Supplemental material for report on Ref. [1]

In this note, we aim at analytically investigate the relation between the OTOC fluctuations
and the stabilizer Rényi entropy outlined in Ref. [1]. Let us give some quick definitions:

OTOC(U) = %tr(UTAUBUTAUB) (1)

where A, B are two non-identity Pauli operators such that [A, B] = 0 (i.e. the setup discussed
in Ref. [1]). Let U = C1V 5, where V is a generic unitary operator. Define the average over
Cl, CQ as

EcOTOC(U) = / dC1dCLOTOC(U) @)

and define the flucutations around the average

sotoc(U) := EcOTOC?(U) — [EcOTOC(U)]? (3)

Lemma 1. Let Ms(|V')) the stabilizer entropy of the Choi state [2] |V) associated to V', see
Ref. [3] for the definition, then
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Proof. See Sec. 1. 0

Remark 1. Notice that the above equation can be employed to draw conclusions regarding the
efficiency of measuring My(|V')) through OTOC fluctuations.

Thanks to the above equation, we can analytically compute the average doroc for t-doped
Clifford circuits and compare the numerics done in Ref. [1] with the actual analytic behavior.

Corollary 1. The average over random t-doped Clifford circuits V' hereby denoted as Ec,, the
one investigated in Ref. [1], reads

d* 4(6 — 9d? + d*) .
(d2 _ 1)2 d4(d2 _ 9) ( )

(dz —4) ((f+'5f7))t }

Ec,d0r0c(Ct) =

(d>—1) [ (d+2)(d+4)fL  (d—2)(d—4)fL

+2

d? 6d(d + 3) 6d(d — 3) 3d?
2
g 4T
@=1p
where fy = %. In the large d limit it reads
3\’ .
Ec,60roc(Ct) = 1) T O(d™) (6)

Proof. See Eq. (C26) of Ref. [3]. O



In Ref. [4], the average value of stabilizer entropy over t-doped Clifford circuits is (see Eq.(13)
of Ref. [4])
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i.e. for t < n it grows linearly with ¢ which is different from the exponential decay in Eq. (5).
Now, let us put the actual number used by the authors of Ref. [1], i.e. d = 2'2 and t € [0, 26]
we obtain the following plot

1 T-gate

Figure 1: Plot of Eq. (5) as a function of the number ¢ of T-gates that is on the z axis. On the
y axis the blue curve corresponds to the plot of Eq. (5), i.e. 1 — doToc, and the orange curve
correspond to the lower bound of Eq. (7) normalized to the Haar value, i.e. logy(d + 3) — 2.

Remark 2. Notice that in FEq. (4), it appears the 2-stabilizer entropy of the Choi state |V)
associated to the unitary V and not the second stabilizer entropy Ms(V |0)). This is another
issue (although minor) with the authors work. Indeed notice that Ma(V |0)) is inherently different

from My(|V)) because |V) is a ket defined on two copies of the Hilbert space H via the Choi
isomorphism

UH) SV = [V)=1QV |I) e H®? (8)

where U(H) is the unitary group defined on H and |T) = 272 32" |i) ® |i) € HE2. However,
for V' being a random t-doped Clifford circuit it holds that

Ect2fM2(|Ct>) — ECtQ*Mz(Ct\())) + O(dil) (9)

where the proof is straighforward and comes from Eq. (5) and Eq. (7). Therefore, in the case of
a t-doped Clifford circuit, there is no distinction between the stabilizer entropy of V' |0) and |V),
rendering the previously mentioned issue of minor importance.
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I. PROOF OF LEMMA 1
Proof. Let us start by looking at the first term of doroc. By simple algebra, one can obtain
1
EqOTOC(U) = / AC1ACs 7 tr Tz e VIO A CP VIR B ) (10)
The average over C reads

[aciclsiep= L ¥ pe a
PeP,\{1}

since the average over Clifford circuits returns a flat distribution over the Pauli group P, but
the identity. Defining Q :=d 2" Pep, P®1 one can rewrite the above average as

2
1
/ dC It AR OPt = df_ Q- 51 (12)

one obtains the analogous result for the average over C5 on the non-identity Pauli operator B.
Plugging everything into Eq. (10) one obtains
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EcOTOC?(U) = ( (13)

2
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where we used the fact that tr(OQT(19)34)) = tr(OQ) for every O (see Eq. (130) in Ref. [5]). The
average EcOTOC(U) is straightforward because Clifford is a 2-design and thus EcOTOC(U) =
—(d?® — 1)1 (see Eq. (119) in Ref. [6]). We finally obtain

2

2 d2
- 1) 9 Ma(IV)) _ o - (14)
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where we defined (see Ref. [3]) the stabilizer 2-Rényi entropy of the Choi state [2] of the unitary
V as

1 1
My(|V)) = —log = > ! (PVPVT) = —log = tr(QVEIQVT®) (15)
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