentz invariant SymTFT for subsystem symmetries both in its exotic and foliated
version. By using an analogous strategy as the one highlighted in [2| we construct the foliated

gapless models dual to the one of section [3

Note added: The authors thank K. Ohmori for sharing the information that the work [76],

which has some overlap with the results of this paper, is in preparation.

2 SymTFT for continuous abelian symmetries and SSB

SymTFTs for continuous abelian symmetries have been introduced in [27,28]. Symmetry prop-

erties of U(1) p-form symmetries in d-dimension can be captured by the following SymTFT,

A

1
S, = — bg_p_1 Nd 2.1
d+1 o Moy d—p—1 Cp+1 ( )

where bg_,—1 and c¢p41 are R-valued gauge fields, i.e. their gauge transformations read,

(0)

Cpit = Cpr1 AN, bapoy = ba_po1 + AN, (2.2)

and there are no large gauge transformation. The equation of motion imply that dc,y1 =

dbs—p—1 = 0. The topological operators of this theory are given by

bd*p* 1

Vw(zp—H) = ewfng CPHv Uy<2dfpfl) = e%y fzd*ﬁ*l (2.3)

where z,y € .R. We can now compute how Uy, V. act on each other by evaluating the following

correlator,

(Uy(Za—p-1), Va(Ep41)) = exp(iLink(Eg_p—1, Eps1)) (2.4)

which can be seen by inserting the topological defects in the action as sources, by solving the
new equation of motions and integrating out the gauge field c;41,bq—p—1.

We now describe the SymTFT sandwich construction and we specialize to d = 2 and
p =1, so that by = b and ¢; = ¢ are two R-valued 1-form gauge fields. In particular we review
the strategy highlighted in [74], implemented to derive topological manipulations of the 2d
compact boson theory, which non-linearly realizes the U(1) 0-form symmetry described by the
SymTFT in the bulk. This is done by changing the topological (gapped) boundary condition.
The SymTFT action reads )

S=—[ bnade. 2.5
ol AL (2.5)

2 Any coefficient different from 1 can be reabsorbed in a redefinition of gauge field.



In order to realize the sandwich picture of SymTFT we have to place the theory in a space
M3 = Ijp 1) X My with two boundaries MQ(O) and MQ(L). At MQ(O) we will impose topological
boundary conditions by adding the following boundary action

0 _ iR
8y =5 o bdc (2.6)

where ¢ lives only in MQ(O) and it is a periodic U(1) scalar, that transforms also as follows,
¢ —¢— RTIN (2.7)
such that the bulk gauge variation

_ o)
Sy S = /M;wA de (2.8)

is cancelled by ([2.7)).

This boundary action will set which defect ends on the boundary and which one gets

parallel projected. For instance the boundary variational problem sets,

b —Rdé . (2.9)

MO =

In addition since ¢ is periodic and ¢ d¢ = 27Z, the integration over these configurations sets

/ ce2rR'Z. (2.10)
’Y1CM50>

This topological boundary condition allows the the topological operators Vg, U% to end on
the boundary, which implies that the following identification for the operators (2.4) when
projected on MQ(O),

1
QSN{L‘—I-E, y~y+R (2.11)

hence defining the U(1) x U(1) symmetry.

2.1 Sandwich construction with conformal boundary condition

We are interested in imposing a physical boundary conditions on the other boundary MQ(L),

that realizes the bulk symmetry non-linearly via edge modes, without adding any additional
degrees of freedom at the boundary. This boundary condition entails adding the following

singleton term [28)73,(74.(77-81]

(y _ 1
Sy = gy /MZ(L) ¢ N\ *ac, (2.12)

The variational problem sets

b‘MQ(L) =1 %9 C|M2(L) . (2.13)



We can now compactify the interval direction L — 0. This is done by integrating out the
bulk and the boundary action which has contributions from (2.12]) and (2.6). Imposing the
boundary conditions (2.9)) and (2.13]) we get the following theory

R
So =2 [ dp A xodd (2.14)
AT S,
where My = MQ(O) = —MQ(L) and we can recognize the action of the compact scalar in 2d with

radius R.

We are now going to apply the same strategy for theories with U (1) subsystem symmetries,
which we will first review in the next session. We will then construct the continuous SymTFT
for these cases and study analogous topological and gapless boundary condition on the two

side of the SymTFT sandwich respectively.

3 Continuous subsystem symmetries

We will study exotic theories with generalizations of continuous dipole symmetries. These are

provided by the following conservation law,
8o JL = ;05 ... T 2T (3.1)

where the I index on the time component of the current label a representation, Rg, of a
continuous or discrete subgroup of the Lorentz group G C SO(d) C SO(d, 1), and similarly the
index K on the spatial component, R, so that the current is labelled by a pair of representation
(Ro,R). We can then define the charge,

Q) = [ nisf (3:2)

where ¥/ is not generically the full space but a surface labelled by the index I, and n! is its
orthogonal vector with norm 1. This implies that the charge itself depends on the coordinates
orthogonal to ¥/, and it is not generically topological in any direction unless we also have a
further conservation equation that sets 9pJ{ = 0.

When building the SymTFT, we will also use this picture to write 1-form gauge fields,
some of them will couple to the boundary subsystem currents, in representation (Rg, R) on the
boundary and (Rg, R, R) in the bulk. We will also use 2-form gauge fields in representation
(Ror, Ro, R, R). For the representations of the Lorentz’s subgroups Z, in 2 + 1d and Sy in
3 + 1d we use the notations of [49).



3.1 XY-plaquette model

We start by describing the main properties of the continuous 2+1 dimensional XY-plaquette
model, for more information, see [48]. In Euclidean signature, the Lagrangian describing this
model is
_ Mo 2 1 2
El’y - 7(81?(25) + 7(655811(25) (33)
2 2u

where ¢ is a real compact scalar of radius R: ¢ ~ ¢ + 2m(ny(x) + ny(y)). The group of
spacetime symmetries is Zg4, representing the groups of discrete 7/2 rotations in the zy plane.

We can define an exotic scale invariance for this theory [82]:
t— N2t 2t — At
¢— o
That will be useful to will fix the physical boundary of our SymTFT.

(3.4)

This model also has two U(1) subsystem symmetries. The momentum dipole symmetry, with

currents that transform under the (1¢, 1) representation of Z* and charges:
T = 0040, Jay = 0,0,
Qn(a) = § Judy, Q) = § uda (35)
 Qrdo = § Quay.
and the winding dipole symmetry:
TP = o 00y0, T = 500
Qi) = § Iy, Quy) = § IV (3.

§ Quds = Qudy.

Where the Z* representation of the current is (12, 1p).

The lagrangian for ¢ can be rewritten in terms of the dual field ¢ [48] as
o o2, L Ty 2
Loy = > (0ep™)" + % (02040™)" (3.7)
with i = p/(472) and ji = 472 pq.
3.2 XYZ-cube model

We now describe the main properties of the 3+1 dimensional XYZ-cube model [51], described
by the Lagrangian:
Ho 1
ﬁzyz = 7(615?{))2 + ﬂ(axayang) (38)

8



once again, ¢ is a real compact scalar of radius R: ¢ ~ ¢ + 27(ngz(x) + ny(y)). The group of
spacetime symmetries is the orientation preserving subgroup of the cubic group, isomorphic

to S4. The scale invariance for this model is defined as:

t— Xt 2t — A\t

(3.9)
¢—= 9
This model has a momentum quadrupole symmetry:
1
JO = ,u()at(ba erz = pamayaz¢
QY = j{dx’fjo (3.10)

}[dxin’j _ %dkaik

with the current in (1,1’) representation of Sy. There is also a winding quadrupole symmetry:
2yz 1 1

Jy?" = 7=0:0y0.0, J = —0i¢

QU (a', al) = 7{ da" J§V

with the current in (1’,1) representation of S4. This Lagrangian is dual to the a model

Ea:yz = @(aﬁtzyZ)Q +

. (0,0,0,6™7) (3.12)

1
201
where the field ¢*¥ is in the 1’ representation of S*

3.3 ¢-model

Two more models can be built in 34+1d [49], the first we describe is the ¢ theory:
Ho 2 1 2
Ly="—(0 0;0; 3.13
o= 2002 + - (0:050) (3.13)

With scale invariance:

t— Nt 2t — A\t

(3.14)
¢ — VAo
This theory has a momentum dipole symmetry:
1
Jo = podd, Jij = ——0;0;p
H (3.15)

Qij(z") = %dwi?{dijo



with the current in the (1,3’) representation of Sy, and a winding dipole symmetry:

. 1 1
Jy = 5.0i0i¢, J = 50
A (3.16)
QU] = ¢ Jitda' + J§do?
4
where the current is in the (3’,1) representation of S*.
This theory is also dual to the tensor gauge theory with a field Ain S, representation (2, 3'):
1 e N 1
L;=—= (0,4 — g AR 4
A= gz (07— 0 gy
In the theory the charged operators of the winding dipole can be written explicitly:

(0:0,47)" . (3.17)

W(ad, k) = et § &' A" (3.18)
3.4 @-model
The second model [49] is built using a field ¢'U%) in the 2 representation of Sy:
oo g 510V LB (g gran)?
Lyon = 5 (96'M) "+ 5 (9d")" . (3.19)

The scale invariance for this model is much more simple

t— A, 2t — A\t

(3.20)
o — A .
This model has a momentum tensor symmetry:
Jé(jk) _ ﬂoatﬁgi(jk) . J = ﬂ@kqgk(ij)
TR = podrdl T = oy (G Gl (3.21)

Q) (o) = f da 7{ da JHIE
with current in the (2,3’) representation of Sy. There is also a winding tensor symmetry:

Ji = Lok gigh Ly iGe
O or ’ 27
(3.22)
Q¥ (2, 27 = ]{d:ckJéj
with the current in the (3’,2) representation of Sy. This theory is dual to the tensor gauge
theory A in Sy representation (1, 3'):
1 1
- 2¢2 29,

where we can write the strip charged under the winding symmetry:

L4 (0pAij — 0;0;A¢)* + (0; Ak, — 05 Air)? (3.23)

$k .
W (2, 25)[y] = exp (2 /k2 j{ Ajpdz" + Ajkdiﬂk) . (3.24)
Zl'l Y

10



4 Exotic and foliated SymTFTs, gapless models and dualities

In this section, we introduce the SymTFT for the continuous subsystem symmetries enjoyed
by the models described in the previous section. In particular, we will provide two dual
descriptions of gapped theories in the bulk, i.e. the exotic and the foliated oneﬂ We will
then apply the strategy summarized in section [2| by imposing gapped boundary conditions at
My and scale invariant boundary conditions at Mp. In this way we will show how to build
dual exotic-foliated gapless models. The gapless physical boundary condition non-linearly
realizes the subsystem symmetries providing a gapless theory (or theory of Goldstone bosons)
for the spontaneously broken subsystem symmetries. For this reason we will refer to the
physical boundary as symmetry breaking boundary. This construction mimics the sandwich
in SymTFT, with a key difference that is the foliated nature due to absence of the Lorentz

invariance. We call this Mille-feuille construction, see figure

Lgap Lphys

Figure 1: The Mille-feuille. The vertical direction is the foliated one. Some defects of the
theory will be topological only on the green layer plane.

The SymTFTs that we will study are gapped theories, but they are not fully topological.
More precisely the defects of the SymTFT are partially topological, i.e. they are invariant
only under deformations in certain subspaces. This is a consequence of the fact that we are
considering theories that are not Lorentz invariant and therefore not every space direction is
equivalently treated.

One peculiarity that we will encounter is the linking between semi-topological lines and

strip operators. In a 3+1 dimensional manifold, we want to define the z-linking

Link, (U(z,) 7], V(21,25)[0"]) (4.1)

3Where the notion of duality is the same as in [63].

11



LQCLP

Figure 2: A strip U linking a point operator V on a 2 dimensional submanifold.

between a line U(x,)[y] living in hyperplane with & = z, and a strip operator V (1, z2)[0”]
with boundaries on the hyperplanes at © = x7 and x = x9. We define where 5(2') as the
intersection between 0% and the hyperplane x = z’. The definition of such linking is the linking
in the 2 + 1 hyperplane at * = x, of the lines v and 4(x,). We show a lower dimensional

example in 241d in Figure [2] consisting of a strip linking a dot on a 2d submanifold.

4.1 XY-plaquette model

In this section, we employ a similar SymTFT construction to the one reviewed in sec. In
this case, the SymTFT realizes the continous subsystem symmetries of the (2+1)-dimensional
XY-plaquette model. For our purposes, we consider a (3+1)-dimensional bulk M x I,., where
I is the line r € [0, L], and M is described by coordinates (z,y,t). We denote with My the
slice at » = 0 and with M, the slice at r = L, and My = —M7p,. A natural choice for the bulk
is a topological theory enjoying subsystem symmetries as well, i.e. a foliated BF-type theory

with action

= O A (dB® +b) Adz + CY A (dBY +b) Ady +c Adb, (4.2)
2w JMmx1

where b and c are a 2-form and a 1-form field defining a usual BF theory, whereas B’ and C?,
i = x,y, are foliated 1-form fields, namely whose components lie on directions orthogonal to
x*. All fields are valued in R. Notice that the bulk terms can be rearranged by integrating by
parts, but this has the effect to add terms on the boundary.

Topological edge modes live at the gapped boundary at » = 0, ensuring gauge-invariance.

12



Given the gauge transformations

0b = dx1 ,
Sc=dho— Y _ Nda',
. o (4.3)
5Bl = dX6 — X1,
5CH = d\'
the edge modes have action
SO:;—R % A (dB® +b) Adx 4+ ®Y A (dBY +b) Ady+ ¢ Adb, (4.4)
7 J

where Bi = B|,—o, b = bl,—o and ®°, and ¢ are compact, scalar fields of radius R that

transform as

Ao
0p = —— 4.5
6=-22. (15)
. 2\
0P = —— . 4.6
. (46)

The physical or scale-invariant boundary at r = L has action
1
St = —/ (b+ dB* 4+ dBY) A %9 (b+ dB* + dBY) A\ dt
4 Jmy,
+g(B*—BY) A% (B*— BY)ANdx Ndy , (4.7)

where %9 and *; are the Hodge operator on the x—y submanifold and on the time direction only,
respectively, and we have inserted a dimensionless coupling g that rescale the term along timeﬁ
The terms in the previous action are the only possible that preserve scale invariance and
transform well under Z,4 rotation. Furthermore, notice how the value of the coupling g sits
naturally on the physical boundary. This is due to the fact that this coupling parametrizes the
dependence of the theory on the physical dimensions of the manifold. On the other hand, g
cannot sit on the gapped boundary since the theory on this boundary does not depend on scale
redefinition of the coordinates. Note that we have chosen the particular gauge (x1)., = Bz,
(X1)y = B, since these components do not appear in the action.

The b.c. at the gapped boundary are

¢c=R <d¢ — Zcbida;i> ,

C' ANdx' = —Rd®" A dx' | (4.8)

4The #; selects the square of the time component, whereas %o selects the squares of the space components.

13



while the physical boundary enforces the b.c.

¢ =% <b+ZdBi> Adt
C* Ndx = +ig (Bf — BY)dx ANdy A dt + id o (b+ dB* +dBY) A dt ,
CY Ndy = —ig (Bf — BY)dx Ady A\ dt+id*s (b+dB* +dBY) Adt . (4.9)

After compactification L — 0, the actions S+ Sz, in Egs. (4.7) - (4.4)) give the gapless foliated
theory dual to the XY-plaquette:

1
21 Sy

1

Syapless = iR[D® A (B + b) Adz + Y A (dBY 4+ b) Ady + ¢ A db]

+ = (b+dB® + dBY) A %o (b+ dB® + dBY) A dt

+—g(B* = BY)Ax (B* —BY)Adx Ady . (4.10)

N = N

By evaluating Sgapless at both b.c. Egs. - , and integrating out ®*, ®Y, we indeed
get the XY-plaquette model. We can also integrate out ¢. If the boundary has trivial topology
this sets b = da. Plugging this back into the action we get a foliated version of a 3d Maxwell
theory, with gauge field a. This theory is dual to the XY-plaquette continuous lagrangian

B3).
The foliated model living in the bulk is dual [63}[83] to the so-called exotic model. In fact,

by integrating out the field components CF, C¥, b.., by, by we get the constraints
byt = O BY — 0, B , by = OB, — 0, By
CF =0zt — O, C}f = Oycy — Orey (4.11)
ny + 0ycy = CY 4 0:cy

and under the redefinitions

Av=cr, Ar=cr, Ay =0C)+0yc,

Ay =B} -B}, A, =B!-B!, Ay =byy+0.B}—0,BY (4.12)

x

we obtain the exotic action
S = % / 'z [Ay (00 Auy — 0,0,4,) + Ay (020,41 — DAy ) + Auy (0,4, = 0A,)] , (4.13)

where d*z = dr dx dy dt is the measure in terms of the coordinates of the space M x I,.

14



In the setup that we are considering, for the duality to hold we need the boundaries to
be dual as well. The gapped boundary for the exotic model can be obtained from (4.4) by

integrating out the scalar fields ®¢, and the action reads
iR . .
So = / @ [0 (buy + 0n By — 0,BY) — 0,0, (BY — BY))

iR - -
- / @ (014, — 0:0,4) . (4.14)

where d®z = dx dy dt is the measure in terms of the coordinates of the space My. The bulk-

boundary action is invariant under the gauge-transformations

A, = O\, A, = O\

SA, =9\, A, =0\
§Apy = 0,0y,  6Az, = 00\ . (4.15)

In addition the boundary variational problem gives

At =—-R (at¢) )

Agy = —R(0,0,9) . (4.16)

Finally, the scale invariant boundary term dual, obtained by applying the redefinition

(@12 to (7). is given by

1
St

= /ML B {g([ltﬂ + (Axy)2:| , (4.17)

where d®z = dx dy dt is the measure on Mp. This boundary action leads to

e ?

A :7A33 )
t g Yy

Apy = iA; . (4.18)

There are more gauge transformations in the foliated case than in the exotic theory, compare
(4.3]) with (4.15). Some of them will become redundant by the identification (4.12)), like in [63].
Compactifying the interval by sending L — 0, both b.c. (4.16[)-(4.18) must be valid and

we obtain

1 3 2 , R 2
oy = — 040, . 4.19
ey 47T/Md:c[R<at¢>+g< 9) (4.19)
Finally, by identifying the coupling as
R2 = Ho ,

15



2
E_1 (4.20)
g 1%

we get the action of the XY-plaquette model in .

In [76, Section 3] they obtain a similar result, with a slightly different reasoning. The main
distinction is that, in order to construct gapless duality, we required scale invariance when
constructing the physical boundary. This requirement does not allow for higher derivative
terms such (9p0;$)?, which are instead present in [76]. As discussed in [48, Section 6], such
higher derivative terms would contribute to the energy of the momentum modes at leading
order in the continuum limit. However, for the gapless exotic/foliated duality to hold, in [76]

they suppress the coupling of these terms.

Spectrum of gauge-invariant operators

We construct the gauge-invariant operators in the bulk of both models, the foliated theory
and the exotic theory. Let us start with the foliated model. From the action in (4.2)), the

equations of motion read

(dB" +b) Adx' =0,

db=0,
dC* Ndz' =0,
> dC* Adx' +de=0. (4.21)

There are two types of partially topological lines

Va(z,y)[y] = exp (iaj{/6> :
Us(z,y)[y] = exp (zﬂ]ng — By) , (4.22)

where a, 8 € R, and ~ is a closed curve inside a 2-dimensional submanifold defined at fixed
(z,y). Inside this submanifold, these lines can be topologically deformed, but not on the whole
4-dimensional volume.

Furthermore, we can define two surface operators. The first one is
Us[%] = exp <iB fz b) : (4.23)

where X is a closed surface in the bulk. Notice that for the foliated nature of the theory in the

bulk, we can open the surface ¥ and restore gauge-invariance by adding the foliated operators.

16



In other words, we can define the surface operator on a strip o* as

Ué(:c’l,xlz)[az] = exp {ZB/Q (% b+ dBi> d:rz} . (4.24)

We can deform this strip, but we cannot move the end manifolds at z{ and 4. The last
operator is defined on a strip as well and it reads

i
Tg

f/o%(mll, 9312)[02] = exp {id/_ (j{ C'ANdx' +d (cidxi>> dml} , (4.25)
zy \/i(=")

where in d(c;dz’) the index is not summed over. It amounts to taking the derivative of the
component of a vector aligned only in the z¢ direction. From the e.o.m. with the defect

insertions, we can write their braiding
(Valr], Uslo’]) = exp (2miaf Linki(v,7)) ,
(U], Valo™)) = exp (27iBa Linki(v,77)) - (4.26)
Turning to the exotic theory, the e.o.m. reads

Oy Ay — 0, Ay =0,
0p0y Ay — 01 Agy =0,
0p0y Ay — Oy Agy =0,

A, — 0, A, =0,
0pOy AL — 04 AL, =0,
0pOyAr — 0, Apy = 0. (4.27)

The set of operators for the exotic theory consists of the lines

Va(z,y)[v] = exp <z’a% Agdt + Ardz> ,
g

Us(z,y)[y] = exp <iﬁﬁfltdt + /Ldz) , (4.28)

and the operators defined on a strip

i
Tg

Vi, 28)[0"] = exp {id / ( 7{ AgydaD) + 8 Avdz + aiAtdt> dxi} A,
x vi ()

i
1
@
2

0, ) o] = exp {5 '

i
Ty

(74 AgydaD + 9, A, dx + &fltdt) dac’} . jAd. (4.29)
v (xt)

These operators correspond to the set of lines and strips of the foliated theory by the identi-

fication (4.12).
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Boundary operators

The operators on the XY-plaquette model obtained after compactification can be identified
with the set of operators defined in the SymTFT, given that the gapped boundary forces flux

quantization as

/ be Z—WZ ,
>C My R

. ! .9
jf B = /Qj[ Bielz. (4.30)
yC Mo z} JyCMo R

1
The set of lines U, and Vj in Eq. (4.22) trivializes if « = p/R and 8 = ¢'/R, with p, ¢' € Z,
thereby ending on the boundary. The non-trivial lines projected on the boundary are identified

as
a~a+1/R, B~B+R, (4.31)

and correspond to the operators generating the subsystem U(1) x U(1) symmetry of the XY-
plaquette.
On the other hand, when the strip operator V (4.25)) ends on the boundary, it corresponds

to the operators charged under the momentum dipole U(1) symmetry of the boundary

exp {z /,2 (][ C'ANdz' +d (cidazi>> dazl} = exp {2/2 Qﬁn(azl)} , (4.32)

while U corresponds to operators charged under the winding U (1)
exp {z/ggé <j{ b+ dBi> dwl} = exp {z/:ﬁE Qﬁn(wl)} , (4.33)
31 7i(z?) 31
both carrying integer charges [48].

Notice that the set of operators ending on the boundary varies with different gapped
boundary conditions. For instance, one could have non-compact scalars in place of the com-
pact ones we choose. Alternatively one could construct the codimension one condensation
defect by condensing — a subset of — topological operators of the bulk and move it to the
topological boundary. Notice that with different choices of the gapped boundary, the two
duals exotic/foliated theories after compactification will change accordingly. It is not clear,
though, whether this procedure can classify all the possible boundary conditions of a foliated
theory, which remains an interesting open question. In principle one should be able to do it
by systematically analyze the subset — or subalgebras — of the bulk operators that can end on
a given boundary. This though has two complications with respect to the finite case, which

lies in the fact that we have continuous and subsystem symmetries.
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4.1.1 Exotic-foliated interfaces

We can interpret the condition (4.12)) as an interface between the gapped bulk exotic (on the
left of the interface) and foliated (on the right of the interface) SymTFT, see figure 3| where

?

S 070, (4' - B - BY) — @¥0, (A' - B} - BY)

2m Sy (4.34)

+R ¢ 0,0, (A" - Bf - BY)| dzdyat

where ®@¥) are fields that live on the interface and their name is chosen because they will
correspond indeed to the fields in (4.8]) with the same name. When we fuse the interface with
the gapped boundary for the exotic theory, i.e. the second line in ([#.14). The A!, A%Y field
become related to the boundary fields, l;, by
Axy‘MO:_MI = I;aty + 63735 — 8yBg,

O Al No=— 11, = bat + 0, BF — 8, BY, (4.35)

Oy A |ny=—n1; = byy + 0y B} — 0, By
These equations are compatible with the condition (4.12)) and with the constraints (4.11]).
Substituting this into (4.34) and the second line of (4.14]) we obtain (4.4). The interfaces for

the cases in the following subsection can be similarly written, we plan to come back to this in

the future.

‘CGZL‘O ﬁfOZ

[’,(/ap Sl pr/l,ys

Figure 3: The interface S; that implements the duality map between foliated and exotic
theories.
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4.2 XYZ-cube model

The theories we are now going to discuss live on 3+1 dimensional manifold My. The SymTFTs
will therefore live on My x I with boundaries My and M}, which are two copies of My. We
will call the boundary coordinates ¢, z, y, z and the interval (or bulk) coordinate r, we will also

use i, j, k to indicate the boundary space coordinates.

4.2.1 Exotic SymTFT
In strong analogy with the XY-plaquette studied in the previous section, we propose a
SymTFT to describe U(1) quadrupole symmetries in dimension 3 + 1:
Lsymay. = i [flt(({)rAzyz — 00,0, A) + Ap(0:0y0, A1 — 04 Aryz) + Apyz (01 A, — 8TAt)}
(4.36)
where both A and A are R-gauge field with gauge transformations:
8A; = O\, 64, = O\
6A, = O\, 6A, = O\ (4.37)
6 Apys = 020,90\, 6 Ay, = 0,0,0.)
and the equations of motion are:
NA, — 0, Ay =0, A, — 9,4, =0
DAy, — 0:0,0. A = 0, 04 Ayy, — 0,0,0, A, = 0 (4.38)
OpAgy. — 0:040:A, =0, &flxyz — 8x8y8,zf17« =0.

4.2.2 Foliated SymTFT

We can build a foliated SymTFT with single and double foliations, describing the same model

Loym.,. :%(Z(c AdB' Ada' +bACT A da')
+3° (€7 AdBY Ada' Adad + BYACY Nda' Adal) +endb),  (4.39)

ij
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where b is a 3-form R gauge field, the B’ are 2-form R gauge fields and all the others are

1-form R gauge fields. The gauge transformations are:

0b = dxo
0B" = dx — x*
0BY = dyi —xi —
de=d\— > N Add (4.40)

§C* =d\' =Y A7 Adalj

J
SCY = d\V |

and the equations of motion are:
db=0
de+C' Ndz' =0
(dB" +b) Adx' =0

dC' Nda' +  CY Nda' Nda? =0
J
(dBY 4+ B" — BY) Adz' Ada? =0

dCY A dx' A dx? =0

(4.41)

4.2.3 Gauge invariant operators

We will now describe the gauge invariant operators present in this theory. Given the nature of
this theory, such operators will be semi-topological in nature. They will give us two important
results: by showing that the two theories have the same gauge invariant operators, we can
show that these two theories are indeed dual [63]. Furthermore, we will be able to use such
operators in the SymTFT picture to describe the symmetry operators , and the
charged operators.

We can check for gauge invariance using the gauge transformations in the previous section
and the semi-topological nature using the equation of motion of both theories. We will provide
the expression of the operators for the dual theories together. The duality between the line is

a consequence of the identification,
A =By +B{" +B{*, A, = B}Y + B/* + B}*,
Azyz = bayz + 0: By, — 0. By, + 0yBY, + 0.:0,B}Y — 0,0,B,* + 9,0,BY’ (4.42)
Ay =ci, Ay = cpy Ay = C2V + 0,CY + 0,9y,
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We start with the line operators.

Va(z,y, 2)[7] = exp (zaj{ dt + A dr)

- (2 75 ) (4.43)
Ua(z,y,2)[] = exp (z f{ wdt + A, dr)

= exp (z j'{ B™ — BY¥* 4 B“)

We then have two copies of "bar" operators on the solid bar p“:

Va (ml,xQ,x{,x2 = exp za/ / ]{ 0;0; Audt + Axyzdm >
zt,zd)

exp < / / %CU Adx' A dzd + d(CZ Adzt + d(c;dx’ ))Z]dx A d:nj)>

Ua (951;95279517332)[,0”] = exp 104/ / 9,0 Ardt + Awyzdmk> (4.44)

~y(xt,xd)

ijk

= exp (za/ / fb + 3 d(Blda Ada®) + Y d(d(BY dat) jda A dat
ijk

where in d(d(BZjdxk) jkdzI A dz¥) the indices are not summed over. It amounts to taking first
derivative of a vector aligned only along z*, then derivative of tensor only with components
on z* and 7.

We can then compute the linking of a the operators:

(Va(a', 25, 21, 23) [0V, Us(, y, 2)[3]) = > Mt e?)

o ) (4.45)
_ e27rw¢,8L1nkij (7,p%)

(ﬁ (331755279517952)[,0 1, Va(z,y,2)[7])
4.2.4 Exotic edge mode

We can now make the theory with boundary gauge invariant with a gapped edge mode:

Ei} = @ ¢(8xay8zAt - atAzyz)
2m (4.46)
T
R
where ¢ is a compact real scalar subject to the discrete gauge symmetry:
¢~ ¢+ 2m (n(z,y) +n(y,z) + n(z,z)) . (4.47)
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We can now add a scale invariant edge mode on My :

£ = = ({40 + - (An2)) (4.48)

We can then perform the slab compactification and get:

1 1 o .
Lope = 5 <2M(At)2 B0 (Aye)? — iR (9(0:0,0.4, ~ atAxyz)> (4.49)

which, after integrating out A; and A;,. becomes the XYZ-cube model (3.8).

4.2.5 Foliated edge mode

The corresponding foliated gapped edge mode is:

LE:;—R(¢Adb+<bi/\dB/\dxi+'1>ij/\dBij/\da:i/\dxj
™

+ ®'AbAdz' + ®Y A B Ada' A da?) (4.50)
Ao NN
§p=—2, 00 = — 2 5@ = 2
¢ R’ R? R?

where ¢, ®° and ®% are compact scalars of radius R. Notice that, because of the foliation,
the fields ®° and ¢* can be discontinuous along the foliated directions. This correspond to

the boundary conditions:
c=dp+ ®' Adx'
C' A da' = d®' A dx' + DY A dx A da?
CY = d®"
db=0
(dB" +b) Adx’ =0
(dBY 4 B' — BY) Adx' Ada? =0

2
be —7

j{ 6R

. or
B*ANdxt e —7Z
/7{ “S R

g . .9
//?{B”Adx’/\deG%Z.

We can then write the scale invariant edge mode:

(4.51)

1 o ) |
o= ((b + 3 d(Blpdad Ada®) + 3 d(d(BY dat)jdad A dxk)) A+ ndE 52)
. .

ijk ijk
+ (B™ — BY* + B*) x; A(B" — BY* + B¥**) Adz Ady ANdz .
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Writing together the two expressions (4.50) and (4.52) we can write the dual version of the
XYZ cube (3.8). We can also integrate out ¢, setting b = das when the topology of My is
trivial, and we obtain a foliated version of the 2-form Maxwell gauge theory in 4d, which is

dual to the XYZ-cube Lagrangian (3.8]).

4.2.6 Boundary operators

We are now interested in the parallel projection of the operators on the boundary. We can see
from the linking (4.45)) that the lines are charged under the bar operators. More specifically,
they can end on the boundary if their parameter « is quantized as 2rnR and 27 /R respec-

tively, becoming the charged objects ¢ and ¢*¥?. The bar operators, inserted along the space

direction, become the charges in eq (3.10) and (3.11):

7 (4 4 T T . [ ij
Va(xl, x5, 21, 29) = exp | ia [ ; Q
x X

i
1 1

Un(xi, 2b, 27, 27) = exp | iax ’ 2mez
a\t]y &2y 1y L2) — p i j k
Ty Y

4.3 ¢-model

4.3.1 Exotic SymTFT

In this section we propose a new exotic SymTFT describing U (1) dipole symmetries in dimen-

sion 341:

Loym—o = 5 (F (0 Aij=0i0;A) + F’ (0,0, Ar— 0, Aij)+ F (0 Ar— 0, A)+ IR (9, A1 — 0 Aig))
(4.54)

where we follow the index notation of [48], it is clear from the context that in this case

the upper indices do not indicate any foliation. The exotic 1-form R-gauge field A is in Sy

representation (1,1,2) with gauge transformations:
0A; = O\, 0A, = Op N, 0A;; = 0;0;\ (4.55)

and the exotic 2-form R-gauge field F' is in Sy representation (2,3’,3',1). The gauge trans-
formation read
6Ft[ﬁﬂk _ 8tX[Tij]k _ arxyj]k
SFY = 07 — 9P
FEY = 0 = 0 o
OF = %Oiﬁjxij

24



where x is an exotic gauge parameter in Sy representation (2,2,3'). We can also write the
equation of motion, they will be useful to study the semi-topological nature of the gauge

invariant operators:
i Aij — 0;0;A; = 0
Oy Aij — 0;0; A, =0
A, — 0, A =0
O Ajx — 0j A, =0 (4.57)
8,0;F) — 9, F =0
;0;F9 —0,F =0
O, F — 0, F¥ + 9, F*1) = 0.

4.3.2 Foliated SymTFT
We can describe the same symmetries using a foliated BF theory:
1 . . . . .
Lsym—o¢ = 2—(@ ANdb+C"NdB' Ndx' +bAC" Adzx'), (4.58)
7r

where b is a 3-form R gauge field, B’ is a 2-form R gauge field, c is a 1-form R gauge field and
C' is a 1-form foliated R gauge field.

The related gauge transformations are given by

ob = dX2
Sc=dg— Y _ Nda'
‘ i (4.59)
0B" = dx1 — p2
6C" = d\',
and the equation of motion for this theory read
db=0
dB' Adz' —bAdr' =0
(4.60)

de+Y C'Ada' =0
i
dC" Ndz' =0
4.3.3 Gauge invariant operators

We will now study the gauge invariant and semi-topological defects of the two theories. We

will present the defects of the dual theories together, where their identification is a consequence
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of
Ay = C’; +0jci, Ay = ¢, Ar = ¢
F =B, — B}, F = byy. + 8,B%, — 8,BY, + 8.B%, (4.61)
Flilk = Bvl;t - Bgt
It can be seen that, under these transformations, the equation of motions are matched and,
after integrating out some constraints, the two Lagrangians transform into each other.

Both theories have a gauge invariant line operator topological in the th plane:

Va(z,y, 2)[y] = exp <iaLAtdt + A,dr) = exp <iaLc> (4.62)

We can then write two corresponding strip operators:

VIRl 28)[0] = exp (ioz/_2 d:vi]{ Agda® + Ajjda? 4 0;Andr + aiAtdt>

= exp <ia/_2 dxi?{ C" Ndx' + d(cidwi)>

where in V¥ the indices denote the (x7, 2%, r, t) hyperplane where the operator is supported.

(4.63)

Using the remaining fields we can build a surface operator topological in the rtz* volume:

UF (2!, 27)[I'] = exp (ia]{ Fdrde® + F dtda® + Fk(ij)drdt>
r

= exp <ia?{ B — Bj)
r

where in UF the index denotes the (iL‘k, r, t) hyperplane where the operator is supported, and

(4.64)

two dual "slab" operators on the slab XF:

U9 (2%, 28)[2F] =exp (m / kl }[ | Fda'dad + O F ¥ dtda’ + (9;F) + 8kFt’k)dtdx3>
x5 JIL(zF)

(4.65)
= exp (za/?{ ) b+ Y d(Bjda’ /\d:vk))
I(z*)

ijk
We also want to describe how the operators we described act on each other via linking.
We can study the effect of the insertion of these defects on the equations of motion and find
that their braiding is:
(Val@,y, 2)[), UF (af, a§)[£]) = ePriophinr 2

o o o (4.66)
(wz,x])[F], ﬂjk(wllaxé)[o—lb _ e27rw¢BL1nki(F,0)
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4.3.4 Exotic edge modes

Under gauge transformation for the theory (4.54) we get a boundary term of the form:
i
o

55 /E X (04 Aij — 005 Ar) + X3 (0, Ay — 95 A (4.67)

The gapped edge mode on the boundary will therefore have an exotic 1-form U(1)-gauge field
A in representation (2, 3'):

T = ~[i
5o i (0:Aij — 0:0;A1) + A (3, Ay — 0 Age)
SAPE — R 54, = —\IR

e = (4.68)

This is the Lagrangian of the X-cube model [47], the only difference with the model being the
absence of large gauge transformations for the R gauge field A.

On the physical boundary > we want to impose the scale invariant boundary condition:
FiJ = YA F = pgid, . (4.69)
I
This correspond to the edge mode:

_ 1 2, 1 2)

We can then compactify the slab and get the theory:

i

L(po o, 1 4o
= — | TA + —Aj; —
£ (Gt 5o -

5= \ 3 (Aij (B Ay — 80, A) + A7 (9,45, — aink)>) (4.71)
If we then integrate out A, we get the constraints:

0tAij — 0;0; A4 = 0

(%Ajk — aink =0

1
7{ dtA, €7 (4.72)

@y , 1
dx' ¢ da’A;; €e=7
/xg ! ]{ v SR

which we can use to define:
Ay = 09, Aij = 0;0;0, ¢ ~ ¢+ 2 R(n(z) + n(y) + n(z)) . (4.73)

The theory thus becomes:

1

£o= 3 (@0 + ~00,07) (4.74)

which is exactly the ¢ theory described in (3.13)).

27



4.3.5 Foliated edge modes
It is easy to see that the gapped edge mode for the foliated theory is:
iR o A . .
Ls = ;—(gbdb + @'dB A dat + b A da)
T

N
R

i (4.75)

0p 7

, 6; =

where ¢ and ®' are compact real scalars of radius R. We can then compute the boundary

conditions:
c= R(dp + &' A dz")
C* A dz' = RAD' A dz

db =0
dB'ANdz' +bAdat =0 (4.76)
2
be —7Z
foe

xi . .
/1j{B’/\dx1627TZ.
. R

We can then write a gapless edge modes requiring it to be scalar invariant and to transform

well under discrete rotations, such gapless mode is:

1 ) . . .
Le= | o+ > d(Bda? NdaF) | Axs (b4 d(Bigda? Ada®) | Adt
ijk ijk (4.77)
1 . . . ) ) .
+ — ((BZ — B?) Axo(B' — BY) Adz! /\dxj)) .
4

The theory after slab compactification becomes:

1 (1 : : 1 . A : : : A
Ly =5 (2 (b+ZdB’) A %3 (b—l—ZdBl) A dt + §(B’ — B7) ANxo(B' — B?) /\dx’/\da:])

ijk ijk

: o . 4.
+Z2—R(¢db + ®'dB Ada' + &b A dat) . (4.78)
Y

Integrating out the constraints ®° and performing the field redefinitions (4.61)) we can show
this theory to be dual to the ¢ theory. If we instead we integrate out the ¢ field, which locally
sets b = day we get another foliated version of a 2-form Maxwell gauge theory, which is dual

to the tensor ¢-theory.

4.3.6 Boundary operators

Our aim is now to describe the bulk operators after slab compactification. Starting with the
operators U and V in (4.65) and ([#.62). The operator U placed parallel to the ij plane can
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be seen as the insertion of momentum operators: (3.15)) in an interval:
o ok
0 (a5, )] = exp i [ 1 Qi) ) (479)
Sl

acting on a line V' with end points on the boundaries and a = 27nR, corresponding to a local
operator ¢.

The operator V in (£.63) can be seen as the insertion of dipole operators ([3.16)):

Wt = o (1o [ 000,09 ) (450)

1

acting on the surface U (4.64)) with end-lines on the boundaries and o = 27n/R, corresponding
to the a gauge invariant line operator (3.18]) in the dual A theory. Note the quantized value

of the charge for the operators ending at the boundary, given by the boundary conditions or
(14.76]).

4.4 gg-model
4.4.1 Exotic SymTFT

The Exotic-SymTFT that describes the U(1) tensor symmetries in 341d is

Laym, = Fi(0,A7 — A7) + FL (0 AED) — 9, A7) + F(0,0;AT) + Fyiy (0: Af ) — 0, A0

(4.81)
where the exotic 1-form R-gauge field A is the Sy representation (3',3’,2) with gauge trans-
formations,

SAFI) — g \KG) | 5 ARG = 9 N 5 A, = AR, (4.82)

The exotic 2-form R-gauge field F' is in the Sy representation (1,3',3’,2) with gauge trans-

formation,

OF = Oyxr — Orxt
5Fitj = Opx" - 0i05xt

5 (4.83)
5F11; - 8TXZJ - aianr

0Fijie = 9iXjk — OjXik
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where Y is an exotic gauge parameter in Sy representation (1,1,3’). The equation of motions
for this theory are
atAij _ akAf(l]) =0
AR _ 5, A =
aiainj =0
8, AR _ g, ARGI) — (4.84)
OuFy(ig) = O = 0
OrFiij) — Onkij =0

4.4.2 Foliated SymTFT

The dual, foliated theory describing the same symmetries is

1 ) ) A . 4
Laymy = 5-(cNdb+C' AdB' Nda' +bAC' A da') (4.85)
™

where b and ¢ are 2-form R gauge fields, B’ is a 1-form R gauge field, and C? is a 2-form

foliated R gauge field. The related gauge transformations are,

0b = dX1
Sc=d\ — ) _ Ndz'
' i (4.86)
0B' = dxo — x1
5C = dX
and the equations of motion are:
db=0
dB'Ndz' —bAda' =0
(4.87)

dc+ZC’i Adx' =0
i
dC' Ndz' =0 .
4.4.3 Gauge invariant operators

We can once again study the gauge invariant operators for these theories. We will present

the operators for the dual theories at the same time. Their equivalence is provided by the
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identification,
Al = Bi — Bl Af'") — Bi _ pj
F = cny, Flyjy = Cfi + Okcij (4.88)
Ff, = ij + 0icej + Orcyj
We start with two dual lines:

UF(x, 27)[y] =exp (iaj{Af(ij)dt + AR gy 4 Aijdxk>

=exp (ioz](Bi —Bj> .

(4.89)

We have a strip operator:

) (| 2k) (0] = exp <ia / : ?( A dat 4 (0;A7 + 0, A™)da?
x Y

1

xk . . . .
+ / N 7{ D ATUF) gt +8TAZ(]k)dr> (4.90)
zb Sy

=exp (ia/ 2qub—i—clB”—i—dBJ)) .
zk Jy

1

We then have the conjugate operators; two dual slabs:
s a§ o , .
Ik 2k 8V 5H]) = exp (ia / k f Fpdaids? + Fldtda’ + Flydtda?
7 r
zk . .
n / k jﬁ +Efdrdat + Flydrdad + O Fdrdt (4.91)
Ty

Ik
=exp (ia/ ’ % C*dar +dc>
zlf r

where the index k in V195 has been added to make the S, representation manifest.

The two dual surfaces:

V(z,y,2)a =exp (iajléFdrdt)

e inf)

We can describe the linking of these objects:

(4.92)

i (2d 7 ialk miaSLin k
<Ua($Ja $k)[7]7 Vé d (l’lf,l‘]g)[gk}) = 62 BLinky (v,2%)

4.93
(TH 0, ) o], Vs, 2) = e2riasbimes (04000 9

where I',; is the rt plane.
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4.4.4 Exotic edge modes

We can now write the gapped edge mode that will make this theory gauge invariant:
i . g . R .
Lg = ——=A;;(8;A7 — 9, AR 1 4,(8;8; AV
== 5og RAT) + An(0,0;47) (4.94)
0Ar = —xtR, 0A;5 = —xi; R

Where A is an exotic 1-form U(1)-gauge field in representation (1,3’). Once again, this is
the Lagrangian of the X-cube model whit an R gauge field. We can then set a scale invariant

boundary condition on :

_ L kGi)e | Mo ij2>
£s = - (Batp + B ) (4.95)

Once again, after slab compactification we can get the lagrangian for the gg—model (13.19).

4.4.5 Foliated edge modes

We can instead add a gapped edge mode to the foliated theory:

Lg=——(uNdb+ViNdB' Adx'+ Vi AbA da')
2R
)\ \i (4.96)
dv=—",0Vi=-"2
TR R
Where v and V? are a U(1) 1-form gauge field, setting the boundary conditions:
¢=RdV + V' Ada’
C' ANdz' = dV' A dz’
db=0
dB' Adz' +bAdz' =0 (4.97)
27
be =7
Jres
/Q%Bmczxie%z.
i R
The scale invariant edge mode is:
1. . ) . , ,
Ly = 4—(BZ — B?) %9 (B" — B)) ANdz' Nda? . (4.98)
T

Once again, after slab compactification we can get the foliated version of the ¢ theory (3.19):
1 /1 . . . ) , , ; : : . ‘ .
3= 5o (2(BZ — B?) %9 (B' — BY) Ndz" A da? — (%(v/\db—l—vl/\dB’/\dx’—i—Vl/\b/\dml)
i
(4.99)
If we integrate v out we locally get b = das. By plugging this back into the action we get

another foliated version of Maxwell theory for the 2-form gauge field ao, which is dual to the
qg—model.
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4.4.6 Boundary operators

In this case the operators U and V can be used to build both the symmetry and the charged

operators. When the line U ends on the boundary it creates the operator ng charged under the

defect ([3.21):
Z’k .
71 (2, 28) = exp (z‘a N @W> , (4.100)

1
where V is inserted on a slab on the ij plane.
When the strip V ends on the boundary it creates the operator W in (3.24), and the

symmetry operator is the line U
UF(2,27) = exp (ia@k(l'i,l'j)) , (4.101)

where U is inserted on a line along the z* direction. Once again, the boundary conditions

(4.97) impose the quantization conditions for the tensor charge.

5 Conclusion and outlook

In this paper we have studied gapless exotic-foliated dual models in various dimensions via the
SymTFT Mille-feuille construction for continuous subsystem symmetries. We provided the
explicit foliated free lagrangian model dual to exotic models like XY-plaquette, XYZ-cube,
¢ and qg models. These models appear as spontaneous symmetry breaking of the subsystem
symmetries whose structure we described in terms of the continuous SymTFT. We also extract
all possible topological manipulation of these models via the SymTFT construction and its
topological boundary conditions. This often coincides with changing the periodicity of the
scalars in the exotic models, and has a counterpart in the foliated ones.

It would be very interesting to extend our approach and provide the systematic tool that
realizes the SymTFT both in the exotic and foliated case, only by inputting the representa-
tion of discrete subgroups of rotation symmetry. The SymTFT Mille-feuille construction will
naturally provide its set of topological boundary conditions as well as its symmetry breaking,
or scale invariant, one. Implementing this will give rise to the tool to construct very general

free theories with subsystem symmetries and fractonic excitations, if not classify them.
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